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Abstract

We study the zero-temperature stochastic Ising model on some connected planar quasi-
transitive graphs, which are invariant under rotations and translations. The initial spin
configuration is distributed according to a Bernoulli product measure with parameter
p € (0, 1). In particular, we prove that if p = 1/2 and the graph underlying the model
satisfies the planar shrink property then all vertices flip infinitely often almost surely.
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1 Introduction

In this paper, we deal with the zero-temperature stochastic Ising model (o;);>0 on some con-
nected planar quasi-transitive graphs with homogeneous ferromagnetic interactions (see e.g.
[17,27]),1i.e. all the interactions are equal to a positive constant. The initial spin configuration
is distributed according to a Bernoulli product measure with parameter p € (0, 1), see e.g.
[16, 26, 27]. The dynamic evolves in the following way: each vertex, at rate 1, changes its
spin value if it disagrees with the majority of its neighbours and determines its spin value
by a fair coin toss in case of a tie between the spins of its neighbours. This process is often
referred to as domain coarsening or majority dynamics and it is sometimes used as an opinion
model.

A question of particular relevance is whether for each vertex v its spin flips only finitely
many times almost surely, i.e. in other words whether o; has an almost sure limit. We say that
a vertex v fixates if the spin at v flips only finitely many times. According to the classification
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given in [17], a model is of type Z if no site fixates almost surely, i.e all sites flip infinitely
often a.s.; a model is of type F if all sites fixate almost surely, i.e. all sites flip only finitely
many times a.s. and it is said of type M if there are both vertices that fixate and vertices that
do not fixate almost surely.

The literature in the early years focused on the cubic lattice Z¢ and mainly with d =
2. It is known that the zero-temperature stochastic Ising model on Z with homogeneous
ferromagnetic interactions is of type Z for any initial density p € (0, 1) (see [1, 27]).

The disordered model on Z<, if the interactions {.J vy} are independent random variables
with continuous distribution, is of type F (see [13,27]). Moreover, ind = 2 the homogeneous
ferromagnetic model is of type Z (see [27]). In [17], an analysis of the zero-temperature
stochastic Ising model on Z¢ with nearest-neighbour interactions distributed according to a
measure (4 y (disordered model) is performed. In particular, it is proved that if the interactions
are i.i.d. taking only the values £/ then the two dimensional model is of type M. An
analogous result for d > 2 with a temperature fast decreasing to zero is obtained in [7]. On
the cubic lattice Z¢, if initial configuration is distributed according to a Bernoulli product
measure with parameter p sufficiently close to 1 (i.e. if p > p}), then the model is of type
F, in particular each vertex fixates at the value +1 (see [16]). Moreover in [26] it is shown
that p; — 1/2 as d — oo. For homogeneous trees of degree at least 3 and p sufficiently
close to 1, it has been shown that the model is of type F (see [6, 15]).

In [9, 11], the case in which one or infinitely many vertices are frozen is studied. The main
result of the first paper is that for d = 2 the model, with infinitely many frozen vertices, is
of type F. On the contrary, in the second paper the authors show that the model ind = 2 is
of type Z when only one spin is frozen.

For articles on the stochastic Ising model on graphs other than Z¢ see for example [5, 7,
8,10, 12, 18, 19]; in particular in [5] it is shown that the zero-temperature Ising model on the
hexagonal lattice is of type F and in [7] it is proved that it is not of type F if simultaneous
spin flips are allowed. In [18] the authors studied the Dilute Curie-Weiss Model, i.e. the Ising
Model on a dense Erdgs—Rényi random graph, and proved that depending on the distribution
of interactions there are different behaviors.

In this paper, we deal with connected planar quasi-transitive graphs. The quasi-transivity
of the graph will be given by the invariance under translations and rotations. We will
show that, under mild assumptions, the only rotations to consider are those of an angle
S {%, %, %n, 71} (see Lemma 3 and Theorem 1). Such a class of graphs includes, for
instance, the square, the triangular and the hexagonal lattice.

Our first result on the zero-temperature stochastic Ising model (Theorem 2) shows that a
necessary condition for the model to be of type Z is that the underlying graph has the shrink
property. For example, the hexagonal lattice does not have the shrink property and the model
on this lattice is of type F (see [27]). Thus, we will focus on a class of graphs having the
shrink property. Actually, for technical reasons, we will use a potentially stronger definition
of the shrink property that is the planar shrink property.

Our main result (Theorem 4) shows that if p = 1/2 and the graph is invariant under
rotations, translations and has the planar shrink property, then the model is of type Z.

Here we briefly present the general strategy to prove this achievement. First we show
two preliminary results on general attractive spin systems with initial density p € (0, 1]
(see Lemmas 1-2). More precisely we show that, for an attractive system, if a spin fixates
to +1 with positive probability then the probability that it is constantly equal to +1 for
all times ¢ € [0, 0o) is positive. After the general analysis developed in Theorems 1-2 we
specifically study the zero-temperature stochastic Ising model. First we show that, under the
shrink property and the translation-ergodicity, the cardinality of any cluster grows to infinity
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almost surely (Theorem 3). By this preliminary result, we are able to show that the cluster
at the origin will intersect the boundary of any finite region infinitely often for ¢ € [0, co0)
with probability one. As already mentioned, we consider a planar graph that is invariant
under translations and rotations of 6 € { % % %n} Then, we construct a planar regular
region centered at the origin that has the same rotation invariance of the graph. By the FKG
inequality and the rotation invariance of the region, the cluster in the origin will intersect all
the sides of the regular region with a positive probability larger or equal to p¢ross. We stress
that, for ¢ growing to infinity the quantity pr.ss does not depend on the size of the region.
By these properties and by the previous results we show that any ball centered in the origin
has its spins equal to 41 infinitely often with a probability larger of p.,,ss (see Lemmas 5-9).
Thus, with probability at least pross DO site will be able to fixate at the value —1. Finally,
by considering the initial density p = 1/2 and by Lemmas 2-9, we show that all sites flip
infinitely often almost surely (see Theorem 4).

The plan of the paper is the following. In Sect. 2, we define the zero-temperature stochastic
Ising model, introduce the underlying graph and present some general results on attractive
systems that will be useful for our discussion (see Lemmas 1-3 and Theorem 1). In Sect. 3,
the main result, Theorem 4, is stated and proved through some lemmas and theorems. In
Sect. 4, we present an infinite class of graphs having the planar shrink property (see Theorem
5). We also provide examples of graphs that have and do not have the shrink property, cases
where the Ising model is of type Z in the first case, and of type either M or F, in the latter.

2 Preliminaries

In this section, we introduce the graph underlying the zero-temperature stochastic Ising model
and present some preliminary results that will be useful for our discussion in the next section.
In particular, in Sect. 2.1 we define the Markov process by the infinitesimal generator and
by the Harris’ graphical representation. Moreover, we state two general lemmas (Lemma 1
and Lemma 2) for Glauber attractive dynamics. In Sect. 2.2, we introduce some notation on
graphs and define the collection of graphs in which we are interested. More precisely we
present in Lemma 3 and Theorem 1 some properties of sets in R? that are translation and
rotation invariant. In Sect. 2.3, we describe in detail the zero-temperature stochastic Ising
model /(G, p), where G is the underlying graph and p is the initial density. Moreover, we
prove Theorem 2, which shows that the shrink property is a necessary condition to obtain
that the /(G, p)-model is of type Z.

2.1 Attractive Spin Systems

We now introduce the spin systems referring mainly to [24, Chapter 3]. We consider a spin
system (o7);>0, which describes £1 spin flips dynamics on a countable set of vertices V.
The state space is ¥ = {+1, —1}". The value of the spin at vertex v € V at time ¢ will be
denoted by o;(v). We introduce the usual order relation < on X: given two configurations
0,0’ € ¥, wesay that o < o’ if for each v € V, o(v) < o'(v). The spin system (o;);>0
evolves as a Markov process on the state space ¥ with infinitesimal generator L, which acts
on local functions f, and defined as

(Lif)o) =Y cw.0)(f(e") = (o), o)

veV
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where t > 0, ¢;(v, o) is the flip rate of the spin at vertex v, and c” € X is defined in the
following way:

o) = {U(u) ifu # v

—o(u) ifu=nv.

