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Itami o kanjiro.

Itami o kangaero.

Itami o uketore.

Itami o shire!

Itami o shiranu mono ni

honto no heiwa wa wakaran.

Ore wa Yahiko no itami o wasurenai.
Koko yori, sekai ni itami o!



Abstract

In this thesis, we discuss the regularizing effects that the gradient term present on the left side of
the equation and the singular term on the right side of the equation have on the solutions of elliptic
differential equations with homogeneous Dirichlet boundary condition, which involve 1-Laplacian
type operators with minimally regular data, specifically in L1.
Our main objective is to establish the conditions for the solutions to be of finite energy, that is,
functions of bounded variation, and to be non-trivial. Furthermore, we also verify whether they
have additional properties, such as being bounded and zero jump part of the derivative.

Keywords: Nonlinear elliptic equations; 1-Laplacian; p-Laplacian; Natural growth gradient
terms; Regularizing effects; L1-data; Singular problems; Transparent media equation; Prescribed
mean curvature; Torsion problem.
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Chapter 1

Introduction

The 1-Laplacian operator and its associated partial differential equations with lower order terms
are the central subject of this thesis. Specifically, we investigate the regularizing effects that arise
from the interplay between a gradient term on the left hand side of the equation and a singular
term on the right hand side (we will specify what we mean by ’singular’ later). The main point of
this research is the combined effect of these factors on the solutions’ properties, such as existence,
finiteness and regularity.

Our primary motivation for studying this operator comes from its profound relevance across
diverse areas of physical science and applied mathematics. It has been widely observed that various
fundamental phenomena are governed by differential equations whose principal operator is the 1-
Laplacian. These applications include:

• Torsion problems [84, 85],

• Image restoration and filtering [25, 101, 115],

• The level set formulation of the inverse mean curvature flow [79, 102, 103],

• The study of the Riemann-Penrose inequality in general relativity [82].

We present a brief illustration of some of these applications.
The application of the 1-Laplacian in image processing comes from [114]. The goal of this model

is to recover a clean image, u, from a corrupted version, u0, where the corruption u0 = u+ η is due
to noise η. The recovery process involves minimizing the Total Variation functional defined as

J(u) = |Du|(Ω),

subject to constraints on the noise (zero mean and fixed standard deviation). This approach, which
corresponds to L1 minimization, is preferred to the more conventional L2 minimization (used by the
standard Laplacian), because it allows the recovered image functions to have jumps. This property
is essential in image analysis as it allows the better preservation and description of sharp edges.

Another significant application where the 1-Laplace operator arises is the Inverse Mean Curva-
ture Flow.

IMCF constitutes a one-parameter family of hypersurfaces Γt ⊂ RN , where t > 0. Its evolution
is defined such that the normal velocity Vn(t) at any given time t is equal to the inverse of its mean
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Chapter 1. Introduction

curvature H(t). If the flow is parameterized as Γt := F (Γ0, t), the kinematic description of the
Inverse Mean Curvature Flow requires looking for a map F : Γ0 × [0, T ] → RN that satisfies:

∂F

∂t
=

ν

H
, t ≥ 0, (1.1)

where ν denotes the unit outward normal vector to Γt.
The IMCF was originally introduced as an analytical tool for proving significant conjectures in

the field of black hole theory, such as the Penrose Inequality, which ensures that the total mass of
spacetime containing black holes with event horizons of total area A must be at least

√
A(16π)−1.

In [82], the authors proposed a level set formulation for the IMCF (1.1), defining a weak notion
of solution through an energy minimizing principle. This approach ensures that the generalized
Inverse Mean Curvature Flow exists for all time. Utilizing this result, they subsequently provided
a proof of the Penrose inequality for the specific case involving a single black hole.

The level set formulation proposed in [82] proceeds as follows: the flow is assumed to be repre-
sented by the level sets of a function u : RN → R such that

Γt = ∂Et, Et :=
{
x ∈ RN : u(x) < t

}
.

In areas where the function u is smooth and the gradient is non-trivial, the geometric equation (1.1)
is equivalent to the equation:

div

(
∇u
|∇u|

)
= |∇u|.

Consequently, the study of the flow (1.1) gives rise to the following elliptic partial differential
equation: div

(
∇u
|∇u|

)
= |∇u| in Ω,

u = 0 on ∂Ω,

where Ω = RN \ E0.
Just to give an idea, in this thesis we deal with existence and regularity properties of solutions

to problems as 
−∆1u+ g(u)|Du| = h(u)f in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω,

(1.2)

here, Ω ⊂ RN (with N ≥ 2) is a bounded domain with a Lipschitz boundary. The operator

∆1u is the standard 1-Laplacian, defined as div

(
Du

|Du|

)
. The functions g, h : [0,∞) → [0,∞]

are continuous, potentially exhibiting blow-up behavior near the origin (the singularity mentioned
earlier), and f ∈ L1(Ω) is a nonnegative function.

Section 1.4 offers a brief but complete presentation of the key results, the proofs of which are
then detailed in this thesis.

We begin by providing a necessary historical and mathematical background for the 1-Laplacian
operator, formally denoted as ∆1. We must first establish the nature of this operator and the
specific complications it introduces.

Francesco Balducci 2



1.1. 1-Laplacian operator, an historical overview

1.1 1-Laplacian operator, an historical overview

In this Section, we provide an overview of the study of the problem−∆1u = f in Ω,

u = 0 on ∂Ω,
(1.3)

where f belongs to a suitable Lebesgue space, which will be specified subsequently.
The primary mathematical challenges in dealing with this equation arise from several key diffi-

culties:

• Interpretation of the 1-Laplacian operator: defining the precise meaning of the 1-Laplacian,
which formally involves the quotient of a measure over its total variation. As we will see later,
the solutions naturally live in the space of functions of bounded variation, BV (Ω).

• Boundary Condition Formulation: the Dirichlet boundary condition, u = 0 on ∂Ω, could
not be assumed pointwise in the standard sense for BV solutions, necessitating a weaker
formulation.

• Uniqueness: the homogeneity of the operator itself creates significant challenges to establishing
the uniqueness of solutions.

1.1.1 The torsion problem

Before directly addressing problem −∆1u = 1 in Ω,

u = 0 on ∂Ω,
(1.4)

a natural initial question arises: to study the behavior of the solutions to its most direct approxi-
mations. These approximations are defined by the p-Laplacian problems:−∆pup = 1 in Ω,

up = 0 on ∂Ω,
(1.5)

where ∆pup := div
(
|∇up|p−2∇up

)
is the standard p-Laplacian operator for 1 < p < ∞. The

classical approach for investigating the 1-Laplacian problem is precisely to consider the case where
p > 1 and analyze the asymptotic behavior of the approximating solutions up as p converges to 1+.

The problem in equation (1.5) is known as the torsion problem due to its role in modeling
the mechanical phenomenon of a cylindrical bar with a constant cross-section Ω ⊂ R2 subjected
to torsion. In this physical context, the unknown function u represents the warping function.
Crucially, the size of the gradient, |∇u|, corresponds to the stress within the bar, and the term
|∇u|p−1 characterizes the shear strain energy (for a detailed discussion we refer to [88, 111, 112]).

The problem (1.5) is derived as the Euler-Lagrange equations associated with the following
functional:

Jp(v) :=
1

p

∫
Ω
|∇v|p −

∫
Ω
v. (1.6)

Francesco Balducci 3



1.1. 1-Laplacian operator, an historical overview

For 1 < p < ∞, the above functional is well-defined, strictly convex, and coercive on the Sobolev
space W 1,p

0 (Ω), and thus admits a unique minimizer.
However, if we try to write it for p = 1 and minimize it over the space W 1,1

0 (Ω), this is not
possible, because we do not have sufficient compactness properties.

The study of such functionals is therefore carried out in a larger space known as the space
of functions of bounded variation, denoted as BV (Ω) (for more details on functions of bounded
variation, see Subsection 2.3.3). When we extend the previous functional to BV -functions, it takes
the following relaxed form:

J1(v) := |Dv|(Ω) +
∫
∂Ω

|v|dHN−1 −
∫
Ω
v; (1.7)

the boundary term is added to the functional because of the weak interpretation of the boundary
condition.

We highlight that this functional, while convex, is notably non-regular (i.e., not differentiable
in the usual sense).
Furthermore, the functional includes a boundary term,

∫
∂Ω |v|dHN−1, because the trace operator

in the BV (Ω) space possesses only weak continuity properties (this topic is fully developed in [4,
p.180]).

As a consequence of the coarea formula, an equivalent formulation of the functional in the BV
case is provided by

J1(v) :=

∫ ∞

0
(P(Ωt)− V(Ωt)) dt,

where 0 ≤ v ∈ BV (Ω), Ωt := {x ∈ Ω : v(x) > t} is the superlevel set of the function v corresponding
to the level t, V(Ωt) denotes the N -dimensional volume of Ωt and, finally, P (Ωt) denotes the
perimeter of the set Ωt with respect to RN .

Recalling the isoperimetric inequality, we ensure that

V(Ωt)
N−1
N Nω

1
N
N ≤ P (Ωt) ,

where ωN is the volume of the ball B1(0) ⊂ RN . Consequently, this directly implies that

P(Ωt)− V(Ωt) > 0,

if the domain Ω, or Ω0, is sufficiently small, the only minimum of the functional (1.7) is the trivial
function. This observation suggests that up, the minimizer of the functional (1.6), converges to
u1 ≡ 0, as p→ 1+.

On the other hand, for domains Ω with sufficiently large volume, such as the ball Ω = BR(0) ⊂ R2

with R > 2, choosing the function v = cχΩ yields the expression:

J1(v) = c(2πR)− c(πR2) = cπR(2−R).

Consequently, J1(v) < 0. Significantly, the functional is not bounded from below, since J1(v) →
−∞ as c→ ∞, this leads to conjecture that up → ∞, as p tends to 1+.

Kawohl formalizes and demonstrates the preceding statements in [84]. The focus of the author’s
analysis is the case of the ball BR(0).

Francesco Balducci 4



1.1. 1-Laplacian operator, an historical overview

Since the domain Ω = BR(0) exhibits radial symmetry, the unique solution up will also be
radially symmetric.

For the specific Dirichlet problem (1.5), the explicit radial solution is given by

up(x) := N
p− 1

p

((
R

N

) p
p−1

−
(
|x|(p− 1)

p

) p
p−1

)
.

By taking the limit as p → 1+, we observe the following asymptotic behavior for the solutions
up:

• If the ball radius is small (R ≤ N), the solution degenerates to zero;

• If the ball radius is large (R > N), the solution blows up.

For further details on these results, we refer the reader to [84, Theorem 7, Corollary 8].
The results clearly suggest that the asymptotic behavior of the p-Laplacian solutions up as

p→ 1+ is dependent on the size of the domain in relation to the space dimension RN .
Indeed, this is strongly related to the Cheeger minimization problem, defined as

h(Ω) := inf
E⊂Ω

P(E)

V(E)
.

Its value specifically determines the critical point for the solutions’ asymptotic behavior.
Certainly, we know that for bounded domains Ω with a Lipschitz boundary, the limiting behavior

of the L∞ norm is characterized by the constant h(Ω):

lim
p→1+

∥up∥L∞(Ω) =

0 if h(Ω) > 1,

∞ if h(Ω) < 1.
(1.8)

This result is established because the following equality holds, as proven, for instance, in [39]:

lim
p→1+

∥up∥1−p
L∞(Ω) = h(Ω) = lim

p→1+
∥up∥1−p

L1(Ω)
. (1.9)

In fact, in the case of a ball of radius R, the Cheeger constant is equal to h(BR(0)) =
N
R , hence

(1.8) and (1.9) generalize the Kawohl results’ in the general context of a bounded domain with
Lipschitz boundary.

Regarding the case where h(Ω) = 1, in [84] the author demonstrates that for the case of the ball
BN (0) and an annulus in R2, the approximants up converge to 0. The case of an annulus in RN is
treated in [39], where the authors prove the same behavior.

1.1.2 Asymptotic behavior for a generic f ∈ LN,∞(Ω)

In [43], the authors deal with the asymptotic behavior for up, when the data is a function f ∈ LN (Ω)

or LN,∞(Ω), namely solution to the problem−∆pup = f in Ω,

up = 0 on ∂Ω.
(1.10)

Francesco Balducci 5



1.1. 1-Laplacian operator, an historical overview

As we know, this problem is the Euler-Lagrange equation of the subsequent functional

Np(v) =
1

p

∫
Ω
|∇v|p −

∫
Ω
fv,

which is strictly convex and coercive in W 1,p
0 (Ω). It is also well-known that this problem admits a

unique solution, which is the minimum of the functional.
A key distinction between this work and Kawohl’s [84] lies in the conditions for the existence of

solutions. While in Kawohl’s paper, where the problem is studied with f ≡ 1, the behavior of the
solution (whether it goes to zero or explodes) depends on the size of the domain, here the solution’s
explosion depends on the size of the norm of f .

The reason for requiring this smallness condition on the norm of f is motivated by a heuristic
argument involving the relaxed functional associated with problem (1.3), which is

N1(v) := |Dv|(Ω) +
∫
∂Ω

|v| dHN−1 −
∫
Ω
fv,

from which the following estimate can be deduced:

|Dv|(Ω) +
∫
∂Ω

|v|dHN−1 −
∫
Ω
fv

(2.6)
≥ |Dv|(Ω) +

∫
∂Ω

|v| dHN−1 − ∥f∥LN (Ω)∥v∥
L

N
N−1 (Ω)

(2.7)
≥
(
1− ∥f∥LN (Ω)S1

)
∥v∥BV (Ω).

This calculation implies that if ∥f∥LN (Ω) < S−1
1 , the right hand side tends to infinity as ∥v∥BV (Ω) →

∞, where S1 is the constant defined in Theorem 2.25.
A similar computation can be carried out for f ∈ LN,∞(Ω) (defined in subsection 2.3.5) through

the application of inequalities (2.18) and (2.19), instead of (2.6) and (2.7), respectively.
We stress the optimality of LN (Ω) for solutions within the BV framework. As detailed in

Section 1.2, the condition to obtain solutions in W 1,p
0 (Ω) for the p-Laplacian requires f ∈ Lq(Ω)

with q ≥ Np
Np−N+p . The convergence of this exponent to N as p → 1+ suggests LN (Ω) as the

expected critical space.
Moreover, the known boundedness result for p-Laplacian solutions when q > N

p suggests that
f ∈ LN (Ω) should lead to bounded 1-Laplacian solutions. In the following discussion, we show that
our observations actually provide more information.

Francesco Balducci 6



1.1. 1-Laplacian operator, an historical overview

Figure 1.1: Asymptotic behavior

The authors analyze the radial case, specifically by studying the problem in a ball BR(0). In
the case of problem (1.10), the solution is explicitly known (for more details see [120]); in fact, it is
given by

up(x) :=
1

N
p

p−1ω
p

N(p−1)

N

∫ ωNRN

ωN |x|N
s

p(p−1)

(p−1)2N−p

(∫ s

0
f∗(σ) dσ

) 1
p−1

ds,

where f∗ is the Schwarz symmetrization of f (for more details (2.17)).
Based on this explicit solution, we can state that the solution family up satisfies the uniform

convergence:
lim
p→1+

up = 0 uniformly in BR(0),

provided the smallness condition on the data is satisfied: ∥f∥LN (BR(0)) ≤ S−1
1 .

The result holds true even for data f belongs to the Lorentz space LN,∞(Ω). In this case,
the same convergence to zero is obtained, under the condition ∥f∥LN,∞(Ω) < S̃−1

1 , where S̃1 is the
corresponding optimal constant defined in (2.19). For a detailed proof of these statements, we refer
the reader to [43, Theorem 3.1, Theorem 3.3].

It is important to emphasize that the smallness condition ∥f∥LN,∞(Ω) < S̃−1
1 is optimal.

In fact, we discuss the specific case where the norm equals the critical value. Consider f(x) =
λ(N−1)

|x| , with λ > 0. We know that ∥f∥LN,∞(Ω) = λ(N − 1)ω
1
N
N , where S̃−1

1 = (N − 1)ω
1
N
N . It is

easily seen that the solution of (1.10) is given by

up(x) = (R− |x|)λ
1

p−1 , for all p > 1.

We can therefore conclude that the solution’s limit is

u1(x) :=


0 if λ < 1,

R− |x| if λ = 1,

∞ if λ > 1.

This example shows that the assumption on the smallness of the norm of f is optimal.
The article of Mercaldo, Segura de León, and Trombetti [99] provides a significant contribution;

it addresses the asymptotic behavior of the solutions up of (1.10) as p→ 1+ without constraints on
the norm of f in the context of a ball BR(0), thereby completing the results presented in [43].

We can summarize the main achievement by stating that

lim
p→1+

up(x) = ∞ for a.e. x ∈ Br1(0),

0 ≤ lim
p→1+

up(x) ≤ R− |x| for a.e. x ∈ Br2(0) \Br1(0),
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and
lim
p→1+

up(x) = 0 for a.e. x ∈ BR(0) \Br2(0),

where r1, r2 depends on ∥f∥LN,∞(Ω), for more details see [99, Theorem 3.1].

1.1.3 Notion of solution for ∆1u

The other significant contribution of [99] is the establishment of the appropriate concept of solution.
The authors were influenced by the ideas presented in [5, 11, 21, 62, 63], which uses the Anzellotti’s
pairing to define a solution. This pairing, introduced independently by Anzellotti in [13] and Chen-
Frid in [42], allows one to give meaning to the product of a bounded vector field with a measure.
This new tool, when the vector field is C1 and, instead of considering a measure, we consider the
gradient of a C1 function, simplifies to a scalar product. The core idea in [5] is to express the quotient
Du|Du|−1, using a bounded vector field with divergence measure. The authors considered a vector
field z ∈ DM∞(Ω) (the space of bounded vector fields with measure divergence, see subsection
2.5.1) such that its divergence equals the given data f in a distributional sense, while satisfying the
condition (z,Du) = |Du| in the sense of measures.

This requirement is intuitively correct. If the solution u were more regular, say u ∈W 1,1
0 (Ω), it

would be straightforward to see that this condition implies z = Du
|Du| .

Moreover, it is standard for this type of problem to provide the boundary condition u(sgn(u) +
[z, ν]) = 0 HN−1-a.e. on ∂Ω, which means that either the function u is zero on the boundary, or
the trace of z reaches the maximum or minimum possible slope. For this purpose, we employ the
definition of solution presented in [99, Definition 4.1].

Definition 1.1. Let consider f ∈ LN,∞(Ω). A function u ∈ BV (Ω) is a solution to (1.3), if there
exists a vector field z ∈ DM∞(Ω) with ∥z∥L∞(Ω)N ≤ 1, such that

− div z = f in D′(Ω), (1.11)

(z,Du) = |Du| as measures in Ω, (1.12)

and
[z, ν] ∈ sgn(−u) HN−1-a.e. on ∂Ω. (1.13)

The authors present the existence result for solutions to problem (1.3) in the case where the
data f ∈ W−1,∞(Ω), which is the dual space of W 1,1

0 (Ω). This choice of space is motivated by the
fact that problem (1.10) always admits a solution when f ∈ W

−1, p
p−1 (Ω) for 1 < p < N , and all

such dual spaces are, in turn, continuously embedded within the aforementioned space W−1,∞(Ω).
As previously discussed, the function u that is a candidate for being the solution to problem

(1.3) must be identified as the limit of the solutions up to the approximating problem (1.10). We
therefore generalize the behavior of up to the case of a bounded domain Ω with a Lipschitz boundary,
following the results established in [99, Theorem 4.1]:

• If ∥f∥W−1,∞(Ω) < 1, then up converges to 0 a.e. in Ω as p tends to 1+ in Lq(Ω), for every
1 ≤ q < N

N−1 .

• If ∥f∥W−1,∞(Ω) = 1, then, up to subsequence, up converges to a function u ∈ BV (Ω) in Lq(Ω),
for every 1 ≤ q < N

N−1 .
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• If ∥f∥W−1,∞(Ω) > 1, then

lim
p→1+

∫
Ω
|∇up| = ∞,

and there is not any u ∈ BV (Ω) which is the ∗-weak limit of up.

Furthermore, we know that Definition 1.1 necessitates the presence of a measure-divergence vector
field z ∈ DM∞(Ω) to give meaning to the weak quotient Du

|Du| , which is established as detailed below
(for the proof see [99, Proposition 4.1])

|∇up|p−2∇up ⇀ z in Lq(Ω)N for all 1 ≤ q <∞,

which satisfies properties (1.11) and

∥z∥L∞(Ω)N = ∥f∥W−1,∞(Ω).

At this point we could state the main existence result to the problem (1.3) (see [99, Theorem 4.2]).

Theorem 1.2. Let us consider up solution to the problem (1.10).

1. If ∥f∥W−1,∞(Ω) < 1, then, as p goes to 1+, up converges to u ≡ 0 solution to the problem (1.3)
in the sense of Definition 1.1.

2. If ∥f∥W−1,∞(Ω) > 1, then there is not solution to the problem (1.3) in the sense of Definition
1.1.

It is important to highlight that, in the case ∥f∥W−1,∞(Ω) = 1, then, up converges to some
function u ∈ BV (Ω). However, the authors are unable to show that u is a solution to the problem
(1.3) in the sense of the Definition 1.1.

Having defined the notion of solution and established the existence result, we now present some
examples to demonstrate the lack of uniqueness for equation (1.3).

We consider problem (1.4) defined on the domain BN (Ω) ⊂ RN . In this specific scenario, all
functions of the form λχΩ with λ ≥ 0, are minimizers of the functional (1.7). For a more detailed
discussion, we refer the reader to [84, Corollary 8].

Another example that highlights the lack of uniqueness for problem (1.3) can be seen in the case
where the solution u is sufficiently regular, specifically in W 1,1

0 (Ω). In this case, all functions of the
form Φ(u), where Φ is a non-decreasing Lipschitz function, are also solutions to problem (1.3).

1.1.4 Variational approach

In this subsection, we want to discuss the variational approach to problem (1.3). We will not follow
this solution method for the 1-Laplacian problems addressed in this thesis, but we discuss it here
for completeness.

We recall that the relaxed functional associated with problem (1.3) with f ∈ LN (Ω) has the
following form:

N (v) := |Dv|(Ω) +
∫
∂Ω

|v| dHN−1 −
∫
Ω
fv, for v ∈ BV (Ω). (1.14)
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As previously mentioned, the main difficulty in studying this functional lies in the fact that it
is not differentiable in the usual sense.

In the work [86, Theorem 3.2], the authors demonstrate that the functional (1.14) admits a
minimum, provided the hypothesis ∥f∥LN (Ω) < S−1

1 holds. The authors also successfully establish
the Euler-Lagrange equations associated with the minimum of the functional (1.14).

Specifically, in [86, Corollary 4.9], it is shown that for a minimum u of the functional (1.14),
there exists a vector field z ∈ L∞(Ω)N satisfying:

∥z∥L∞(Ω)N ≤ 1, div z ∈ LN (Ω), |Du|(Ω) +
∫
∂Ω

|u| dHN−1 −
∫
Ω
u div z. (1.15)

where ∥z∥L∞(Ω)N = 1 if u ̸= 0, such that:

− div z = f a.e. in Ω. (1.16)

Thanks to this result, we are able to assert that the minimum u of the functional (1.14) is a
solution to (1.3) in the sense of Definition (1.1).

It is easy to see that (1.11) coincides with (1.16).
Applying the Gauss-Green formula (2.35) to the right hand side of the integral equality (1.15),

we can observe that:

|Du|(Ω) +
∫
∂Ω

|u| dHN−1 =

∫
Ω
(z,Du)−

∫
∂Ω
u[z, ν] dHN−1. (1.17)

Thanks to property (2.31), we know that (z,Du) ≤ |Du| as measures in Ω, and we also affirm that
u[z, ν] ≤ |u| on ∂Ω, applying (2.29). Consequently, substituting these two inequalities into (1.17)
yields (1.13).

Since (1.13) holds, equation (1.17) becomes:∫
Ω
(z,Du) =

∫
Ω
|Du|,

This equality, combined with the fact that (z,Du) ≤ |Du| as measures in Ω, allows us to assert
(1.12).

1.2 Regularizing effect of gradient term

The other pivotal part of this thesis deals with the regularizing effects on the solution due to the
presence of the gradient term on the left hand side of the equation.

Before discussing the regularizing effects that the gradient term produces in the context of the
1-Laplacian operator, we will first examine the scenario involving the p-Laplacian, with p > 1. This
approach is justified by the fact that, as we established in the previous section, the solutions to
problems involving the 1-Laplacian can be obtained as a limit of solutions to p-Laplacian problems.

1.2.1 Existence and regularity of solutions for p-Laplacian operator problems

To better understand the regularizing effects, this section begins with an analysis of the regularity
of solutions in the specific case where the model equation (1.2) lacks the gradient term and h ≡ 1.

Francesco Balducci 10



1.2. Regularizing effect of gradient term

The simplest instance of our problem is the Poisson equation with a homogeneous Dirichlet
boundary condition: −∆u = f in Ω,

u = 0 on ∂Ω.
(1.18)

Using classical results from the theory of the Calculus of Variations, we know that if f ∈ H−1(Ω),
a solution exists in the Sobolev space H1

0 (Ω). This is often referred to as a finite energy solution
due to its belonging to the associated Sobolev space.

In [118], Stampacchia looked for solutions to problem as in (1.18) under a weaker regularity
assumption, i.e. f ∈ L1(Ω). He demonstrated in this case that, the solution u no longer belongs
to H1

0 (Ω), exhibiting reduced regularity itself. In this more general setting, the solution lives in
W 1,q

0 (Ω) with q < N
N−1 and it is known solution by duality.

Subsequently, the preceding problem was extended and studied in a more general case, namely
involving the p-Laplacian operator, with 1 < p < N . This general problem is formulated as:−∆pu = f in Ω,

u = 0 on ∂Ω.
(1.19)

Now we state the combined existence and regularity result for the solutions to problem (1.19)
in a single unified Theorem.

Theorem 1.3. Let us consider f ∈ Lq(Ω), with q ≥ 1. Then, there exists a measurable function u

solution to the problem (1.19) such that |∇u|p−2∇u ∈ L1
loc(Ω)

N and satisfying∫
Ω
|∇u|p−2∇u · ∇φ =

∫
Ω
fφ for all φ ∈ C∞

c (Ω),

and

1. if q > N
p and 1 < p < N , then u ∈W 1,p

0 (Ω) ∩ L∞(Ω),

2. if Np
Np−N+p ≤ q < N

p and 1 < p < N , then u ∈W 1,p
0 (Ω) ∩ Lr(Ω), with r = Nq(p−1)

N−qp ,

3. if q = 1 and 2− 1
N < p < N , then u ∈W

1,
(p−1)Nq

N−q

0 (Ω),

4. if 1 < q < Np
Np−N+p , then u ∈ L

N(p−1)
N−p

,∞
(Ω) and |∇u| ∈ L

N(p−1)
N−1

,∞(Ω).

For the specific proofs of the previous points, we refer the reader to the literature as indicated:
for point (1.), see [31, Theorem 1]; for point (2.), see [31, Theorem 5]; for point (3.), see [27, Theorem
3]; and finally, for point (4.), refer to [22, 26].

For a more comprehensive treatment of this topic, the reader should also examine the following
articles: [51, 52, 95, 104].

Historically, the regularizing effect due to the presence of the gradient term in the context of
the p-Laplacian operator was studied by various mathematicians, including Boccardo, Murat, Puel,
Bensoussan, Gallouët, Giachetti, Dall’Aglio, Orsina and their collaborators. Specifically, the results
we will discuss in this subsection are based on the following articles [22, 23, 28, 29, 32, 34, 35, 53, 61].
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In these papers, the authors focused on looking for solutions to the following model problem:− div (a(x, u,∇u)) +H(x, u,∇u) = f in Ω,

u = 0 on ∂Ω,
(1.20)

where Ω ⊂ RN , with N ≥ 2, is a bounded domain with a Lipschitz boundary, 1 < p < N and f

is a Lebesgue-integrable function. The function a : Ω× R× RN → RN is a Carathéodory function
satisfying the classical Leray-Lions assumptions, i.e., there exist α, β > 0 and 1 < p < N such that,
for almost every x ∈ Ω, for every s ∈ R and every ξ, ξ′ ∈ RN :

a(x, s, ξ) · ξ ≥ α|ξ|p, (1.21)

|a(x, s, ξ)| ≤ β
(
b(x) + |s|p−1 + |ξ|p−1

)
, with b ∈ L

p
p−1 (Ω), (1.22)(

a(x, s, ξ)− a(x, s, ξ′)
)
· (ξ − ξ′) > 0; (1.23)

let us recall that, by (1.21), one has a(x, s, 0) = 0, for any s ∈ R and for a.e. x ∈ Ω.
Furthermore, H : Ω × R × RN → R is a Carathéodory function such that verifies the following
assumptions for a.e. x ∈ Ω and for every (s, ξ) ∈ R× RN

H(x, s, ξ)s ≥ 0, (1.24)

and
|H(x, s, ξ)| ≤ g(s)(h1(x) + |ξ|p) h1 ∈ L1(Ω), g : R → [0,∞) is continuous. (1.25)

A pivotal contribution by Boccardo, Murat, Puel, and their collaborators established that the
presence of the gradient term on the left hand side of the equation, guarantees that the solutions
belong to the expected Sobolev space, W 1,p

0 (Ω), thus ensuring the existence of finite energy solutions.
In [23, 33, 35, 61], they show that, under the previous assumptions on the functions a,H and

f ∈ Lq(Ω) with q > N
p , there exists a function u ∈W 1,p

0 (Ω) ∩ L∞(Ω) which is a weakly solution to
the problem (1.20).

When the data f exhibits lower summability than the preceding result, an additional constraint
on the gradient is required, specifically:

∃γ, L > 0 : H(x, s, ξ) sgn(s) ≥ γ|ξ|p for every s such that |s| ≥ L. (1.26)

Let us state the existence result for the most general case (see [30, Theorem 1.1]).

Theorem 1.4. Let a : Ω×R×RN → RN be a Carathéodory map satisfying the standard Leray–Lions
conditions (1.21)-(1.23), H : Ω × R × RN → R a Carathéodory function which verifies conditions
(1.24), (1.25) and (1.26). Finally, let assume f ∈ L1(Ω).
Then, there exists a solution u ∈W 1,p

0 (Ω) to problem (1.20) such that∫
Ω
a(x, u,∇u) · ∇φ+

∫
Ω
H(x, u,∇u)φ =

∫
Ω
fφ for all φ ∈W 1,p

0 (Ω) ∩ L∞(Ω).

We want to emphasize that problem (1.20) is of significant importance and it has been widely
studied due to its variational origin. This connection becomes clear if we consider the following
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functional L :W 1,p
0 (Ω) → R defined as

L(v) :=
∫
Ω
Φ(v)|∇v|p −

∫
Ω
fv,

with 1 < p < N and Φ : R → R being a differentiable function. The Euler-Lagrange equation
associated with the critical u of the previous functional is:∫

Ω
Φ(u)|∇u|p−2∇u · ∇φ+

∫
Ω
Φ′(u)|∇u|pφ =

∫
Ω
fφ for all φ ∈ C∞

c (Ω).

It is readily seen that the simplest case of problem (1.20), namely−∆pu+ |∇u|p = f in Ω,

u = 0 on ∂Ω,
(1.27)

represents the straightforward version of this more general variational problem. While (1.20) itself
is no longer purely variational in structure, its deep connection to the minimization of the functional
L highlights its significance and motivates its study.

We stress that Theorem 1.4 also holds for problems of type (1.27) and their more general
version featuring a gradient term g(u)|∇u|p, where g is a continuous and other suitable assumptions,
nonnegative function, with a data 0 ≤ f , because in this context, condition (1.26) is, in a certain
sense, satisfied.

Finally, we conclude this subsection by noting that the demonstration of the preceding results
is made possible by a crucial Lemma, namely [35, Lemma 5]. The solutions to the aforementioned
problem are found via approximation, and it is demonstrated that the gradients of the solutions to
the approximate problem converge a.e. in Ω to the gradient of the limit function, which serves as
the candidate solution for the original problem.

1.2.2 Regularizing effect of gradient term in the contest of 1-Laplacian operator

In this subsection, we aim to investigate the regularizing effects of the first-order gradient term on
the solutions to the differential equation involving the 1-Laplacian operator. Specifically, we are
considering the following problem:−∆1u+ |Du| = f in Ω,

u = 0 on ∂Ω,
(1.28)

where f is a nonnegative, Lebesgue integrable function, f ∈ Lq(Ω), with q ≥ 1; the summability
assumption on f will be examined in detail within this section.

For (1.28), we mainly refer to [90, 91, 98], which addressed the cases q > N , q = N , and q = 1,
respectively.

Also in the case of problem (1.28), to find a candidate solution, one starts from the most natural
approximating problem, namely (1.27), and then passes to the limit as p→ 1+.

The main difficulty in this context lies in the fact that the solution u lives in BV (Ω), and thus its
gradient is a measure. To be able to pass to the limit, what is used is a sort of change of variables
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that allows us to, in a sense, reduce the problem to (1.28) without the gradient term (for more
details, see [98, Theorem 3.5]).

Already in the seminal contribution [98], we can observe the significant effects of the gradient
term: specifically, the solution is always of finite energy, that is, the solution belongs to the space
BV (Ω), regardless of the regularity of f . This contrasts with the corresponding equation lacking
the gradient term and presents a perfect analogy with the case of the p-Laplacian operator, which
was described in the previous subsection. Furthermore, it is important that the jump set derivative
of the solution is zero and the boundary condition is attained pointwise; namely, u = 0 HN−1-a.e.
on ∂Ω.

At this point, we could explain the Definition of solution for problem (1.28), as provided in [91,
Definition 3.1]; this definition necessitates the employment of the truncation function given in (2.1)
for the well-posedness of the Anzellotti pairing (for more details, see Subsection 2.5.1), since the
solution to problem (1.28) is not necessarily bounded.

Definition 1.5. Let us consider 0 ≤ f ∈ L1(Ω). A nonnegative function u ∈ BV (Ω) with Dju = 0

is a weak solution to the problem (1.28) if there exists a vector field z ∈ DM∞(Ω) with ∥z∥L∞(Ω)N ≤
1 such that

− div z + |Du| = f in D′(Ω), (1.29)

(z,DTk(u)) = |DTk(u)| for a.e. k > 0, as measures in Ω, (1.30)

and
u = 0 for HN−1−a.e x ∈ ∂Ω.

It is important to emphasize that the solution to problem (1.28) is also the minimum of a
functional, i.e. a solution in the sense of [82]. Indeed, let us assume u be a solution to problem (1.28)
in the sense of Definition 1.5. Then, there exists a vector field z ∈ DM∞(Ω) with ∥z∥L∞(Ω)N ≤ 1

such that it verifies (1.29) and (1.30).
We define the following functional:

Eu(v) :=
∫
Ω
|Dv|+ v∗|Du| − fv,

for functions v ∈ BV (Ω)∩L∞(Ω) satisfying Djv = 0 and v = 0 HN−1-a.e. on ∂Ω; v∗ is the precise
representative (see Definition 2.28).

It is straightforward to observe that this functional is nonnegative for every v in the described
set and that it vanishes when choosing v = u. For further details, refer to [98, Remark 3.2].

Moreover, in the specific case where ∥f∥W−1,∞(Ω) ≤ 1, we highlight a result that contrasts from
the standard p-Laplacian scenario.

In [90, Proposition 4.4], the authors demonstrated that if u is a solution to problem (1.28) in the
sense of Definition 1.5, then the solution is trivial if and only if f ∈W−1,∞(Ω) with ∥f∥W−1,∞(Ω) ≤ 1.

The existence of trivial solutions even with non-trivial f is characteristic of problems involv-
ing the 1-Laplacian operator. We must highlight the difference between the preceding conclusion
and the results of Theorem 1.2. For problem (1.3), it has been established that data satisfying
∥f∥W−1,∞(Ω) < 1 necessitates a trivial solution, whereas no BV -solution exists when ∥f∥W−1,∞(Ω) >

1. The most critical scenario naturally arises when ∥f∥W−1,∞(Ω) = 1; in this case, non-trivial so-
lutions may be obtained for certain data, although the trivial solution is present. However, this
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expected distinction does not hold in our setting, i.e. problem (1.28): when ∥f∥W−1,∞(Ω) = 1, only
trivial solutions are provided.

We summarize as follows the main results on the regularity in Lebesgue spaces of the solution
u to problem (1.28) with datum 0 ≤ f ∈ Lq(Ω), where q ≥ 1.

• If q > N , then u ∈ L∞(Ω).

• If q = N , then u ∈ Lr(Ω) with 1 ≤ r <∞.

• If 1 ≤ q < N , then u ∈ L
Nq
N−1 (Ω).

A final regularizing effect, due to the gradient term, is evident in the uniqueness property. Unlike
problem (1.3), whose non-uniqueness was established in earlier sections, the solution u to problem
(1.28) in the sense of Definition 1.5 is proven to be unique in [91, Corollary 3.6].

1.3 The regularizing singular term

Parallel to the regularizing effect arising from the presence of a gradient term in elliptic differential
equations, this thesis also examines the influence of another regularizing effect: a singular term that
explodes at the origin on the right hand side of the equation; we explain below what we mean by
’singular’.

As we did with the gradient term, we begin by analyzing the behavior of the p-Laplacian operator
before discussing the 1-Laplacian case.

1.3.1 The case p > 1

Let us introduce the model singular problem, which will be the central object of analysis in this
section −∆pu =

f

uγ
in Ω,

u = 0 on ∂Ω,
(1.31)

where Ω ⊂ RN is a bounded Lipschitz domain with N ≥ 2, 1 < p < N , γ > 0, and 0 ≤ f is in a
suitable Lebesgue space.

The problem is singular as the boundary condition u = 0 on ∂Ω forces the right hand side of
the equation, f

uγ , to explode near the boundary. It is important to note that even if we choose a
regular data f , we may not obtain classical solutions, not even in C1(Ω).

One of the initial difficulties in dealing with this type of problem is providing a suitable definition
of solution, since the integrability of the right hand side is not guaranteed, even with regular f .
However, when the data f is irregular, we observe very significant regularizing effects on the solution,
which is the primary mathematical motivation for their study.

For instance, by simply considering γ = 1 and an irregular data f ∈ L1(Ω), one can formally
use the solution u itself as a test function. This method yields estimates in W 1,p

0 (Ω), which is
unexpected in the non-singular case (γ = 0).

Beyond its theoretical importance, this type of singular equation arises in several concrete prob-
lems, such as signal transmission [106], the study of non-Newtonian fluids like pseudo-plastic fluids
[105], and various models of boundary layer [121].
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We begin the analysis of problem (1.31) in the context of the Laplacian operator, corresponding
to the case p = 2.

The initial studies on problem (1.31) focused on smooth terms, specifically f ∈ Cη(Ω) with
0 < η < 1. The very first work in this area is [66].

A more systematic treatment is provided in [47, 119]. In these papers, the authors demonstrated
that for γ > 0, if f is Hölder continuous and bounded away from zero on Ω, a unique classical solution
exists, i.e. u ∈ C2(Ω) ∩ C(Ω). The solution is typically found by desingularizing the problem and
employing the method of sub- and supersolutions.

Subsequently, in [92], the authors showed that, under the same regularity and positivity condi-
tions on f , the solution u loses C1 regularity at the boundary (i.e., u ̸∈ C1(Ω)) if γ > 1. Furthermore,
they established the existence of a finite energy solution (i.e., u ∈ H1

0 (Ω)) if and only if γ < 3 (for
further details, see also [60, 78]). In the context of a general C1 non-increasing function h reproduc-
ing the behavior of s−γ , additional works include [87, 124], in addition to the initial contributions
[47, 119].

Later, research has focused on the case of non-smooth, nonnegative data, specifically 0 ≤ f ∈
Lq(Ω) with q ≥ 1. The first work to address this more general context is [36], where the authors
proved the following existence and regularity results for p = 2:

• If γ < 1 and q = 2N
N+2+γ(N−2) , then u ∈ H1

0 (Ω); instead if 1 ≤ q < 2N
N+2+γ(N−2) , then

u ∈W
1,

Nq(γ+1)
N−q(1−γ) (Ω).

• If γ = 1 and q = 1, then u ∈ H1
0 (Ω).

• If γ > 1 and q = 1, then u ∈ H1
loc(Ω). In this case, the boundary condition is only assumed

in a weak sense, requiring that u
γ+1
2 ∈ H1

0 (Ω).

We note that for γ > 1, infinite energy solutions also exist, even for smooth data, as demonstrated
in [92].

Other papers, such as [68, 69, 108], address the existence and uniqueness of finite energy solutions
in the scenario where f ∈ L

2N
N+2 (Ω) and the singular term is a continuous function h which verifies

(1.37).
The existence of finite energy solutions established in [92] was subsequently extended in [108].

Specifically, the authors showed that a unique solution u ∈ H1
0 (Ω) exists with f ∈ Lq(Ω), with

q > 1 if and only if 1 < γ < 3− 2
q .

For a more complete discussion of this problem, we refer the reader to [109].
Now we address the case 1 < p < N . For the scenario involving smooth data f , the existence of

a finite energy solution, i.e., u ∈W 1,p
0 (Ω), was demonstrated in [117], provided that the singularity

exponent satisfies the condition:

γ <
2p− 1

p− 1
. (1.32)

In the more general case 0 ≤ f ∈ Lq(Ω) with q ≥ 1, a distributional solution u ∈W 1,p
loc (Ω) exists

such that:
u
max

(
1, γ−1+p

p

)
∈W 1,p

0 (Ω).

Consequently, if γ > 1, only a power of the solution possesses finite energy (for more details, see
[56, 57]). This result is consistent with the conclusions established for the Laplacian case (p = 2)
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in [36]. We wish to emphasize that, as in the Laplacian setting, the solution to the p-Laplacian
problem loses its finite energy property if γ > 1.

In this context as well, the solutions are derived from the approximating problem obtained by
desingularizing the singular term. Difficulties arise when trying to pass the singular term to the
limit. To overcome these, one typically shows that the solutions of the approximating problem are
uniformly bounded from below on compact subsets of the domain Ω.

1.3.2 The case p = 1

In this section, we focus on the study of the following problem:−∆1u =
f

uγ
in Ω,

u = 0 on ∂Ω,
(1.33)

with γ > 0, and 0 ≤ f ∈ LN (Ω).
Let us present the notion of a solution as established in [15].

Definition 1.6. Let 0 < f ∈ LN (Ω) and γ > 0. A nonnegative function u ∈ BV (Ω) ∩ L∞(Ω) is
a solution to problem (1.33) if f

uγ ∈ L1
loc(Ω) and there exists a vector field z ∈ DM∞(Ω) satisfying

∥z∥L∞(Ω)N ≤ 1 such that:

− div z =
f

uγ
in D′(Ω),

(z,Du) = |Du| as measures in Ω, (1.34)

and
u([z, ν] + 1) = 0 for HN−1-a.e. x ∈ ∂Ω. (1.35)

In particular, in [15, Theorem 3.5] for a positive datum f ∈ LN (Ω), the authors show the
existence of a unique solution u in the sense of Definition 1.6.

This stated result is consistent with the established conclusions for p > 1. In fact, recalling
(1.32); as p → 1+, it suggests that one might expect a global BV solution to (1.33) for any γ > 0,
at least for a non-degenerate bounded datum and a smooth domain.

This result is achieved by virtue of the asymptotic behavior of s−γ at infinity and the summability
of f hence, the type of singularity of s−γ does not influence the solution’s regularity; because,
problem (1.33) always admits a finite energy solution independent of the value of γ under appropriate
summability assumptions. This constitutes a sharp difference from singular p-Laplacian problems.

We underline that [15, Theorem 3.5] extends the Lazer-McKenna threshold (1.32) (previously
known only for smooth data) to the p = 1 case.

It is further possible to generalize the preceding discussion for problem (1.33) to the more general
problem: −∆1u = h(u)f in Ω,

u = 0 on ∂Ω,
(1.36)
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where h : [0,∞) → [0,∞] is a continuous function satisfying the following conditions:

∃γ > 0, c1, s1 > 0 : h(s) ≤ c1
sγ

for all s ≤ s1, (1.37)

and
h(∞) := lim sup

s→∞
h(s) <∞. (1.38)

We summarize the existence result of a finite energy solution in this generalized context with
0 < f ∈ Lq(Ω), with q ≥ 1, as follows (for comprehensive details, see [15, Theorem 5.9]).

• q = N and ∥f∥LN (Ω) < (S1h(∞))−1;

• q = N
(N−1)γ+1 and lim sups→∞ h(s)sγ <∞ for some 0 < γ < 1;

• q = 1 and lim sups→∞ h(s)s <∞.

We also note that the case q < N is of particular interest since the solutions always have finite
energy despite being generally unbounded.

In particular, we highlight that for the 1-Laplacian, there is no functional difference between
what have traditionally been classified as mild (γ ≤ 1) and strong (γ > 1) singularities. On the
other hand, it also highlights the influence of the behavior of h at infinity on the solution’s regularity,
delivering sharp conditions for which a BV (Ω) solution exists even for f belonging to L1(Ω).

For problems of the type (1.36) as well, the solution strategy used is to start from the corre-
sponding problem with the p-Laplacian operator and then pass to the limit as p→ 1+. Obviously,
the main difficulty is taking the limit to the singular term. Contrary to the case p > 1, we cannot
construct a lower barrier (see Subsection 1.3.1). What one does in these cases is to show that the
singular term is uniformly bounded with respect to p on every set ω ⋐ Ω.

A significant difference arises when comparing the 1-Laplacian with the p-Laplacian operator:
specifically, in the definition of the solution for the case where f ≥ 0, it becomes necessary to
introduce the characteristic function χ{u>0}. The notion of a solution in this context is formally
stated as follows:

Definition 1.7. Let 0 ≤ f ∈ LN (Ω) and h be a continuous function which satisfies (1.37) and
(1.38). A nonnegative function u ∈ BV (Ω)∩L∞(Ω) is a solution to the problem (1.36) if χ{u>0} ∈
BVloc(Ω), h(u)f ∈ L1

loc(Ω) and if there exists a vector field z ∈ DM∞
loc(Ω) with ∥z∥L∞(Ω)N ≤ 1 such

that verifies
−χ∗

{u>0} div z = h(u)f in D′(Ω), (1.39)

(1.34) and (1.35).

It is important to underline that, one can demonstrate that

(z,Dχ{u>0}) = |Dχ{u>0}| as measures in Ω.

Consequently, employing Anzellotti’s theory, we have the identity:

− (div z)χ∗
{u>0} = −div

(
zχ{u>0}

)
+ (z,Dχ{u>0}) in D′(Ω).
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Substituting this into (1.39), the equation can then be recast as:

− div
(
zχ{u>0}

)
+ |Dχ{u>0}| = h(u)f in D′(Ω),

which means the operator simplifies to the sum of a term in divergence form and an additional term
|Dχ{u>0}|. This additional term is a measure concentrated on the non-trivial reduced boundary
∂∗{u > 0}, or equivalently, on the reduced boundary ∂∗{u = 0}.

We emphasize that a solution defined in the sense of Definition 1.7 is also admissible as a solution
under Definition 1.6, provided that f > 0 almost everywhere in Ω. Specifically, since h(u)f is locally
integrable (and recalling our assumption that h(0) = ∞), it follows that u > 0 almost everywhere
in Ω, and thus equation (1.39) becomes:

− div z = h(u)f in D′(Ω).

For further information concerning problem (1.33), the reader is referred to [58, 59, 89].

1.4 Main results

The primary objective of this thesis is to investigate the interplay between the regularizing effects
on the solution to problem (1.2) induced by a gradient term on the left hand side of the equation
and a singular term on the right hand side, specifically in the presence of a data f belonging merely
to L1(Ω).

In Chapter 3, we will analyze this problem in two distinct contexts: both the well-studied case
p > 1 and the critical case p = 1, we highlight that in this second case we obtain non-trivial
solutions, thanks to the presence of the singular term h.

We prove in Theorem 3.3 and Theorem 3.12 the existence of finite energy solutions, i.e. they
live in W 1,p

0 (Ω) if p > 1 and in BV (Ω) if p = 1, respectively.
We deal with the case p > 1 separately because it is new and interesting intrinsically. In the

case p = 1, we note that the solution always lives in BV (Ω) even though the datum f is only in
L1(Ω). Furthermore, we also establish other regularizing effects, specifically that the jump part of
the derivative is zero and the boundary datum is attained pointwise at the boundary.

Subsequently, in Chapter 3, we also analyze problem (1.2) in the case where the gradient term
is singular, i.e., of the form g(u)|Du| with g(s) ∼ s−θ and θ > 0 and 0 ≤ f ∈ LN (Ω). This case not
only extends the previous result but also extends what is known for the p-Laplacian with 1 < p < N .

For the case p = 2, the problem was studied by [16], showing that a sufficient condition for
the existence of a solution is θ < 2. Subsequently, in [122], the authors extended this to the more
general p-Laplacian case, proving the existence of a solution if θ < p.

In our case, the 1-Laplacian, what we assert is that a finite energy solution exists without any
smallness condition on the norm of f if θ < 1. If there is also a singular term on the right hand
side of the equation (1.2), h(s) ∼ s−γ with γ > 0, the existence condition is generalized, requiring
γ+θ ≤ 1. We therefore note an interplay between the two exponents (for more details, see Theorem
3.27 and Remark 3.28).

Also in this scenario, we find non-trivial, finite-energy solutions which satisfy the boundary data
pointwise and exhibit a zero jump derivative.
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In Chapter 4, we study the regularizing effects of the gradient term in another context: the
Mean Curvature operator, for more details about it, we refer to Section 4.1 where it is introduced
rigorously.

In this chapter, we study the existence of solutions to problem
− div

(
Du√

1 + |Du|2

)
+ g(u)

√
1 + |Du|2 = f in Ω,

u = 0 on ∂Ω,

where g : [0,∞) → [0,∞) is a continuous and bounded function and 0 ≤ f ∈ L1(Ω).
The presence of the gradient term has regularizing effects on the solution which is always of

finite energy, Dju = 0 and the datum is attained pointwise at the boundary, effects already known
to us in the context of the 1-Laplacian operator. The only sufficient condition for the existence of
the solution is to require that f ≥ g(0), since if f does not satisfy this condition, we are unable to
prove the non-negativity of the solution and thus its existence (for more details, we refer to Remark
4.9).

In Chapter 5, we address another differential problem, specifically the Transparent Media equa-
tion (for an exhaustive introduction to this subject, the reader is referred to Section 5.1).

We are therefore interested in the existence of solutions to the problem:− div

(
um

Du

|Du|

)
= f in Ω,

u = 0 on ∂Ω,
(1.40)

where m > 0 and f is in a suitable Lebesgue space.
In Chapter 5, we study what happens if f ∈ LN,∞(Ω) is changing-sign. Theorem 5.27 asserts

that a solution exists independently of the size of ∥f∥LN,∞(Ω) and is always bounded. However,
we are unable to prove that u itself lives in BV (Ω), but only that its truncations do, meaning the
solution u lives in TBV (Ω) (see Section 2.3.4 for the introduction to this space). We are also able
to demonstrate that if f ̸≡ 0, then the solution must also be non-trivial. This effect is new in
the context of the 1-Laplacian, as we have exhaustively discussed in previous sections that trivial
solutions exist even in the presence of non-trivial data.

Finally, in the case where 0 ≤ f ∈ LN (Ω), we also study the singular problem− div

(
um

Du

|Du|

)
= h(u)f in Ω,

u = 0 on ∂Ω,

where h : [0,∞) → [0,∞) is a continuous function such that

∃γ ≥ 0, c1, s1 > 0 : h(s) ≤ c1
sγ

for all s ≤ s1,

and
∃0 ≤ q ≤ m,h(∞), s2 > 0 : h(s) ≤ h(∞)sq, for all s ≥ s2.

.
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If 0 ≤ q < m or if q = m and ∥f∥LN (Ω) < ((m+ 1)h(∞)S1) and for every γ > 0, there exists a
solution u to the problem (1.40), as stated in Theorem 5.3. We highlight that the condition in the
case q = m generalize what happen in the contest of 1-Laplacian operator. Another regularizing
effect is the not necessity to provide a different notion of solution when f ≥ 0 (for more details, see
Remarks 5.2 and 5.4).

Finally, in the second part of Chapter 5, we study what happens if the datum f ∈ L1(Ω). The
main difficulty lies in the fact that the vector field used for the solution’s definition is unbounded
since it contains the function u itself, which is not guaranteed to be bounded.

Therefore, it is necessary to introduce a new tool that generalizes the Anzellotti pairing to the
case of unbounded vector fields. To this end, we have utilized the generalization studied in [44] and
summarized in subsection 2.5.2.

The challenge with unbounded vector fields arises from the fact that, in general, one cannot
prove that their trace on the boundary is a function; it is often only guaranteed to be a distribution.
However, as we will see, in our specific case, we were able to provide a proof that the vector field
has a trace in L1(∂Ω) (for more details, see Section 5.1 and subsection 2.5.2).

The important difference from the standard 1-Laplacian operator is that the solutions u found
for problem (1.40) with 0 ≤ f ∈ L1(Ω) are always finite a.e. in Ω, which is not the case for the
1-Laplacian (see [100]).
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Chapter 2

Basic tools

In this Chapter, we introduce the main notations and fundamental tools that will be employed
throughout the work, along with the functional spaces and their properties.

2.1 Notation and principal tools

We denote by RN the N -dimensional Euclidean space. LN represents the N -dimensional Lebesgue
measure, while HN−1 denotes the (N − 1)-dimensional Hausdorff measure. Furthermore, we will
commonly write |E| instead of LN (E) to indicate the Lebesgue measure of a set E.

The symbol Ω ⊂ RN will stand for a bounded domain whose boundary ∂Ω is Lipschitz continuous.
In particular, this implies the existence of an outer unit normal vector ν(x) for HN−1-a.e. x ∈ ∂Ω.
We refer to Bρ(x) as the ball centered at x ∈ RN with radius ρ > 0.

The symbol Cc(Ω) denotes the space of continuous functions with compact support in Ω, while
Cb(Ω) is the space of continuous and bounded functions.
Ck
c (Ω), with k ∈ N \ {0}, for the space of Ck functions whose support is compactly contained in Ω.

Instead, Ck
0 (Ω) represents the space of functions φ of class Ck such that φ = 0 on the boundary

∂Ω. Finally, B(Ω) is the set of Borel measurable functions and with B(Ω; [0, 1]) the Borel functions
with range in [0, 1].

From now on, we shall denote by f(x)+ = max{f(x), 0} and f(x)− = −min{f(x), 0} the positive
and negative parts, respectively, of a measurable function f(x).

We now introduce the truncation functions which will prove useful in the following proofs. Given
−∞ ≤ a < b ≤ ∞, the function T b

a : R → R is defined as follows

T b
a(s) :=


a if s < a,

s if a ≤ s ≤ b,

b if s > b,

(2.1)

in the particular case where −a = b, we shall denote the function T b
−b : R → R by the name Tb.

Instead, Gb : R → R is
Gb(s) := s− Tb(s).
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Moreover, for fixed j, ε > 0, we define the function hj,ε : R → R as the one satisfying the following
property

hj,ε(s) :=


1 if s ≤ j,
j+ε−s

ε if j < s < j + ε,

0 if s ≥ j + ε.

(2.2)

In the particular case when j = ε, we shall denote hj,ε by Vε.
Finally, we introduce the function Sε,j : R → R, which is defined as 1− hj,ε, that is

Sε,j(s) :=


0 s ≤ j,
s−j
ε j < s < j + ε,

1 s ≥ j + ε,

(2.3)

in the particular case where ε = j, we shall simply denote the function by Sε.

Subsequently, let us recall a basics algebraic inequality we will systematically use throughout the
paper. For a, b > 0, then it holds

ab ≤
√

1 + a2 −
√
1− b2. (2.4)

To ensure clarity and prevent any possible ambiguity, we shall employ the following convention:∫
Ω
f :=

∫
Ω
f(x) dx,

instead the Hausdorff measure will always be made explicit.

Unless otherwise specified, we shall use the symbol C to denote positive constants whose values can
change from line to line and occasionally within the same line. These constants depend only on
the given data of the problem and remain independent of the indices of the sequences considered
throughout the analysis. Moreover, for the sake of simplicity, we will do not relabel extracted
compact subsequences whenever no risk of confusion occurs.

