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Dear Dr. Paruolo:

Ref: Canonical correlation analysis of stochastic trends via functional approximation

I am happy to report that your paper, "Canonical correlation analysis of stochastic trends via functional approximation", has
been accepted to appear in the Journal of the American Statistical Association. Please accept my warmest congratulations.

If you have not already uploaded the following files, please send them to eric@amstat.org:

• One zip file containing the TeX or Word file of your final, unblinded paper, including all figure files as separate files, and any
additional files needed to compile your article. For example, .bbl and .bib files if you used BiBTeX (and we hope you did!), and
any special macros. These files should be uploaded using the Source Files designation.

• One zip file containing all files to be included as online supplements to your paper (appendices, datasets, code, etc). There is
no need to include the TeX file(s) for online PDF files. Please use the Supplementary Materials for Review designation for this
zip file. A README file containing a list of your online supplements is very helpful.

• PLEASE NOTE: If you use LaTeX cross-referencing between your main paper file and online supplement files, please be sure
to use the {xr} LaTeX package and let us know of its use. Otherwise, please do not use cross-referencing between the main
paper file and the supplement.

• In addition to funding acknowledgments, please be sure to include a disclosure statement. This is to acknowledge any
financial or non-financial interest that has arisen from the direct applications of your research. If there are no relevant competing
interests to declare please state this within the article, for example: The authors report there are no competing interests to
declare. Further guidance on what is a conflict of interest and how to disclose it can be found here: https://urldefense.com/v3/__
https://authorservices.taylorandfrancis.com/editorial-policies/competing-interest/__;!!DOxrgLBm!
GsVAYBaxt5dw1r385iAFJNsoWHmUUjSup84xZgNgu3JdHdXOiv0jfkU7hGHXPQ06vDsTTePVpBry6XGib_jmcXn10Qbg0wdJ-
lMx$

Please ensure that the Conflict of Interest statement is included at the end of your manuscript, after any acknowledgements and
prior to the references.

• PLEASE NOTE: Your paper will be posted online shortly after it is placed into production. All funding acknowledgments should
be noted and any minor corrections (typos, etc.) should be made at this time, as we are unable to correct files once posted on
the Latest Articles site. Of course, all corrections can be made at proofs stage, prior to final publication.

IMPORTANT: Please also remember to keep the length of your paper 35 pages or less (which includes tables, figures,
references). (You may choose to remove material from both copies and place the material into a separate supplement file
(blinded, for review) in order to meet these requirements.)

If you have any questions, please feel free to contact Eric Sampson, ASA Journals Manager, eric@amstat.org.

Your paper in its current form will now be forwarded to the publisher for copy editing and typesetting. The reviewer comments
are included at the bottom of this letter, along with those of the editor who coordinated the review of your paper.

You will receive proofs for checking.
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The publisher also requests that proofs are checked through the publisher’s tracking system  and returned within 48 hours of
receipt.

Thank you for your contribution to Journal of the American Statistical Association and we look forward to receiving further
submissions from you.

Sincerely,
Dylan Small
Co-editor, Journal of the American Statistical Association, Theory and Methods Section

Reviewers' Comments to Author:

Reviewer: 3

Comments to the Author
This is the reproducibility assessment from the JASA Associate Editor for Reproducibility. The authors have done a
commendable job at providing their code for the reproducibility review. I don't have other comments and recommend this pass
the reproducibility review.
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Have you considered open access? When you complete your Author Publishing Agreement you will be asked whether you wish
to publish your article open access via our Open Select publishing program. Open access offers greater accessibility, visibility
and impact for your research. Articles published Open Select with Taylor & Francis typically receive 35% more citations* and
over 5 times as many downloads** compared to those that are not published Open Select. If you select the option to make your
article open access you will receive an invoice for the article publishing charge (APC). Some funders mandate open access
publishing, and your research funder or institution may be able to cover the cost of the APC. Visit our Author Services website
at https://urldefense.com/v3/__https://authorservices.taylorandfrancis.com/publishing-open-access/?utm_
source=broadcast&utm_medium=email&utm_campaign=JRG29545__;!!DOxrgLBm!GsVAYBaxt5dw1r385iAFJNsoWHmUUj
Sup84xZgNgu3JdHdXOiv0jfkU7hGHXPQ06vDsTTePVpBry6XGib_jmcXn10Qbg0w6QASM1$  to find out more about open
access policies and to view the APC for this journal. Please also read our guide to sharing different versions of your article
available at https://urldefense.com/v3/__https://authorservices.taylorandfrancis.com/research-impact/sharing-versions-of-
journal-articles/__;!!DOxrgLBm!GsVAYBaxt5dw1r385iAFJNsoWHmUUjSup84xZgNgu3JdHdXOiv0jfkU7hGHX
PQ06vDsTTePVpBry6XGib_jmcXn10Qbg00NliIZm$ . Note that an embargo period usually applies if you want to deposit your
Accepted Manuscript (the version of your article that’s been accepted for publication) in a repository. We recommend that you
keep a copy of your Accepted Manuscript for this purpose. *Citations received up to 7th August 2024 for articles published in
2019-2023. Data obtained on 7th August 2024, from Digital Science's Dimensions platform, available at https://urldefense.com/
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This paper proposes a novel approach for semiparametric inference on the number
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1 Introduction

The analysis of multiple time series with nonstationarity and comovements has been steadily

developing since the introduction of the notion of cointegration in Engle and Granger

(1987), and the seminal contributions of Stock and Watson (1988), Johansen (1988, 1991),

Ahn and Reinsel (1990), Phillips and Hansen (1990); see Watson (1994) for an early sur-

vey. These contributions discussed asymptotic results for diverging sample size T and fixed

cross-sectional dimension p. Associated applications considered a cross-sectional dimension

p in the low single digits.

A central parameter in this context is the p×r cointegration matrix β and its rank r, the

cointegration rank; inference on these quantities can be approached either parametrically,

as in the context of Vector Autoregressive (VAR) processes, see Johansen (1991, 1996), or

semiparametrically, as in Phillips and Hansen (1990), and Bierens (1997).

Data with p in the double digits have recently become ubiquitous. The label ‘mod-

erate dimensional’ has been used when such data are analyzed assuming a fixed p in the

asymptoptics for diverging T , see Chen and Schienle (2024); the present paper falls into

this framework. Contributions for the moderate dimensional case include modifications of

parametric procedures, such as Bartlett corrections, see Johansen (2000, 2002a,b), boot-

strap implementations, see Swensen (2006), Cavaliere et al. (2012) and Cavaliere et al.

(2015), and Lasso-type procedures, see Chen and Schienle (2024).

One alternative stream of literature, called ‘high dimensional’, considers p and T diverg-

ing proportionally; leading contributions are Onatski and Wang (2018, 2019), Bykhovskaya

and Gorin (2022, 2024), Liang and Schienle (2019). Finally, the cross sectional dimension

p can also be infinite from the start, as in functional time series, see Petersen et al. (2022),

Nielsen et al. (2022). Combinations of the moderate and high dimensional cases have been
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studied in Zhang et al. (2019), Barigozzi et al. (2022), Franchi et al. (2023).

The present paper provides novel inferential tools for semiparametric inference on

I(1)/I(0) p-dimensional vectors Xt that admit the Common Trends (CT) representation

Xt = γ + ψκ′
t∑

i=1

εi + C1(L)εt, t = 1, 2, . . . ,

where γ is a vector of initial values, κ′
∑t

i=1 εi are 0 ≤ s ≤ p stochastic trends, ψ is a p× s

full column rank loading matrix, L is the lag operator and C1(L)εt is an I(0) linear process.

The current analysis can be coherently applied to subsets or aggregations of variables.

This fact rests on the property, called dimensional coherence, that linear combinations of

the observables Xt also admit a common trends representation with a number of stochastic

trends that is at most equal to the one of the original system.

The proposed approach is based on the empirical canonical correlations between the

p observed variables {Xt}Tt=1 and K deterministic variables {dt}Tt=1, constructed as the

first K elements of an orthonormal L2[0, 1] basis discretized over the equispaced grid

1/T, 2/T, . . . , 1. In the asymptotic analysis, the cross-sectional dimension p is kept fixed

while T and K diverge sequentially, K after T , denoted by (T,K)seq → ∞.