We assume that ¢; (v, o) is a uniformly bounded non-negative function, which is continuous
on o and satisfies the condition

sup Z sup |c; (v, 0) — ¢ (v, 0™)| < o0. 2)

veV weVUEZ

The condition in (2) guarantees the existence of the Markov process with infinitesimal gen-
erator L, (see [24]). We take the process (o;);>0 right continuous.

We say that a spin system is attractive if ¢;(v, o) is increasing in o when o (v) = —1 and
decreasing in o when o (v) = +1. We are in particular interested to study Glauber dynamics,
for which the relation

a,0)=1-¢(@,0") 3)

holds foreachv € V, 0 € X and t > 0. If the relation (3) holds, then 0 < ¢;(v, o) < 1. We
write the flip rates in the form

cr(v,0) = ¢ (v, (0(u))uea,)s 4
where A, is a subset of V. Under (3) and the assumption

sup |A,| < oo, ©)
veV
the process defined in (1) can be constructed by the Harris’ graphical representation (see e.g.
[20, 22-241), which we now describe.

We consider a collection (P, ),cv of independent Poisson processes with rate 1 interpreted
as counting processes. For each v € V, let 7, = (7, : n € N) be the ordered sequence of
arrivals of the Poisson process P, associated with the vertex v. The probability that there is
a flip at vertex v at time ¢ (conditioning on the event {t € 7,}) is equal to ¢; (v, o,-), where
o;- = lim,_,;- o,. For convenience, to describe these events in more detail, we can use a
family of i.i.d. random variables (U, , : v € V,n € N) distributed according to a uniform
random variable in [0, 1] and such that if Uy, < cv,, (v, GrJn)’ then the spin at v flips at
time 1, , (see [22] and [24]).

Lemma 1 below is well known, but we present a proof in order to construct the coupling
that will be used in the proof of Lemma 2.

Lemma 1 Given two Glauber attractive dynamics (01)¢=0 and (0] );>0 having the same gen-
erator and such that og < 00/, there exists a coupling such that o; < o] for each t > 0.

Proof By hypothesis the order relation is satisfied at the initial time. Hence, it is sufficient to
consider a single arrival of the Poisson process, i.e. only a possible spin flip, in order to show
that the order relation is maintained, i.e. we will show that o~ (v) = +1 > cr; - (v) =-—1
does not occur. Y

Let us explicitly construct the desired coulping. We use the same Poisson processes for the
two systems, but different families of i.i.d. uniform random variables (U, , : v € V,n € N)
and (U, : v e V,n e€N) for (67)r>0 and (o;)>0 respectively.
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For each v,v" € V and n € N, let us consider the stopping time 1, ,. Moreover, for
v/ € V\{v} let us define

N, v,v") :i=sup{l e N: 1y < 1p,}.

We notice that N(n, v, v) = n, moreover for v' # v one has Ty y(n.pv) < Ty, almost
surely.
Ifo- ()= o (v) then we define U, , = Uy, if o~ =-1< GT’, (v) = +1

then we deﬁne Ué, » = 1 — Uy . Hence, the random variable U, ,, is a function of
(Uv,lw--aUv,nfl) (6)

and of the independent sequences (Uy ¢ : v/ € V\{v},£ < N(n,v,v")) and (Py (1) : V' €
Vit < Tv,n)~

If Uﬁ,n = U, ,, by construction, Ul’,’n is independent from U,;,], e Ul’)’n_], which alto-
gether are functions of Uy 1, ..., Uy p—2, of {Uy ¢ : V' € V\{v},£ < N(n — 1, v,v")} and

(Py(t): v € V,t <1y ,-1). Otherwise, if U;’n = 1 — U,,, independence follows by:
]P)(U;,n € [a, b]|Uv,1 =ut,...,Uppn1 =up_1)

=PWUynell=b,1—allUyi=ur,...,Uyp—1 =up1)
=PWUy,€ell—b,1—al)=b—a= IP(U;’" € la, b)),

where 0 < a < b < 1 and uy,...u,—1 € (0, 1). This implies that the distribution of
U, , and the conditional distribution of Uy , given U, |, ..., U, coincide, hence U, ,
is independent from U, A, Uv a1 and U aisa uniform random variable on [0, 1]. The
independence of dlfferent sequences of umform random variables can be proved in a similar
way.

Whenever there is an arrival of a Poisson process, for example at time ¢ for the vertex v
(i.e. t € 7, ), the following situations can arise:
Case o, (v) = at/, (v) = —1.
v,n v.n
Since U, , = U} ,and ¢y, , (v, 0, )is increasing in o, we have the following three situations:
if Uyn < cq, n(v O ) < ¢q, n(v a ) then both systems change the spin value at v; if

Cryp (U, 0 ) S Upn < g, (v, o ) then in the system (o7 );>0 the spin at v does not change

v,n

its value, wh11e in (/)0 the spin flip occurs at v; if o, (U, 0, ) < ¢q, (v, cr ) <Uyn
then both systems do not have the spin flip at v. In all these three 51tuat10ns the order relation
is maintained.

Case o v) = Ur/{.n (v) = +1.
Since Uy, = Uy, ., , and crv L (v, O ) is decreasing in o, we have the following three situa-
tions: if U, , < cfv L (v, cr ) < c,u L, (v, 0, ) then both systems change the spin value at v; if

., (U, o )< Upn < crv n(v o )then inthe system (o7 );>0 the spin at v change its value,
n
while in (at),>0 the spin flip does not occur at v; if ¢q, , (v, a ) < cq,, (v, o ) < Uyn

then both systems do not have the spin flip at v. In all these three situations the order relation
is maintained.
Case o~ (v) = —1 < O‘ (v) = +1.

To,n

IfU,, < ct”(v o,- ) then, since in this case Uv , = 1 — Uy, by using the relation (3)
for Glauber dynamlcs ‘and by attractivity, one has that
Upp=1=Upn > 1=cr,, 0. ) =cr,, (0,00 ) = ¢r,, (v.0] ).
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Thus, in the system (o7),>0 the spin at v changes its value, while in (o, );>0 the spin flip does
not occur at v, maintaining the order relation. If Uy ,, > ¢, , (v, Urvf,,)’ the spin at v in (07);>0
does not change and therefore the order relation is maintained.

By previous cases and since oy < 06, one deduces that the order relation is maintained at
any time. Hence o (v) = +1 and ot’v_n (v) = —1 does not occur. ]

Now, we give the following definition which will be used in the next Lemma 2.

Definition 1 We say that a vertex v fixates if the spin at v flips only finitely many times and
we say that a vertex fixates from time zero if its spin never flips.

In the following Lemma 2, for Glauber attractive systems, we compare the probability that a
spin fixates or fixates from time zero.

Lemma 2 Consider a Glauber attractive dynamics (0;);>0 where o has density p € (0, 1].
If a vertex w fixates at the value +1 with positive probability, then the vertex w fixates at
the value +1 from time zero with positive probability.

Proof We define T, := inf{s > 0 : o;(w) = +1 Vt > s}, where inf § = +00. We assume
that P(T,, < o0) = p > 0 and we choose 7 such that P(T,, < 1) > p/2.

We consider a spin system (o;),>0, described through the Harris’” graphical representation
with the independent Poisson processes of rate 1 (P, : v € V) and the i.i.d. uniform random
variables (U, , : v € V,n e N), with initial configuration o distributed according to a
Bernoulli product measure with parameter p.

Now, we construct another system (o;);>0 with the same distribution. We make a resam-
pling (indipendently by all other random variables already introduced) of the spin at vertex
w in the initial configuration, such that

+1 with probability p

op(w) =
0 —1 with probability 1 — p,

and o (u) = oo(u), for each u # w.