2.2 Radon measure

We denote by M(Ω) the space of Radon measures on Ω, that is, the set of real-valued, additive, and
regular set functions defined on the σ-algebra of Borel subsets of Ω. The Borel σ-algebra, denoted
by σB(Ω), is the smallest σ-algebra containing all open subsets of Ω.
Analogously to the notation introduced for integrals with respect to the Lebesgue measure, we shall
adopt the following notation for integrals with respect to a Radon measure as well∫

Ω
fµ :=

∫
Ω
f dµ.

We state a first decomposition result for Radon measures.
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Theorem 2.1. (Hahn decomposition Theorem) Let us consider a measure µ ∈ M(Ω). Then, there
exist two nonnegative measures µ+, µ− ∈ M(Ω) such that

µ = µ+ − µ−,

and for every E ∈ σB(Ω), there exist measurable sets E+, E− ∈ σB(Ω) satisfying

µ+(E) = µ(E ∩ E+), µ−(E) = µ(E ∩ E−).

Furthermore, we refer to µ+ and µ− as the positive and negative part of the measure µ, respectively.

It is possible to endow the space M(Ω) with a norm, known as the total variation, which is
defined as follows

∥µ∥ := |µ|(Ω) := sup

{
n∑

i=1

|µ(Ωi)| : {Ωi}ni=1 is a finite Borel partition of Ω

}
.

Equipped with this norm, the space M(Ω) becomes a Banach space.

The next result provides an alternative characterization of Radon measures, a result due to Riesz.

Theorem 2.2. (Riesz representation Theorem) The space M(Ω) of Radon measures is the dual of
the space Cc(Ω), endowed with the topology induced by uniform convergence.

Remark 2.3. Thanks to Theorem 2.2, we can provide an alternative characterization of the total
variation of a measure µ ∈ M(Ω),

|µ|(Ω) := sup

{∫
Ω
φµ : φ ∈ Cc(Ω), ∥φ∥L∞(Ω) ≤ 1

}
.

In the following, we present some definitions and properties of the Radon measures, which will
prove useful in the subsequent analysis.

Definition 2.4. Given a Radon measure µ ∈ M(Ω), we say that it is concentrated on a Borel set
A ∈ σB(Ω) if, for every B ∈ σB(Ω), it holds that

µ(B) = µ(A ∩B).

In this case, we shall use the following notation: µ A.

Definition 2.5. Consider µ, λ ∈ M(Ω). We say that µ is absolutely continuous with respect to λ,
if

λ(B) = 0 ⇒ µ(B) = 0.

In symbols, we shall write µ≪ λ.

Definition 2.6. Let µ, λ ∈ M(Ω). We say that µ and λ are orthogonal, denoted by µ ⊥ λ, if there
exists a set A ∈ σB(Ω) such that

µ(A) = 0 and λ = λ A.
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We now present the most important decomposition theorem for a measure.

Theorem 2.7. (Radon-Nikodým Theorem) Let us consider µ, λ ∈ M(Ω). Then, there exist two
unique measures µ1, µ2 ∈ M(Ω) such that

µ = µ1 + µ2 with µ1 ≪ λ, µ2 ⊥ λ.

At this point, we introduce two notions of convergence for Radon measures.

Definition 2.8. Let µn ∈ M(Ω) a sequence of Radon measure and µ ∈ M(Ω).
We say that µn converges in the narrow topology of measure to µ ∈ M(Ω), in symbols µn

n−→ µ, if

lim
n→∞

∫
Ω
ψµn =

∫
Ω
ψµ for all ψ ∈ Cb(Ω).

Instead, µn ∗-weakly converges to µ, in symbols µn
∗
⇀ µ, if

lim
n→∞

∫
Ω
φµn =

∫
Ω
φµ for all φ ∈ Cc(Ω).

Remark 2.9. We observe that convergence in the narrow topology of measures implies ∗-weak
convergence, whereas the converse does not hold in general.

We conclude this Section on Radon measures by introducing the local version of this space,
which we shall denote by Mloc(Ω). This space consists of Radon measures with locally finite total
variation.
For more details on Radon measure, we refer to [80].

2.3 Basic function spaces

2.3.1 Lebesgue spaces

We now introduce Lebesgue spaces (for more details see [38]). Given 1 ≤ p ≤ ∞, we denote by
Lp(Ω) the space of equivalence classes (up to almost everywhere equality) of Lebesgue measurable
functions v : Ω → R such that

∥v∥Lp(Ω) :=

(∫
Ω
|v|p
) 1

p

<∞, if 1 ≤ p <∞,

∥v∥L∞(Ω) := ess sup
Ω

|v| = inf {M ≥ 0 : |v(x)| ≤M a.e. in Ω} <∞, if p = ∞.

Lebesgue spaces have their respective local counterparts. Consequently, for a fixed 1 ≤ p ≤ ∞, we
denote by Lp

loc(Ω) the space of measurable functions whose restrictions to every compact subset ω
of Ω belong to Lp(ω).

Before stating the main convergence results, we provide two important inequalities. Given a, b ∈ R,
ε > 0, and 1 ≤ p ≤ ∞, the generalized Young inequality asserts that

|ab| ≤ 1

εp
|a|p

p
+ ε

p
p−1

p− 1

p
|b|

p
p−1 . (2.5)
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Taking 1 ≤ p ≤ ∞ and functions f ∈ Lp(Ω) and g ∈ L
p

p−1 (Ω), Hölder inequality states that∫
Ω
|fg| ≤ ∥f∥Lp(Ω)∥g∥

L
p

p−1 (Ω)
, (2.6)

as a consequence, we observe that fg ∈ L1(Ω).

At this stage, we can recall the main convergence results, which will prove useful in the subsequent
analysis.

Lemma 2.10. (Fatou Lemma) Let us take fn : Ω → [0,∞) a sequence of measurable functions such
that fn → f a.e.in Ω. Then, it has ∫

Ω
f ≤ lim inf

n→∞

∫
Ω
fn.

Theorem 2.11. (Monotone Convergence Theorem) Let fn : Ω → [0,∞) be an increasing sequence
of functions such that fn → f a.e. in Ω. Then

lim
n→∞

∫
Ω
fn =

∫
Ω
f.

Theorem 2.12. (Vitali Theorem) Let 1 ≤ p < ∞ and fn ∈ Lp(Ω) a sequence of functions such
that fn → f a.e. in Ω. If

lim
|E|→0+

sup
n∈N

∫
E
|fn|p = 0,

then, f ∈ Lp(Ω) and fn → f strongly in Lp(Ω).

Theorem 2.13. (Lebesgue Theorem) Let µ ∈ M(Ω), 1 ≤ p < ∞ and fn ∈ Lp(Ω, µ) a sequence of
function such that converges µ-a.e. to f . If there exists g ∈ Lp(Ω;µ) such that |fn(x)| ≤ g(x) µ-a.e.
x ∈ Ω and for all n ∈ N, then f ∈ Lp(Ω, µ) and fn → f strongly in Lp(Ω;µ).

Theorem 2.14. (Dunford-Pettis Theorem) Let us consider µ ∈ M(Ω) a nonnegative Radon mea-
sure, fn ∈ L1(Ω;µ) be a sequence of functions satisfying the following conditions

∥fn∥L1(Ω;µ) < C,

for some constant C > 0, and

lim
l→∞

sup
n∈N

∫
{|fn|≥l}

|fn|µ = 0.

Then, there exists a subsequence, which we shall continue to denote by fn, and a function f ∈
L1(Ω;µ) such that

fn ⇀ f weakly in L1(Ω;µ).

Theorem 2.15. (Egorov Theorem) Let us consider µ ∈ M(Ω) a nonnegative Radon measure,
fn : Ω → R a sequence of µ-measurable functions; which converges µ-a.e. in Ω to a measurable
function f : Ω → R. Then, for every ε > 0, there exists a set Eε ⊂ Ω such that µ(Eε) < ε and

lim
n→∞

∥fn − f∥L∞(Ω\Eε) = 0.
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The following result is a well-known consequence of Egorov’s Theorem 2.15. We state it for
further reference.

Lemma 2.16. Let us consider (Ω, µ) a measurable space with µ a nonnegative finite measure. If
fn ∈ L1(Ω, µ) defines a sequence such that fn ⇀ f weakly in L1(Ω, µ) and gn ∈ L1(Ω, µ) defines
another one such that gn → g µ-a.e. in Ω and it is uniformly bounded, that is,

|gn| ≤ C,

where C > 0 is a constant independent of n ∈ N, then it holds∫
Ω
fg µ = lim

n→∞

∫
Ω
fngn µ.

Proposition 2.17. Let 1 < p < ∞, fn ∈ Lp(Ω) a sequence of function such that fn → f strongly
in Lp(Ω) and gn ∈ L

p
p−1 (Ω) a sequence such that gn ⇀ g weakly in L

p
p−1 (Ω), then

lim
n→∞

∫
Ω
fngn =

∫
Ω
fg.

In particular, the same result holds in the case p = 1 and p
p−1 = ∞, replacing weak convergence

with ∗-weak convergence in L∞(Ω).

2.3.2 Sobolev spaces

We now discuss Sobolev spaces and their most important properties.
Let fix p ≥ 1, the Sobolev space W 1,p(Ω) is the functional space defined by

W 1,p(Ω) :=
{
v ∈ Lp(Ω) : ∇v ∈ Lp(Ω)N

}
,

where ∇v is the distributional gradient.
Equipped with the norm

∥v∥W 1,p(Ω) := ∥v∥Lp(Ω) + ∥∇v∥Lp(Ω)N ,

this space is a Banach space.

We recall that H1(Ω) denotes the space W 1,2(Ω). In particular, the space W 1,p(Ω) is reflexive for
1 < p <∞ and separable for 1 ≤ p <∞. Moreover, H1(Ω) is a Hilbert space.

Let us define the Sobolev space

W 1,p
0 (Ω) := C∞

c (Ω)
∥·∥W1,p(Ω) .

We conclude this Section by outlining the main properties of Sobolev spaces.

Theorem 2.18. (Poincaré inequality)Let 1 ≤ p <∞. Then, there exists a constant C(N, p,Ω) > 0,
such that for every v ∈W 1,p

0 (Ω), it holds

∥v∥Lp(Ω) ≤ C(N, p,Ω)∥∇v∥Lp(Ω)N .
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In particular, ∥∇v∥Lp(Ω)N is an equivalent norm on W 1,p
0 (Ω).

Theorem 2.19. (Sobolev inequality) Let 1 ≤ p < N . Then, there exists S(p,N) > 0 such that for
every v ∈W 1,p

0 (Ω), it holds
∥v∥

L
Np
N−p (Ω)

≤ S(p,N)∥v∥
W 1,p

0 (Ω)
.

Theorem 2.20. (Sobolev Theorem) Let 1 ≤ p ≤ ∞ and ∂Ω is of C1 class. Then

1. if p < N W 1,p(Ω) ↪→ L
Np
N−p (Ω),

2. if p = N W 1,p(Ω) ↪→ Lq(Ω), for every q ≥ p,

3. if p > N W 1,p(Ω) ↪→ C(Ω),

are continuous embeddings.

Theorem 2.21. (Rellich-Kondrachov Theorem) Let 1 ≤ p ≤ ∞ and ∂Ω is of C1 class. Then

1. if p < N W 1,p(Ω) ↪→ Lq(Ω) for every 1 ≤ q < Np
N−p ,

2. if p = N W 1,p(Ω) ↪→ Lq(Ω), for every 1 ≤ q <∞,

3. if p > N W 1,p(Ω) ↪→ C(Ω),

are compact embeddings.
Moreover, the result also holds for the space W 1,p

0 (Ω) without any regularity assumptions on the
boundary.

For a more detailed discussion of Sobolev spaces, we refer the reader to [126].

2.3.3 Functions of bounded variation

We now recall some fundamental properties about functions of bounded variation. For a more
comprehensive treatment of the topic, we refer the reader, for instance, to [4, 126]

We denote by BV (Ω) the space of functions of bounded variation, which consists of all functions
v ∈ L1(Ω) whose distributional gradient Dv is a finite Radon measure with values in RN . In
summary,

BV (Ω) :=
{
v ∈ L1(Ω) : Dv ∈ M(Ω)N

}
,

where the total variation of Dv is given by the quantity

|Dv|(Ω) := sup

{∫
Ω
v div Φ : Φ ∈ C1

c (Ω)
N , ∥Φ∥L∞(Ω)N ≤ 1

}
.

The space BV (Ω), endowed with the norm

∥|v|∥BV (Ω) := ∥v∥L1(Ω) + |Dv|(Ω),

is a Banach space.
Thanks to [4, Theorem 3.87], we know that every function v ∈ BV (Ω) admits a trace v ∈ L1(∂Ω).
Therefore, we shall use the following equivalent norm:

∥v∥BV (Ω) := ∥v∥L1(∂Ω) + |Dv|(Ω).
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There also exists a local version of the previously introduced space, which we shall refer to as
BVloc(Ω). It consists of all functions v ∈ L1

loc(Ω) such that Dv ∈ Mloc(Ω)
N .

We now discuss theorems of convergence for sequences of functions of bounded variation.

Definition 2.22. Let us give a sequence vn ∈ BV (Ω) and a function v ∈ BV (Ω).
We say that vn strictly converges in BV (Ω) to v if vn → v strongly in L1(Ω) and Dvn

n−→ Dv in the
narrow topology of measures.
Instead vn ∗-weakly converges in BV (Ω) to v if vn → v strongly in L1(Ω) and Dvn

∗
⇀ Dv ∗-weakly

in measures.

Remark 2.23. As a consequence of Remark 2.9, strict convergence in BV (Ω) implies ∗-weak con-
vergence in BV (Ω), while the converse is not true (for further details, see [4, Definition 3.14]).
Moreover, if vn → v strictly, then vn → v HN−1-a.e. in Ω (see [4, Corollary 3.80]).

Remark 2.24. Since it will be necessary for future proofs, let us recall that BV (Ω) ∩ L∞(Ω) is
closed under multiplication (for more details, see [4, Remark 3.10]).

We now present the compactness result for functions of bounded variation (see [4, Proposition
3.23]).

Theorem 2.25. The embeddings BV (Ω) ↪→ Lp(Ω) for 1 ≤ p < N
N−1 are compact. The embedding

BV (Ω) ↪→ L
N

N−1 (Ω) is continuous, and S1 > 0 denotes the optimal constant for this embedding,
that is, for every v ∈ BV (Ω), we have

∥v∥
L

N
N−1 (Ω)

≤ S1∥v∥BV (Ω). (2.7)

In particular, given a sequence vn ∈ BV (Ω) uniformly bounded in ∥ · ∥BV (Ω), there exists a function
v ∈ BV (Ω) such that vn → v strongly in Lp(Ω) for every 1 ≤ p < N

N−1 , and Dvn ⇀ Dv ∗-weakly
as measures in Ω.

The following result shows that a function of bounded variation is finite HN−1-a.e. (see [126,
Theorem 5.14.4]).

Theorem 2.26. Let v ∈ BV (Ω), then it holds

lim
ρ→0+

1

|Bρ(x0)|

∫
Bρ(x0)

u(x) = u(x0),

for HN−1-a.e. x0 ∈ Ω.

We now address the precise representative v∗ of a function v ∈ BV (Ω) and its properties. To
this end, we begin by introducing some preliminary notions which, although well-defined for general
L1
loc-functions, are presented here due to their central role in the analysis of BV -functions.

Definition 2.27. Given v ∈ BV (Ω). Given x ∈ Ω, we say that x is a Lebesgue point if there exists
ṽ(x) ∈ R

lim
ρ→0+

1

|Bρ(x)|

∫
Bρ(x)

|v(y)− ṽ(x)| dy = 0.
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Furthermore, we refer to Lv as the set of Lebesgue points of the function v, instead Sv := Ω \ Lv

represents the set of points where an approximate limit of the function v does not exist.
A point x ∈ Ω is said to be a jump point of the function v if there exists a unit vector ν(x) and two
distinct values ve(x), vi(x) ∈ R such that the following condition holds:

lim
ρ→0+

1

|Be
ρ(x)|

∫
Be

ρ(x)
|v(y)− ve(x) dy = 0,

lim
ρ→0+

1

|Bi
ρ(x)|

∫
Bi

ρ(x)
|v(y)− vi(x) dy = 0,

where
Be

ρ(x) := {y ∈ Bρ(x) : (y − x) · ν(x) > 0} ,

Bi
ρ(x) := {y ∈ Bρ(x) : (y − x) · ν(x) < 0} .

We denote the set of jump points of v by Jv. It is known that Jv is a subset of the approximate
discontinuity set Sv of v.

We are now in a position to provide the definition of the precise representative.

Definition 2.28. Let v ∈ BV (Ω). We define the precise representative v∗ : Ω \ (Sv \ Jv) → R as
the function such that

v∗(x) :=

ṽ(x) if x ∈ Ω \ Sv,
vi(x)+ve(x)

2 if x ∈ Jv.

Remark 2.29. As shown in [4, Proposition 3.69], if v ∈ BV (Ω), then HN−1(Sv \ Jv) = 0. Conse-
quently, the precise representative v∗ is well-defined for HN−1-a.e. x ∈ Ω.
Moreover, Jv is a HN−1-rectifiable set as stated in [4, Theorem 3.78]; hence, there exists a unit
vector νv(x), referred to as the orientation, defined for HN−1-a.e. x ∈ Jv.
Finally, let ρε be a sequence of standard mollifiers and let v ∈ BV (Ω). Then v ∗ ρε → v∗ HN−1-a.e.
in x ∈ Ω (for further details, see [4, Corollary 3.80]).

Given a function v ∈ BV (Ω), we can decompose its distributional derivativeDv using Radon–Nikodým
Theorem 2.7. Specifically, we have

Dv = Dav +Dsv,

where Dav ≪ LN (the absolutely continuous part with respect to the Lebesgue measure), and
Dsv ⊥ LN (the singular part).
The singular part Dsv can itself be further decomposed by the Radon-Nikodým Theorem 2.7 as

Dsv = Djv +Dcv,

where Djv ≪ HN−1 is the jump part and Dcv is the Cantor part.
In summary, we obtain the following decomposition:

Dv = Dav +Dsv = Dav +Djv +Dcv.

Furthermore, we denote by D̃v = Dav +Dcv.
We emphasize that when Djv = 0, or equivalently when HN−1(Jv) = 0, and we are integrating
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with respect to a measure absolutely continuous with respect to HN−1, we will simply write v in
place of v∗ without ambiguity.
We identify DBV (Ω) with the space of functions v ∈ BV (Ω) such that Djv = 0.

We now provide an important lower semicontinuity result (see [4, Proposition 3.6]).

Proposition 2.30. Let us consider a sequence vn ∈ BV (Ω) such that vn → v strongly in L1(Ω)

with v ∈ BV (Ω). Then, they hold∫
Ω
|Dv|φ ≤ lim inf

n→∞

∫
Ω
|Dvn|φ for all 0 ≤ φ ∈ C1

c (Ω), (2.8)

and ∫
∂Ω
v dHN−1 +

∫
Ω
|Dv| ≤ lim inf

n→∞

∫
∂Ω
vn dHN−1 +

∫
Ω
|Dvn|. (2.9)

We conclude this brief excursus on functions of bounded variation by providing a result con-
cerning the chain rule. Before stating it, we introduce the following notation. Let β : R → R be
a Lebesgue measurable function and let v ∈ BVloc(Ω). We define the function β(v)# : Ω → R as
follows:

β(v)#(x) :=

 1
ve(x)−vi(x)

∫ ve(x)

vi(x)
β(s) ds if x ∈ Jv,

β(v(x)) otherwise.
(2.10)

Here is the differentiation result that we will use in the subsequent proofs (see [4, Theorem 3.69,
3.99]).

Theorem 2.31. Let v ∈ BV (Ω) and Φ : R → R a Lipschitz function. Then w := Φ(v) ∈ BV (Ω)

and
Dw = Φ′(v)#Dv, (2.11)

in particular, if x ∈ Jv, then x ∈ Jw if and only if Φ(ve) ̸= Φ(vi), and in this case

(
we(x), wi(x), νw(x)

)
=
(
Φ(ve(x)),Φ(vi(x)), νv(x)

)
for every x ∈ Jv, (2.12)

where νw(x) denotes the orientation of Jw, while νv(x) represents the orientation of Jv.
Moreover, if v ∈ DBV (Ω), then it holds

Dw = Φ(v)′D̃v. (2.13)

Let us recall this type of chain rule formula, which extends the classical one, stated in Theorem
2.31. For the proof of this result, see [70, Lemma 2.4, Remark 2.5].

Lemma 2.32. Let us consider a nonnegative function u ∈ DBV (Ω) and let g : [0,∞) → (0,∞] be
a continuous function finite outside s = 0. Suppose that v = Γ(u) ∈ BV (Ω), where Γ′(s) = g(s).
Then, g(u)χ{u>0}|Du| ∈ Mloc(Ω) and it holds

χ{u>0}|Dv| = g(u)χ{u>0}|Du| as measures in Ω. (2.14)

Remark 2.33. In the particular case Γ(0) = 0, then (2.14) becomes

|Dv| = g(u)χ{u>0}|Du| as measures in Ω.
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If u > 0 also, then the previous formula simply reduce to

|Dv| = g(u)|Du| as measures in Ω.

2.3.4 TBV-functions

We define the following functional space, which generalizes the concept of functions of bounded
variation.

TBV (Ω) :=
{
v ∈ B(Ω) : F (v+), F (v−) ∈ BV (Ω), for all a > 0, F ∈W 1,∞([0,∞), [a,∞))

}
.

It is possible to redefine the previous space in an equivalent way.

TBV (Ω) :=
{
v ∈ B(Ω) : T b

a(v
+), T b

a(v
−) ∈ BV (Ω), for all 0 < a < b <≤ ∞

}
.

Remark 2.34. As a direct consequence of the coarea formula (see [4, Theorem 3.40]), the superlevel
and sublevel sets {v > a} and {v < −a} have finite perimeter for a.e. a > 0, assuming v ∈ TBV (Ω).
Consequently, the characteristic functions χ{a<v<b} and χ{−b<v<−a} lie in BV (Ω) for a.e. 0 < a <

b <∞.

For this class of functions, one can provide a definition of trace on the boundary ∂Ω. We will
first present this notion in the case of a nonnegative function v ∈ TBV (Ω) (this result is proven in
[72, Lemma 5.1]), and then extend it to the more general setting.

Lemma 2.35. Let 0 ≤ v ∈ TBV (Ω). Then, there exists a nonnegative function vΩ ∈ L1(∂Ω) such
that

lim
ρ→0+

1

|Ω ∩Bρ(x)|

∫
Ω∩Bρ(x)

|v(y)− v(x)| dy = 0 for HN−1-a.e. x ∈ ∂Ω.

Moreover, it holds
vΩ(x) = lim

a→0+
b→∞

(T b
a(v))

Ω(x) for HN−1-a.e. x ∈ ∂Ω,

and
F (vΩ) = F (v)Ω for all F ∈W 1,∞([0,∞), [a, b]), for all 0 < a < b ≤ ∞.

In the case v ∈ TBV (Ω), the functions v+ and v− admit a trace in the sense of the previous
lemma. We therefore provide the following definition, which will be useful for defining the notion
of trace for a general TBV -function.

Definition 2.36. Let us consider v ∈ TBV (Ω). We call

{
(v+)Ω > 0

}
:= {v > 0} ∩ ∂Ω,

and {
(v−)Ω > 0

}
:= {v < 0} ∩ ∂Ω.
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The following result establishes an important relationship between the two sets previously de-
fined (see [20, Lemma 2.4]).

Lemma 2.37. Let v ∈ TBV (Ω). Then

HN−1
({

(v+)Ω > 0
}
∩
{
(v−)Ω > 0

})
= 0.

Proof. We begin by noting that (v+)Ω is well defined HN−1-a.e. on ∂Ω. Let x0 ∈ ∂Ω be such that
(v+)Ω(x0) > 0. By Lemma 2.35, there exist constants c0, a0 > 0 such that

(T b
a(v(x0)))

Ω > c0 for all 0 < a ≤ a0 and 0 < a < b ≤ ∞. (2.15)

Since v ∈ TBV (Ω), it follows that the function va := T b
a(v) + T−a

−b (v) ∈ BV (Ω) for a fixed 0 < a <

b ≤ ∞. Therefore, we have

(v+a )
Ω + (v−a )

Ω = (v+a + v−a )
Ω = (max{v+a , v−a })Ω = max{(v+a )Ω, (v−a )Ω} HN−1-a.e. (2.16)

Since v+a = T b
a(v)− a, inequality (2.15) implies that

(v+a (x0))
Ω = (T b

a(v(x0))− a)Ω = (T b
a(v(x0)))

Ω − a > c0 − a for all 0 < a ≤ a0.

Hence, (v+a (x0))Ω > 0 for all 0 < a < min{a0, c0}. As a consequence, equation (2.16) implies that
(v−a )

Ω(x0) = 0 for all such a. Therefore,

(v−a )
Ω(x0) = (T b

a(v
−)(x0)− a)Ω = (T b

a(v
−)(x0))

Ω − a = 0 for all 0 < a < min{a0, c0}.

Since the previous argument does not depend on the choice of b > 0, we can conclude

(v−)Ω(x0) = lim
a→0+
b→∞

(T b
a(v

−)(x0))
Ω = 0.

This completes the proof.

At this point, we introduce the concepts of approximate limit and approximate jump. These
notions can be defined for a general function in B(Ω), but for expository purposes, we present them
in this subsection.

Definition 2.38. Let v ∈ B(Ω). The approximate upper and lower limits of v at a point x are
defined as the following quantities, respectively:

v∨(x) := inf{t ∈ R ∪ {−∞,∞} : lim
ρ→0+

ρ−N |{v > t} ∩Bρ(x)| = 0},

v∧(x) := sup{t ∈ R ∪ {−∞,∞} : lim
ρ→0+

ρ−N |{v < t} ∩Bρ(x)| = 0},

in particular, we emphasize that v∨, v∧ : Ω → R ∪ {−∞,∞}.
If v∨(x) = v∧(x), we refer to this common value as the approximate weak limit of v at x.
S∗
v denotes the following set

S∗
v :=

{
x ∈ Ω : v∧(x) < v∨(x)

}
.
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Remark 2.39. It can be proved that S∗
v is a Lebesgue negligible set.

In the particular case where v ∈ L1
loc(Ω), we have S∗

v ⊂ Sv.

Definition 2.40. Let v ∈ B(Ω). We say that a point x ∈ Ω is an approximate weak jump point of v
if there exists a unit vector ν ∈ RN such that, denoting by H+ and H− the half-spaces determined
by ν i.e.

H+ := {y ∈ Ω : (y − x) · ν∗v (x) > 0} H− := {y ∈ Ω : (y − x) · ν∗v (x) < 0} ,

the approximate weak limit of the restriction of v to H+ is v∨(x), and the approximate weak limit
of the restriction of v to H− is v∧(x).
J∗
v denotes the set of all approximate weak jump points of v. For every x ∈ J∗

v , the associated unit
vector is uniquely determined and is denoted by ν∗v (x).

Remark 2.41. If v ∈ L1(Ω), it can be shown (see [4, Definition 4.30] and the subsequent discussion)
that

Jv ⊆ J∗
v , v∨(x) = max{ve(x), vi(x)}, v∧(x) = min{ve(x), vi(x)},

ν∗v (x) = ±νv(x), for all x ∈ Jv.

We are now in a position to state a fundamental result for functions in TBV (Ω), which charac-
terizes the sets introduced earlier (see [4, Theorem 4.34]).

Lemma 2.42. Let a nonnegative function v ∈ TBV (Ω). Then, they hold

1. S∗
v =

⋃
a→0+
b→∞

ST b
a(v)

and

v∨(x) = lim
a→0+
b→∞

(T b
a(v))

∨(x), v∧(x) = lim
a→0+
b→∞

(T b
a(v))

∧(x).

2. S∗
v is countably HN−1-rectifiable and HN−1(S∗

v \ J∗
v ) = 0.

We end this discussion on TBV -functions by emphasizing that, as in the case of functions of
bounded variation, we introduce the space of TBV -functions with no jump part in the derivative

DTBV (Ω) :=
{
v ∈ TBV (Ω) : HN−1(S∗

v) = 0
}
.

2.3.5 Marcinkiewicz and Lorentz spaces

We turn our attention to Marcinkiewicz spaces and present their principal properties.
Let v : Ω → R be a measurable function. We define the distribution function of v as the function
µv : [0,∞) → [0,∞) given by

µv(s) := |{x ∈ Ω : |v(x)| > s}| .
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Fix 0 < p < ∞. We define the Marcinkiewicz space, also known as the weak Lebesgue space
Lp,∞(Ω), as the set of measurable functions v : Ω → R satisfying the following property:

[v]Lp,∞(Ω) := inf

{
C > 0 : µv(s) ≤

C
sq

}
<∞.

It is worth noting, with some care, that for 1 ≤ q ≤ ∞, this does not induce a true norm on
Lq,∞(Ω). Instead, it defines a quasi-norm.

We now turn to Lorentz spaces, recalling that Marcinkiewicz spaces represent a particular case.
To this end, we define the decreasing rearrangement of a measurable function v : Ω → R as the
function v∗ : (0, |Ω|] → [0,∞) given by

v∗(t) := sup {s > 0 : µv(s) > t} . (2.17)

Fix 1 ≤ p, q ≤ ∞. The Lorentz space Lp,q(Ω) consists of all measurable functions v : Ω → R such
that the following quantity

∥v∥Lp,q(Ω) :=


(∫∞

0 [t1/pv∗(t)]q dt
t

) 1
q 1 < p <∞, 1 < q <∞,

supt>0 t
1
p v∗(t) 1 < p <∞, q = ∞,

is finite; in particular, we emphasize that this quantity defines a norm and that Lp,p(Ω) = Lp(Ω).

We proceed to state several properties of Lorentz spaces, which will prove useful in the following
Chapters.

Proposition 2.43. Let us consider 1 < q < p < s <∞, then it holds

Ls(Ω) ⊂ Lp,1(Ω) ⊂ Lp,q(Ω) ⊂ Lp(Ω) ⊂ Lp,s(Ω) ⊂ Lp,∞(Ω) ⊂ Lq(Ω).

Proposition 2.44. (Hölder inequality for Lorentz spaces) Let 1 ≤ p1, p2 < ∞ and 1 ≤ q1, q2 < ∞
such that 1

p1
+ 1

p2
= 1

q1
+ 1

q2
= 1 and f ∈ Lp1,q1(Ω), g ∈ Lp2,q2(Ω). Then fg ∈ L1(Ω) and there exists

a positive constant C > 0 such that

∥fg∥L1(Ω) ≤ C∥f∥Lp1,q1 (Ω)∥g∥Lp2,q2 (Ω). (2.18)

Theorem 2.45. (Sobolev inequality for Lorentz spaces) There exists a positive constant S̃1 > 0 such
that for every v ∈W 1,1

0 (Ω), it holds

∥v∥
L

N
N−1

,1
(Ω)

≤ S̃1∥∇v∥L1(Ω)N . (2.19)

For further information, the reader is referred to the following references [55, Appendix] and [2].
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2.4 The mean curvature operator and its associated properties

Given v ∈ BV (Ω) it is possible to define the Area type Radon measure associated to v as

√
1 + |Dv|2(U) := sup

{∫
U
φN+1 −

∫
U
v

N∑
i=1

∂φi

∂xi
, φi ∈ C1

c (Ω), |φ| ≤ 1, for all i = 1, . . . , N + 1

}
,

(2.20)
for any open set U ⊆ RN . Let us underline that the notation∫

Ω

√
1 + |Dv|2,

stands for the total variation of the RN+1-valued measure which formally represents
(
LN , Dv

)
. In

fact, if v is a smooth function, then

∣∣(LN ,∇v
)∣∣ (Ω) = ∫

Ω

√
1 + |∇v|2,

which is the area of the graph of v.

Recall that, according to the Lebesgue decomposition Theorem, a Radon measure can be uniquely
expressed as the sum of two mutually singular measures: one that is absolutely continuous with
respect to the Lebesgue measure LN , and another that is singular with respect to LN . In fact, we
can decompose the measure defined in (2.20) as√

1 + |Dv|2 =
√

1 + |Dav|2 LN + |Dsv|, (2.21)

recalling that Dav denotes the absolutely continuous part of Dv with respect to LN , and Dsv

represents the singular part (see [14, Definition 2.1]).

Let us present a classical result concerning the lower semi-continuity of the area functional; for
further details, refer to [14, Fact 3.4].

Lemma 2.46. Let us consider vn, v ∈ BV (Ω) such that vn → v strongly in L1(Ω). Then it holds∫
Ω

√
1 + |Dv|2φ+

∫
∂Ω

|v|φ dHN−1 ≤ lim inf
n→∞

∫
Ω

√
1 + |Dvn|2φ+

∫
∂Ω

|vn|φ dHN−1 , (2.22)

for all 0 ≤ φ ∈ C1(Ω), and we observe that (2.22) holds for φ ≡ 1, and that∫
Ω

√
1 + |Dv|2φ ≤ lim inf

n→∞

∫
Ω

√
1 + |Dvn|2φ for all 0 ≤ φ ∈ C1

c (Ω). (2.23)

We also state the following weak lower semi-continuity property:

Lemma 2.47. Let us consider Φ : R → R a nonnegative bounded continuous function. Consider
the functional J : L1(Ω)× L1(Ω) → (−∞,∞] such that

J(z, v) :=

−
∫
Ω

√
1− |z|2Φ(v) if |z| ≤ 1 LN -a.e. x ∈ Ω,

∞ otherwise.
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Then, the functional J is simultaneously lower semi-continuous with respect to the weak convergence
in L1(Ω) in the first variable and the strong convergence in L1(Ω) in the second variable.

Proof. First we check the lower semi-continuity with respect to the first variable. We fix v ∈ L1(Ω)

and consider the following functional I : L1(Ω) → (−∞,∞] such that

I(w) :=

−
∫
Ω

√
1− |w|2Φ(v) if |w| ≤ 1 LN -a.e. x ∈ Ω,

∞ otherwise,

which is lower semi-continuous with respect to the weak convergence in L1(Ω), as a simple conse-
quence of [38, Corollary 3.9].

Now we take zn, z ∈ L1(Ω) with |zn|, |z| ≤ 1 LN -a.e. x ∈ Ω such that zn ⇀ z weakly in L1(Ω)

and vn ∈ L1(Ω) such that vn → v strongly in L1(Ω), as an application of Lebesgue dominated
convergence Theorem 2.13, we can assert

lim
n→∞

∫
Ω

√
1− |zn|2 (Φ(vn)− Φ(v)) = 0, (2.24)

hence

lim inf
n→∞

−
∫
Ω

√
1− |zn|2Φ(vn) = lim inf

n→∞

∫
Ω

√
1− |zn|2 (Φ(v)− Φ(vn))−

∫
Ω

√
1− |zn|2Φ(v)

(2.24)
≥ −

∫
Ω

√
1− |z|2Φ(v),

where in the last inequality we use the lower semi-continuity of the functional I with respect to the
weakly convergence in L1(Ω); the proof is completed.

We finally present a refined semi-continuity result for area-type functionals. Before doing that,
let us first recall the following definition (for more details see [14, Fact 4.1]).

Definition 2.48. Let us consider g : [0,∞) → [0,∞) a continuous and bounded function and
v ∈ BV (Ω). We define the following measure as follows∫

B
g(v)#

√
1 + |Dv|2 :=

∫
B
g(v)

√
1 + |∇av|2+

∫
B
g̃(v)|Dcv|+

∫
B∩Jv

∫ v+(x)

v−(x)
g(s) dsdHN−1, (2.25)

for all Borel sets B ⊂ Ω.

Remark 2.49. We point out that the well-posedness of the measure defined in (2.25) is ensured by
property (2.10).

Lemma 2.50. Let g : [0,∞) → [0,∞) be a continuous function, 0 ≤ φ ∈ C1(Ω) and let us consider
the functionals N,M : BV (Ω) → R defined by

N(v) :=

∫
Ω
g(v)#

√
1 + |Dv|2φ,

and
M(v) :=

∫
∂Ω

Γ(v)dHN−1 +

∫
Ω
g(v)#

√
1 + |Dv|2,
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where Γ : R → R is such that
Γ(s) :=

∫ s

0
g(σ) dσ. (2.26)

Then, N,M are lower semi-continuous in BV (Ω) with respect to the L1(Ω)-strong convergence.

Proof. We first establish the lower semi-continuity of the functional N with respect to the strong
convergence in L1(Ω).
This result follows by [67, Theorem 1] in fact the function f : Ω× R× RN → [0,∞) defined by

f(x, s, p) := g(s)
√

1 + |p|2φ(x),

satisfies the following conditions:

1. f is continuous and nonnegative,

2. f(x, s, p) is convex in RN for every (x, s) ∈ Ω× R,

3. f(x, s, p) → ∞ as |p| → ∞, for every (x, s) ∈ Ω× R,

4.
∫
Ω′ g(s)

√
1 + |p|2|∇φ| ≤ sup(s,p)∈H g(s)

√
1 + |p|2∥∇φ∥L∞(Ω)|Ω′|, for any open Ω′ ⋐ Ω and H

compact set in R× RN .

In order to prove the lower semi-continuity of M we repeat the argument of [14, Fact 3.4]. We begin
by noting that the lower semi-continuity of M without the boundary term follows as a consequence
of the previous result by choosing φ ≡ 1.
Now we choose B ⊂ RN a ball such that Ω ⊂ B, in particular, in this case f̃ : R× RN → [0,∞) is
defined as follows

f̃(s, p) := g(s)
√
1 + |p|2,

which does not depend on the variable x ∈ Ω, hence it is not necessary to extend the definition of
f̃ over B
At this point, we take h ∈ W 1,1(B) such that h ≡ 0 HN−1-a.e. x ∈ ∂Ω. After, for all v ∈ BV (Ω),
we define

v(x) :=

v(x) if x ∈ Ω,

h(x) if x ∈ B \ Ω,
(2.27)

and for all v ∈ BV (Ω) one has∫
B
g(v)#

√
1 + |Dv|2 =M(v) +

∫
B\Ω

g(h)
√
1 + |Dh|2. (2.28)

As we have already established the weak lower semi-continuity of the functional N with respect to
the strong convergence in L1 we consider un → u strongly in L1(Ω) and we extend un and u outside
Ω as in (2.27). Therefore, un → u strongly in L1(B) and we can apply the result on N to conclude
that

lim inf
n→∞

∫
B
g(un)

#
√

1 + |Dun|2 ≥
∫
B
g(u)#

√
1 + |Du|2.

This inequality along with (2.28) implies the weak lower semi-continuity of M with respect to strong
convergence in L1(Ω).
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2.5 Pairing between measure-divergence vector field and distribu-
tional gradient

2.5.1 Anzelotti-Chen-Frid pairing

We present the theory of the pairing developed by Anzellotti in [13] and further extended by Chen
and Frid in [42].

We introduce the space of vector fields with divergence measure, denoted as DM∞(Ω),

DM∞(Ω) :=
{
z ∈ L∞(Ω)N : div z ∈ M(Ω)

}
,

and its local counterpart

DM∞
loc(Ω) :=

{
z ∈ L∞(Ω)N : div z ∈ Mloc(Ω)

}
.

For every vector field z ∈ DM∞(Ω), there exists a generalized trace on ∂Ω of its normal component.
More precisely, there exists a linear operator [·, ν] : DM∞(Ω) → L∞(∂Ω) such that

∥[z, ν]∥L∞(∂Ω) ≤ ∥z∥L∞(Ω)N . (2.29)

Moreover, if z ∈ C1(Ω)N , then

[z, ν](x) = z(x) · ν(x) for all x ∈ ∂Ω.

In addition, according to [42, Proposition 3.1], the divergence div z is absolutely continuous with
respect to the Hausdorff measure HN−1.

Definition 2.51. Let us take z ∈ DM∞
loc(Ω) and v ∈ BVloc(Ω) such that v∗ ∈ L1

loc(Ω, |div z|). The
distribution (z,Dv) : C∞

c (Ω) → R such that

⟨(z,Dv) , φ⟩ := −
∫
Ω
v∗φ div z −

∫
Ω
vz · ∇φ, (2.30)

is well defined and is referred to as the pairing between a divergence-measure bounded vector field
and a BV -function, or more simply, as Anzellotti’s pairing.

Remark 2.52. We would like to point out that the definition of the pairing was first introduced by
Anzellotti in [13, Definition 1.4], in the case where z ∈ DM∞(Ω) and v ∈ BV (Ω)∩L∞(Ω)∩C0(Ω).
Subsequently, several authors have worked on extending his results; see, for instance, [41, 48].

Moreover, we observe that∣∣∣∣∫
Ω
(z,Dv)φ

∣∣∣∣ ≤ ∥φ∥L∞(A)∥z∥L∞(A)N

∫
A
|Dv|, (2.31)
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for every open set A ⋐ Ω and every test function φ ∈ C1
c (A). This estimate allows us to conclude

that the pairing (z,Dv) is absolutely continuous with respect to the total variation measure |Dv|.

In what follows, we shall denote by θ(z,Dv, x) the Radon–Nikodým derivative of (z,Dv) with
respect to |Dv|. In short, we write

(z,Dv) = θ(z,Dv, x) |Dv|. (2.32)

We now present an important property concerning the function introduced above (see [13, Propo-
sition 2.8], [91, Proposition 2.7] and [48, Proposition 4.5 (iii)]).

Lemma 2.53. Let us consider z ∈ DM∞
loc(Ω), v ∈ BVloc(Ω) ∩ L∞

loc(Ω) and Φ : R → R a nonde-
creasing locally Lipschitz function. Then,

θ (z,DΦ(v), x) = θ (z,Dv, x) for |DΦ(v)|-a.e. x ∈ Ω. (2.33)

Remark 2.54. The preceding Lemma was stated because the following consequence will be used in
the subsequent proofs. If it holds

(z,Dv) = |Dv| as measures in Ω,

then, it yields
(z,DΦ(v)) = |DΦ(v)| as measures in Ω.

We recall the following property, which extends the Leibniz rule to our setting (see [13, Theorem
1.5] and [42, Theorem 3.2]).

Lemma 2.55. Let z ∈ DM∞
loc(Ω) and v ∈ BVloc(Ω) ∩ L∞

loc(Ω). Then, it holds

(z,Dv) = div(vz)− v∗ div z as measures in Ω. (2.34)

moreover, vz ∈ DM∞
loc(Ω).

At this stage, we recall the Gauss–Green formula in this generalized setting (see [13, Theorem
1.9] and [41, Theorem 5.3, Lemma 5.4]).

Theorem 2.56. Let us take z ∈ DM∞(Ω) and v ∈ BV (Ω) ∩ L∞(Ω). Then, they hold∫
Ω
(z,Dv) +

∫
Ω
v∗ div z =

∫
∂Ω
v[z, ν] dHN−1, (2.35)

and
[vz, ν] = v[z, ν] for HN−1-a.e. x ∈ ∂Ω. (2.36)

Remark 2.57. In the more general case, namely when z ∈ DM∞
loc(Ω) and v ∈ BV (Ω) ∩ L∞(Ω),

we can only establish the following inequality (see [59, Proposition 2.7])

|[vz, ν]| ≤ |v ∂Ω| ∥z∥L∞(Ω)N HN−1-a.e. on ∂Ω. (2.37)
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Let us also present the following technical result (fore more details see [48, Theorem 3.3 (i)]).

Lemma 2.58. Let us consider z ∈ DM∞
loc(Ω) and v ∈ BV (Ω) ∩ L∞

loc(Ω). Then it holds

(z,Dv)a = z ·Dav.

We state the following property (see [98, Proposition 2.3] and [72, Lemma 2.6]).

Lemma 2.59. Let consider z ∈ DM∞(Ω) and u, v ∈ DBV (Ω) ∩ L∞(Ω). Then,

(uz,Dv) = u(z,Dv) as measures in Ω, (2.38)

and
(z,D(uv)) = u(z,Dv) + v(z,Du) = (uz,Dv) + (vz,Du) as measures in Ω. (2.39)

We now state a property of the pairing that will be useful in several forthcoming proofs.

Lemma 2.60. Let z ∈ DM∞(Ω) and let v ∈ BV (Ω) such that Djv = 0 which satisfy

(z,DTk(v)) = |DTk(v)| as measures in Ω, for every k > 0.

Moreover, let us consider g : R → R a bounded, increasing and Lipschitz function. Then

(z,Dg(u)) = |Dg(u)| as measures in Ω.

We also recall a useful result, namely that one can define the normal trace [z, νΣ]
± of a vector

field z ∈ DM∞
loc(Ω) on an oriented C1 hypersurface Σ ⊂ Ω by setting

[z, νΣ]
± := [z, νΩ± ], (2.40)

where Ω± ⋐ Ω are open sets with C1 boundaries such that Σ ⊂ ∂Ω± and the outer unit normal
νΩ± coincides with ±νΣ. It can be shown that the definition in (2.40) is independent of the specific
choice of Ω±, except possibly on a set of HN−1-measure zero.
Moreover, according to [3, Proposition 3.4], the following identity holds:

div z Σ =
(
[z, νΣ]

+ − [z, νΣ]
−)HN−1 Σ. (2.41)

Through localization arguments, this definition can be naturally extended to oriented, countably
HN−1-rectifiable sets Σ, allowing the generalization of (2.41) as expressed in the following result
(see [72, Lemma 2.4] and [48, Corollary 3.2]).

Lemma 2.61. Let z ∈ DM∞
loc(Ω) and let Σ ⊂ Ω be an oriented, countably HN−1-rectifiable set.

Then
div z Σ =

(
[z, νΣ]

+ − [z, νΣ]
−)HN−1 Σ. (2.42)

As a consequence of Theorem 2.56, we obtain the following identity (see [72, Lemma 2.5] and
[48, Corollary 3.2]).
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Lemma 2.62. Let v ∈ BVloc(Ω) ∩ L∞
loc(Ω) and z ∈ DM∞

loc(Ω). Then

[vz, νv]
± = v±[z, νv] HN−1-a.e. on Jv. (2.43)

Now we give an important property of the space DTBV (Ω). The next result is proven, for
α = 1, in [72, Lemma 5.3] and in [20, Lemma 2.11].

Lemma 2.63. Let 0 ≤ v ∈ DTBV (Ω) ∩ L∞(Ω) and z ∈ DM∞(Ω). Then zχ{v>a}, zχ{a<v<b} ∈
DM∞(Ω) for almost every 0 < a < b <∞ and(

z,D(T b
a(v))

α
)
=
(
zχ{a<v<b}, D(T b

a(v))
α
)

for a.e. 0 < a < b ≤ ∞ and for all α > 0. (2.44)

Proof. We begin by proving the case b = ∞.
Let us define T a(v) := (T∞

a (v))α − aα. Since D (T∞
a (v))α = DT a(v), and noting that χ{v>a} ∈

BV (Ω) ∩ L∞(Ω) for almost every a > 0, we obtain the following chain of equalities:

(
zχ{v>a}, D(T∞

a (v))α
)
=
(
zχ{v>a}, DT a(v)

)
(2.34)
= div

(
T a(v)zχ{v>a}

)
− T a(v) div(zχ{v>a})

= div
(
T a(v)z

)
− T a(v) div(zχ{v>a})

(2.34)
= div

(
T a(v)z

)
− T a(v) div z − T a(v)(z,Dχ{v>a})

= div
(
T a(v)z

)
− T a(v) div z

(2.34)
= (z,D(T∞

a (v))α) as measures in Ω.

In the last step, we have also used the fact that (z,Dχ{v>a}) ≪ |Dχ{v>a}|, and that T a(v) = 0

|Dχ{v>a}|-a.e. in Ω, due to the assumption HN−1(S∗
v) = 0. We now proceed to prove the general

case 0 < a < b <∞.
We observe that

T b
a(s) = T∞

a (Tb(s)) = Tb(T
∞
a (s)) fol all s ≥ 0. (2.45)

Hence, we get (
zχ{a<v<b}, DT

b
a(v)

) (2.45)
=
(
zχ{v>a}χ{v<b}, DTb (T

∞
a (v))

)
=
(
zχ{v<b}, DT (v)

)
as measures in Ω,

where z = zχ{v>a} and T (v) = Tb(T
∞
a (v))− b.

At this point observing that T (v) = T (v)χ{v<b}, repeating the same arguments of the previous step,
we have(

zχ{a<v<b}, DT
b
a(v)

) (2.39)
=

(
z,DT (v)

)
− T (v)

(
z,Dχ{v<b}

)
=
(
z,DT (v)

)
as measures in Ω,

in the last equality, we used the fact that
(
z,Dχ{v<b}

)
is absolutely continuous with respect to∣∣Dχ{v<b}

∣∣, and that T (v) = 0 for
∣∣Dχ{v<b}

∣∣-a.e., recalling that HN−1(S∗
v) = 0. As a consequence,
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we can affirm(
zχ{a<v<b}, DT

b
a(v)

)
=
(
zχ{v>a}, DT

∞
a (Tb(v))

) (2.45)
=

(
z,DT b

a(v)
)

as measures in Ω.

Thus, the proof is completed.

At this point in the Section, we establish the following result, which refines [107, Lemma 2.4].
It is a regularity statement for a vector field z ∈ DM∞

loc(Ω) (see [18, Lemma 2.8]).

Lemma 2.64. Let us consider 0 ≤ f̃ ∈ L1
loc(Ω), µ ∈ M(Ω) a measure absolutely continuous with

respect to HN−1 and let us take z ∈ DM∞
loc(Ω) such that

− div z + µ = f̃ as measures in Ω. (2.46)

Then, it has
div z ∈ M(Ω). (2.47)

Proof. We begin by proving the extension of the test function space associated with (2.46) to
W 1,1(Ω).

Let v ∈ W 1,1
0 (Ω) ∩ C0(Ω) ∩ L∞(Ω) be a nonnegative function. Consider a sequence φn ∈ C1

c (Ω) of
nonnegative functions such that φn → v strongly in W 1,1

0 (Ω). Using φn as a test function in (2.46),
we derive the identity ∫

Ω
z · ∇φn +

∫
Ω
φnµ =

∫
Ω
f̃φn.

Our goal is to pass to the limit in this equation as n→ ∞.
Regarding the first term on the right hand side, the convergence follows directly from the bound-
edness of z in L∞(Ω)N and the strong convergence of φn to v in W 1,1

0 (Ω).
As for the second term, we can pass to the limit by applying the Lebesgue Theorem 2.13. Indeed,
φn → v µ-a.e., owing to the fact that µ ∈ M(Ω) is absolutely continuous with respect to HN−1,
and the strong convergence in W 1,1

0 (Ω) implies pointwise convergence up to a subsequence.
On the right hand side, applying Fatou Lemma 2.10 yields the inequality∫

Ω
f̃v ≤

∫
Ω
z · ∇v +

∫
Ω
vµ. (2.48)

Let us consider a function ṽ ∈ W 1,1(Ω) ∩ C0(Ω) ∩ L∞(Ω). According to a result due to Gagliardo
(see [13, Lemma 5.5]), one can construct a sequence wn ∈W 1,1(Ω)∩C0(Ω)∩L∞(Ω) satisfying the
following properties:

wn = ṽ on ∂Ω,

∥wn∥L∞(Ω) ≤ ∥ṽ∥L∞(∂Ω), (2.49)∫
Ω
|∇wn| ≤

∫
∂Ω
ṽ dHN−1 +

1

n
,

and
wn → 0 a.e. in Ω.

Francesco Balducci 43



2.5. Pairing between measure-divergence vector field and distributional gradient

Using the function |ṽ−wn|, which belongs to W 1,1
0 (Ω)∩C0(Ω)∩L∞(Ω), as a test function in (2.48),

we obtain the following relation∫
Ω
f̃ |ṽ − wn| ≤

∫
Ω
z · ∇|ṽ − wn|+

∫
Ω
|ṽ − wn|µ

(2.49)
≤ ∥z∥L∞(Ω)N

(∫
Ω
|∇ṽ|+

∫
Ω
|∇wn|

)
+ 2|µ|(Ω)∥ṽ∥L∞(Ω)

(2.49)
≤ ∥z∥L∞(Ω)N

(∫
Ω
|∇ṽ|+

∫
∂Ω
ṽ dHN−1 +

1

n

)
+ 2|µ|(Ω)∥ṽ∥L∞(Ω).

Letting n→ ∞, and applying Fatou Lemma 2.10, we obtain the following result.∫
Ω
f̃ ṽ ≤ ∥z∥L∞(Ω)N

(∫
Ω
|∇ṽ|+

∫
∂Ω
ṽ dHN−1

)
+ 2|µ|(Ω)∥ṽ∥L∞(Ω). (2.50)

By setting ṽ ≡ 1 in (2.50), it follows that f̃ ∈ L1(Ω). Consequently, this leads to the conclusion in
(2.47).

Remark 2.65. An immediate implication of Lemma 2.64 is that the class of admissible test func-
tions for equation (2.46) can be extend to include BV (Ω) ∩ L∞(Ω) (for more details see [90]).
This extension can be justified by a standard density argument, yielding the validity of the following
identity∫

Ω
(z,Dv)−

∫
∂Ω
v[z, ν] dHN−1 +

∫
Ω
v∗µ =

∫
Ω
f̃v for all v ∈ BV (Ω) ∩ L∞(Ω). (2.51)

We conclude this Section by presenting the following notion of pairing measures, as introduced
in [98]. Let z ∈ DM∞

loc(Ω), and let β : R → R be a locally Lipschitz continuous function. Suppose
that v ∈ BV (Ω) satisfies β(v) ∈ BVloc(Ω) ∩ L∞

loc(Ω). We then define the distribution(
z,Dβ(v)#

)
: C∞

c (Ω) → R

by the formula

⟨
(
z,Dβ(v)#

)
, φ⟩ := −

∫
Ω
β(v)#φ div z −

∫
Ω
β(v)z · ∇φ. (2.52)

This pairing defines a Radon measure, as shown for instance in [98, Lemma 2.5], and it is absolutely
continuous with respect to HN−1. Moreover, the following estimate holds:∣∣∣∣∫

U
(z,Dβ(v)#)

∣∣∣∣ ≤ ∫
U
|(z,Dβ(v)#)| ≤ ∥z∥L∞(A)N

∫
U
|Dβ(v)|, (2.53)

for every Borel set U and for any open set A such that U ⊂ A ⋐ Ω. We emphasize that in this
general context, the following property holds

(z,Dβ(v)#)a = z ·Daβ(v). (2.54)

We now state a regularity result for vector fields z ∈ DM∞
loc(Ω).
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Lemma 2.66. Let α and β be two locally Lipschitz increasing functions on R. Let z ∈ DM∞
loc(Ω)

such that ∥z∥L∞(Ω)N ≤ 1, w,α(w) ∈ BVloc(Ω), β(w) ∈ BVloc(Ω) ∩ L∞
loc(Ω), and λ ∈ L1

loc(Ω).
Moreover assume that

− div z + |Dα(w)| ≤ λ in D′(Ω), (2.55)

and (
z,Dβ(w)#

)
= |Dβ(w)| as measures in Ω. (2.56)

Then Djw = 0.

Proof. Given that β(w) ∈ BVloc(Ω), Remark 2.29 ensures that the set Sβ(w) is (locally) count-
ably HN−1-rectifiable. Consequently, there exist countable regular hypersurfaces ξi such that
HN−1

(
Sβ(w) \

⋃∞
i=1 ξi

)
= 0.

Due to the monotonicity of β, the conclusion follows once we establish that |Dβ(w)|(ξi) = 0 for
every i ∈ N.

Therefore, by applying Lemma 2.62, it follows that

(z,Dβ(w)#)

(2.34)
= −β(w)# div z + div(β(w)z)

(2.41)
= [z, ν]+(β(w)+ − β(w)#) + [z, ν]−(β(w)# − β(w)−)

≤ |β(w)+ − β(w)−| on ξi,

(2.57)

with equality holding if and only if [z, ν]+ = [z, ν]− = sgn (β(w)+ − β(w)−) HN−1-a.e. on ξi.
At this point, we note that

|Dβ(w)| = |β(w)+ − β(w)−| on ξi,

combining this with (2.56), we obtain equality in (2.57), thus leading to

[z, ν]+ = [z, ν]− = sgn(β(w)+ − β(w)−) on ξi. (2.58)

Noting that α(w) and β(w) exhibit the same jump set, we combine (2.55), (2.41) and (2.58) to
conclude that

|α(w)+ − α(w)−| = |Dα(w)| = 0 on ξi,

which allows us to assert that
|Dα(w)| = 0 on ξi,

moreover, since α is strictly monotone, this yields that Djw = 0.

