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In this work, we introduce a method for the stabilization of spatiotemporal solitons. These soli-
tons correspond to light bullets in multimode optical fiber lasers, or localized coherent patterns in
Bose-Einstein condensates. We show that a three-dimensional confinement potential, formed by a
two-dimensional graded refractive index including radially-graded dissipation, in combination with
external temporal phase modulation, may permit the generation of stable spatiotemporal dissipative
solitons. This corresponds to combining harmonic mode-locking with the distributed Kerr-lens mode
locking mechanism. Our study of the soliton characteristics and stability is based on analytical and
numerical solutions of the generalized dissipative Gross-Pitaevskii equation. This approach could
lead to higher energy (or condensate mass) harvesting in coherent spatio-temporal beam structures
formed in multimode fiber lasers (or weakly-dissipative Bose-Einstein condensates).

I. INTRODUCTION

Research progress in mastering stable multidimen-
sional wave patterns [IH3] has an interdisciplinary charac-
ter. It bridges across different phenomena in both physi-
cal and social sciences, ranging from photonics (so-called
“light bullets,” LBs, or spatiotemporal optical solitons)
[4H6], Bose-Einstein condensates (BECs) [7, [§], plasma
confinement [9], “living matter” [10], socio-technical sys-
tems [II], and many other fields [I2 [13]. In photonics
and BEC, multidimensional soliton-like structures could
provide unprecedented energy (or mass) condensation
[14HI6], as well as breakthroughs in the information ca-
pacity of photonic networks [I7], and mastering of mul-
timode microresonators for optical comb generation and
optomechanics [I8], [19].

The main issue hampering the practical use of multi-
dimensional soliton-like structures is given by their in-
trinsic instability [20], which leads to the formation of fil-
aments, rogue-wave-like and turbulent structures [211 [22].
This challenge becomes crucial when the number of
transverse and longitudinal modes in multimode fibers
(MMF's) grows larger, owing to the loss of coherence be-
tween modes, and the resulting unprecedentedly complex
mode-beating dynamics [22424]. Several methods for ad-
dressing multi-dimensional soliton instabilities have been
recently proposed. Basic approaches involve the use of
“trapping potentials” (e.g., in photonics, a graded re-
fractive index, or GRIN, fiber can be used) [8, 25| 26].
In combination with Kerr nonlinearity (or attractive bo-
son interaction in BEC), such potentials could provide
transverse-mode stabilization, and even spatiotemporal
soliton or light bullet (LB) formation [27] 2§].

However, energy (or mass for BEC) harvesting involves
the interaction with an environment (i.e., a “basin”).
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Such systems must be dissipative, and stable emerging
soliton-like structures should belong to the class of the
so-called dissipative solitons (DSs) [I3]. As it was ear-
lier pointed out, dissipative nonlinearities can stabilize
both spatial and spatiotemporal (ST) DSs [20H33]: such
mechanisms could be enhanced, in particular, by gain lo-
calization [33H30]. Nevertheless, until now an endeavor
for demonstrating true ST 3D-DSs remains challenging,
because it requires using some additional mode-locking
(i.e., dissipative nonlinearity) mechanisms for its opera-
tion (e.g., see [29, [37]).

An alternative mechanism has been proposed for multi-
dimensional soliton stabilization: it is based on non-
linear transverse mode coupling in fiber arrays [38H40]
or in tapered multicore fibers [4I]. Such a mechanism
requires changing a basic paradigm: nonlinearity (e.g.,
Kerr-nonlinearity in photonics, or attractive boson in-
teraction in BECs) must be enhanced rather than sup-
pressed [42]. Such a change of approach (see [43]) was
implemented by means of the so-called distributed Kerr-
lens mode-locking (DKLM) technique. DKLM allows for
the effective energy harvesting of femtosecond pulses in
thin-disk solid-state oscillators, operating in both normal
or anomalous chromatic dispersion regimes [44]. The ob-
vious resource for energy harvesting is the up-scaling of
the laser mode size, which is prone to introduce multi-
mode instabilities. Therefore, the soliton stabilization
mechanism based on increasing the level of nonlinearity
was called “ST mode-locking” (STML), ultimately lead-
ing to LB or ST soliton generation [43].

