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ABSTRACT Electroencephalography (EEG) data are pivotal in brain–computer interfaces (BCIs), yet their
utility is hindered by data scarcity arising from high acquisition costs, noise susceptibility, and privacy
constraints. Traditional augmentation methods, such as noise injection and signal transformations, often
fail to preserve task-relevant structure in multichannel EEG, while deep generative models may suffer from
mode collapse or produce physiologically inconsistent samples. To address these limitations, we propose a
Riemannian Conditional Generative Adversarial Network (RC-GAN) that enforces geometric consistency
during signal generation. RC-GAN leverages the manifold of symmetric positive definite (SPD) covariance
matrices to regularize synthetic EEG trials according to covariance-based representations widely used in BCI
decoding. Evaluated on the BNCI 2014-001 motor imagery dataset, the proposed method outperforms state-
of-the-art augmentation techniques, achieving a 12.0% improvement in classification accuracy. Qualitative
and quantitative analyses demonstrate that RC-GAN generates diverse and realistic EEG samples while
enhancing robustness at different augmentation levels. These results highlight the benefit of incorporating
Riemannian structure into generative models for EEG augmentation and provide a principled framework for
improving the reliability of BCI systems.

INDEX TERMS EEG, GAN, Riemannian geometry, SPD matrices, motor imagery, BCI.

I. INTRODUCTION
EEG data are the core of BCIs, a technology that allows direct
communication between the brain and an external device.
The main issue in the field of BCIs is the lack of data,
which makes it difficult to train deep learning models. This
problem is due to a variety of factors [1]. A first limitation
is the difficulty of collecting data as EEG acquisition
requires specialized equipment that can be prohibitively
expensive for many small research groups [2], [3]. Recording
EEGs is a time-consuming process that involves human

The associate editor coordinating the review of this manuscript and

approving it for publication was Cesar Vargas-Rosales .

participants who must undergo extensive sessions under
controlled conditions. This is especially challenging in
clinical settings, where working with patients adds another
layer of difficulty due to ethical and logistical constraints.
Privacy concerns also play an important role, as EEG data
contain sensitive neurological information, raising issues
regarding data sharing and accessibility. Finally, the presence
of artifacts in the data, such as noise [4], [5], muscle activity,
and eye movements, can make it difficult to interpret the
results, leading to a decrease in the quality of the data.

To solve this problem, data augmentation techniques are
used to generate new samples from existing data, increase the
size of the dataset, and ultimately improve the generalization
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of the models trained on it. This solution to the lack of data
problem is widely used in a variety of fields, such as computer
vision, natural language processing, and speech recognition.
In the field of computer vision, the most common data
augmentation techniques involve geometric transformations
such as rotation, scaling, translation, flipping, cropping, and
color jittering [6]. However, these techniques are not directly
applicable to EEG, as they can introduce artifacts into the
data, making it difficult to interpret the results [7].
A first approach to EEG augmentation is the addition of

noise to the signal [8]. This technique is widely used in the
field of signal processing, as it is simple and effective, and
different types of noise can be added to the signal to produce
numerous variations [9]. However, it has some limitations,
such as the introduction of artifacts in the data, which can
make it difficult to interpret the results. Other approaches to
EEG augmentation are the temporal scaling of the signal or
the temporal flipping [10]. These techniques are simple to
implement, but they distort the signal and can produce only a
limited number of variations; therefore, they are not suitable
for the generation of a sufficiently large dataset for training
complex models. More advanced techniques are channel
interpolation [11], Short-Time Fourier Transform (STFT)
or Wavelet Transform [12], [13], [14]. These techniques
effectively capture the time-frequency structure of the signal
and can produce a large number of variations. However,
these methods can introduce artifacts in the data, and they
are computationally expensive, hence unsuitable for the
generation of a large dataset [15].

The generation of realistic EEG signals has recently been
addressed using Generative Models which report promising
results, since they can produce a large number of variations
of the data and capture the underlying structure, generalizing
well to unseen data. In [10], the authors propose a method
based on GANs to generate EEG signals. The problem
with such models is that they are prone to mode collapse
[16], a phenomenon in which the generator produces only
a limited number of samples. To avoid this problem,
Bouallegue et al. [17] exploits Wasserstein GANs (WGAN),
a version of GANs that uses the Wasserstein distance to
measure the distance between the real and generated samples,
mitigating the mode collapse problem [18].
In [19] instead, the authors propose a method based

on Diffusion Models. These models work by progressively
transforming a structured dataset into noise using a diffusion
process and then learn to reverse this process to generate
realistic samples. Diffusion models capture intricate patterns
using the learned sequence of probabilistic steps, and this
makes them effective for high-dimensional data generation.
The problem with this kind of models is that they suffer
from the vanishing gradient phenomenon [20], that occurs
when the gradients of the generator vanish, making the
discriminator prevail over the generator in the learning
process. An additional concern is the lack of control over
the generated samples, as it is difficult to ensure that the

generated samples are realistic and representative of the data
distribution [21].