2.5.2 Pairing with unbounded vector field

To achieve our goal, it is necessary to present the concept of pairing in the setting of an unbounded
vector field z. To this end, we follow the generalization of this tool introduced in [44]; in our specific
case, we will adapt the notions already seen to the following vector fields

DMp(Ω) :=
{
z ∈ Lp(Ω)N : div z ∈ M(Ω)

}
, for 1 ≤ p <∞.
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Let us begin by providing the concept of λ-representative of a Borel function. Given v ∈ B(Ω) and
λ ∈ B(Ω; [0, 1]), we define the λ-representative vλ : Ω → R as follows

vλ(x) :=



(1− λ(x))v∧(x) + λ(x)v∨(x) if x ∈ Ω \ Zv,

∞ if x ∈ Zv and λ(x) > 1
2 ,

0 if x ∈ Zv and λ(x) = 1
2 ,

−∞ if x ∈ Zv and λ(x) < 1
2 ,

where Zv := {x ∈ Ω : v∨(x) = ∞ and v∧(x) = −∞} and v∧, v∨ are the function introduced in
Definition 2.38. In particular, when λ ≡ 1 and λ ≡ 0, we have v1 := v∨ and v0 := v∧. Moreover, if
v ∈ L1(Ω) then Zv ⊆ Sv \ Jv and if v ∈ L∞(Ω), then Zv = ∅, which implies that, whatever λ is,

vλ(x) = v(x) for LN -a.e. x ∈ Ω,

because |S∗
v | = 0.

In the case v ∈ BV (Ω), we obtain HN−1(Zv) ≤ HN−1(Sv \ Jv) = 0, as stated in subsection 2.3.3.
As a consequence, if λ(x) = 1

2 on Jv, then vλ(x) = v∗(x) for every x ∈ Ω \ (Sv \ Jv) (for more
details, we refer to [44, p.11]).
Given z ∈ DM1(Ω) and λ ∈ B(Ω; [0, 1]), let us consider the following set

X z,λ(Ω) :=
{
v ∈ B(Ω) : vλ ∈ L1(Ω, |z|) ∩ L1(Ω, |div z|)

}
,

we underline that X z,λ(Ω) is not a vector space since the λ-representative of the sum is not the sum
of λ-representatives ( see [44, Remark 7.5]).
We provide the definition of pairing in this generalized context, as given in [44, Definition 3.1].

Definition 2.67. Let z ∈ DM1(Ω). If λ ∈ B(Ω; [0, 1]) and v ∈ X z,λ(Ω), then the distribution
(z,Dv)λ : C∞

c (Ω) → R

⟨(z,Dv)λ , φ⟩ := −
∫
Ω
vλφ div z −

∫
Ω
vz · ∇φ,

is well defined. (We stress that vλ = v for LN -almost all x ∈ Ω, so that we may write just v in the
second integral.)

It is important to emphasize that for a function v ∈ X z,λ(Ω), the derivative Dv is not, in general,
a Radon measure, but it is always well-defined as a distribution of order 1.

Remark 2.68. In the particular case where v ∈ W 1,1(Ω) ∩ L∞(Ω), we will have (for more details
see [44, Proposition 3.15 (i)])

(z,Dv)λ = z · ∇vLN .

Drawing an analogy with the classical theory of functions of bounded variation, we present a
version of BV -type classes defined in terms of the variation induced by this generalized λ-pairing
(see [44, Definition 3.3]).
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Definition 2.69. Let us give z ∈ DM1(Ω) and λ ∈ B(Ω; [0, 1]), we define the set

BV z,λ(Ω) :=
{
v ∈ X z,λ(Ω) : (z,Dv)λ ∈ M(Ω)

}
.

Also, BV z,λ(Ω) is not a vector space; for further details, we refer to [44, Remark 3.4].
To extend Lemma 2.55 to this new context, we present the following result (see [44, Proposition
3.5]).

Lemma 2.70. Let z ∈ DM1(Ω) and let λ ∈ B(Ω; [0, 1]). Then v ∈ BV z,λ(Ω) if and only if
v ∈ X z,λ(Ω) and div (vz) ∈ M(Ω). Moreover, we get

(z,Dv)λ = −vλ div z + div (vz) as measures in Ω. (2.59)

The next result is a special case of the previous ones. It is worth stating here, since we will use
it in what follows (see [44, Proposition 3.19]).

Proposition 2.71. Let us take z ∈ DM1(Ω) such that |div z| ≪ LN . Then X z,λ(Ω) does not
depend on λ. In other words, for every λ ∈ B(Ω; [0, 1]), it holds

X z,λ(Ω) = X z(Ω) =
{
v ∈ B(Ω) : v ∈ L1(Ω, |z|) ∩ L1(Ω, |div z|)

}
,

and if v ∈ X z(Ω), then the distribution (z,Dv) : C∞
c (Ω) → R given by

⟨(z,Dv) , φ⟩ := −
∫
Ω
vφ div z −

∫
Ω
vz · ∇φ, (2.60)

is well defined. Moreover, it follows

BV z,λ(Ω) = BV z(Ω) = {v ∈ X z(Ω) : (z,Dv) ∈ M(Ω)} ,

and, for every v ∈ BV z(Ω), we have

(z,Dv)λ = (z,Dv) = −v div z + div (vz) as measures in Ω. (2.61)

We recall that when z ∈ DM∞(Ω), λ ∈ B(Ω; [0, 1]), and v ∈ BV z,λ(Ω)∩L∞(Ω), the generalized
pairing (z,Dv)λ satisfies the following property:

|(z,Dv)λ| ≪ HN−1,

as stated in [44, Proposition 3.14(ii)].
However, this property cannot be extended to the more general context. Indeed, in [44,

Proposition 3.15(ii)], the authors demonstrate that if z ∈ DMp(Ω) with p ≥ N
N−1 and v ∈

BV z,λ(Ω) ∩ L∞(Ω), then

|(z,Dv)λ|(B) = 0 for all sets B ⊂ Ω which are σ-finite with respect to HN− p
p−1 .

Conversely, if 1 ≤ p < N
N−1 , then it cannot generally be shown that the λ-pairing is absolutely

continuous with respect to any measure of the type Hα, α > 0, because the singularities of div z
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can be arbitrary (for further details, see [44, Remark 3.17]).
This property has an important consequence concerning the notion of the trace of a vector

field z ∈ DMp(Ω), with 1 ≤ p < N
N−1 , which a priori can only be a distribution. As can be

seen in [44, p.15], given ω ⋐ Ω with a regular boundary (for such sets, χω ∈ BV z,λ(Ω), for every
λ ∈ B(Ω; [0, 1]); for more details, see [44, Section 7]), we can generalize the concepts of the interior
and exterior traces, respectively, as follows:

(z,Dχω)0 and (z,Dχω)1.

But since (z,Dχω)0 and (z,Dχω)1 are not, in general, absolutely continuous with respect to
any measure, and in particular not with respect to HN−1, we cannot repeat the same arguments as
in [49, Proposition 4.7], where the authors prove that if z ∈ DM∞(Ω), then [z, νω]

+ and [z, νω]
−

are, respectively, the densities of the measures (z,Dχω)0 and (z,Dχω)1 with respect to the measure
|Dχω|.
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Chapter 3

Existence and regularity of solutions for
nonlinear elliptic equations involving
competing gradient, singular and
L1-terms

3.1 Introduction to the problem

This Chapter propose to investigate the following boundary value problem:
−∆pu+ g(u)|∇u|p = h(u)f in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω,

(3.1)

where 1 ≤ p < N . Here, Ω ⊂ RN for N ≥ 2, is an open and bounded domain with a Lipschitz
boundary. The operator ∆pu is the standard p-Laplacian. Furthermore, g is a positive and contin-
uous function defined on [0,∞) (possibly blow-up at the origin), while h is a continuous function
on [0,∞) which is allowed to blow-up at the origin, but it remains bounded at infinity. Especially,
this framework covers the analysis of continuous, bounded, and non-monotone functions for both g
and h. Finally, f is a nonnegative function which belongs to a suitable Lebesgue space.

Our primary objective is to establish the existence of finite energy solutions to the problem (3.1),
specifically, this means looking for solutions u ∈W 1,p

0 (Ω) when p > 1 and u ∈ BV (Ω) when p = 1.
In the first part of this Chapter, we always consider a function g that is bounded near the origin.
We are particularly interested in exploring the interplay between the first-order absorption term

involving g and the zero-order, possibly singular nonlinearity h, all in the presence of a merely
integrable datum f . A key focus will be the regularizing effect, in terms of Sobolev regularity,
provided by the lower-order terms on the solutions of this kind of problems. In particular, we will
describe the conditions on the data g, h, and f necessary to obtain nontribyl solutions in BV (Ω).

It is essential to stress that obtaining such a result is not possible when dealing with merely
integrable data if g ≡ 0, as proven in [89]. In that case, the existence of solutions is hypothesized
only for more regular data, and even then, often requires a suitable smallness condition on the norm
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([58, 59]), a constraint that is not imposed here.
The standard methodology for resolving 1-Laplace type problems, like the one under consid-

eration, involves an approximation scheme using p-Laplace problems where p > 1. Our method
will follow this approach; however, we emphasize that the case p > 1 is new and significant innde-
pendently. Consequently, Section 3.2 is devoted to establishing, as a preparatory but fully general
theory, the existence and weak regularity of solutions for problems like the one posed.

The latter part of this Chapter is dedicated to the scenario where the function g exhibits a
blow-up near the origin and 0 ≤ f ∈ LN (Ω).

Our focus will be to investigate the interplay between the first-order, possibly singular absorption
term involving g and the zero-order, possibly singular nonlinearity h, specifically in presence of a
data term f ∈ LN (Ω). A crucial aspect of this investigation is the "competition" or "game" between
the respective explosion rates of g and h at the origin.

The problem, as represented by (3.1), has been previously addressed for the Laplacian operator
(i.e., p = 2) in [16], where g(s) ∼ s−θ with θ > 0 near 0 and h ≡ 1. The condition for the existence
of finite energy solutions was established as θ < 2. Subsequently, this result was generalized to the
p-Laplacian case under the restriction θ < p, as demonstrated in [122].

Our specific aim is to generalize the existence condition on θ, when g(s) ∼ s−θ near the origin,
by introducing a singular zero-order term h(s) ∼ s−γ with γ > 0 on the right hand side, all within
the challenging context of the 1-Laplacian operator.

We derive some conditions for θ and γ which significantly generalize those found in the prior
literature [16, 122]. Specifically, we require 0 ≤ θ < 1 to ensure the integrability of the function
g near the origin and require the constraint θ + γ ≤ 1. Crucially, our methodology achieves the
existence of a finite energy solution u ∈ BV (Ω) without any smallness assumption on the norm
∥f∥LN (Ω). (For further details regarding the analytical significance of these hypotheses, we refer the
reader to Remark 3.28).

The structure of the Chapter is as follows:

• Section 3.2: We investigate the Dirichlet problem where the principal operator is the p-
Laplacian with p > 1. This study is of independent interest and provides the groundwork for
the main analysis.

• Section 3.3: This is the core Section, where the limit case p = 1 with a bounded g near 0 is
rigorously investigated.

• Section 3.4: We provide further insights on how the results can be extended in various di-
rections, including the case of nonnegative data and the scenario where the nonlinearity g

potentially blows-up at infinity.

• Section 3.5: We analyze the scenario where the function g blows up near the origin and
0 < f ∈ LN (Ω).

• Section 3.6: We establish the existence result for the case of a nonnegative f .

The results developed throughout this Chapter are all based on [19, 38].
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3.2 The framework of Leray-Lions operators in the case p > 1

As previously noted, this Section is devoted, not as a preliminary step, to establishing the existence
theory and basic regularity properties of solutions to problems of the form (3.1), where the principal
part is given by Leray–Lions type nonlinear operators.

We examine the following boundary value problem:
− div(a(x, u,∇u)) + g(u)|∇u|p = h(u)f in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω,

(3.2)

where Ω ⊂ RN is a bounded open domain (no additional regularity assumptions on ∂Ω are required),
and the function a : Ω×R×RN → RN is a Carathéodory map fulfilling the standard Leray–Lions
conditions (1.21)-(1.23).

The function g : [0,∞) → [0,∞) is assumed to be continuous and satisfies the lower bound

lim inf
s→∞

g(s) > 0. (3.3)

In addition, the function h : [0,∞) → [0,∞] is continuous with h(0) > 0 and has singular behavior
near the origin:

∃ 0 ≤ γ ≤ 1, c1, s1 > 0 such that h(s) ≤ c1
sγ

for all s ≤ s1, (3.4)

together with the boundedness condition

h ∈ Cb([δ,∞)) for every δ > 0. (3.5)

We establish the following quantities, which will also be instrumental in the forthcoming proofs

hk(∞) := sup
s∈[k,∞)

h(s) <∞,

we highlight that this quantity defined is finite as a consequence of (3.5).
We emphasize that the classical model with constant coefficients, i.e., g ≡ h ≡ 1, is included in this
framework. Indeed, the choice γ = 0 is admissible, and the function g is not required to vanish at
zero.

Regarding the data, we assume that f ∈ L1(Ω) and that it is nonnegative.

We now define the concept of a distributional solution for the problem (3.2).

Definition 3.1. Let us fix 1 < p < N , then a nonnegative u ∈W 1,p
0 (Ω) is a distributional solution

to (3.2) if a(x, u,∇u) ∈ L1
loc(Ω)

N , g(u)|∇u|p, h(u)f ∈ L1
loc(Ω) and if the following condition holds∫

Ω
a(x, u,∇u) · ∇φ+

∫
Ω
g(u)|∇u|pφ =

∫
Ω
h(u)fφ, for all φ ∈ C1

c (Ω). (3.6)

Remark 3.2. It is important to highlight that each term involved in the weak formulation given in
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Definition 3.1 is properly defined. In particular, due to the fact that the Carathéodory function a

fulfills conditions (1.21)–(1.23), we have a(x, u,∇u) ∈ L
p

p−1 (Ω)N , since u ∈W 1,p
0 (Ω).

We are now in a position to present the principal result of this Section.

Theorem 3.3. Let a satisfy (1.21)-(1.23) with 1 < p < N . Let g satisfy (3.3) and let h satisfy
(3.4) and (3.5). Finally let f ∈ L1(Ω) be nonnegative. Then there exists a solution u to (3.2) in the
sense of Definition 3.1 such that g(u)|∇u|p ∈ L1(Ω).

Remark 3.4. We emphasize that the assumptions (1.21)-(1.23) on the function a correspond to
the classical conditions defining a Leray–Lions type operator. The assumption (3.3) on the behavior
of g at infinity is required in order to derive estimates in W 1,p

0 (Ω) (see Lemma 3.6). Finally, the
assumptions (3.4) and (3.5) on the function h are necessary to ensure that the solution belongs
globally to W 1,p

0 (Ω) (see Section 3.1 for more details).

3.2.1 Approach by approximation

To establish Theorem 3.3, we adopt an approximation approach. Specifically, we demonstrate the
existence of a nonnegative solution to the following problem.− div(a(x, un,∇un)) + gn(un)|∇un|p = hn(un)fn in Ω,

un = 0 on ∂Ω,
(3.7)

where

gn(s) :=

min{n, g(0)} if s ≤ 0,

Tn(g(s)) if s > 0,

fn := Tn(f) and hn := Tn(h) with n ∈ N \ {0}.

The argument follows a classical approach, and we provide only a brief outline here for com-
pleteness.

Lemma 3.5. Let a satisfy (1.21)-(1.23) with 1 < p < N , then there exists a nonnegative un ∈
W 1,p

0 (Ω) ∩ L∞(Ω) which satisfies∫
Ω
a(x, un,∇un) · ∇φ+

∫
Ω
gn(un)|∇un|pφ =

∫
Ω
hn(un)fnφ, for all φ ∈W 1,p

0 (Ω) ∩ L∞(Ω). (3.8)

Proof. Proving the existence of a solution to problem (3.7) is a straightforward application of [35,
Theorem 1]. It is easy to verify that the Carathéodory function a satisfies the assumptions required
by the cited Theorem.
Moreover, we define the function H : Ω× R× RN → R by

H(x, s, ξ) := gn(s)|ξ|p − hn(|s|)fn,

which satisfies the growth condition

|H(x, s, ξ)| ≤ n|ξ|p + n2 for all (x, s, ξ) ∈ Ω× R× RN .
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Therefore, applying the theorem, it yields the existence of a function un ∈W 1,p
0 (Ω) ∩ L∞(Ω).

To conclude, we demonstrate that un is nonnegative. To this end, consider the test function φ =

−u−n e−tun ∈ W 1,p
0 (Ω) ∩ L∞(Ω), where t > 0 will be specified later. Thanks to this choice into the

weak formulation leads to

−
∫
Ω
a(x, un,∇un) · ∇u−n e−tun +

∫
Ω
t a(x, un,∇un) · ∇un u−n e−tun

−
∫
Ω
gn(un)|∇un|pu−n e−tun = −

∫
Ω
hn(|un|)fnu−n e−tun ≤ 0.

Invoking assumption (1.21), we infer

α

∫
Ω
|∇u−n |pe−tun +

∫
Ω
|∇un|pu−n e−tun(αt− gn(un)) ≤ 0.

Therefore, by selecting t > n
α , we guarantee that both integrals are nonnegative, which forces u−n = 0

almost everywhere in Ω. In other words, un ≥ 0 a.e. in Ω, completing the proof.

3.2.2 Foundational estimates for existence analysis

This Section is devoted to gathering all the necessary estimates that allow us to establish the
existence of a limit function u arising from the sequence un solution to the problem (3.7).

Lemma 3.6. Let a satisfy (1.21)-(1.23) with 1 < p < N , let un be a nonnegative solution to problem
(3.7). Then un is bounded in W 1,p

0 (Ω) with respect to n. Moreover gn(un)|∇un|p is bounded in L1(Ω)

and, for every open ω ⋐ Ω, hn(un)fn is bounded in L1(ω) with respect to n.

Proof. We begin by establishing that the sequence un is uniformly bounded in the space W 1,p
0 (Ω).

Let us begin by noting that, as a consequence of condition (3.3), one can find a constant k > 0 such
that g(s) ≥ η > 0 for every s ≥ k, with η being a fixed positive constant.
We then select the truncation Tk(un) ∈W 1,p

0 (Ω)∩L∞(Ω) as a test function in (3.8), which enables
us to derive the following estimate:∫

Ω
a(x, un,∇un) · ∇Tk(un) +

∫
Ω
gn(un)|∇un|pTk(un) =

∫
Ω
hn(un)fnTk(un),

which implies that∫
{un≤k}

a(x, un,∇un) · ∇un +

∫
{un≤k}

gn(un)|∇un|pun + k

∫
{un>k}

gn(un)|∇un|p

≤
∫
{un≤s1}

hn(un)fnun + k

∫
{un>s1}

hn(un)fn.

Without loss of generality, we may assume that n ≥ η; then, taking into account that gn(un) > η

on the set {un > k}, and by assumptions (1.21) and (3.4), we obtain the following estimate

α

∫
{un≤k}

|∇un|p + kη

∫
{un>k}

|∇un|p ≤ c1

∫
{un≤s1}

u1−γ
n fn + k hs1(∞)

∫
{un>s1}

fn.
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From the previous it follows

min{α, kη}
∫
Ω
|∇un|p ≤

(
c1s

1−γ
1 + k hs1(∞)

)
∥f∥L1(Ω), (3.9)

namely un is bounded in W 1,p
0 (Ω) with respect to n since γ ≤ 1.

We now turn our attention to proving that gn(un)|∇un|p is uniformly bounded in L1(Ω) with
respect to n ∈ N. We choose T1(un) ∈W 1,p

0 (Ω) ∩ L∞(Ω) as a test function in (3.8), obtaining∫
Ω
a(x, un,∇un) · ∇T1(un) +

∫
Ω
gn(un)|∇un|pT1(un) =

∫
Ω
hn(un)fnT1(un),

which, by invoking (1.21) and (3.4), results in∫
{un>1}

gn(un)|∇un|p ≤ c1

∫
{un≤s1}

u1−γ
n fn + hs1(∞)

∫
{un>s1}

fn

≤
(
c1s

1−γ
1 + hs1(∞)

)
∥f∥L1(Ω).

(3.10)

Moreover one can observe that

∫
{un≤1}

gn(un)|∇un|p ≤ max
s∈[0,1]

g(s)

∫
Ω
|∇un|p

(3.9)
≤ max

s∈[0,1]
g(s)

(
c1s

1−γ
1 + k hs1(∞)

)
∥f∥L1(Ω)

min{α, kη}
. (3.11)

It then derives from (3.10) and (3.11) that gn(un)|∇un|p is uniformly bounded in L1(Ω) with respect
to n.

We finally show that h(un)f is uniformly bounded with respect to n ∈ N in L1(ω) for every
ω ⋐ Ω.

Let us consider 0 ≤ φ ∈ C1
c (Ω) such that φ ≡ 1 in ω as a test function in (3.8), obtaining∫

ω
hn(un)fn ≤

∫
Ω
hn(un)fnφ =

∫
Ω
a(x, un,∇un) · ∇φ+

∫
Ω
gn(un)|∇un|pφ.

Thanks to Hölder inequality (2.6), we have∫
Ω
gn(un)|∇un|pφ ≤ ∥φ∥L∞(Ω)

∫
Ω
gn(un)|∇un|p ≤ C,

where C > 0 is independent of n, due to the estimate established in the previous step.
Again applying Hölder inequality (2.6), we get∫

Ω
a(x, un,∇un) · ∇φ ≤ ∥|∇φ|∥Lp(Ω)∥|a(x, un,∇un)|∥

L
p

p−1 (Ω)
≤ C,

recalling that the sequence |a(x, un,∇un)| is uniformly bounded in norm ∥ · ∥
L

p
p−1 (Ω)

with respect

to n due to (1.22) and (3.9).
This allows us to conclude that the sequence hn(un)fn is uniformly bounded in L1(ω) with respect
to n, which completes the proof.
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The proofs for the following Lemmas utilize the function

φρ(s) := seρs
2

(ρ > 0)

which is characterized by the property:

ηφ′
ρ(s)− µ|φρ(s)| ≥

η

2
, for all s ∈ R, η, µ > 0, ρ ≥ µ2

4η2
. (3.12)

The following lemma establishes the existence of a limiting function for the sequence un as
n→ ∞, and demonstrates that each truncation of un converges strongly in W 1,p

0 (Ω).

Lemma 3.7. Let the function a satisfy assumptions (1.21)–(1.23) with 1 < p < N , and let un
denote a nonnegative solution to the approximate problem (3.7). Then, up to a subsequence, there
exists a nonnegative function u ∈W 1,p

0 (Ω) such that un → u almost everywhere in Ω as n→ ∞.
Furthermore, for every k > 0, the truncations Tk(un) converge strongly to Tk(u) in W 1,p

0 (Ω) up to
subsequence.
In addition, it holds that g(u)|∇u|p ∈ L1(Ω) and h(u)f ∈ L1

loc(Ω).

Proof. The existence of a nonnegative limit function u can be derived by a standard compactness
argument, namely Theorem 2.21, provided that Lemma 3.6 holds. Moreover, the same Lemma
ensures that the sequence hn(un)fn is uniformly bounded in L1(ω) for every compact subset ω ⋐ Ω.
Consequently, by applying Fatou Lemma 2.10 as n→ ∞, one obtains that h(u)f ∈ L1

loc(Ω).

We now aim to prove that Tk(un) → Tk(u) strongly in W 1,p
0 (Ω), as n tends to infinity, for every

k > 0. To this end, we shall apply [35, Lemma 5]. Therefore, it suffices to show that

lim
n→∞

∫
Ω

(
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u))

)
· (∇Tk(un)−∇Tk(u)) = 0. (3.13)

To show this convergence, we re-adapt a classical idea of [23].

We proceed by employing φρ(wn,k) ∈W 1,p
0 (Ω)∩L∞(Ω) as a test function in the weak formulation

(3.8), where φρ denotes the function introduced previously, satisfying condition (3.12). The quantity
wn,k is defined as

wn,k := Tk(un)− Tk(u).

Substituting into the formulation leads to:∫
Ω
a(x, un,∇un) · ∇wn,kφ

′
ρ(wn,k) +

∫
Ω
gn(un)|∇un|pφρ(wn,k) =

∫
Ω
hn(un)fnφρ(wn,k). (3.14)

We begin by analyzing the first integral on the left hand side of the previous equation. To this
end, we split the domain of integration into the sets {un ≤ k} and {un > k}, which yields∫

{un≤k}
a(x, un,∇un) · ∇wn,kφ

′
ρ(wn,k)−

∫
{un>k}

a(x, un,∇un) · ∇Tk(u)φ′
ρ(wn,k)

(1.22)
≥
∫
Ω
a(x, Tk(un),∇Tk(un)) · ∇wn,kφ

′
ρ(wn,k)

−β
∫
{un>k}

(
b(x) + |un|p−1 + |∇un|p−1

)
|∇Tk(u)||φ′

ρ(wn,k)| ,
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where in the previous step we used that ∇Tk(un) ≡ 0 on {un > k}.
Putting the preceding inequality into equation (3.14), we obtain∫

Ω
a(x, Tk(un),∇Tk(un)) · ∇wn,kφ

′
ρ(wn,k) +

∫
Ω
gn(un)|∇un|pφρ(wn,k)

≤
∫
Ω
hn(un)fnφρ(wn,k) + β

∫
{un>k}

(
b(x) + |un|p−1 + |∇un|p−1

)
|∇Tk(u)||φ′

ρ(wn,k)|.

Since |∇Tk(u)|χ{un>k} converges strongly to zero in Lp(Ω) as n→ ∞, and the quantity
β
(
b(x) + |un|p−1 + |∇un|p−1

)
is bounded in L

p
p−1 (Ω) due to the uniform boundedness of un in

W 1,p
0 (Ω), while |φ′

ρ(wn,k)| → 0 strongly in Lp(Ω) as n → ∞, thanks to the strong convergence of
Tk(un) to Tk(u) in Lp(Ω) for any fixed k > 0, it follows that the last term on the right hand side of
the previous inequality vanishes as n→ ∞.
As a consequence, ∫

Ω
a(x, Tk(un),∇Tk(un)) · ∇wn,kφ

′
ρ(wn,k)

≤ −
∫
Ω
gn(un)|∇un|pφρ(wn,k) +

∫
Ω
hn(un)fnφρ(wn,k) + on,

(3.15)

where on is a quantity that tends to 0 as n→ ∞.
We now note that the first term on the right hand side of (3.15) satisfies the following estimate

−
∫
Ω
gn(un)|∇un|pφρ(wn,k) = −

∫
{un≤k}

gn(un)|∇un|pφρ(wn,k)−
∫
{un>k}

gn(un)|∇un|pφρ(wn,k)

≤−
∫
{un≤k}

gn(un)|∇un|pφρ(wn,k)

≤
∫
{un≤k}

gn(un)|∇un|p|φρ(wn,k)|,

since φρ(wn,k) ≥ 0 on {un > k}. Moreover, it can be inferred that

−
∫
Ω
gn(un)|∇un|pφρ(wn,k) ≤

∫
{un≤k}

gn(un)|∇un|p|φρ(wn,k)|

(1.21)
≤

maxs∈[0,k] g(s)

α

∫
Ω
a(x, Tk(un),∇Tk(un)) · ∇Tk(un)|φρ(wn,k)| .

Since the sequence a(x, Tk(un),∇Tk(un)) is bounded in L
p

p−1 (Ω)N , and ∇Tk(u)|φρ(wn,k)| converges
strongly to zero in Lp(Ω)N as n→ ∞, it follows that

lim
n→∞

∫
Ω
a(x, Tk(un),∇Tk(un)) · ∇Tk(u)|φρ(wn,k)| = 0.

As a consequence, one obtains

−
∫
Ω
gn(un)|∇un|pφρ(wn,k)

≤
maxs∈[0,k] g(s)

α

∫
Ω
a(x, Tk(un),∇Tk(un)) · ∇(Tk(un)− Tk(u))|φρ(wn,k)|+ on,

(3.16)
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where, we recall that on → 0 as n→ ∞.
Putting (3.16) into (3.15), one derives∫

Ω
a(x, Tk(un),∇Tk(un)) · ∇(Tk(un)− Tk(u))φ

′
ρ(wn,k)

≤
maxs∈[0,k] g(s)

α

∫
Ω
a(x, Tk(un),∇Tk(un)) · ∇(Tk(un)− Tk(u))|φρ(wn,k)|

+

∫
Ω
hn(un)fnφρ(wn,k) + on.

This, by applying (3.12) with η = 1, µ =
maxs∈[0,k] g(s)

α and ρ =
(
maxs∈[0,k] g(s)

2α

)2
, leads to

∫
Ω
a(x, Tk(un),∇Tk(un)) · ∇(Tk(un)− Tk(u)) ≤ 2

∫
Ω
hn(un)fnφρ(wn,k) + on. (3.17)

We point out that it follows from (1.22) and from the weak convergence of un in W 1,p
0 (Ω) then, it

holds
lim
n→∞

∫
Ω
a(x, Tk(un),∇Tk(u)) · ∇(Tk(un)− Tk(u)) = 0.

Then, by subtracting this quantity from both sides of (3.17), one infers that∫
Ω
(a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u))) · ∇(Tk(un)− Tk(u))

≤ 2

∫
Ω
hn(un)fnφρ(wn,k) + on.

At this stage, in order to prove (3.13), it remains to show that the integral on the right hand side
of the previous inequality tends to zero, as n→ ∞, for every fixed k > 0.
The analysis is carried out by distinguishing the following cases.
In the case where h(0) <∞, the passage to the limit is justified by the convergence of fn in L1(Ω),
together with the ∗-weak convergence of φρ(wn,k) to zero in L∞(Ω).

We now address the second case, namely when h(0) = ∞. Let us fix 0 < δ < s1. Then, one obtains∫
Ω
hn(un)fnφρ(wn,k) ≤ c1

∫
{un≤δ}

fn
uγn
φρ(wn,k) + hδ(∞)

∫
{un>δ}

fnφρ(wn,k). (3.18)

The second term on the right hand side of (3.18) tends to 0 as n → ∞, given that fn converges in
L1(Ω), while φρ(wn,k) converges ∗-weakly to 0 in L∞(Ω) as n→ ∞.
For the first term in (3.18), one proceeds by reasoning as follows

c1

∫
{un≤δ}

fn
uγn
φρ(wn,k) ≤ c1

∫
{un≤δ}

δ1−γf eρw
2
n,k .

By applying Lebesgue Theorem 2.13, since γ ≤ 1, we can conclude that (here we may assume δ ≤ 1)

lim
n→∞

c1

∫
{un≤δ}

δ1−γf eρw
2
n,k = c1

∫
{u≤δ}

δ1−γf ≤ c1

∫
{u≤δ}

f.

It has already been established that h(u)f ∈ L1
loc(Ω). This implies that {u = 0} ⊆ {f = 0}, up to
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a set of Lebesgue measure zero, which leads to

lim
δ→0+

∫
{u≤δ}

f =

∫
{u=0}

f = 0.

This enables us to deduce (3.13) for all k > 0. Consequently, it is sufficient to apply [35, Lemma
5], which leads to the conclusion that

Tk(un) → Tk(u) strongly in W 1,p
0 (Ω), for every k > 0.

This also implies that ∇un converges almost everywhere in Ω to ∇u as n → ∞. Furthermore,
since Lemma 3.7 ensures that gn(un)|∇un|p is bounded in L1(Ω) with respect to n, applying Fatou
Lemma 2.10 as n→ ∞ yields that g(u)|∇u|p ∈ L1(Ω).
This completes the proof.

Remark 3.8. An important consequence of the previous Lemma is that a(x, un,∇un) strongly
converges to a(x, u,∇u) in L

p
p−1 (Ω)N . To establish this, it suffices to apply Vitali Theorem 2.12.

Indeed, one easily observes that a(x, un,∇un) → a(x, u,∇u) a.e. in Ω, since the a.e. of ∇un →
∇u follows from the strong convergence of Tk(un) → Tk(u) in W 1,p

0 (Ω). Moreover, the sequence
a(x, un,∇un) is bounded in the norm of L

p
p−1 (Ω)N , due to (1.22) and the uniform bound of the

sequence un in the ∥ · ∥
W 1,p

0 (Ω)
-norm with respect to n, as stated in Lemma 3.6.

As a result, using Hölder inequality (2.6), one concludes that the sequence a(x, un,∇un) is equi-
integrable.

3.2.3 Existence result for p > 1: detailed proof

At this stage, we are in a position to establish the principal existence result of this Section, namely
Theorem 3.3.

Proof of Theorem 3.3. Consider the sequence un of solutions to problem (3.7), whose existence is
ensured by Lemma 3.5. In addition, Lemma 3.7 ensures the existence of a nonnegative function
u ∈W 1,p

0 (Ω) such that, up to a subsequence, un converges almost everywhere in Ω to u as n→ ∞.
The same Lemma further establishes that g(u)|∇u|p ∈ L1(Ω) and h(u)f ∈ L1

loc(Ω).

To complete the proof, it remains to verify that u satisfies (3.6); that is, it must be shown that
the limit as n→ ∞ can be taken in the weak formulation∫

Ω
a(x, un,∇un) · ∇φ+

∫
Ω
gn(un)|∇un|pφ =

∫
Ω
hn(un)fnφ for all φ ∈ C1

c (Ω). (3.19)

We begin by taking the limit of the first integral on the left hand side of equality (3.19); this is a
straightforward application of Remark 3.8, where we have shown that a(x, un,∇un) → a(x, u,∇u)
strongly in L

p
p−1 (Ω)N .

For the second term on the left hand side of (3.19), we apply Vitali Theorem 2.12. It is easy to
observe, thanks to Lemma 3.7, that gn(un)|∇un|p → g(u)|∇u|p almost everywhere in Ω. It remains
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only to show the equi-integrability.
Let us use Sη,k(un) ∈W 1,p

0 (Ω) ∩ L∞(Ω) with k, η > 0 as a test function in (3.8) results in∫
Ω
a(x, un,∇un) · ∇unS′

η,k(un) +

∫
Ω
gn(un)|∇un|pSη,k(un) =

∫
Ω
hn(un)fnSη,k(un),

Eliminating the first integral on the left hand side as it is nonnegative due to (1.21), we obtain∫
Ω
gn(un)|∇un|pSη,k(un) ≤ hk(∞)

∫
{un>k}

f.

By letting η → 0+ and applying Fatou Lemma 2.10, we derive∫
{un>k}

gn(un)|∇un|p ≤ hk(∞)

∫
{un>k}

f.

Having verified the assumptions of Vitali Theorem 2.12, we apply it and conclude that

gn(un)|∇un|p → g(u)|∇u|p strongly converges in L1(Ω) as n→ ∞. (3.20)

The argument is completed by passing to the limit in the right hand side of (3.19) for any
test function φ ∈ C1

c (Ω) with φ ≥ 0, since the case of a test function with arbitrary sign follows
analogously.
In the case h(0) < ∞, this convergence is immediate as a consequence of Lebesgue Theorem 2.13.
Therefore, we may assume without loss of generality that h(0) = ∞.

We fix a value δ > 0 such that δ does not belong to the set {η : |u = η| > 0}, and proceed by
splitting the integral on the right hand side as follow∫

Ω
hn(un)fnφ =

∫
{un≤δ}

hn(un)fnφ+

∫
{un>δ}

hn(un)fnφ. (3.21)

Firstly, we show that

lim
δ→0+

lim sup
n→∞

∫
{un≤δ}

hn(un)fnφ = 0. (3.22)

We select Vδ(un)φ ∈ W 1,p
0 (Ω) ∩ L∞(Ω), where 0 ≤ φ ∈ C1

c (Ω), as a test function in (3.8), from
which we infer∫

Ω
a(x, un,∇un) · ∇ (Vδ(un)φ) +

∫
Ω
gn(un)|∇un|pVδ(un)φ =

∫
Ω
hn(un)fnVδ(un)φ.

Consequently, dropping the nonpositive term, we have∫
{un≤δ}

hn(un)fnφ ≤
∫
Ω
hn(un)fnVδ(un)φ ≤

∫
Ω
a(x, un,∇un)·∇φVδ(un)+

∫
Ω
gn(un)|∇un|pVδ(un)φ.

We are now in a position to take the lim sup as n→ ∞ in the previous inequality. For the first
term on the right hand side, this follows from Remark 3.8 combined with the bound Vδ ≤ 1. For
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the second term, one refers to (3.20), established in the preceding step. Hence, it follows that

lim sup
n→∞

∫
{un≤δ}

hn(un)fnφ ≤
∫
Ω
a(x, u,∇u) · ∇φVδ(u) +

∫
Ω
g(u)|∇u|pVδ(u)φ. (3.23)

We now let δ → 0+ in (3.23), and due to Lebesgue Theorem 2.13, we conclude that

lim
δ→0+

lim sup
n→∞

∫
{un≤δ}

hn(un)fnφ ≤
∫
{u=0}

a(x, u,∇u) · ∇φ+

∫
{u=0}

g(u)|∇u|pφ = 0,

since u ∈W 1,p
0 (Ω) and a(x, 0, 0) = 0 for all x ∈ Ω (recall ∇u = 0 a.e. on {u = 0}).

We now turn our attention to the second term on the right hand side of (3.21). To pass to the
limit, we wish to use Lebesgue Theorem 2.13. Therefore, we observe the following estimate

hn(un)fnφχ{un>δ} ≤ hδ(∞)fφ ∈ L1(Ω).

Since hn(un)fnφχ{un>δ} → h(u)fφχ{u>δ} almost everywhere, which is a straightforward conse-
quence of the continuity of h and the strong convergence of un → u in Lp(Ω) as shown in Lemma
3.7, we can pass to the limit in n, obtaining

lim
n→∞

∫
{un>δ}

hn(un)fnφ =

∫
{u>δ}

h(u)fφ,

given that |{u = δ}| = 0.
Moreover, as h(u)f ∈ L1

loc(Ω), one can take δ → 0+

lim
δ→0+

lim
n→∞

∫
{un>δ}

hn(un)fnφ =

∫
{u>0}

h(u)fφ =

∫
Ω
h(u)fφ, (3.24)

where the final equality arises from the inclusion {u = 0} ⊂ {f = 0} up to a set of zero Lebesgue
measure, due to the local integrability of h(u)f .

Finally, note that (3.22) and (3.24) enable us to take the limit as n→ ∞ and δ → 0+ in (3.21),
thereby concluding the proof.

Remark 3.9. In Theorem 3.3, we proved the existence of a distributional solution u ∈W 1,p
0 (Ω) sat-

isfying g(u)|∇u|p ∈ L1(Ω). Within this framework, it is worth emphasizing that the set of admissible
test functions in (3.6) can be extended to the space W 1,p

0 (Ω) ∩ L∞(Ω).

To proceed, let us fix any function 0 ≤ v ∈ W 1,p
0 (Ω) ∩ L∞(Ω). Then, there exists a sequence

φn ∈ C1
c (Ω) such that φn → v strongly in W 1,p

0 (Ω) as n → ∞. Moreover, let ρη be a standard
mollifier. For sufficiently small η > 0, we define ψn,η := ρη ∗ min{v, φn}, which clearly belongs
to C1

c (Ω). Therefore, ψn,η is an admissible test function for problem (3.2), and we are justified in
employing it. ∫

Ω
a(x, u,∇u) · ∇ψn,η +

∫
Ω
g(u)|∇u|pψn,η =

∫
Ω
h(u)fψn,η. (3.25)

Let us recall that ψn,η → ψn := min{φn, v} strongly in W 1,p(Ω) and ∗-weakly in L∞(Ω) as η → 0+.
Given that a(x, u,∇u) ∈ L

p
p−1 (Ω)N , g(u)|∇u|p ∈ L1(Ω), and h(u)f ∈ L1

loc(Ω), then we pass to the
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limit as η → 0+ in (3.25), yielding:∫
Ω
a(x, u,∇u) · ∇ψn +

∫
Ω
g(u)|∇u|pψn =

∫
Ω
h(u)fψn. (3.26)

Observe that ψn → v strongly in W 1,p(Ω) and ∗-weakly in L∞(Ω) as n → ∞. Therefore, we
pass to the limit as n→ ∞ in the first two terms of (3.26).
For the right hand side of (3.26), we proceed as follows. First, we note that an application of Fatou
Lemma 2.10 with respect to the index n yields∫

Ω
h(u)fv ≤ lim inf

n→∞

∫
Ω
h(u)fψn =

∫
Ω
a(x, u,∇u) · ∇v +

∫
Ω
g(u)|∇u|pv,

whose right hand side is finite. Since h(u)fv ∈ L1(Ω), we may then apply Lebesgue Theorem 2.13
to conclude that

lim
n→∞

∫
Ω
h(u)fψn =

∫
Ω
h(u)fv.

Thus, the desired result holds. The case of a test function v with arbitrary sign can be treated in a
standard manner, and we have shown that the solution u to problem (3.2), established in Theorem
3.3, satisfies the extended formulation.∫

Ω
a(x, u,∇u) · ∇v +

∫
Ω
g(u)|∇u|pv =

∫
Ω
h(u)fv for all v ∈W 1,p

0 (Ω) ∩ L∞(Ω).

3.3 Setting and existence result for the limit case p = 1

In this Section, we focus on the limiting case p = 1. Specifically, our goal is to establish the existence
of nonnegative solutions to the following Dirichlet boundary value problem−∆1u+ g(u)|Du| = h(u)f in Ω,

u = 0 on ∂Ω,
(3.27)

where, Ω ⊂ RN , N ≥ 2 is a bounded domain with Lipschitz boundary, the datum 0 < f ∈ L1(Ω),
and the function g : [0,∞) → [0,∞) is positive, bounded, and continuous, satisfying condition (3.3).
The function h : [0,∞) → [0,∞] is continuous and may exhibit singular behavior, with h(0) ̸= 0; it
remains finite away from the origin and fulfills assumptions (3.4) and (3.5).

We now clarify the intended notion of solution to problem (3.27).

Definition 3.10. Let 0 < f ∈ L1(Ω). A nonnegative u ∈ BV (Ω) is a solution of problem (3.27) if
Dju = 0, g(u) ∈ L1

loc(Ω, |Du|) and h(u)f ∈ L1
loc(Ω) and if there exists a vector field z ∈ DM∞

loc(Ω),
with ∥z∥L∞(Ω)N ≤ 1 satisfying

− div z + g(u)|Du| = h(u)f in D′(Ω), (3.28)

(z,DTk(u)) = |DTk(u)| as measures in Ω for any k > 0, (3.29)

and
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u(x) = 0 for HN−1-a.e. x ∈ ∂Ω. (3.30)

Remark 3.11. We briefly comment on Definition 3.10. Equation (3.29) expresses, in a weak sense,
the role played by the vector field z as the singular quotient Du

|Du| . Consequently, both (3.28) and
(3.29) explain the weak formulation of the first term appearing in (3.27).

In addition, the boundary condition is expressed by (3.30), which is linked to the presence of
the function g. It is well known that, in the case g ≡ 0, solutions to Dirichlet problems involving
the 1-Laplacian generally do not satisfy the boundary condition in the classical pointwise sense. In
such settings, a weaker formulation involving the normal trace [z, ν] is typically employed (see, for
instance, [5, 12, 58]).

We conclude by explicitly noting that if h(0) = ∞, the local integrability of h(u)f in L1
loc(Ω)

implies that {u = 0} ⊂ {f = 0}. Therefore, in this setting, since f > 0, it necessarily follows that
u > 0.

We introduce the following function, which will play a central role in the subsequent analysis

Γp(s) :=

∫ s

0
g

1
p (σ) dσ.

In addition, we denote Γ(s) := Γ1(s). It is worth explicitly noting that, due to the boundedness of
g, the function Γ(s) is Lipschitz continuous and meets the requirements of Theorem 2.31. A brief
discussion of the scenario in which g may be unbounded at infinity is presented in Section 3.4.2.

We are now in a position to present the principal result of this Section.

Theorem 3.12. Let g be positive, bounded and satisfying (3.3) and let h satisfy (3.4) and (3.5).
Finally let 0 < f ∈ L1(Ω).
Then there exists a solution to problem (3.27) in the sense of Definition 3.10. Moreover, g(u) ∈
L1(Ω, |Du|) and z ∈ DM∞(Ω).

Remark 3.13. We wish to emphasize the importance of the assumptions imposed on the function
g. In particular, the boundedness and strict positivity of g are crucial in order to guarantee that
its primitive is a Lipschitz continuous function, which in turn allows us to apply the chain rule.
The condition on the positivity of g at infinity (3.3) is instead required to obtain suitable a priori
estimates necessary for establishing the existence of a solution u (see (3.36)).

As for the assumptions (3.4) and (3.5) on the function h, they are essential to ensure that
the solution u belongs globally to BV (Ω), and they are consistent with the existence theory on the
regularity of solutions to equations involving the 1-Laplacian operator (see Chapter 1 for further
details).

With similar arguments to those in [98, Remark 3.4], it leads to the following result.

Proposition 3.14. Let u be a solution of the problem (3.27) in the sense of Definition 3.10, then

− div(ze−Γ(u)) = h(u)fe−Γ(u) in D′(Ω). (3.31)
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Proof. Since z ∈ DM∞(Ω) and identity (3.29) holds, we are allowed to apply to Lemma 2.60,
thereby obtaining

θ
(
z,D(1− e−Γ(u)), x

)
= 1 |D(1− e−Γ(u))|-a.e. in Ω,

where, we recall that θ
(
z,D(1− e−Γ(u)), x

)
is the Radon–Nikodým derivative of

(
z,D(1− e−Γ(u))

)
with respect to |D(1− e−Γ(u))|, as defined in (2.32).

Therefore

(z,D(1− e−Γ(u))) = |D(1− e−Γ(u))| as Radon measures in Ω. (3.32)

Observing that the jump part Dju vanishes, we deduce that

− div
(
e−Γ(u)z

)
=div((1− e−Γ(u))z)− div z

(2.34)
=
(
z,D(1− e−Γ(u))

)
+
(
1− e−Γ(u)

)
div z − div z

(3.32)
= |D(1− e−Γ(u))| − e−Γ(u) div z

(2.13),(3.28)
= e−Γ(u)g(u)|Du| − e−Γ(u) (−h(u)f + g(u)|Du|)

=e−Γ(u)h(u)f,

i.e. it obtains (3.31).

3.3.1 Approximation procedure and derivation of a limit solution

The proof of Theorem 3.12 will be developed by means of a sequence of auxiliary lemmas. To this
end, we begin by introducing the following approximation framework:−∆pup + g(up)|∇up|p = h(up)f in Ω,

up = 0 on ∂Ω.
(3.33)

The existence of a function up ∈ W 1,p
0 (Ω), interpreted in the sense of Definition 3.1, has been

established in Theorem 3.3. It is worth emphasizing that, as we are considering the solution con-
structed therein, Remark 3.9 applies namely, the admissible class of test functions may be extended
to W 1,p

0 (Ω) ∩ L∞(Ω).

We begin by deriving uniform estimates for up as p > 1 approaches 1+. For clarity and without
loss of generality, throughout this Section the expression uniformly bounded with respect to p will
be understood as the existence of a constant p0 > 1 such that the bounds hold for all p ∈ (1, p0].

Lemma 3.15. Let g be positive, bounded and satisfying (3.3), let h satisfy (3.4) and (3.5) and let
0 < f ∈ L1(Ω). Let up be the solution to (3.33) obtained in Theorem 3.3. Then up and Γp(up)

are uniformly bounded with respect to p in BV (Ω). Moreover there exists u ∈ BV (Ω) such that up
converges to u (up to a subsequence) in Lq(Ω) for every 1 ≤ q < N

N−1 and ∇up converges to Du

∗-weakly as measures. Finally, Γ(u) ∈ BV (Ω) and h(u)f ∈ L1
loc(Ω).

Proof. We begin by establishing a uniform estimate for the functions up in the ∥ · ∥BV (Ω) norm, for
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all p ∈ (1, p0].
We recall that, as condition (3.3) holds, there exists a constant k > 0 such that g(s) ≥ η > 0

for all s ∈ [k,∞), for some positive constant η.
Accordingly, we employ Tk(up) ∈ W 1,p

0 (Ω) ∩ L∞(Ω) as a test function in the weak formulation
of problem (3.33) (see also Remark 3.9), leading to:∫

Ω
|∇up|p−2∇up · ∇Tk(up) +

∫
Ω
g(up)|∇up|pTk(up) =

∫
Ω
h(up)fTk(up). (3.34)

For the first integral on the left hand side of (3.34), we observe that∫
Ω
|∇up|p−2∇up · ∇Tk(up) =

∫
{up≤k}

|∇up|p. (3.35)

In the second integral on the left hand side of (3.34), thanks to the choice of k > 0, we can assert
that

kη

∫
{up>k}

|∇up|p ≤
∫
Ω
g(up)|∇up|pTk(up), (3.36)

where we drop the nonnegative integral on the set {up ≤ k}.
For the right hand side of (3.34), using the properties (3.4) and (3.5) of the function h, we obtain∫

Ω
h(up)fTk(up)

(2.6)
≤
(
c1s

1−γ
1 + hs1(∞)k

)
∥f∥L1(Ω). (3.37)

Putting together (3.35), (3.36) and (3.37), it yields

min{1, kη}
∫
Ω
|∇up|p ≤

(
c1s

1−γ
1 + hs1(∞)k

)
∥f∥L1(Ω). (3.38)

As a consequence of (3.38), combined with the use of Young inequality (2.5), we deduce that∫
Ω
|∇up| ≤

1

p

∫
Ω
|∇up|p +

p− 1

p
|Ω| ≤ 1

min{1, kη}

(
c1s

1−γ
1 + hs1(∞)k

)
∥f∥L1(Ω) + |Ω|,

which implies that the sequence up is uniformly bounded in BV (Ω) with respect to p, as the right
hand side of the previous estimate does not depend on p, and each up vanishes on the boundary
∂Ω.

Consequently, by virtue of Theorem 2.25, there exists a function u ∈ BV (Ω) such that, up to
subsequence, up converges strongly in Lq(Ω) for every 1 ≤ q < N

N−1 , almost everywhere in Ω, and
∇up converges to Du in the sense of measures, ∗-weakly, as p→ 1+.

In order to establish that Γp(up) is uniformly bounded in BV (Ω), it is enough to follow analogous
arguments as those used in (3.10) and (3.11), from which we deduce∫

Ω
g(up)|∇up|p ≤ C, (3.39)
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where C > 0 denotes a constant not depending on p, and applying Young inequality (2.5), we obtain∫
Ω
|∇Γp(up)| =

∫
Ω
g(up)

1
p |∇up| ≤

1

p

∫
Ω
g(up)|∇up|p +

p− 1

p
|Ω| ≤ C + |Ω|; (3.40)

note, in particular, that by invoking the weak lower semi-continuity property in (2.9), it follows
that Γ(u) ∈ BV (Ω).

We now turn our attention to proving the local integrability of h(u)f . To this end, we select a
nonnegative test function φ ∈ C1

c (Ω) in the weak formulation of (3.33), which leads to∫
Ω
h(up)fφ =

∫
Ω
|∇up|p−2∇up · ∇φ+

∫
Ω
g(up)|∇up|pφ

(2.5)
≤ p− 1

p

∫
Ω
|∇up|p +

1

p

∫
Ω
|∇φ|p +

∫
Ω
g(up)|∇up|pφ.

(3.41)

Since the right hand side of (3.41) is bounded uniformly in p, due to (3.38) and (3.39), it follows
that h(up)f is locally bounded in L1(Ω) with respect to p.

Finally, due to Fatou Lemma 2.10 as p→ 1+, we deduce that h(u)f ∈ L1
loc(Ω). This completes

the proof.

The following Lemma establishes the existence of a vector field z that arises as the weak limit
of |∇up|p−2∇up as p→ 1+.

Lemma 3.16. Let g be positive, bounded and satisfying (3.3), let h satisfy (3.4) and (3.5) and let
0 < f ∈ L1(Ω). Moreover, let u be the function found in Lemma 3.15. Then there exists a vector
field z ∈ DM∞

loc(Ω) with ∥z∥L∞(Ω)N ≤ 1, such that

ze−Γ(u) ∈ DM∞(Ω), (3.42)

− div
(
ze−Γ(u)

)
= h(u)fe−Γ(u) in D′(Ω), (3.43)

and
− div z + |DΓ(u)| ≤ h(u)f in D′(Ω). (3.44)

Proof. We begin by establishing the existence of a vector field z ∈ L∞(Ω)N . Let up denote the
solution to (3.33) provided by Theorem 3.3. Then, as a consequence of estimate (3.38) and an
application of Hölder inequality (2.6), one obtains that for any 1 ≤ q < p

p−1 , the following holds:

∫
Ω

∣∣|∇up|p−2∇up
∣∣q = ∫

Ω
|∇up|q(p−1) ≤

(∫
Ω
|∇up|p

) q(p−1)
p

|Ω|1−
q(p−1)

p ≤ C
q(p−1)

p |Ω|1−
q(p−1)

p . (3.45)

Consequently, the sequence |∇up|p−2∇up is uniformly bounded in Lq(Ω)N with respect to p, and
therefore, for every q <∞, there exists zq ∈ Lq(Ω)N such that |∇up|p−2∇up ⇀ zq weakly in Lq(Ω)N

as p → 1+. Moreover, by the lower semi-continuity property in (3.45) with respect to p, it follows
that

∥z∥Lq(Ω)N ≤ |Ω|
1
q , ∀q <∞,

and hence, taking the limit as q → ∞, we deduce that z ∈ L∞(Ω)N with ∥z∥L∞(Ω)N ≤ 1.
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We now proceed to verify identity (3.43). To this end, we employ the test function e−Γ(up)φ ∈
W 1,p

0 (Ω) ∩ L∞(Ω) in the weak formulation of (3.33), where 0 ≤ φ ∈ C1
c (Ω). This leads to∫

Ω
|∇up|p−2∇up · ∇φe−Γ(up) =

∫
Ω
h(up)fe

−Γ(up)φ.

It is permissible to pass to the limit on the left hand side of the previous identity, as e−Γ(up)|∇up|p−2∇up
converges weakly to e−Γ(u)z in Lq(Ω)N for every 1 ≤ q <∞ as p→ 1+. This yields

lim
p→1+

∫
Ω
|∇up|p−2∇up · ∇φe−Γ(up) =

∫
Ω
z · ∇φ e−Γ(u).

Regarding the right hand side, we distinguish two scenarios: if the function h is finite at zero, then
the limit passage is immediate. Therefore, without loss of generality, we may restrict to the case
h(0) = ∞. We begin by splitting the integral as follows:∫

Ω
h(up)fe

−Γ(up)φ =

∫
{up≤δ}

h(up)fe
−Γ(up)φ+

∫
{up>δ}

h(up)fe
−Γ(up)φ, (3.46)

where δ ̸∈ {η : |{u = η}| > 0} which is at most a countable set.
We begin by observing that, for the first term on the right hand side of (3.46), we consider the

test function Vδ(up)e−Γ(up)φ ∈ W 1,p
0 (Ω) ∩ L∞(Ω), with 0 ≤ φ ∈ C1

c (Ω), in the weak formulation of
(3.33). This yields∫

Ω
|∇up|pV ′

δ (up)e
−Γ(up)φ−

∫
Ω
g(up)|∇up|pVδ(up)e−Γ(up)

+

∫
Ω
|∇up|p−2∇up · ∇φVδ(up)e−Γ(up) +

∫
Ω
g(up)|∇up|pVδ(up)e−Γ(up)φ =

∫
Ω
h(up)fVδ(up)e

−Γ(up)φ,

dropping the nonpositive term, it implies∫
{up≤δ}

h(up)fe
−Γ(up)φ ≤

∫
Ω
h(up)fVδ(up)e

−Γ(up)φ ≤
∫
Ω
|∇up|p−2∇up · ∇φVδ(up)e−Γ(up).