As it was recently shown in [I5], the concept of STML
could be implemented as DKLM in a GRIN MMF laser,
with transverse grading of both refractive index and dis-
sipation. The complex confinement potential in [I5] cor-
responds to a cigar-like confining potential in a weakly-
dissipative BEC (Fig. a) [16]. As it was previously
found, an external periodical phase modulation can sub-
stantially enhance 1D-soliton stability in a dissipative
system in the presence of Kerr-nonlinearity [45-H49]. Such
a modulation involves, in particular, a periodic change of
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the refractive index over a laser cavity round-trip [50]. In
a fiber laser, a synchronous external phase modulation
corresponds to harmonic mode-locking. This leads to a
3D, pancake-like potential which confines LBs in both
spatial and temporal dimensions (Fig. b), thus fa-
cilitating total mode-locking, or simultaneous transverse
and longitudinal mode-locking [I4]. In this work, we the-
oretically study how the presence of a 3-D potential af-
fects ST soliton stability. By optimizing other dissipative
parameters, we demonstrate that external phase modu-
lation enhances LB stability. We show that, on the one
hand, periodic phase modulation may even suppress LB
formation; on the other hand, it may permit to support
stable LBs without the need for introducing graded dis-
sipation.
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FIG. 1. Schematic illustration of complex confining poten-

tials of either cigar- (a) or pancake-like (b) shape in GRIN
MMFs or BEC. Here the transverse coordinate z in the (z,
r)- frame for BECs is analogous to local time ¢ in the (¢,
r)- frame for a laser operating in the anomalous dispersion
regime.

II. MODEL AND ANALYTICAL SOLITON
SOLUTIONS

A. Generalized dissipative Gross-Pitaevskii
equation

Well-established approaches use the Gross-Pitaevskii
(GPE) for modeling the evolution of either the electric
field in GRIN MMFs, or matter dynamics BECs, in the
presence of a confining external potential [5] [8 23] [28].
We build here on a generalized GPE model, taking into
account the presence of both dissipative effects [15] [16]
and of a 3D or pancake-like confining potential (Fig. (L}
b):
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Here, £ stands for either time T for BECs, or the propa-
gation coordinate Z for a MMF laser, respectively. More-
over, r is a radial coordinate under the condition of ax-
ial symmetry; the first term in square brackets describes
diffraction in photonics, or the contribution of the trans-
verse component of boson kinetic energy in BECs. x
is a local time coordinate ¢ in a co-moving coordinate
frame in photonics, or a longitudinal spatial coordinate
z in BECs. Then, the 32/8X2—term describes anoma-
lous group-velocity dispersion in photonics, or the con-
tribution of the longitudinal component of boson kinetic
energy in BECs. The pancake-like (i.e., 7, y-dependent)
parabolic confining potential is provided by the GRIN
structure, and a synchronous external temporal phase
modulation parameter v. Such confinement is supported
by a transversely graded dissipation, defined by the k-
parameter, leading to effective on axis (r = 0) gain
(A < 0). For BECs, a “gain” means an inflow from a
non-coherent “reservoir” [I6} [51]. We assume no dissipa-
tion confinement along the ¢/z-axis (i.e., no active ML or
short-scale gain localization in a laser, or geometry of the
confining lattice in BECs [51l, 52]). The nonlinear self-
interaction term |a|®a is defined by the self-phase modu-
lation strength in photonics, or the two-body scattering
length (“attracting”) in BECs. The spectral dissipation
in a laser (or “kinetic cooling” along the dissipative un-
confined z—axis in BECs) is defined by the 7—parameter.