The techniques in the present paper build on the results in Phillips (1998, 2005, 2014),

Sun (2011) where functional approximations with an increasing number K of L2[0, 1] basis

elements are used for understanding regressions between I(1) and deterministic variables,

for the heteroskedasticity and autocorrelation-consistent estimation of long-run variance

(LRV) matrices and for efficient instrumental-variables (IV) estimation of cointegrating

vectors.

Related approaches based on a fixed number K of cosine functions are presented in

Bierens (1997), Hwang and Sun (2018) and in Müller and Watson (2008, 2017, 2018),

who use an IV approach to estimate the number of stochastic trends, test hypotheses on
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cointegrating relations, or analyze long-run variability and covariability of filtered time

series.

The present study combines canonical correlation analysis (cca) and the functional

approximation of limits of random walks. It is shown that the s largest squared canonical

correlations (scc) tend to one while the p − s smallest scc tend to zero for any cross-

sectional dimension p, for any number of stochastic trends 0 ≤ s ≤ p and for any choice

of L2[0, 1] basis, all fixed, as (T,K)seq → ∞. This implies that a criterion based on

the maximal gap between scc selects the correct number of common trends consistently.

Similar results apply to criteria designed following Bierens (1997) and Ahn and Horenstein

(2013).

The cause of these results is that the stochastic trends in Xt converge to Brownian

motions as T diverges while the deterministic variables dt used in the cca converge to the

first K elements of an L2[0, 1] basis; Brownian motions have an L2-representation (unlike

I(0) components), and in the K-limit they are completely recovered. This implies that the

largest scc are associated with the nonstationary directions in Xt and the smallest ones

with the stationary linear combinations.

This is the opposite association with respect to the one in Onatski and Wang (2018,

2019) and in Bykhovskaya and Gorin (2022, 2024), which involve a cca between differences

∆Xt and lagged levels Xt−1 (possibly correcting for lagged differences and deterministic

terms) derived as the Gaussian Quasi Maximum Likelihood (QML) estimator in cointe-

grated VARs, see Johansen (1988, 1991) and Ahn and Reinsel (1990).

The present approach also differs from the one in Franchi et al. (2023), who discuss a

cca between levels Xt and their cumulations
∑t

i=1Xi, and consider an asymptotic regime

in which T and p diverge sequentially. The advantage of the proposal here is that it leads
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to efficient asymptotic inference on the loading matrix ψ, as well as to tests on s and

misspecification tests, as explained next.

The canonical variates in the cca are used to define estimators of the space spanned by

the loading matrix ψ and of the cointegrating space spanned by the cointegrating matrix

β; these estimators are shown to be T -consistent for any cross-sectional dimension p, for

any number of stochastic trends 0 ≤ s ≤ p and for any basis of L2[0, 1], all fixed. When

the cca is iterated once in a specific way, for (T,K)seq → ∞ the associated estimators

of ψ and β are asymptotically mixed-Gaussian and efficient, as in Johansen (1996) and

in Phillips (2005, 2014). The mixed-Gaussian asymptotic distribution is then used to

construct asymptotically Normal and χ2 Wald test statistics for hypotheses on ψ and β.

Identification of ψ and β is discussed and an inferential criterion for the validity of the

chosen identification condition is proposed.

Further asymptotic results are derived for the specific basis in the Karhunen-Loève (KL)

representation of a Brownian Motion, see Loève (1978). Using the KL basis, canonical cor-

relations are used (i) to estimate s by a top-down sequences of asymptotically pivotal tests

for H0 : s = j versus H1 : s < j, for j = p, p− 1, . . . , 1 and (ii) to perform misspecification

tests for model assumptions. The sequential tests are shown to select the correct number

of stochastic trends with limit probability equal to 1 minus the size of each test in the se-

quence, similarly to what happens for sequences of likelihood ratio (LR) tests in the VAR

case, see Johansen (1996).

The remainder of the paper is organized as follows. Section 2 discusses assumptions on

the Data Generating Process (DGP) and Section 3 defines the main estimators. Section 4

discusses the asymptotic properties of estimators of the number of stochastic trends and

Section 5 those of the loading and the cointegrating matrices. Section 6 contains the Monte

5



Carlo study, Section 7 presents an empirical application to exchange rates and Section 8

concludes. The Supplementary material contains proofs and additional material.

Concerning notation, for any a ∈ R, ⌊a⌋ and ⌈a⌉ denote the floor and ceiling functions;

for any condition c, 1c is the indicator function of c, taking value 1 if c is true and 0

otherwise; ιn indicates the n × 1 vectors of ones. The space of right continuous functions

f : [0, 1] 7→ Rn having finite left limits, endowed with the Skorokhod topology, is denoted

by Dn[0, 1], see Jacod and Shiryaev (2003, Ch. VI) for details, also abbreviated to D[0, 1]

if n = 1. A similar notation is employed for the space of square integrable functions

L2
n[0, 1], abbreviated to L2[0, 1] if n = 1. Riemann integrals

∫ 1

0
a(u)b(u)′du, Ito stochastic

integrals
∫ 1

0
da(u)b(u)′ and Stratonovich stochastic integrals

∫ 1

0
∂a(u)b(u)′ are abbreviated

respectively as
∫
ab′,

∫
dab′ and

∫
∂ab′.

2 Process, identification and L2-representation

This section introduces the class of processes studied in the paper and their limiting L2-

representation; it also discusses identification of the parameters of interest.

2.1 Data Generating Process

Let {Xt}t∈Z be a p× 1 linear process generated by

∆Xt = C(L)εt, (2.1)

where L is the lag operator, ∆ := 1 − L, C(z) =
∑∞

n=0Cnz
n, z ∈ C, satisfies Assumption

2.1 below, and the innovations {εt}t∈Z are independently and identically distributed (i.i.d.)

with expectation E(εt) = 0, finite moments of order 2 + ϵ, ϵ > 0, and positive definite

variance-covariance matrix V(εt) = Ωε, indicated as εt i.i.d. (0,Ωε), Ωε > 0.
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Assumption 2.1 below concerns the first-order expansion of C(z), C(z) = C+C1(z)(1−

z), and the rank s := rankC(1) = rankC. For s > 0, let ψ̆ denote a matrix whose columns

form a basis of colC; then κ̆ is the unique matrix such that C = ψ̆κ̆′.2 Moreover, for

s < p, let β̆ := ψ̆⊥ and κ̆⊥ be matrices whose columns form bases of (colC)⊥ and (colC ′)⊥

respectively; thus, for 0 < s < p, it holds that (col ψ̆)⊥ = col(ψ̆⊥) and likewise for κ̆. The

space colC is called the attractor space and its orthogonal complement (colC)⊥ is the

cointegrating space of Xt, of dimension 0 ≤ r := p− s ≤ p (the cointegrating rank).

Assumption 2.1 (Assumptions on C(z)). C(z) in (2.1) is p× nε, nε ≥ p, and

(i) C(z) =
∑∞

n=0Cnz
n converges for all |z| < 1 + δ, δ > 0;

(ii) rankC(z) < p may only hold at isolated points z, where either z = 1 or |z| > 1;

(iii) if s < p, then ψ̆′
⊥C1κ̆⊥ has full row rank r := p− s, with C1 := C1(1).

Assumption 2.1 includes possibly nonstationary VARMA processes (for nε = p) in line

with e.g. Stock and Watson (1988) and Dynamic Factor Models (for nε > p) as in e.g. Bai

(2004). Cumulating (2.1), one finds the Common Trends (CT) representation

Xt = γ + ψ̆κ̆′
t∑

i=1

εi + C1(L)εt, t = 1, 2, . . . , (2.2)

which gives a decomposition of Xt into initial conditions γ := X0 − C1(L)ε0, the s-

dimensional random walk component κ̆′
∑t

i=1 εi with loading matrix ψ̆ and the stationary

component C1(L)εt. Observe that Xt is I(0) if s = 0, i.e. r = p; it is I(1) and cointegrated

if 0 < r, s < p and it is I(1) and non-cointegrated if s = p, i.e. r = 0.

The aim of the paper is to make inferences about s and ψ̆ (and on their complements

r and β̆) from a sample {Xt}t=1,...,T observed from (2.2).