An application of Lebesgue Theorem 2.13 allows us to justify the passage to the limit, yielding

lim
δ→0+

lim sup
p→1+

∫
{up≤δ}

h(up)fe
−Γ(up)φ ≤

∫
{u=0}

z · ∇φe−Γ(u) u>0
= 0, (3.47)

because, it is worth noting that, as a consequence of Lemma 3.15, the function h(u)f belongs
to L1

loc(Ω). In view of the fact that h(0) = ∞ and f > 0, we deduce that u > 0 almost everywhere
in Ω.
Now we analyze the second integral of (3.46). Furthermore, since

χ{up>δ}h(up)fe
−Γ(up)φ ≤ hδ(∞)fφ ∈ L1(Ω),

and
χ{u>δ}h(u)fe

−Γ(u)φ ≤ h(u)fφ ∈ L1(Ω),
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an application of Lebesgue Theorem 2.13, performed twice, allows us to conclude that

lim
δ→0+

lim
p→1+

∫
{up>δ}

h(up)fe
−Γ(up)φ = lim

δ→0+

∫
{u>δ}

h(u)fe−Γ(u)φ
u>0
=

∫
Ω
h(u)fe−Γ(u)φ. (3.48)

Combining (3.48) with (3.47), we derive that

lim
p→1+

∫
Ω
h(up)fe

−Γ(up)φ =

∫
Ω
h(u)fe−Γ(u)φ, (3.49)

which proves (3.43).

Since h(u)fe−Γ(u) ≥ 0, it follows from Lemma 2.64 with σ = 0, that ze−Γ(u) ∈ DM∞(Ω); that
is, (3.42) holds.

We conclude by establishing (3.44) taking limit as p → 1+ in (3.6) with 0 ≤ φ ∈ C1
c (Ω).

Recalling (3.40), we observe that, up to a subsequence, Γp(up) converges almost everywhere to Γ(u)

as p→ 1+, and ∫
Ω
|DΓ(u)|φ ≤ lim inf

p→1+

∫
Ω
|∇Γp(up)|pφ ≤ C,

by invoking the weak lower semi-continuity (2.8) (and once more employing Young inequality (2.5)
as previously done in (3.40)). It is worth noting that the constant C is independent of p, in view of
(3.38).

The argument for the right hand side of (3.6) follows analogously to that employed in the proof
of (3.49). In particular, for δ ≤ 1, one obtains that

lim
δ→0+

lim sup
p→1+

∫
{up≤δ}

h(up)fφ ≤ lim
δ→0+

lim sup
p→1+

1

e−Γ(1)

∫
{up≤δ}

h(up)fe
−Γ(up)φ = 0.

This, in turn, allows to the passage to the limit as p→ 1+ in (3.6),∫
Ω
z · ∇φ+

∫
Ω
|DΓ(u)|φ ≤

∫
Ω
h(u)fφ, (3.50)

We further observe that (3.50) implies z ∈ DM∞
loc(Ω). This completes the argument.

3.3.2 Characterization of the vector field z and boundary condition

For the subsequent two lemmas, we introduce the function defined by

Γ̃p(s) :=

∫ s

0
(Tk(σ)g(σ))

1
p dσ, (3.51)

where we set Γ̃(s) := Γ̃1(s).
The forthcoming result elucidates the role played by the vector field z.

Lemma 3.17. Let g be positive, bounded and satisfying (3.3), let h satisfy (3.4) and (3.5) and let
0 < f ∈ L1(Ω). Moreover, let u be the function found in Lemma 3.15 and let z be the vector field
found in Lemma 3.16. Then, it holds (3.28) and z ∈ DM∞(Ω).
Finally, it also holds

Dju = 0, (3.52)
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and (3.29).

Proof. We emphasize that, in this context, it is necessary to employ the new pairing defined in
(2.52), applied to β(s) = −e−s and v = Γ(u).

One has (
e−Γ(u)

)#
|DΓ(u)|

(3.44)
≤
(
e−Γ(u))h(u)f + (e−Γ(u)

)#
div z

(3.43)
= − div

(
e−Γ(u)z

)
+
(
e−Γ(u)

)#
div z

(2.34)
=
(
z,D[(−e−Γ(u))#]

)
(2.53)
≤ |D(−e−Γ(u))|

(2.11)
=
(
e−Γ(u)

)#
|DΓ(u)| ,

(3.53)

which shows that each of the inequalities in (3.53) in fact holds as an equality.

Moreover, (
z,D[(−e−Γ(u))#]

)
= |D(−e−Γ(u))| .

Recalling (3.44), we note that Lemma 2.66 can be invoked with the choices α(s) = s, β(s) = −e−s,
and w = Γ(u), leading to the conclusion that |DjΓ(u)| = 0. Moreover, since Γ is increasing, this
also yields (3.52).

Since we have proven (3.52), it follows, from the chain of equalities in (3.53), that

e−Γ(u) (− div z + |DΓ(u)|) = e−Γ(u)h(u)f in D′(Ω).

As Γ(u) ∈ BV (Ω) (see Lemma 3.15) and is finite HN−1-almost everywhere, as stated in Theorem
2.26, it holds that e−Γ(u) > 0 HN−1-almost everywhere in Ω. Consequently, we obtain the reverse
inequality of (3.44), namely

− div z + |DΓ(u)| = h(u)f in D′(Ω),

which, upon applying (2.13), yields (3.28).

As (3.28) holds, by exploiting Lemma 2.64, we can conclude that z ∈ DM∞(Ω), hence, recalling
Remark 2.65, we can extend the class of the test function of (3.28) to BV (Ω) ∩ L∞(Ω).

It remains to prove (3.29); we select Tk(up)φ ∈W 1,p
0 (Ω) ∩L∞(Ω) with 0 ≤ φ ∈ C1

c (Ω) as a test
function in the weak formulation of (3.33), which leads to∫

Ω
|∇Tk(up)|pφ+

∫
Ω
|∇up|p−2∇up · ∇φTk(up) +

∫
Ω
|∇Γ̃p(up)|pφ =

∫
Ω
h(up)fTk(up)φ, (3.54)

where Γ̃p is defined in (3.51).
Note that employing Young inequality (2.5) yields∫

Ω
|∇Tk(up)|φ+

∫
Ω
|∇Γ̃p(up)|φ ≤ 1

p

∫
Ω
|∇Tk(up)|pφ+

1

p

∫
Ω
|∇Γ̃(up)|pφ+

2(p− 1)

p

∫
Ω
φ. (3.55)
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Hence gathering (3.55) into (3.54) yields to∫
Ω
|∇Tk(up)|φ+

∫
Ω
|∇Γ̃p(up)|φ

≤
∫
Ω
h(up)fTk(up)φ−

∫
Ω
|∇up|p−2∇up · ∇φTk(up) +

2(p− 1)

p

∫
Ω
φ.

(3.56)

Therefore, we may take the lim inf as p→ 1+ in (3.56) by invoking weak lower semi-continuity (2.8)
on the left hand side. For the first term on the right hand side, Lebesgue Theorem 2.13 applies
since (δ < s1 < k)

h(up)fTk(up) ≤ c1δ
1−γfχ{up≤δ} + khδ(∞)fχ{up>δ} ∈ L1(Ω),

which is strongly compact in L1(Ω) with respect to p. The second term on the right converges as
p → 1+ as a consequence of the fact that |∇up|p−2∇up ⇀ z ∗-weakly in L∞(Ω)N as proven in
Lemma 3.16, whereas the third term vanishes in this limit. Consequently, we obtain

∫
Ω
|DTk(u)|φ+

∫
Ω
|DΓ̃(u)|φ ≤

∫
Ω
h(u)fTk(u)φ−

∫
Ω
z · ∇φTk(u)

(2.51)
= −

∫
Ω
Tk(u) div zφ+

∫
Ω
|DΓ̃(u)|φ−

∫
Ω
z · ∇φTk(u)

(2.30)
=

∫
Ω
(z,DTk(u))φ+

∫
Ω
|DΓ̃(u)|φ,

where we also utilized the fact that (3.52), by writing Tk(u)|DΓ(u)| as |DΓ̃(u)|. In particular, this
implies ∫

Ω
|DTk(u)|φ ≤

∫
Ω
(z,DTk(u))φ,

and since the converse inequality is straightforward thanks to (2.31), this establishes (3.29).
Thus the proof is completed.

Remark 3.18. We explicitly point out that the assumption of positivity on g is essential in order to
ensure that Γ is an increasing function. It is also worth noting that Theorem 3.12 holds, even when
g is merely nonnegative, provided that Γ remains a well-defined and monotone increasing function.

We conclude by addressing the boundary condition.

Lemma 3.19. Let g be positive, bounded and satisfying (3.3), let h satisfy (3.4) and (3.5) and let
0 < f ∈ L1(Ω). Moreover, let u be the function found in Lemma 3.15 and let z be the vector field
found in Lemma 3.16. Then (3.30) holds.

Proof. Let up denote the solution to (3.33) provided by Theorem 3.3. We then choose Tk(up) ∈
W 1,p

0 (Ω) ∩ L∞(Ω) as a test function in (3.33), which yields∫
Ω
|∇Tk(up)|p +

∫
Ω
Tk(up)g(up)|∇up|p =

∫
Ω
h(up)fTk(up).

Concerning the right hand side, it is once more evident that (k > δ)

h(up)fTk(up) ≤ δ1−γfχ{up≤δ} + khδ(∞)fχ{up>δ} ∈ L1(Ω).
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This allows to apply Lebesgue Theorem 2.13 to the right hand side. Consequently, we pass to the
lim inf as p → 1+ in the preceding expression. On the left hand side, this is justified by invoking
the weak lower semi-continuity property (2.8), following an application of Young’s inequality (2.5),
and taking into account that up vanishes on the boundary of Ω.

This proves that∫
Ω
|DTk(u)|+

∫
∂Ω
Tk(u) dHN−1 +

∫
Ω
|DΓ̃(u)|+

∫
∂Ω

Γ̃(u) dHN−1 ≤
∫
Ω
h(u)fTk(u), (3.57)

where Γ̃ is defined in (3.51).
Reasoning on the right hand side of (3.57), we get∫

Ω
h(u)fTk(u)

(3.28)
= −

∫
Ω
Tk(u) div z +

∫
Ω
|DΓ̃(u)|

(2.51)
=

∫
Ω
(z,DTk(u))−

∫
∂Ω

[Tk(u)z, ν] dHN−1 +

∫
Ω
|DΓ̃(u)|

(3.29)
=

∫
Ω
|DTk(u)| −

∫
∂Ω

[Tk(u)z, ν] dHN−1 +

∫
Ω
|DΓ̃(u)|.

(3.58)

Putting (3.58) into (3.57), one obtains∫
∂Ω

([Tk(u)z, ν] + Tk(u)) dHN−1 +

∫
∂Ω

Γ̃(u) dHN−1 ≤ 0,

given that |[Tk(u)z, ν]| ≤ Tk(u) on ∂Ω (see also (2.36)), it follows that Γ̃(u), and hence u, vanishes
identically on ∂Ω. This completes the proof.

As a consequence of the preceding results, we are now in a position to establish Theorem 3.12.

Proof of Theorem 3.12. The proof follows naturally from the preceding developments. In Lemma
3.15, we established the existence of a nonnegative function u ∈ BV (Ω) such that Γ(u) ∈ BV (Ω),
and moreover, we showed that h(u)f ∈ L1

loc(Ω). In addition, Lemma 3.16 ensures the existence
of a vector field z ∈ L∞(Ω)N with ∥z∥L∞(Ω)N ≤ 1 and Lemma 3.17 ensures that z ∈ DM∞(Ω).
Furthermore, Lemma 3.17 shows (3.28) and (3.29), and we also prove that Dju = 0. This regularity
property of u implies that g(u) ∈ L1(Ω, |Du|). Finally, Lemma 3.19 establishes the boundary
condition (3.30), thereby completing the proof.

3.4 Complementary results and remarks

3.4.1 Analysis in the presence of a nonnegative datum f

Until this point, we have assumed that the datum f is strictly positive. We now turn to the case in
which f is merely nonnegative; that is, we consider−∆1u+ g(u)|Du| = h(u)f in Ω,

u = 0 on ∂Ω,
(3.59)
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where f ∈ L1(Ω) is a nonnegative function, and the functions h and g are as previously defined.

We emphasize that the extension of Theorem 3.12 to the case where h(0) < ∞ and f is non-
negative is immediate, as the proof coincides essentially with the one already provided. Therefore,
without loss of generality, we shall assume in what follows that h(0) = ∞.

As will be shown, the existence of a solution can be achieved through certain technical mod-
ifications, both in the formulation of the notion of solution to (3.59), which requires a precise
interpretation, and in the proof, which constitutes an appropriate adaptation of the argument used
in Theorem 3.12.

Let us explain the concept of solution to problem (3.59).

Definition 3.20. A nonnegative u ∈ BV (Ω) is a solution to (3.59) if χ{u>0} ∈ BVloc(Ω), Dju = 0,
g(u) ∈ L1

loc(Ω, |Du|), h(u)f ∈ L1
loc(Ω), and if there exists z ∈ DM∞

loc(Ω) with ||z||L∞(Ω)N ≤ 1 such
that

− χ∗
{u>0} div z + g(u)|Du| = h(u)f in D′(Ω), (3.60)

(z,DTk(u)) = |DTk(u)| as measures in Ω for any k > 0, (3.61)

u(x) = 0 for HN−1-a.e. x ∈ ∂Ω. (3.62)

Remark 3.21. It is clear that the main difference with respect to Definition 3.10 lies in the inclusion
of the characteristic function χ{u>0} in (3.60). This modification is natural, since in the present
setting we can no longer deduce the strict positivity of u from the condition h(u)f ∈ L1

loc(Ω), as was
possible in Remark 3.11.

The existence result relevant to this Section is now stated.

Theorem 3.22. Let g be positive, bounded and satisfying (3.3) and let h satisfy (3.4) and (3.5)
with h(0) = ∞. Finally let 0 ≤ f ∈ L1(Ω). Then there exists a solution to (3.59) in the sense of
Definition 3.20.

Sketch of the proof. In what follows, we focus our attention on the essential differences with respect
to the proof of Theorem 3.12. We consider a sequence of functions up ∈ W 1,p

0 (Ω), which solve the
approximating problems described in (3.33), whose existence has been guaranteed by Theorem 3.3.

To begin with, we note that Lemma 3.15 continues to hold in the present framework. As a
consequence, there exists a nonnegative limit function u ∈ BV (Ω), associated with the sequence up
as p→ 1+, such that g(u) ∈ L1(Ω, |Du|) and h(u)f ∈ L1

loc(Ω).
Moreover, by repeating the initial steps in the proof of Lemma 3.16, one establishes the existence
of a bounded vector field z, with ∥z∥L∞(Ω)N ≤ 1, for which |∇up|p−2∇up ⇀ z weakly in Lq(Ω)N for
every q <∞.
It is also important to underline that the sequence −∆pup = h(up)f − g(up)|∇up|p is bounded in
the space of Radon measures as p→ 1+. This in turn implies that z ∈ DM∞

loc(Ω).

We now aim to verify both the vanishing of the jump part, Dju = 0, and the distributional
identity given in (3.60).
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Let 0 ≤ φ ∈ C1
c (Ω) and consider the test function (1−Vδ(up))φ ∈W 1,p

0 (Ω)∩L∞(Ω) in the weak
formulation of (3.33), we get∫

Ω
|∇up|p−2∇up · ∇φ (1− Vδ(up))−

∫
Ω
V ′
δ (up) |∇up|

p φ

+

∫
Ω
g(up) |∇up|p (1− Vδ(up))φ =

∫
Ω
h(up)f (1− Vδ(up))φ.

(3.63)

To prove one direction of the inequality (3.60), we pass to the limit as p→ 1+ and δ → 0+ in (3.63).
As for the first integral on the left hand side of (3.63), we recall that |∇up|p−2∇up ⇀ z weakly

in Lq(Ω)N for every q < ∞, while (1 − Vδ(up)) → χ{u>0} strongly in L1(Ω), since up → u almost
everywhere in Ω. As a result, we obtain:

lim
δ→0+

lim
p→1+

∫
Ω
|∇up|p−2∇up · ∇φ (1− Vδ(up)) =

∫
Ω
z · ∇φχ{u>0}. (3.64)

Regarding the second integral on the left hand side of (3.63), we observe that

−
∫
Ω
V ′
δ (up) |∇up|

p φ =

∫
Ω

∣∣V ′
δ (up)

∣∣ |∇up|p φ =

∫
Ω

∣∣∣∇Ṽδ(up)∣∣∣p φ,
where

Ṽδ(s) := Vδ(s)
1
p .

By applying Young inequality (2.5) together with the lower semi-continuity property (2.8), we
deduce:∫

Ω

∣∣Dχ{u>0}
∣∣φ ≤ lim inf

δ→0+
lim inf
p→1+

∫
Ω

∣∣∣∇Ṽ ′
δ (up)

∣∣∣φ− p− 1

p

∫
Ω
φ ≤ lim inf

δ→0+
lim inf
p→1+

1

p

∫
Ω

∣∣∣∇Ṽ ′
δ (up)

∣∣∣p φ.
(3.65)

In order to pass to the limit in the third integral on the left hand side of (3.63), we introduce
the following function:

Γ̂δ,p(s) :=

∫ s

0
(g(t) (1− Vδ(t)))

1
p dt.

As before, we apply Young inequality (2.5) and the lower semi-continuity property (2.8), from
which we deduce∫

Ω

∣∣∣DΓ̂0,1(u)
∣∣∣φ ≤ lim inf

δ→0+
lim inf
p→1+

∫
Ω

∣∣∣DΓ̂δ,p(up)
∣∣∣φ− p− 1

p

∫
Ω
φ ≤ lim inf

δ→0+
lim inf
p→1+

∫
Ω

∣∣∣DΓ̂δ,p(up)
∣∣∣p φ.
(3.66)

In particular, we observe that

Γ̂0,1(s) :=

∫ s

0
g(t)χ(0,∞)(t) dt =

∫ s

0
g(t) dt,

and therefore, (3.66) becomes∫
Ω
|DΓ(u)|φ ≤ lim inf

δ→0+
lim inf
p→1+

∫
Ω

∣∣∣DΓ̂δ,p(up)
∣∣∣p φ. (3.67)

As a consequence, we observe that χ{u>0} ∈ BVloc(Ω).
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Finally, we examine the right hand side of (3.63). Taking to the limit is straightforward and it is
equivalent to

h(up)f (1− Vδ(up))φ ≤ hδ(∞)fφ ∈ L1(Ω),

and
h(u)f (1− Vδ(u))φ ≤ h(u)fφ ∈ L1(Ω),

hence, we get

lim
δ→0+

lim
p→1+

∫
Ω
h(up)f (1− Vδ(up))φ =

∫
Ω
h(u)fχ{u>0}φ. (3.68)

Putting together (3.64), (3.65), (3.67) and (3.68), it yields

− div
(
zχ{u>0}

)
+ |Dχ{u>0}|+ |DΓ(u)| ≤ h(u)fχ{u>0} in D′(Ω), (3.69)

which implies zχ{u>0} ∈ DM∞
loc(Ω).

Moreover, as ∥z∥L∞(Ω)N ≤ 1 in Ω, one has

− div(zχ{u>0}) + |Dχ{u>0}|
(2.31)
≥ −div

(
zχ{u>0}

)
+ (z,Dχ{u>0})

(2.34)
= −χ∗

{u>0} div z,

which, gathered into (3.69), gives

−χ∗
{u>0} div z + |DΓ(u)| ≤ h(u)f in D′(Ω). (3.70)

Let us stress that (3.69) gives that z ∈ DM∞
loc(Ω) (recall (2.34)).

We now proceed to establish the reverse inequality. Let now 0 ≤ φ ∈ C1
c (Ω), and consider e−Γ(up)φ

as a test function in the weak formulation of (3.33), we get∫
Ω
|∇up|p−2∇up · ∇φe−Γ(up) =

∫
Ω
h(up)fe

−Γ(up)φ.

The convergence of the first term follows from Lebesgue Theorem 2.13, together with the fact that
|∇up|p−2∇up ⇀ z ∗-weak in L∞(Ω)N .
As for the second term, we proceed by splitting the integral into two separate parts∫

Ω
h(up)fe

−Γ(up)φ =

∫
{up>δ}

h(up)fe
−Γ(up)φ+

∫
{up≤δ}

h(up)fe
−Γ(up)φ,

with δ ̸∈ {η : |{u = η}| > 0} which is at most a countable set and 0 ≤ φ ∈ C1
c (Ω).

The first quantity passes to the limit as p → 1+ and after as δ → 0+ applying twice Lebesgue
Theorem 2.13, thus we gain

lim
δ→0∗

lim
p→1+

∫
{up>δ}

h(up)fe
−Γ(up)φ =

∫
{u>0}

h(u)fe−Γ(u)φ =

∫
Ω
h(u)fe−Γ(u)φ,

where the last equality is guaranteed by the fact that h(u)f ∈ L1
loc(Ω), hence {u = 0} ⊆ {f = 0}.

Instead for the second integral, it holds

0 ≤
∫
{up≤δ}

h(up)fe
−Γ(up)φ for every p > 1, δ > 0.
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Therefore, we conclude that

− div
(
ze−Γ(u)

)
≥ h(u)fe−Γ(u) in D′(Ω). (3.71)

It follows that

(e−Γ(u))#|DΓ(u)|
(3.70)
≤ e−Γ(u)h(u)fχ{u>0} + (e−Γ(u))#χ∗

{u>0} div z

(3.71)
≤ −χ∗

{u>0} div
(
ze−Γ(u)

)
+ (e−Γ(u))#χ∗

{u>0} div z

(2.52)
= χ∗

{u>0}

(
z,D(−e−Γ(u))#

)
(2.53)
≤ χ∗

{u>0}|De
−Γ(u)|

(2.11)
= χ∗

{u>0}(e
−Γ(u))#|DΓ(u)|

≤ (e−Γ(u))#|DΓ(u)|.

(3.72)

This proves that
χ∗
{u>0}

(
z,D(−e−Γ(u))#

)
= χ∗

{u>0}

∣∣∣De−Γ(u)
∣∣∣ . (3.73)

At this point, similarly to the proof of Lemma 3.17, we aim to apply a straightforward adaptation
of Lemma 2.66. Indeed, since χ∗

{u>0} > 0 HN−1-almost everywhere on JΓ(u), the reasoning still
holds. Consequently, by combining (3.70) with (3.73), one concludes that Dju = 0.

In particular, we observe that the inequalities in (3.72) have all become equalities. Therefore,
recalling that e−Γ(u) > 0 HN−1-almost everywhere in Ω, since Γ(u) ∈ BV (Ω) is finite HN−1-a.e. as
stated in Theorem 2.26, we may establish that:

−χ∗
{u>0} div z + |DΓ(u)| = h(u)fχ{u>0} in D′(Ω). (3.74)

By repeating the same arguments as in Lemma 3.15, we obtain that h(u)f ∈ L1
loc(Ω), and

therefore {u = 0} ⊂ {f = 0}, which implies

h(u)f χ{u>0} = h(u)f.

Making use of this observation, we deduce from (3.74) the property (3.60).

In order to establish (3.61), we require the following identity

−Tk(u)χ∗
{u>0} div z + Tk(u)|DΓ(u)| = h(u)fTk(u) in D′(Ω) for any k > 0. (3.75)

This can be obtained by employing Tk(u) ∗ ρε as a test function in (3.60), where ρε denotes the
standard mollifier. Then, by taking the limit as ε→ 0+, a straightforward application of Lebesgue
Theorem 2.13 yields the desired result. In particular, this means that Tk(u) ∈ L1(Ω, div z).

We observe that Tk(u)χ∗
{u>0} = Tk(u) div z-a.e., since we have shown that Dju = 0. Conse-

quently, by the definition of precise representative and trace, it follows that Tk(u) = 0 on ∂Ω, hence
(3.75) becomes

−Tk(u) div z + Tk(u)|DΓ(u)| = h(u)fTk(u) in D′(Ω) for any k > 0. (3.76)
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By repeating the same arguments as in Lemma 3.17 and making use of equation (3.76), we arrive
at (3.61).

Finally, we prove (3.62). The proof proceeds as Lemma 3.19, making use of (3.76) and (2.37)
in place of (2.36). This completes the proof.

3.4.2 On the case of nonnegative g possibly diverging at infinity

In Section 3.3, we focus our analysis on positive and bounded functions g, as this assumption was
essential for applying Theorem 2.31, which yields

|DΓ(u)| = g(u)|Du|.

However, it is possible to suitably adapt Definition 3.10 in order to establish the existence of a
solution in a weaker sense. We now proceed to explicitly define this notion of solution, where, given
the preceding considerations, it is no longer necessary to require that Dju = 0.

Definition 3.23. Let 0 < f ∈ L1(Ω). A nonnegative u ∈ BV (Ω) is a solution to (3.59) if Γ(u) ∈
BVloc(Ω), h(u)f ∈ L1

loc(Ω), and if there exists a vector field z ∈ DM∞
loc(Ω), with ∥z∥L∞(Ω)N ≤ 1

satisfying
− div z + |DΓ(u)| = h(u)f in D′(Ω), (3.77)

(z,DTk(u)) = |DTk(u)| as measures in Ω for any k > 0,

and
u(x) = 0 for HN−1-a.e. x ∈ ∂Ω.

We now state the following result concerning the case of a nonnegative function g that may
become unbounded at infinity.

Theorem 3.24. Let g satisfy (3.3) and let h satisfy (3.4)-(3.5). Finally let 0 < f ∈ L1(Ω). Then
there exists a solution u ∈ BV (Ω) to problem (3.59) in the sense of Definition 3.23. Moreover, if g
is positive, then Dju = 0.

Proof. The proof follows the same lines as that of Theorem 3.12, without the application of Theorem
2.31, which is not required to derive (3.77).

3.5 The case of singular gradient term with 0 < f ∈ LN(Ω)

This Section is devoted to establishing the existence of solutions to−∆1u+ g(u)|Du| = h(u)f in Ω,

u = 0 on ∂Ω,
(3.78)

where Ω ⊂ RN , with N ≥ 2, is an open, bounded domain with Lipschitz boundary, and ∆1u :=

div
(

Du
|Du|

)
denotes the 1-Laplacian operator. We begin by analyzing the case in which f ∈ LN (Ω)

and satisfies f > 0 almost everywhere.
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Assume that g : [0,∞) → (0,∞] is continuous and verifies

∃0 ≤ θ < 1, c2, s2 > 0 : g(s) ≤ c2
sθ

for all s ≤ s2, (3.79)

and (3.3). Furthermore we assume that h : [0,∞) → [0,∞] is a continuous with h(0) > 0, moreover

we require (3.4) and
h, g ∈ C0

b ([δ,∞)), ∀δ > 0. (3.80)

Furthermore we introduce the function Γ : R → R

Γ(s) :=

∫ s

0
g(σ) dσ. (3.81)

We set the following quantities which are also useful in the next proofs

gk(∞) := sup
s∈[k,∞)

g(s),

hk(∞) := sup
s∈[k,∞)

h(s) and h(∞) := lim sup
s→∞

h(s) <∞,

which are finite as a consequence of (3.80).

We emphasize that the classical setting g, h ≡ 1 is covered by the assumptions above, since the
parameters γ and θ are allowed to vanish.

Next, we define more rigorously what is meant by a distributional solution of problem (3.78).

Definition 3.25. Let 0 < f ∈ LN (Ω). A nonnegative function u ∈ BV (Ω) is said to be a distribu-
tional solution to (3.78) if it satisfies Dju = 0, g(u) ∈ L1

loc(Ω, |Du|), and h(u)f ∈ L1
loc(Ω), and if

there exists a vector field z ∈ DM∞
loc(Ω) with ∥z∥L∞(Ω)N ≤ 1, such that

− div z + g(u)|Du| = h(u)f in D′(Ω), (3.82)

(z,DTk(u)) = |DTk(u)| as measures in Ω, for any k > 0, (3.83)

and
u(x) = 0 for HN−1-a.e. x ∈ ∂Ω. (3.84)

Remark 3.26. Let us now provide a brief discussion of Definition 3.25. To begin with, identities
(3.82) and (3.83) describe, in a weak sense, the role played by the vector field z as the singular
quotient Du

|Du| .

Moreover, (3.84) emphasizes that the boundary condition is imposed in a pointwise sense. This
formulation is related to the presence of the gradient term and will be further analyzed in the sub-
sequent Sections. It is by now well understood that solutions to Dirichlet problems involving the
1-Laplacian typically fail to satisfy the boundary condition in the classical pointwise sense when
g ≡ 0; see, for example, [58, 90, 107]. In such instances, the more relaxed condition
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u ([z, ν] + sgn(u)) = 0 HN−1-a.e. on ∂Ω

is usually adopted. This alternative requirement essentially states that either the trace of u vanishes
at the boundary, or the weak normal trace of the vector field z reaches the minimal admissible slope.

Finally, we point out that if h(0) = ∞, then the condition h(u)f ∈ L1
loc(Ω) necessarily implies

{u = 0} ⊆ {f = 0}. Hence, under the assumption f > 0, one concludes that u > 0.

We are now ready to formulate the principal theorem of this Section.

Theorem 3.27. Let g be positive and satisfy (3.79), (3.3) and (3.80), let h satisfy (3.4) and (3.80)
such that 0 ≤ θ < 1, 0 ≤ γ ≤ 1, and θ+ γ ≤ 1 and let 0 < f ∈ LN (Ω). Then there exists a solution
to problem (3.78) in the sense of Definition 3.25 such that g(u) ∈ L1(Ω, |Du|).
Moreover if ∥f∥LN (Ω) < (S1h(∞))−1, then u ∈ L∞(Ω).

Remark 3.28. We briefly comment on the assertions made in Theorem 3.27.

To begin with, the condition (3.3) is necessary to ensure the existence of the function u (see
Lemma 3.29 for further details).

We point out that the assumption on the exponent θ is essential for the integrability of g. On
the other hand, the requirement involving γ is natural to guarantee that solutions belong globally to
BV (Ω). Moreover, in the case γ > 1, it has been recently shown that, under the same assumptions
on the size of the norm of f , the solution belongs to BV (Ω) ∩ L∞(Ω) (see [15]). Additionally, the
conditions θ+γ ≤ 1 and f ∈ LN (Ω) play a crucial role in ensuring that Γ(u) ∈ BV (Ω) (see Lemma
3.29), where Γ is defined in (3.81).

It is also worth emphasizing that the positivity of g is crucial for Γ to be increasing, which is a
key hypothesis to establish Dju = 0.

Finally, if ∥f∥LN (Ω) < (S1h(∞))−1, one can prove that u ∈ L∞(Ω) by a Stampacchia-type
iteration. As a consequence, by choosing k > ∥u∥L∞(Ω), the equality (3.83) simplifies to

(z,Du) = |Du| as measures in Ω.

3.5.1 Approximation scheme and existence of a limit function

We construct a solution to problem (3.78) by an approximation approach. Specifically, we consider−∆1un + gn(un)|Dun| = h(un)f in Ω,

un = 0 on ∂Ω,
(3.85)

where gn(s) := Tn(g(s)) for any s ∈ [0,∞), n ∈ N.

According to Theorem 3.12, there exists a solution to (3.85), namely a vector field zn ∈ DM∞(Ω)

satisfying ∥zn∥L∞(Ω)N ≤ 1, and a nonnegative function un ∈ BV (Ω) such that Djun = 0, gn(un) ∈
L1(Ω, |Dun|), and h(un)f ∈ L1

loc(Ω), with the properties that

− div zn + gn(un)|Dun| = h(un)f in D′(Ω), (3.86)

(zn, DTk(un)) = |DTk(un)| as measures in Ω, for any k > 0, (3.87)
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and
un(x) = 0 for HN−1−a.e. x ∈ ∂Ω. (3.88)

Now we estimate un and Γn(un) in BV (Ω), where, for every n ∈ N, Γn : R → R is such that

Γn(s) :=

∫ s

0
gn(σ) dσ.

Lemma 3.29. Let g be positive and satisfying (3.79), (3.3) and (3.80). Let h satisfy (3.4) and
(3.80) such that 0 ≤ θ < 1, 0 ≤ γ ≤ 1 and θ + γ ≤ 1, and let 0 < f ∈ LN (Ω). Finally let un be a
solution to (3.85).
Then un, Γn(un) are uniformly bounded with respect to n in BV (Ω), i.e. the following estimates
hold

∥un∥BV (Ω) ≤ C1, (3.89)

and
∥Γn(un)∥BV (Ω) ≤ C2, (3.90)

where C1,2 are positive constants independent of n, and h(un)f is uniformly bounded with respect to
n ∈ N in L1(ω), for every ω ⋐ Ω.
Moreover if ∥f∥LN (Ω) < (S1h(∞))−1, then un is uniformly bounded in L∞(Ω).

Proof. We begin by demonstrating that the sequence un is uniformly bounded in BV (Ω) with
respect to n ∈ N. Without loss of generality, we may assume s1 = s2 = s and c1 = c2 = c, where
the constants s1, s2, c1, c2 were introduced in (3.79) and (3.4).

We select Tk(un) ∈ BV (Ω) ∩ L∞(Ω) as a test function in (3.86) with k > 0 sufficiently large such
that

0 < η < inf
s∈[k,∞)

g(s),

which is a consequence of (3.3). We underline that Tk(un) is an admissible choice due to the
justification provided in Remark 2.65, we get

−
∫
Ω
div zn Tk(un) +

∫
Ω
|DΓn(un)|Tk(un) =

∫
Ω
hn(un)fTk(un). (3.91)

To begin with, we observe that

−
∫
Ω
div zn Tk(un)

(2.35),(3.88)
=

∫
Ω
(zn, DTk(un))

(3.87)
=

∫
Ω
|DTk(un)|

(2.13)
=

∫
{un≤k}

|Dun|, (3.92)

this is justified by the nonnegativity of un.
Regarding the integral on the right hand side of (3.91), we infer the following∫

Ω
h(un)fTk(un)

(3.4)
≤
∫
{un≤s}

c

uγn
fun +

∫
{un>s}

h(un)f
(3.80)
≤

(
cs1−γ + hs(∞)

)
∥f∥L1(Ω), (3.93)

where we emphasize that the right hand side represents a constant that does not depend on n ∈ N.
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Putting together (3.92) and (3.93) in (3.91), we gain∫
{un≤k}

|Dun|+
∫
{un≤k}

gn(un)|Dun|un +

∫
{un>k}

gn(un)|Dun| ≤ C.

At this stage, recalling our choice of k > 0 and discarding the second integral since it is nonnegative,
we obtain

min {1, η}

(∫
{un≤k}

|Dun|+
∫
{un>k}

|Dun|

)
≤ C,

hence, we have proven (3.89).

We now aim to establish that Γn(un) remains uniformly bounded in BV (Ω) independently of n ∈ N.
First of all, we state that

(zn, DΓn(Tk(un))) = |DΓn(Tk(un))| as measures in Ω, (3.94)

as a consequence of Lemma 2.53.
Next, we consider Γn(Tk(un)) ∈ BV (Ω)∩L∞(Ω), with k > s, as a test function in equation (3.86).
This choice is justified by Remark 2.65. We begin by showing that

−
∫
Ω
div zn Γn(Tk(un))

(2.35),(3.88)
=

∫
Ω
(zn, DΓn(Tk(un)))

(3.94)
=

∫
Ω
|DΓn(Tk(un))|. (3.95)

Therefore, putting (3.95) into (3.86) and employing Γn(Tk(un)) as a test function, we obtain

∫
Ω
|DΓn(Tk(un))| ≤

∫
Ω
h(un)fΓn(Tk(un))

≤ c2

1− θ

∫
{un≤s}

u1−θ−γ
n f + hs(∞)gs(∞)∥f∥LN (Ω)∥un∥

L
N

N−1 (Ω)

(2.7)
≤ c2s1−θ−γ

1− θ
∥f∥L1(Ω) + S1hs(∞)gs(∞)∥un∥BV (Ω)∥f∥LN (Ω)

(3.89)
≤ C∥f∥LN (Ω),

where in the second line we have used (3.79), (3.4), (3.80) and Hölder inequality (2.6).
We emphasize that the above integral is uniformly bounded with respect to n ∈ N and k > s, due
to the assumptions 0 ≤ γ ≤ 1, 0 ≤ θ < 1, and θ + γ ≤ 1. Consequently, by applying (2.8), it is
possible to pass to the limit as k → ∞, leading to∫

Ω
|DΓn(un)| ≤ C∥f∥LN (Ω),

therefore we get (3.90) (recall that un = 0HN−1−a.e. on ∂Ω which is guaranteed in (3.88)).

We now aim to prove that h(un)f remains uniformly bounded in L1(ω) for any open subset ω ⋐ Ω,
independently of n ∈ N. To this end, we select a nonnegative function φ ∈ C1

c (Ω) such that φ ≡ 1
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on ω, and employ it as a test function in (3.86). Then, in light of estimate (3.90), we deduce that∫
ω
h(un)f ≤

∫
Ω
h(un)fφ ≤

∫
Ω
zn · ∇φ+

∫
Ω
|DΓn(un)|φ ≤ ∥∇φ∥L1(Ω)N + C∥f∥LN (Ω)∥φ∥L∞(Ω),

(3.96)
where we also used that ∥zn∥L∞(Ω)N ≤ 1.

Finally, we proceed to establish that the sequence un is uniformly bounded in L∞(Ω) with respect
to n. It is important to emphasize that the smallness condition imposed on the norm ∥f∥LN (Ω)

plays a crucial role in obtaining this estimate.
We consider the function Gk(Tr(un)) ∈ BV (Ω) ∩ L∞(Ω), as a test function in (3.86). This choice
is admissible in light of Remark 2.65, and it yields the following identity:∫

Ω
(zn, DGk(Tr(un))) ≤

∫
Ω
h(un)fGk(un)

(2.6)
≤ hk(∞) ∥f∥LN (Ω)∥Gk(un)∥

L
N

N−1 (Ω)
, (3.97)

where we also used (2.35) and (3.88).
Given that Gk is a nondecreasing function, we can infer, by applying Lemma 2.53, that:

(zn, DGk(Tr(un))) = |DGk(Tr(un))| as measures in Ω. (3.98)

Putting (3.98) into (3.97), we obtain:∫
{k≤un≤r}

|Dun| =
∫
Ω
|DGk(Tr(un))| ≤ hk(∞)∥f∥LN (Ω)∥Gk(un)∥

L
N

N−1 (Ω)
,

where Theorem 2.31 has been employed, taking into account that both Gk and Tr are Lipschitz
continuous and Djun = 0. Then, by invoking Lebesgue Theorem 2.13 together with Theorem 2.25,
we let r → ∞ and obtain:

S−1
1 ∥Gk(un)∥

L
N

N−1 (Ω)
≤ hk(∞)∥f∥LN (Ω)∥Gk(un)∥

L
N

N−1 (Ω)
.

Assuming that ∥f∥LN (Ω)S1h(∞) < 1, it is possible to choose a sufficiently large k ∈ N such that

S−1
1 − ∥f∥LN (Ω)hk(∞) > C > 0,

for a constant C that does not depend on n ∈ N. Consequently, we deduce:

∥Gk(un)∥L N
N−1 (Ω)

≤ 0,

which means that
∥un∥L∞(Ω) ≤ k,

where k > 0 is a constant independent of n ∈ N.

Corollary 3.30. Under the assumptions of Lemma 3.29, there exists a nonnegative u ∈ BV (Ω)

such that un converges to u (up to subsequence) in Lq(Ω) for every q < N
N−1 and Dun converges to

Du *−weakly as measures.
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3.5. The case of singular gradient term with 0 < f ∈ LN (Ω)

Moreover Γ(u) ∈ BV (Ω) and Γn(un) converges to Γ(u) (up to subsequence) in Lq(Ω) for every
q < N

N−1 and DΓn(un) converges to DΓ(u) *−weakly as measures.
Finally if ∥f∥LN (Ω) < (S1h(∞))−1, then u is also bounded.

Proof. The existence of the function u is a direct consequence of the estimates in (3.89) combined
with Theorem 2.25. Similarly, the existence of Γ(u) follows from the bounds in (3.90). Finally, the
uniform bound in the ∥ · ∥L∞(Ω) norm is obtained by exploiting the lower semi-continuity of the
norm.

3.5.2 Identification of the vector field z

Now we show the existence of the vector field z.

Lemma 3.31. Under the assumptions of Lemma 3.29, it holds h(u)f ∈ L1
loc(Ω) and there exists

z ∈ DM∞
loc(Ω) such that

− div
(
ze−Γ(u)

)
= h(u)fe−Γ(u) in D′(Ω), (3.99)

and
− div z + |DΓ(u)| ≤ h(u)f in D′(Ω), (3.100)

Moreover u > 0 a.e. in Ω and Dju = 0.

Proof. We note that h(u)f ∈ L1
loc(Ω) readily follows from (3.96) by an application of Fatou Lemma

2.10.

We begin by considering the sequence zn ∈ DM∞(Ω), the vector fields corresponding to the
role of Dun

|Dun| . Recall that each zn is uniformly bounded in L∞(Ω)N , since ∥zn∥L∞(Ω)N ≤ 1.

This uniform bound is sufficient to extract, up to a subsequence, a limit vector field z ∈ L∞(Ω)N

such that zn converges to z ∗-weakly in L∞(Ω)N as n→ ∞. In particular, by the weak lower semi-
continuity of the norm, we obtain

∥z∥L∞(Ω)N ≤ 1.

We now turn our attention to (3.99). As a consequence of Proposition 3.14, we obtain that

− div
(
zne

−Γn(un)
)
= h(un)fe

−Γn(un) in D′(Ω), (3.101)

accordingly, identity (3.99) follows by passing to the limit as n→ ∞ in (3.101).
We select a nonnegative test function φ ∈ C1

c (Ω) in (3.101); concerning the left hand side, we obtain:

lim
n→∞

∫
Ω
zn · ∇φ e−Γn(un) =

∫
Ω
z · ∇φ e−Γ(u), (3.102)

this follows directly from the fact that zn ⇀ z ∗-weakly in L∞(Ω)N , while e−Γn(un) → e−Γ(u)

strongly in L1(Ω), by virtue of Lebesgue Theorem 2.13.
It remains to be established that

lim
n→∞

∫
Ω
h(un)fe

−Γn(un)φ =

∫
Ω
h(u)fe−Γ(u)φ. (3.103)
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We distinguish between two scenarios: if h is finite at the origin, the passage to the limit
follows directly from Lebesgue Theorem 2.13. Therefore, without loss of generality, we assume that
h(0) = ∞.
We proceed by splitting the integral in the following way:

∫
Ω
h(un)fe

−Γn(un)φ =

∫
{un≤δ}

h(un)fe
−Γn(un)φ+

∫
{un>δ}

h(un)fe
−Γn(un)φ, (3.104)

where δ ̸∈ {η : |{u = η}| > 0} which is at most a countable set.
We emphasize that u > 0 almost everywhere in Ω, due to the fact that h(0) = ∞ and h(u)f ∈
L1
loc(Ω). Consequently, the inclusion {u = 0} ⊆ {f = 0} holds, and since f > 0 almost everywhere,

the set {u = 0} must be Lebesgue negligible.

By applying Lebesgue Theorem 2.13 twice to the second term on the right hand side of (3.104), we
deduce that

lim
δ→0+

lim
n→∞

∫
{un>δ}

h(un)fe
−Γn(un)φ = lim

δ→0+

∫
{u>δ}

h(u)fe−Γ(u)φ
u>0
=

∫
Ω
h(u)fe−Γ(u)φ, (3.105)

since
χ{un>δ}h(un)fe

−Γn(un)φ ≤ hδ(∞)fφ ∈ L1(Ω),

and
χ{u>δ}h(u)fe

−Γ(u)φ ≤ h(u)fφ ∈ L1(Ω).

Now we prove

lim
δ→0+

lim sup
n→∞

∫
{un≤δ}

h(un)fe
−Γn(un)φ = 0, (3.106)

which yields (3.103) in virtue of (3.105).
We consider the function Vδ(un) e

−Γn(un)φ ∈ BV (Ω) ∩ L∞(Ω), where 0 ≤ φ ∈ C1
c (Ω), as a test

function in (3.86). This is an admissible choice since both e−Γn(un) and Vδ(un) belong to BV (Ω) ∩
L∞(Ω), and the space BV (Ω) ∩ L∞(Ω) is closed under multiplication, as stated in Remark 2.24.
We obtain∫

Ω
(zn, DVδ(un))e

−Γn(un)φ+

∫
Ω

(
zn, De−Γn(un)

)
Vδ(un)φ+

∫
Ω
zn · ∇φ e−Γn(un)Vδ(un)

+

∫
Ω
gn(un)|Dun|e−Γn(un)Vδ(un)φ =

∫
Ω
h(un)fe

−Γn(un)Vδ(un)φ,

(3.107)

where we also use the pairing’s properties (2.35), (2.39) and the condition on the boundary (3.88).
We emphasize that for any solution un to problem (3.85), obtained through Theorem 3.12, one has,
by Lemma 3.17, the identity(

zn, D
(
−e−Γn(un)

))
= |De−Γn(un)| as measures in Ω.

As a straightforward consequence of the preceding identity and the condition Djun = 0, we deduce
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3.5. The case of singular gradient term with 0 < f ∈ LN (Ω)

that ∫
Ω

(
zn, De−Γn(un)

)
Vδ(un)φ = −

∫
Ω
|DΓn(un)|e−Γn(un)Vδ(un)φ. (3.108)

Furthermore, combining (3.87) with the condition Djun = 0, we obtain∫
Ω
(zn, DVδ(un))e

−Γn(un)φ =

∫
Ω
V ′
δ (un) (zn, DT2δ(un)) e

−Γn(un)φ =

∫
Ω
V ′
δ (un)|DT2δ(un)|e−Γn(un)φ ≤ 0,

(3.109)
where we also use Theorem 2.31 and (2.35).
Substituting (3.108) and (3.109) into (3.107), we deduce∫

{un≤δ}
h(un)fe

−Γn(un)φ ≤
∫
Ω
zn · ∇φ e−Γn(un)Vδ(un).

By virtue of the ∗-weak convergence zn ⇀ z in L∞(Ω)N and applying Lebesgue Theorem 2.13, it
follows that

lim
δ→0+

lim sup
n→∞

∫
{un≤δ}

h(un)fe
−Γn(un)φ ≤ lim

δ→0+
lim sup
n→∞

∫
Ω
zn·∇φe−Γn(un)Vδ(un) ≤

∫
{u=0}

z·∇φe−Γ(u) u>0
= 0,

which demonstrates (3.106). Furthermore, by combining (3.102) and (3.103), we deduce (3.99).

We now proceed to prove (3.100); this follows by passing to the limit as n→ ∞ in (3.86). We begin
by examining the left hand side: the first integral converges due to the ∗-weak convergence of the
vector fields zn. For the second integral, we have∫

Ω
|DΓ(u)|φ

(2.8)
≤ lim inf

n→∞

∫
Ω
|DΓn(un)|φ, for all 0 ≤ φ ∈ C1

c (Ω),

which holds by virtue of Lemmas 3.29.
Concerning the right hand side, we proceed in a manner analogous to the argument employed in
the proof of (3.103), indeed we have that (δ < 1)

lim
δ→0

lim sup
n→∞

∫
{un≤δ}

h(un)fφ ≤ lim
δ→0

lim sup
n→∞

1

e−Γ(1)

∫
{un≤δ}

h(un)fe
−Γn(un)φ = 0, (3.110)

this concludes the proof of (3.100).
As consequence of (3.100), it gives that z ∈ DM∞

loc(Ω).

Finally, we establish that Dju = 0. We emphasize that the jump sets coincide, i.e., JΓ(u) = Ju,
since Γ is monotone increasing due to the positivity of g. In particular, by employing the pairing
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defined in (2.52) with β(s) = −e−s and v = Γ(u), we deduce that(
e−Γ(u)

)#
|DΓ(u)|

(3.100)
≤ e−Γ(u)h(u)f +

(
e−Γ(u)

)#
div z

(3.99)
= − div

(
ze−Γ(u)

)
+
(
e−Γ(u)

)#
div z

(2.34)
=

(
z,D

(
−e−Γ(u)

)#)
(2.53)
≤
∣∣∣D (−e−Γ(u)

)∣∣∣
=
(
e−Γ(u)

)#
|DΓ(u)| as measures in Ω,

(3.111)

where the final identity follows directly from Theorem 2.31.
Therefore, the previous implies(

z,D
(
−e−Γ(u)

)#)
=
∣∣∣D (−e−Γ(u)

)∣∣∣ as measures in Ω.

As a direct consequence of the preceding identity, we infer that DjΓ(u) = 0 by applying Lemma 2.66
with α(s) = s, β(s) = −e−s, w = Γ(u), and using (3.100). In particular, since Γ is an increasing
function, owing to the positivity of g, we also conclude that Dju = 0. This concludes the proof.

3.5.3 Proof of the main existence theorem

We proceed to establish Theorem 3.27 as a direct consequence of the preceding Lemmas.

Proof of Theorem 3.27. Consider the sequence un, a solution to problem (3.85) as established in
Theorem 3.12. By Corollary 3.30, there exists a function u ∈ BV (Ω) such that, up to a subsequence,
un converges to u almost everywhere in Ω as n → ∞. Furthermore, Lemma 3.31 guarantees that
h(u)f ∈ L1

loc(Ω) and that the jump part satisfies Dju = 0. Additionally, the same Lemma ensures
the existence of a vector field z ∈ DM∞

loc(Ω) with ∥z∥L∞(Ω)N ≤ 1.

To conclude the proof, it remains to verify that u and z satisfy conditions (3.82), (3.83), (3.84), as
well as g(u) ∈ L1(Ω, |Du|). Let us begin with the proof of (3.82). In expression (3.111), all the
inequalities are in fact equalities. As a result, we deduce that

e−Γ(u) (− div z + |DΓ(u)|) = e−Γ(u)h(u)f in D′(Ω),

recalling that e−Γ(u) > 0 for HN−1-almost every x ∈ Ω, as a consequence of Theorem 2.26, since
Γ(u) ∈ BV (Ω), as established in Corollary 3.30— we can infer that

− div z + |DΓ(u)| = h(u)f in D′(Ω). (3.112)

Applying Lemma 2.32, we deduce that

χ{u>0}|DΓ(u)| = g(u)χ{u>0}|Du| as measures in Ω,

Francesco Balducci 84
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then, invoking Lemma 3.31 together with Remark 2.33, we conclude that

|DΓ(u)| = g(u)|Du| as measures in Ω, (3.113)

which implies that g(u) ∈ L1(Ω, |Du|).
Putting together (3.112) and (3.113), we can conclude that holds (3.82). We highlight that z ∈
DM∞(Ω) since it holds Lemma 2.64.

We now turn to the proof of (3.83). To this end, we employ Tk(un)φ ∈ BV (Ω) ∩ L∞(Ω) as a test
function in (3.86), where 0 ≤ φ ∈ C1

c (Ω). This choice is justified by Remark 2.65, which guarantees
its admissibility. We obtain∫

Ω
|DTk(un)|φ+

∫
Ω
zn · ∇φTk(un) +

∫
Ω
gn(un)|Dun|Tk(un)φ =

∫
Ω
h(un)fTk(un)φ, (3.114)

where we use (2.34) and (3.87).
In order to achieve our aim, we pass to the limit as n→ ∞ in (3.114).
We define

Γ̃n(s) :=

∫ s

0
Tk(σ) gn(σ) dσ.

Accordingly, the first and third integrals on the left hand side of (3.114) converge as n → ∞ by
virtue of property 2.8 (we emphasize that Tk(un) → Tk(u) and Γ̃n(un) → Γ̃(u) strongly in L1(Ω), as
established in Corollary 3.30). As for the second integral, the convergence as n → ∞ follows from
the ∗-weak convergence zn ⇀ z in L∞(Ω)N (see Lemma 3.31) combined with the strong convergence
Tk(un) → Tk(u) in L1(Ω), again due to Corollary 3.30.
Finally, the right hand side can be treated analogously to the argument employed in the proof of
(3.103); in particular, we exploit the fact that δ < 1

lim
δ→0+

lim sup
n→∞

∫
{un≤δ}

h(un)fTk(un)φ ≤ k lim
δ→0+

lim sup
n→∞

∫
{un≤δ}

h(un)fφ
(3.110)
= 0.

Hence, (3.114) becomes∫
Ω
|DTk(u)|φ+

∫
Ω
z · ∇φTk(u) +

∫
Ω
g(u)|Du|Tk(u)φ ≤

∫
Ω
h(u)fTk(u)φ, (3.115)

where we employ the identity |DΓ̃(u)| = g(u)Tk(u) |Du| in the sense of measures on Ω, which
follows from Remark 2.33, together with the facts that |{u = 0}| = 0 and Dju = 0.
Recalling Remark 2.65, the class of test functions admissible in (3.82) can be extended to BV (Ω)∩
L∞(Ω). Therefore, starting from (3.115), we may infer that∫

Ω
|DTk(u)|φ ≤ −

∫
Ω
z · ∇φTk(u)−

∫
Ω
Tk(u)φ div z

(2.30)
=

∫
Ω
(z,DTk(u))φ,

which means
|DTk(u)| ≤ (z,DTk(u)) as measures in Ω, for any k > 0,

and, being the reverse inequality tribyl, this proves (3.83).

It remains to prove (3.84), and to this end we adapt the arguments developed in Lemma 3.19. Fix
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k > 0, and consider Tk(un) ∈ BV (Ω) ∩ L∞(Ω) as a test function in (3.86). By virtue of (2.51) and
(3.87), we obtain ∫

Ω
|DTk(un)|+

∫
Ω
gn(un)|Dun|Tk(un) =

∫
Ω
h(un)fTk(un).

Now, we take the limit as n → ∞ in the previous expression. The left hand side converges due to
the property (2.9), since by (3.88), Γ̃n(un) = 0 HN−1-almost everywhere on ∂Ω. As for the right
hand side, we apply Lebesgue Theorem (2.13), having observed that

h(un)fTk(un) ≤ c1s
1−γ
1 f + hk(∞)kf ∈ L1(Ω),

hence, we get∫
∂Ω
Tk(u) dHN−1 +

∫
Ω
|DTk(u)|+

∫
∂Ω

Γ̃(u)HN−1 +

∫
Ω
|DΓ̃(u)| ≤

∫
Ω
h(u)fTk(u).

At this point, by repeating the same arguments as in Lemma 3.19, we can conclude property (3.84).

Finally if ∥f∥LN (Ω) < (S1h(∞))−1, from Corollary 3.30, we can deduce that u ∈ L∞(Ω). This
concludes the proof.

3.6 The scenario of a nonnegative term in LN(Ω)

We now extend the analysis to the case of a nonnegative datum f ∈ LN (Ω). To this end, we consider−∆1u+ g(u)|Du| = h(u)f in Ω,

u = 0 on ∂Ω,
(3.116)

with g, h satisfying (3.79) - (3.80); in particular we assume that h(0) = ∞.

Given that the solution may fail to be positive in this case, the concept of solution requires a suitable
modification.

Definition 3.32. Let 0 ≤ f ∈ LN (Ω). A nonnegative u ∈ BV (Ω) is a solution to the problem
(3.116) if χ{u>0} ∈ BVloc(Ω), Dju = 0, χ{u>0}g(u) ∈ L1

loc(Ω, |Du|), h(u)f ∈ L1
loc(Ω), and there

exists z ∈ DM∞
loc(Ω) with ∥z∥L∞(Ω)N ≤ 1 such that

−χ∗
{u>0} div z + χ{u>0}g(u)|Du| = h(u)f in D′(Ω), (3.117)

(z,DTk(u)) = |DTk(u)| as measures in Ω, for any k > 0, (3.118)

and
u(x) = 0 for HN−1−a.e. in ∂Ω. (3.119)

Remark 3.33. We emphasize the principal difference with respect to Definition 3.25, namely the
inclusion of the characteristic function χ{u>0} in (3.117). This modification is necessary since one
cannot infer that u > 0 almost everywhere in Ω merely from the integrability condition h(u)f ∈
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L1
loc(Ω), due to the fact that the set {f = 0} may have positive Lebesgue measure (see Remark

3.21).

Theorem 3.34. Let g be positive and satisfying (3.79), (3.3) and (3.80). Let h satisfy (3.4) and
(3.80) such that 0 ≤ θ < 1, 0 ≤ γ ≤ 1 and θ + γ ≤ 1 and let 0 ≤ f ∈ LN (Ω). Then there exists a
solution to the problem (3.116) in the sense of Definition 3.32.
Moreover if ∥f∥LN (Ω) < (S1h(∞))−1, then u ∈ L∞(Ω).