Eq. (1) is dimensionless, and the normalization
rules for photonics correspond to those in [I5, B53]: the
transverse spatial coordinate is normalized to wy =

1/{‘/2/@0 [n1] Bo, where kg = wo/c, Bo = n (wo) ko (wo is a

carrier frequency, c is the light speed in vacuum, n(wp) is
a refractive index on the axis r = 0, and |n; | is a measure
of refractive index chance along the r—direction). The
propagation length is normalized to L; = Bow3, and the
co-moving frame is defined as t = (T — 512) /Ty (B1 is
a group-velocity coefficient). Local time ¢ is normalized
to To = +/|B2| La, where (5 is a group-velocity disper-
sion coefficient. The field amplitude normalization scale
is VkongLg, where ny is a Kerr nonlinear coefficient.

B. Variational approximation

One may conjecture that the desired result of multi-
mode synthesizing is close to a fundamental mode [27].
In this case, the powerful variational technique could be
used [15] [T6] 53, [54). The corresponding ansatz for a LB
without vorticity charge can be written as:

a(Zrt)=a(Z)exp[i(¢(2)+v(Z2)1*+0(Z)r?)] x

xsech <U(’5Z)) exp i 2)

r
T 2
2p(Z)
where the propagation distance or Z—dependent param-
eters are defined as follows: « is the LB amplitude, ¢ is




a phase, 1 and 6 are temporal and spatial chirps, respec-
tively, v is the LB temporal width, and p is the beam
size.

The generating Lagrangian for the non-dissipative part

of Eq. is
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where the Cartesian coordinates are restored: z =

rcos(¥), y=rsin(9) (r = /22 + y?, and 9 are the ra-
dial and azimuthal cylindrical coordinates, respectively).
The driving “force” is defined by the dissipative terms

in Eq. :

Q=—i [Aa—i—r@t’ta—fi(xQ—&—yz)} a. (4)

The Euler-Lagrange-Kantorovich equation reads as
[55]:
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was performed, after substituting the ansatz (2) in
L and @, over the Z—dependent parameters f =
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C. Spatio-temporal dissipative solitons

From some algebra with (2,5) (see [56]), we obtained
the following expressions for the 2D-DS parameters:
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The value of ¢ is irrelevant in our context. However, its
value could be interesting for a stability analysis, based
on the Vakhitov-Kolokolov stability criterion [25].

The remaining equation for the beam size p:
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A =1/192072 + 225.

can be numerically solved.

The dependencies of the DS width and energy on the
dissipation gradient parameter k, for different values of
A, 7, and v, are shown in Figs.
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FIG. 2. Dependencies of the DS temporal width v on the
dissipation gradient parameter x. 7 =0.01 (a, b), 0.1 (c, d);
A =-0.01 (a, ¢), -0.001 (b, d). The curves correspond to differ-
ent values of the phase modulation parameter v =0 (1), 0.001
(2), 0.01 (3), 0.1(4), -0.001 (5), -0.01 (6), -0.1 (7). The colored
points show the minimal xk—parameter, which is required for
DS stabilization (colors refer to the color of the corresponding
curve, see Table 1).

Figs. demonstrate a clear division between the DS
branches corresponding of a positive v > 0 (“guiding”,
curves 2 —4) or a negative v < 0 (“anti-guiding”, curves
5 —7) phase modulation parameter, respectively. Such
a difference is due the self-focusing type of nonlinearity,
and the anomalous chromatic dispersion. Namely, v > 0
contributes additively to the DS chirp, which reduces the
overall nonlinear phase shift, in agreement with the chirp-
free condition (see Appendix, Eq. (A2)):

% = 1?v? + o? (9)
As a consequence, v > 0 leads to the a decrease of the
peak power and energy E of the DS. One must note that
the DS width remains almost unaffected in this case, but
the range of DS existence vs. the k—parameter shrinks.
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FIG. 3. Dependencies of the DS energy E on the dissipation
gradient parameter x. All remarks correspond to Fig.

The opposite situation takes a place for a negative
phase modulation coefficient v <0: here the DS energy F
increases, and simultaneously the DS width v decreases.