2For any matrix a, col a indicates the linear space spanned by its columns; when (col a)⊥ ̸= {0}, a⊥ is

used to indicate any basis of (col a)⊥.
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Remark 2.2 (Initial conditions). Definition 3.4 in Johansen (1996) stipulates that a vector

v ̸= 0 is a cointegrating vector if v′Xt can be made stationary by a suitable choice of its

initial distribution; in the present case, this corresponds to setting β̆′γ = 0, i.e. β̆′X0 =

β̆′C1(L)ε0, so that γ := X0 − C1(L)ε0 = ψ̆γ0 and hence

Xt = ψ̆

(
γ0 + κ̆′

t∑
i=1

εi

)
+ C1(L)εt, t = 1, 2, . . . . (2.3)

Alternatively, as in Elliott (1999), see also Müller and Watson (2008) and Onatski and

Wang (2018), if one also observed X0, one can consider

Xt −X0 = ψ̆κ̆′
t∑

i=1

εi + C1(L)(εt − ε0), t = 1, 2, . . . . (2.4)

The statistical analysis is performed on xt := Xt or xt := Xt−X0 according to whether

specification (2.3) or (2.4) is chosen.

2.2 Identification

The parameters ψ̆, κ̆ and β̆ are not identified; in fact C = ψ̆κ̆′ = (ψ̆a)(a−1κ̆′) for any

nonsingular a ∈ Rs×s, so that ψ̆ and ψ̆a are bases of the attractor space colC, and κ̆

and κ̆(a−1)′ of col(C ′); similarly, β̆ and β̆a with a ∈ Rr×r nonsingular are bases of the

cointegrating space (colC)⊥.

As done in Johansen (1996) for β̆, just-identification of the loading matrix ψ̆ can be

achieved by linear restrictions, employing a known and full column rank matrix b ∈ Rp×s

such that b′ψ̆ ∈ Rs×s is nonsingular. Similarly, just-identification of the cointegrating

vectors is obtained using a known and full column rank matrix c ∈ Rp×r such that c′β̆ ∈

Rr×r is nonsingular, where c is a basis of (col b)⊥. The following Lemma discusses the

relationship between the identified parameters obtained in this way; here ā := a(a′a)−1 for

a full column rank matrix a and ψ̆, ψ (respectively β̆, β) are bases of colC (respectively

col(C)⊥).
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Lemma 2.3 (Duality). Let C = ψ̆κ̆′ be a rank factorization of C, let b ∈ Rp×s be such that

b′ψ̆ ∈ Rs×s is nonsingular and let c ∈ Rp×r be a basis of (col b)⊥; then

(i) for s > 0, ψ := ψ̆(b′ψ̆)−1 and κ := κ̆(ψ̆′b) = C ′b are identified as the unique solution

of the system of equations C = ψκ′ and b′ψ = Is;

(ii) for s < p, c′β̆ ∈ Rr×r is nonsingular and β := β̆(c′β̆)−1 is identified as the unique

solution of the system of equations β′C = 0 and c′β = Ir;

(iii) for 0 < s < p, the unrestricted coefficients ψ∗ := c̄′ψ and β∗ := b̄′β satisfy ψ∗ = −β′
∗;

(iv) for any estimator ψ̃ of ψ normalized as b′ψ̃ = b′ψ = Is and any estimator β̃ of

β normalized as c′β̃ = c′β = Ir, one has c̄′(ψ̃ − ψ) = β′(ψ̃ − ψ) and similarly

b̄′(β̃ − β) = ψ′(β̃ − β).

Point (iii) shows that the unrestricted coefficients in the identified parameters are lin-

early dependent, ψ∗ = −β′
∗; this implies a duality between hypotheses on ψ and β, see (5.5)

below.

Importantly, one does not know a priori which restrictions are just-identifying, i.e.,

which b delivers a nonsingular b′ψ̆. Take for instance b = (Is, 0)
′: because ψ̆ has rank s,

there is always at least one permutation of the order of variables for which these restrictions

are just-identifying; however, one does not know which permutation should be used. A

consistent decision rule on the nonsingularity of b′ψ̆ is proposed in Section 4.2 below.

The choice of a specific b implies a unique space col(b)⊥ = col c, but leaves the choice of

the specific basis c open, so that c can be chosen to best fit the application. Observe also

that the choice of b and then of c can be reversed, by interchanging the role of (ψ̆, b) and

(β̆, c) in Lemma 2.3. In the remainder of the paper it is assumed that ψ, κ and β in (2.2)

are identified by the choice of b and c = b⊥ such that b′ψ = Is, c
′β = Ir and κ = C ′b.
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2.3 Dimensional coherence

This section shows that wheneverXt has a CT representation (2.2), also linear combinations

of Xt admit a CT representation, with a number of stochastic trends that is at most equal

to that in Xt. This property, called dimensional coherence, is formally stated in the next

theorem.

Theorem 2.4 (Dimensional coherence). Let H be a p × m full column rank matrix; if

Xt satisfies (2.1) with C(z) fulfilling Assumption 2.1, then the same holds for H ′Xt, i.e.

∆H ′Xt = G(L)εt, where G(z) := H ′C(z) satisfies Assumption 2.1 with G(1) = H ′C of

rank q ≤ s.

Special cases of H are the selection matrix H = (Im, 0)
′ of the first m variables, and

the group-aggregation matrix H = (Iq ⊗ ιn), where p = qn, m = q and ιn is an n× 1 vector

of ones. One consequence of Theorem 2.4 is that the semiparametric approach described

in this paper applies to subsets or aggregations of the original variables Xt; this property

is exploited in the empirical application in Section 7.

2.4 Functional central limit theorem and long-run variance

By the functional central limit theorem, see Phillips and Solo (1992), the partial sums

T− 1
2

∑t
i=1 εi converge weakly to an nε-dimensional Brownian Motion Wε(u), u ∈ [0, 1],

with variance Ωε > 0; by the CT representation (2.2), one hence has that

T− 1
2

 ψ̄′xt

β′∑t
i=1 xi

 = T− 1
2

 κ′

β′C1

 ⌊Tu⌋∑
i=1

εi+op(1)
w→

T→∞

 W1(u)

W2(u)

 :=

 κ′

β′C1

Wε(u),

(2.5)

where t = ⌊Tu⌋ ∈ N and the op(1)-term is infinitesimal uniformly in u ∈ [0, 1]. Here
w→ indi-

cates weak convergence of probability measures on Dp[0, 1] and W (u) := (W1(u)
′,W2(u)

′)′
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is a p× 1 Brownian motion with variance Ω := DΩεD
′, D := (κ,C ′

1β)
′ and β = ψ⊥.

Remark that long-run variance (LRV) Ω is positive definite because D is nonsingular

by Assumption 2.1.(iii); in fact,

rankD = rank

 κ′

β′C1

 (κ̄, κ⊥) = rank

 Is 0

β′C1κ̄ β′C1κ⊥

 = s+ rank β′C1κ⊥.

Partition Ω conformably to W (u) = (W1(u)
′,W2(u)

′)′, namely

Ω :=

 Ω11 Ω12

Ω21 Ω22

 =

 κ′Ωεκ κ′ΩεC
′
1β

β′C1Ωεκ β′C1ΩεC
′
1β

 , (2.6)

and define the independent Brownian motions

W2.1(u) := W2(u)− Ω21Ω
−1
11W1(u), B1(u) := Ω

− 1
2

11 W1(u) (2.7)

with nonsingular variance matrices Ω22.1 := Ω22 − Ω21Ω
−1
11 Ω12 and Is respectively.

2.5 L2-representation

Recall, see e.g. Loève (1978) section 37.5B, that the p-dimensional Brownian motion W (u)

admits the representation

W (u) ≃
∞∑
k=1

ckϕk(u), ck :=

∫ 1

0

W (u)ϕk(u)du = νkξk, νk ∈ R+, ξk ∼ N(0,Ω),

(2.8)

where {ϕk(u)}∞k=1,
∫ 1

0
ϕj(u)ϕk(u)du = 1j=k, is an orthonormal basis of L2[0, 1] and ≃ indi-

cates that the series in (2.8) is a.s. convergent in the L2 sense to the l.h.s..