Proof. We limit ourselves to pointing out the key differences with respect to the proof of Theorem
3.27, in particular we use similar arguments of Theorem 3.22

We start by describing the approximation we will use in the following Sections.−∆1un + g(un)|Dun| = h(un)fn in Ω,

un = 0 on ∂Ω,
(3.120)

where fn(x) := max{ 1
n , f(x)} for all x ∈ Ω. By virtue of Theorem 3.27, there exist a vector field

zn ∈ DM∞
loc(Ω) and a positive function un ∈ BV (Ω) satisfying Djun = 0, g(un) ∈ L1(Ω, |Dun|),

and h(un)fn ∈ L1
loc(Ω), such that

− div zn + g(un)|Dun| = h(un)fn in D′(Ω),

(zn, DTk(un)) = |DTk(un)| as measures in Ω and for any k > 0,

and
un = 0 HN−1−a.e. on ∂Ω.

We begin by establishing (3.117). The same reasoning as in Lemma 3.29 and Corollary 3.30 can be
applied, since, by virtue of Remark 2.65, the space of admissible test functions may be extended to
BV (Ω) ∩ L∞(Ω).

After, we take limit as n tends to infinity in the equation (3.99), which is

− div
(
zne

−Γ(un)
)
= h(un)fne

−Γ(un) in D′(Ω).

The convergence of the first term follows from the application of Lebesgue Theorem 2.13. As for
the second term, we proceed by splitting the integral into two separate contributions∫

Ω
h(un)fne

−Γ(un)φ =

∫
{un>δ}

h(un)fne
−Γ(un)φ+

∫
{un≤δ}

h(un)fne
−Γ(un)φ,

with δ ̸∈ {η : |{u = η}| > 0} which is at most a countable set and 0 ≤ φ ∈ C1
c (Ω).

The first term converges by applications of Lebesgue Theorem 2.13, first as n → ∞ and then as
δ → 0+. Consequently, we obtain

lim
δ→0+

lim
n→∞

∫
{un>δ}

h(un)fne
−Γ(un)φ =

∫
{u>0}

h(u)fe−Γ(u)φ =

∫
Ω
h(u)fe−Γ(u)φ, (3.121)

where the last equality is guaranteed by the fact that h(u)f ∈ L1
loc(Ω), hence {u = 0} ⊆ {f = 0}.
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Instead for the second integral, it holds

0 ≤
∫
{un≤δ}

h(un)fne
−Γ(u)φ for every n ∈ N, δ > 0. (3.122)

Therefore, by combining (3.121) and (3.122), we deduce

− div
(
ze−Γ(u)

)
≥ h(u)fe−Γ(u) as measures in Ω.

We now consider the test function (1− Vδ(un))φ ∈ BV (Ω) ∩ L∞(Ω), where 0 ≤ φ ∈ C1
c (Ω), in

(3.120), which leads to∫
Ω
zn·∇φ (1− Vδ(un))+

∫
Ω
(zn, D(1− Vδ(un)))φ+

∫
Ω
|DΓ(un)| (1− Vδ(un))φ =

∫
Ω
h(un)fn (1− Vδ(un))φ,

where we want to pass to limit as n tends to infinity and δ tends to 0+.
The first integral on the left hand side converges as n→ ∞ due to the ∗-weak convergence zn ⇀ z

in L∞(Ω)N and the strong convergence 1− Vδ(un) → χ{u>0} in L1(Ω) by Lebesgue Theorem 2.13.
Consequently, we obtain

lim
δ→0+

lim
n→∞

∫
Ω
zn · ∇φ (1− Vδ(un)) =

∫
Ω
z · ∇φχ{u>0}. (3.123)

For the second integral on the left hand side, we recall that

(zn, D(1− Vδ(un))) = (zn, D(1− Vδ(T2δ(un)))) as measures in Ω,

using Lemma 2.53 we get

(zn, D(1− Vδ(T2δ(un)))) = |D (1− Vδ(T2δ(un)))| = |D(1− Vδ(un))|,

therefore applying twice property (2.8), we can affirm∫
Ω
|Dχ{u>0}|φ ≤ lim inf

δ→0+
lim inf
n→∞

∫
Ω
|D(1− Vδ(un))|φ, (3.124)

which implies that χ{u>0} ∈ BVloc(Ω) because un are uniformly bounded in BV (Ω) with respect to
n ∈ N. We now focus on the third integral on the left hand side. To begin, we define the function
Γ̂δ : [0,∞) → [0,∞) as follows:

Γ̂δ(s) :=

∫ s

0
g(t)(1− Vδ(t)) dt,

hence using twice property (2.8), it yields∫
Ω
|DΓ(u)|φ ≤ lim inf

δ→0
lim inf
n→∞

∫
Ω
|DΓ̂δ(un)|φ, (3.125)

because we highlight that ∫ s

0
g(t)χ(0,∞)(t) dt =

∫ s

0
g(t) dt.
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Finally, the integral on the right hand side converges in the limit by virtue of Lebesgue Theorem
2.13, yielding the relation

lim
δ→0+

lim
n→∞

∫
Ω
h(un)fn (1− Vδ(un))φ =

∫
Ω
h(u)fφ, (3.126)

where we recall that h(u)f ∈ L1
loc(Ω) and {u = 0} ⊆ {f = 0}.

Combining (3.123), (3.124), (3.125), and (3.126), we deduce that

− div
(
χ{u>0}z

)
+
∣∣Dχ{u>0}

∣∣+ |DΓ(u)| ≤ h(u)f in D′(Ω). (3.127)

Since ∥z∥L∞(Ω)N ≤ 1, we observe that

−χ∗
{u>0} div z

(2.34)
= − div

(
χ{u>0}z

)
+
(
z,Dχ{u>0}

) (2.31)
≤ − div

(
χ{u>0}z

)
+ |Dχ{u>0}| in D′(Ω),

(3.128)
as a consequence putting (3.128) into (3.127), we can affirm that

−χ∗
{u>0} div z + |DΓ(u)| ≤ h(u)f in D′(Ω).

We now demonstrate that Dju = 0 repeating the same arguments of Theorem 3.22.

From this point onward, we replicate step-by-step the same reasoning as in Theorem 3.27, with
the formulas (3.11) adapted to include χ∗

{u>0}; hence, the following holds

−χ∗
{u>0} div z + |DΓ(u)| = h(u)f in D′(Ω),

thus applying Lemma 2.32 we deduce (3.117).

In conclusion, we note that (3.118) and (3.119) are obtained by arguments analogous to those in
Theorem 3.27 and Theorem 3.22, thereby completing the proof.
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Chapter 4

Global BV -solutions for nonlinear mean
curvature equations with first order
natural growth terms

4.1 Introduction to Mean Curvature operator

This Chapter focuses on a specific type of differential equation: the prescribed mean curvature
equation with a gradient term, given by:

− div

(
Du√

1 + |Du|2

)
+ g(u)

√
1 + |Du|2 = f in Ω,

u = 0 on ∂Ω,

(4.1)

where Ω ⊂ RN is an open bounded domain with a Lipschitz boundary (with N ≥ 2), g : [0,∞) →
[0,∞) is a continuous and bounded function, and 0 ≤ f ∈ L1(Ω).

We recall that when g ≡ 0 and f ≡ 0, the problem (4.1) becomes to the well-known minimal
surface equation:

div

(
Du√

1 + |Du|2

)
= 0. (4.2)

This problem is so called because, for a regular function u, the differential operator calculates the
mean curvature of the graph of u at every point (x, u(x)). Due to this property, the operator is
referred to as the non-parametric mean curvature operator.

The existence and uniqueness of classical solutions to the associated Dirichlet problem for (4.2)
have been addressed in [37, 75, 77, 83, 123] and references therein, typically under the assumption
that the boundary data is regular and Ω is mean convex, i.e. the boundary ∂Ω has nonnegative
mean curvature.

Elliptic equations involving the (non-parametric) mean curvature operator, such as the pre-
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4.1. Introduction to Mean Curvature operator

scribed mean curvature equation:
− div

(
Du√

1 + |Du|2

)
= f in Ω,

u = 0 in ∂Ω,

(4.3)

with f being constant or non-constant, have been studied in [65, 73, 75, 76, 116], to present a
non-exhaustive list.

Prescribed mean curvature equations like (4.3) are formally derived as the Euler-Lagrange equa-
tions of the following relaxed functional:

A(v) :=

∫
Ω

√
1 + |Dv|2 +

∫
∂Ω

|v| dHN−1 −
∫
Ω
fv, (4.4)

which involves the area functional.
To solve problems of the type (4.3), it is natural to assume a smallness condition on the datum

f . Indeed, if we formally integrate equation (4.3) over a regular subdomain ω ⋐ Ω and apply the
divergence theorem, we obtain the following condition:∣∣∣∣∫

ω
f

∣∣∣∣ =
∣∣∣∣∣
∫
∂ω

Du√
1 + |Du|2

· νω ds

∣∣∣∣∣ < P(ω), (4.5)

where P(ω) denotes the perimeter of ω and νω is the outer unit normal vector, as mentioned in
subsection 1.1.1.

Assuming a smallness condition on the norm of f to guarantee the existence of a solution is
typical for functionals with natural growth, such as those involving the 1-Laplace operator (for
further details, see Section 1.1).

In the case where f ≡ λ, condition (4.5) can be rewritten as:

|λ| < P(ω)

V(ω)
, (4.6)

where V(ω) is the N -dimensional volume of ω, i.e., V(ω) = |ω| (for more details, see the notation
in subsection 1.1.1). As stated in subsection 1.1.1, the best positive constant that satisfies (4.6) is
the Cheeger constant of Ω, which we denote by h(Ω).

The solvability of a problem with constant prescribed mean curvature has been shown to be
connected to the mean curvature of ∂Ω in the work of Serrin [116] (see also [24, 74, 75] and references
therein), where a strong mean convexity assumption on ∂Ω is required, namely:

|λ| ≤ (N − 1)K(y) for all y ∈ ∂Ω,

where K(y) is the mean curvature of ∂Ω.
In [73], the author proved the existence of a unique solution in the space of functions of bounded

variation (in the variational sense) if f is measurable and there exists ε0 > 0 such that for every
regular ω ⊂ Ω: ∣∣∣∣∫

ω
f

∣∣∣∣ ≤ (1− ε0)P(ω). (4.7)
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This condition is known as the non-extremal condition.
In [75], it is shown that ∥f∥LN (Ω) < S−1

1 is a more general condition than (4.7). Furthermore,
in [71], this second condition is shown to be sharp for obtaining bounded solutions of (4.3).

Moreover, in [96], under condition (4.7), the authors established necessary and sufficient condi-
tions for the functional (4.4) to admit a minimum point.

For more details on what happens when equality holds in (4.5), we refer to [93] and the references
therein.

Problems of the type (4.3) are also discussed in the context of Mean Curvature Measures in the
works [50, 93, 125].

Problem (4.3) with datum f ∈ LN,∞(Ω) and a singular term was studied in [71]. The same
problem but including a regularizing zero-order term, specifically:

− div

(
Du√

1 + |Du|2

)
+ g(u) = f in Ω,

u = 0 on ∂Ω,

where g is a continuous function such that lims→±∞ g(s) = ±∞ and g(s)s ≥ 0 for s ∈ R, was
investigated in [110].

Equations like (4.3) arise in various fields of physics, such as combustible gas dynamics [97],
surface capillary problems like pendant liquid drops [45, 46, 64, 65], and the design of water-walking
devices [81].

We are interested in studying the regularizing effects introduced by the gradient term, which in
this context takes the form

√
1 + |Du|2. This term naturally arises if we consider the functional:∫

Ω
v
√

1 + |Dv|2,

whose Euler-Lagrange equations, in a certain sense, provide the weak formulation of problem (4.1).
Instead of the variational approach, we will find solutions by regularizing the problem using the

p-Laplace operator. We will look for the solution u as the limit of the approximating solutions up
as p→ 1+ of problem (4.17).

The presence of the gradient term
√
1 + |Du|2 in the mean curvature context yields regularizing

effects similar to those that the term |Du| produces with the 1-Laplace operator. Specifically, the
solutions always have finite energy (i.e., they belong to BV (Ω)), and the boundary condition is
attained pointwise on the boundary (i.e., u = 0 HN−1-a.e. on ∂Ω).

Furthermore, the solution exhibits the same regularity in Lebesgue spaces known for the 1-
Laplace operator (see Corollary 4.5).

However, solutions to this problem exist and are nonnegative under the additional hypothesis
f ≥ g(0) (for more details, see Remark 4.9 and 4.4).

At this point, we summarize the content of this Chapter.

• Section 4.2: we introduce the problem, provide the definition of a solution, and state the main
results.

• Section 4.3: we prove the existence of a solution for the approximating problem (4.17).
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• Section 4.4: we provide several estimates for the solutions of the approximating problem (4.17)
and establish the existence of the candidate solution.

• Section 4.5: we show the existence of the vector field z, which, together with the function u,
satisfies the conditions of Definition 4.1.

4.2 The case with a bounded, continuous and nonnegative g

In this Section, we look for solutions to the following problem− div

(
Du√

1+|Du|2

)
+ g(u)

√
1 + |Du|2 = f in Ω,

u = 0 on ∂Ω,
(4.8)

where g : [0,∞) → [0,∞) is a continuous and bounded function which satisfies

lim inf
s→∞

g(s) > 0. (4.9)

Moreover we let f ∈ L1(Ω) such that

f(x) ≥ g(0) a.e. x ∈ Ω. (4.10)

The reason for imposing this condition on f is crucial to ensure the nonnegativity of the solution;
for further details, we refer to the proof of Theorem 4.8 and Remarks 4.4, 4.9 below.

Also observe that as (4.9) is in force we may assume without loosing generality that there exists
k0 > 0 such that

min
s∈[k0,∞)

g(s) > 0. (4.11)

Let us introduce the definition of solution to problem (4.8).

Definition 4.1. Let g : [0,∞) → [0,∞) be a continuous and bounded function and f ∈ L1(Ω)

verifying (4.10). A nonnegative function u ∈ BV (Ω) is solution to (4.8) if Dju = 0 and there exists
a vector field z ∈ DM∞(Ω) with ∥z∥L∞(Ω)N ≤ 1 such that

− div z + g(u)
√
1 + |Du|2 = f in D′(Ω), (4.12)

(z,Du) =
√
1 + |Du|2 −

√
1− |z|2 as measures in Ω, (4.13)

and
u = 0 for HN−1- a.e. x ∈ ∂Ω. (4.14)

Remark 4.2. Let us give some further insights on Definition 4.1. Firstly, we underline that (4.13)
gives the correct interpretation of the weak quotient Du√

1+|Du|2
, in fact if u is smooth and z =

∇u√
1+|∇u|2

, then one has

(z,∇u) = z · ∇u =
|∇u|2√
1 + |∇u|2

,
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which, after simple calculations, is the right hand side of (4.13).
Moreover, also recalling Lemma 2.58 and (2.21), one has that (4.13) is equivalent to require that
both

z ·Dau =
√
1 + |Dau|2 −

√
1− |z|2, (4.15)

and
(z,Du)s = |Dsu|. (4.16)

In particular, when equation (4.15) is satisfied, the vector field z is uniquely determined by

z =
Dau√

1 + |Dau|2
.

This is in contrast to other flux-limited diffusion operators, such as the 1-Laplacian or those modeling
transparent media, where the vector field may not be uniquely defined (see for examples [18–20, 59,
72, 91, 99]).

Let us finally focus on (4.14). Similarly to the case of the 1-Laplacian operator, due to the presence
of a gradient term, the boundary datum is assumed pointwise HN−1-a.e. on the boundary ∂Ω (for
more details, see [18, 19, 70, 90, 98]). This is in sharp contrast with other equations where the
boundary datum is assumed in a weaker sense (e.g., [20, 59, 71, 99, 110, 113]).

The main result of this Section is the following:

Theorem 4.3. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9)
and f ∈ L1(Ω) verifying (4.10). Then there exists a nonnegative function u ∈ BV (Ω) solution to
the problem (4.8) in the sense of Definition 4.1.

Remark 4.4. The condition (4.10) is essential to ensure the nonnegativity of solutions. Observe
that the problem admits a trivial solution when f ≡ g(0), which follows from the specific structure
of the vector field z and the gradient term g(u)

√
1 + |Du|2.

We emphasize the coercivity type condition (4.9), which plays a crucial role in establishing im-
proved regularity estimate (4.21) even in case of L1-data. This regularizing effect is classical in case
of p-Laplacian with p > 1 ([23, 35]) and, as proven in [18, 19], for p = 1. For further details see
also Remark 4.9.

We also have the following regularity result:

Corollary 4.5. Let u ∈ BV (Ω) be a solution to the problem (4.8) in the sense of Definition 4.1.
If the source term f ∈ Lq(Ω) for some q > N or f ∈ LN,∞(Ω) with ∥f∥LN,∞(Ω) < S̃1. Then,
u ∈ L∞(Ω).

Remark 4.6. Let us stress that the condition imposed on ∥f∥LN,∞(Ω), ensuring that the solution
belongs to the space L∞(Ω), is consistent with what has been proven in [18, 90, 98].

Additionally, the criteria for establishing a bounded solution for problem (4.8) are in agreement
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with the results of [110], since the solutions to the problem
− div

(
Du√

1 + |Du|2

)
= f in Ω,

u = 0 on ∂Ω,

are supersolutions of (4.8).

4.3 Approximation scheme and proof of the main result

In order to prove Theorem 4.3, let us consider the following approximation scheme
− div

(
∇up√

1 + |∇up|2

)
− (p− 1)∆pup + g̃(up)

√
1 + |∇up|2 = fp in Ω,

up = 0 on ∂Ω,

(4.17)

with p > 1, g̃ : R → R such that

g̃(s) :=

g(0) if s < 0,

g(s) if s ≥ 0,
(4.18)

∆pup is the usual p-Laplacian operator and fp = T p
p−1

(f) where T p
p−1

(s) is the truncation function
defined in (2.1).

Here is the Definition of solution for problem (4.17):

Definition 4.7. Let f ∈ L1(Ω) and p > 1. A function u ∈ W 1,p
0 (Ω) ∩ L∞(Ω) is a solution to the

problem (4.17), if it holds ∫
Ω

∇up√
1 + |∇up|2

· ∇v + (p− 1)

∫
Ω
|∇up|p−2∇up · ∇v

+

∫
Ω
g̃(up)

√
1 + |∇up|2v =

∫
Ω
fpv for all v ∈W 1,p

0 (Ω) ∩ L∞(Ω).
(4.19)

Though quite standard, in order to be self-contained, we prove the existence result for problem
(4.17).

Theorem 4.8. Let f ∈ L1(Ω), g : [0,∞) → [0,∞) be a continuous and bounded function and p > 1.
Then there exists a function up ∈W 1,p

0 (Ω)∩L∞(Ω) which is a solution to the problem (4.17) in the
sense of Definition 4.7.
Moreover, if f ∈ L1(Ω) verifying (4.10), then up is a nonnegative function.

Proof. For every p > 1, the existence of a solution up ∈W 1,p
0 (Ω)∩L∞(Ω) follows directly from [35,

Theorem 1]; let us verify the hypotheses of this Theorem.

Let a : RN → RN such that ξ 7→ |ξ|p−2ξ + ξ√
1+|ξ|2

has the following properties

1. a(ξ) · ξ ≥ |ξ|p, for all ξ ∈ RN ,

2. |a(ξ)| ≤ |ξ|p−1 + 1, for all ξ ∈ RN ,

Francesco Balducci 95



4.3. Approximation scheme and proof of the main result

3. (a(ξ)− a(ξ∗)) (ξ − ξ∗) > 0, for all ξ, ξ∗ ∈ RN , with ξ ̸= ξ∗.

Instead, H : Ω×R×RN → R such that (x, s, ξ) 7→ g̃(s)
√

1 + |ξ|2−fp(x) has the following property

1. |H(x, s, ξ)|
(2.5)
≤ ∥g∥L∞(R)

(√
2 +

√
2 |ξ|p

p +
√
2 p
p−1

)
+ p

p−1 , for all (x, s, ξ) ∈ Ω× R× RN .

Thus, all the hypothesis are satisfied, hence we show the existence result.

Now we show that if f verifies (4.10), then up is nonnegative. We take −u−p e−Γ(up) as a test
function in (4.19), where up = u+p − u−p and Γ is the function defined in (2.26), we get

∫
Ω

|∇u−p |2√
1 + |∇u−p |2

e−Γ(up) +

∫
Ω

|∇up|2√
1 + |∇up|2

u−p g̃(up)e
−Γ(up) + (p− 1)

∫
Ω
|∇u−p |pe−Γ(up)

+(p− 1)

∫
Ω
|∇up|pu−p g̃(up)e−Γ(up) −

∫
Ω
g̃(up)

√
1 + |∇up|2u−p e−Γ(up) = −

∫
Ω
fpu

−
p e

−Γ(up).

(4.20)
Now, we observe that∫

Ω

|∇up|2√
1 + |∇up|2

u−p g̃(up)e
−Γ(up) −

∫
Ω
g̃(up)

√
1 + |∇up|2u−p e−Γ(up)

= −
∫
Ω
g̃(up)u

−
p e

−Γ(up) (4.18)
= −

∫
Ω
g(0)u−p e

−Γ(up).

Dropping the positive terms in (4.20) and recalling that f verifies (4.10), it yields

(p− 1)

∫
Ω
|∇u−p |pe−Γ(up) ≤ 0,

which implies that u−p ≡ 0 LN -a.e. x ∈ Ω.

Remark 4.9. It is crucial to emphasize that condition (4.10) is essential for ensuring the nonneg-
ativity of the solution to problem (4.17).

In fact, in the case where f ≤ g(0), it is not guaranteed that the solution is nonnegative. For
example, if g is non-decreasing, taking u+p as a test function in (4.19) yields

∫
Ω

|∇u+p |2√
1 + |∇u+p |2

+ (p− 1)

∫
Ω
|∇u+p |p +

∫
Ω
g̃(up)

√
1 + |∇up|2u+p =

∫
Ω
fpu

+
p .

We observe that the first integral on the left hand side of the previous equality is nonnegative. By
adding −

∫
Ω g(0)u

+
p to both sides, we obtain

(p− 1)

∫
Ω
|∇u+p |p +

∫
Ω
(g̃(up)− g(0))

√
1 + |∇up|2u+p ≤

∫
Ω
(fp − g(0))u+p ≤ 0,

as a consequence of the fact that the term
∫
Ω

(
g(u+p )− g(0)

)√
1 + |∇up|2u+p is nonnegative, because

g is nondecreasing, we can assert that

(p− 1)

∫
Ω
|∇u+p |p ≤ 0,

which means that u+p ≡ 0 LN -a.e. x ∈ Ω and this conclude the proof.
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4.4 A priori estimates and existence of a limit function

Now we show that up are uniformly bounded in BV (Ω) with respect to p. Let us stress here that,
as up is shown to be nonnegative, from here on we simply denote g̃ in (4.17) by g.

Lemma 4.10. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9)
and f ∈ L1(Ω) verifying (4.10). Let us consider up solution to the problem (4.17). Then up and
Γ(up) are uniformly bounded in BV (Ω), i.e.

∥up∥BV (Ω) ≤
∥f∥L1(Ω) + |Ω|

min
{
1,mins∈[k0,∞) g(s)

} , (4.21)

and
∥Γ(up)∥BV (Ω) ≤ ∥f∥L1(Ω). (4.22)

Proof. We start by proving equation (4.22). Let us choose Tk(up)
k ∈ W 1,p

0 (Ω) ∩ L∞(Ω) as a test
function in (4.17) with k > 0 where Tk is the truncation function defined in (2.1); we get∫

Ω

|∇Tk(up)|2

k
√
1 + |∇Tk(up)|2

+(p−1)

∫
Ω

|∇Tk(up)|p

k
+

∫
Ω
g(up)

√
1 + |∇up|2

Tk(up)

k
=

∫
Ω
fp
Tk(up)

k
. (4.23)

Observing that the first and the second integral on the left hand side of (4.23) are nonnegative, one
has ∫

Ω
g(up)|∇up|

Tk(up)

k
≤ ∥f∥L1(Ω),

and, by Fatou Lemma 2.10, we may let k to 0 and gain∫
Ω
|∇Γ(up)| ≤ ∥f∥L1(Ω),

since up ≥ 0 LN -a.e. x ∈ Ω. Recalling that up = 0 for HN−1-almost every x ∈ ∂Ω, as up ∈W 1,p
0 (Ω),

this establishes (4.22). Now we show (4.21). We choose Tk0(up) ∈W 1,p
0 (Ω)∩L∞(Ω) as a test function

in (4.17), we have∫
Ω

|∇Tk0(up)|√
1 + |∇up|2

+ (p− 1)

∫
Ω
|∇Tk0(up)|p +

∫
Ω
g(up)

√
1 + |∇up|2Tk0(up) =

∫
Ω
fpTk0(up). (4.24)

Thanks to (4.11) and dropping the second term of (4.24), one gets∫
Ω
|∇Tk0(up)|+ min

s∈[k0,∞)
g(s)

∫
{up>k0}

|∇up| ≤ ∥f∥L1(Ω) + |Ω|,

recalling that up ≡ 0 HN−1 a.e. x ∈ ∂Ω, we can deduce (4.21).

Now we may infer the existence of a limit function u which is the candidate to be the solution
to (4.8) in the sense of Definition 4.1. We have the following:

Corollary 4.11. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9),
f ∈ L1(Ω) verifying (4.10) and up solution to the problem (4.17). Then there exists a nonnegative
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function u ∈ BV (Ω) such that up → u strongly in Lq(Ω) for 1 ≤ q < 1∗ and ∇up ⇀ Du ∗-
weakly as measures. In addition, Γ(up) converges strongly to Γ(u) in Lq(Ω), for 1 ≤ q < 1∗ and
∇Γ(up)⇀ DΓ(u) ∗-weakly as measures.

Proof. In Lemma 4.10, we proved that up, solution to problem (4.17), is uniformly bounded in the
∥ · ∥BV (Ω) norm. Therefore, by the compact embedding in the context of BV -functions, we can
deduce the existence of a nonnegative function u ∈ BV (Ω) such that up → u strongly in Lq(Ω) for
every 1 ≤ q < 1∗, in particular up → u a.e. in Ω, and ∇up ⇀ Du ∗-weakly as measures.
For the second part of the Corollary, namely the convergence of Γ(up), we repeat the same arguments
as in the previous case. We recall that, by uniqueness of the limit, the limit of Γ(up) must coincide
with Γ(u). This concludes the proof.

4.5 Existence and role of the vector field z and boundary datum

In the following two lemmas we show the existence of the vector field z ∈ DM∞(Ω) and how it
plays the role of the quotient Du√

1+|Du|2
.

Lemma 4.12. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9),
f ∈ L1(Ω) verifying (4.10) and up solution to the problem (4.17). Then there exists a vector field
z ∈ DM∞

loc(Ω) with ∥z∥L∞(Ω)N ≤ 1 such that satisfies

− div z + g(u)#
√

1 + |Du|2 ≤ f in D′(Ω). (4.25)

Proof. We begin by establishing the existence of the vector field z. First of all we note that∣∣∣∣∣ ∇up√
1 + |∇up|2

∣∣∣∣∣ ≤ 1,

hence there exists a vector field z ∈ L∞(Ω)N such that

lim
p→1+

∫
Ω

∇up√
1 + |∇up|2

· ψ =

∫
Ω
z · ψ, for all ψ ∈ L1(Ω)N , (4.26)

in addition thanks to the weak lower semi-continuity of ∥ · ∥L∞(Ω)N we can affirm that

∥z∥L∞(Ω)N ≤ 1.

Now we show that z is a vector field such that div z is a locally bounded Radon measure and satisfies

(4.25).
We choose 0 ≤ φ ∈ C1

c (Ω) as a test function in (4.17), we get∫
Ω

∇up√
1 + |∇up|2

· ∇φ+ (p− 1)

∫
Ω
|∇up|p−2∇up · ∇φ+

∫
Ω
g(up)

√
1 + |∇up|2φ =

∫
Ω
fpφ. (4.27)

Initially, we analyze the first integral on the left hand side of the previous equality. By (4.26) we
have

lim
p→1+

∫
Ω

∇up√
1 + |∇up|2

· ∇φ =

∫
Ω
z · ∇φ. (4.28)
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For the second term on the left hand side of (4.27), assuming without loosing generality that
1 < p < 2, we note∣∣∣∣(p− 1)

∫
Ω
|∇up|p−2∇up · ∇φ

∣∣∣∣ ≤(p− 1)

∫
Ω
|∇up|p−1|∇φ|

(2.5)
≤ (p− 1)2

∫
Ω
|∇up|+ (p− 1)(2− p)

∫
Ω
|∇φ|

1
2−p

(4.21)
≤ (p− 1)2

∥f∥L1(Ω) + |Ω|
min

{
1,mins∈[k0,∞) g(s)

} + (p− 1)(2− p)

∫
Ω
|∇φ|

1
2−p ,

as a consequence, we can affirm that

lim
p→1

(p− 1)

∫
Ω
|∇up|p−2∇up · ∇φ = 0. (4.29)

Regarding the third term on the left hand side of equation (4.27), we recall that, as established in
Corollary 4.11, the sequence up converges to u strongly in L1(Ω). As a consequence of Lemma 2.50,
we have ∫

Ω
g(u)#

√
1 + |Du|2φ ≤ lim inf

p→1+

∫
Ω
g(up)

√
1 + |∇up|2φ. (4.30)

Finally, by Lebesgue Theorem 2.13 on the right hand side of (4.27) one gets

lim
p→1+

∫
Ω
fpφ =

∫
Ω
fφ. (4.31)

Putting together (4.28), (4.29), (4.30) and (4.31) into (4.27), it yields (4.25) and this concludes the
proof.

We now establish an inequality in the sense of measures, which will be instrumental in the proof
of the validity of (4.12).

Lemma 4.13. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9),
f ∈ L1(Ω) verifying (4.10) and up solution to the problem (4.17). Then, it holds√

1− |z|2g(u)e−Γ(u) − div
(
e−Γ(u)z

)
≥ fe−Γ(u) in D′(Ω). (4.32)

In particular, one has
− div z + g(u)#

√
1 + |Du|2 = f in D′(Ω). (4.33)

Proof. Our initial objective is to show inequality (4.32). Initially, we choose e−Γ(up)φ ∈W 1,p
0 (Ω) ∩

L∞(Ω) with 0 ≤ φ ∈ C1
c (Ω) as a test function in (4.17), we obtain

−
∫
Ω

|∇up|2√
1 + |∇up|2

g(up)e
−Γ(up)φ+

∫
Ω

∇up√
1 + |∇up|2

· ∇φe−Γ(up) − (p− 1)

∫
Ω
|∇up|pg(up)e−Γ(up)φ

+(p− 1)

∫
Ω
|∇up|p−2∇up · ∇φe−Γ(up) +

∫
Ω
g(up)

√
1 + |∇up|2e−Γ(up)φ =

∫
Ω
fpe

−Γ(up)φ.

(4.34)
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For the first term on the left hand side of the previous equality, we note that

−
∫
Ω

|∇up|2√
1 + |∇up|2

g(up)e
−Γ(up)φ = −

∫
Ω
g(up)

√
1 + |∇up|2e−Γ(up)φ

+

∫
Ω
g(up)

√
1− |∇up|2

1 + |∇up|2
e−Γ(up)φ.

(4.35)

Since the third integral on the left hand side of (4.34) is nonpositive, as a consequence putting
(4.35) in (4.34), it yields

∫
Ω

√
1− |∇up|2

1 + |∇up|2
g(up)e

−Γ(up)φ+

∫
Ω

∇up√
1 + |∇up|2

· ∇φe−Γ(up)

+(p− 1)

∫
Ω
|∇up|p−2∇up · ∇φe−Γ(up)φ ≥

∫
Ω
fpe

−Γ(up)φ.

(4.36)

Our aim is to take the limit as p goes to 1+ in (4.36). For this, we use Lemma 2.47 with Φ(s) =

g(s)e−Γ(s) for the first integral on the left hand side, (4.26) and Corollary 4.11 for the second one,
(4.29) for the third one, and finally using Lebesgue’s Theorem 2.13 for the right hand side. As a
result, we obtain (4.32).

Finally, we show (4.33); we observe that

(
e−Γ(u)

)#
g(u)#

√
1 + |Du|2

(4.25)
≤ e−Γ(u)f +

(
e−Γ(u)

)#
div z

(4.32)
≤ e−Γ(u)g(u)

√
1− |z|2 − div

(
e−Γ(u)z

)
+
(
e−Γ(u)

)#
div z

(2.52)
= e−Γ(u)g(u)

√
1− |z|2 +

(
z,D

(
−e−Γ(u)

)#)
,

(4.37)

where in the last step (2.52) is used with β(s) = −e−Γ(s). Thanks to (4.25), we know that div z ∈
DM∞

loc(Ω), due to Radon-Nikodým Theorem we can decompose
(
z,D

(
−e−Γ(u)

)#) as follow

(
z,D

(
−e−Γ(u)

)#)
=

(
z,D

(
−e−Γ(u)

)#)a

+

(
z,D

(
−e−Γ(u)

)#)s

.

For the absolutely continuous part with respect to the Lebesgue measure, we can affirm that(
z,D

(
−e−Γ(u)

)#)a
(2.54)
= z ·Da

(
−e−Γ(u)

)
(2.11)
= e−Γ(u)g(u)z ·Dau

(2.4)
≤ e−Γ(u)g(u)

(√
1 + |Dau|2 −

√
1− |z|2

)
.

(4.38)

Instead for the singular part, we have(
z,D

(
−e−Γ(u)

)#)s (2.53)
≤ |D(−e−Γ(u))#|s (2.11)

=
(
e−Γ(u)g(u)

)#
|Dsu|. (4.39)
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Putting together (4.38) and (4.39), it gives(
z,D

(
−e−Γ(u)

)#)
≤e−Γ(u)g(u)

(√
1 + |Dau|2 −

√
1− |z|2

)
+
(
e−Γ(u)g(u)

)#
|Dsu|

≤
(
e−Γ(u)g(u)

)# (√
1 + |Dau|2 −

√
1− |z|2 + |Dsu|

)
(4.15)−(4.16)

=
(
e−Γ(u)g(u)

)# (√
1 + |Du|2 −

√
1− |z|2

)
,

(4.40)

as a consequence, (4.37) becomes(
e−Γ(u)

)#
g(u)#

√
1 + |Du|2 ≤e−Γ(u)f +

(
e−Γ(u)

)#
div z

≤e−Γ(u)g(u)
√
1− |z|2 +

(
z,D

(
−e−Γ(u)

)#)
(4.40)
≤ e−Γ(u)g(u)

√
1− |z|2 +

(
e−Γ(u)g(u)

)# (√
1 + |Du|2 −

√
1− |z|2

)
=
(
e−Γ(u)g(u)

)#√
1 + |Du|2

=
(
e−Γ(u)

)#
g(u)#

√
1 + |Du|2,

where the last equality is a consequence of (2.10). Therefore we note that all the inequalities are
equalities, hence we gain

−
(
e−Γ(u)

)#
div z +

(
e−Γ(u)

)#
g(u)#

√
1 + |Du|2 = e−Γ(u)f in D′(Ω), (4.41)

and (
z,D

(
−e−Γ(u)

)#)
=
(
e−Γ(u)g(u)

)#√
1 + |Du|2 − e−Γ(u)g(u)

√
1− |z|2. (4.42)

Since u ∈ BV (Ω) as stated in Corollary 4.11, Theorem 2.26 guarantees that
(
e−Γ(u)

)#
> 0 HN−1-

a.e. x ∈ Ω. Consequently, (4.41) yields (4.33), which proves that z ∈ DM∞(Ω) and this completes
the proof.

In the next Lemma, we prove a key regularity result for the function u ∈ BV (Ω) found in
Corollary 4.11.

Lemma 4.14. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9),
f ∈ L1(Ω) verifying (4.10) and up solution to the problem (4.17). Then the limit function u ∈
BV (Ω), obtained in Corollary 4.11 is such that

Dju = 0. (4.43)

Moreover, it holds (4.12).

Proof. It is a quite standard re-adaptation of [72, Lemma 5.9] and Lemma 2.66, but for completeness
we illustrate the main steps.

Since −e−Γ(u) ∈ BV (Ω), as a consequence of Remark 2.29, S−e−Γ(u) is a countably HN−1-rectifiable
set, hence there exist regular hypersurfaces ξi such that HN−1

(
S−e−Γ(u) \

⋃∞
i=1 ξi

)
= 0.

Francesco Balducci 101
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Through Lemma 2.61, we can assert

div z = [z, ν]+ − [z, ν]− on ξi,

where [z, ν]+, [z, ν]− are the traces of the normal components of z over ξi as defined, for instance,
in (2.40).
Therefore, using (2.43), one has(
z,D

(
−e−Γ(u)

)#) (2.52)
= −

(
−e−Γ(u)

)#
div z + div

(
−e−Γ(u)z

)
=[z, ν]+

((
−e−Γ(u)

)+
−
(
−e−Γ(u)

)#)
+ [z, ν]−

((
−e−Γ(u)

)#
−
(
−e−Γ(u)

)−)
(2.12)
= [z, ν]+

((
−e−Γ(u)+

)
−
(
−e−Γ(u)

)#)
+[z, ν]−

((
−e−Γ(u)

)#
−
(
−e−Γ(u)−

))
on ξi.

(4.44)
By applying equation (4.42), we deduce(

z,D
(
−e−Γ(u)

)#)s
(4.42)
=

(
e−Γ(u)g(u)

)#
|Dsu|

(2.11)
=

((
−e−Γ(u)

)+
−
(
−e−Γ(u)

)−)
(2.12)
=

(
(−e−Γ(u)+)− (−e−Γ(u)−)

)
on ξi,

(4.45)

combining equations (4.44) and (4.45), we obtain(
(−e−Γ(u)+)− (−e−Γ(u)−)

)
=[z, ν]+

((
−e−Γ(u)+

)
−
(
−e−Γ(u)

)#)
+ [z, ν]−

((
−e−Γ(u)

)#
−
(
−e−Γ(u)−

))
on ξi.

As a consequence of Lagrange Theorem, we have

sgn

((
−e−Γ(u)+

)
−
(
−e−Γ(u)

)#)
= sgn

((
−e−Γ(u)

)#
−
(
−e−Γ(u)−

))
,

since −e−s is an increasing function. Recalling that |[z, ν]±| ≤ 1, we ensure that

[z, ν]+ = [z, ν]− = sgn
((

−e−Γ(u)+
)
−
(
−e−Γ(u)−

))
on ξi. (4.46)

Substituting (4.46) into (4.12) and invoking (2.21), we obtain(
e−Γ(u)g(u)

)#
|Dju| = f = 0 on ξi,

which implies that |Dje−Γ(u)| = 0, recalling that e−Γ(s) is a decreasing function, we can deduce
(4.43).

Finally, combining (4.43) with (4.33), we conclude (4.12). Thus, the proof is completed.
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Remark 4.15. Let us underline that applying [90, Theorem 3.4], we can extend the space of test
functions of (4.12) to BV (Ω) ∩ L∞(Ω), obtaining∫

Ω
(z,Dv)−

∫
∂Ω
v[z, ν] dHN−1 +

∫
Ω
g(u)

√
1 + |Du|2v =

∫
Ω
fv for all v ∈ BV (Ω) ∩ L∞(Ω).

(4.47)
where it is used (2.35).

Lemma 4.16. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9),
f ∈ L1(Ω) verifying (4.10) and up solution to the problem (4.17). Then, it holds (4.13).

Proof. To establish (4.13), we must first derive the following fundamental identity:

(z,DTk(u)) =
√
1 + |DTk(u)|2 −

√
1− |zk|2 for a.e. k > 0, as measures in Ω, (4.48)

where zk := zχ{u≤k}.
By virtue of equations (2.21) and (2.4), we readily observe the inequality

(z,DTk(u)) ≤
√

1 + |DTk(u)|2 −
√

1− |z|2 ≤
√
1 + |DTk(u)|2 −

√
1− |zk|2, (4.49)

valid for all k > 0, in the sense of measures in Ω.
To establish the reverse inequality, let us fix k > 0 and consider the test function Tk(up)φ, where

0 ≤ φ ∈ C1
c (Ω). Substituting this into equation (4.19), we obtain∫

Ω

|∇Tk(up)|2√
1 + |∇Tk(up)|2

φ+

∫
Ω

∇Tk(up) · ∇φ√
1 + |∇Tk(up)|2

Tk(up)

+ (p− 1)

∫
Ω
|∇Tk(up)|pφ+ (p− 1)

∫
Ω
|∇up|p−2∇up · ∇φTk(up)

+

∫
Ω
g(up)

√
1 + |∇up|2 Tk(up)φ =

∫
Ω
fpTk(up)φ.

(4.50)

To reach our objective, we take the limit as p→ 1+ in (4.50).
Considering the first integral in (4.50), we rewrite it as

∫
Ω

|∇Tk(up)|2√
1 + |∇Tk(up)|2

φ =

∫
Ω

√
1 + |∇Tk(up)|2φ−

∫
Ω

√
1− |∇Tk(up)|2

1 + |∇Tk(up)|2
φ.

Using (2.23) and Corollary 4.11, the first integral converges, while for the second integral it follows
from Lemma 2.47 with Φ(s) = 1 that it holds∫

Ω

√
1 + |DTk(u)|2φ ≤ lim inf

p→1+

∫
Ω

√
1 + |DTk(up)|2φ,

and, for almost every k > 0, that

−
∫
Ω

√
1 + |zk|2φ ≤ lim inf

p→1+
−
∫
Ω

√
1− |∇Tk(up)|2

1 + |∇Tk(up)|2
φ.
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The second integral of (4.50) takes limit by (4.28), instead we drop the third integral because is
nonnegative.

For the fourth integral in (4.50), by (4.29), we obtain

lim
p→1+

(p− 1)

∫
Ω
|∇up|p−2∇up · ∇φTk(up) = 0.

For the fifth integral on the left hand side of (4.50), Lemma 2.50 ensures the convergence, while
the right hand side follows from Lebesgue Theorem 2.13. Hence, we arrive at∫
Ω

√
1 + |DTk(u)|2φ−

∫
Ω

√
1− |zk|2φ+

∫
Ω
z ·∇φTk(u)+

∫
Ω
g(u)

√
1 + |Du|2Tk(u)φ ≤

∫
Ω
fTk(u)φ.

Recalling (4.47), we deduce∫
Ω

√
1 + |DTk(u)|2φ−

∫
Ω

√
1− |zk|2φ ≤

∫
Ω
(z,DTk(u))φ. (4.51)

Combining (4.49) and (4.51), we establish (4.48).
Finally, by applying the reasoning in [110, Remark 4.2], we conclude the proof of (4.13).

Finally we check how the function u provided in Corollary 4.11 attains the prescribed boundary
data on ∂Ω.

Lemma 4.17. Let g : [0,∞) → [0,∞) be a continuous and bounded function which satisfies (4.9),
f ∈ L1(Ω) verifying (4.10) and up solution to the problem (4.17). Then, for the limit function
u ∈ BV (Ω), obtained in Corollary 4.11, (4.14) holds.

Proof. We take Tk(up) ∈ W 1,p
0 (Ω) ∩ L∞(Ω) with k > 0 fixed as a test function in (4.19). By

disregarding the nonnegative term, we obtain∫
Ω

|∇Tk(up)|2√
1 + |∇Tk(up)|2

+

∫
Ω
g(up)

√
1 + |∇up|2 Tk(up) ≤

∫
Ω
fpTk(up). (4.52)

Noting that

∫
Ω

|∇Tk(up)|2√
1 + |∇Tk(up)|2

=

∫
Ω

√
1 + |∇Tk(up)|2 −

∫
Ω

√
1− |∇Tk(up)|2

1 + |∇Tk(up)|2
,

and adding to the left hand side∫
∂Ω
Tk(up)dHN−1 +

∫
∂Ω

Θk(up)dHN−1 = 0,

since up ∈W 1,p
0 (Ω) and Θk : R → R is the following function

Θk(s) :=

∫ s

0
g(σ)Tk(σ) dσ.
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As a consequence, equation (4.52) becomes

∫
∂Ω
Tk(up)dHN−1 +

∫
Ω

√
1 + |∇Tk(up)|2 −

∫
Ω

√
1− |∇Tk(up)|2

1 + |∇Tk(up)|2

+

∫
∂Ω

Θk(up)dHN−1 +

∫
Ω
g(up)

√
1 + |∇up|2Tk(up) ≤

∫
Ω
fpTk(up).

(4.53)

We now proceed to take the limit as p tends to 1+ in equation (4.53). In order to do that we
highlight some facts we need to use:

1. Tk(up) converges ∗-weakly in BV (Ω) to Tk(u) as p tends to 1 for every k > 0 because up
converges ∗-weakly in BV (Ω) to u as p tends to 1+, as prove in Corollary 4.11.

2. χ{up≤k} → χ{u≤k} strongly in L1(Ω), for a.e. k > 0, because up → u LN -a.e. x ∈ Ω.

3.
√

1− |∇Tk(up)|2
1+|∇Tk(up)|2 =

√
1− |∇up|2

1+|∇up|2χ{up≤k}, hence ∇up√
1+|∇up|2

χ{up≤k} ⇀ zk ∗-weakly in L∞(Ω)N ,

for a.e. k > 0.

Consequently, for the first and second integrals on the left hand side of (4.53), we apply (2.22); for
the third, we utilize Lemma 2.47 with Φ(s) = 1; for the fourth and fifth, we employ Lemma 2.50;
and for the right hand side, we use Lebesgue’s Theorem 2.13. This yields the following inequality∫

∂Ω
Tk(u) dHN−1 +

∫
Ω

√
1 + |DTk(u)|2 −

∫
Ω

√
1− |zk|2

+

∫
∂Ω

Θk(u)dHN−1 +

∫
Ω
g(u)

√
1 + |Du|2Tk(u) ≤

∫
Ω
fTk(u).

Thanks to (4.13) and Remark 4.15, we gain∫
∂Ω
Tk(u) dHN−1 +

∫
∂Ω
Tk(u)[z, ν] dHN−1 +

∫
∂Ω

Θk(u)dHN−1 ≤ 0,

recalling that ∥z∥L∞(Ω)N ≤ 1, we can affirm∫
∂Ω

Θk(u) ≤ 0,

which implies that Θk(u) ≡ 0 HN−1-a.e. x ∈ ∂Ω. Consequently, u ≡ 0 HN−1-a.e. on ∂Ω, thereby
concluding the proof.

Now we are able to demonstrate Theorem 4.3.

Proof of Theorem 4.3. This proof follows from the preceding results. In Corollary 4.11 and Lemma
4.14, we show the existence of a limit function u ∈ BV (Ω) such that Dju = 0. Then, in Lemmas
4.12, 4.13 and 4.14, we establish the existence of a vector field z ∈ DM∞(Ω) with ∥z∥L∞(Ω)N ≤ 1,
which satisfies equation (4.12). Furthermore, in Lemma 4.16, we prove equation (4.13). Finally, in
Lemma 4.17, we exhibit how the solution takes the prescribed boundary condition, i.e., equation
(4.14). This concludes the proof.

We proceed to establish Corollary 4.5.
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Proof of Corollary 4.5. We begin by making use of the fact that z ∈ DM∞(Ω), which allows us to
use test functions from the space BV (Ω)∩L∞(Ω) in equation (4.12). We therefore choose Gk(Tr(u))

with 0 < k < r as our test function in (4.12). Applying the Gauss-Green formula (2.35), we obtain∫
Ω
(z,DGk(Tr(u))) +

∫
Ω
g(u)

√
1 + |Du|2Gk(Tr(u)) =

∫
Ω
fGk(Tr(u)), (4.54)

where we recall property (4.14).
Recalling that Gk is a Lipschitz function and Dju = 0, therefore, as an application of Lemma

2.53, we have

(z,DGk(Tr(u)))
(2.32)
= θ (z,DGk(Tr(u)), x) |DGk(Tr(u))|

(2.13)
= θ (z,DTr(u), x)G

′
k(Tr(u)) |DTr(u)|

(2.32)
= (z,DTr(u))G

′
k(Tr(u)).

(4.55)

By repeating the same arguments as in [110, Remark 4.2], we can assert that

(z,DTr(u)) =
√

1 + |DTr(u)|2 −
√
1− |zr|2 as measures in Ω, (4.56)

where zr := zχ{u≤r}. At this stage, putting together (4.55) and (4.56), in (4.54), it holds∫
Ω
G′

k(Tr(u))
√
1 + |DTr(u)|2 +

∫
Ω
g(u)

√
1 + |Du|2Gk(Tr(u))

=

∫
Ω
fGk(Tr(u)) +

∫
Ω
G′

k(Tr(u))
√

1− |zr|2.

Dropping the second integral on the left hand side because is nonnegative, we get∫
Ω
|DGk(Tr(u))|

(2.13)
≤

∫
Ω
G′

k(Tr(u))
√

1 + |DTr(u)|2 ≤
∫
Ω
fGk(Tr(u)) +

∫
Ω
G′

k(Tr(u)). (4.57)

Now, we take limit as r tends to infinity in (4.57), the left hand side passes to limit by property
(2.9), while the right hand side through Lebesgue Theorem 2.13, hence we deduce the following
inequality ∫

Ω
|DGk(u)| ≤

∫
Ω
fGk(u) + |Ak|, (4.58)

where Ak := {u > k}.
We begin by establishing the result for the case f ∈ Lq(Ω) with q > N . For the right hand side

of (4.58), due to Hölder inequality (2.6), we get∫
Ω
fGk(u) ≤ ∥f∥Lq(Ω)∥Gk(u)∥

L
q

q−1 (Ω)
≤ ∥f∥Lq(Ω)∥Gk(u)∥L1∗ (Ω)|Ak|

q−N
Nq . (4.59)

Putting (4.59) in (4.58) and using Sobolev embedding (2.7), it has(
S−1
1 − ∥f∥Lq(Ω)|Ak|

q−N
Nq

)
∥Gk(u)∥L1∗ (Ω) ≤ |Ak|. (4.60)
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For k > 0 sufficiently large, we can affirm(
S−1
1 − ∥f∥Lq(Ω)|Ak|

q−N
Nm

)
=

1

2
S−1
1 ,

hence, (4.60) becomes
∥Gk(u)∥L1∗ (Ω) ≤ 2S1|Ak|, for all k > k.

Taking h > k > k and recalling that Ah ⊆ Ak, it has

|Ah| ≤
(
2S1|Ak|
h− k

)1∗

.

Using [118, Lemma 4.1] with ψ(s) = |{up − k > s}|, we can assert that there exists a a nonnegative
constant

d := 2N+1S1ψ(0)
1
N such that ψ(d) = 0,

which implies that
∥u∥L∞(Ω) ≤ k + 2N+1S1ψ(0)

1
N ≤ k + 2N+1S1|Ω|

1
N .

Now we show the result when f ∈ LN,∞(Ω) with ∥f∥LN,∞(Ω) < S̃1. For the right hand side of
(4.58), we obtain∫

Ω
fGk(u)

(2.18)
≤ ∥f∥LN,∞(Ω)∥Gk(u)∥L1∗,1(Ω)

(2.19)
≤ ∥f∥LN,∞(Ω)S̃1∥Gk(u)∥BV (Ω). (4.61)

At this point putting (4.61) in (4.58) and dropping nonnegative terms, one gets

∥Gk(u)∥BV (Ω) ≤ ∥f∥LN,∞(Ω)S̃1∥Gk(u)∥BV (Ω) + |Ak|,

recalling that it holds (4.14), hence using that ∥f∥LN,∞(Ω) < S̃−1
1 and classical Sobolev embedding

(2.7), it gets

∥Gk(u)∥L1∗ (Ω) ≤
S1|Ak|

1− S̃1∥f∥LN,∞(Ω)

.

Repeating the same arguments as in the previous step, we give

∥u∥L∞(Ω) ≤
2N |A0|

1
N S1

1− S̃1∥f∥LN,∞(Ω)

≤ 2N |Ω|
1
N S1

1− S̃1∥f∥LN,∞(Ω)

,

thus the proof is completed.
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Chapter 5

Analysis of the existence and regularity
of solutions for nonlinear elliptic
equations with Transparent Media
operator

5.1 Introduction to the transparent media operator

We consider the Dirichlet boundary value problem defined as:− div

(
um

Du

|Du|

)
= f in Ω,

u = 0 on ∂Ω,
(5.1)

where Ω ⊂ RN (N ≥ 2) is a bounded domain with a Lipschitz boundary, the exponent satisfies
m > 0 and f in a suitable Lebesgue space.

The class of problems defined by (5.1) is closely related to the well-studied case where m = 0,
which corresponds to the 1-Laplacian operator (1.3).

Problems similar to (5.1) but involving a zero-order absorption term, such asu− div

(
um

Du

|Du|

)
= f in Ω,

u = 0 on ∂Ω,
(5.2)

have been investigated in [72] for 0 ≤ f ∈ L∞(Ω) (regardless of the size of f). This study was
motivated by the associated resolvent equation of the evolution problem.

Furthermore, problems of the type (5.1) (and (5.2)) are central to the study of the nonlinear
heat equation in transparent media (m ≥ 1). The main operator is the formal limit of the porous
medium relativistic operator

ϱdiv

(
|u|m∇u√

u2 + ϱ2|∇u|2

)
, m > 1 ,
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5.1. Introduction to the transparent media operator

as the kinematic viscosity ϱ tends to infinity [8, 72].
A significant mathematical motivation arises from the work in [17], where the authors highlighted

that the differential operator in (5.1) is the formal limit as p → 1+ of the operator in the porous
medium equation in the pseudo-linear regime. Specifically, for u ≥ 0, one has

∆pu
m

p−1 → div

(
um

Du

|Du|

)
, as p→ 1+,

for any m > 0.
Finally, a connection exists between (5.1) and certain 1-Laplace type problems featuring natural

growth in the lower-order term. A formal computation for a smooth, nonnegative function u shows
that the equation

− div

(
um

Du

|Du|

)
= −

∑
i

∂

∂xi

(
umuxi

|Du|

)
= − m

|Du|
∑
i

um−1u2xi
− um

∑
i

∂

∂xi

(
uxi

|Du|

)
= −mum−1|Du| − um∆1u,

(5.3)

is formally equivalent to

−∆1u = m
|Du|
u

+
f

um
.

Therefore, the equation under investigation represents a critical case within the family of singular
elliptic equations involving the 1-Laplace operator and natural growth gradient terms previously
studied in [70], where the authors considered problems characterized by

−∆1u = m
|Du|
uθ

+
f

um
,

with 0 < θ < 1 and m > 0.
The main goal of this work is to study the existence and qualitative properties of solutions to

problem (5.1) under minimal assumptions on the data. Of particular interest is the investigation of
the regularizing effects provided by the nonlinear coefficient um, especially in comparison with the
standard 1-Laplacian case.

We will demonstrate the existence of a bounded non-trivial solution to (5.1) for any f ∈ LN,∞(Ω),
regardless of the size of the norm ∥f∥LN,∞(Ω). This result stands in sharp contrast to the previous
conclusions for the 1-Laplacian in [43, 84, 99].

The lack of constraints on the size of the data for existence is a direct consequence of the
absorption character of the lower-order term. In fact, even for the m = 0 case [54, 107, 110], the
existence of a bounded solution to (5.2) can be proven without requiring any smallness hypothesis
on f ∈ LN,∞(Ω). While this result is sharp, bounded solutions for slightly more general data
f ∈ LN,∞(Ω) are generally not expected unless specific smallness assumptions are required on
∥f∥LN,∞(Ω).

While many established results depend on the presence of suitable lower-order absorption terms
to achieve existence and improved regularity [58, 72, 89, 107, 110], our work only make use of the
effect of the coefficient um to avoid any requirement for smallness assumptions on the data. Fur-
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thermore, by employing a strategy inspired by [72], we prove that solutions of (5.1) (or appropriate
truncations) are globally in BV (Ω) and, significantly, do not exhibit a jump part. This lack of
a jump part is a characteristic feature often observed in solutions to 1-Laplacian problems that
include first-order terms with natural growth [10, 19, 54, 70].

Through a truncation argument, we introduce a suitable and precise notion of solution to prob-
lem (5.1) that holds without any sign assumption on the data f ∈ LN,∞(Ω) (in contrast to [72]).
This solution concept is founded on the entropy notion initially introduced for general flux-saturated
operators [6, 7, 9, 40]. Using this framework, we prove the existence of a non-trivial solution without
a jump part under minimal hypotheses. Due to the nature of the equation, we also address the
technically noteworthy issue of defining the sets {u > 0} ∩ ∂Ω and {u < 0} ∩ ∂Ω for functions that
may not possess a classical trace (see Definition 2.36).