A promising approach in the field of data augmentation
is the exploitation of Riemannian features, that have been
used in many applications that range from classification,
to encoding and to augmentation since they are able to capture
relevant information about the structure of the data. In [22] the
authors propose a training method that exploits the geometric
structure of the images by forcing a bi-Lipschitz constraint
between the input and the output of the generator. This
method has shown promising results in the generation of
realistic images. Another work that exploits the Riemannian
structure of the data is the one from [23], where the
authors propose a model that enhances the performance of
a GAN model by enforcing a Riemannian constraint on the
discriminator, again in the image domain. Finally, in [24]
the Manifold Geometry Matching Generative Adversarial
Network (MGM GAN) relies on the Riemannian structure of
the data to generate realistic images, this time by enforcing a
Riemannian constraint on the generator.

Most existing EEG augmentation pipelines either (i) rely
on signal–space heuristics that yield only limited and often
artifact-prone variations, or (ii) employ generic deep gener-
ative models that operate in Euclidean signal space without
accounting for the geometric structure of covariance-based
EEG representations. As a result, such models may suffer
from mode collapse or generate samples whose second-order
spatial statistics are inconsistent with those of real data,
leading to reduced physiological plausibility and limited
benefit for downstream decoding tasks.

Recent years have seen increasing interest in incorporating
Riemannian geometry into deep generative modeling. Some
works study the geometry induced by neural generators on
latent or data manifolds to enable geodesic interpolation and
curvature analysis of learned representations [25], [26], [27].
Others introduce geometry-aware regularization—primarily
in image domains—by enforcing bi-Lipschitz constraints
or Riemannian penalties on either the generator or the
discriminator [22], [23], [24], [28]. In parallel, diffusion-
based generative models have been extended to non-
Euclidean manifolds, including Lie groups and SPD mani-
folds, to enable intrinsic generation of structured data [29],
[30], [31]. While powerful, these approaches are typically
developed for image or manifold-native data and do not
directly address raw multichannel EEG generation under
task-relevant SPD constraints [32], [33].

More broadly, geometry-aware generation has been
explored through normalizing flows and score-based models
on curved spaces, where probabilistic modeling is carried
out intrinsically on manifolds and transport between tangent
spaces is used to define valid dynamics [34], [35]. These
developments highlight that geometric constraints can be
built either by (i) analyzing the geometry induced by
a generator, or by (ii) enforcing generation to match a
prescribed geometric structure in a representation space.
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Our work follows the second direction and targets the SPD
geometry of covariance descriptors used in EEG decoding.

In the EEG domain, Riemannian geometry has been
extensively adopted for feature extraction and classifica-
tion through covariance representations on SC++, yielding
strong performance in motor imagery decoding [26], [36],
[33]. However, most EEG generative models either ignore
covariance geometry or operate directly in a feature space,
weakening the link to signal-level realism [37], [38].
In this paper, we introduce RC-GAN, a conditional

generator for raw EEG time-series that enforces geomet-
ric consistency on the manifold of symmetric positive
definite covariance matrices. Our approach (i) couples a
label-conditioned generator with a log–Euclidean consis-
tency loss defined on SC++, (ii) provides closed-form gradi-
ents for numerically stable training, and (iii) yields a bound
that controls geodesic deviation under small regularization.
Importantly, RC-GAN does not aim to reproduce individual
EEG waveforms pointwise; instead, it generates synthetic
trials whose covariance structure remains faithful to that of
real data while allowing variability at the signal level.

In the context of this work, the term structure-preserving
refers specifically to the preservation of second-order spatial
structure in multichannel EEG signals. This structure is
captured by regularized spatial covariance matrices, which
encode channel-to-channel relationships arising from syn-
chronized neural activity, shared cortical sources, and volume
conduction. Such covariance representations form the basis of
widely adopted EEG and BCI decoding pipelines, including
common spatial patterns and Riemannian geometry–based
classifiers, where discriminative information is predomi-
nantly conveyed by class-dependent variance and coupling
patterns rather than exact waveform morphology.

II. PRELIMINARIES
This section fixes notation and recalls the differential–
geometric and adversarial–learning concepts on which our
model is built.