D. Spatiotemporal soliton stability analysis

In order to analyze the stability of solutions (7,8),
we numerically evaluated the generating system (Al —
A5) (see Appendix). The calculated evolution of the DS
width and intensity in the vicinity of the stability board-
ers, marked by circles in Figs. [ [3] are illustrated by
Figs. @H7l The stability properties obtained from these
simulations are summarized in Table[ll The initial condi-
tions on Z =0 are ag = 0.01, 0y = g =0, vg = \/5/040,

po = (a0 — /o +36) /6 [15].
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FIG. 4. Evolution of the DS temporal width (a) and intensity
(b), in the vicinity of the stability threshold (i.e., the minimal
Kk, as pointed by circles in Figs. , for the parameters of

Figs. 2] B a.

From our numerical analysis, we may note the follow-
ing three main results: i) there is a maximum phase mod-
ulation parameter v, for which there is no DS solution, ii)
there is no DS for v <0, iii) the action of phase modula-
tion (v #£0) broadens the DS stability range with respect
to the graded dissipation parameter x, down to its zero
level (i.e., a gain/loss profiling is no longer required in
this case).
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FIG. 5. Evolution of the DS temporal width (a) and intensity
(b), in the vicinity of stability threshold (i.e., minimal &, as
pointed by circles in Fig. , for the parameters of Fig.
Bl c.
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FIG. 6. Evolution of the DS temporal width (a) and intensity
(b), in the vicinity of stability threshold (i.e., minimal &, as
pointed by circles in Fig. 2} [3), for the parameters of Fig.
b.

Figs. [@H7 demonstrate the numerically computed evo-
lution of the DS temporal width v and intensity o2
as a function of propagation distance Z. The calcula-
tions show the presence of three types of instability: i)
a breathing behaviour in the vicinity of the threshold
K = Kmin, i1) LB collapse, and iii) LB decay. How-
ever, the fundamental mode approximation cannot in-
trinsically describe the possible excitation of higher-order
spatial modes. Therefore, direct numerical solutions of
Eq. (1) are required.

III. NUMERICAL SOLITON SOLUTIONS

In our numerical simulations of Eq. (1), we used
the COMSOL 5.4 software, the generalized alpha finite-
element method (FEM) realized by the PARDISO solver
on a rectangular mesh, with carefully optimized mesh and
step sizes. The overall computational time for Z =5000
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FIG. 7. Evolution of the DS temporal width (a) and intensity
(b) in the vicinity of the stability threshold, for 7 =0.1, A =
—0.001, v =0.01, and x =0.000525.



TABLE I. Stability properties of DSs, and the corresponding minimum graded dissipation parameter Kmin.

A T v Kmin
-0.01 0.01 0 0.00985
-0.01 0.01 0.001 0.0095
-0.01 0.01 0.01 0.009
-0.01 0.01 0.1 0.00675
-0.01 0.1 0 0.00975
-0.01 0.1 0.001 0
-0.01 0.1 0.01 0
-0.01 0.1 0.1 no solutions
-0.001 0.01 0 0.0008
-0.001 0.01 0.001 0
-0.001 0.01 0.01 0
-0.001 0.01 0.1 no solutions
-0.001 0.1 0 0.000525
-0.001 0.1 0.001 no stable solutions
-0.001 0.1 0.01 no stable solutions
-0.001 0.1 0.1 no solutions
-0.01 0.01 vr<0 no stable solutions
-0.01 0.1 <0 no stable solutions
-0.001 0.01 r<0 no stable solutions
-0.001 0.1 r<0 no stable solutions

depends on the window size, and takes about 4 — 6 hours
on a Xeon 16-kernel server.

A. ST DS in the absence of “external
phase-modulation” (v = 0)

Our analysis demonstrates that the spatially composed
structure of a ST DS manifests itself in the form of spa-
tiotemporal breathing of the LB, when x tends to the sta-
bility threshold (see Fig. [8] here the threshold x ~ 0.0005
in Table 1 is calculated from (A1-A5)). LB preserves
its integrity, but compact doughnut- and pancake-like
spatial structures occasionally appear, which introduce
a long linear tail in the spectrum of the maximum in-
tensity oscillations (see inset in Fig. |8} which shows the
Fourier spectrum of the fine-grained maximum intensity
dynamics). The growth of dissipation grading (i.e., the
k—parameter, see Fig. E[) suppresses multimode breath-
ing, and leads to the formation of higher-order mode
structures. A long high-frequency tail in the spectrum,
as shown in Fig. [0 corresponds to the initial transient
dynamics: the apparent spectral power decay is only the
artefact of the limited simulation range (e.g., see inset in
Fig. .