We will first investigate the case of a nonnegative data term f ∈ LN (Ω) within a more general
context, namely, the following problem:− div

(
um

Du

|Du|

)
= h(u)f in Ω,

u = 0 on ∂Ω,
(5.4)

where h : [0,∞) → [0,∞] is a continuous function that may exhibit a singularity (blow up) at zero
with rate h(s) ∼ s−γ for γ > 0 and may grow at infinity with rate h(s) ∼ sq for q > 0.

The main result we will demonstrate is the existence of a solution regardless of the choice of γ,
but subject to certain conditions on the exponent q relative to m. Furthermore, in the critical case
where q = m, conditions on the norm of f are necessary to guarantee the existence and boundedness
of the solution u (for further details, see Remark 5.4).

An important difference from the 1-Laplacian operator context is that, due to the presence of
the term um in the principal operator, we do not require a different definition of solution for the
case f ≥ 0. For further details, we refer to Remark 5.2 and Remark 5.4.

For the first part of the Chapter, our general proof strategy is summarized as follows: we
construct a sequence uε in H1

0 (Ω) of solutions to the auxiliary regularized problem:− div

(
|uε|m

∇uε
|∇uε|ε

+ ε∇uε
)

= hε(|uε|)f in Ω,

uε = 0 on ∂Ω,
(5.5)

where |ξ|ε =
√

|ξ|2 + ε2 and hε(|s|) = Tε(h(|s|)).
Further, we establish that the sequence uε is uniformly bounded in L∞(Ω) and that the sequence

|uε|m+1 is uniformly bounded in BV (Ω) with respect to ε.
Making use of the compact embedding of BV (Ω) into Lr(Ω) for all 1 ≤ r < N

N−1 , we extract a
subsequence that converges to a limit function u in Lr(Ω) for all 1 ≤ r < N

N−1(m+ 1).
Finally, we pass to the limit in the approximate problem (5.5) to demonstrate that u is a solution

of (5.1) in the appropriate generalized sense (see Definition 5.25).
As stated, our results are a significant contribution to the field, as they establish the existence

of a non-trivial, finite solution without any constraint on the size of ∥f∥LN,∞(Ω), when h ≡ 1.
This first part of the Chapter is based on [20].
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In the second part of this Chapter, we will analyze problem (5.1) in the case where 0 ≤ f ∈
L1(Ω).

The main difficulty in this case lies in the fact that the vector field z, which is used in the
definition of the solution (see Definition 5.40), is not bounded, as it itself contains the solution u,
which is generally unbounded when f ∈ L1(Ω).

Consequently, to overcome this issue, we rely on the theory of pairing with unbounded vector
fields, which is thoroughly discussed, for instance, in [44] and summarized in subsection 2.5.2,
highlighting only the relevant aspects for our purpose.

In this context, the main difficulty arises from the fact that our vector field z generally possesses
a notion of trace only as a distribution and not as a function (for more details, see the last part of
subsection 2.5.2).

As shown in Lemma 5.13, the notion of the trace of z on a hypersurface is used to prove that
u ∈ DTBV (Ω). Therefore, in the more general case, we proceed by truncating the field using the
characteristic function χ{u≤k}, with k > 0. By demonstrating that zχ{u≤k} ∈ DM∞(Ω) in Lemma
5.51, this field has a trace as a bounded function on regular hypersurfaces. This, in turn, allows us
to prove that u ∈ DTBV (Ω) even in this generalized context (for further details, see the proof of
Lemma 5.54).

Regarding the trace on the boundary, we will show in Lemma 5.59 that z admits a trace in
L1(∂Ω), defined as the limit of the traces [zχ{u≤k}, ν] as k → ∞.

Finally, we highlight an important difference with the problem−∆1u = f in Ω,

u = 0 on ∂Ω,

with 0 ≤ f ∈ L1(Ω) studied in [100]. For problem (5.1), we prove that the solution u is finite almost
everywhere in Ω, in contrast to what happens in the context of the 1-Laplacian operator.

The remainder of the Chapter is organized as follows:

• Section 5.2: We introduce our notion of solution to problem (5.4) and, for clarity of exposition,
state our main result initially for the case of a nonnegative data f ∈ LN (Ω).

• Section 5.3: We prove Theorem 5.3, in the case of a function h bounded near the origin, which
explodes at infinity, by passing to the limit in (5.5) to establish the existence of a solution for
a nonnegative f .

• Section 5.4: We complete the proof of the main existence result, i.e. Theorem 5.3, in the most
general case.

• Section 5.5: This Section contains a technical extension of the previous results to the case of
a sign-changing data f in LN,∞(Ω), with h ≡ 1.

• Section 5.6: To illustrate the practical implications of our results, we construct develop explicit
examples, including the solution to the torsion problem associated with the transparent media
equation.

• Section 5.7: We give the notion of a solution and the main result for the case 0 ≤ f ∈ L1(Ω).
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• Section 5.8: We provide the proof of the existence of a solution.

• Section 5.9: We present several summability results in Lebesgue spaces depending on the
summability of the datum f .

5.2 Introduction to problem

Let consider the following problem− div
(
um Du

|Du|

)
= h(u)f in Ω,

u = 0 on ∂Ω,
(5.6)

where Ω ⊂ RN with N ≥ 2 is a bounded domain with Lipschitz boundary, m > 0, 0 ≤ f ∈ LN (Ω)

and h : [0,∞) → [0,∞] is a continuous function such that

∃γ ≥ 0, c1, s1 > 0 : h(s) ≤ c1
sγ

for all s ≤ s1, (5.7)

and
∃0 ≤ q ≤ m,h(∞), s2 > 0 : h(s) ≤ h(∞)sq, for all s ≥ s2. (5.8)

We stress that the classical case, defined by h ≡ 1, is covered by the established assumptions, as γ
and q may be zero. Furthermore, the scenario where the function exhibits a null initial condition,
specifically h(0) = 0, is equally consistent with the preceding hypotheses.
Let us explain the notion of solution for this type of problem.

Definition 5.1. Let 0 ≤ f ∈ LN (Ω), m > 0 and h : [0,∞) → [0,∞] be a continuous function
satisfying (5.7) and (5.8). A nonnegative function u ∈ DTBV (Ω)∩L∞(Ω) such that um+1 ∈ BV (Ω)

is a solution to the problem (5.6), if there exists a vector field w ∈ L∞(Ω)N with ∥w∥L∞(Ω)N ≤ 1

and z := umw ∈ DM∞(Ω) such that

− div z = h(u)f in D′(Ω), (5.9)

(z,DT∞
a (u)) =

1

m+ 1

∣∣DT∞
a (u)m+1

∣∣ as measures in Ω, for a.e. a > 0, (5.10)

and
[z, ν] = −

(
uΩ
)m HN−1-a.e. on ∂Ω ∩ {u > 0}. (5.11)

Remark 5.2. We now clarify the sense of Definition 5.1. In particular, identity (5.10) reveals the
interpretation of the vector field w as the singular quotient Du

|Du| , and analogously, it shows how the
field z acts as um Du

|Du| in a weak formulation. It is important to emphasize that (5.10) is equivalent
to

(z,DT∞
a (u)) = T∞

a (u)m|DT∞
a (u)| as measures, for almost every a > 0,

as a consequence of the chain rule (2.13), which is applicable due to the fact that u ∈ DTBV (Ω).

Furthermore, we point out that since u does not belong to BV up to the boundary of Ω, it is
natural to ask whether condition (5.11) is properly defined. Nonetheless, we recall that Lemma 2.35,
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together with Definition 2.36 and Lemma 2.37, guarantees the existence of a trace for functions in
TBV (Ω) and thus provides a rigorous interpretation of the set {u > 0} ∩ ∂Ω.

Finally, we emphasize that, in contrast to what occurs in the case of the 1-Laplacian (see Remarks
3.21, 3.33 and [58]), we do not introduce a different notion of solution when the function h blows
up at zero and f ≥ 0, as opposed to the case f > 0. This is due to the fact that the vector field z, in
our framework, is intrinsically defined in terms of the function u. As a result, there is no need to
include the characteristic function χ{u>0} in the definition of solution (for further details, see the
final part of the proof of Lemma 5.20).

Now we state the main result of this Section.

Theorem 5.3. Assume m > 0, let h : [0,∞) → [0,∞] a continuous function such that satisfies
(5.7) and (5.8) Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and ∥f∥LN (Ω) <

((m+ 1)h(∞)S1)
−1. Then exists a nonnegative function u which is a solution to the problem (5.6)

in the sense of Definition 5.1.
Moreover, if h(0) ̸= 0 and f ̸≡ 0, then u is not trivial.

Remark 5.4. We point out that, in the case h ≡ 1, unlike the case of the 1-Laplacian (see, for
instance, [43, 99]), a solution in the sense of Definition 5.1 cannot be identically zero whenever
f ̸≡ 0 and h(0) ̸= 0, since z = umw and equation (5.9) is satisfied.
Furthermore, in the case 0 ≤ q < m we stress that the existence of a non-trivial bounded solution
is established without imposing any smallness conditions on ∥f∥LN (Ω), in clear contrast with the
0-homogeneous case, namely when m = 0.
On the other hand, in the case q = m, a smallness condition on the norm of f , namely ∥f∥LN (Ω) <

((m+ 1)h(∞)S1)
−1, is required both to guarantee the existence of a solution and to ensure its bound-

edness. Interestingly, this condition generalizes the well-known one associated with the 1-Laplacian
operator. Indeed, it is straightforward to verify that, as m→ 0+, we recover the same restriction.
Finally, in the case where we consider the model problem, that is, when the right hand side of
equation (5.6) is given by uqf , we immediately observe that the zero function is a solution of the
equation, due to the intrinsic definition of the vector field z.

5.3 Existence result for nonnegative h bounded near 0

We begin by examining a simplified version of problem (5.6), where h ∈ C0
b ([0, δ]), for every δ > 0

and satisfying (5.8). Our analysis proceeds by first examining the case where the function h is
bounded at the origin. Subsequently, we address the more generic scenario in which h exhibits a
singularity at the origin. This sequencing is motivated by the fact that the solutions derived from
this initial context will serve as the limiting case for the solutions obtained within the more generic
framework.
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5.3.1 Existence result for the ε-problem

Let introduce the following approximating problem− div

(
umε

∇uε
|∇uε|ε

)
− ε∆uε = hε(uε)f in Ω,

uε = 0 on ∂Ω,
(5.12)

where hε(s) := T 1
ε
(h(s)) and for every ε we define | · |ε : RN → [0,∞) such that

|ξ|ε :=
√
ε2 + |ξ|2,

specifically the previous function has the following property

|ξ|2

|ξ|ε
≥ |ξ| − ε, for any ξ ∈ RN . (5.13)

Initially, let us present the existence result for problem (5.12).

Lemma 5.5. Let m > 0, let f ∈ H−1(Ω) and let h be a nonnegative function such that h ∈
C0
b ([0, δ]), for every δ > 0, satisfying (5.8). Then, for every ε > 0, there exists uε ∈ H1

0 (Ω)∩L∞(Ω)

which is weak solution to the problem (5.12), i.e. it holds∫
Ω
|uε|m

∇uε
|∇uε|ε

· ∇v + ε

∫
Ω
∇uε · ∇v =

∫
Ω
hε(|uε|)fv for all v ∈ H1

0 (Ω). (5.14)

Moreover, if f ≥ 0, then uε ≥ 0. Furthermore, if h(0) ̸= 0 and f ̸≡ 0, then uε ̸≡ 0.

Proof. The proof of this Lemma follows by directly adapting the argument in [72, Lemma 3.1].
However, for the sake of completeness, we briefly outline the key steps. Let η > 0 and consider the
corresponding truncated problem− div (Aη(uε,η,∇uε,η)) = hε(|uε,η|)f in Ω,

u = 0 on ∂Ω,
(5.15)

where the map Aη : R× RN → RN is given by the definition

Aη(s, ξ) := T1/η(|s|)m
ξ

|ξ|ε
+ εξ for any (s, ξ) ∈ R× RN . (5.16)

Problem (5.15) admits a solution, as ensured by [94]. This conclusion relies on the characteristics
of the operator introduced in (5.16) and of the right hand side of (5.15), namely:

• Boundedness
|Aη(s, ξ)| ≤ C + ε|ξ| for any (s, ξ) ∈ R× RN ,

where C > 0 is a constant depending on ε, η and m.

• Monotonicity

(Aη(s, ξ1)−Aη(s, ξ2)) · (ξ1 − ξ2) > 0 for any (s, ξi) ∈ R× RN , with i = 1, 2 and ξ1 ̸= ξ2,
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which follows from the convexity of the associated Lagrangian L given by

L(s, ξ) := T1/η(|s|)m
√
(|ξ|2 + ε2) +

ε

2
|ξ|2 for any (s, ξ) ∈ R× RN .

• Coercivity
Aη(s, ξ) · ξ ≥ ε|ξ|2 for any (s, ξ) ∈ R× RN .

Moreover, the the right hand side enjoys the following property:

hε(|uε,η|)f ≤ f

ε
∈ L2(Ω), for any (x, s) ∈ Ω× R.

We underline that a solution has been obtained, denoted by uε,η, which explicitly depends on the
parameters ε and η. In particular, by selecting Gk(uε,η) ∈ H1

0 (Ω) as a test function in the weak
formulation of problem (5.15), we obtain:

ε

∫
Ω
|∇Gk(uε,η)|2 ≤

∫
Ω
hε(|uε,η|)fGk(uε,η).

By employing Stampacchia truncation technique (refer to [118]), we obtain

∥uε,η∥L∞(Ω) ≤ C,

where C > 0 is a constant that does not depend on η. As a consequence, choosing η < 1
C , it follows

that T 1
η
(|uε,η|) = |uε,η|.

Hence, the function uε,η, which we shall henceforth denote simply by uε, solves problem (5.12) in
the weak sense described in (5.14).
Moreover, if f ≥ 0 almost everywhere, one can employ u−ε ∈ H1

0 (Ω) as a test function in (5.14).
Disregarding the nonpositive term, this leads to

−ε
∫
Ω
|∇u−ε |2 ≥

∫
Ω
hε(|uε|)fu−ε ≥ 0,

which implies uε ≥ 0. This concludes the proof.

5.3.2 From uniform bounds to the limit function

We now derive some useful bounds for the function uε, which henceforth denotes the solution to
problem (5.12), as established in Lemma 5.5.
In the next result, we present a collection of a priori estimates for uε, which guarantee the existence
of a limiting function u as ε → 0+. For the sake of completeness, we formulate these estimates in
the slightly more general setting of a data f ∈ Lp̃(Ω), where

p̃ :=
Nm+N

Nm−Nq + q + 1
≤ N, whit 0 ≤ q ≤ m. (5.17)

We note that the exponent of integrability depends on both the behavior of h at infinity and the
presence of the um term in the operator. These factors allow us to extend the function space where
the estimates can be performed.
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Lemma 5.6. Let m > 0, a nonnegative function h such that h ∈ C0
b ([0, δ]), for every δ > 0 and

satisfying (5.8).
If 0 ≤ q < m and 0 ≤ f ∈ Lp̃(Ω) or if q = m and 0 ≤ f ∈ LN (Ω) with ∥f∥LN (Ω) <

((m+ 1)h(∞)S1)
−1, then there exist ε, Cε > 0 where Cε is a constant independent of ε > 0, such

that, for every 0 < ε < ε, they hold

∥uε∥
L

(m+1)N
N−1 (Ω)

≤ Cε, (5.18)

and

∥um+1
ε ∥BV (Ω) ≤ (m+1)

(
εm

m+ 1
Cm+1
ε +

ε

m+ 1
|Ω|

N+m
N + sup

s∈[0,s2]
h(s)∥f∥L1(Ω)s2 + h(∞)∥f∥Lr(Ω)C

q+1
ε

)
,

(5.19)
where

r :=

p̃ if 0 ≤ q < m,

N if q = m,

which means that um+1
ε is uniformly bounded in BV (Ω) for all 0 < ε ≤ ε.

Proof. First, we take uε as a test function in (5.12), from which it follows that∫
Ω
umε

|∇uε|2

|∇uε|ε
+ ε

∫
Ω
|∇uε|2 =

∫
Ω
hε(uε)fuε. (5.20)

Then, employing (5.13) and taking into account the nonnegativity of the second integral on the left
hand side, we deduce

1

m+ 1

∫
Ω
|∇um+1

ε |
(2.6)
≤ ε

∫
Ω
umε + sup

s∈[0,s2]
h(s)∥f∥L1(Ω)s2 + h(∞)∥f∥Lp̃(Ω)∥uε∥

q+1

L
(m+1)N

N−1 (Ω)

, (5.21)

where we decompose the integral on the right hand side of (5.20) according to the sets {uε ≤ s2}
and {uε > s2}.
We now apply Hölder inequality (2.6) and Young inequality (2.5) to estimate the right hand side of
(5.21). This leads to the following estimate:

1

m+ 1

∫
Ω
|∇um+1

ε | ≤ εm

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

+
ε

m+ 1
|Ω|

N+m
N

+ sup
s∈[0,s2]

h(s)∥f∥L1(Ω)s2 + h(∞)∥f∥Lp̃(Ω)∥uε∥
q+1

L
(m+1)N

N−1 (Ω)

.
(5.22)

At this point, we use Sobolev inequality (2.7) for the left hand side of (5.22), we get

S−1
1

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

≤ εm

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

+
ε

m+ 1
|Ω|

N+m
N

+ sup
s∈[0,s2]

h(s)∥f∥L1(Ω)s2 + h(∞)∥f∥Lp̃(Ω)∥uε∥
q+1

L
(m+1)N

N−1 (Ω)

.
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Now we consider the case 0 ≤ q < m. By applying Young inequality (2.5) once more, we derive

S−1
1

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

≤ εm

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

+
ε

m+ 1
|Ω|

N+m
N

+ sup
s∈[0,s2]

h(s)∥f∥L1(Ω)s2

+h(∞)

(
1

η

)m+1
m−q m− q

m+ 1
∥f∥

m+1
m−q

Lp̃(Ω)
+ h(∞) η

m+1
q+1

q + 1

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

,

where η > 0 is a positive constant that will be fixed later.
Hence, by choosing ε > 0 and η > 0 such that

S−1
1

m+ 1
− εm

m+ 1
− h(∞) η

m+1
q+1

q + 1

m+ 1
> 1,

then for every 0 < ε < ε, we can affirm that

∥uε∥m+1

L
(m+1)N

N−1

≤ ε

m+ 1
|Ω|

N+m
N + sup

s∈[0,s2]
h(s)∥f∥L1(Ω)s2 + h(∞)

(
1

η

)m+1
m−q m− q

m+ 1
∥f∥

m+1
m−q

Lp̃(Ω)
.

At this point putting

Cε :=

(
ε

m+ 1
|Ω|

N+m
N + sup

s∈[0,s2]
h(s)∥f∥L1(Ω)s2 + h(∞)

(
1

η

)m+1
m−q m− q

m+ 1
∥f∥

m+1
m−q

Lp̃(Ω)

) 1
m+1

,

we deduce (5.18).
Moreover, combining the preceding estimate with (5.22), we deduce that um+1

ε is uniformly bounded
in BV (Ω), satisfying

∥um+1
ε ∥BV (Ω) ≤ (m+1)

(
εm

m+ 1
Cm+1
ε +

ε

m+ 1
|Ω|

N+m
N + sup

s∈[0,s2]
h(s)∥f∥L1(Ω)s2 + h(∞)∥f∥Lp̃(Ω)C

q+1
ε

)
,

for all 0 < ε < ε, which is (5.19).
We now turn our attention to the case q = m; (5.22) becomes

1

m+ 1

∫
Ω
|∇um+1

ε | ≤ εm

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

+
ε

m+ 1
|Ω|

N+m
N

+ sup
s∈[0,s2]

h(s)∥f∥L1(Ω)s2 + h(∞)∥f∥LN (Ω)∥uε∥m+1

L
(m+1)N

N−1 (Ω)

.
(5.23)

As a consequence of Sobolev embedding (2.7), one has

S−1
1

m+ 1
∥uε∥m+1

L
N(m+1)

N−1 (Ω)

≤ εm

m+ 1
∥uε∥m+1

L
(m+1)N

N−1 (Ω)

+
ε

m+ 1
|Ω|

N+m
N

+ sup
s∈[0,s2]

h(s)∥f∥L1(Ω)s2 + h(∞)∥f∥LN (Ω)∥uε∥m+1

L
(m+1)N

N−1 (Ω)

.

Making use of the key assumption ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)
−1, we deduce that there exists
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ε > 0 sufficiently small such that

S−1
1

m+ 1
− εm

m+ 1
− h(∞)∥f∥LN (Ω) > 0 for every 0 < ε < ε,

hence, we derive

∥uε∥m+1

L
N(m+1)

N−1 (Ω)

≤
(

S−1
1

m+ 1
− εm

m+ 1
− h(∞)∥f∥LN (Ω)

)−1
(

ε

m+ 1
|Ω|

N+m
N + sup

s∈[0,s2]
h(s)∥f∥L1(Ω)s2

)
.

Putting

Cε :=

((
S−1
1

m+ 1
− εm

m+ 1
− h(∞)∥f∥LN (Ω)

)(
ε

m+ 1
|Ω|

N+m
N + sup

s∈[0,s2]
h(s)∥f∥L1(Ω)s2

)) 1
m+1

,

we can conclude (5.18).
Finally, gathering the previous estimate in (5.23), we obtain (5.19) and this concludes the proof.

Now we prove the existence of a nonnegative limit function u ∈ TBV (Ω) which is our candidate
to be the solution to problem (5.6) with h ∈ C0

b ([0, δ]), for every δ > 0 and which satisfying (5.8).

Corollary 5.7. Let m > 0, a nonnegative function h such that h ∈ C0
b ([0, δ]), for every δ > 0 and

satisfying (5.8) and 0 ≤ f ∈ LN (Ω). Let uε solution to the problem (5.12).
If 0 ≤ q < m or q = m with ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1, then there exists a nonnegative
u ∈ TBV (Ω) such that um+1

ε converges to um+1 (up to subsequence) in Lq(Ω) for every q < N
N−1

and Dum+1
ε converges to Dum+1 ∗-weakly as measures as ε tends to zero.

Moreover, if h(0) ̸= 0 and f ̸≡ 0, then u ̸≡ 0.

Proof. Invoking Lemma 5.6 together with the compact embedding BV (Ω) ↪→ Lr(Ω) for r < N
N−1

stated in Theorem 2.25, we deduce the existence of a function v ∈ BV (Ω) such that

um+1
ε → v strongly in Lr(Ω), 1 ≤ r <

N

N − 1
, (5.24)

um+1
ε → v almost everywhere in Ω, (5.25)

and
Dum+1

ε ⇀ Dv ∗-weakly in M(Ω).

From Theorem 5.5, we have uε ≥ 0 for every ε > 0, and hence v ≥ 0. Consequently, we may define

u := v
1

m+1 .

Due to (5.25), we infer
uε → u almost everywhere in Ω. (5.26)

From (5.24) and Lebesgue Dominated Convergence Theorem 2.13, it follows that

uε → u strongly in Lq(Ω), for all 1 ≤ q <
(m+ 1)N

N − 1
,
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and, in particular

umε → um strongly in Lq(Ω), for all 1 ≤ q <
N(m+ 1)

(N − 1)m
. (5.27)

It should be noted that u does not necessarily belong to BV (Ω). However, since the map s 7→ s
1

m+1

is Lipschitz on (a,∞) for every a > 0, we may invoke Theorem 2.31 to conclude that u ∈ TBV (Ω).
Thus the proof is completed.

Lemma 5.8. Let m > 0, a nonnegative function h such that h ∈ C0
b ([0, δ]), for every δ > 0 and

satisfying (5.8), 0 ≤ f ∈ LN (Ω) and let u be the function provided in Corollary 5.7.
If 0 ≤ q < m, then it holds

∥u∥L∞(Ω) ≤ k0, (5.28)

where
1

2
km0 − (q + 1)h(∞)S1∥f∥LN (Ω)k

q
0 > 1 and k0 ≥ s2.

Instead, if q = m and ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)
−1, then it holds

∥u∥L∞(Ω) ≤ s2. (5.29)

Proof. Let us take Gk(uε) with k ≥ s2 as a test function in (5.12), yielding to∫
Ω
umε

|∇Gk(uε)|2

|∇Gk(uε)|ε
+ ε

∫
Ω
|∇Gk(uε)|2 =

∫
Ω
h(∞)uqεfGk(uε).

Using (5.13), Hölder inequality (2.6) and dropping the second integral on the left hand side of the
previous equality, we get∫

Ω
umε |∇Gk(uε)| ≤ ε∥umε χAk,ε

∥
L

(m+1)N
m(N−1) (Ω)

|Ak,ε|
N+m

(m+1)N + h(∞)∥f∥LN (Ω)∥uqεGk(uε)∥
L

N
N−1 (Ω)

,

where Ak,ε := {uε > k}.

Applying Sobolev embedding (2.7) on the right hand side of the previous inequality, we derive∫
Ω
umε |∇Gk(uε)| ≤ ε∥umε χAk,ε

∥
L

(m+1)N
m(N−1) (Ω)

|Ak,ε|
N+m

(m+1)N + h(∞)∥f∥LN (Ω)S1∥∇ (uqεGk(uε)) ∥L1(Ω)N .

(5.30)
In particular, in Ak,ε

u
(m+1)N

N−1
ε = (Tk(uε) +Gk(uε))

(m+1)N
N−1 ≤ 2

mN+1
N−1 k

(m+1)N
N−1 + 2

mN+1
N−1 Gk(uε)

(m+1)N
N−1 ,

hence,

(∫
Ω
u

(m+1)N
N−1

ε χAk,ε

)m(N−1)
(m+1)N

≤
(
2

mN+1
N−1 k

(m+1)N
N−1 |Ak,ε|+ 2

mN+1
N−1

∫
Ω
Gk(uε)

(m+1)N
N−1

)m(N−1)
(m+1)N

≤ 2
m2N+m
(m+1)N km |Ak,ε|

m(N−1)
(m+1)N + 2

m2N+m
(m+1)N ∥Gk(uε)

m+1∥
m

m+1

L
N

N−1 (Ω)
.

(5.31)
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Therefore, by substituting (5.31) into (5.30), we obtain∫
Ω
umε |∇Gk(uε)| ≤ε2

m2N+m
(m+1)N km |Ak,ε|

m(N−1)
(m+1)N |Ak,ε|

N+m
(m+1)N + ε2

m2N+m
(m+1)N ∥Gk(uε)

m+1∥
m

m+1

L
N

N−1 (Ω)
|Ak,ε|

N+m
(m+1)N

+h(∞)∥f∥LN (Ω)S1∥∇ (uqεGk(uε)) ∥L1(Ω)N .

(5.32)
We emphasize that it is possible to express:∫

Ω
|∇ (uqεGk(uε))| =

∫
Ω

(
quq−1

ε Gk(uε)|∇uε|+ uqε|∇Gk(uε)|
)

≤
∫
Ω
(quqε|∇Gk(uε)|+ uqε|∇Gk(uε)|)

=(q + 1)

∫
Ω
uqε|∇Gk(uε)|.

(5.33)

Consequently, upon substituting (5.33) into (5.32) , we may conclude that∫
Ω
umε |∇Gk(uε)| ≤ε2

m2N+m
(m+1)N km |Ak,ε|+ ε2

m2N+m
(m+1)N ∥Gk(uε)

m+1∥
m

m+1

L
N

N−1 (Ω)
|Ak,ε|

N+m
(m+1)N

+h(∞)∥f∥LN (Ω)S1(q + 1)

∫
Ω
uqε|∇Gk(uε)|.

Making use of Young inequality (2.5), we have∫
Ak,ε

|∇Gk(uε)|
(
umε − (q + 1)h(∞)S1∥f∥LN (Ω)u

q
ε

)
≤ε2

m2N+m
(m+1)N km |Ak,ε|+

εm

m+ 1
2

m2N+m
(m+1)N ∥Gk(uε)

m+1∥
L

N
N−1 (Ω)

+
ε

m+ 1
2

m2N+m
(m+1)N |Ak,ε|

N+m
N .

Thanks to Sobolev embedding (2.7), we get∫
Ak,ε

|∇Gk(uε)|
(
umε − S1εm2

m2N+m
(m+1)N umε − (q + 1)h(∞)S1∥f∥LN (Ω)u

q
ε

)
≤ε2

m2N+m
(m+1)N

(
km |Ak,ε|+

1

m+ 1
|Ak,ε|

N+m
N

)
.

(5.34)

Let us first analyze the case q < m, choosing ε > 0 sufficiently small, for every 0 < ε < ε, it holds

1− S1εm2
m2N+m
(m+1)N >

1

2
,

by virtue of the estimates established in Lemma 5.6, we deduce that the measure of the superlevel
sets Ak,ε is uniformly bounded with respect to ε and they are nonincreasing functions with respect
to k > 0. Accordingly, we may conclude that∫

Ak,ε

|∇Gk(uε)|
(
1

2
umε − (q + 1)h(∞)S1∥f∥LN (Ω)u

q
ε

)
≤ ε2

m2N+m
(m+1)N

+1
km |Ak,ε| .

Then there certainly exists a constant k0 ≥ s2 such that

1

2
km0 − (q + 1)h(∞)S1∥f∥LN (Ω)k

q
0 > 1
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as a consequence, for every k > k0, it holds∫
Ak,ε

|∇Gk(uε)| ≤ ε2
m2N+m
(m+1)N

+1 km(
1
2k

m − (q + 1)S1∥f∥LN (Ω)k
q
) |Ak,ε| ≤ ε2

m2N+m
(m+1)N

+2|Ak,ε|.

At this stage, we employ the Sobolev inequality, and by choosing h > k > k0, we arrive at

|Ah,ε| ≤
1

(h− k)
N

N−1

(
ε2

m2N+m
(m+1)N

+2S1

) N
N−1

|Ak,ε|
N

N−1 ,

where we recall that Ah ⊂ Ak and Gk(uε) > h− k on the set Ak,ε, for each h > k > k0.
By employing the Stampacchia method described in [118], we conclude the following estimate

∥uε∥L∞(Ω) ≤ k0 + ε2
m2N+m
(m+1)N

+2+NS1|Ω|
1
N . (5.35)

which implies (5.28), when we take limit as ε→ 0+.

On the other hand, in the case q = m, it is crucial to exploit the smallness assumption on the
norm of f , namely ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Therefore, there exists ε > 0 such that for
every 0 < ε < ε, it holds

1− S1εm2
m2N+m
(m+1)N − (m+ 1)h(∞)S1∥f∥LN (Ω) > 0,

as a consequence (5.34) becomes

∫
Ak,ε

|∇Gk(uε)| ≤
ε2

m2N+m
(m+1)N

(
km |Ak,ε|+ 1

m+1 |Ak,ε|
N+m

N

)
km
(
1− S1εm2

m2N+m
(m+1)N − (m+ 1)h(∞)S1∥f∥LN (Ω)

) .
Thanks to Lemma 5.6, we know that the measure of the sets Ak,ε is uniformly bounded. Therefore,
we can rewrite the previous step as follows

∫
Ak,ε

|∇Gk(uε)| ≤
ε2

m2N+m
(m+1)N

+1
km

km
(
1− S1εm2

m2N+m
(m+1)N − (m+ 1)h(∞)S1∥f∥LN (Ω)

) |Ak,ε|.

We repeat the same arguments as in the previous case; therefore, for every h > k ≥ s2 (we
emphasize that the only constraint on k is that k ≥ s2), we reach the following inequality:

|Ah,ε| ≤
1

(h− k)
N

N−1

 ε2
m2N+m
(m+1)N

+1

1− S1εm2
m2N+m
(m+1)N − (m+ 1)h(∞)S1∥f∥LN (Ω)

S1


N

N−1

|Ak,ε|
N

N−1 .

A further application of the Stampacchia method yields the following estimate

∥uε∥L∞(Ω) ≤ s2 +
ε2

m2N+m
(m+1)N

+1+N

1− S1εm2
m2N+m
(m+1)N − (m+ 1)h(∞)S1∥f∥LN (Ω)

S1|Ω|
1
N . (5.36)
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Taking limit as ε→ 0+, we get (5.29) and this concludes the proof.

Remark 5.9. The assumption m > 0 plays a central role in the proof of Lemma 5.8; if m = 0, one
would instead require the classical smallness condition on ∥f∥LN (Ω), as is natural (for more details,
see [99]).

When h ≡ 1, observe that as m→ 0+, provided

S1 ∥f∥LN (Ω) < 1,

inequality (5.29) collapses to the classical triviality result u ≡ 0, in agreement with [43].

5.3.3 Existence of the vector field z and its role

Subsequently, we establish the existence of a vector field z ∈ DM∞(Ω) and explain its interpretation
as the singular quotient um Du

|Du| . Henceforth, we shall denote by u the function established in
Corollary 5.7.

Lemma 5.10. Assume m > 0, and let h be a nonnegative function such that h ∈ C0
b ([0, δ]) for every

δ > 0, satisfying condition (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and
∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Let u be the function provided by Corollary 5.7. Then, there exists
a vector field w ∈ L∞(Ω)N , with ∥w∥L∞(Ω)N ≤ 1, such that the vector field z := umw ∈ DM∞(Ω)

satisfies identity (5.9).

Proof. To begin, let uε be the solution of problem (5.12). We introduce the vector field wε :=
∇uε

|∇uε|ε ,

which satisfies the following property:

|wε| ≤ 1,

as a result of the ∗-weak compactness of L∞(Ω)N , we deduce the existence of a vector field w ∈
L∞(Ω)N such that

lim
ε→0+

∫
Ω
wε · ψ =

∫
Ω
w · ψ for all ψ ∈ L1(Ω)N , and ∥w∥L∞(Ω)N ≤ 1. (5.37)

We now intend to pass to the limit as ε → 0+ in (5.14), using a test function φ ∈ C1
c (Ω). On the

one hand, we observe that

lim
ε→0+

∫
Ω
umε wε · ∇φ =

∫
Ω
umw · ∇φ for all φ ∈ C1

c (Ω),

indeed, by virtue of Corollary 5.7, we know that umε → um strongly in L1(Ω), and we have just
established that wε ⇀ w ∗-weakly in L∞(Ω)N . Accordingly, from this point onward, we define
z := umw.

On the other hand, we want to show

lim
ε→0+

ε

∫
Ω
∇uε · ∇φ = 0. (5.38)
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To begin with, observe that by choosing φ = uε as a test function in (5.14), discarding a nonnegative
term, and applying Hölder inequality (2.6), one obtains

ε

∫
Ω
|∇uε|2 ≤

∫
Ω
hε(uε)fuε ≤ ∥uε∥L∞(Ω) sup

s∈[0,∥uε∥L∞(Ω)]
h(s)∥f∥L1(Ω) ≤ C, for all 0 < ε < 1, (5.39)

since∥uε∥L∞(Ω) is uniformly bounded in ε (see (5.35) and (5.36)). As a result, by applying once
more Hölder inequality (2.6), we deduce that

∣∣∣∣ε ∫
Ω
∇uε · ∇φ

∣∣∣∣ ≤ ε1/2
(∫

Ω
ε|∇uε|2

) 1
2
(∫

Ω
|∇φ|2

) 1
2

(5.39)
≤ ε

1
2C

1
2

(∫
Ω
|∇φ|2

) 1
2

,

(5.40)

which implies (5.38).
Finally the right hand side of (5.14) pass to limit as ε to 0+ as a consequence of Lebesgue Theorem
2.13 because h ∈ C0

b ([0, ∥u∥L∞(Ω)]) and uε → u a.e. in Ω as stated in (5.26). This shows the validity
of (5.9) which also implies that u ̸≡ 0 if f ̸≡ 0 or h(0) ̸= 0 (see also Remark 5.9). This proves the
result.

Remark 5.11. Building on Remark 2.65, the space of test functions can be extended to BV (Ω) ∩
L∞(Ω), yielding∫

Ω
(z,Dv)−

∫
∂Ω
v[z, ν] dHN−1 =

∫
Ω
h(u)fv, for all v ∈ BV (Ω) ∩ L∞(Ω). (5.41)

Now we establish a first inequality in (5.10).

Lemma 5.12. Assume m > 0, and let h be a nonnegative function such that h ∈ C0
b ([0, δ]) for

every δ > 0, satisfying condition (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m

and ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)
−1. Let u be the function provided by Corollary 5.7 and let z be

the vector field defined in Lemma 5.10. Then

1

m+ 1
|DT∞

a (u)m+1| ≤ (z,DT∞
a (u)) as measures for all a > 0. (5.42)

Proof. Let uε be the solution to (5.12), and consider T∞
a (uε)φ as a test function in (5.14), with

0 ≤ φ ∈ C1
c (Ω). This leads to the following identity:∫

Ω
umε

|∇T∞
a (uε)|2

|∇T∞
a (uε)|ε

φ+

∫
Ω
umε

∇uε
|∇uε|ε

· ∇φT∞
a (uε) + ε

∫
Ω
∇uε · ∇ (T∞

a (uε)φ) =

∫
Ω
hε(uε)fT

∞
a (uε)φ.

Observe that

ε

∫
Ω
∇uε · ∇(T∞

a (uε)φ) = ε

∫
Ω
|∇uε|2(T∞

a )′(uε)φ+ ε

∫
Ω
∇uε · ∇φT∞

a (uε) ≥ ε

∫
Ω
∇uε · ∇φT∞

a (uε),

which gives∫
Ω
umε wε ·∇T∞

a (uε)φ+

∫
Ω
umε wε ·∇φT∞

a (uε)+ε

∫
Ω
∇uε ·∇φT∞

a (uε) ≤
∫
Ω
hε(uε)fT

∞
a (uε)φ. (5.43)

Francesco Balducci 123



5.3. Existence result for nonnegative h bounded near 0

Now we notice that
lim
ε→0+

ε

∫
Ω
∇uε · ∇φT∞

a (uε) = 0, (5.44)

which can be proven in the same way as in (5.40), given that T∞
a (uε) is uniformly bounded in

L∞(Ω) by Lemma 5.8.
We now proceed to show that

lim
ε→0+

∫
Ω
umε wε · ∇φT∞

a (uε) =

∫
Ω
z · ∇φT∞

a (u). (5.45)

We note that by Lebesgue Dominated Convergence Theorem 2.13, together with (5.25) and Lemma
5.8, it follows that

umε T
∞
a (uε) → umT∞

a (u) strongly in L1(Ω).

This convergence, in combination with (5.37) and the uniform bound ∥wε∥L∞(Ω)N ≤ 1, leads to

umε wε · ∇φT∞
a (uε)− z · ∇φT∞

a (u) = (T∞
a (uε)u

m
ε − T∞

a (u)um)wε · ∇φ

+ T∞
a (u)um(wε − w) · ∇φ→ 0 in L1(Ω).

This proves (5.45).

Moreover, expressing ∇T∞
a (uε) in terms of ∇uε and employing estimate (5.13), we obtain∫

Ω
umε wε · ∇T∞

a (uε)φ ≥
∫
Ω
umε |∇uε|(T∞

a )′(uε)φ− ε

∫
Ω
umε (T∞

a )′(uε)φ. (5.46)

Finally, the right hand side of (5.43) converges in the limit by Lebesgue Dominated Convergence
Theorem 2.13, since h ∈ C0

b ([0, ∥u∥L∞(Ω)]), uε → u almost everywhere in Ω, and T∞
a (uε) → T∞

a (u)

strongly in L1(Ω), as established in Corollary 5.7.
Replacing (5.44), (5.45), and (5.46) into (5.43), and taking into account the reasoning outlined

above, we arrive at

lim sup
ε→0+

(∫
Ω

umε |∇uε|(T∞
a )′(uε)φ− ε

∫
Ω

umε (T∞
a )′(uε)φ

)
+

∫
Ω

z · ∇φT∞
a (u) ≤

∫
Ω

h(u)fT∞
a (u)φ. (5.47)

We proceed by evaluating the terms appearing in (5.47). In light of (5.27), it is evident that

lim
ε→0+

ε

∫
Ω
umε (T∞

a )′(uε)φ = lim
ε→0+

ε

∫
{uε>a}

umε φ = 0, (5.48)

Moreover, evaluating the gradient of T∞
a (uε) leads to∫

Ω
umε |∇uε|(T∞

a )′(uε)φ =
1

m+ 1

∫
Ω
|∇(T∞

a (uε))
m+1|φ. (5.49)

Substituting (5.48) and (5.49) into (5.47), and applying (2.8), we consequently obtain

1

m+ 1

∫
Ω
|D(T∞

a (u)m+1)|φ+

∫
Ω
z · ∇φT∞

a (u) ≤
∫
Ω
h(u)fT∞

a (u)φ.
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Subsequently, by employing (5.9) and (2.30), we obtain

1

m+ 1

∫
Ω
|DT∞

a (u)m+1|φ ≤
∫
Ω
(z,DT∞

a (u))φ,

thereby completing the proof.

In the following Lemma, we establish a significant regularity property for the nonnegative func-
tion u.

Lemma 5.13. Assume m > 0, and let h be a nonnegative function such that h ∈ C0
b ([0, δ]) for

every δ > 0, satisfying condition (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m

and ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)
−1. Let u be the function provided by Corollary 5.7 and let z be

the vector field defined in Lemma 5.10. Then it holds

u ∈ DTBV (Ω).

Proof. We adopt the approach of [72, Lemma 5.9]; to facilitate the exposition, we divide the proof
into several steps.

Step 1. We begin with some preliminary observations. First, we note that by Corollary 5.7, we
have u ∈ TBV (Ω) ∩ L∞(Ω), which enables us to conclude that, for any fixed a > 0, both T∞

a (u)

and T∞
a (u)m+1 lie in BV (Ω) ∩ L∞(Ω).

According to Theorem 2.31, we have the equality JT∞
a (u) = JT∞

a (u)m+1 , and furthermore, the
measure-theoretic normals satisfy νT∞

a (u) = νT∞
a (u)m on JT∞

a (u) for almost every a > 0, given that
m > 0.

In essence, we aim to demonstrate that HN−1
(
JT∞

a (u)m+1

)
= 0, which consequently implies

HN−1
(
JT∞

a (u)

)
= 0.

This result will follow, in light of Lemma 2.42, once we establish that HN−1
(
S∗
u

)
= 0.

Step 2. Let z denote the vector field constructed in Lemma 5.10. From the same Lemma, we
know that equation (5.9) is satisfied, which in particular yields that div z ∈ L1(Ω). Therefore, by
applying Lemma 2.61, we deduce that

0 = div z JT∞
a (u) =

([
z, νT∞

a (u)

]+ −
[
z, νT∞

a (u)

]−)HN−1 JT∞
a (u). (5.50)

Hence [
z, νT∞

a (u)

]
:=
[
z, νT∞

a (u)

]+
=
[
z, νT∞

a (u)

]− HN−1-a.e. on JT∞
a (u). (5.51)

Step 3. We assert that wχ{u>a} ∈ DM∞(Ω) for almost every a > 0. Since z ∈ DM∞(Ω), this
follows from Lemma 2.55, given that

wχ{u>a} = u−mzχ{u>a},

and u−mχ{u>a} ∈ BV (Ω) ∩ L∞(Ω), due to the fact that u ∈ TBV (Ω) ∩ L∞(Ω).
Hence, we obtain, for almost every a > 0, that

∣∣[z, νT∞
a (u)

]
χ{u>a}

∣∣ (2.43)
=

∣∣∣(T∞
a (u)m)±

[
wχ{u>a}, νT∞

a (u)

]±∣∣∣ (2.29)
≤ (T∞

a (u)m)± HN−1-a.e. on JT∞
a (u),
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which implies that , for almost every a > 0,∣∣[z, νT∞
a (u)

]
χ{u>a}

∣∣ ≤ min
{
(T∞

a (u)m)+ , (T∞
a (u)m)−

}
HN−1-a.e. on JT∞

a (u). (5.52)

Step 4. Along the jump set JT∞
a (u), the following inequality holds:

1

m+ 1

∣∣DjT∞
a (u)m+1

∣∣ (5.42)
≤ (z,DT∞

a (u)) JT∞
a (u)

(2.34)
= (−T∞

a (u) div z + div (T∞
a (u)z)) JT∞

a (u)

(5.50)
= div (T∞

a (u)z) JT∞
a (u).

(5.53)

Therefore, applying Theorem 2.31 and considering the expression given in (5.51), we deduce
that

1

m+ 1

∣∣∣(T∞
a (u)m+1

)+ −
(
T∞
a (u)m+1

)−∣∣∣HN−1 JT∞
a (u)

(5.53)
≤ div (T∞

a (u)z) JT∞
a (u)

(2.42)
=
([
T∞
a (u)z, νT∞

a (u)

]+ −
[
T∞
a (u)z, νT∞

a (u)

]−)HN−1 JT∞
a (u)

(2.43)
=
(
T∞
a (u)+

[
z, νT∞

a (u)

]+ − T∞
a (u)−

[
z, νT∞

a (u)

]−)HN−1 JT∞
a (u)

(5.51)
=
(
T∞
a (u)+ − T∞

a (u)−
) [
z, νT∞

a (u)

]
χ{u>a}HN−1 JT∞

a (u)

(5.52)
≤
∣∣T∞

a (u)+ − T∞
a (u)−

∣∣min
{
(T∞

a (u)m)+ , (T∞
a (u)m)−

}
HN−1 JT∞

a (u).

Consequently, since ψ(s) = sm is strictly monotone, it follows that

0 = HN−1
(
JT∞

a (u)

)
= HN−1

(
ST∞

a (u)

)
for almost every a > 0,

which, in light of Lemma 2.42, leads to the conclusion that HN−1(S∗
u) = 0. This completes the

proof.

We now demonstrate that the inequality (5.42) established in Lemma 5.12 is, in fact, an equality.

Lemma 5.14. Assume m > 0, and let h be a nonnegative function such that h ∈ C0
b ([0, δ]) for

every δ > 0, satisfying condition (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m

and ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)
−1. Let u be the function provided by Corollary 5.7 and let z be

the vector field defined in Lemma 5.10. Then, (5.10) holds.

Proof. The proof is a straightforward adaptation of [72, Lemma 5.10]; however, for the reader’s
convenience, we provide the full argument here.
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One has

1

m+ 1
|DT∞

a (u)m+1|
(5.42)
≤ (z,DT∞

a (u))

(2.44)
=
(
zχ{u>a}, DT

∞
a (u)

)
(2.38)
= T∞

a (u)m
(
wχ{u>a}, DT

∞
a (u)

)
(5.54)

(2.31)
≤ T∞

a (u)m|DT∞
a (u)|

(2.13)
=

1

m+ 1
|DT∞

a (u)m+1|,

where, in the final identity, we employed the regularity of u, which lies in DTBV (Ω). Accordingly,
we conclude that (5.10) is satisfied. This concludes the proof.

Remark 5.15. Observe that, as a consequence of (5.54), one also derives

(
wχ{u>a}, DT

∞
a (u)

)
= |DT∞

a (u)| in D′(Ω), for almost every a > 0,

which may serve as an equivalent formulation of (5.10) in Definition 5.1.

5.3.4 The boundary condition

In this Section, we demonstrate that u fulfills the boundary condition in the weak sense described by
(5.11). The central technical tool is the following Lemma, which provides a step-by-step adaptation
of the argument used to establish formula (4.15) in [72, Lemma 4.5]. We include the details here
for completeness.

Lemma 5.16. Assume m > 0, and let h be a nonnegative function such that h ∈ C0
b ([0, δ]) for

every δ > 0, satisfying condition (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m

and ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)
−1. Let u be the function provided by Corollary 5.7 and let z be

the vector field defined in Lemma 5.10. Let β > 0, then∣∣∣∣∣T∞
a (u)m(β+1)

β + 1
− am(β+1)

β + 1

∣∣∣∣∣ ≤
(
amβ

β
− T∞

a (u)mβ

β

)
[z, ν] HN−1-a.e in ∂Ω, (5.55)

for almost every a > 0. In particular [z, ν] ≤ 0.

Proof. Let uε denote the solutions to (5.12), and consider the function
(
T∞
a (uε)mβ

β − amβ

β

)
φ, with

0 ≤ φ ∈ C1(Ω), as a test function in (5.14). This leads to the following identity:∫
Ω
umε wε · ∇

(
T∞
a (uε)

mβ

β
− amβ

β

)
φ

+

∫
Ω
umε wε · ∇φ

(
T∞
a (uε)

mβ

β
− amβ

β

)
+ αε =

∫
Ω
hε(uε)f

(
T∞
a (uε)

mβ

β
− amβ

β

)
φ, (5.56)

where

αε := ε

∫
Ω
∇uε · ∇φ

(
T∞
a (uε)

mβ

β
− amβ

β

)
+mε

∫
Ω
T∞
a (uε)

mβ−1|∇T∞
a (uε)|2φ.
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We aim to pass to the limit as ε→ 0+ in (5.56). To begin with, let us recall that umε wε ⇀ umw = z

∗-weakly in L∞(Ω)N and
(
T∞
a (uε)mβ

β − amβ

β

)
→
(
T∞
a (u)mβ

β − amβ

β

)
strongly in L1(Ω). Hence, it has

lim
ε→0+

∫
Ω
umε wε · ∇φ

(
T∞
a (uε)

mβ

β
− amβ

β

)
=

∫
Ω
z · ∇φ

(
T∞
a (u)mβ

β
− amβ

β

)
, (5.57)

and

lim
ε→0+

∫
Ω
hε(uε)f

(
T∞
a (uε)

mβ

β
− amβ

β

)
φ =

∫
Ω
h(u)f

(
T∞
a (u)mβ

β
− amβ

β

)
φ, (5.58)

this second limit is justified by Lebesgue Dominated Convergence Theorem 2.13, since h ∈ Cb
0([0, ∥u∥L∞(Ω)])

and uε → u almost everywhere in Ω, as stated in (5.26).
We emphasize that, following analogous reasoning as in (5.40), the first integral involving αε van-
ishes in the limit as ε → 0+, due to the uniform boundedness of uε, as established in Lemma 5.8.
Furthermore, the second integral is nonnegative.
Hence, by combining (5.57) and (5.58), and by passing to the limit as ε→ 0+ in (5.56), we obtain

lim sup
ε→0+

∫
Ω
umε wε · ∇

(
T∞
a (uε)

mβ

β
− amβ

β

)
φ

+

∫
Ω
z · ∇φ

(
T∞
a (u)mβ

β
− amβ

β

)
≤
∫
Ω
h(u)f

(
T∞
a (u)mβ

β
− amβ

β

)
φ. (5.59)

In light of Remark 5.11, we deduce∫
Ω
h(u)f

(
T∞
a (u)mβ

β
− amβ

β

)
φ

(5.41)
=

∫
Ω

(
z,D

[(
T∞
a (u)mβ

β
− amβ

β

)
φ

])
−
∫
∂Ω

(
T∞
a (u)mβ

β
− amβ

β

)
φ [z, ν] dHN−1 (2.39)

=

∫
Ω
z · ∇φ

(
T∞
a (u)mβ

β
− amβ

β

)
+

∫
Ω

(
z,
DT∞

a (u)mβ

β

)
φ−

∫
∂Ω

(
T∞
a (u)mβ

β
− amβ

β

)
φ [z, ν] dHN−1.

(5.60)

By inserting (5.60) into (5.59), we obtain

lim sup
ε→0+

∫
Ω
umε wε · ∇

(
T∞
a (uε)

mβ

β
− amβ

β

)
φ

≤
∫
Ω

(
z,D

T∞
a (u)mβ

β

)
φ+

∫
∂Ω

(
amβ

β
− T∞

a (u)mβ

β

)
φ [z, ν] dHN−1.

(5.61)

It now remains to evaluate the limit on the left hand side of the preceding inequality. Given that∫
Ω
umε wε · ∇

(
T∞
a (uε)

mβ

β
− amβ

β

)
φ = m

∫
Ω
umε

|∇uε|2

|∇uε|ε
(T∞

a )′(uε)T
∞
a (uε)

mβ−1φ

(5.13)
≥ ωε +m

∫
Ω
umε |∇uε|(T∞

a )′(uε)T
∞
a (uε)

mβ−1φ = ωε +

∫
Ω

∣∣∣∣∣∇
(
T∞
a (uε)

m(β+1)

β + 1
− am(β+1)

β + 1

)∣∣∣∣∣φ,
(5.62)

where
ωε = −εm

∫
Ω
umε (T∞

a )′(uε)T
∞
a (uε)

mβ−1φ.

We observe that ωε converges to zero as ε → 0+, due to (5.27) and the uniform bound stated in
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Lemma 5.8. By applying the weak lower semi-continuity property (cf. (2.9)) in (5.62), combined
with (5.61), we deduce that

∫
Ω

∣∣∣∣∣D
(
T∞
a (u)m(β+1)

β + 1
− am(β+1)

β + 1

)∣∣∣∣∣φ+

∫
∂Ω

∣∣∣∣∣T∞
a (u)m(β+1)

β + 1
− am(β+1)

β + 1

∣∣∣∣∣φdHN−1

≤
∫
Ω

(
z,D

T∞
a (u)mβ

β

)
φ+

∫
∂Ω

(
amβ

β
− T∞

a (u)mβ

β

)
φ [z, ν] dHN−1.

(5.63)

We now remark that(
z,D

T∞
a (u)mβ

β

)
(2.44)
=

(
zχ{u>a}, D

T∞
a (u)mβ

β

)
(2.38)
= T∞

a (u)m
(
wχ{u>a}, D

T∞
a (u)mβ

β

)
(2.32)
= T∞

a (u)mθ

(
wχ{u>a}, D

T∞
a (u)mβ

β
, x

) ∣∣∣∣DT∞
a (u)mβ

β

∣∣∣∣
(2.33)
= T∞

a (u)mθ
(
wχ{u>a}, DT

∞
a (u), x

) ∣∣∣∣DT∞
a (u)mβ

β

∣∣∣∣
(2.13)
=

∣∣∣∣∣D
(
T∞
a (u)m(β+1)

β + 1
− am(β+1)

β + 1

)∣∣∣∣∣ in D′(Ω),

(5.64)

where in the final line, we exploited the fact that θ (wχu>a, DT
∞
a (u), x) = 1 for

∣∣∣D T∞
a (u)mβ

β

∣∣∣-almost

every x ∈ Ω (cf. Remark 5.15), noting also that
∣∣∣D T∞

a (u)mβ

β

∣∣∣ is absolutely continuous with respect
to |DT∞

a (u)|.
By inserting (5.64) into (5.63), and invoking the arbitrariness of φ, we conclude the proof of (5.55).

Lemma 5.17. Assume m > 0, and let h be a nonnegative function such that h ∈ C0
b ([0, δ]) for

every δ > 0, satisfying condition (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m

and ∥f∥LN (Ω) < ((m+ 1)h(∞)S1)
−1. Let u be the function provided by Corollary 5.7 and let z be

the vector field defined in Lemma 5.10. Then it holds (5.11).

Proof. As a consequence of Lemma 5.16, taking into account that [z, ν] ≤ 0, we deduce that, for
almost every a > 0 and for every β > 0, the following holds:

β

β + 1

(
T∞
a (u)m(β+1) − am(β+1)

)
≤
(
amβ − T∞

a (u)mβ
)
[z, ν]

=
(
T∞
a (u)mamβ − T∞

a (u)m(β+1)
) [z, ν]

T∞
a (u)m

T∞
a (u)≥a

≤
(
am(β+1) − T∞

a (u)m(β+1)
) [z, ν]

T∞
a (u)m

HN−1-a.e. on ∂Ω.

Hence, we get
β

β + 1
≤ − [z, ν]

T∞
a (u)m

HN−1-a.e. on ∂Ω ∩ {u > 0}.
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Passing to the limits as a→ 0+ and β → ∞ in the preceding inequality, we deduce that

(uΩ)m ≤ −[z, ν] HN−1-a.e. on ∂Ω ∩ {u > 0}. (5.65)

We now establish the reverse inequality. It is known that χ{u>a} ∈ BV (Ω) and wχ{u>a} ∈
DM∞(Ω) for almost every a > 0. Consequently, by virtue of (2.36) and the identity zχ{u>a} =

T∞
a (u)mwχ{u>a} in Ω, together with the bound ∥w∥L∞(Ω)N ≤ 1, we deduce that

|[z, ν]χ{u>a}| ≤ T∞
a (u)m HN−1-a.e. on ∂Ω and for almost all a > 0. (5.66)

Taking limit as a tends to 0+ in (5.66) and recalling that χ{u>a} = 1 in {u > 0}∩∂Ω for a sufficiently
small, we have

|[z, ν]| ≤ (uΩ)m HN−1-a.e on {u > 0} ∩ ∂Ω.