We define a new Poisson process P,, that after time 7 has the same arrivals of P,,. In the
interval [0, ], P, is a Poisson process of rate 1 indipendent by P,,. This new process, by
independent increments property, is still a Poisson process of rate 1. With positive probability
one has P, () = 0. Thus, by inde_pendence,

with probability at least § pe™", the following three events occur:

{Tw <1}, {og(w) =+1}, (P, () =0}. @)
Whenever these three independent events occur, we define (U, , : v € V, n € N) as follows:
o forv # w, U, , = Uy, when o,- (V)= a;, (v), otherwise U, , = 1 — Uy n}
o forv =w, U, = Uy ,4p, i When af. - (w) = 01/, (w), otherwise U, , =
’ ’ w w,n+Py (1) w,n ’
1= Uy nsp, -

If one of the three events in (7) does not occur, the uniform random variables (U, , : v €
V,n € N) will be defined as U::,n = Uy, foreachv e Vandn € N.

Now, we suppose that the three events in (7) occur. By construction, we have that oy < a(;.

We show that for 7 € [0, 7], one has 0; < 0.

Since P,,(7) = 0, then in the process (0;);>0 the spin at w remains equal to +1 until time
t; hence o, (w) < 0,’(w) for all # < . When there is an arrival of a Poisson process P, with
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v # w, by using the same coupling of Lemma 1, it follows that the desired order relation is
maintained until time 7. In particular, at time 7, o7 < at-’ . Now, applying the result of Lemma
1 by considering 7 as initial time, it follows that o; < at’ for each t > 0. Hence, the vertex w

fixates from time zero with probability at least 5 pe™" > 0, concluding the proof. O

2.2 Notations and Basic Properties of Graphs

We begin this subsection by presenting Lemma 3 that applies to subsets of R? which are
invariant by translations and rotations. with the purpose of applying it to connected planar
infinite quasi-transitive graphs. Later in the subsection, we introduce some definitions and
notation on the graphs (see e.g. [14, 19]) and we present the graphs on which the zero-
temperature stochastic Ising model will be constructed.

Let us denote by || - || the Euclidean norm and by B(x, r) the ball of radius r > 0 centered
in x. Forany § C R? and X € R?, we define the translation of a set as

S+x:={x+x:xeS}

Given 0 € (0, 7], we say that S is invariant under rotation of 6 if there exists a point O € R2,
which we assume to be the origin, such that Rg(S) C S, where Ry is the rotation in the plane
with center O and angle 6.

Lemma3 Let X € R? be a non-zero vector and Ry a rotation in the plane with center O and
angle 6 € (0, r].
If S C R? is a non-empty set such that

e S has a finite number of points in any ball;
e S+XxCS;
e Ry(S) CS.

Then S+ % =S, Ro(S) = Sand0 € {5, %, 3n. 7}

Proof By hypothesis S is non-empty. Thus, by S + X C S, there exists a point v € S, with
v # O. Regarding the rotation, we write § = 2w« where o € R. Now, if ¢ € R \ Q the set
{Rj(v) : n € N} C Sisdensein |[v]|S ! that contradicts the property that each ball in R2
contains a finite number of points of S. Hence, o necessarily belongs to Q.

Let @ € Q, we write o = % with m, n € N coprime. By Bézout’s lemma, there exist
a,b € Z such that am + bn = 1. Let us select an integer k € N such that a + kn € N. One
has Rg+k" = R{T”—2n(b—km) = R%. Thus Rz%(S) C S. Hence, we can consider only the
angles of the form 6 = 271%, forn € N.

By applying (n — 1) times the rotation R2x one obtains R_ 2 (S) C S, therefore the
rotations with rational « are surjective onto S and consequentlyn also invertible on S. In
particular, Ry (S) = S forany o € Q.

Now we define

ro=min{||w||:w e R>, S+wC S}

that is well-posed because, by hypothesis, there exists ¥ € R? such that S + % C S and S
has a finite number of points in any ball.

Therefore there exists 7y € R? such that S + 9y C S with [|Ug|| = r. Notice that, without
loss of generality, one can assume that » = 1 and vg = (1, 0).
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Let us observe that, by R, 1 (S) = S, it follows

S+v CS,
where ¥ = (cos(2%), sin(2%)) fork =0, ..., n — 1. From the fact that
n—1

—o =),
k=1

one has that S — vy C S. Therefore the translation with respect to vy is surjective onto S and
being also injective it is invertible on S. Therefore S = vy = Sfork =0,...,n — 1.
Hence, one has

S+v;—vy=S.

The norm of v| —vgis,/2 — 2 cos(%”). Since v is a minimal norm vector such that S+ vy =
S, one has

_ _ 2w
lvg — vl =,/2—=2cos| — ) > 1. (8)
n

By (8) one obtains that cos(2%) < 1, which gives n € {2,3,4,5, 6}.
In order to get the result, we need to show that n = 5 contradicts r = 1. In this regard,

we consider

S+v+v==S

where vy = (cos(4m/5), sin(4m/5)). Notice that |jvg + v2|| = /2 + 2005(%71) < 1, which
contradicts r = 1. Therefore 6 € {%, % %n, 71} and this concludes the proof. O

Remark T We note that a set S satisfying the hypotheses of Lemma 3 must be countable.
Notice that for x = (0, 1) and 6 € {%, % %n, n} there exist examples of sets S such
that § + x = § and Ry(S) = S. Moreover, there are examples where Ry;/3(S) = S but
Rz /3(S) # § and examples such that R (S) = S but Ry /2(S) # S.

Let us now recall some definitions and notation on graph theory (see e.g. [14, 19]).

Let G = (V, E) be a graph, where V is the set of its vertices (or sites) and E C V x V
is the set of its edges. The degree of a vertex v € V, denoted by deg(v), is the number
of neighbours of v, i.e. deg(v) := |[{u € V : {u, v} € E}|. The maximum degree of G is
A(G) = sup{deg(v) : v e V}.Givenv € V and § C V, we denote by Ng(v) the set of
neighbours of v in §, i.e. Ng(v) := {u € S:{u,v}e E} and we define the degree of v in
S as degs(v) := |Ng(v)|. Given U C V, the induced subgraph G[U] is the graph whose
vertex set is U and whose edge set consists precisely of the edges {u, v} € E withu,v € U.
A path connecting a vertex v to a vertex u is a non-empty graph P = (V(P), E(P)), where
V(P) = {vg = v,v1,..., V-1, v, = u}, the vertices v; are all distinct and E(P) =
{{vi,vig1} € E i =0,...,m — 1}; m is the length of the path P. If P = (V(P), E(P))
is a path connecting v to u, then the graph C := (V(P), E(P) U {{u, v}}) is called a cycle.
A graph G = (V, E) is said to be connected if for any two vertices u, v € V there exists
a path connecting them. We say that U C V is connected if the induced subgraph G[U] is
connected.

We denote by dg (1, v) the distance in G of two vertices u and v defined as the length of a
shortest path connecting u to v. Given a subset U C V, we define the external boundary of

@ Springer



Zero-Temperature Stochastic Ising Model on Planar... Page90of27 169

U asthe set 9,5 U :={v € V\U : Ju € U s.t. {v, u} € E}. Now, we provide the following
definitions (see e.g. [19]).

Definition 2 (Graph automorphism) Let G = (V, E) be a graph. A bijectivemap¢: V — V
is said to be a graph automorphism if {u, v} € E <— {¢(u), p(v)} € E.

Definition 3 (Transitive graph) A graph G = (V, E) is called transitive if for any u, v € V
there is a graph automorphism mapping « on v.

Definition 4 (Quasi-transitive graph) A graph G = (V, E) is said to be quasi-transitive
if V can be partitioned into a finite number of vertex sets Vi, ..., Vy such that for any
i=1,...,Nandany u, v € V;, there exists a graph automorphism mapping # on v.