As it was pointed in [I5], Eqs. (7) imply that spec-
tral dissipation (“kinetic cooling”) is a necessary condi-
tion for the existence of ST DSs. Table 1 demonstrates
the squeezing the soliton stability range, when spectral
dissipation (7—parameter in Eq. (1)) decreases. Numer-
ical simulations confirm this claim. For instance, Fig. [0]
shows a slower variation of the maximum intensity, when
compared with the case of with Fig. [I0]

An additional aspect of ST DS stabilization by spec-
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FIG. 8. Averaged evolution of the maximum intensity for
T =0.1, A = —0.001, v =0, and x =0.0007. Insets show
the contour plot of the LB at Z =5000, and the spectrum
of maximum intensity oscillations within Z € [0,5000]. The
solid red line indicates the asymptotic intensity value, as it is
obtained from the variational approximation.

tral dissipation is connected with the weakening of the
LB dependence on initial conditions (see Appendix B).
Fig. demonstrates that, as the value of 7 is reduced,
temporal splitting of the DS occurs, accompanied by an
initial intensity decrease. The growth of 7— relaxes such
a dependence of the LB on initial conditions: the LB-
splitting disappears, and an improved convergence to the
analytical solution is observed (see Fig. E[)
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to a threefold reduction of the initial intensity (const = 0.3
in Eq. (B1), see Appendix)

B. ST DS with “external phase-modulation”

The “external phase-modulation”, defined the parame-
ter v in Eq. introduces a temporal (i.e., t—dependent)
localization of the refractive index, which corresponds to
a 3D or pancake-like confining potential (see Fig. (1} b).
In this sense, v < 0 breaks the ST confinement, so that
there is no stable ST DS (see Table [I)). Numerical simu-
lations confirm this statement.

Temporal confinement (i.e., v > 0) reduces the ST DS
temporal duration, in agreement with analytical predic-
tions (see Fig. [2| (b), and insets in Figs. [[1). This
effect is physically understandable as follows. Namely,
the additional phase shift vt? introduces a linear chirp
on the propagating pulse. This shifts spectral compo-
nents on the wings of the DS pulse, which then become
closer to the edges of the parabolic gain-band. This in-
crease losses on the temporal wings of the DS, and causes
its temporal narrowing. At the same time, phase modu-
lation may even suppresses the DS for large values of 7,
i.e., in the case of a narrow gain bandwidth (see Table
. Our numerical simulations confirm this conclusion.

Our full numerical simulations reveal the presence of
two effects, which are beyond predictions of the analytical
solution of the variational approach. Firstly, the varia-
tional analysis predicts a decrease of the LB energy as
the dissipation gradient parameter x grows larger (see
Fig. |3): this results from the degradation of the DS
peak intensity. Such result agrees with numerical re-
sults (see Fig. . However, full simulations (black
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for 7 =0.01, A = —0.001, v =0, and x =0.00085. The upper
insets show the contour plot of LB at Z =5000 (right) and the
prolonged maximum intensity evolution (left). The bottom
inset shows the contour plot of the LBs power at Z =5000
for the threefold reduced initial intensity (const = 0.3 in Eq.
(B1), see Appendix).
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0.0007 (red dashed), 0.0004 (blue dashed-dot). The insets
show the contour plots of the LBs power at Z =6000 for the
parameters corresponding to the curves indicated by arrows
(const =1 in Eq. (B1), see Appendix).

solid and red dashed curves, and corresponding insets
in Fig. demonstrate the existence of a “decreasing
intensity” ST DS in what is a “forbidden region” of the
rk—parameter (as far as the variational analysis predic-
tion is concerned). The ST DS (see solid black and red
dashed curves in Fig. appear to reach a stable inten-



sity level after an initial slow decay.