In the special case where (ν2k , ϕk(u)), k = 1, 2, . . . , is an eigenvalue-eigenvector pair of

the covariance kernel of the standard Brownian motion, i.e. ν2kϕk(u) =
∫ 1

0
min(u, v)ϕk(v)dv,

(2.8) is the Karhunen-Loève (KL) representation of W (u), for which one has

νk =
1

(k − 1
2
)π
, ϕk(u) =

√
2 sin (u/νk) , ξk ∼ i.i.d.N(0,Ω). (2.9)
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In this case the series in (2.8) is a.s. uniformly convergent in u and ≃ is replaced by =. In

the following, a basis {ϕk(u)}∞k=1 is indicated as the KL basis when ϕk(u) is chosen as in

(2.9). Expansion (2.8) underlies the large-K asymptotic theory in this paper; see Appendix

A for details and references.

3 Definition of the estimators

This section presents the proposed estimators of the number s of stochastic trends and the

cointegrating rank r = p − s, as well as of ψ (the identified basis of the attractor space)

and β (the identified basis of the cointegrating space).

Let φK(u) := (ϕ1(u), . . . , ϕK(u))
′ be a K × 1 vector function of u ∈ [0, 1], where

ϕ1(u), . . . , ϕK(u) are the first K elements of some fixed orthonormal càdlàg basis of L2[0, 1],

see (2.8). Let dt be the K×1 vector constructed by evaluating φK(·) at the discrete sample

points 1/T, . . . , (T − 1)/T, 1, i.e.

dt := φK(t/T ) := (ϕ1(t/T ), . . . , ϕK(t/T ))
′, K ≥ p, t = 1, . . . , T. (3.1)

For a generic p-dimensional variable ft observed for t = 1, . . . , T , the sample canonical

correlation analysis of ft and dt in (3.1), denoted as cca(ft, dt), consists in solving the

following generalized eigenvalue problem, see e.g. Johansen (1996) and references therein,

cca(ft, dt) : |λMff −MfdM
−1
dd Mdf | = 0, Mij := T−1

T∑
t=1

itj
′
t. (3.2)

This delivers eigenvalues 1 ≥ λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0, collected in Λ = diag(λ1, . . . , λp),

and corresponding eigenvectors V = (v1, . . . , vp), organized as

Λ1 := diag(λ1, . . . , λs), Λ0 := diag(λs+1, . . . , λp), V1 := (v1, . . . , vs), V0 := (vs+1, . . . , vp),

(3.3)

with the convention that (Λ1, V1) = (Λ, V ) when s = p and (Λ0, V0) = (Λ, V ) when s = 0.
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Definition 3.1 (Max-gap estimators of s and r). Define the maximal gap (max-gap) esti-

mator of s as

ŝ := argmax
i∈{0,...,p}

(λi − λi+1), λ0 := 1, λp+1 := 0, (3.4)

where 1 ≥ λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 are the eigenvalues of cca(xt, dt), xt is defined after

(2.4) in Remark 2.2; further define the estimator of r as r̂ := p− ŝ.

The choice λ0 := 1 and λp+1 := 0 permits the calculation of λi − λi+1 also for i = 0 and

i = p, and it is motivated by the results in Theorem 4.1 below.

First stage estimators of ψ and β are defined in terms of the eigenvectors in cca(xt, dt),

and they are indicated as ψ̂(1) and β̂(1). The Iterated Canonical Correlation (ICC) estima-

tors are denoted as ψ̂ and β̂, and they are defined in terms of the eigenvectors in cca(et, dt),

where et denotes the residual of xt regressed on the fitted values from the regression of

ψ̂(1)′∆xt on dt. The motivation for the ICC estimation is to obtain mixed-Gaussian limit

distributions, see Theorem 5.2 below.

Definition 3.2 (Estimators of ψ and β). Let 0 < s < p.3 Let b ∈ Rp×s and c = b⊥ ∈ Rp×r be

a pair of matrices for the just-identification of ψ̆ and β̆, see Section 2.2, with ψ := ψ̆(b′ψ̆)−1,

β := β̆(c′β̆)−1; for any V as in (3.3), the first stage estimators of ψ and β are defined as

ψ̂(1) :=MxxV1(b
′MxxV1)

−1, β̂(1) := V0(c
′V0)

−1,

where the eigenvectors V are those of cca(xt, dt). The ICC estimators are defined as

ψ̂ :=MeeV1(b
′MeeV1)

−1, β̂ := V0(c
′V0)

−1,

where the eigenvectors V are those of cca(et, dt), with

et := xt −MxgM
−1
gg gt, gt := ā′M∆xdM

−1
dd dt, a = ψ̂(1). (3.5)

3For s = 0 (resp. s = p), ψ (resp. β) is undefined and β = (c′)−1 (resp. ψ = (b′)−1) is known.
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The asymptotic analysis implies that the inverse matrices in Definition 3.2 are well-

defined with probability approaching one. Note moreover that, (i), the estimators in Def-

inition 3.2 are invariant to the normalization of the eigenvectors V and, (ii), the ICC

estimators ψ̂ and β̂ depend on ψ̂(1) only through col(ψ̂(1)).

Remark that the estimators in Definition 3.2 satisfy the identifying constraints of ψ and

β, i.e.

b′ψ = b′ψ̂(1) = b′ψ̂ = Is, c′β = c′β̂(1) = c′β̂ = Ir (3.6)

and that the duality in Lemma 2.3(iii) equally applies to them, i.e.

ψ∗ = −β′
∗, ψ̂(1)

∗ = −β̂(1)′

∗ , ψ̂∗ = −β̂′
∗, (3.7)

where a∗ := c̄′a and h∗ := b̄′h, for a = ψ, ψ̂(1), ψ̂ and h = β, β̂(1), β̂.

4 Inference on the number of common trends

This section discusses the limits of the eigenvalues of cca(xt, dt) and their implications for

estimating the number s of stochastic trends (and the number r of cointegrating relations).

First, results are provided for the max-gap estimator and for alternative argmax esti-

mators based on scc. Second, by employing the KL basis, several statistics are introduced

(i) to perform misspecification tests for model assumptions and (ii) to define top-down se-

quences of asymptotically pivotal tests of H0 : s = j versus H1 : s < j for j = p, p−1, . . . , 1,

which provide alternative estimators of s.

4.1 Consistency

The asymptotic behavior of scc is given in the following theorem.
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Theorem 4.1 (Limits of the eigenvalues of cca(xt, dt)). Let W2(u), B1(u) be defined as

in (2.5), (2.7), let dt in (3.1) be constructed using any orthonormal càdlàg basis of L2[0, 1]

and let 1 ≥ λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 be the eigenvalues of cca(xt, dt), see (3.2) and (3.3);

then for fixed K ≥ p and T → ∞,

(i) the s largest eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λs converge weakly to the ordered eigenval-

ues of

ΥK :=

(∫
B1B

′
1

)−1 ∫
B1φ

′
K

∫
φKB

′
1

a.s.
> 0; (4.1)

(ii) the r smallest eigenvalues λs+1 ≥ λs+2 ≥ · · · ≥ λp multiplied by T converge weakly to

the ordered eigenvalues of

ΨK := Q−1
00

∫
dW2φ

′
KQφφ

∫
φKdW

′
2

a.s.
> 0, (4.2)

where Q00 := E(β′xtx
′
tβ) > 0 and Qφφ := IK −

∫
φKB

′
1

(∫
B1φ

′
K

∫
φKB

′
1

)−1 ∫
B1φ

′
K.

Moreover,

(iii) for K → ∞, ΥK
p→ Is and K−1ΨK

p→ Q−1
00 Ω22;

(iv) for (T,K)seq → ∞, all the s largest eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λs converge in

probability to 1, while all the r smallest eigenvalues λs+1 ≥ λs+2 ≥ · · · ≥ λp converge

in probability to 0.