Now we introduce planar graphs, which play a central role in our paper. An arc is a subset
of R? that is the union of finitely many segments and is homeomorphic to the closed interval
[0, 1]. The images of O and 1 under such a homeomorphism are the endpoints of this arc. If
A is an arc with endpoints x and y, the interior of A is A\{x, y} (see [14]).

A plane graph is a pair G = (V, E) that satisfies the following properties:

(1) V c R2 is at most countable;

(2) every edge is an arc between two vertices;

(3) different edges have different sets of endpoints;

(4) the interior of an edge contains no vertex and no point of any other edge.

A graph G = (V, E) is said to be planar if it can be embedded in the plane, i.e. it is
isomorphic to a plane graph G.The plane graph G is called a drawing of G or embedding
of G in the plane R?. We can identify a planar graph with its embedding in R?. Similarly,
we say that G = (V, E) is embedded in R?if V ¢ R is at most countable and (2)-(4) hold
(seee.g. [12, 14]).

Given a plane graph G = (V, E) andaset S C V,let Convg(S) := Conv(S)NV, where
Conv(S) denotes the convex hull of S. We now define the shrink and planar shrink property,
which will be central to our future discussion.

Definition 5 (Shrink property) Given a graph G = (V, E), we say that G has the shrink
property if for each subset S C V with finite cardinality, there exists # € S such that
degy\s(u) > degs(u).

Given a line £ € R?, we denote by Hll C R? and Hf C R? the closed half-planes having
£ as boundary. Given a non-empty subset S C V and a line ¢, we define Sf =5N Hf and
S§ =8N Hf;clearly S = S{ U S5.

Definition 6 (Planar shrink property) For a plane graph G = (V, E), we say that G has the
planar shrink property when, for any non-empty set S C V and for any line ¢, one has:

fori =1,2,if Sf is non-empty and has finite cardinality, then there exists u € Sf such
that degy\s(u) > degs(u).

We say that a planar graph G has the planar shrink property if there exists an embedding of
G in the plane for which such a property holds.

For a plane graph, it is immediate to note that the planar shrink property implies the shrink
property.

We are interested in a connected planar infinite graph G = (V, E) with a specified
embedding in R? such that the following conditions hold:
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(C1) There exists a non-zero vector x such that V 4+ x C V and for any u, v € V,
{u,v} e E <— {u+x,v+x}ekE.

Then we say that G is translation invariant with respect to the vector x.
(C2) There exists a point O € RZ and 8 € (0, 7] such that Ry(V) C V and for anyu,v eV,

{u,v} € E <= {Ry(u), Ro(v)} € E.

Then we say that G is rotation invariant with respect to Rp.
(C3) Each ball in R? contains a finite number of vertices of G.

By Lemma 3, it follows that a graph satisfying conditions (C1), (C2) and (C3) has 6 €
{ % % %n, T } and the translations and rotations in (C1), (C2) are graph automorphisms. For
reasons that will become clear in the following, we do not deal with 6 = 7.

The translations and rotations provide a partition of V in classes, in any case the partition
given in Definitions 3 and 4 can be finer than the one given by only translations and rotations.
For 6 = m, it is straightforward to exhibit an example where the number of classes is infinite.
For instance, we can consider G = (V, E) where V = Z? and the edge set is

E={{G, ), G, j+D}:i,jeZ}U{{i.0),G+1,0)}:i€Z}.

It is immediate to note that G is invariant under translation with respect to the vector (1, 0)
and is invariant under rotation of 7 in the origin but not of /2. Moreover, the classes of G
are C, = {(i, &n) : i € Z} for n € Ny (see Fig.9 in Sect.4).

We present the following result for plane graphs that are translation and rotation invariant.

Theorem 1 If G is a plane graph satisfying the conditions (Cl1), (C2) and (C3), then 6 €
{%, %, %7‘[, n}. Moreover if 6 € {%, %, %n} then the plane graph G is either transitive or
quasi-transive.

Proof The first part of the statement has already been discussed above. It is sufficient to prove
that for 6 € {% T %n} the number of classes is finite. Let 6§ € {%, 7 %n} the plane graph
G is translation invariant with respect to the linear independent vectors x and y := Rgx. The
number of classes is at most the number of vertices belonging to the closed parallelogram
spanned by vectors x and y. By (C3) follows that the number of vertices in this parallelogram

is finite. ]

Now, we introduce the class of plane graphs G(a) with a € {3, 4, 6} that is the collection
of connected infinite graphs (with finite maximal degree) satisfying conditions (C1)-(C3)
with & = 6(a) = 2w /a. It is immediate to notice that G(6) C G(3). Let, furthermore,
G :=G(3)UG4). In Sect.4, we will provide various examples of such graphs.

2.3 The I(G, p)-Model

We consider the stochastic process (o7);>0, which describes &1 spin flips dynamics on an
infinite graph G = (V, E) with A(G) < oo. The state space is ¥ = {+1, —1}V and the
initial state is distributed according to a Bernoulli product measure with density p € [0, 1]
of spins +1 and 1 — p of spins —1. The process corresponds to the zero-temperature limit
of Glauber dynamics for an Ising model with formal Hamiltonian

He)=— Y oo, ©)

u,veV:
{u,v}eE
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%
X

%

RO

Fig. 1 The graph on the left belongs to G(4), hence it is invariant under rotation of /2. The graph on the
right is only invariant under rotation of

where o0 € X. The definition (9) is not well posed for infinite graphs. For this reason, we
introduce the changes in energy at vertex v € V as

AHy(0) =2 Y oo ().
uey:
{u,v}eE
The process (0;);>0 is a Markov process on X with infinitesimal generator having as flip
rates

0 if AHy(o) >0
¢(v,0) =13 if AHy(0) =0 (10)

1 if AHy(0) < 0.

It is immediate to notice that the stochastic process is well defined, indeed the supremum
in (2) is bounded by A(G) (see [24]). We note that the process is a Glauber attractive
dynamics. Furthermore, since A(G) < oo, the flip rates in (10) satisfy the condition in
(5) with Ay, = Ny (v). Therefore, this process can be constructed by the Harris’ graphical
representation (see [20, 22-24]).

In the following, we will refer to this model as I (G, p)-model where G is the underlying
graph and p is the density of the Bernoulli product measure for the initial configuration. Now,
in Theorem 2, we show that the shrink property is a necessary condition to obtain that the
I(G, p)-model is of type Z.

Theorem2 Let G = (V, E) be a graph with A(G) < oo. If G does not have the shrink
property then for any p € [0, 1] the I(G, p)-model is not of type T.

Proof First let us consider the case p € (0, 1]. Since G does not have the shrink property then
there exists a finite subset S C V such that degy\s(u) < degs(u) for any u € S. Moreover,
one has

P(ﬂ{o—o(u) = +1}> =pl5 > 0. (11)

ues

Since degy\s(u) < degs(u) for every u € §, no site in § can change the value of its spin if
oo(u) = +1 foreachu € S.
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Fig.2 Example of a graph

G € G(4) that does not have the
shrink property and, for

p € (0, 1), the I(G, p)-model is st us s
of type M

Uy us ug Uy

This fact implies that
P(each vertex in S fixates at the value + 1 from time zero) > piSI~o.

Thus, for any p € (0, 1] the (G, p)-model is not of type Z.
Let us now consider p = 0. In this case, all sites fixate from time O at the value —1 almost
surely and the /(G, 0)-model is of type F. O

Remark 2 Note that Theorem 2 does not imply that the (G, p)-model is of type F or M.
In fact if the graph G is not invariant under translation it could happen that the model does
not belong to any of the three classes 7, M and Z.

If G does not have the shrink property, it is possible to show examples in which the
I1(G, p)-model is respectively of type F or M. It is known (see [5, 27]) that if G is the
hexagonal lattice then the 7(G, p)-model is of type F. Now, we show in Example 1 that if
we consider G € G(4) as in Fig. 2 then for any p € (0, 1) the (G, p)-model is of type M.