Secondly, numerical simulations demonstrate that the
temporally compressed ST DS, which is formed at a low
values of k, has a complex spatial structure (see the up-
per inset in Fig. . Such a spatial structure cannot
be simply described in terms of the fundamental mode
ansatz (2). Nevertheless, the spatial structure of the LB
remains well-localized, without exhibiting any temporal
splitting, and its averaged properties agree qualitatively
with the analytical predictions.

IV. CONCLUSIONS AND OUTLOOK

In our work, we considered two-dimensional (r — )
spatiotemporal dissipative solitons with confinement in
both spatial and temporal dimensions. Such a confine-
ment potential corresponds to a pancake-like potential
in Bose-Einstein condensates, or to external synchronous
phase modulation in graded-index multimode fiber lasers.
In the last case, the r—coordinate is a transverse ra-
dial coordinate in an axially symmetrical fibers, and the
t—coordinate corresponds to a local time in a coordinate
frame moving with the pulse. This potential is enhanced
by a dissipative cigar-type shape, which corresponds to
weakly-dissipative Bose-Einstein condensates, or to mul-
timode fiber lasers.

We based our analysis on the (2+1)-dimensional dissi-
pative Gross-Pitaevskii equation, that was solved by both
analytical and numerical approaches. In the first case, we
used the variational approximation with the Gaussian-
mode soliton ansatz. In the second case, a direct numer-
ical simulation based on the finite-element method was
performed.

In terms of photonics, we found that some minimal
curvature of the graded dissipative potential (the x— pa-
rameter in Eq. ) is required to stabilize a ST soliton
(“light bullet”) against multimode beatings. Moreover,
the growth of spectral dissipation (the 7— parameter in
Eq. ), induced by a spectral filter or finite gain band-
width, contributes to such stabilization, and suppresses
multipulsing effects.

Synchronous external phase-modulation in a fiber laser
leads to confinement in the temporal dimension, and re-
laxes the dependence of the light bullet stability on the
graded dissipative potential. This means that a light bul-
let could be stabilized with weaker graded dissipation,
and it exhibits significant temporal compression. How-
ever, the spatial structure of a light bullet for a low grad-
ing of the dissipative potential may acquire a complex
multimode pattern.

Our findings suggest the following roadmap for the
control of spatiotemporal dissipative solitons: i) A 3D
confinement potential could be used, which involves a
temporal localization of the gain. This can be achieved
by including external phase modulation in a fiber laser
cavity; ii) The multiscale nature of the light bullet dy-
namics, involving both “fast” (t—) and “slow” (Z—) co-

ordinates should be exploited. In general, all parameters
in Eq. could become (Z — t)- dependent. Indeed, it
was shown that the strategy of parameter management
could stabilize spatiotemporal solitons [57]; iii) It should
be noted that the numerical aperture, connected with
a wave-front curvature, can be significant in multimode
fiber lasers. In this case, the paraxial approximation un-
derlying the derivation of Eq. may be invalid, and the
generalized Helmholtz equation should be used for the
description of the transverse dynamics of MMF lasers.
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Appendix A: Evolution of DS parameters

The variational approximation based on Egs. (2-6)
results in the following ordinary differential equations for
the evolving parameters of the DS:

o 1 a(Z)? 2 3
75 (3 S 2 )
Ay 3a(Z)? —4(3+7%) To(2) 2
dz 3n2vu(Z)? - WQU(Z)4+
do 1 o oy D12+ 7
= 10(2) (?m w2292 - m)(z)) +
+0(2) (15(0(2) + 20(2) - ), (A3)
T = oo = B(2)H(Z) - 1T P2
(A4)
C‘l% =—p(2) (20(Z) + kp(Z)?) . (AD)

The physical steady-state solutions of this system are ex-
pressed by Eqgs. (7-8) [56].

Appendix B: Initial conditions for FEM

As the initial conditions for the FEM simulations, we
used the scalable expression for a DS amplitude, the
soliton relation between temporal width and amplitude,
and the LB relation between beam width and amplitude
53], 6]



B 3(k2— A2 - A%
ap = const\/m, (B1)

The initial spatial and temporal chirps (i.e., # and 1))
were set as equal to zero.
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