Let a
p
≍ g(T,K) for some function g indicate that a/g(T,K) is bounded and bounded

away from 0 in probability as (T,K)seq → ∞; points (i), (ii) and (iii) in Theorem 4.1 imply

that

λi
p
≍


1 i = 1, . . . , s

K/T i = s+ 1, . . . , p

(4.3)

for (T,K)seq → ∞. Because K/T → 0 as (T,K)seq → ∞, this implies λi
p→ 1 for

i = 1, . . . , s while λi
p→ 0 for i = s+ 1, . . . , p, see Theorem 4.1.(iv).
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Corollary 4.2 (Consistency of the max-gap estimator ŝ). Let ŝ be the max-gap estimator

in (3.4) computed on cca(xt, dt) and let the assumptions of Theorem 4.1 hold; then P(ŝ =

s) → 1 as (T,K)seq → ∞ for any 0 ≤ s ≤ p.

This result holds because Theorem 4.1.(iv) implies that f0(i) := λi − λi+1
p→ 1i=s as

(T,K)seq → ∞; note that the function 1i=s provides the best discrepancy that the scc

{λi}pi=1 can give between the I(1) and I(0) components.

In the context of eigenvalue problems different from the ones considered here, Bierens

(1997) and Ahn and Horenstein (2013) propose to estimate s selecting the integer i that

maximizes some other function fj(i) of the eigenvalues, possibly using the rates of conver-

gence of λi in the definition of fj(i). These approaches, applied to the {λi}pi=1 eigenvalues

from cca(xt, dt), suggest the following additional estimators of s, called here alternative

argmax estimators :

s̃(j) := argmax
i∈Ij

fj(i), j = 1, 2, 3, (4.4)

f1(i) :=

∏i
h=1 λh∏p

h=i+1

(
T
K
λh
) , f2(i) :=

λi
λi+1

, f3(i) :=
log
(
1 + λi/

∑p
h=i+1 λh

)
log
(
1 + λi+1/

∑p
h=i+2 λh

) ,
where I1 := {0, 1, . . . , p}, I2 := {1, . . . , p−1}, I3 := {1, . . . , p−2}, empty sums (products)

are equal to 0 (1), and f1(i) uses the rates in (4.3) for (T,K)seq → ∞.

The estimators s̃(j), j = 1, 2, 3, optimize over the set of integers Ij; note that f1 is

defined for 0 ≤ i ≤ p, f2 for 1 ≤ i ≤ p − 1 and f3 for 1 ≤ i ≤ p − 2. One may extend f2

and f3 to cover i = 0 by defining λ0 := 1 as in (3.4); this leads to replacing Ij in (4.4) with

the sets I0
j := {0} ∪ Ij, j = 2, 3. Note however that adding λp+1 := 0 is not an option, as

λp+1 would appear in the denominators of f2 and f3. This implies that f2 (respectively f3)

cannot be defined for i = p (respectively i = p− 1, p).

Corollary 4.3 (Consistency of the alternative argmax estimators of s). Let s̃(j), j = 1, 2, 3,

16



be the alternative argmax estimators of s in (4.4) computed on cca(xt, dt) and let the

assumptions of Theorem 4.1 hold; then P(s̃(j) = s) → 1 for (T,K)seq → ∞ for any s ∈ Ij,

j = 1, 2, 3. The same holds replacing Ij with I0
j both in the optimization and in the class

of DGPs.

These results are in line with the ones reported in Bierens (1997) and Ahn and Horen-

stein (2013) in their respective setups.

4.2 Testing identification

Recall that the joint identification of ψ and β via b and c given in Lemma 2.3 rests on the

validity of the rank restriction rank(b′ψ̆) = s. Here a decision rule on the correctness of

rank(b′ψ̆) = s is proposed, using the property of dimensional coherence; let

H0 : rank(b
′ψ̆) = s versus H1 : rank(b

′ψ̆) < s. (4.5)

The proposed decision rule consists of estimating the number of stochastic trends of b′xt,

and rejecting H0 if the estimated number of stochastic trends is lower than the one

estimated for xt. The rationale for the criterion is the following: from (2.2) one has

b′xt = b′ψ̆κ̆′
∑t

i=1 εi + b′C1(L)εt, so that the number of stochastic trends in b′xt coincides

with the one in xt if and only if b′ψ̆ is nonsingular. Formally,

reject H0 if ŝ(b′xt) < ŝ(xt), (4.6)

where ŝ(xt) (respectively ŝ(b
′xt)) is the max-gap estimator calculated for xt (respectively

b′xt), see (3.4).

Theorem 4.4 (Consistency of decision rule (4.6)). If H0 in (4.5) holds, one has P(ŝ(b′xt) <

ŝ(xt)) → 0 and P(ŝ(b′xt) = ŝ(xt)) → 1 as (T,K)seq → ∞. If H1 in (4.5) holds, one has
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P(ŝ(b′xt) < ŝ(xt)) → 1 and P(ŝ(b′xt) = ŝ(xt)) → 0 as (T,K)seq → ∞. The same statements

are true substituting ŝ with s̃(j) provided s ∈ Ij (respectively s ∈ I0
j ) both in the DGP and

in the optimization.

4.3 Asymptotic distributions

This subsection discusses misspecification tests and test sequences for the estimation of s;

these are derived using the specific KL basis in (2.9) in the definition of dt in (3.1).

Theorem 4.5 (Asymptotic distribution of the eigenvalues with the KL basis). Let B1(u)

be defined as in (2.7), let dt in (3.1) be constructed using the KL basis in (2.9) and let

1 ≥ λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 be the eigenvalues of cca(xt, dt); then for (T,K)seq → ∞,

(i) the s largest eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λs satisfy

Kπ2τ (s)
w→ ζ(s), (4.7)

where τ (s) := (1 − λs, 1 − λs−1, . . . , 1 − λ1)
′, ζ(s) := (ζ1, ζ2, . . . , ζs)

′, and ζ1 ≥ ζ2 ≥

· · · ≥ ζs are the eigenvalues of ω :=
(∫

B1B
′
1

)−1
;

(ii) the r smallest eigenvalues λs+1 ≥ λs+2 ≥ · · · ≥ λp satisfy Kπ2(1 − λi)
p→ ∞, i =

s+ 1, . . . , p.

Observe that ω does not depend on nuisance parameters, and that tests based on

Kπ2τ (s) are asymptotically pivotal. Further, the limit distribution in Theorem 4.5(i) de-

pends on the tail
∑∞

k=K+1 ν
2
k , see (2.9), and is therefore not invariant to the choice of an

L2[0, 1] basis.

The rest of this section discusses misspecification tests and sequences of tests on s based

on the results of Theorem 4.5.
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Remark 4.6 (Confidence stripe for misspecification analysis). The results in Theorem 4.5

can be used to construct confidence sets for misspecification analysis. For example, consider

f(a) = log(a) − E(log ζ(s)), a ∈ Rs, where the log function is applied component-wise,

and let ∥ · ∥n be the n-norm for vectors. Define the confidence misspecification stripe

B := {a ∈ Rs : ∥f(a)∥∞ < δ} with δ, such that P(ζ(s) ∈ B) = 1− η for some pre-assigned

confidence level 1− η. The continuous mapping theorem and Theorem 4.5 then imply that

P(Kπ2τ (s) ∈ B) → 1 − η as (T,K)seq → ∞. The set B is a stripe around E(log ζ(s)) with

equal deviations above or below E(log(ζi)) across i = 1, . . . , s, see Figure 4 below for an

illustration.

In practice, one can compute B and check if Kπ2τ (ŝ) ∈ B. If so, the model assump-

tions appear valid, including the selection of s; otherwise it is necessary to question which

assumptions need to be modified. The same approach can be used for continuous transfor-

mations other than log ζi and any well-defined location indicator, such as the median.

Remark 4.7 (Sequential tests on s). The results in Theorem 4.5 can be used to test hy-

potheses of the following form

H0j : s = j versus H1j : s < j, j = p, p− 1, . . . , 1. (4.8)

Define the test statistics Fj,n := ∥Kπ2τ (j)∥n. Under H0s, Theorem 4.5 shows that Fs,n
w→

∥ζ(s)∥n, while under H1s, Fs,n → ∞. For n = 1,∞, one finds

Fj,1 = ∥Kπ2τ (j)∥1 = Kπ2

j∑
i=1

(1− λi), Fj,∞ = ∥Kπ2τ (j)∥∞ = Kπ2(1− λj), (4.9)

which are similar to the trace and λ-max test statistics in Johansen (1991), and satisfy

Fs,1
w→ tr(ω) =

∑s
i=1 ζ

(s)
i , and Fs,∞

w→ max eig(ω) = ζ
(s)
1 as (T,K)seq → ∞.