Example 1 Let G € G be the graph in Fig.2. For any p € (0, 1) the 1 (G, p)-model is of type
M. Letu; € V withdeg(u;) =3fori =1,...,8asinFig.2. Let S = {uy, ..., usa}. Since
degy\s(u1) =1 < 2 =degg(uy), it is immediate to notice that

P(u) fixates at the value + 1) > P(Vi = 1,...,400(u;) = +1) = p* > 0.  (12)

Hence, by ergodicity (see [25, 27]), there exist vertices that fixate at the value +1 almost
surely. Now, let z, w; € V be the vertices such that deg(z) = 4 and deg(w;) = 3 for
i=1,...,8asinFig.2. Let E, be the event that the vertices u#; and w; fixate respectively
at the value +1 and —1 for each i = 1, ..., 8. With the same argument used in (12), we
deduce that P(E;) > p8(1 = p)® > 0. Moreover, conditioning on the event E, whenever
there is an arrival of the Poisson process P, the spin flip at z occurs with probability 1/2.
Thus, by Lévy’s extension of the Borel-Cantelli Lemmas, z flips infinitely often with positive
probability. By ergodicity (see [25, 27]), it follows that there exist vertices that flip infinitely
often almost surely. Therefore, the (G, p)-model is of type M.
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3 Main Results

In the following, given 0 € ¥ and v € V, we denote by C, (o) the cluster at site v for o,
defined as the maximal connected subset of V such that v € Cy (o) and for any u € C,(0)
one has o (1) = o (v).

Now, we present the following theorem, which is an extension of Proposition 3.1 in [4].

Theorem 3 Ford € N, take a I1(G, p)-model, where p € [0, 1] and G is a graph embedded
in R? that is translation invariant with respect to d linearly independent vectors. Moreover,
suppose that G has the shrink property and A(G) < oo.

Then, the size of the cluster at a vertex v € V diverges almost surely ast — o0, i.e.

YveV, llim |Cy(0r)| = 0o almost surely.
—>00

Proof We explicitly use the elements w of the sample space 2.
We prove the theorem by contradiction. Hence, for a vertex v € V, let us define the event

A :={w e Q :liminf |Cy(oy)| < o0}.
—00

By contradiction assumption we suppose P(4) > 0. By continuity of the measure there
exists M > 0 such that P(As) > 0, where

Ay ={weQ: litrgiolgf |Cy(or)| < M}.
Then, for any w € Ay, one can define (T; (w))ken such that
T\(w) = inf{t = 0 : [Cy(or)| < M},
and, for k € N, one recursively defines
Tis1 (@) = inf(t > Ti(@) + 12 |Cy(0p)] < M).

Let F; be the o -algebra generated by the process up to time ¢. It is immediate to note that Ty
is a stopping time with respect to the filtration (F;);>o for any k € N.

We consider Fr, for any k € N. We notice that for v € Ay, since A(G) < oo and
|Cy(o1,)| < M, the cluster Cy,(o7,) can be equal only to a finite number of sets of vertices.
For each of these sets of vertices, by the shrink property there is an ordered finite sequence
of clock rings and outcomes of tie-breaking coin tosses inside a fixed finite ball that would
cause the cluster to shrink to a single site w € V with dg(w, v) < M (w could, in principle,
depend on Cy (o7,)). Then, since the vertex w would have all neighbours with opposite spins,
it could have an energy-lowering spin flip (with change in energy equal to —2deg(w)) and
the cluster would vanish with positive probability. We define

By i = U {spin at w flips at time ¢ € (Tx, Tx + 1) with AH,,(0y) < —1}.
weV:
dg(w,v)<M
From the previous statements in this proof, one has that there exists § > 0 such that
P(Bwm.klor,) = 8.

Now, by the Strong Markov property of the process, for any k € N we have the following
lower bound

& (@) == P(Bm x| Fr, ) (@) = P(Bu.klor,) > 6,
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for almost every w € Ays. Thus Z,fil & (w) = oo, for almost every w € Ay,.
Now, by using the Lévy’s extension of Borel-Cantelli Lemmas (see e.g. [28]) with the
sequence of events (B i )ken and the filtration (Fr; )ren, we have that

wesz:ng(w)=oo} c {weQ:ZlBM’k(w)zoo uc

k=1 k=1

where C has measure zero. Then

P(lim sup Barx) = P(Ap) > 0.
k— 00

Thus, there exists a vertex w with dg(w, v) < M such that energy-lowering spin flips
occur at w infinitely many times with positive probability. By translation invariance with
respect to d linearly independent vectors, vy, ..., vg, we obtain that the graph G is quasi-
transitive. The classes of the graph are all represented inside the parallelogram spanned by
the d vectors vy, ..., vg. Now, the translation-ergodicity implies that there exists a positive
density of vertices for which energy-lowering spin flips occur infinitely often almost surely.
This fact contradicts Theorem 3 and related remark in [27] (see also Lemma 5 in [7]).

This concludes the proof. O

Remark 3 Theorem 3 is a generalization of Proposition 3.2 in [4] for graphs G having the
shrink property. In [4], the result was given only for the cubic lattice Z¢ that in particular has
the shrink property.

In the following, we consider the I (G, p)-model having G € G(a) fora € {3, 4} and it is
invariant under translation with respect to x. Without loss of generality we take x = (1, 0).
Let us consider a vertex v having minimal Euclidean distance from the origin O. Clearly,
v = O when O belongs to V. In the case v # O we consider the two distinct vertices
v, Ry (V); since G is a connected graph, we can select a connected finite set S C V such that
v, Rgp(v) € S. Finally we define the set of vertices

U={{O} ifOeV (13)

UZ;(I) Rio(a)(S) otherwise,

where 0(a) = 2 /a. By construction U is connected and Rg,)(U) = U.
For a € {3, 4} we construct a region of size L € R4 centered in O as follows. Let us
consider the point Py (L, a) = (Ltan(f(a)/2), L) € R2? and let

Pit1(L,a) = Rigy(P1),
fori =1,...,a — 1. We define the region of size L € R centered in O as follows
Ti(a) .= Conv({Pi(L,a),..., P,(L,a)}).

For a = 3, 4 one respectively obtains that 77, (a) is an equilateral triangle or a square.

Now, let us consider the class V; € V (see Theorem 1 and Definition 4). If the graph G =
(V, E) is transitive then V| = V. We write every vertex v € V as v = (vx, vy) € R? and let
0,y 1= MaXyecV,;nT;(a) Vy and vg , := minfvy € R: (vy, vy) € Vi N T (a) and vy = vg,y}.
We define vg = (vo,x, vo,y) € Vi N T (a). By translation invariance of G with respect to
x = (1, 0), one has vy + x € V|. Now we can select a connected set of vertices Uy such that
Vi N B(vg, 2) C Up. Finally we choose r; > 2 such that Uy C B(vo, r1). We are ready to
present the following lemma.
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Lemma4 Forany G € G(a) with a € {3, 4} and for any L € Ry there exists a connected
set of vertices Wi, C (T2, (a) \ TL—2r,(a)) such that Ryqy(WL) = W.

Proof For k € N, let
Vg = vo + kX.

We define k., = max{k € N : vy € Tr(a)}. The set of vertices

kmax
S=JwWo+k
k=0
is connected because forany k = 0, ..., ky,qx — 1 it turns out that G[Uy + kx] is connected

and vk, vk4+1 € Up + kx.
We define the set of vertices W = U?;ol Ri6(a)(S). Now, we show that W, is connected.
Since
[lvo — Po(L,a)ll <1, [|Pi(L,a) — Uk, |l <1

and by using the triangular inequality, one obtains

[lvo — Ro(a) Wiy )1 < llvo — Po(L, a)l| + || P2(L, a) — Roa) (Vi)
= ||vo — P2(L, a)|| + || P1(L, @) — Vg, 1| < 2.

The previous inequality and Vi N B(vg, 2) C Uy imply that Wy, is connected. Clearly
Wi C (Tr42r (@\T1L—2r (@) and Ry(a)(Wr) = Wp. o

Let Wy, as in Lemma 4. One can select a cycle Uy, C Wy ; we call f1 o its outer face and
S0 its inner face.