A. SYMMETRIC POSITIVE–DEFINITE MANIFOLD
Let

SC++ :=
{
S ∈ RC×C ∣∣ S = S⊤, S ≻ 0

}
denote the manifold of C × C SPD matrices. For S ∈ SC++
the tangent space is TSSC++ = {H ∈ RC×C

| H = H⊤}.
Throughout, ∥ · ∥F is the Frobenius norm and Tr(·) the trace.

1) LOG–EUCLIDEAN METRIC
Following [39], we equip SC++ with the log–Euclidean
Riemannian metric

gS (A,B) =
〈
S−

1
2AS−

1
2 , S−

1
2BS−

1
2
〉
F , (1)

whose induced geodesic distance is

dLE(S1, S2) =
∥∥log S1 − log S2

∥∥
F . (2)

Because the principal matrix logarithm log : SC++→Sym(C)
is a diffeomorphism, SC++ with (1) is isometric to the
Euclidean vector space of symmetric matrices, endowing
geodesics and gradients with closed forms.

Throughout this work, all distances, class anchors (Fréchet
means), and gradients on SC++ are defined under the log–
Euclidean metric in (1)–(2). Equivalently, we work in the
global chart log : SC++ → Sym(C), where computations
reduce to Euclidean operations on log S and are mapped back
to SC++ via exp(·).

a: EXPONENTIAL AND LOGARITHM MAPS
(LOG–EUCLIDEAN)
For S ∈ SC++ and H ∈ TSSC++,

ExpLES (H ) = exp
(
log S + H

)
, (3)

LogLES (S ′) = log S ′ − log S, (4)

where exp(·) and log(·) denote the matrix exponential and
principal matrix logarithm, respectively.

2) FRÉCHET MEAN
Given SPD samples {Si}Ni=1, their intrinsic (Karcher) mean is
the minimizer

5M = argmin
S∈SC++

N∑
i=1

dLE
(
Si, S

)2
, (5)

solved efficiently by the Riemannian gradient flow [40].
We will use class-wise Fréchet means as Riemannian anchors
in the loss of Sec. III-B.

B. GENERATIVE ADVERSARIAL NETWORKS
A Generative Adversarial Network (GAN) [41] is a
two-player minimax game between
1) a generator Gθ : Z → X , mapping latent noise z∼pz to

synthetic data x̂ = Gθ (z);
2) a discriminator Dψ : X → (0, 1), trained to distinguish

real from generated samples.
The vanilla objective is

min
θ

max
ψ

Ex∼pdata[logDψ (x)]+ Ez[log(1− Dψ (Gθ (z)))],

(6)

where pdata is the empirical data distribution.

C. CONDITIONAL GANs
In a conditional GAN (cGAN) Mirza2014 both networks
receive side-information c ∈ C (e.g. a class label). The loss
becomes

min
θ

max
ψ

E(x,c)∼pdata [logDψ (x, c)]

+ Ez,c[log(1− Dψ (Gθ (z, c), c))]. (7)

We will equip Gθ with a Riemannian regularizer so that its
outputsmatch not only the conditional distribution pdata(x | c)
but also the geometry of SC++.
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D. NOTATION SUMMARY
C Number of EEG channels.
T Number of time samples per trial.
x Real EEG trial in RC×T .
x̂ Synthetic (generated) trial.
6(x) Covariance of x.
dLE Log–Euclidean distance.
5M Fréchet mean of a set/class in SC++.
pz Latent noise distribution (Gaussian).
λ Weight of Riemannian loss term.
ε Tikhonov covariance regularization parameter.
τ Eigenvalue clipping threshold.
ρ Minimum eigenvalue bound for SPD compactness.

These preliminaries allow us to define and analyze the
Riemannian Conditional GAN introduced in Sec. III-A.

III. PROPOSED MODEL
In this section we describe the proposed method, more
specifically we focus on the architecture of the RC-GAN
(Figure 1), its components, and the Riemannian loss that
is used in the training of the model. The objective of this
model is to produce sound signals that preserve the manifold
structure of the real samples. We ensure this structure
properties by adding a Riemannian constraint to the generator
loss, ensuring that both the signal distance and the distance in
the Riemannian domain are minimized.

A. RIEMANNIAN CONDITIONAL GENERATIVE
ADVERSARIAL NETWORK (RC–GAN)
We cast EEG augmentation as a two–player game on the
manifold of SPD covariance matrices (Figure 2). Let X =
RC×T be the space of single–trial EEG segments with C
channels and T time steps, and c ∈ {1, . . . ,K } the class label.
For any trial x ∈ X we define the (Tikhonov–regularized)
spatial covariance

6(x) =
1
T
xx⊤ + εIC , ε > 0,

which lies in the SPD manifold SC++ := {S ∈ RC×C
| S =

S⊤, S ≻ 0}.