As a consequence of (5.65), we can affirm that (5.11) holds and this is the desired result.

Finally, we establish Theorem 5.3 in the case of a nonnegative function h ∈ C0
b ([0, δ]) which

satisfying (5.8).

Proof of Theorem 5.3. As previously mentioned, the proof of Theorem 5.3 follows from the fore-
going results. Corollary 5.7 together with Lemma 5.8 and Lemma 5.13 ensures the existence of a
nonnegative limit function u ∈ DTBV (Ω)∩L∞(Ω). Moreover, Lemma 5.10 guarantees the existence
of a limit vector field w ∈ L∞(Ω)N satisfying ∥w∥L∞(Ω)N ≤ 1. Defining z := umw ∈ DM∞(Ω),
it follows from Lemma 5.10 that z satisfies (5.9). The validity of (5.10) is established in Lemma
5.14, and Lemma 5.17 confirms that the boundary condition (5.11) is fulfilled. This completes the
proof.

5.4 The general case

In this Section, we establish Theorem 5.3 in the general case, that is, when h satisfies the conditions
(5.7) and (5.8) with γ > 0.

5.4.1 Uniform bounds for the approximate solution

Let us consider the following approximation scheme− div

(
umn

Dun
|Dun|

)
= hn(un)f in Ω,

un = 0 on ∂Ω,
(5.67)

with hn := Tn(h) for every n ∈ N.
In the previous Section, we already proved Theorem 5.3 in the case where h is bounded near 0, then
for every n ∈ N, there exists a nonnegative function un ∈ DTBV (Ω)∩L∞(Ω) with um+1

n ∈ BV (Ω)

and a vector field wn ∈ L∞(Ω)N with ∥wn∥L∞(Ω)N ≤ 1 such that zn := umn wn ∈ DM∞(Ω), which
satisfy the properties (5.9), (5.10), and (5.11).
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We begin by proving that the sequence um+1
n , where un is solution to problem (5.67), is uniformly

bounded in BV (Ω) and in other opportune Lebesgue spaces. The idea of the proof is inspired by
[15].

Lemma 5.18. Assume m > 0, and let h be a nonnegative continuous function such that satisfies
conditions (5.7) and (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and
∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Let un be the solution to the problem (5.67). Then there exists a
constant C > 0 independent of n ∈ N, such that the following estimates hold

∥um+1
n ∥BV (Ω) ≤ C, (5.68)

∥un∥
L

(m+1)N
N−1 (Ω)

≤ (S1C)
1

m+1 , (5.69)

and
∥un∥L∞(Ω) ≤ C. (5.70)

Proof. We begin by demonstrating the estimate given in (5.70). It is readily observable from Lemma
5.8 that the uniform norm estimate for the function un, applicable to both the q < m and q = m

cases, is independent of the choice of n ∈ N. This estimate is dependent solely upon the asymptotic
behavior of the function h at infinity. Consequently, we can assert the existence of a constant C > 0,
independent of n ∈ N, which satisfies relation (5.70).

We aim to show (5.68), let us begin by fixing 0 < a < ∥un∥L∞(Ω) and by choosing vn :=

T∞
a (un)−∥un∥L∞(Ω) as a test function in (5.67), which is an admissible choice as stated in Remark

5.11. We then obtain
−
∫
Ω
vn div zn =

∫
Ω
hn(un)fvn ≤ 0,

by employing (2.35), we are led to the following expression∫
Ω
(zn, Dvn)−

∫
∂Ω
T∞
a (un)[zn, ν] dHN−1 ≤ −

∫
∂Ω

∥un∥L∞(Ω)[zn, ν] dHN−1

(5.11)
=

∫
∂Ω

∥un∥L∞(Ω)u
m
n dHN−1

≤∥un∥m+1
L∞(Ω)H

N−1(∂Ω)

(5.70)
≤ Cm+1HN−1(∂Ω).

Recalling that Dvn = DT∞
a (un), using (5.10) and the property T∞

a (un)
m ≤ −[zn, ν] which is proven

in Lemma 5.17, we deduce

1

m+ 1

(∫
∂Ω
T∞
a (un)

m+1 dHN−1 +

∫
Ω

∣∣DT∞
a (un)

m+1
∣∣) ≤ Cm+1HN−1 (∂Ω) .

In Corollary 5.7, we proved that um+1
n ∈ BV (Ω); hence, by applying (2.9) for a→ 0+, we can assert

that
1

m+ 1

(∫
∂Ω
um+1
n dHN−1 +

∫
Ω
|Dum+1

n |
)

≤ Cm+1HN−1(∂Ω),

which is (5.68).
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Finally, estimate (5.69) is a straightforward consequence of (5.68) and Sobolev embedding (2.7),
and this concludes the proof.

In the next result, we provide the existence of a nonnegative function u which is our candidate
solution.

Corollary 5.19. Assume m > 0, and let h be a nonnegative continuous function such that satisfies
conditions (5.7) and (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and
∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Let un be the solution to the problem (5.67). Then there exists a
nonnegative function u ∈ TBV (Ω) ∩ L∞(Ω) such that um+1

n converges to um+1 strongly in Lr(Ω)

for every 1 ≤ r < N
N−1 and Dum+1

n converges ∗-weakly in the sense of measures to Dum+1.
Moreover, if h(0) ̸= 0 and f ̸≡ 0, then u ̸≡ 0.

Proof. The proof is analogous to that of Corollary 5.7, having established Lemma 5.18.

5.4.2 On the existence of the vector field z

Here, we establish the existence of a vector field w ∈ L∞(Ω)N and we clarify its role as the singular
quotient Du

|Du| . From this point forward, the function provided in Corollary 5.19 will be denoted by
u.

Lemma 5.20. Assume m > 0, and let h be a nonnegative continuous function such that satisfies
conditions (5.7) and (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and
∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Let u be the function provided in Corollary (5.19).
Then there exists a vector field w ∈ L∞(Ω)N with ∥w∥L∞(Ω)N ≤ 1 such that z := umw ∈ DM∞(Ω)

which satisfies (5.9).

Proof. To begin with, we recall that for the problem (5.67), for every n ∈ N, there exists a vector
field wn ∈ L∞(Ω)N such that

∥wn∥L∞(Ω) ≤ 1.

Hence, by the ∗-weak compactness of L∞(Ω)N , there exists a vector field w ∈ L∞(Ω)N such that

wn ⇀ w ∗-weakly in L∞(Ω)N and ∥w∥L∞(Ω)N ≤ 1. (5.71)

Our goal is to pass to the limit as n→ ∞ in the following equality∫
Ω
umn wn · ∇φ =

∫
Ω
hn(un)fφ for every φ ∈ C1

c (Ω), (5.72)

in order to achieve (5.9).

For the integral on the right hand side, we fix an open set ω ⋐ Ω and take a function 0 ≤ φ ∈
C1
c (Ω) such that φ ≡ 1 on ω. Thus, we have∫

ω
hn(un)f ≤

∫
Ω
hn(un)fφ

(5.72)
=

∫
Ω
umn wn · ∇φ ≤ ∥un∥mL∞(Ω)∥∇φ∥L1(Ω)

(5.70)
≤ C∥∇φ∥L1(Ω),

where we recall that C > 0 is a constant independent of n ∈ N. Therefore, we can assert that
hn(un)f is uniformly bounded in L1(ω) with respect to n ∈ N, for every ω ⋐ Ω, and, by virtue of
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Fatou Lemma 2.10, we deduce that h(u)f ∈ L1
loc(Ω).

Hence, making use of the ∗-weak convergence (5.71) and the strong convergence umn → um in L1(Ω)

established in Corollary 5.19, we can conclude that∫
Ω
umw · ∇φ ≥

∫
Ω
h(u)fφ. (5.73)

Now, we aim to show the reverse inequality. To this end, we select the function Sδ(T∞
a (un)− a)φ,

with δ > 0, where Sδ is the function defined in (2.3) 0 ≤ φ ∈ C1
c (Ω) and 0 < a < ∥un∥L∞(Ω) as a

test function in (5.67). This yields

−
∫
Ω
Sδ(T

∞
a (un)− a)φ div zn =

∫
Ω
hn(un)fSδ(T

∞
a (un)− a)φ. (5.74)

For the integral on the left hand side of (5.74), we observe that

−
∫
Ω
Sδ(T

∞
a (un)−a)φ div zn

(2.30)
=

∫
Ω
(zn, DSδ(T

∞
a (un)−a))φ+

∫
Ω
umn wn·∇φSδ(T∞

a (un)−a). (5.75)

In particular, we can assure that

(zn, DSδ(T
∞
a (un)− a))

(2.32)
= θ(zn, Sδ(T

∞
a (un)− a), x)|DSδ(T∞

a (un)− a)|
(2.13)
= θ(zn, T

∞
a (un)− a, x)S′

δ(T
∞
a (un)− a)|D(T∞

a (un)− a)|
(2.33)
= S′

δ(T
∞
a (un)− a)θ(zn, T

∞
a (un), x)|DT∞

a (un)|
(2.32)
= S′

δ(T
∞
a (un)− a) (zn, DT

∞
a (un))

(5.10)
= S′

δ(T
∞
a (un)− a)

1

m+ 1

∣∣DT∞
a (un)

m+1
∣∣ .

(5.76)

By gathering (5.75) into (5.74) and using the conclusion drawn in (5.76), namely that the quantity
(zn, DSδ(T

∞
a (un)− a)) is nonnegative, we obtain∫

Ω
umn wn · ∇φSδ(T∞

a (un)− a) ≤
∫
Ω
hn(un)fSδ(T

∞
a (un)− a)φ. (5.77)

Now, we take the limit as n → ∞; for the integral on the left hand side, we employ the ∗-weak
convergence of wn ⇀ w and the strong L1-convergence of Sδ(T∞

a (un) − a) → Sδ(T
∞
a (u) − a). For

the integral on the right hand side, we apply Lebesgue Theorem 2.13, since it satisfies

hn(un)fSδ(T
∞
a (un)− a)φ ≤ sup

s∈[a,C]
h(s)fφ ∈ L1(Ω),

where C > 0 is the constant provided in (5.70). As a consequence, (5.77) becomes∫
Ω
z · ∇φSδ(T∞

a (u)− a) ≤
∫
Ω
h(u)fSδ(T

∞
a (u)− a)φ,

where we define z := umw.
Furthermore, we take the limit as δ → 0+. For the integral on the left hand side, we apply Lebesgue
Dominated Convergence Theorem 2.13 since Sδ(T∞

a (u) − a) → χ{T∞
a (u)>a} strongly in L1(Ω). For
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the integral on the right hand side, we observe that

h(u)f Sδ(T
∞
a (u)− a)φ ≤ h(u)fφ ∈ L1(Ω),

which yields ∫
{T∞

a (u)>a}
z · ∇φ ≤

∫
Ω
h(u)fφ.

At this step, we pass to the limit as a → 0+. For the integral on the left hand side, we apply the
Lebesgue Dominated Convergence Theorem 2.13, since Sδ(T∞

a (u)− a) converges strongly in L1(Ω)

to the characteristic function χ{T∞
a (u)>a}. For the integral on the right hand side, we note that

h(u)f Sδ(T
∞
a (u)− a)φ ≤ h(u)fφ ∈ L1(Ω),

thus we obtain ∫
{u>0}

z · ∇φ ≤
∫
Ω
h(u)fφ.

Recalling that z = umw, and hence
∫
{u=0} u

mw · ∇φ = 0, from the previous inequality we deduce
that ∫

Ω
z · ∇φ ≤

∫
Ω
h(u)fφ. (5.78)

Combining (5.73) and (5.78), we deduce (5.9), which concludes the proof.

In the following Lemma, we establish a crucial measure-theoretic inequality, which plays a
fundamental role in concluding that u ∈ DTBV (Ω).

Lemma 5.21. Assume m > 0, and let h be a nonnegative continuous function such that satisfies
conditions (5.7) and (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and
∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Let u be the function provided in Corollary (5.19) and z be the
vector field defined in Lemma 5.20.
Then for a.e. a > 0, it holds the following inequality

1

m+ 1

∣∣DT∞
a (u)m+1

∣∣ ≤ (z,DT∞
a (u)) .

Proof. Recalling Remark 5.11, we are allowed to choose (T∞
a (un)− a)φ as a test function in (5.67),

with a > 0 and 0 ≤ φ ∈ C1
c (Ω); we get∫
Ω
(zn, D (T∞

a (un)− a))φ+

∫
Ω
zn · ∇φ (T∞

a (un)− a)

(2.30)
= −

∫
Ω
(T∞

a (un)− a)φ div zn =

∫
Ω
hn(un)f (T

∞
a (un)− a)φ.

Then, we observe that
(zn, D (T∞

a (un)− a)) = (zn, DT
∞
a (un)) , (5.79)

as a straightforward application of Lemma 2.53.
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Owing to Corollary 5.19, we have

1

m+ 1

∫
Ω
|DT∞

a (u)m+1|φ
(2.8)
≤ lim inf

n→∞

1

m+ 1

∫
Ω

∣∣DT∞
a (un)

m+1
∣∣φ (5.10)

= lim inf
n→∞

∫
Ω
(zn, DT

∞
a (un))φ.

(5.80)
On the other hand, by exploiting the ∗-weak convergence of wn ⇀ w, together with the strong
convergence in L1(Ω) of T∞

a (un)− a→ T∞
a (u)− a and umn → um, we infer

lim
n→∞

∫
Ω
umn wn · ∇φ (T∞

a (un)− a) =

∫
Ω
umw · ∇φ (T∞

a (u)− a) . (5.81)

Finally, noting that

hn(un)f (T
∞
a (un)− a)φ ≤ sup

s∈[a,C]
h(s) fCφ ∈ L1(Ω),

where C > 0 is a constant independent of n ∈ N, provided in Lemma 5.20, we can thus apply
Lebesgue Theorem 2.13 and conclude that

lim
n→∞

∫
Ω
hn(un)f (T

∞
a (un)− a)φ =

∫
Ω
h(u)f (T∞

a (u)− a)φ. (5.82)

Putting together (5.79), (5.80), (5.81), and (5.82), we deduce

1

m+ 1

∫
Ω
|DT∞

a (u)m+1|φ+

∫
Ω
z · ∇φ (T∞

a (u)− a) ≤
∫
Ω
h(u)f (T∞

a (u)− a)φ.

Recalling the Definition of the Anzellotti pairing given in (2.30) and applying once more Lemma
2.53, we can assert that

1

m+ 1

∫
Ω

∣∣DT∞
a (u)m+1

∣∣φ ≤
∫
Ω
(z,DT∞

a (u))φ,

and this concludes the proof.

We now establish an important regularity result for the function u ∈ TBV (Ω) and for the
pairing (z,DT∞

a (u)).

Lemma 5.22. Assume m > 0, and let h be a nonnegative continuous function such that satisfies
conditions (5.7) and (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and
∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Let u be the function provided in Corollary (5.19) and z be the
vector field defined in Lemma 5.20. Then u ∈ DTBV (Ω).
Moreover, it holds (5.10).

Proof. It’s a straightforward adaptation of Lemmas 5.13 and 5.14.

5.4.3 Boundary value condition

In this last Lemma, we show how the data is assumed on the boundary ∂Ω.

Remark 5.23. In virtue of Lemma 2.64 with σ ≡ 0, we can assert that h(u)f ∈ L1(Ω). As
a consequence of Remark 2.65, the space of test functions can be extended to BV (Ω) ∩ L∞(Ω).
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Therefore, by applying (2.35), we obtain∫
Ω
(z,Dv)−

∫
∂Ω
v[z, ν] =

∫
Ω
h(u)fv, for all v ∈ BV (Ω) ∩ L∞(Ω).

Lemma 5.24. Assume m > 0, and let h be a nonnegative continuous function such that satisfies
conditions (5.7) and (5.8). Let 0 ≤ f ∈ LN (Ω). Suppose either 0 ≤ q < m, or q = m and
∥f∥LN (Ω) < ((m+ 1)h(∞)S1)

−1. Let u be the function provided in Corollary (5.19) and z be the
vector field defined in Lemma 5.20. Then (5.11) holds.

Proof. We begin by proving that the following inequality holds

[z, ν] ≤ −
(
uΩ
)m HN−1-a.e. on ∂Ω ∩ {u > 0}. (5.83)

We take
(
T∞
a (un)mβ

β − amβ

β

)
φ with 0 ≤ φ ∈ C1(Ω) as test function in (5.9), using Remark 5.11, we

have ∫
Ω

(
zn, D

(
T∞
a (un)

mβ

β
− amβ

β

))
φ+

∫
Ω
zn · ∇φ

(
T∞
a (un)

mβ

β
− amβ

β

)
−
∫
∂Ω

(
T∞
a (un)

mβ

β
− amβ

β

)
φ[zn, ν] dHN−1 =

∫
Ω
hn(un)f

(
T∞
a (un)

mβ

β
− amβ

β

)
φ.

(5.84)

For the third integral on the left hand side, by Lemma 5.16 (see also [20, Lemma 5.8] for further
details), we know that T∞

a (un)
m ≤ −[zn, ν]. Hence, we obtain

∫
∂Ω

(
T∞
a (un)

m(β+1)

β + 1
− T∞

a (un)
mamβ

β

)
φdHN−1 ≤

∫
∂Ω
T∞
a (un)

m

(
T∞
a (un)

mβ

β
− amβ

β

)
φdHN−1

≤ −
∫
∂Ω

(
T∞
a (un)

mβ

β
− amβ

β

)
φ[zn, ν] dHN−1,

(5.85)
by substituting (5.85) into (5.84), it follows that∫

Ω

(
zn, D

(
T∞
a (un)

mβ

β
− amβ

β

))
φ+

∫
Ω
zn · ∇φ

(
T∞
a (un)

mβ

β
− amβ

β

)
+

∫
∂Ω

T∞
a (un)

m(β+1)

β + 1
φdHN−1 =

∫
Ω
hn(un)f

(
T∞
a (un)

mβ

β
− amβ

β

)
φ+

∫
∂Ω

T∞
a (un)

mamβ

β
φdHN−1.

(5.86)
With the aid of Lemma 2.53 and (5.10), we can conclude that

1

β + 1

∫
Ω

∣∣∣D (T∞
a (un))

m(β+1)
∣∣∣φ =

∫
Ω

(
zn, D

(
T∞
a (un)

mβ

β
− amβ

β

))
φ,

due to (2.8), it holds

1

β + 1

(∫
∂Ω
T∞
a (u)m(β+1)φdHN−1 +

∫
Ω

∣∣∣DT∞
a (u)m(β+1)

∣∣∣φ)
≤ lim inf

n→∞

1

β + 1

(∫
∂Ω
T∞
a (un)

m(β+1)φdHN−1 +

∫
Ω

∣∣∣DT∞
a (un)

m(β+1)
∣∣∣φ) . (5.87)

For the second integral on the left hand side of (5.86), we recall that wn ⇀ w ∗-weakly in L∞(Ω)N ,
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umn → um strongly in L1(Ω), and
(
T∞
a (un)mβ

β − amβ

β

)
→
(
T∞
a (u)mβ

β − amβ

β

)
strongly in L1(Ω). As a

result, we deduce

lim
n→∞

∫
Ω
zn · ∇φ

(
T∞
a (un)

mβ

β
− amβ

β

)
=

∫
Ω
z · ∇φ

(
T∞
a (u)mβ

β
− amβ

β

)
. (5.88)

As for the first integral on the right hand side of (5.86), we observe that

hn(un)f

(
T∞
a (un)

mβ

β
− amβ

β

)
φ ≤ 1

β
sup

s∈[a,C]
h(s) fCmβφ ∈ L1(Ω),

where C > 0 is the constant provided in (5.70), which is independent of n ∈ N; applying Lebesgue
Theorem 2.13, we get

lim
n→∞

∫
Ω
hn(un)f

(
T∞
a (un)

mβ

β
− amβ

β

)
φ =

∫
Ω
h(u)f

(
T∞
a (u)mβ

β
− amβ

β

)
φ. (5.89)

For the second integral on the right hand side of (5.86), we employ (5.70) and observe that∫
∂Ω

T∞
a (un)

mamβ

β
φdHN−1

(5.70)
≤

∫
∂Ω

amβ

β
CmφdHN−1. (5.90)

Finally, by combining (5.87), (5.88), (5.89), and (5.90) into (5.86), we obtain

1

β + 1

(∫
∂Ω
T∞
a (u)m(β+1)φdHN−1 +

∫
Ω

∣∣∣DT∞
a (u)m(β+1)

∣∣∣φ)
+

∫
Ω
z · ∇φ

(
T∞
a (u)mβ

β
− amβ

β

)
≤
∫
Ω
h(u)f

(
T∞
a (u)mβ

β
− amβ

β

)
φ+

∫
∂Ω

amβ

β
CmφdHN−1.

(5.91)
Recalling that the space of test functions can be extended to BV (Ω)∩L∞(Ω) as stated in Remark
5.23, we deduce∫

Ω
h(u)f

(
T∞
a (u)mβ

β
− amβ

β

)
φ−

∫
Ω
z · ∇φ

(
T∞
a (u)mβ

β
− amβ

β

)
=

∫
Ω

(
z,D

(
T∞
a (u)mβ

β
− amβ

β

))
φ−

∫
∂Ω

(
T∞
a (u)mβ

β
− amβ

β

)
φ[z, ν] dHN−1

=
1

β + 1

∫
Ω

∣∣∣DT∞
a (u)m(β+1)

∣∣∣φ−
∫
∂Ω

(
T∞
a (u)mβ

β
− amβ

β

)
φ[z, ν] dHN−1,

(5.92)

where, in the last equality, we apply Lemma 2.53 and (5.10). Substituting (5.92) into (5.91) yields

1

β + 1

∫
∂Ω
T∞
a (u)m(β+1)φdHN−1 ≤ −

∫
∂Ω

(
T∞
a (u)mβ

β
− amβ

β

)
φ[z, ν] dHN−1+

∫
∂Ω

amβ

β
CmφdHN−1,

which implies

1

β + 1
T∞
a (u)m(β+1) ≤ −

(
T∞
a (u)mβ

β
− amβ

β

)
[z, ν] +

amβ

β
Cm HN−1-a.e. x ∈ ∂Ω. (5.93)

Taking the limit as a tends to 0+ (we emphasize that u and its powers admit a trace on ∂Ω thanks
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to Lemma 2.35) in (5.93), we obtain

β

β + 1
(um(β+1))Ω ≤ −(umβ)Ω[z, ν],

thus taking limit as β tends to infinity, we can show (5.83).
For the reverse inequality, we repeat the same arguments of Lemma 5.17 and this concludes the
proof.

At this point, we can prove Theorem 5.3 in the most general case.

Proof of Theorem 5.3. The proof of Theorem 5.3 follows as a consequence of the previous results.
Thanks to Corollary 5.19, there exists a nonnegative function u ∈ TBV (Ω)∩L∞(Ω), and by Lemma
5.20, there exists a vector field w ∈ L∞(Ω)N with ∥w∥L∞(Ω)N ≤ 1 such that z := umw and (5.9)
holds. Moreover, by Lemma 5.22, we know that u ∈ DTBV (Ω) and satisfies (5.10). Finally, Lemma
5.24 establishes (5.11), which concludes the proof.

5.5 The problem under a sign-changing data f and h ≡ 1

In this Section, we consider the scenario where the data term f is a generic changing-sign function
in LN,∞(Ω) and h ≡ 1. The proofs primarily constitute technical improvements of the concepts
introduced in preceding Sections. Consequently, our main focus here is to address the specific
analytical challenges presented by the lack of any sign assumption on f .

For m > 0 let us consider the following problem− div

(
|u|m Du

|Du|

)
= f in Ω,

u = 0 on ∂Ω.
(5.94)

Let us determine how a solution should be intended in this case.

Definition 5.25. Let m > 0 and let f ∈ LN,∞(Ω). A function u ∈ DTBV (Ω)∩L∞(Ω) is a solution
to (5.94), if there exists a vector field w ∈ L∞(Ω)N such that ∥w∥L∞(Ω)N ≤ 1, such that the vector
field z := |u|mw ∈ DM∞(Ω) satisfies

− div z = f in D′(Ω), (5.95)

(z,DT∞
a (u)) =

1

m+ 1
|DT∞

a (u)m+1| as measures in Ω, for a.e. a > 0, (5.96)

(
z,DT−a

−∞(u)
)
=

1

m+ 1
|D|T−a

−∞(u)|m+1| as measures in Ω, for a.e. a > 0, (5.97)

[z, ν] = −((u+)Ω)m HN−1-a.e. on ∂Ω ∩ {u > 0}, (5.98)

and
[z, ν] = ((u−)Ω)m HN−1-a.e. on ∂Ω ∩ {u < 0}. (5.99)

Remark 5.26. We now highlight the key differences between the general case of a changing-sign
f ∈ LN,∞(Ω) and the case where f is nonnegative. A primary observation is that since u may
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change sign, the related vector field is defined as z := |u|mw. Furthermore, equations (5.95), (5.96),
and (5.97) explicitly explain the role of this vector field z. Finally, identities (5.98) and (5.99)
clarify the manner in which the boundary data is assumed. It is worth noting that a nonnegative
function u satisfies the solution Definition 5.25 if and only if it satisfies the solution Definition 5.1.

The main result of this Section is the following.

Theorem 5.27. Let m > 0 and let f ∈ LN,∞(Ω). Then there exists a solution u of problem (5.94)
in the sense of Definition 5.25. In particular, if f ̸≡ 0, then u ̸≡ 0.

The proof of Theorem 5.27 is organized into several lemmas, emulating the pattern of the
previous Section. Since these arguments are largely technical adjustments of the proofs in Section
5.3, we outline the approach by focusing on the main divergences from the nonnegative data f ∈
LN,∞(Ω) scenario. This process will again employ the approximation by solutions uε to problem
(5.15), as guaranteed by Lemma 5.5.

Lemma 5.28. Let m > 0 and let f ∈ Lp̃(Ω) with p̃ defined in (5.17). Let uε be the solution to
problem (5.15). Then, there exist ε, Cε > 0, where Cε > 0 is a constant independent of ε > 0, such
that for every 0 < ε < ε, they hold

∥uε∥
L

(m+1)N
N−1 (Ω)

≤ Cε,

and
∥|uε|m+1∥BV (Ω) ≤ (m+ 1)

(
εm

m+ 1
Cm+1
ε +

ε

m+ 1
|Ω|

N+m
N + ∥f∥Lp̃(Ω)Cε

)
. (5.100)

In particular, the sequence |uε|m+1 is uniformly bounded in BV (Ω) for any 0 < ε < ε.
Finally, if f ∈ LN,∞(Ω), then the sequence uε is uniformly bounded in L∞(Ω),

∥uε∥L∞(Ω) ≤ k0 + Cε, for all 0 < ε < ε, (5.101)

where
1

2
km0 − S̃−1

1 ∥f∥LN,∞(Ω) > 1.

where

k0,τ =

(
S̃1∥f∥LN,∞(Ω)

1− τ

) 1
m

.

Proof. Estimates (5.100) and (5.101) follow as in the proof of Lemmas 5.6 and 5.8, recalling to
employ (2.19), instead of (2.7).

At this point, we establish the almost everywhere limit u of the sequence uε.

Corollary 5.29. Let m > 0, let f ∈ LN,∞(Ω) and let uε be a sequence of solutions to problem
(5.15). There exists a function u ∈ L∞(Ω) such that

uε → u strongly in Lr(Ω), for all 1 ≤ r <∞, almost everywhere in Ω.

Moreover, |u|m+1 ∈ BV (Ω).
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Proof. We first demonstrate the almost everywhere convergence of the sequence uε. Taking a > 0,
we select the function φ = T∞

a (uε) − a as a test function in equation (5.14), which yields the
inequality: ∫

{uε≥a}
|uε|m

|∇uε|2

|∇uε|ε
≤
∫
Ω
f(T∞

a (uε)− a).

The right hand side of the preceding inequality is bounded by a constant C > 0, a result directly
arising from Hölder inequality 2.6 and Lemma 5.28. To address the left hand side, we utilize the
estimate (5.13) and observe that the integration domain is reduced to the set {uε ≥ a}. Therefore,
it holds ∫

{uε≥a}
|∇uε| ≤ ε|Ω|+ C

am
.

As a direct consequence, for any a > 0, the sequence of truncated gradients |∇T∞
a (uε)| has uniform

boundedness in L1(Ω), with respect to ε. Moreover, Lemma 5.28 guarantees the uniform bound-
edness of T∞

a (uε) in L∞(Ω) (and hence in L1(Ω)). This combination of properties establishes the
boundedness of T∞

a (uε) in the function space BV (Ω). Invoking the compact embedding of BV (Ω)

into L1(Ω), we infer the existence of a function va ∈ BV (Ω) such that, up to subsequence,

T∞
a (uε) → va in L1(Ω) and T∞

a (uε) → va a.e in Ω for all a > 0. (5.102)

The analysis is now extended to cover the ’negative part’ of uε. This requires us to utilize the test
function φ = |T−a

−∞(uε) + a|. Proceeding similarly, the following result is attained:∫
{uε≤−a}

|uε|m
|∇uε|2

|∇uε|ε
≤
∫
Ω
f |T−a

−∞(uε) + a|.

and thus, as before ∫
{uε≤−a}

|∇uε| ≤ ε|Ω|+ C
am

.

We consequently establish that the sequence T−a
−∞(uε) is bounded in BV (Ω). This boundedness,

combined with the compact embedding of BV (Ω) ↪→ L1(Ω), guarantees the existence of a function
v−a ∈ BV (Ω) such that, up to subsequence,

T−a
−∞(uε) → v−a in L1(Ω) and T−a

−∞(uε) → v−a a.e in Ω for all a > 0. (5.103)

We may use a diagonal argument to obtain a set Ω̃ ⊂ Ω with |Ω \ Ω̃| = 0 and a sequence εj → 0

such that
T∞
a (uεj (x)) → va(x) for all x ∈ Ω̃ and a > 0,

and
T−a
−∞(uεj (x)) → v−a(x) for all x ∈ Ω̃ and a > 0.

Now we define the following sets

E = {x ∈ Ω̃ : there exists a > 0 such that va(x) > a},
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and
F = {x ∈ Ω̃ : there exists a > 0 such that v−a(x) < −a}.

It is immediately evident that the intersection of the sets, E ∩F , is empty. Furthermore, note that
if va0(x) > a0 for some a0 > 0, the uniqueness of the limit necessitates that va(x) = va0(x) for all
0 < a ≤ a0. On the other hand, we also observe that the sequence va is non-decreasing with respect
to a. Consequently, the function

u(x) := lim
a→0

va(x),

is well defined for all x ∈ Ω̃.
We claim that uε → u pointwise in E. We assert that the sequence uε converges pointwise to u

within the set E:
uε → u pointwise in E.

This follows from the observation that for any x ∈ E, we can find a0 > 0 and εx > 0 such that
T∞
a0 (uε(x)) > a0 whenever 0 < ε < εx. Consequently, T∞

a0 (uε(x)) = uε(x) for all 0 < ε < εx. The
claim is then established by combining (5.102) with the equality va0(x) = u(x). We now employ a
similar argument for the set F . First, we note that if v−a0(x) < −a0 holds for some a0 > 0, the
uniqueness property of the limit assert that v−a(x) = v−a0(x) for all 0 < a ≤ a0. Additionally, the
sequence v−a is non-decreasing with respect to a. Consequently, the function

u(x) := lim
a→0

v−a(x),

is well defined for all x ∈ Ω̃.
We assert the pointwise convergence of uε to u on the set F :

uε → u pointwise in F.

The justification is as follows: for any x ∈ F , we can select a0 > 0 and εx > 0 such that
T−a0
−∞ (uε(x)) < −a0, for all 0 < ε < εx. This implies T−a0

−∞ (uε(x)) = uε(x) over this range of
ε. The convergence claim is then established by combining the result in (5.103) with the identity
v−a0(x) = u(x). We finish by showing that

uε → 0 a.e in Ω̃ \ (E ∪ F ).

The proof proceeds by contradiction: we hypothesize that u does not converge to 0 a.e. in Ω̃\(E∪F ).
This would mean that a set V ⊂ Ω̃ \ (E ∪ F ) of positive measure exists such that for all x ∈ V ,
the convergence to zero fails. Specifically, for each x ∈ V , there exists ε0,x and a sequence εj → 0

satisfying |uεj (x)| > ε0,x for all j. This condition requires x to be in E ∪ F , which is absurd. We
have thus demonstrated the a.e. convergence of uε in Ω to the function defined by

u :=


u in E,

u in F,

0 in Ω \ E ∪ F.

Francesco Balducci 141



5.5. The problem under a sign-changing data f and h ≡ 1

This proves the result.

Now we show the existence of the limit vector field w (and so z).

Lemma 5.30. Let m > 0, let f ∈ LN,∞(Ω) and let u be the function given by Corollary 5.29. There
exists a vector field w ∈ L∞(Ω)N with ∥w∥L∞(Ω)N ≤ 1, such that z := |u|mw ∈ DM∞(Ω) satisfies
(5.95). Moreover if f ̸≡ 0, then u ̸≡ 0.

Proof. The proof is the same of Lemma 5.10.

The subsequent lemmas clarify the significance of the vector field z and demonstrate that the
solution u possesses no jump part.

Lemma 5.31. Let m > 0 and let f ∈ LN,∞(Ω). Let u be the function given by Corollary 5.29 and
z be the vector field defined in Lemma 5.30. We have

(z,DT∞
a (u)) ≥ 1

m+ 1
|DT∞

a (u)m+1| as measures in Ω, for all a > 0, (5.104)

and (
z,DT−a

−∞(u)
)
≥ 1

m+ 1
|D|T−a

−∞(u)|m+1| as measures in Ω, for all a > 0. (5.105)

Proof. The proof of (5.104) is the same of (5.42). Let us show (5.105). We take φ ∈ C1
c (Ω) with

φ ≥ 0 and we choose T−a
−∞(uε)φ as a test function in (5.14). We get∫

Ω
|uε|mwϵ · ∇T−a

−∞(uε)φ+

∫
Ω
|uε|mwε · ∇φT−a

−∞(uε) + ε

∫
Ω
∇uε · ∇(T−a

−∞(uε)φ) =

∫
Ω
fT−a

−∞(uε)φ.

Arguing as in the proof of Lemma 5.12, we get

1

m+ 1

∫
Ω
|D|T−a

−∞(u)|m+1|φ+

∫
Ω
z · ∇φT−a

−∞(u) ≤
∫
Ω
fT−a

−∞(u)φ.

Through the definition of pairing (2.30), using (5.95), we gain

1

m+ 1

∫
Ω
|D|T−a

−∞(u)|m+1|φ ≤
∫
Ω
(z,DT−a

−∞(u))φ.

This proves the result.

Our goal is to establish the equality in (5.104) and (5.105). To achieve this, we first need to
demonstrate that the function u has no jump part.

Lemma 5.32. Let m > 0 and let f ∈ LN,∞(Ω). Let u be the function given by Corollary 5.29.
Then u ∈ DTBV (Ω) ∩ L∞(Ω).

Proof. The proof that u+ ∈ DTBV (Ω) follows exactly as in Lemma 5.13. We focus instead on
proving that u− ∈ DTBV (Ω). Since Lemma 5.30 guarantees that the vector field z belongs to
DM∞(Ω), we first assert that wχ{u<−a} ∈ DM∞(Ω) for almost every a > 0. This is a direct
consequence of Lemma 2.55, given the identity:

wχ{u<−a} = |u|−mzχ{u<−a}
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and the fact that |u|−mχ{u<−a} is in BV (Ω)∩L∞(Ω), because u ∈ TBV (Ω)∩L∞(Ω). Furthermore,
equation (5.95), established in Lemma 5.30, implies that the divergence div z belongs to LN,∞(Ω).
Additionally, by Theorem 2.31, we know that JT−a

−∞(u) = J|T−a
−∞(u)|m+1 and νT−a

−∞(u) = ν|T−a
−∞(u)|m on

the jump set JT−a
−∞(u) for almost every a > 0, since m > 0. Employing Lemma 2.61 and the property

div z ∈ LN,∞(Ω), we can replicate the calculations used in the proof of Lemma 5.13 to conclude:

0 = HN−1
(
JT−a

−∞(u)

)
= HN−1

(
ST−a

−∞(u)

)
for a.e. a > 0.

This concludes the proof.

We now verify that the inequalities (5.104) and (5.105) derived in Lemma 5.31 are, in fact,
equalities.

Corollary 5.33. Let m > 0 and let f ∈ LN,∞(Ω). Let u be the function given by Corollary 5.29
and z be the vector field defined in Lemma 5.30. Then (5.96) and (5.97) hold.

Proof. This step is a direct application of [72, Lemma 5.10]; however, for the sake of completeness,
we will detail the approach here. The proof of (5.96) is the same of the proof of Lemma 5.14.

We focus on (5.97). It holds

1

m+ 1
|D|T−a

−∞(u)|m+1|
(5.105)
≤

(
z,DT−a

−∞(u)
) (2.44)

=
(
zχ{u<−a}, DT

−a
−∞(u)

)
(2.38)
= |T−a

−∞(u)|m
(
wχ{u<−a}, DT

−a
−∞(u)

)
(2.31)
≤ |T−a

−∞(u)|m|DT−a
−∞(u)|

(2.13)
=

1

m+ 1
|D|T−a

−∞(u)|m+1|,

where in the last equality, we used that u ∈ DTBV (Ω). This shows (5.97) and it complete the
proof.

Remark 5.34. As in our previous Section, we conclude that relations (5.96) and (5.97) are equiv-
alent to the following formulation:

(
wχ{u>a}, DT

∞
a (u)

)
= |DT∞

a (u)| as measures in Ω, for a.e. a > 0,

and (
wχ{u<−a}, DT

−a
−∞(u)

)
=
∣∣D|T−a

−∞(u)|
∣∣ as measures in Ω, for a.e. a > 0,

in Definition 5.25.

We now proceed to analyze the behavior of the solution u on the boundary ∂Ω. Our starting
point is the extension of Lemma 5.16 to the present scenario.

Lemma 5.35. Let m > 0 and let f ∈ LN,∞(Ω). Let u be the function given by Corollary 5.29 and
z be the vector field defined in Lemma 5.30. Then, for every q > 0∣∣∣∣∣T∞

a (u)m(q+1)

q + 1
− am(q+1)

q + 1

∣∣∣∣∣ ≤
(
amq

q
− T∞

a (u)mq

q

)
[z, ν] , (5.106)
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for a.e. a > 0, and HN−1-a.e. on ∂Ω ∩ {u > 0}. In particular, [z, ν] ≤ 0 HN−1-a.e. on ∂Ω ∩ {u >
0}, and ∣∣∣∣∣(−T−a

−∞(u))m(q+1)

q + 1
− am(q+1)

q + 1

∣∣∣∣∣ ≤
(
(−T−a

−∞(u))mq

q
− amq

q

)
[z, ν] , (5.107)

for a.e. a > 0, and HN−1-a.e. on ∂Ω ∩ {u < 0}. In particular, [z, ν] ≥ 0 HN−1-a.e. on ∂Ω ∩ {u <
0}.

Proof. The proof for (5.106) is the same of (5.55). To obtain (5.107), we select the test function(
amq

q − (−T−a
−∞(uε))mq

q

)
φ, where 0 ≤ φ ∈ C1(Ω), in the weak formulation (5.14). The desired result

then follows by applying the same reasoning detailed in the proof of Lemma 5.16.

Lemma 5.36. Let m > 0 and let f ∈ LN,∞(Ω). Let u be the function given by Corollary 5.29 and
z be the vector field defined in Lemma 5.30. Then, (5.98) and (5.99) hold.

Proof. The establishment of (5.98) is achieved through the same methodology as (5.11). Our current
objective is to prove (5.99). Utilizing the result from (5.107), we obtain, for almost every a > 0 and
for all q > 0

q

q + 1

∣∣∣(−T−a
−∞(u))m(q+1) − am(q+1)

∣∣∣ ≤ ((−T−a
−∞(u))mq − amq

)
[z, ν]

=
((

−T−a
−∞(u)

)m(q+1) −
(
−T−a

−∞(u)
)m

amq
) [z, ν](

−T−a
−∞(u)

)m
−T−a

−∞(u)≥a

≤
((

−T−a
−∞(u)

)m(q+1) − am(q+1)
) [z, ν](

−T−a
−∞(u)

)m HN−1-a.e. on ∂Ω ∩ {u < 0}.

As a consequence, we gain

q

q + 1
≤ [z, ν](

−T−a
−∞(u)

)m HN−1-a.e. on ∂Ω ∩ {u < 0}.

Taking limits as q tends to ∞ and a to 0 in the previous inequality , it follows that

((u−)Ω)m ≤ [z, ν] HN−1-a.e. on ∂Ω ∩ {u < 0}. (5.108)

On the other hand, similarly to (5.66), we know that for almost every a > 0

|[z, ν]χ{u<−a}| ≤
(
−T−a

−∞(u)
)m HN−1-a.e. on ∂Ω ∩ {u < 0}.

Letting a→ 0+ and using the fact that χ{u<−a} = 1 in ∂Ω∩{u < 0} for a sufficiently small, we get

|[z, ν]| ≤ ((u−)Ω)m for all x ∈ ∂Ω ∩ {u < 0}.

Taking this together with (5.108), we conclude that

[z, ν] = ((u−)Ω)m in ∂Ω ∩ {u < 0}.

This proves the result.
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Finally, we prove Theorem 5.27.

Proof of Theorem 5.27. The proof of Theorem 5.27 is an immediate consequence of the preceding
results.

Specifically, the existence of a solution u ∈ DTBV (Ω) ∩ L∞(Ω), was established in Corollary
5.29 and Lemma 5.32. Furthermore, Lemma 5.30 demonstrates the existence of a vector field
w ∈ L∞(Ω)N , satisfying ∥w∥L∞(Ω)N ≤ 1, such that z := |u|mw ∈ DM∞(Ω) satisfies equation
(5.95). The essential equalities, (5.96) and (5.97), were subsequently proven in Corollary 5.33.

Finally, Lemma 5.36 verifies that the boundary condition is satisfied by u in the sense of relations
(5.98) and (5.99). This completes the proof.

5.6 Some explicit examples and remarks

In this Section, we develop several example solutions for problem (5.6). Regarding the first instance,
we require the following definition.

Definition 5.37. We say that a bounded convex set E of class C1,1 is calibrable if there exists a
vector field ξ ∈ L∞(RN )N such that ∥ξ∥L∞(RN )N ≤ 1, (ξ,DχE) = |DχE | as measures and

− div ξ = λEχE in D′(RN )

for some constant λE. In this case, λE = Per(E)
|E| and [ξ, ν] = −1HN−1-a.e in ∂E, see [58].

This property of a bounded, convex set E is fully characterized by [1, Theorem 9]. Specifically,
E is calibrable if and only if

(N − 1)∥HE∥L∞(∂E) ≤ λE =
Per(E)

|E|
,

where HE denotes the mean curvature of ∂E.

Example 5.38. Assuming Ω is a calibrable set, we will establish that the function u =
(

|Ω|
Per(Ω)

) 1
m

is a solution of (5.6) as per Definition 5.1. Utilizing the vector field restriction w = ξ|Ω, where ξ is
defined in Definition 5.37, yields:

− div

(
|Ω|

Per(Ω)
w

)
= 1 in Ω.

Consequently, the function u =
(

|Ω|
Per(Ω)

) 1
m solves

− div(umw) = 1 in D′(Ω) and [umw, ν] = um[w, ν] = −um HN−1 − a.e on ∂Ω.

Moreover, using (2.35) with z = umw, we get∫
Ω
(z,DT∞

a (u)) = −
∫
Ω
T∞
a (u)divz +

∫
∂Ω
T∞
a (u)[z, ν] dHN−1

= T∞
a (u)|Ω|+ T∞

a (u)(−um)Per(Ω)

= T∞
a (u) (|Ω| − umPer(Ω)) = 0 =

1

m+ 1
|D(T∞

a (u)m+1)| for all a > 0.
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We have thus established that u is a solution to the torsion problem associated with the nonlinear
transparent media − div

(
um

Du

|Du|

)
= 1 in Ω,

u = 0 on ∂Ω,

in the sense of Definition 5.1.

We now present an example using smooth, non-constant radial solutions to demonstrate the lack
of mutual influence between the sign of the operator − div

(
um Du

|Du|

)
and the sign of u.

Example 5.39. Let BR be the ball of radius R centered at the origin. For θ > 0, we define

u(x) =
1

Rθ

(
Rθ − |x|θ

)
.

We proceed to show that the function − div
(
um ∇u

|∇u|

)
is not of a fixed sign in the interior of Ω, even

under the conditions that u > 0 and ∆u ≤ 0. Indeed, a direct computation immediately shows that:

|∇u| =
(
θ|x|θ−1

Rθ

)
, −∆u =

θ|x|θ−2

Rθ
(N + θ − 2) −∆1u =

N − 1

|x|
.

Consequently, using (5.3)

− div

(
um

∇u
|∇u|

)
= −mum−1

(
θ|x|θ−1

Rθ

)
+ um

(N − 1)

|x|

=
um−1

Rθ|x|
(Rθu(N − 1)−mθ|x|θ)

=
um−1

Rθ|x|

(
Rθ(N − 1)− |x|θ(N − 1 +mθ)

)
.

Thus, we have that the problem− div

(
um

∇u
|∇u|

)
= um−1f(x) in BR,

u = 0 on ∂BR,

with

f(x) =
Rθ(N − 1)− |x|θ(N − 1 +mθ)

Rθ|x|
,

admits a smooth radial solution. In particular, when m = θ = R = 1, u solves

− div

(
u
∇u
|∇u|

)
=
N − 1

|x|
−N := f.

The function u is observed to be both positive and concave. Although − div
(
u ∇u
|∇u|

)
belongs to the

space LN,∞(B1), its sign is not constant, exhibiting negativity near the boundary of B1.
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5.7 Statement of main result with data in L1(Ω)

Our aim is to study the following Dirichlet problem for the relativistic transparent media operator− div

(
um

Du

|Du|

)
= f in Ω,

u = 0 on ∂Ω,
(5.109)

where m > 0 and 0 ≤ f ∈ L1(Ω). Let us introduce the notion of solution to problem (5.109).

Definition 5.40. Let m > 0 and 0 ≤ f ∈ L1(Ω). A nonnegative u ∈ DTBV (Ω) satisfying
um ∈ L

N
N−1

,∞(Ω), Tb(u)m+1 ∈ BV (Ω) for a.e. b > 0 is solution to problem (5.109) if there exists a
vector field w ∈ L∞(Ω)N with ∥w∥L∞(Ω)N ≤ 1 such that z := umw belongs to DM1(Ω) and it has
a weak trace [z, ν] ∈ L1(∂Ω), and the following conditions hold

− div z = f as distributions in Ω, (5.110)(
z,DT b

a(u)
)
=

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ for a.e. 0 < a < b <∞, as measures in Ω, (5.111)

and
[z, ν] = −(uΩ)m HN−1 on ∂Ω ∩ {u > 0}. (5.112)

Remark 5.41. Let us take a moment to offer some explanation regarding Definition 5.40. Equation
(5.110) indicates how the vector field w acts as a weak interpretation of the quotient Du

|Du| , while z
reflects the expression um Du

|Du| . This relationship is further explained by the subsequent identity
(5.111).
Moreover, we emphasize the significance of specifying that the vector field z ∈ DM1(Ω) possesses
a weak trace [z, ν] ∈ L1(∂Ω). Indeed, in the case that the vector field is unbounded, one can only
guarantee that its trace exists as a well-defined distribution (for further details, see [44]). It is also
possible to define a notion of trace for functions u ∈ DTBV (Ω), as shown in Lemma 2.35.
Thanks to these considerations, the boundary condition (5.112) is well-posed for HN−1-a.e. x ∈ ∂Ω.
As a consequence, the trace (uΩ)m ∈ L1(∂Ω).

Now we state the main result of this paper.

Theorem 5.42. Let m > 0 and 0 ≤ f ∈ L1(Ω). Then, there exists a nonnegative function
u ∈ DTBV (Ω) which is a solution to the problem (5.109) in the sense of Definition 5.40.

Remark 5.43. We highlight the key fact that, in the case m > 0, the solution obtained is finite
LN -a.e., as established in Remark 5.47. This stands in sharp contrast to what occurs in the case of
the 1-Laplacian operator (i.e., the case m = 0), where such a finite value is not generally guaranteed
(see, for instance, [100]).
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5.8 Proof of main result

5.8.1 Approximating problems and main estimates

We present the following approximation scheme to address our problem− div

(
umn

Dun
|Dun|

)
= fn in Ω,

un = 0 on ∂Ω,
(5.113)

with fn = Tn(f) (Tn(s) is the truncation function defined in (2.1)).

In Theorem 5.3, it is proven that, for every fixed n ∈ N, there exists a nonnegative solution
un ∈ DTBV (Ω) ∩ L∞(Ω) such that um+1

n ∈ BV (Ω), and an associated vector field wn ∈ L∞(Ω)N

with ∥wn∥L∞(Ω)N ≤ 1 and zn := umn wn ∈ DM∞(Ω), which satisfy the following conditions

− div zn = fn as distributions in Ω, (5.114)(
zn, DT

b
a(un)

)
=

1

m+ 1

∣∣∣DT b
a(un)

m+1
∣∣∣ for a.e. 0 < a < b ≤ ∞, as measures in Ω, (5.115)

and
[zn, ν] = −(uΩn )

m HN−1-a.e. on ∂Ω ∩ {un > 0}. (5.116)

Remark 5.44. Having in mind Green’s formula (2.35) and Remark 5.23 with h ≡ 1, it holds∫
Ω
(zn, Dψ)−

∫
∂Ω
ψ[zn, ν] dHN−1 =

∫
Ω
fnψ for all ψ ∈ BV (Ω) ∩ L∞(Ω), (5.117)

which is the weak formulation of problem (5.113).

Initially, we present some estimates on un that ensure the existence of a limit function u, which
serves as our candidate to solution.

Lemma 5.45. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let us consider un solution to the problem (5.113).
Then for a.e. b > 0, they hold

∥Tb(un)m+1∥BV (Ω) ≤ (m+ 1)∥f∥L1(Ω) b, (5.118)

and
[umn ]

L
N

N−1
,∞

(Ω)
≤
(
(m+ 1)S1∥f∥L1(Ω)

) N
N−1 . (5.119)

Proof. We begin by proving (5.118). We choose T b
a(un) with 0 < a < b < ∞ as a test function in

(5.117), we gain ∫
Ω

(
zn, DT

b
a(un)

)
−
∫
∂Ω
T b
a(un)[zn, ν] dHN−1 =

∫
Ω
fnT

b
a(un). (5.120)

We recall the reader that Lemma 5.36 provided the relation T b
a(un)

m ≤ −[zn, ν]. So, by this fact
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and (5.115), (5.120) becomes

1

m+ 1

∫
Ω

∣∣∣DT b
a(un)

m+1
∣∣∣+ 1

m+ 1

∫
∂Ω
T b
a(un)

m+1 dHN−1 ≤
∫
Ω
fnT

b
a(un),

which implies that
∥T b

a(un)
m+1∥BV (Ω) ≤ (m+ 1)∥f∥L1(Ω) b.

We observe that the right hand side is independent of a > 0. Thanks to the fact that um+1
n ∈ BV (Ω),

taking the limit as a tends to 0+, we derive (5.118).

We now turn to demonstrate the estimates (5.119). Applying Sobolev’s embedding (2.7) to (5.118),
it yields

|{un > b}|b(m+1) N
N−1 ≤

∫
Ω
|Tb(un)m+1|

N
N−1 ≤

(
S1(m+ 1)∥f∥L1(Ω) b

) N
N−1 .

Setting h
1
m = b and noting that {umn > h} = {un > h

1
m }, we obtain

|{umn > h}| ≤
(
S1(m+ 1)∥f∥L1(Ω)

) N
N−1

h
N

N−1

,

which implies (5.119) and this concludes the proof.

In the next result we prove the existence of a nonnegative function u which is our candidate to
solution.

Corollary 5.46. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let us consider un solution to the problem
(5.113). Then there exists a nonnegative measurable function u such that umn → um strongly in
Lq(Ω) for every 1 ≤ q < N

N−1 and T b
a(un) → T b

a(u) strongly in Lq(Ω) for every 1 ≤ q < ∞ and
DT b

a(un)⇀ DT b
a(u) ∗-weakly as measures, for a.e. 0 < a < b <∞.

Proof. Initially, we show the existence of a nonnegative measurable function u. By (5.118) and the
compact properties of BV (Ω), i.e. Theorem 2.25, for a.e. b > 0 there exists gm+1

b ∈ BV (Ω) such
that

Tb(un)
m+1 → gm+1

b strongly in Lq(Ω) for every 1 ≤ q <
N

N − 1
and a.e. (5.121)

Now we define a function u : Ω → R such that

u(x) :=

gb(x) if x ∈ {gb(x) < b}, for some b > 0,

∞ if x /∈ ∪b>0{gb(x) < b} .

We underline that the function u is well-defined, as for each x ∈ Ω, the value of u(x) is independent
of the choice of b. In fact, by choosing 0 < c < d < ∞, we have Tc(un(x)) = Td(un(x)) for every
x ∈ {un < c}. Consequently,

gd(x)
m+1 (5.121)

= lim
n→∞

Td(un(x))
m+1 = lim

n→∞
Tc(un(x))

m+1 (5.121)
= gc(x)

m+1.

We stress that u is a Lebesgue measurable function, since it is the pointwise limit of measurable
functions.
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It follows from (5.121) and the definition of u that

T b
a(un) → T b

a(u) strongly in Lq(Ω) for every 1 ≤ q <∞, (5.122)

for a.e. 0 < a < b <∞. Recalling Theorem 2.25, we can also assure that

DT b
a(un)⇀ DT b

a(u) ∗-weakly as measures in Ω, for a.e. 0 < a < b <∞.

Moreover, as a consequence of (5.121), we have

umn → um a.e. x ∈ Ω. (5.123)

It just remains to check that

umn → um strongly in Lq(Ω) for every 1 ≤ q <
N

N − 1
. (5.124)

First notice that, owing to (5.119), the sequence umn is bounded in Lq(Ω) for every 1 ≤ q < N
N−1 .

Thus, Hölder’s inequality (2.6) implies that umn is equi-integrable. Invoking Vitali Theorem 2.12,
we deduce that

umn → um strongly in L1(Ω). (5.125)

Finally, given 1 ≤ q < N
N−1 , choose r ∈ (q, N

N−1). Since umn is bounded in Lr(Ω) and (5.125) holds,
it follows from the interpolation inequality that

umn → um strongly in Lq(Ω),

as required.

Remark 5.47. From (5.119) and (5.123), we can state that

|{u > k}| ≤
(
S1(m+ 1)∥f∥L1(Ω)

) N
N−1

km
N

N−1

,

which implies that u ∈ L
mN
N−1

,∞(Ω), and consequently,

|{u = ∞}| = 0. (5.126)

5.8.2 Existence of the vector fields and condition (5.110)

In the following results, we demonstrate the existence of a vector field w ∈ L∞(Ω)N which will play
the role of the quotient Du

|Du| .

Lemma 5.48. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let un be a solution to the problem (5.113) having
the associated vector field wn. Then, there exists a vector field w ∈ L∞(Ω)N with ∥w∥L∞(Ω)N ≤ 1

such that z := umw satisfies (5.110).
Moreover, z ∈ DM1(Ω) and div z is absolutely continuous with respect to LN .
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Proof. To show the existence of the vector field w, let us consider the sequence of vector field wn.
Since ∥wn∥L∞(Ω)N ≤ 1, there exists a vector field w ∈ L∞(Ω)N such that wn ⇀ w ∗-weakly in

L∞(Ω)N and so ∥w∥L∞(Ω)N ≤ 1. Set z := umw ∈ L
N

N−1
,∞(Ω)N . Thanks to (5.124), we can assert

that
zn ⇀ z weakly in Lq(Ω)N , for every 1 ≤ q <

N

N − 1
. (5.127)

Now, we prove (5.110), choosing 0 ≤ φ ∈ C1
c (Ω) as a test function in (5.114), we get

∫
Ω
zn · ∇φ =

∫
Ω
fnφ.

Letting n go to infinity, the left hand side passes to limit by (5.127), while the right hand side passes
due to Lebesgue’s Theorem 2.13, so we get (5.110) and this concludes the proof.