Remark 4 We notice that, by translational invariance with respect to the vectors x = (1, 0)
and y = (cosf(a), sinf(a)), one has

\Wrl =< L and |V N frol < L

where we write a, < b, to mean that there exist two positive constants ¢ and ¢, such that
cl < Z—: <cpforalln € N.

This implies that G € G(a) is amenable for any a € {3, 4, 6}. Under the assumptions of
amenability of the graph, the translation invariance of the measure w1 and finite-energy of the
measure [, it is known that the infinite cluster is at most one almost surely (see [2, 3, 19]). For
the zero-temperature stochastic Ising model, it is not known whether the measure induced
at time ¢ has finite-energy property. Therefore, we are not able to prove the uniqueness of
the infinite cluster at time 7. Instead, if the temperature is positive and decreases to zero, one
has the property of finite-energy (see [7]). In this last case one obtains the uniqueness of the
infinite cluster.

Now, given an integer ¢ € N and § < %, we consider T14s(a) \ Ti—s(a) and we show

that there exists a collection of balls (B(c;j,4/q) :i =1, ..., aq) such that:

a. Tiys(@\Ti—s(a) C U;Z, B(ci, 4/q);

b. foranyi =1, ..., aq, the center ¢; belongs to 977 (a);

c. foranyi =1,...,gandm =0, ...,a — 1 one has ¢;ug = Ruo)(c;). In particular,

Ro) (U, Blci, 4/9)) = U, Blci, 4/9).

It is clear that such a construction exists, for example by taking the centers of the ball equally
spaced. The chosen balls in this construction will be maintained also in the sequel.
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Fig.3 The distance between the
segment having ug € B(cj, 4/q) / <

A
and uj € B(ciyq,4/q) asits < ]
up

endpoints and O can decrease at

most of 4/¢ (the length of the / ™
radius) with respect to the 41
distance between the segment N o

having endpoins ¢; and ¢; 44 and uy 2
o

Ti-s(a)
Ti(a)
T +n‘(")

Fig.4 Example of a realization
of an L-cross

¢ %
\

N
T
U N
ﬁ N
A
\__/

Tryor(a)

Lemma5 (Geometric Lemma) Leta € {3,4}, ¢ > 10 and § < zi and consider the cover
of T1+s(a)\T1—s(a) introduced in items a, b, and c. Then, for any (u)k=0,....a—1 Such that
ui € B(Ciykg,4/q) fork =0,...,a — 1, one has Conv({ug, ..., uqs—1}) O B(O, % - 3).

Proof Forafixedi =1,..., g, letus consider (¢;1kq)k=o0,...a—1. For a = 3, 4, we note that
Conv({ciqrq : k = 0,...,a — 1}) is an equilateral triangle or a square. Therefore, since
Citkq € 0T1(a) one has Conv({ci1ry : k=0,...,a—1}) D B(O, %).

Let us now consider the segment having ug € B(c;,4/q) and u; € B(ci14,4/q) as its
endpoints. The distance between this segment and the origin O can decrease at most of 4/¢
with respect to the distance between O and the segment having endpoins ¢;, ¢; 4 (see Fig. 3).

Then one obtains that Conv({uog, ..., us—1}) D B(O, % — g). O

As already announced, we do not deal with & = . Indeed if we consider a = 2 which
corresponds to 6 (a) = , this statement is false because Conv({ug, u1}) would be a segment
and there is no ball contained in it. From now on we take ¢ > 24 and hence % — 3 > 3.

Now, we present the following definition.

Definition 7 (L-Cross) Given G € Q(g) with a € {3, 4}, we say that an L-cross of +1
occurs at time ¢ if there exists a cluster C(o;) of G[V N Ty 42, (a)] such that

o 0/(v) =+1 for each v € C‘(o,);
e C(oy) D U, where U is defined in (13);
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e there exists i € {1,..., g} such that 6(0,) N B(Lciykg, 4L/q) # ¥ for each k =
0,...,a—1.

We denote by EtL with t € Ra' the event that an L-cross of +1 occurs at time . Moreover,
we define
Ap :=limsup E} . (14)

1—>00

We define the set of vertices Sy (1) := C (o) N Wr, where the properties of Wy, are given
in Lemma 4. The previous Lemma 5 shows that for each time ¢ € ]Ra' in which an L-cross
of +1 occurs (see Fig.4), one has

1
Conv(Sp(t)) D B(O,rr) wherer; = gL. (15)

In other words, Lemma 5 says that |Convg (St (1))] < L2

We now explain the strategy for proving Lemma 6. Let U C V as defined in (13). If
the initial density p > 1/2, then U is contained in a cluster of +1 with probability at least
(1/2)!Y1, at any time 7.

By Theorem 3, the size of this cluster diverges almost surely as t — co. Now, by FKG
inequality and by rotation invariance, one obtains that lim inf;_, oo P(E ’L) > 0, i.e. the cluster
satisfies the properties in Definition 7 with positive probability. Note that this lower bound
does not depend on L. By Reverse Fatou Lemma, we obtain the same lower bound on P(Ay).
We are now ready to prove the lemma.

Lemma 6 Consider the 1(G, p)-model, where p € [%, 1) and G € G. If G has the shrink

property, then
1 /1)
P(AL) > Peross == W <§) ,

where the event Ay is defined in (14).

Proof Let U, be the event that all vertices in U have spin equal to +1 at time 7. By Lemma
1, FKG inequality and Harris’ inequality (see [21]), it follows that

1\ Yl
P;) > (5) . (16)

If U, occurs, then, since U is connected, at time ¢ all vertices in U belong to a same cluster, we
call it Cy (o). Moreover, let C (0;) be the cluster of G[V N Ty 42/, (a)] that contains U. We
denote by Cy, (t) the event that the cluster C’(a,) intersects Wy ,i.e.Cwy, (¢) 1= {C‘(U,)ﬂ Wi, #
#}. By Theorem 3, we have that lim;_, , |Cy (07)] = oo almost surely. Thus, by planarity of
G and V N fr o has finite cardinality (see Remark 4), we get

Jim P(Cw, (1) = 1. (17
By (16) and (17), it follows that
N
lim ianP’(CWL (1) ﬂZ/{,) = liminf P({4,) > <7> . (18)
t—00 t—00 2
Now, we write Wy = U?=1UZ;$P£,k where Pi,k = WLNB(Lciykg, 4L/g)fori =1,...,¢q

andk=0,...,a—1.
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We define the eventCp ; k(1) == {C(0;)NP} , # P fori =1,...,qandk =0, ..., a—1.
Hence, we have
q a—1

cw, )Nt = JJCrix@nis.

i=1k=0

Thus, by rotation invariance and by the union bound, we have

q a—1 q a—1
P(CWL(mmu,):]P(U U(cL,,-,kamut) DO P(CLix®) Nh)

i=1k=0 i=1 k=0
<aq (CL,{,()(I) N Z/{l)a (19)
where i € {1,..., g} is such that ]P(CL’;’O(I) N L{,) =max;=1,..4 IP’(CL,,-,O(I) N Z/I,).
‘We note that C L7 « (1) N U, is an increasing event for k = 0, ..., a — 1; therefore
a—1 a 1 a
]P’(ﬂ(CL’;,,((t) mu,)) > (]P’(CLV;!O(t) mu,)) > <£P(CWL (1) mu,)) . (20
k=0

where the first inequality follows by FKG inequality and by rotation invariance, and the last
inequality follows by (19). .
We also notice that, by definition of P; ,, one has

CLix() ={C(o) N P} ; # B} C{C(0,) N B(Lciyig. 4L/q) # ).