1) RIEMANNIAN GEOMETRY OF COVARIANCES
Endow SC++ with the log–Euclidean metric [39]. The
geodesic distance between S1, S2 ∈ SC++ is

dLE(S1, S2) =
∥∥log S1 − log S2

∥∥
F , (8)

where ∥ · ∥F is the Frobenius norm and log(·) the
principal matrix logarithm. Because log : SC++ → RC×C

is a diffeomorphism, (8) gives closed–form geodesics and
gradients.

2) RC–GAN PLAYERS
The generator Gθ : Z × C → X (with parameters θ ) maps a
latent vector z ∼ N (0, I ) and the label c to a synthetic trial
x̂ = Gθ (z, c). The discriminator Dψ : X × C → (0, 1) (with

parameters ψ) outputs the probability that its input is real.
Architectural details (two-layer LSTMgenerator; three-block
1-D CNN discriminator) follow Figure 1 and Table 1.

3) LOSS WITH RIEMANNIAN REGULARISATION
Write Pdata for the empirical distribution of (x, c) and Pθ
for the model distribution generated by Gθ . The standard
conditional-GAN (cGAN) objective is

LcGAN(θ, ψ) = E(x,c)∼Pdata

[
logDψ (x, c)

]
+ Ez,c

[
log

(
1− Dψ (Gθ (z, c), c)

)]
. (9)

To force synthetic signals to respect covariance geometry we
add the Riemannian consistency loss

LR(θ ) := Ez,c

[
dLE

(
6(Gθ (z, c)), 5M(c)

)2]
, (10)

where 5M(c) is the class-wise Fréchet mean

5M(c) := argmin
S∈SC++

E(x,c)∼PdatadLE
(
6(x), S

)2
. (11)

The overall game is

min
θ

max
ψ

{
LcGAN(θ, ψ)+ λLR(θ )

}
, (12)

with hyper-parameter λ > 0.

4) CLOSED-FORM RIEMANNIAN GRADIENT
Proposition 1 (Gradient in log–Euclidean chart): For

fixed S⋆∈ SC++ define f (S) := dLE(S, S⋆)2. Then

∇S f = 2 S−1
(
log S − log S⋆

)
S−1. (13)

Proof: Because log is a diffeomorphism, f (S) = ∥log S −
log S⋆∥2F is g(S) := ∥·∥2F ◦ log

−1 composed with log, so the
Fréchet derivative is dfS [H ] = 2⟨d(log)S [H ], log S −
log S⋆⟩F . Using d(log)S [H ] =

∫ 1
0(S

1−tHS t )−1 dt [42] and
cyclic trace invariance gives (13). □
During back-propagation we compute S = 6 (̂x),

apply (13) and chain the result through x̂ = Gθ (z, c) via
automatic differentiation.

5) CONVERGENCE UNDER SMALL REGULARISATION
Theorem 2 (Geometric proximity): Let (θ†, ψ†) be an

equilibrium of the unregularized game (9) assuming ideal
capacity. For any ε > 0 there exists λε > 0 such that every
stationary point (θλ, ψλ) of (12) with λ ≤ λε satisfies

Ez,cdLE
(
6(Gθλ (z, c)), 5M(c)

)2
≤ ε.

Sketch: LR is geodesically convex and L–smooth on the
compact set SC++(ρ) = {S ≻ 0 | λmin(S) ≥ ρ}, so adding
λLR perturbs the vector field of the original cGAN game
by at most O(λ) in operator norm. Choosing λ ≤ ε/(LR2),
with R the diameter of the data covariances under dLE,
bounds the deviation of equilibria by standard contraction
arguments [43]. □

Hence small λ preserves adversarial optimality while
explicitly controlling the Riemannian deviation of generated
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FIGURE 1. Riemannian conditional generative adversarial network (RCGAN) architecture.

TABLE 1. Comprehensive hyperparameters for RcGAN generator and discriminator.

covariances. We set λ = 0.1 in all experiments (Sec. IV).
Theorem 2 is intended as an idealized result that provides

theoretical intuition under regularity assumptions, rather than
a guarantee for arbitrary non-convex neural GANs.
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FIGURE 2. (A) Presents an SPD Manifold, (B) Projection of SPD matrices
onto the tangent space at the north pole, (C): Euclidean distance between
two projections in the tangent space.

B. RIEMANNIAN LOSS
Many structured signals—EEG in particular—are better
described by second-order statistics than by raw Euclidean
coordinates. As argued in Sec. III-A, covariances live on
the SPD manifold SC++; respecting this geometry during
generation substantially improves realism. We therefore add
a Riemannian consistency term to the generator objective.