5.8.3 A first inequality in condition (5.111)

To establish equation (5.111), we begin by proving an inequality that serves as its preliminary form.

Lemma 5.49. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let un be a solution to the problem (5.113) with
associated vector field wn. Then, for a.e. 0 < a < b < ∞, the distribution

(
z,DT b

a(u)
)

is a Radon
measure which satisfies

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ ≤ (z,DT b

a(u)
)

as measures in Ω. (5.128)

Proof. Let us begin by choosing T b
a(un)φ ∈ BV (Ω) ∩ L∞(Ω), with 0 < a < b < ∞ and 0 ≤ φ ∈

C1
c (Ω), as a test function in (5.117). Then we have∫

Ω

(
zn, DT

b
a(un)

)
φ+

∫
Ω
zn · ∇φT b

a(un) =

∫
Ω
fnT

b
a(un)φ. (5.129)

Our goal is letting n go to infinity in (5.129). For the first integral on the left hand side using (2.8)
and (5.122), we gain

1

m+ 1

∫
Ω

∣∣∣DT b
a(u)

m+1
∣∣∣φ

≤ lim inf
n→∞

1

m+ 1

∫
Ω

∣∣∣DT b
a(un)

m+1
∣∣∣φ (5.115)

= lim inf
n→∞

∫
Ω

(
zn, DT

b
a(un)

)
φ. (5.130)

For the second integral on the left hand side of (5.129), we use (5.127) and (5.122), we can assert∫
Ω
z · ∇φT b

a(u) = lim
n→∞

∫
Ω
zn · ∇φT b

a(un). (5.131)

Finally, for the right hand side we apply Lebesgue Theorem 2.13 and we prove∫
Ω
fT b

a(u)φ = lim
n→∞

∫
Ω
fnT

b
a(un)φ. (5.132)
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Putting together (5.130), (5.131) and (5.132), it yields

1

m+ 1

∫
Ω
|DT b

a(u)
m+1|φ+

∫
Ω
z · ∇φT b

a(u) ≤
∫
Ω
fT b

a(u)φ.

recalling that T b
a(u) ∈ X z(Ω), we can affirm

1

m+ 1

∫
Ω
|DT b

a(u)
m+1|φ ≤

∫
Ω

(
z,DT b

a(u)
)
φ,

where
(
z,DT b

a(u)
)

is a well defined distribution as stated in (2.60).
We observe that

(
z,DT b

a(u)
)

is a nonnegative distribution and, therefore, a measure. Note that we
can assure that T b

a(u) ∈ BV z(Ω). Consequently, the proof is complete.

5.8.4 Function u belongs to DTBV (Ω)

This subsection is devoted to verify that HN−1(Ju) = 0. The proof of this fact is complicated since
z is no longer a bounded vector filed. Thus, we have to work with the approximate fields zn.

We begin by proving that the pairing (zn, DTb(un)
m+1) defines a nonnegative measure for every

n ∈ N and for a.e. b > 0.

Lemma 5.50. Let m > 0 and 0 ≤ f ∈ L1(Ω). For each n ∈ N, let us consider a solution un to
problem (5.113) with vector field wn. Then, for a.e. b > 0,

(
zn, DTb(un)

m+1
)

is a nonnegative measure. (5.133)

Proof. Let us take 0 < a < b <∞ and T b
a(un)

m+1φ ∈ BV (Ω)∩L∞(Ω) as a test function in (5.117),
with 0 ≤ φ ∈ C1

c (Ω), we have∫
Ω

(
zn, DT

b
a(un)

m+1
)
φ+

∫
Ω
zn · ∇φT b

a(un)
m+1 =

∫
Ω
fnT

b
a(un)

m+1φ, (5.134)

so to achieve our goal, we need to take limits as a tends to 0+ in the previous equality.
We may write the first integral on left hand side of (5.134), as(

zn, DT
b
a(un)

m+1
) (2.32)

= θ
(
zn, DT

b
a(un)

m+1, x
) ∣∣∣DT b

a(un)
m+1

∣∣∣
(2.13)
= (m+ 1)T b

a(un)
m θ
(
zn, DT

b
a(un)

m+1, x
)
|DT b

a(un)|

= (m+ 1)T b
a(un)

m θ
(
zn, DT

b
a(un), x

)
|DT b

a(un)|
(2.32)
= (m+ 1)T b

a(un)
m
(
zn, DT

b
a(un)

)
(5.115)
= T b

a(un)
m
∣∣∣DT b

a(un)
m+1

∣∣∣
(2.13)
=

m+ 1

2m+ 1

∣∣∣DT b
a(un)

2m+1
∣∣∣ .

(5.135)

where in third line we used Lemma 2.53.
We point out that the function s 7→ s

2m+1
m+1 is Lipschitz and that um+1

n ∈ BV (Ω), we apply Theorem
2.31 to deduce that Tb(un)2m+1 ∈ BV (Ω) ∩ L∞(Ω). Taking the limit as a tends to 0+ and using
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(2.8), we obtain

m+ 1

2m+ 1

∫
Ω

∣∣DTb(un)2m+1
∣∣φ ≤ lim inf

a→0

m+ 1

2m+ 1

∫
Ω

∣∣∣DT b
a(un)

2m+1
∣∣∣φ

(5.135)
= lim inf

a→0

∫
Ω

(
zn, DT

b
a(un)

m+1
)
φ.

(5.136)

For the second integral on left hand side and the integral on right hand side of (5.134), we use
Lebesgue’s Theorem 2.13. Gathering these limits with (5.136), we arrive at

m+ 1

2m+ 1

∫
Ω

∣∣DTb(un)2m+1
∣∣φ ≤ −

∫
Ω
zn · ∇φTb(un)m+1 +

∫
Ω
fnTb(un)

m+1φ

(2.30)
=

∫
Ω

(
zn, DTb(un)

m+1
)
φ,

which implies (5.133) and we conclude the proof.

Now we present some properties of the measure
(
z,DT b

a(u)
)

and the generalized pairing
(
z,Dχ{u>k}

)
with k > 0.

Lemma 5.51. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let us consider un a solution to the problem (5.113)
with vector field wn. Then for a.e. k > 0, we have

(z,Dχ{u>k}) ∈ M(Ω), (5.137)

this measure is nonnegative and satisfies∫
Ω
(z,Dχ{u>k}) ≤

∫
{u>k}

f,

Moreover,

lim
n→∞

∫
Ω
(zn, Dχ{un>k})φ =

∫
Ω
(z,Dχ{u>k})φ, (5.138)

for every φ ∈ C1
c (Ω).

In addition, for a.e. 0 < a < b <∞ and k > 0, it holds

zba, zk ∈ DM∞(Ω), (5.139)

where zba := zχ{a<u<b} and zk := zχ{u≤k}.

Proof. We initially observe that, for a.e. 0 < a < b <∞ and for a.e. k > 0,

χ{a<u<b}, χ{u≤k}, χ{u>k} ∈ BV (Ω),

as established in Remark 2.34.

The next step is to show (5.137). We recall that z ∈ DM1(Ω) and div z ∈ L1(Ω); therefore,
thanks to Proposition 2.71, it is readily seen that χ{u>k} ∈ X z(Ω). As a consequence, the pairing(
z,Dχ{u>k}

)
is a well-defined distribution for a.e. k > 0.

We now proceed to prove that χ{u>k} ∈ BV z(Ω), for a.e. k > 0. To demonstrate this property, we
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adopt a strategy inspired by the proof in [100, Theorem 4.1]. Let us fix b > 0, consider 0 < j < bm+1

and set vn := Tb(un)
m+1. Next take hj,ε(vn)φ ∈ BV (Ω)∩L∞(Ω) as a test function in (5.117), where

hj,ε is the function defined in (2.2) and 0 ≤ φ ∈ C1
c (Ω), it gives∫

Ω
(zn, Dhj,ε(vn))φ = −

∫
Ω
zn · ∇φhj,ε(vn) +

∫
Ω
fnhj,ε(vn)φ.

Firstly, we take the limit as n tends to infinity, for the first integral on the right hand side we use
(5.127) and (5.122), while for the second integral we use Lebesgue’s Theorem 2.13, so we get

lim
n→∞

∫
Ω
(zn, Dhj,ε(vn))φ = −

∫
Ω
z · ∇φhj,ε(v) +

∫
Ω
fhj,ε(v)φ.

As ε tends to 0+, we get
hj,ε(v) → χ{v≤j} a.e. x ∈ Ω,

for almost all j ∈ (0, bm+1). Putting k := j
1

m+1 , it implies

hj,ε(v) → χ{u≤k} a.e. x ∈ Ω,

for almost all k ∈ (0, b) and, due to the arbitrariness of b, for almost all k > 0. Employing Lebesgue’s
Theorem 2.13, we assert

lim
ε→0+

lim
n→∞

∫
Ω
(zn, Dhj,ε(vn))φ = −

∫
Ω
z · ∇φχ{u≤k} +

∫
Ω
fχ{u≤k}φ,

and, having in mind (5.110) and (2.60), we gain

− lim
ε→0+

lim
n→∞

∫
Ω
(zn, Dhj,ε(vn))φ =

∫
Ω

(
z,Dχ{u>k}

)
φ. (5.140)

We point out that the above argument also leads to

− lim
ε→0+

∫
Ω
(zn, Dhj,ε(vn))φ =

∫
Ω

(
zn, Dχ{un>k}

)
φ. (5.141)

Now we choose Tε (vn − Tj(vn)) as test function in (5.117), obtaining∫
Ω
(zn, DTε (vn − Tj(vn)))

(2.35)
=

∫
∂Ω
Tε (vn − Tj(vn)) [zn, ν] dHN−1 +

∫
Ω
fnTε (vn − Tj(vn))

≤−
∫
∂Ω
Tε (vn − Tj(vn)) (u

m
n )Ω dHN−1 + ε

∫
{vn>j}

f

≤ε
∫
{vn>j}

f

(5.142)

dropping a nonpositive term.
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On the other hand, recalling that un ∈ DTBV (Ω), for every n ∈ N, we notice that

− (zn, Dhj,ε(vn))
(2.32)
= θ (zn, D (−hj,ε(vn)) , x) |Dhj,ε(vn)|

(2.13)
= −h′j,ε(vn) θ(zn, Dvn, x) |Dvn|

(2.32)
= −h′j,ε(vn) (zn, Dvn) ,

(5.143)

where in the second equality we used Lemma 2.53. Hence, we deduce that

∣∣∣∣∫
Ω
(zn, Dhj,ε(vn))φ

∣∣∣∣ (5.143)
=

∣∣∣∣∫
Ω
h′j,ε(vn)(zn, Dvn)φ

∣∣∣∣
(5.133)
≤ ∥φ∥L∞(Ω)

∫
Ω

∣∣h′j,ε(vn)∣∣ (zn, Dvn)
(2.13)
=

∥φ∥L∞(Ω)

ε

∫
Ω
(zn, DTε (vn − Tj(vn)))

(5.142)
≤ ∥φ∥L∞(Ω)

∫
{vn>j}

f.

(5.144)

Several consequences can be inferring from this inequality. First, applying (5.140), (5.144) we get∣∣∣∣∫
Ω

(
z,Dχ{u>k}

)
φ

∣∣∣∣ ≤ ∥φ∥L∞(Ω)

∫
{u>k}

f ≤ ∥φ∥L∞(Ω)∥f∥L1(Ω), (5.145)

which means that (z,Dχ{u>k}) is a distribution of rank zero, i.e. it is a Radon measure for a.e.
k > 0. Therefore, χ{u>k}, χ{u≤k} ∈ BV z(Ω) and from Lemma 2.70, it holds

(
z,Dχ{u≤k}

)
= −χ{u≤k} div z + div zk

(5.110)
= χ{u≤k}f + div zk as measures in Ω, (5.146)

hence zk ∈ DM∞(Ω). Since zk ∈ DM∞(Ω), it follows that div zk ≪ HN−1. Consequently, we
deduce that the measure

(
z,Dχ{u>k}

)
= −

(
z,Dχ{u≤k}

)
≪ HN−1. (5.147)

Moreover, the measure
(
z,Dχ{u>k}

)
is nonnegative for a.e. k > 0, as it arises as the limit of the

measures −h′j,ε(vn)(zn, Dvn), which are themselves nonnegative, as demonstrated in Lemma 5.50.

Going back to (5.145), we also have∫
Ω

(
z,Dχ{u>k}

)
= sup

{∫
Ω

(
z,Dχ{u>k}

)
φ : 0 ≤ φ ∈ C1

c (Ω), 0 ≤ φ ≤ 1

}
≤
∫
{u>k}

f, (5.148)

On account of (5.141), it also follows from (5.144) that

∣∣∣∣∫
Ω

(
zn, Dχ{un>k}

)
φ

∣∣∣∣ ≤ ∥φ∥L∞(Ω)

∫
{u>k}

f,
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for all φ ∈ C1
c (Ω). Hence,

(
zn, Dχ{un>k}

)
is a nonnegative measure and∫

Ω

(
zn, Dχ{un>k}

)
≤
∫
{u>k}

f ≤ ∥f∥L1(Ω) ,

holds for every n ∈ N.

The next step is to demonstrate that zba ∈ DM∞(Ω) for almost every 0 < a < b < ∞. Fix
0 < a < b < k. From the previous step, we know that zk ∈ DM∞(Ω), furthermore, based on the
discussion in Remark 2.34, we also have χ{a<u<b} ∈ BV (Ω) ∩ L∞(Ω), hence applying Lemma 2.55
then directly yields (5.139), which concludes the proof.

It remains to check (5.138). This fact is straightforward from the definition of pairing and the
convergences fn → f strongly in L1(Ω) and χ{un>k} → χ{u>k} strongly in any Lq(Ω) for almost all
k > 0.

Remark 5.52. For the measures
(
z,Dχ{u>k}

)
, we deduce from (5.148) that

lim
k→∞

∫
Ω

(
z,Dχ{u>k}

)
= 0, (5.149)

from where we easily obtain

lim
k→∞

∫
Ω

(
z,Dχ{u>k}

)
φ = 0 for every φ ∈ C1(Ω) .

To see (5.149), just take the limit as k tends to infinity in (5.148), this limit exists because f ∈ L1(Ω)

and u is a.e. finite, due to (5.126).

The following Lemma establishes a fundamental inequality which plays a key role in proving
that our solution u belongs to the space DTBV (Ω).

Lemma 5.53. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let us consider un a solution to the problem (5.113)
with associated vector field wn. Then, for a.e. 0 < a < b <∞, for a.e. k > b it holds

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ ≤ (zk, DT b

a(u)
)
+
(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

)
(5.150)

as measures in Ω.

Proof. Recall that in subsection 5.8.1, we stated that for every n ∈ N, the vector field zn =

umn wn belongs to DM∞(Ω). Moreover, for a.e. k > 0, the function χ{un≤k} ∈ BV (Ω) ∩ L∞(Ω).
Consequently, Lemma 2.55 allows us to deduce that znχ{un≤k} ∈ DM∞(Ω). Then, using the
Definition of the pairing operator (see (2.30)), and choosing any 0 ≤ φ ∈ C1

c (Ω), we obtain∫
Ω

(
znχ{un≤k}, DT

b
a(un)

)
φ+

∫
{un≤k}

T b
a(un)zn · ∇φ = −

∫
Ω
div
(
znχ{un≤k}

)
φ. (5.151)

Our goal is to pass to the limit as n → ∞ in the previous identity. We begin by observing that,
since znχ{un≤k} ∈ DM∞(Ω) and T b

a(un) ∈ DTBV (Ω), we have(
znχ{un≤k}, DT

b
a(un)

)
=
(
znχ{un≤k}χ{a<un<b}, DT

b
a(un)

)
as measures in Ω.
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It follows from the inequalities k > b > a that znχ{un≤k}χ{a<un<b} = znχ{a<un<b}, and thus the
previous identity yields

1

m+ 1

∫
Ω

∣∣∣DT b
a(u)

m+1
∣∣∣φ (2.8)

≤ lim inf
n→∞

1

m+ 1

∫
Ω

∣∣∣DT b
a(un)

m+1
∣∣∣φ

(5.115)
= lim inf

n→∞

∫
Ω

(
znχ{a<un<b}, DT

b
a(un)

)
φ

= lim inf
n→∞

∫
Ω

(
znχ{un≤k}, DT

b
a(un)

)
φ.

(5.152)

As for the second integral on the left hand side of (5.151), we know by Corollary 5.46 that umn → um

strongly in L1(Ω), therefore, for almost every k > 0, we have χ{un≤k} → χ{u≤k} strongly in Lq(Ω),
for every 1 ≤ q <∞. Thus, taking into account (5.127), we obtain∫

{u≤k}
T b
a(u)z · ∇φ = lim

n→∞

∫
{un≤k}

T b
a(un)zn · ∇φ. (5.153)

Concerning the right hand side of (5.151), we get

− lim
n→∞

∫
Ω
div
(
znχ{un≤k}

)
T b
a(un)φ

(2.30)
= lim

n→∞
−
∫
{un≤k}

div znT
b
a(un)φ−

∫
Ω

(
zn, Dχ{un≤k}

)
T b
a(un)φ

(5.114)
= lim

n→∞

∫
{un≤k}

fnT
b
a(un)φ−

∫
Ω

(
zn, Dχ{un≤k}

)
T b
a(un)φ.

We recall that
(
zn, Dχ{un≤k}

)
= −

(
zn, Dχ{un>k}

)
is absolutely continuous with respect to

∣∣Dχ{un≤k}
∣∣

(by (2.31)) which is concentrated on the set {un = k}, so that

− lim
n→∞

∫
Ω
div
(
znχ{un≤k}

)
T b
a(un)φ

= lim
n→∞

∫
Ω
fnχ{un≤k}T

b
a(un)φ+ b

∫
Ω

(
zn, Dχ{un>k}

)
φ

=

∫
Ω
fχ{u≤k}T

b
a(u)φ+ b

∫
Ω

(
z,Dχ{u>k}

)
φ,

(5.154)

as a consequence of Lebesgue’s Theorem 2.13 and Lemma 5.51.
Furthermore, using (5.146), equation (5.154) implies

− lim
n→∞

∫
Ω
div
(
znχ{un≤k}

)
T b
a(un)φ

=

∫
Ω
fχ{u≤k}T

b
a(u)φ+

∫
Ω
b
(
z,Dχ{u>k}

)
φ

=

∫
Ω
fχ{u≤k}T

b
a(u)φ−

∫
Ω
T b
a(u)

∗ (z,Dχ{u≤k}
)
φ+

∫
Ω

(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

)
φ

(5.146)
= −

∫
Ω
div zkT

b
a(u)

∗φ+

∫
Ω

(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

)
φ.

(5.155)
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Combining (5.152), (5.153) and (5.155), the identity (5.151) becomes

1

m+ 1

∫
Ω

∣∣∣DT b
a(u)

m+1
∣∣∣φ+

∫
{u≤k}

T b
a(u)z · ∇φ

≤ −
∫
Ω
div zkT

b
a(u)

∗φ+

∫
Ω

(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

)
φ,

recalling the Definition of pairing by Anzellotti (2.30), we derive (5.150) and this concludes the
proof.

Our next result is the main one in this subsection since it shows that HN−1(Ju) = 0.

Lemma 5.54. Let us consider u the function provided in Corollary 5.46. Then, for a.e. 0 < a <

b <∞, it holds
HN−1

(
JT b

a(u)

)
= 0.

As a consequence, HN−1(Ju) = 0.

Proof. The proof is an adaptation of [72, Lemma 5.9] and Lemma 5.13 to our setting.
Let us fix 0 < a < b <∞, from Theorem 2.31 we have

JT b
a(u)

= JT b
a(u)

m+1 ,

owing to m > 0. Moreover, on this set the corresponding orientations coincide: νT b
a(u)

= νT b
a(u)

m+1 .
Recalling that JT b

a(u)
is a countably HN−1-rectifiable set, there exist regular hypersurfaces ξi (i ∈ I,

I countable) such that

HN−1

(
JT b

a(u)
\
⋃
i∈I

ξi

)
= 0.

In order to show HN−1(JT b
a(u)

) = 0, we fix i ∈ I and see that T b
a(u)

+ = T b
a(u)

− on ξi. We stress
that we may assume that ξi ⋐ Ω since if we prove T b

a(u)
+ = T b

a(u)
− on each set ξi ∩ {x ∈ Ω :

dist(x, ∂Ω) > ϵ}, then we are done. Thus, we may consider a regular open set ωi ⋐ Ω such that
ξi ⊂ ∂ωi. For a.e. k > b, using fχ{u≤k} ∈ L1(Ω), (5.146) and (2.42), we get

(
z,Dχ{u>k}

)
ξi =

(
fχ{u≤k} +

(
z,Dχ{u>k}

))
ξi

=− div zk ξi

=
(
−[zk, νξi ]

+ + [zk, νξi ]
−)HN−1 ξi,

(5.156)

from which we derive

[zk, νξi ]
−HN−1 ξi = [zk, νξi ]

+HN−1 ξi +
(
z,Dχ{u>k}

)
ξi. (5.157)
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On the other hand, we perform the following calculations

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ ξi

(5.150)
≤

((
zk, DT

b
a(u)

)
+
(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

))
ξi

(2.34)
=
(
−T b

a(u)
∗ div zk + div

(
T b
a(u)zk

)
+
(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

))
ξi

(2.42)
=
(
−T b

a(u)
∗[zk, νξi ]

+ + T b
a(u)

∗[zk, νξi ]
− + [T b

a(u)zk, νξi ]
+ − [T b

a(u)zk, νξi ]
−
)
HN−1 ξi

+
(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

)
ξi

(2.43)
=
(
−T b

a(u)
∗[zk, νξi ]

+ + T b
a(u)

∗[zk, νξi ]
− + T b

a(u)
+[zk, νξi ]

+ − T b
a(u)

−[zk, νξi ]
−
)
HN−1 ξi

+
(
b− T b

a(u)
∗
) (
z,Dχ{u>k}

)
ξi.

(5.158)
Hence, on the hyperplane ξi, having in mind (5.156), the inequality (5.158) becomes

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ ξi

≤(b− T b
a(u)

−)
(
z,Dχ{u>k}

)
ξi +

(
T b
a(u)

+ − T b
a(u)

−
)
[zk, νξi ]

+HN−1 ξi

=(b− T b
a(u)

−)
(
z,Dχ{u>k}

)
ξi +

(
T b
a(u)

+ − T b
a(u)

−
)
[zk, νξi ]

+χ+
{a<u<b}H

N−1 ξi

(2.43)
= (b− T b

a(u)
−)
(
z,Dχ{u>k}

)
ξi +

(
T b
a(u)

+ − T b
a(u)

−
)
[zkχ{a<u<b}, νξi ]

+HN−1 ξi

=(b− T b
a(u)

−)
(
z,Dχ{u>k}

)
ξi +

(
T b
a(u)

+ − T b
a(u)

−
)
[zχ{a<u<b}, νξi ]

+HN−1 ξi

(2.43)
= (b− T b

a(u)
−)
(
z,Dχ{u>k}

)
ξi

+
(
T b
a(u)

+ − T b
a(u)

−
)(

T b
a(u)

m
)+

[wχ{a<u<b}, νξi ]
+HN−1 ξi.

(5.159)

Our next step is to check that [wχ{a<u<b}, νξi ]
+ ≤ 1. Observe that, as a consequence of Lemmas

2.55, 5.48 and 5.51, we obtain wχ{a<u<b} ∈ DM∞(Ω) and ∥wχ{a<u<b}∥L∞(Ω)N ≤ 1. Thus, we
deduce from (5.159) that indeed [wχ{a<u<b}, νξi ]

+ ≤ 1 and so it results

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ ξi ≤

(
b− T b

a(u)
−
) (
z,Dχ{u>k}

)
ξi+
(
T b
a(u)

+ − T b
a(u)

−
)(

T b
a(u)

m
)+

HN−1 ξi.

The passage to the limit when k goes to infinity is justified by the convergence property (5.149).
Applying Theorem 2.31, we then obtain

1

m+ 1

∣∣∣∣(T b
a(u)

m+1
)+

−
(
T b
a(u)

m+1
)−∣∣∣∣ ≤ (T b

a(u)
+ − T b

a(u)
−
)(

T b
a(u)

m
)+

, (5.160)

HN−1-a.e. on ξi.
We now repeat the same reasoning as in the previous step, this time we write (5.157) as

[zk, νξi ]
+HN−1 ξi = [zk, νξi ]

−HN−1 ξi −
(
z,Dχ{u>k}

)
ξi.
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We now deduce that

1

m+ 1

∣∣∣∣(T b
a(u)

m+1
)+

−
(
T b
a(u)

m+1
)−∣∣∣∣ ≤ (T b

a(u)
+ − T b

a(u)
−
)(

T b
a(u)

m
)−

HN−1-a.e. on ξi.

Combining this, with equation (5.160), this implies

1

m+ 1

∣∣∣∣(T b
a(u)

m+1
)+

−
(
T b
a(u)

m+1
)−∣∣∣∣ ≤ (T b

a(u)
+ − T b

a(u)
−
)
min

{(
T b
a(u)

m
)±}

,

HN−1-a.e. on ξi.
We arrive at a contradiction with the Mean Value Theorem, since the function s 7→ sm, with m > 0,
is increasing. Hence we obtain

0 = HN−1
(
JT b

a(u)

)
= HN−1

(
ST b

a(u)

)
for a.e. 0 < a < b <∞,

and, by Lemma 2.42, HN−1(S∗
u) = 0. Hence, it follows from Ju ⊆ J∗

u ⊆ S∗
u that

HN−1 (Ju) = 0,

and this concludes the proof.

5.8.5 Condition (5.111)

In subsection 5.8.3 we have seen one of the inequalities of condition (5.111). Once we get that u
has not jump part, this subsection is devoted to check the opposite inequality.

We first prove an important property of the pairing
(
z,DT b

a(u)
α
)

for α > 0, which will be
instrumental in establishing the forthcoming results.

Lemma 5.55. Let m > 0 and 0 ≤ f ∈ L1(Ω). Consider that un is a solution to the problem (5.113)
and wn its associated vector field. Then for a.e. 0 < a < b <∞ and for every α > 0, it holds(

z,DT b
a(u)

α
)
=
(
zba, DT

b
a(u)

α
)

as measures in Ω. (5.161)

Proof. As illustrated in [72, Lemma 5.3] and Lemma 2.63, given 0 < a < b < ∞ and k > 0, and
choosing T b

a(u) ∈ DTBV (Ω) ∩ L∞(Ω) and zk ∈ DM∞(Ω) (which holds a.e.), we have(
zk, DT

b
a(u)

α
)
=
(
zkχ{a<u<b}, DT

b
a(u)

α
)

as measures in Ω. (5.162)

Now we want let k go to infinity in (5.162).
For the pairing on right hand side, we note that for k > b, it holds

zkχ{a<u<b} = zχ{a<u<b} = zba.

Therefore,

lim
k→∞

∫
Ω

(
zkχ{a<u<b}, DT

b
a(u)

α
)
φ =

∫
Ω

(
zba, DT

b
a(u)

α
)
φ, for all φ ∈ C1

c (Ω). (5.163)
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We turn to deal with the pairing on the left hand side of equation (5.162). For every 0 ≤ φ ∈ C1
c (Ω),

we observe∫
Ω

(
zk, DT

b
a(u)

α
)
φ

(2.30)
= −

∫
Ω
T b
a(u)

αφ div zk −
∫
Ω
zk · ∇φT b

a(u)
α

(2.61)
= −

∫
Ω
T b
a(u)

αφχ{u≤k} div z

−
∫
Ω
T b
a(u)

α
(
z,Dχ{u≤k}

)
φ−

∫
{u≤k}

z · ∇φT b
a(u)

α

(5.110)
=

∫
{u≤k}

fT b
a(u)

αφ−
∫
{u≤k}

z · ∇φT b
a(u)

α

+

∫
Ω
T b
a(u)

α
(
z,Dχ{u>k}

)
φ.

(5.164)

We point out that ∫
Ω
T b
a(u)

α
(
z,Dχ{u≤k}

)
φ,

∫
Ω
T b
a(u)

α
(
z,Dχ{u>k}

)
φ,

are well defined integrals, because T b
a(u)

α ∈ BV (Ω) ∩ L∞(Ω) and (5.147) holds. By Remark 5.47
and Lebesgue’s Theorem, we obtain

lim
k→∞

∫
{u≤k}

fT b
a(u)

αφ−
∫
{u≤k}

z · ∇φT b
a(u)

α =

∫
Ω
fT b

a(u)
αφ−

∫
Ω
z · ∇φT b

a(u)
α

(2.60)
=

∫
Ω

(
z,DT b

a(u)
α
)
φ.

(5.165)

It only remains to prove that

lim
k→∞

∫
Ω
T b
a(u)

α
(
z,Dχ{u>k}

)
φ = 0. (5.166)

and this fact is a consequence of Remark 5.52. Going back to (5.164) and putting together (5.165)
and (5.166), it yields

lim
k→∞

∫
Ω

(
zk, DT

b
a(u)

α
)
φ =

∫
Ω

(
z,DT b

a(u)
α
)
φ .

This fact and (5.163) gives (5.161), and so the proof is complete.

Remark 5.56. From (5.161) for every open set A ⋐ Ω and every φ ∈ C1
c (A), it gives

∣∣∣⟨(z,DT b
a(u)

)
, φ⟩
∣∣∣ = ∣∣∣⟨(zba, DT b

a(u)
)
, φ⟩
∣∣∣ (2.31)

≤ ∥φ∥L∞(A)b
m

∫
A
|DT b

a(u)|,

which implies that(
z,DT b

a(u)
)

is absolutely continuous with respect to |DT b
a(u)|.

Now we are able to show that inequality (5.128) is actually an equality.

Lemma 5.57. Let us consider u the function provided in Corollary 5.46 and z ∈ L
N

N−1
,∞(Ω)N the

vector field provided in Lemma 5.48. Then, it holds (5.111).

Proof. It is a straightforward adaptation of [72, Lemma 5.10] and Lemma 5.14. We begin by
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considering inequality (5.128):

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ ≤(z,DT b

a(u)
)

(5.161)
=

(
zba, DT

b
a(u)

)
=
(
T b
a(u)

mwχ{a<u<b}, DT
b
a(u)

)
(2.38)
= T b

a(u)
m
(
wχ{a<u<b}, DT

b
a(u)

)
(2.31)
≤ T b

a(u)
m |DT b

a(u)|
(2.13)
=

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ ,

(5.167)

in particular, in the last equality, we used the fact that u ∈ DTBV (Ω), as shown in Lemma 5.54.
Thus we get (5.111) and this concludes the proof.

Remark 5.58. We emphasize that from (5.167), one can derive an equivalent formulation of equa-
tion (5.111), which is

1

m+ 1

∣∣∣DT b
a(u)

m+1
∣∣∣ = (zba, DT b

a(u)
)

as measures in Ω, for a.e. 0 < a < b <∞.

Thanks to (5.167), we are able to provide the following equivalent formulation of (5.111)(
wχ{a<u<b}, DT

b
a(u)

)
=
∣∣∣DT b

a(u)
∣∣∣ as measure in Ω, for a.e. 0 < a < b <∞.

5.8.6 Condition on the boundary

Before dealing with the boundary condition, have to establish a regularity result, namely that the
trace of z on ∂Ω is a function in L1(∂Ω).

Lemma 5.59. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let us consider un a solution to problem (5.113),
the associated vector field wn and z the vector field provided in Lemma 5.48. Then,

[z, ν] ∈ L1(∂Ω).

Moreover, the following Gauss-Green formula holds∫
Ω
(z,DT b

a(u)
α)−

∫
∂Ω
T b
a(u)

α[z, ν] dHN−1 =

∫
Ω
fT b

a(u)
α, (5.168)

for all α > 0 and a.e. 0 < a < b <∞; and

[z, ν]χ{u≤k} = [zk, ν] for HN−1-a.e. x ∈ ∂Ω, for a.e. k > 0. (5.169)

Proof. We start by proving that the vector field z obtained in Lemma 5.48 admits a trace in L1(∂Ω).
This trace will be obtained as the limit of the traces [zn, ν], where we recall that zn is the vector field
founded in Theorem 5.3. To establish the result, we shall make use of the Dunford-Pettis Theorem
2.14.

Francesco Balducci 162



5.8. Proof of main result

As pointed out in Lemma 5.16, the normal trace [zn, ν] is a nonpositive bounded function. We are
showing the uniform bound of the sequence [zn, ν] in ∥ · ∥L1(∂Ω). To this end, we apply Green’s
formula (2.35) to get

∥[zn, ν]∥L1(∂Ω) = −
∫
∂Ω

[zn, ν]dHN−1 =

∫
Ω
fn ≤ ∥f∥L1(Ω). (5.170)

Now we show the equi-integrability condition. To get it, we take χ{um
n >km} ∈ BV (Ω)∩L∞(Ω) with

k > 0 as a test function in (5.117), recalling that (z,Dχ{u>k}) is a nonnegative measure as stated
in Remark 5.52, and so we obtain

0 ≤ lim
k→∞

sup
n∈N

∫
{um

n >km}∩∂Ω
(umn )Ω dHN−1

(5.116)
≤ lim

k→∞
sup
n∈N

(∫
Ω

(
zn, Dχ{un>k}

)
−
∫
∂Ω
χ{um

n >km}[zn, ν]dHN−1

)
(2.35)
= lim

k→∞
sup
n∈N

∫
Ω
fnχ{un>k} = 0,

since 0 ≤ f ∈ L1(Ω) and it holds (5.126). Hence there exists 0 ≤ g ∈ L1(∂Ω) such that

[zn, ν]⇀ g weakly in L1(∂Ω). (5.171)

The next step is to prove that g is, in the weak sense, the trace of z on ∂Ω. Let us choose a
nonnegative φ ∈ C1(Ω) ∩ C(Ω) as a test function in (5.117) and let us take limit as n tends to
infinity. It yields ∫

Ω
zn · ∇φ−

∫
∂Ω
φ[zn, ν] dHN−1 =

∫
Ω
fnφ.

We apply property (5.127) for the first integral, the weak convergence (5.171) to the second integral
and Lebesgue Theorem’s 2.13 to the third integral. It gives∫

Ω
z · ∇φ−

∫
∂Ω
φg dHN−1 =

∫
Ω
fφ. (5.172)

Thus, we may rewrite g as
[z, ν] := g,

so that [z, ν] ∈ L1(∂Ω). Note that [z, ν] is nonpositive since it is the weak limit of nonpositive
functions. In addition, it follows from (5.170) that

∥[z, ν]∥L1(∂Ω) = −
∫
Ω
[z, ν] dHN−1 ≤ ∥f∥L1(Ω).

To establish Gauss-Green formula (5.168), we prove that [z, ν] is the limit as k → ∞ of [zk, ν],
the trace of the vector field zk which belongs to DM∞(Ω) for a.e. k > 0 (see Lemma 5.51). We
are showing that [zk, ν] is uniformly bounded in L1(∂Ω) with respect to k > 0. For a.e. k > 0,
we can affirm that χ{un≤k} ∈ BV (Ω) ∩ L∞(Ω), by applying Lemma 2.55. So, we deduce that
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znχ{un≤k} ∈ DM∞(Ω) and, as a consequence of Gauss-Green formula (2.35), it holds∫
{un≤k}

zn · ∇φ−
∫
∂Ω
φ[znχ{un≤k}, ν] dHN−1 = −

∫
Ω
div
(
znχ{un≤k}

)
φ, for all 0 ≤ φ ∈ C1(Ω).

(5.173)
Our objective is to let n go to infinity in the previous equality.

As for the first integral on the left hand side of (5.173), we exploit the convergence (5.127) and the
strong convergence χ{un≤k} → χ{u≤k} in any Lr(Ω), for 1 ≤ r <∞. Then we obtain∫

{u≤k}
z · ∇φ = lim

n→∞

∫
{un≤k}

zn · ∇φ. (5.174)

Instead, for the second integral on the left hand side of (5.173), we recall that [znχ{un≤k}, ν] =

χ{un≤k}[zn, ν], as a consequence of property (2.36). Therefore, by applying Lemma 2.16, we deduce∫
∂Ω
χ{u≤k}φ[z, ν] dHN−1 = lim

n→∞

∫
∂Ω
χ{un≤k}φ[zn, ν] dHN−1

= lim
n→∞

∫
∂Ω
φ[znχ{un≤k}, ν] dHN−1.

(5.175)

Finally, we are analyzing the integral on the right hand side of (5.173). A Remark is in order.
Despite Lemma 5.51, we still do not know that

lim
n→∞

∫
Ω

(
zn, Dχ{un>k}

)
φ =

∫
Ω

(
z,Dχ{u>k}

)
φ,

holds, since φ does not vanish on the boundary (see Remark 5.60 below). We compute
∫
Ω div

(
znχ{un≤k}

)
φ

in another way, we have,

− lim
n→∞

∫
Ω
div
(
znχ{un≤k}

)
φ

(2.34),(5.114)
= lim

n→∞

∫
Ω
fnχ{un≤k}φ+

∫
Ω

(
zn, Dχ{un>k}

)
φ

=

∫
Ω
fχ{u≤k}φ+ lim

n→∞

∫
Ω

(
zn, Dχ{un>k}

)
φ

=−
∫
Ω
div zkφ−

∫
Ω

(
z,Dχ{u>k}

)
φ+ lim

n→∞

∫
Ω

(
zn, Dχ{un>k}

)
φ.

(5.176)

Recalling (5.173), gathering (5.174), (5.175) and (5.176), it yields∫
{u≤k}

z · ∇φ−
∫
∂Ω
χ{u≤k}φ[z, ν] dHN−1

= −
∫
Ω
div zkφ+

∫
Ω

(
z,Dχ{u>k}

)
φ− lim

n→∞

∫
Ω

(
zn, Dχ{un>k}

)
φ.

Appealing again to (2.35), it follows that∫
∂Ω
φ[zk, ν] dHN−1 =

∫
∂Ω
χ{u≤k}φ[z, ν] dHN−1 +

∫
Ω

(
z,Dχ{u>k}

)
φ− lim

n→∞

∫
Ω

(
zn, Dχ{un>k}

)
φ.

(5.177)
Recalling that

(
z,Dχ{u>k}

)
,
(
zn, Dχ{un>k}

)
are nonnegative measures while [zk, ν] and [z, ν] are
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nonpositive functions, we may disregard a nonpositive term on the right hand side to arrive at

−
∫
∂Ω
φ[zk, ν] dHN−1 ≤ −

∫
∂Ω
χ{u≤k}φ[z, ν] dHN−1 + lim

n→∞

∫
Ω

(
zn, Dχ{un>k}

)
φ.

As an application of (5.170), (5.144), we obtain

−
∫
∂Ω
φ[zk, ν] dHN−1 ≤ 2∥f∥L1(Ω)∥φ∥L∞(∂Ω) for every 0 ≤ φ ∈ C1(Ω).

We derive that
∥[zk, ν]∥L1(∂Ω) ≤ 2∥f∥L1(Ω).

Moreover, we observe that for almost every h > k > 0, the following property holds:

|[zk, ν]| =
∣∣[zkχ{u≤h}, ν]

∣∣ (2.36)
=

∣∣χ{u≤k}[zh, ν]
∣∣ ≤ |[zh, ν]| ,

because zk = umwχ{u≤k}. This implies that |[zk, ν]| is a nondecreasing sequence. Due to Beppo
Levi’s Theorem 2.11, there exists a function {z, ν} ∈ L1(∂Ω) such that

[zk, ν] → {z, ν} strongly in L1(∂Ω). (5.178)

Now, we show that {z, ν} = [z, ν]HN−1-a.e. on ∂Ω. Let φ ∈ C1(Ω)∩C(Ω). By the Gauss–Green
formula (2.35), we have ∫

Ω
zk · ∇φ−

∫
∂Ω
φ[zk, ν] dHN−1 = −

∫
Ω
div zkφ, (5.179)

we want to take limit as k → ∞ in the previous equality.
In the first integral on the left hand side of (5.179), we use Lebesgue’s Theorem 2.13 because u is
finite a.e. in Ω as stated in Remark 5.47. For the second integral on the left hand side of (5.179)
we use (5.178). On the right hand side, we note that

−
∫
Ω
div zkφ

(2.59)
= −

∫
{u≤k}

div zφ−
∫
Ω

(
z,Dχ{u≤k}

)
φ

(5.110)
=

∫
{u≤k}

fφ+

∫
Ω

(
z,Dχ{u>k}

)
.

In particular, thanks to Lebesgue Theorem 2.13, we infer

− lim
k→∞

∫
Ω
div zkφ = lim

k→∞

∫
{u≤k}

fφ+

∫
Ω

(
z,Dχ{u>k}

)
φ

=

∫
Ω
fφ,

because (5.126) and (5.149) hold.

Francesco Balducci 165



5.8. Proof of main result

Therefore, gathering together all the previous arguments, we obtain∫
Ω
z · ∇φ−

∫
∂Ω
φ {z, ν} dHN−1 =

∫
Ω
fφ,

As a consequence of (5.172), it implies that∫
∂Ω
φ {z, ν} dHN−1 =

∫
∂Ω
φ[z, ν]dHN−1 for every φ ∈ C(∂Ω),

which means that {z, ν} = [z, ν] HN−1-a.e. on ∂Ω. In particular, it holds

[zk, ν] → [z, ν] strongly in L1(∂Ω). (5.180)

At this stage, we are in a position to prove the validity of the Gauss–Green formula (5.168). Let
us fix 0 < a < b <∞ and α > 0, and let us take k > b. As a consequence of Lemma 5.55, we have∫

Ω

(
z,DT b

a(u)
α
)
=

∫
Ω

(
zk, DT

b
a(u)

α
)

= lim
k→∞

∫
Ω

(
zk, DT

b
a(u)

α
)

(2.35)
= lim

k→∞

∫
∂Ω
T b
a(u)

α[zk, ν] dHN−1 −
∫
Ω
div zk T

b
a(u)

α

=

∫
∂Ω
T b
a(u)

α[z, ν] dHN−1 −
∫
Ω
div z T b

a(u)
α,

where in the last equality we use (5.180) and the identity

div zk = χ{u≤k} div z + (z,Dχ{u≤k})

jointly with (5.149). This implies (5.168).
Finally, we prove (5.169). Let us take φ ∈ C(∂Ω), h > k > 0 and recalling that zk = zkχ{u≤h},

we get ∫
∂Ω
φ[zk, ν] dHN−1 = lim

h→∞

∫
∂Ω
φ[zkχ{u≤h}, ν] dHN−1

(2.36)
= lim

h→∞

∫
∂Ω
φχ{u≤k}[zh, ν] dHN−1

(5.180)
=

∫
∂Ω
φχ{u≤k}[z, ν] dHN−1.

Since for every φ ∈ C(∂Ω), it follows that∫
∂Ω
φ[zk, ν] dHN−1 =

∫
∂Ω
φχ{u≤k}[z, ν] dHN−1,

we deduce (5.169). This completes the proof.
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Remark 5.60. We explicitly stress that identities (5.169) along with (5.177) leads to

lim
n→∞

∫
Ω

(
zn, Dχ{un>k}

)
φ =

∫
Ω

(
z,Dχ{u>k}

)
φ, for all φ ∈ C1(Ω).

In particular, we get

lim
n→∞

∫
Ω

(
zn, Dχ{un>k}

)
=

∫
Ω

(
z,Dχ{u>k}

)
.

The next result is an inequality that proves be useful in establishing the boundary condition.

Lemma 5.61. Let m > 0 and 0 ≤ f ∈ L1(Ω). Consider un is a solution to problem (5.113) with
associated vector field wn. Then, for a.e. 0 < a < b <∞ and for every q > 0, it holds

T b
a(u)

m(q+1)

q + 1
≤ −T

b
a(u)

mq

q
[z, ν] for HN−1-a.e. x ∈ ∂Ω. (5.181)

Proof. It is an adaptation of Lemma 5.16, however, for the sake of completeness, we outline the key
details.
Let us fix q > 0 and let us take T b

a(un)mq

q φ ∈ BV (Ω)∩L∞(Ω) with 0 ≤ φ ∈ C1(Ω) as a test function
in (5.117), obtaining ∫

Ω

1

q

(
zn, DT

b
a(un)

mq
)
φ+

1

q

∫
Ω
T b
a(un)

mqzn · ∇φ

−
∫
∂Ω

T b
a(un)

mq

q
φ[zn, ν] dHN−1 =

∫
Ω
fn
T b
a(un)

mq

q
φ.

(5.182)

We want to take the limit as n tends to infinity in this equation, but before we will perform some
calculations. For the first integral on the left hand side of (5.182), we note that∫

Ω

1

q

(
zn, DT

b
a(un)

mq
)
φ

(2.32)
=

∫
Ω

1

q
θ
(
zn, DT

b
a(un)

mq, x
) ∣∣∣DT b

a(un)
mq
∣∣∣φ

(2.33)
=

∫
Ω

1

q
θ
(
zn, DT

b
a(un), x

)
|DT b

a(un)
mq|φ

(2.13)
=

∫
Ω
θ
(
zn, DT

b
a(un), x

)
mT b

a(un)
mq−1|DT b

a(un)|φ

(2.32)
=

∫
Ω
mT b

a(un)
mq−1

(
zn, DT

b
a(un)

)
φ

(5.115)
=

m

m+ 1

∫
Ω
T b
a(un)

mq−1
∣∣∣DT b

a(un)
m+1

∣∣∣φ
(2.13)
=

1

q + 1

∫
Ω

∣∣∣DT b
a(un)

m(q+1)
∣∣∣φ.

(5.183)

Regarding the third integral on the left hand side of (5.182), we employ T b
a(un)

m ≤ −[zn, ν] for a.e.
0 < a < b <∞ and for HN−1-a.e. x ∈ ∂Ω (by Lemma 5.17) and deduce that

−
∫
∂Ω

1

q
T b
a(un)

mqφ[zn, ν] dHN−1

≥
∫
∂Ω

1

q
T b
a(un)

mqT b
a(un)

mφ dHN−1

≥
∫
∂Ω

1

q + 1
T b
a(un)

m(q+1)φ dHN−1.

(5.184)
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Putting together (5.183) and (5.184) in (5.182), it yields

1

q + 1

∫
Ω

∣∣∣DT b
a(un)

m(q+1)
∣∣∣φ+

1

q

∫
Ω
T b
a(un)

mqzn · ∇φ

+
1

q + 1

∫
∂Ω
T b
a(un)

m(q+1)φ dHN−1 ≤
∫
Ω
fn
T b
a(un)

mq

q
φ.

(5.185)

Next we take the limit as n tends to infinity. For the first and the third integral on the left hand
side of (5.185) we use (2.9) recalling that (5.125) holds. On the other hand, for the second integral
on the left hand side of (5.185) we use properties (5.127) and (5.122). Finally for the integral on
the right hand side we use Lebesgue’s Theorem 2.13. Hence we get

1

q + 1

∫
Ω

∣∣∣DT b
a(u)

m(q+1)
∣∣∣φ+

1

q

∫
Ω
T b
a(u)

mqz · ∇φ

+
1

q + 1

∫
∂Ω
T b
a(u)

m(q+1)φ dHN−1 ≤
∫
Ω
f
T b
a(u)

mq

q
φ.

Using (5.168), we obtain

1

q + 1

∫
Ω

∣∣∣DT b
a(u)

m(q+1)
∣∣∣φ+

1

q + 1

∫
∂Ω
T b
a(u)

m(q+1)φ dHN−1

≤ 1

q

∫
Ω

(
z,DT b

a(u)
mq
)
φ− 1

q

∫
∂Ω
T b
a(u)

mqφ[z, ν] dHN−1.

(5.186)

Recalling Lemma 5.55 and repeating the same arguments of (5.183), we get

1

q

∫
Ω

(
z,DT b

a(u)
mq
)
φ =

1

q + 1

∫
Ω

∣∣∣DT b
a(u)

m(q+1)
∣∣∣φ.

Therefore (5.186) becomes

1

q + 1

∫
∂Ω
T b
a(u)

m(q+1)φ dHN−1 ≤ −1

q

∫
∂Ω
T b
a(u)

mqφ[z, ν] dHN−1,

which implies (5.181) and this concludes the proof.

The boundary condition (5.112) now easily follows from Lemma 5.61.

Lemma 5.62. Let m > 0 and 0 ≤ f ∈ L1(Ω). Let us consider un a solution to problem (5.113)
with associated vector field wn. Then, it holds (5.112).

Proof. It is an adaptation of Lemma 5.17, but for the sake of completeness we underline the main
steps. We fix 0 < a < b <∞ such that (5.129) holds.
Dividing both sides of (5.181) by T b

a(u)
mq, we obtain

q

q + 1
T b
a(u)

m ≤ −[z, ν] for HN−1-a.e. x ∈ ∂Ω,

hence, letting q go to infinity, it yields

T b
a(u)

m ≤ −[z, ν] for HN−1-a.e. x ∈ ∂Ω.
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Since it holds for almost all 0 < a < b <∞, taking the limit as a tends to 0+ and b tends to infinity,
we get (

uΩ
)m ≤ −[z, ν] for HN−1-a.e. x ∈ ∂Ω ∩ {u > 0}. (5.187)

This implies that
(
uΩ
)m ∈ L1(∂Ω), because

(
uΩ
)m is nonnegative.

Let us show the reverse inequality. To this end, fix again 0 < a < b < ∞, recalling that
zba, wχ{a<u<b} ∈ DM∞(Ω), it follows that

∣∣[z, ν]χ{a<u<b}
∣∣ (5.169)

=
∣∣∣[zba, ν]∣∣∣ (2.36)

≤ T b
a(u)

m,

Letting a go to 0+ and b to infinity in ∂Ω ∩ {u > 0} for a good choice of a and b, we have

|[z, ν]| ≤
(
uΩ
)m for HN−1-a.e. x ∈ ∂Ω ∩ {u > 0}. (5.188)

Putting together (5.187) and (5.188), we obtain (5.112) and this concludes the proof.

We are now in a position to prove our main result.

End of proof of Theorem 5.42. The proof follows as a direct consequence of the preceding results.
In Corollary 5.46, we establish the existence of a Lebesgue measurable, nonnegative function u

such that, for almost every 0 < a < b < ∞, the truncated function T b
a(u) belongs to BV (Ω). In

particular, as noted in Remark 5.47, we get that u(x) <∞ for almost every x ∈ Ω.
Moreover, Lemma 5.54 ensures that u ∈ DTBV (Ω), providing further insight into its regularity.

In addition, Lemma 5.48 guarantees the existence of a vector field w ∈ L∞(Ω)N with ∥w∥L∞(Ω)N ≤
1, from which we define z := umw ∈ L1(Ω)N . This construction yields the fundamental identity
(5.110), implying that z ∈ DM1(Ω).

Furthermore, Lemma 5.57 establishes the validity of (5.111). Finally, Lemma 5.59 ensures that
[z, ν] ∈ L1(∂Ω), while Lemma 5.62 shows the boundary condition (5.112), thereby completing the
proof.

5.9 Regularity results

We finish this work by studying the summability of the solution that occurs when the datum is
between the Lebesgue spaces L1(Ω) (our setting) and LN (Ω) (the framework of [20]). This regularity
result is consistent with the findings presented in [20].

Theorem 5.63. Let m > 0 and 0 ≤ f ∈ Lp(Ω), with 1 < p < N . Then the solution u to problem
(5.113) we have found in Theorem 5.42 satisfies

um ∈ L
Np
N−p (Ω). (5.189)

Moreover, if p ≥ N(m+1)
Nm+1 , then it holds

um+1 ∈ BV (Ω). (5.190)
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Proof. Let un be an approximate solution with associated vector field wn. We choose T∞
a (un)

α,
with a > 0, as a test function in problem (5.113), α > 0 to be determined. This yields∫

Ω
(zn, DT

∞
a (un)

α)−
∫
∂Ω
T∞
a (un)

α[zn, ν] dHN−1 =

∫
Ω
fnT

∞
a (un)

α.

Applying Lemma 2.63 and Hölder’s inequality (2.6), we obtain

α

α+m
∥T∞

a (un)
α+m∥BV (Ω) ≤

∫
Ω
fnT

∞
a (un)

α ≤ ∥f∥Lp(Ω)∥T∞
a (un)

α∥
L

p
p−1 (Ω)

, (5.191)

where we recall that 0 ≤ T∞
a (un)

m ≤ −[zn, ν], as shown in Lemma 5.17.

Next, Sobolev’s embedding (2.7) implies

α

α+m
S−1
1 ∥T∞

a (un)
α+m∥

L
N

N−1 (Ω)
≤ ∥f∥Lp(Ω)∥T∞

a (un)
α∥

L
p

p−1 (Ω)
. (5.192)

We now select α > 0 such that

(α+m)
N

N − 1
= α

p

p− 1
⇒ α =

(p− 1)mN

N − p
. (5.193)

Substituting this choice into (5.192), we deduce

(∫
Ω
T∞
a (un)

mNp
N−p

)N−p
Np

≤ p(N − 1)

(p− 1)N
S1∥f∥Lp(Ω). (5.194)

As a consequence of Corollary 5.46, we can pass to the limit first as n→ ∞ and then as a→ 0+,
thus obtaining

∥um∥
L

Np
N−p (Ω)

≤ p(N − 1)

(p− 1)N
S1∥f∥Lp(Ω),

which establishes the validity of (5.189).

To finish the proof, we now verify property (5.190). Having in mind the usual embeddings satisfy
by Lebesgue spaces, we may assume p = N(m+1)

Nm+1 . This choice of p implies α = 1 in (5.193). We
deduce from (5.191) that

∥T∞
a (un)

m+1∥BV (Ω) ≤
p(N − 1)

(p− 1)N
∥f∥Lp(Ω)∥T∞

a (un)∥
L

p
p−1 (Ω)

. (5.195)

Since p
p−1 = Npm

N−p , it follows from (5.194) that the right hand side of (5.195) is bounded. The lower
semicontinuity of the BV -norm allows us to take the limit as n goes to infinity, it results

∥T∞
a (u)m+1∥BV (Ω) ≤ C

for all a > 0. Hence um+1 ∈ BV (Ω) and we are done.

Remark 5.64. We point out that, letting p go to 1+ in (5.189), we obtain the Lebesgue space
L

N
N−1 (Ω) instead of the Marcinkiewicz space L

N
N−1

,∞(Ω) (see Remark 5.47). In this way, we “almost”
get the actual regularity for um. This is a usual feature when studying elliptic equations with L1

(or measure) data: the expected Lebesgue space is not attained and instead the solution lies in
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the corresponding Marcinkiewicz space (see, for instance, [118] for the linear setting or [28] in a
nonlinear case). In the other extreme case, we have that when p tends to N , we arrive at um ∈
L∞(Ω), which is the summability proven in Lemma 5.8.

On the other hand, the parameter p = N(m+1)
Nm+1 is exactly that found in Lemma 5.6 to have a

BV -estimate.
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Ringrazio Sasuke, anche se questa volta penso che i ruoli si siano invertiti. Ci siamo scontrati
ovunque, meno che nella “Valle dell’epilogo”. Fortunatamente, però, il finale è stato lo stesso, in un
certo senso abbiamo perso entrambi un braccio, ma ottenuto una comprensione ed una conoscenza
più profonda uno dell’altro.

Ringrazio l’altro Naruto, perché lui ha davvero avuto il coraggio di non arrendersi mai, di aver
dato voce ad alcuni miei pensieri e perché ancora una volta la vita ci dimostrato matematicamente
che io e te leggiamo lo stesso libro.

Ringrazio anche te, Obito, che come il personaggio del manga non hai potuto vedere il finale di
questo capitolo della mia vita, soprattutto per avermi fatto capire più di tutti che il mio nome è
davvero Naruto Uzumaki.

Grazie Vasco Rossi, tu sei davvero l’esempio di come “poi ci troveremo come le star a bere del
whisky al Roxy bar, o forse non ci incontreremo mai ognuno a rincorrere i suoi guai, ognuno col suo
viaggio, ognuno diverso, e ognuno in fondo perso dentro i fatti suoi”.

Ringrazio tutti i membri presenti e passati del “Gruppo SBAIato”, tranne Fefè e la combricola
del “Simposio”, ovunque saremo so che a Natale e Ferragosto ci incontreremo per bere un bicchiere
di vino.

Infine, ringrazio il “Bar Giglio” per aver reso più dolci e più a forma di tramezzino le mie pause
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caffè.
Sono finalmente giunto al termine di questa tesi, sperando sia l’ultima che scrivo

Francesco Balducci
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