The Fj,n test rejects for large values of the statistics, and critical values cn,η are defined

as Pr(∥ζ(s)∥n ≤ cn,η) = 1 − η, see (4.7); they can be estimated by simulation of the
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limit distribution. The following test sequence is defined using these quantities: choose an

asymptotic test size η ∈ (0, 1) and test H0j versus H1j in (4.8) for j = p, p− 1, . . . , 1 using

test statistic Fj,n with significance level η until a non-rejection is found. The resulting

estimated value for s equals the first non-rejected value of j; this test sequence is indicated

as {Fj,n}j=p,...,1.

Corollary 4.8 (Asymptotic properties of test sequences). Under the assumptions of The-

orem 4.5, as (T,K)seq → ∞, the test sequence {Fj,n}j=p,...,1, has asymptotic probability to

select the true s equal to 1− η for s > 0 and equal to 1 if s = 0, n = 1,∞.

Results for test sequences are similar to the ones for LR tests in a VAR context for

cointegration rank determination, see Johansen (1996).

5 Inference on the attractor space

This section discusses the limit distributions of the first stage and ICC estimators of the

identified parameters ψ and β as well as Wald tests of hypotheses on their unrestricted

parameters ψ∗ and β∗, see (3.7), valid for any choice of basis of L2[0, 1]. Because b′(ψ̂ −

ψ) = 0 and c′(β̂ − β) = 0, the unrestricted parameters are in c̄′(ψ̂ − ψ) = ψ̂∗ − ψ∗ and

b̄′(β̂ − β) = β̂∗ − β∗, which are linearly related by the duality in Lemma 2.3 and (3.7); see

also Theorem 5.1 below.

Results can be summarized as follows. First stage and ICC estimators are T -consistent

and the ICC estimators are asymptotically mixed-Gaussian, unlike the first stage estima-

tors. Thus, asymptotically Normal or χ2 Wald test statistics for hypotheses on ψ and β

can be constructed using the ICC estimators.

Theorem 5.1 (Asymptotic distributions of the first stage and ICC estimators). Let dt in
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(3.1) be constructed using any orthonormal càdlàg basis of L2[0, 1] and let the unrestricted

coefficients be as in (3.6) and (3.7); then for (T,K)seq → ∞, the first stage estimators

satisfy

T (ψ̂(1)
∗ − ψ∗) = −T (β̂(1)

∗ − β∗)
′ w→

∫
∂W2W

′
1

(∫
W1W

′
1

)−1

=: Z(1), (5.1)

where
∫
∂W2W

′
1 denotes a Stratonovich stochastic integral and Z(1) is not mixed-Gaussian

in general. On the contrary, for the ICC estimators one has

T (ψ̂∗ − ψ∗) = −T (β̂∗ − β∗)
′ w→

∫
dW2.1W

′
1

(∫
W1W

′
1

)−1

=: Z, (5.2)

where
∫
dW2.1W

′
1 denotes an Ito stochastic integral and Z is mixed-Gaussian because W2.1

and W1 are independent.

Remark 5.2 (Mixed Gaussianity). Note that W2 and W1 in (5.1) are dependent because

Ω21 in (2.6) is in general different from 0; this implies that Z(1) is not mixed-Gaussian

in general. On the contrary, W2.1 and W1 in (5.2) are independent and thus Z is mixed-

Gaussian; specifically, conditionally on W1, one has vec(Z) ∼ N(0,
(∫

W1W
′
1

)−1 ⊗ Ω22.1),

which is a variance mixture of Normals. This shows that the dependence between W2

and W1 is cleansed by correcting xt for the fitted values of ψ′∆xt on dt, similarly to the

heteroskedasticity and autocorrelation-consistent and LRV estimators in Phillips (2005)

and the IV estimator in Phillips (2014).

The limiting mixed-Gaussianity of the ICC estimators in Theorem 5.1 can be exploited

for testing hypothesis on ψ∗ and β∗ with Wald-type statistics, using consistent estimators

of the LRV Ω22.1, see (2.6). Among others, in line with Hwang and Sun (2018), Phillips

(2005, 2014), the estimator Ω̂22.1 := Ω̂22 − Ω̂21Ω̂
−1
11 Ω̂12 could be used, with

Ω̂ :=

 Ω̂11 Ω̂12

Ω̂21 Ω̂22

 :=
T

K

 ā′M∆xd

h′Mxd

M−1
dd

 ā′M∆xd

h′Mxd


′

, a = ψ̂, h = β̂. (5.3)
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Theorem 5.3 (Consistency of Ω̂). Let dt in (3.1) be constructed using any orthonormal

càdlàg basis of L2[0, 1] and let Ω̂ be as in (5.3); then Ω̂
p→ Ω as (T,K)seq → ∞, and as a

consequence also Ω̂22.1
p→ Ω22.1.

Consider the following hypothesis on the unrestricted coefficients of ψ,

H0 : R
′ vec(ψ∗) = h, (5.4)

where R is a given sr ×m matrix of full column rank and h is a given m× 1 vector.

Remark 5.4 (Hypotheses on ψ∗ and ψ). Recall that ψ∗ := c̄′ψ so that (5.4) corresponds to

a linear hypotheses on ψ of the form R′
0 vec(ψ) = h with R′

0 := R′(Is ⊗ c̄′); R0 is also of

full column rank m because R and c are of full column rank. Symmetrically, one can write

−h = R′ vec(β′
∗) = R′

1 vec(β
′), where R′

1 := R′(b̄′ ⊗ Ir) is of full row rank m.

Remark 5.5 (Duality between hypothesis on ψ and β). Note that by Lemma 2.3.(iii) and

(iv), or (3.7), one has R′ vec(ψ∗)− h = R′ vec(β′
∗) + h. This shows that

H0 : R
′ vec(ψ∗) = h ⇔ H0 : R

′ vec(β′
∗) = −h. (5.5)

The next theorem discusses the Wald test of (5.5).

Theorem 5.6 (Wald tests based on the ICC estimators). Let the assumptions of Theorem

5.1 and the m linear restrictions on ψ∗ and β∗ in (5.5) hold. Let also Ω̂22.1 be a consistent

estimator of Ω22.1; then as (T,K)seq → ∞ the Wald test statistic Q satisfies

Q := T 2(R′ vec(ψ̂∗)− h)′(R′ÛR)−1(R′ vec(ψ̂∗)− h)

= T 2(R′ vec(β̂′
∗) + h)′(R′ÛR)−1(R′ vec(β̂′

∗) + h)
w→ χ2

m,

(5.6)

where Û := (T−1ā′Mxxā)
−1 ⊗ Ω̂22.1

w→
(∫

W1W
′
1

)−1 ⊗ Ω22.1 with a = ψ̂. Similarly when

m = 1, the t-ratio statistic satisfies

T (R′ vec(ψ̂∗)− h)√
R′ÛR

=
T (R′ vec(β̂′

∗) + h)√
R′ÛR

w→ N(0, 1). (5.7)
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The limit distribution in (5.2) is next compared with the distribution in Johansen (1996)

of the ML estimator for VAR processes and with the one in Phillips (2014) of the optimal

IV estimator in the semiparametric case; it is shown that Z coincides with both of them,

thus proving that the ICC estimators are asymptotically efficient.

Theorem 5.7 (ML in Johansen (1996)). Assume that the DGP is a VAR satisfying the I(1)

condition in Johansen (1996); then the DGP has representation (2.1) with C(z) satisfying

Assumption 2.1 and the asymptotic distribution Z in (5.2) coincides with the asymptotic

distribution of the corresponding ML estimator of −β′
∗ in Johansen (1996, Chapter 13) and

of ψ∗ in Paruolo (1997).

Consider next the semiparametric triangular form in Phillips (2014)

yt = Azt + u0t, ∆zt = u1t, (5.8)

where ut := (u′0t, u
′
1t)

′ = Q(L)εt ∼ I(0) with Q(1) nonsingular, yt is r × 1 and zt is s × 1.

This corresponds to a partition of xt into (y′t, z
′
t)

′ := xt.