1) GENERATOR OBJECTIVE
Given latent noise z ∼ pz and label c ∼ pc, the generator
produces x̂ = Gθ (z, c), whose covariance is Sθ := 6 (̂x). Let
Dψ be the discriminator. The total generator loss is

LG(θ ) = −Ez,c
[
logDψ (Gθ (z, c), c)

]︸ ︷︷ ︸
Ladv

+ λ dLE
(
Sθ , Sr

)2︸ ︷︷ ︸
LR

,

(14)

where Sr := 6(x) is the covariance of a matched real trial
drawn from the data distribution and

dLE
(
A,B

)
:=

∥∥logA− logB
∥∥
F , A,B ∈ SC++, (15)

is the log-Euclidean geodesic distance. The hyper-parameter
λ > 0 balances adversarial and geometric terms.

2) GEODESIC CONVEXITY AND GRADIENT
Because log is a chart from SC++ to RC×C , the map S 7→
dLE(S, Sr )2 is geodesically convex. Moreover it admits a
closed-form Riemannian gradient.

The gradient of LR in the log–Euclidean chart follows
directly from Proposition 1.

In practice, during back-propagation we compute Sθ =
6

(
Gθ (z, c)

)
, apply the log–Euclidean gradient given in

Proposition 1, and propagate the result through the covariance
and the LSTM layers using automatic differentiation.

3) STABILITY PROPERTY
AddingLR does not destroy GAN equilibria provided λ is not
too large.
Theorem 3 (Perturbation bound): Assume the unregular-

ized game admits an equilibrium (θ†, ψ†). For any ε >

0 there exists λε > 0 such that every stationary point (θλ, ψλ)
of (14) with λ ≤ λε satisfies

Ez,c
[
dLE(Sθ , Sr )2

]
≤ ε.

Sketch: LR is L-smooth and geodesically convex on the
compact set {S ≻ 0 | λmin(S) ≥ ρ}. Its gradient therefore

perturbs the vector field of the original game by at most
O(λ). Choosing λ ≤ ε/(LR2), with R the diameter of data
covariances, gives the claimed bound by Banach fixed-point
arguments (cf. tzen2019neural). □
The experiments of Sec. IV use λ=0.1, comfortablywithin

the stable range.

4) INTUITION
LR pulls the generated covariance to its real counterpart along
the manifold geodesic, not through a Euclidean shortcut.
Thus both global topology and local curvature are respected,
yielding synthetic trials whose spectral content and channel-
to-channel relations better match physiology. Empirically,
this translates into the accuracy gains reported in Table 3.

IV. EXPERIMENTS
In this section, we describe the dataset used in this work,
along with the experimental setup, including hyperparameter
specifications.

A. DATASET
The data used in this work come from the BNCI 2014-001
Motor Imagery dataset [44], which is a publicly available
dataset distributed in occasion of the BCI Competition IV.
The dataset contains recordings of the brain waves of
9 subjects performing motor imagery tasks, recorded using a
22-channel EEG system with a sampling rate of 250 Hz and
a monopolar electrode placement. The dataset contains four
classes of motor imagery tasks: left hand, right hand, foot,
and tongue with a total of 144 trials per class.

The data contained in this dataset have already been
preprocessed using a band-pass filter with a frequency range
of 0.5-100 Hz, and a notch filter to remove the powerline
noise. For training, data are divided into training and testing
sets, with 80% of the data used for training (further divided
into training and validation) and 20% for testing, with a total
of 3317 samples for training, 830 for validation, and 1037 for
testing. The data are balanced across the classes, with an
equal number of samples for each class to avoid biases in the
training process.

B. EXPERIMENTAL SETUP
We implemented the model using the PyTorch Lightning
framework and trained it on a single NVIDIA GeForce
RTX 4060 Ti GPU. The generator and discriminator were
trained using the Adam optimizer, with learning rates of
0.0004 and 0.0002, respectively. A batch size of 64 was used
throughout.

To improve training stability and prevent overfitting,
we applied a custom early stopping mechanism based
on the ratio between generator and discriminator losses.
Specifically, training was terminated if the loss ratio (gen-
erator/discriminator) fell below 0.5 or exceeded 2.0 for
more than 10 consecutive epochs. The maximum number of
training epochs was set to 550.
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FIGURE 3. Qualitative comparison between real and RC-GAN-generated EEG signals in the time and frequency domains for the four motor imagery
classes. For clarity, one representative channel is shown. These plots are intended as qualitative sanity checks; diversity and statistical realism of
generated samples are quantitatively evaluated in the covariance manifold.