Thus, by Definition 7, we have

2
|
—_

{C(o) N B(Lcisrg, 4L/q) # 0} N Yy

=
—n
Il
=

i=1k=0
q a—1 a—1
> J N Crix®ynth 2 [ Cpir® Nt
i=1k=0 k=0
and hence
a—1
P(E}) > P(ﬂ Cpri(® mut>. 21)

Now, by (18), (20) and (21), we obtain the following lower bound

1 a1\l
hmmfIF’(EL) > 11m1nf< P(Cw, (1) ﬂL{,)) > G <5> ]

1 1\l
— 0
_(q)“<) -

that concludes the proof. O

Finally, by Reverse Fatou Lemma we get

P(AL) > hm sup IP’(EL) > hm 1nf IP’(EL)

Now we give a simple definition that will be useful when related to E} through Lemma

5.Fort e Rg ,let F} be the event that all sites belonging to B(O, %) have spin equal to +1
at some time s € (¢, + 1).
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Lemma 7 Consider the (G, p)-model, where p € [%, 1) and G € G. If G has the planar
shrink property, then there exists €1, > O such that

P(F}lo; =0) > €
forany o € X such that {o; = o} C E}.

Proof Let o € X and (05)s>0 be the (G, p)-model such that {o; = 0} C E’L We define
another zero-temperature stochastic Ising model (¢7)s>; with infinitesimal generator having
the flip rates as in (10) and such that

o/ (v) = +1 foreachv € C‘(U,)
! —1 otherwise,

where C (07) is the cluster of G[V N T2, (a)] in the configuration o, as in Definition 7.
By definition of o and E? , C (o) D U is the unique cluster of 41 sites in the configuration
o,. In configuration o/, we have that (V NTr12r, (a))\@(at) = Di(o/)U- - -UDy(0/), where
Dj(o])fori =1, ..., k are clusters of —1 sites (we stress thatk < oo because VN T2, (@)
has finite cardinality).
We notice that, by planarity of G, foreachi = 1, ..., k we have that 3,y D; (0,) C C (07).
By planar shrink property, foreachi = 1, ..., k there exists an ordered finite sequence of
updates (i.e. of clock rings and outcomes of tie-breaking coin tosses inside V N Ty 42, (a))
that would cause all sites of D; (o) N Convg(SL (1)) (see definition above formula (15)) to
have spin equal to +1 in some time s € (¢, ¢t 4 1) with positive probability. Therefore, we
get an ordered finite sequence of updates inside V N T 17, (a) that would cause all sites of
Convg(SL(t)) to have spin equal to +1 in o] (with s € (¢, 7 + 1)), but since o, < o, this
sequence of updates works, by the coupling in Lemma 1, in the same way for the original
process (o5 : s € (t,t+1)). Moreover, by Lemma 5, one has VN B(O, L) C Convg(SL(1)).
Thus, there exists €; > 0 such that ;

P(Filoy =0) > €L
for any o € ¥ having {o; =0} C E}. m|

We recall that Az, := lim sup,_, ., E} . Now, we define By, := limsup,_, ., F}. We are ready
to present the following lemma.

Lemma 8 Consider the (G, p)-model, where p € [%, 1) and G € G. If G has the planar
shrink property, then P(BL) > pcross > 0.

Proof In the proof we will explicitly use the elements w of the sample space 2. First, let
w € A, i.e. an L-cross of +1 occurs infinitely often. Then one can define (7} (w))ken such
that

T\ (w) = inf{t > 0 : E} occurs},

and, for k € N, we recursively define
Ti41(w) = inf{t > Ty + 1 : E} occurs}.

Let F; be the o -algebra generated by the process up to time ¢. It is immediate to note that Ty
is a stopping time with respect to the filtration (F;);>0 for any k € N. We consider F7, for
any k € N.
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By the Strong Markov property of the process and by Lemma 7, for any k € N we have
the following lower bound

& (o) := P(F*|Fr) (@) = P(F/*log,) > e, > 0,

for almost every w € Ar. Thus Z,fil & (w) = oo, for almost every w € Ap .
Now, by using the Lévy’s extension of Borel-Cantelli Lemmas (see e.g. [28]) with the
sequence of events (F LTk) ken and the filtration (F7; )ken, we have that

{a)e Q:ng(w)zoo} C :weQ:ZIFLTk(a)):oo} uC,
k=1

k=1

where C has measure zero. Then, by Lemma 6,
we get

1 1\l
P(BL) = ]P)(AL) = (aq) (5) = Pcross > 0.

This concludes the proof. O
Now, for any time 7, > t; + 1 we define

D(L:t.tp):= | J F and D(Lin,o0):=|]F;.

selt,tp—1] §=11
Lemma9 Forany L € Ry andt; > 0, one has
P(D(L; 11, 00)) = Peross-
Moreover; for any € > Q there exists a time s > t| + 1 such that
P(D(L; 11, 5)) = (1 — €) peross-
Proof We observe that D(L; t;, o0) D Bp. In particular, by Lemma 8,
P(D(L; t1,00)) = peross-
Now, we note that for t, < té one has D(L;t1,tn) C D(L; 1, tﬁ). Thus, by continuity of
measure
Jim P(D(L; 11, 1)) = IP’<SL>JZ D(L; 11, S)) =P(D(L; 11,00)) = Peross-
Hence for all € > O there exists a time s > #; + 1 such that
P(D(L; 11, 5)) = (1 — €) peross-
]

Let F be the o-algebra generated by the process (o;);>0. All the events introduced belong to
F. Given a non-zero vector v such that G is translation invariant with respect to v, we define
the configuration translated with respect to v as

(c+v)(v) :=0(w+0v) foranyv e V.

Let X be a F-measurable random variable. Then X = f((o,);>0) where f is a measurable
function. We define
X +v:= f((or — V)=0)- (22)
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If X is an indicator function then f takes only the values O or 1. Let A € F, one can define
14+ v = f((or — V)r=0) = 1a4s,

that defines A 4 v for any A € F.

In the following result we will apply the ergodic theorem. We note that these processes
are ergodic with respect to the translation if the initial conditions are given for instance by a
Bernoulli product measure, see e.g. [20, 24, 25] and references therein. Now, we introduce
some notation, which we will use in the proof of Theorem 4. For v € V and r € R4, let

Aj'(t) ={os(v) =+1, Vs €[0,t]}, A, (@) :={os(v) =—1, Vs €][0,1]}.

We denote by Aj' (00) (resp. A, (00)) the event that the vertex v fixates at the value +1 (resp.
—1) from time zero. Clearly, AF(t) C AZ(¢'), for any ¢’ < t. We recall that {Vy, ..., Vy}is
the partition of the vertex set V that comes from the quasi-transitivity of G € G, see Theorem
1. We note that, since G is quasi-transitive, P(Avi(t)) depends only on the class to which the
vertex v belongs and does not depend explicitly on the vertex itself. Thus, for p = 1/2, for
eachi=1,...,N,v e V;,andt € Ry U {00}, we set

pi (1) := P(A] (1) = P(A, ().

The last equality follows by symmetry under the global spin flip for p = 1/2. Now, we are
ready to prove our main result.

Theorem4 If G = (V, E) € G has the planar shrink property, then the I1(G, 1/2)-model is
of type Z, i.e., all sites flip infinitely often almost surely.