Theorem 5.8 (IV in Phillips (2014)). Assume (2.1) holds with C(z) satisfying Assumption

2.1; then Q(z) satisfies the summability condition (L) in Phillips (2014) and the asymptotic

distribution Z in (5.2) coincides with the asymptotic distribution of the corresponding IV

estimator of A := −β′
∗ in Phillips (2014).

6 Monte Carlo simulations

This section reports a set of Monte Carlo (MC) simulations. The DGP is taken from

Onatski and Wang (2018) and Bykhovskaya and Gorin (2022) and data is generated from

∆Xt = αβ′Xt−1 + εt, εt ∼ i.i.d.N(0, Ip), t = 1, . . . , T, ∆X0 = X0 = 0, (6.1)
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with β = (Ir, 0)
′ and α = −aβ. The DGP depends on the values of (p, T, s, a) and

identification is achieved with b = (0, Is)
′ and c = (Ir, 0)

′ except for s = p, where α and β

are undefined and a plays no role.

When s < p, the first p − s coordinate processes of Xt in (6.1) are univariate AR(1)’s

with coefficient 1 − a and the remaining s are pure random walks. In terms of (2.2), this

implies that ψ = (0, Is)
′, κ′ = (0, Is), C1(L) = diag(0, (1 − (1 − a)L)−1Ir), so that the

relevant LRV is Ω22.1 = a−2Ir. One expects small-sample inference on s and ψ to be more

difficult when a is smaller, because one needs to distinguish unit roots from autoregressive

roots equal to 1− a.

The properties of the max-gap and sequential estimators of s, see (3.4) and (4.9), are

simulated with K = ⌈T 3/4⌉ for the following values of (p, T, s, a): p = 10, 20, 50, 100, 300,

T = (10, 20, 30)p, s = ⌈jp/4⌉, j = 0, 1, 2, 3, 4, a = 0.25, 0.5, 0.75, 1. Tables A.1, A.2 and

A.3 in the supplement report full MC results; Figure 1 reports a representative subset for

p = 20.

Figure 1: MC relative frequency of correct selection (vertical axis) of s = ⌈jp/4⌉, j = 0, 1, 2, 3, 4, p = 20,

T = (10, 20, 30)p, a = 0.25, 0.5, 0.75, 1, and N = 104 replications. Top: max-gap estimator. Middle: test

sequence {Fj,1}j=p,...,1. Bottom: hybrid with Fp,1. Significance level: 5%.
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The top row in Figure 1 reports results for the max-gap estimator. In absence of

stationary AR components, i.e. when s = p or a = 1, the max-gap estimator selects the

correct number of common trends s with frequency 1 from T = 10p onward. When a = 0.75

and a = 0.5 the stationary AR components are increasingly autocorrelated, and the correct

selection of s with frequency 1 is observed for higher values of T . Finally, when a = 0.25

and there are strong stationary AR components, the max-gap estimator never select the

correct s up to T = 30p.

Overall, for fixed (p, T, s) the performance of the max-gap worsens for lower values of a

because convergence to 0 of the smaller scc λj, s < j ≤ p, appears to be slower for lower

values of a, see Fig. A.1.

The middle row in Fig. 1 shows that when the max-gap estimator does not perform well,

the estimator based on the test sequence {Fj,n}j=p,...,1, n = 1, has more reliable behavior

(similar results hold for n = ∞, see Table A.2). Table A.2 and A.3 in the Supplement

further document that the tests Fs,1 and Fs,∞ are undersized in finite samples.

One can combine inference based on the max-gap estimator and on the test Fp,n, defining

a hybrid estimator ŝn that selects p when Fp,n does not reject, and uses the restricted max-

gap estimator over {0, . . . , p−1}. The bottom row of Fig. 1 shows that the hybrid estimator

with n = 1 performs well (similar results hold for n = ∞, see Tables A.4 and A.5).

Tables A.6 and A.7 show the corresponding results for the cointegration rank deter-

mination procedures based on the trace test of Johansen (1996) with or without Bartlett

correction. For s = p, Table A.8 reports results for the trace test corrected as in Onatski

and Wang (2019). The results of the hybrid estimator with Fp,1 in Table A.5 compare

favourably with the ones of these benchmarks.

Next consider the Wald Q and t-ratio statistics for linear hypotheses on ψ, see Theorem
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5.6. Two hypotheses of type (5.4) are considered, namely (i) the element 1,1 of ψ∗ equals 0,

tested with the t-statistic in (5.7), and (ii) the first column of ψ∗ equals 0, tested using the

Wald Q statistic in (5.6) with a χ2
r weak limit; both hypotheses are true under the DGP.

The main challenge in the implementation of the tests lies in the precise estimation of

the LRV Ω22.1, which is notoriously difficult by nonparametric means, see e.g. Haug (2002).

Three different estimators of Ω22.1 are considered in the computations of the test statistics:

the first one is the true value in the DGP for Ω22.1 = a−2Ir, called LRV-U (unfeasible);

the second option employs Ω̂22.1 in (5.3) following Phillips (2014), called LRV-P, and the

third one (LRV-A) computes Ω̂22.1 as in Andrews (1991) and Andrews and Monahan (1992)

using Parzen’s kernel.

The properties of the tests are simulated with K = ⌈T 3/4⌉ for the following values of

(p, T, s, a): p = 10, 20, T = (30, 60, 90)p, s = ⌈jp/4⌉, j = 1, 2, 3, a = 0.25, 0.5, 0.75, 1. Table

A.9 in the supplement reports full Monte Carlo results, and Figure 2 reports the subset for

T = 30p and varying a. It can be seen that the tests are largely oversized in finite samples,

in line with the literature (Haug, 2002).

Table A.10 shows the results for the likelihood-ratio test on β of Johansen (1996) of the

hypothesis (ii), with or without Bartlett correction. The empirical size of these benchmarks

appears closer to the nominal level than the one of the Q-test.

The unfeasible t-ratio and Q-test (LRV-U) perform considerably better than the feasible

versions (LRV-P and LRV-A), thus suggesting that a major part of the size distortions are

due to the imprecise LRV estimation. Finally, the N(0, 1) approximation improves with

increasing a (i.e. with decreasing level of autocorrelation of the stationary AR components).
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Figure 2: MC distributions of the t-ratio for p = 20, T = 30p, s = ⌈p/4⌉, a = 0.25, 0.5, 0.75, 1 and

N = 104 replications. Lines: solid black N(0, 1), dotted blue t-ratio with LRV-U, dashed red t-ratio with

LRV-P, dot-dashed yellow t-ratio with LRV-A.

7 Empirical application

This section provides an illustration on a panel of daily exchange rates between Jan 4,

2022 and Aug 30, 2024 of the US dollar against 20 World Markets (WM) currencies, see

Onatski and Wang (2019) for a similar dataset and a review of the literature on the topic.

The sample size is T = 667 and K = ⌈T 3/4⌉ = 132. The illustration of the present

methods is compared with the high dimensional VAR analysis of Onatski and Wang (2018)

and Bykhovskaya and Gorin (2024) for inference on s, and with the likelihood analysis of

Johansen (1996) for inference on s and ψ. Details are reported in the supplement.

Data (in logs and normalized to start at 0) are plotted in the first four panels of

Figure 3. According to the MSCI 2024 Market Classification, countries are grouped into

Emerging Markets (EM: Brazil, China, India, Malaysia, Mexico, South Africa, South Korea,

Taiwan, Thailand) and Developed Markets (DM). On the basis of economic and geographic

criteria, DM are broken down into non European (Non-EU: Australia, Canada, Hong Kong,

Japan, Singapore) and European (EU). EU is partitioned into UK-SZ (United Kingdom and

Switzerland), and Nordic and Eurozone (Nc-EZ: Denmark, Eurozone, Norway, Sweden).

The tools presented in this paper are employed to investigate the presence of stochastic
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trends in the whole system and in the country-groups described above.
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Figure 3: Top: EM, Non-EU, UK-SZ time series. Bottom: Nc-EZ time series, cointegrating relation in

WM, cointegrating relation in Nc-EZ.