FIGURE 4. Generator and discriminator loss curves.

All model architectures, including the number of layers,
activation functions, and training parameters, are described
in section III An Adam optimizer with a learning rate
of 0.0004 is used to train the generator and one with a
learning rate of 0.0002 for the discriminator. All subjects
are pooled and the split is performed at the trial level
into training/validation/test sets. Subject-wise robustness is
analyzed separately in Section V-E.

V. RESULTS
This section presents a detailed analysis of the RcGAN
training procedure and evaluates the proposed method
through both qualitative and quantitative assessments.

A. EVALUATION METHOD
We employ a two-fold evaluation strategy comprising qualita-
tive and quantitative analyzes. Qualitative evaluation involves

visual inspection of synthetic EEG signals generated by the
trained RcGAN model, comparing them against real EEG
signals to assess themodel’s ability to capture underlying data
distributions accurately. For quantitative analysis, we aug-
ment the original EEG dataset using RcGAN-generated data
and evaluate performance improvements in a downstream
classification task.

B. QUALITATIVE ANALYSIS
The qualitative performance of RcGAN is evaluated by
visual examination of generated EEG samples in both
the time and frequency domains, as shown in Figure 3.
This dual representation provides critical insights, with the
time domain showcasing waveform fidelity and temporal
features, while the frequency domain highlights spectral
characteristics essential for EEG signal analysis. In the
frequency domain plots, the frequency axis is normalized,
where 0.1 represents 100 Hz; this normalization was applied
to facilitate clearer comparative visualization across different
frequency ranges. Examination reveals that the generated
signals exhibit significant resemblance to their real coun-
terparts, accurately capturing both temporal dynamics (with
amplitude fluctuations typicallywithin±15µV) and spectral
distributions, especially exhibiting dominant frequency peaks
around 0.05–0.10 normalized units (50–100 Hz). Further-
more, the generated signals show considerable variability,
suggesting that the RcGAN successfully models the complex
distributions inherent in the EEG data.

The progression of training of the RcGAN model, illus-
trated in Figure 4, demonstrates stable convergence behavior
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TABLE 2. Statistical comparison between real and RC-GAN-generated
covariance matrices.

for both generator and discriminator losses, indicative of
effective training dynamics.

C. STATISTICAL REALISM AND DIVERSITY ANALYSIS
Visual inspection of individual EEG traces is insufficient to
assess the realism and diversity of generated samples. Since
RC-GAN explicitly constrains generation in the space of
covariance matrices, we evaluate statistical fidelity in the
SPD manifold SC++.

1) COVARIANCE EIGENSPECTRUM ANALYSIS
For each class, we compare the distributions of log-
eigenvalues of real and generated covariance matrices.
RC-GAN preserves both the spectral decay and variance
spread of real data, indicating that generated samples do not
collapse to a single covariance prototype.

2) GEODESIC DISTANCE DISTRIBUTIONS
We compute pairwise log–Euclidean distances between
covariance matrices within the real set, within the generated
set, and across real–generated pairs. The distance distribu-
tions exhibit comparable means and variances, suggesting
that RC-GAN-generated samples span a similar region of the
SPD manifold as real EEG data.

3) TWO-SAMPLE STATISTICAL TESTING
We further perform class-wise two-sample Kolmogorov–
Smirnov tests on log-eigenvalue distributions and geodesic
distance distributions. Across all classes, we fail to reject
the null hypothesis (p > 0.05), indicating no statistically
significant difference between real and generated covariance
statistics (Table 2).

D. QUANTITATIVE ANALYSIS
For the quantitative evaluation, we trained a Temporal
Convolutional Network Classifier (EEG-TCNet) [45] using
both the original and augmented datasets, including compar-
isons with baseline augmentation techniques such as noise
addition [8], flipping [10], wavelet transformation [13], and
GAN. An augmentation level of p% means that, for each
class, we generate and add a number of synthetic trials equal
to p% of the original training trials of that class. Synthetic
samples are used only during training, while validation and
test sets remain unchanged. The performance of the classifier
was evaluated in terms of accuracy at various levels of
augmentation, ranging from 0% to 50%. The classifier was
optimized using the Adam optimizer (learning rate: 0.001)

for up to 150 epochs, with early stopping based on validation
accuracy (patience of 10 epochs). The comparative results are
summarized in Table 3.
In Table 3, the slight differences in the ‘‘No Augmenta-

tion’’ row across columns arise from independent training
runs with different random initializations of the classifier,
rather than the use of synthetic data.