Proof We will prove the theorem by contradiction. Suppose that there exists j € {1,..., N}

such that pj(c0) > 0 that by Lemma 2 is equivalent to have a site that fixates with positive

probability. We choose the following constants: € = % DerossPj(00), € = 2 (500), € =

%pcross and € = %
We notice that, by continuity of the measure, the limit of p; (¢) as t — oo exists and is

equal to

lim pi() = lim P(A} (1) = P(ﬂ A;f(m>> = P(A (20)) = pi(c0),

m=1

for each v € V;. This implies that there exists a time . > 0 such that
0 < pj(te) = pj(00) <. (23)

Since G € G, there exist two linearly independent vectors X1 and X7 such that G is translation
invariant with respect to them. We want to construct on the graph G disjoint regions of a
suitable size Lo centered in n1x| + naXo with ny, np € Z. By ergodicity (see [20, 25, 27]),
one has

1
lim - Z 1 Ar (o) = Pj (te) > 0 almost surely, 24)
r=oon(r, j) veB(0,r)NV;

where n(r, j) := |B(O, r) N V;|. Thus, (24) implies that there exists ¥ € Ry such that

1
P<n(; 5 Do L £l — €1, pj(t) + 61]) <e.
- veB(0,7)NV;
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Then, in particular
P( Do Lirey <nGop(ptto — el)) <e. (25)
veB(0.,/)NV;

Now, we construct disjoint regions of size Lo on the graph G in the following way. Let
Lo = 37, where Lg and 7 play the same role of L and ry, in (15). We define the event

G(Lit,n) = { S L,y = n(L/3. ) (pi(0) — 1) }
veB(0,L/3)NV;
where L, t,n > 0. By (25), one has
P(G(Loi te, 1) = 1 — €. (26)

Now, let
Yi, (1) := > L

veB(0,Lo/3NV;

Let ng € N such that Tz 42, (@) N (Trg42r (@) + nox;) = ¥ for i = 1,2. We define
Yig.mymy () = Y1, (t) + minox; + monoxy with my, mo € 7Z (see (22)). By ergodicity, it
follows that for any t € Rt

1 1
lim — —Y 1) =p;i(), as. 27
S T > Lar3 ) Fomm ) = p; (1) 27)
m1,m2€ZZ
[mil,lma|<M
We define the translated events
D(L; my,ma; t1, 1) := D(L; 1, ©) + minoXy + manoxa

and
G(Lymy,myp;t,n) = G(L;t,n) +mnoxy + mongxs.

Now, by Lemma 9 and by translation invariance, there exists a time #; > #. + 1 such that
P(D(L();ml,mZ;ts»té)) > (1 =€) peross- (28)
By ergodicity, (26) and (28), it follows that
1
m —————— Y 1Gwmmaitee)ND(Lomymaite.is)

my,my€L:
[mil,lma|<M

=P(G(Lo; my1, ma; te, €1) N D(Lo; my, ma; te, 1z) )
> P(D(Lo; my, ma; te, 12)) — P(G(Lo; m1, ma; te, €1)°) = (1 = €) peross — €2 as. (29)

Over the event G(Lg; m1, my; te, €1) one has

YLo,ml,mz(tE) > n(L0/37 j)(p](tE) - 61)' (30)
By (27), we get
(1) — pi(t) = lim ——— > LIy (te) — Y, 1)
pjte) — pjte _Mgnoo (2M—|—1)2 L n(Lo/3, /) Lo.myma (te) — Yrg,my,m, (e

|myl,lm2| =M
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. 1 1
2 m SHTTE 2w
M=o QM +1? | = n(Lo/3. )
[mil,lma2|<M
ng,ml,mz(te)lG(Lo;ml,mz;te,él)ﬂD(LU;ml,'"22&,?;)' (31)
The inequality in (31) follows by

YL(),ml,mz ([6) - YLo,ml,mz (tg) = YL(),ml,mZ (te)lD(LOleam%te’tE)
= YLo.,ml,mz (IG)IG(Lo:ml,mzzte,el)ﬂD(Lozml,mz;testg%
Indeed if D(Lg; m1, my; te, tz) occurs then Y, m,.m,(tz) = 0 and one has an equality.
Otherwise, if D(Lq; m1, m2; te, tz) does not occur then Yr my ms(te) — Yo my,mo(tz) = 0
since Y1 m,.m, (t) is a decreasing function in z. Now, by (29) and (30), the last term in (31)
is lower bounded by

. 1
(pj(te) — €1) Mlgnoo oM+ 12 Z LG (Losmy.maste.e)ND(Loimymaste tz)
my,my€L:
[my,lma|=M
= (,Oj ([e) - 61)((1 - E)pcross - E2) a.s. (32)
Combining (23) with (31) and (32) and recalling the value of the constants €, €1, €7 and €,
we obtain

1
7pcr0sspj(oo) =€ > ,Oj(tg) - pj(oo) = pj(te) - Pj(té)

3
= (pj(te) - 61)((1 - E)pcross - E2) = (:O](OO) - 61)((1 - g)pcross - 62)
1
= Epcrmspj(oo)a
which is obviously false when p;(c0) > 0.
Thus, foreach i € {1, ..., N} we have that p; (c0) = 0, i.e., each site fixates at the value

+1 (or —1) from time O with zero probability.
This implies, by Lemma 2, that each site fixates at the value +1 (or —1) with zero proba-
bility. Hence, all sites flip infinitely often almost surely, i.e., the model is of type Z. m}

4 Construction of a Class of Graphs Having the Planar Shrink Property
and Conclusions

We begin by introducing a class of graphs that have the planar shrink property, as we show
in Theorem 5. Let H be the collection of infinite plane graphs G = (V, E) satisfying the
following properties:

(P1) every edge is a closed line segment, i.e. a line segment which includes its two endpoints;

(P2) foreach e € E, let us consider the unique straight line £ which contains e. Then for any
x € £ there exists f € E such that x € f.

(P3) A(G) < oo.

Theorem 5 If G € H, then G has the planar shrink property.

Proof Given a non-empty subset S C V and a straight line ¢, suppose without loss of
generality that 0 < |S{Z | < oo (see Definition 6). We need to prove that there exists u € Sf
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Fig. 5 In black the vertices in S and in white those in V \ S. This figure illustrates a graph G € H and the
vertex u used in the proof of Theorem 5

suchthatdegy\s(u) > degs(u). First, we note that by property (P2) every vertex has a degree
that is even. Without loss of generality, we can consider the line ¢ coincident with the axis
x (by applying a translation and a rotation) such that the vertices in Sf have a non-negative
ordinate. We write every vertex v € V as v = (vy, vy) € R? and let Ty 1= Max, gt Vy and

ry = max{vy € R: (vy,ry) € St}

We consider the vertex u = (ry,ry) € V. Given w = (wy, wy) € Ng(u), there are
two cases to consider (see Fig.5). If wy, = ry then, by property (P2), there exists a vertex
w' = (wl, wg,) € Ny\s(u) with w; =ry and w), > r,. Ifinstead w, < r, then, by property
(P2), there exists a vertex w’ € Ny\g(u) with w; > ry. In both cases, w’ belongs to the
linear extension of edge {u, w} out of S.

In other words, it is possible to define an injective function

fu: we Ng(u) > w' € Ny\s(u),
where the vertices u, w and w’ are aligned. This implies that degy\s(u) > degs(u). O

‘We note that the shrink property holds even if we replace H with a class of graphs embedded
in R? having the properties (P1), (P2) and (P3), i.e. they are obtained by intersection of lines.
The proof of this fact is analogous to the proof of Theorem 5.

Now, we provide some explicit examples. The square lattice Z2, the triangular lattice (see
Fig.7) and the graphs in Figs. 1, 7, 8 and 9 belong to class H therefore, by Theorem 5, all
these graphs have the planar shrink property. In particular, we note that the graph on the right
in Fig. 7 belongs to G(3)\G(6), i.e. it is invariant under rotation of an angle of 27 /3, but not
of /3. In Fig.6 we give two examples of graphs that do not have the shrink property. In
Fig.9 we show a graph G with infinite classes that is invariant by a rotation of & but not
invariant under a rotation of v /2. For this 1 (G, 1/2)-model we can not apply Theorem 4 but
we have a proof showing that it is of type Z. We do not present this proof that would break
the unitary character of our presentation.
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Fig.6 Examples of graphs in G(4) that do not have the shrink property

VAR, vv VARV NN NN NN

\ N\ N Pa) A N\

Fig. 7 On the left the triangular lattice, example of a graph G € G(6) N H. On the right a double triangular
lattice, example of a graph G € (G(3)\G(6)) N'H

Fig. 8 Modified double lattice
7% example of a graph
GeGANH

[ ]
L ]
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Fig.9 Example of a graph

G € 'H that is invariant under
translation and rotation of 7, but
not of 77 /2. The number of
classes of G is infinite
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