E. SUBJECT-WISE ROBUSTNESS AND STATISTICAL
SIGNIFICANCE
To assess robustness across subjects, we evaluate the effect
of RC-GAN augmentation on a per-subject basis using
the BNCI 2014-001 cohort (N = 9 subjects). For each
subject, we train the same downstream classifier under the
same training protocol described in Section IV, and we
compare test accuracy obtained with the original training set
versus the training set augmented with RC-GAN samples
(keeping the test set unchanged and subject-specific). All
hyperparameters, early-stopping criteria, and preprocessing
steps are identical across conditions to isolate the contribution
of the augmentation strategy.

RC-GAN yields consistent improvements across all sub-
jects. The per-subject absolute accuracy gains lie in the
range [4.0%, 12.0%], and no subject exhibits performance
degradation when augmentation is applied, indicating that
the observed benefit is not driven by a small subset of
individuals. Beyond accuracy, we also observe a reduction
in inter-subject dispersion, suggesting that the augmentation
improves robustness to subject-specific variability.

To evaluate whether these gains are statistically significant
at the group level, we perform a paired t-test on subject-wise
accuracies between the baseline and RC-GAN-augmented
conditions. The test indicates a statistically significant
improvement (p = 0.003), supporting the conclusion that
RC-GAN provides a systematic benefit across subjects rather
than an effect attributable to random variation.

F. DISCUSSION
The empirical results indicate that the RcGAN model
significantly enhances the augmentation capabilities of the
EEG data compared to traditional and baseline generative
approaches. Qualitatively, RcGAN-generated EEG signals
successfully preserve the temporal and spectral character-
istics crucial to the integrity of the EEG signal, demon-
strating the model’s ability to model complex EEG patterns
realistically.

While individual waveform examples may appear visually
smoother than raw EEG traces, RC-GAN is not optimized
to reproduce pointwise temporal irregularities. Instead,
it preserves the distribution and geometry of covariance
structure that governs downstream decoding performance,
as confirmed by the statistical analyses above.

Quantitatively, classifiers trained in RcGAN-augmented
datasets consistently outperform those trained in traditional
methods-augmented datasets, highlighting the efficacy of the
Riemannian-constrained generative framework in preserving
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TABLE 3. Classifier accuracy performance depending on augmentation percentage and model used for augmentation.

TABLE 4. Ablation study results (classification accuracy).

essential EEG characteristics. These results underscore the
potential of the proposed method for addressing data scarcity
in neuroscientific applications and affirm its suitability for
practical implementation in EEG-based classification tasks.

While the proposed method demonstrates consistent and
statistically significant improvements on a standard motor
imagery benchmark, the present study is limited to a single
public dataset and task. Future work will extend the evalu-
ation to additional EEG paradigms and subject-independent
protocols to further assess generalizability.

Although synthetic EEG data can reduce reliance on real
recordings and facilitate data sharing, it does not automati-
cally guarantee privacy or prevent subject re-identification.
Formal privacy guarantees and privacy-preserving training
(e.g., differential privacy) are orthogonal concerns and remain
important directions for future work.

While diffusion- and Wasserstein-based generators are
promising baselines for EEG synthesis, implementing and
fairly tuning such models for raw multichannel EEG
generation is non-trivial and is left for future work.

VI. ABLATION STUDIES
To validate key design choices in RcGAN, we conducted
four ablation experiments (Table 4) on the BNCI 2014-001
dataset:
1) No Riemannian Loss (λ = 0)
2) Euclidean Mean vs. Fréchet Mean
3) No Eigenvalue Clipping (τ = 0)
4) Varying λ ∈ {0.01, 0.05, 0.1, 0.2, 0.5}

A. COMPONENT ANALYSIS
1) RIEMANNIAN LOSS CONTRIBUTION
Eliminating LR results in the largest performance drop
(8.2%), underscoring the necessity of explicit geometric
constraints. This is consistent with the stability analysis in

Theorem 3, which characterizes how the Riemannian term
controls geodesic deviation under small regularization.

2) FRÉCHET MEAN VS. EUCLIDEAN
Replacing the Fréchet mean with the Euclidean mean yields
a 4.9% accuracy decrease, demonstrating that Riemannian
averaging is critical for proper anchor placement on SC++.
Euclidean means lie off-manifold, violating SPD structure.

3) EIGENVALUE CLIPPING
Disabling eigenvalue clipping (τ = 0) causes gradient
instabilities during back-propagation and leads to the poorest
performance (55.78%), validating our proposed clipping
strategy (see Appendix A).

B. HYPERPARAMETER SENSITIVITY
The experiments reveal two distinct regimes:
1) Under-regularized (λ < 0.1): insufficient geometric

constraint leads to manifold drift.
2) Over-regularized (λ > 0.2): excessive projection to5M

reduces sample diversity.
We observed a drop of 1. 7% in λ = 0.2 versus 7. 0%
in λ = 0.5 that confirms the robustness of the model to
moderate variations λwhile respecting the stability boundary
characterized in Theorem 3.

C. IMPLEMENTATION COST
1) Riemannian mean (Fréchet) adds ≈ 9.7% training time

versus Euclidean.
2) Eigenvalue clipping incurs negligible overhead (< 0.3%).
3) Total Riemannian components cost ≈ 10.2% extra time

compared to a baseline cGAN.
The substantial accuracy gains (8.2−12.6%) justify this

modest computational overhead.

VII. CONCLUSION
The proposed EEG augmentation method, based on
RCGANs, successfully overcomes the limitations that have
been encountered in previous approaches to the EEG
augmentation problem. This model effectively generates
diverse and realistic brain signal samples, preserving
the structure of the EEG data due to the Riemannian
constraint enforced on the generator, as demonstrated by the
experiments on the BNCI 2014-001 Motor Imagery dataset
and the qualitative results shown in the previous sections,
both in the time and frequency domains.
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This work can be further exploited by performing a
refined hyperparameter tuning and experimenting with the
underlying architecture of the generator. Another useful
contribution could involve the evaluation of our approach
on different EEG datasets since that would provide deeper
insights into its generalizability. In addition, the integration
of our augmentation framework into real-time BCI systems
could lead to new possibilities to improve the robustness and
flexibility of brain-computer interfaces

This work demonstrates that RCGANs can be successfully
used for the augmentation of EEG data. The proposed
approach is a good solution to the increasing data lack
problem in the field of EEG, contributing substantially
to the development of more accurate and reliable EEG-
based applications. This work can act as a baseline for
future advancements in the field of deep learning, generative
modeling, and neuroscience.

APPENDIX A
NUMERICAL STABILITY AND IMPLEMENTATION DETAILS
A. STABLE MATRIX LOGARITHM
For S ∈ SC++ we compute log S = Q diag(log λ1, . . . ,
log λC )Q⊤ using an eigen-decomposition with eigenvalue
clipping: λi ← max(λi, τ ), τ = 10−6. This prevents
near-singular matrices and keeps the Frobenius-norm gradi-
ent in (13) numerically bounded.

1) AUTOGRAD IMPLEMENTATION
In PyTorch we override torch.linalg.eigh with a
custom autograd function that clips both eigenvalues and
their adjoint gradients, following the stable differentiation
recipe of.

B. CLASS-WISE FRÉCHET MEAN
We use the Karcher–flow iteration

S(t+1) = expS(t)
(
ηt
Nc

Nc∑
i=1

logS(t) 6(xi)
)
, ηt = 1/(t + 1),

starting from the Euclidean average S(0). Convergence
(∥log S(t+1) − log S(t)∥F < 10−5) is typically reached in
t≈8 iterations per class on BNCI 2014-001.

C. THEORETICAL BOUND ε

In Theorem 2 the critical value is λ ≤ ε/(LR2). Empirical
estimates give LR2 ≈ 2.7. All reported settings satisfy this
bound.

APPENDIX B
FULL PROOFS
D. PROOF OF PROPOSITION
Let f (S) = ∥log S − log S⋆∥2F . For H ∈ TSS

C
++,

dfS [H ] = 2⟨d(log)S [H ], log S − log S⋆⟩F .

Using the spectral integral d(log)S [H ] =
∫ 1
0(S

1−tHS t )−1dt
[42] and trace cyclicity yields dfS [H ] = tr(K⊤H ) with K =
2S−1(log S − log S⋆)S−1, hence ∇S f = K .

E. PROOF OF THEOREM
Write F for the unregularized game’s vector field and Fλ =
F + λG with G(θ) = ∇θLR(θ ). Prop. 1 implies G is
L-Lipschitz on the compact parameter set visited during
training, so ∥Fλ − F∥∞ ≤ λL. When F is monotone (e.g.
Wasserstein or LS-GAN losses) the equilibrium correspon-
dence is λL-Lipschitz. Choosing λ ≤ ε/(LR2) (with R the
covariance diameter) bounds the geodesic deviation, giving
the claim.

F. THEORETICAL LIMITATIONS
1) Equilibrium existence. Non-convex neural GANs may

lack global equilibria. Our analysis addresses local
differential Nash equilibria, consistent with two-time-
scale SGD theory.

2) Mode collapse. LR regularizes only second-order
structure and does not guarantee diversity. Empirically
diversity improves, but a formal guarantee is left for
future work.
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