The presence of cointegration among the 20 WM currencies is first investigated using

Wachter plots as in Onatski and Wang (2018) and Bykhovskaya and Gorin (2024), and the

test of no cointegration (s = p) of Bykhovskaya and Gorin (2024) in a VAR(k), k = 1, 2, 3, 4.

For all values of k, Figure A.2 in the supplement displays eigenvalues to the right of the

support of the Wachter distribution, which is an indication of the presence of cointegration

(s < 20). This is further confirmed by the results of their test at 1% significance level, see

Table A.12 in the supplement.

The results of the present analysis are next considered. The cca analysis applied to

all the p = 20 WM time series is summarized in the first two subgraphs in Figure 4, which

report the associated scc profile and the misspecification stripe of Remark 4.6 at 95%

confidence level.

The largest drop in the scc profile is between eigenvalue 19 and 20 (red vertical line),

so that the max-gap estimator selects ŝ = 19, indicating r̂ = 1 cointegrating relation (CI).

This is confirmed by the sequential test procedure based on Kπ2∥τ (i)∥∞, while the one

based on Kπ2∥τ (i)∥1 indicates s = 18, see Table 1. Given these overall results, s is fixed at
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Figure 4: Pair of graphs for each cca; scc profile (first graph) with largest drop in red, misspecification

stripe at 95% confidence level (second graph). Numbering in the text is left-to-right, top-to-bottom.

19 in the WM system.

ŝ \ group (p) WM (20) EM (9) DM (11) Non-EU (5) EU (6) UK-SZ (2) Nc-EZ (4)

max-gap 19 9 10 5 5 2 3

Kπ2∥τ (i)∥∞ 19 8 10 5 5 2 3

Kπ2∥τ (i)∥1 18 8 10 5 5 2 3

Table 1: Estimates of s in the subgroups with the max-gap estimator and with the sequential

tests at 1% significance level.

The plot of the cointegrating relation β̂′Xt is reported in the center bottom panel of

Figure 3; the plot includes some large infrequent shocks, whose analysis, however, goes

beyond the scope of the present illustration. The estimate of the 20 × 1 cointegrating

vector β in the WM system, normalized on the Euro, is reported in Table A.11 in the

supplement.

Due to the difficulties related to the precise estimation of the LRV discussed in Section

6, in order to gain additional insight into the structure of the cointegrating relationship,

the analysis is performed on the EM, DM, Non-EU, EU, UK-SZ, and Nc-EZ subgroups via

the criteria for the determination of s. This allows to investigate whether the cointegrating

relation in the WM system is due to countries belonging to a specific subgroup.

29



The max-gap estimator finds: no cointegration in EM and 1 CI relation in DM, no

cointegration in Non-EU and 1 CI relation in EU, no cointegration in the UK-SZ group

and 1 CI relation in the Nc-EZ group. The results for the sequential tests at 1% significance

level agree, see Table 1, with the exception of the EM subgroup, where the max-gap selects

s = 9 and the sequential tests indicate s = 8.

These overall results lead to concluding that the cointegrating relation in the WM

system can be attributed to the Nc-EZ group.

The estimates of ψ and β in Nc-EZ subgroup are next reported, with identification

restrictions c = e2 and b = (e1, e3, e4), where ei indicates the i-th unit vector; this identifi-

cation restriction is tested using the criterion in (4.5) and it is not rejected. The resulting

β̂ is

β̂ = (−1.0147
(<0.01)

, 1, 0.0153
(<0.01)

, 0.0012
(0.7256)

) (7.1)

with p-values reported in parenthesis for the unrestricted coefficients ψ∗ = e′2ψ̂ = −β′
∗,

which correspond to the second row of ψ̂. The hypothesis H0 : ψ2,1 = 0 and H0 : ψ2,2 = 0

are strongly rejected while H0 : ψ2,3 = 0 is not, i.e. the Euro loads the first and second

stochastic trends but not the third one, which only affects the Swedish Krone. The plot

of the cointegrating relation β̂′Xt in the Nc-EZ subgroup is reported in the bottom right

panel of Figure 3; this CI relation essentially coincides with the one among the 20 WM,

thus reinforcing the conclusion that cointegration in the 20 WM system is due to the Nc-

EZ group. Finally, the estimates of s and β are compared with the ones derived from

the likelihood ratio test on s and the QML estimate of β in Johansen (1996) for the Nc-

EZ subgroup. Table A.13 in the supplement reports an estimate of s equal to 3, and an

estimate of β essentially indistinguishable from the one in (7.1).
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8 Conclusions

This paper proposes a unified semiparametric framework for inference on the number and

the loadings of stochastic trends (and on their duals, the number and the coefficients of

the cointegrating relations) for I(1)/I(0) processes, which includes VARIMA and Dynamic

Factor Model processes. The setup directly applies also to subsets of variables or to their

aggregation, i.e. it is dimensionally coherent.

The approach employs a novel canonical correlation analysis between the observed mul-

tiple time series and a finite subset of an L2[0, 1] basis. Canonical correlations deliver

test sequences for the number of stochastic trends, as well as consistent estimators of it.

Canonical variates provide estimators of the loading matrix of stochastic trends and of

their duals, the matrix of cointegrating coefficients. The ICC estimators are T -consistent,

mixed-Gaussian and efficient. Wald tests on the parameters are developed, as well as

misspecification tests for checking model assumptions.

The finite sample properties of the estimators and tests investigated via a Monte Carlo

simulation study display reasonable performance. An empirical analysis illustrates the

range of available inferences in the proposed framework.
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A Lemmas

The following lemma collects well known facts on linear processes, see Phillips and Solo

(1992) or Theorem B.13 in Johansen (1996) (Thm SJ.B.13 henceforth).

Lemma A.1 (Limits for fixed K ≥ p and T → ∞). Let x1t := ψ̄′xt and x0t := β′xt, and

consider φK(u) := (ϕ1(u), . . . , ϕK(u))
′ for any orthonormal càdlàg basis {ϕi}∞i=1 of L2[0, 1];

for fixed K ≥ p and T → ∞, one has that, jointly:

(i) T− 1
2

∑⌊Tu⌋
t=1 x0t

w→ W2(u) := β′C1Wε(u) in Dr[0, 1];

(ii) T− 1
2x1⌊Tu⌋

w→ W1(u) := κ′Wε(u) in Ds[0, 1];

(iii) φK(⌊Tu⌋/T ) → φK(u) in DK [0, 1] and L
2
K [0, 1];

(iv) T−1ψ̄′Mxxψ̄ = T−1
∑T

t=1(T
− 1

2x1t)(T
− 1

2x1t)
′ w→ ℓ11 :=

∫
W1W

′
1;

(v) ψ̄′Mxxβ = T− 1
2

∑T
t=1(T

− 1
2x1t)x

′
0t = Op(1);

(vi) β′Mxxβ = T−1
∑T

t=1 x0tx
′
0t

p→ Q00 := E(x0tx′0t) > 0;

(vii) T− 1
2 ψ̄′Mxd = T−1

∑T
t=1(T

− 1
2x1t)φK(t/T )

′ w→ ℓ1φ :=
∫
W1φ

′
K;

(viii) T 1/2β′Mxd = T− 1
2

∑T
t=1 x0tφK(t/T )

′ w→ ℓ◦d2φ :=
∫
dW2φ

′
K;

(ix) T 1/2ψ̄′M∆xd = T− 1
2

∑T
t=1∆x1tφK(t/T )

′ w→ ℓ◦d1φ :=
∫
dW1φ

′
K;

(x) T 1/2β′M∆xd = T− 1
2

∑T
t=1∆x0tφK(t/T )

′ = op(1).

Proof. (i) From (2.5) and T− 1
2

∑⌊Tu⌋
t=1 x0t = T− 1

2

∑⌊Tu⌋
t=1 β′C1εt + op(1) uniformly in

u ∈ [0, 1]. (ii) From (2.5) and T− 1
2x1⌊Tu⌋ = T− 1

2κ′
∑⌊Tu⌋

t=1 εt + op(1) uniformly in u ∈ [0, 1].

(iii) By the dominated convergence theorem for L2
K [0, 1]. (iv) By (B.19) in Thm SJ.B.13.

2



(v) By (B.20) in Thm SJ.B.13. (vi) By the law of large numbers for linear processes. (vii)

By (B.22) in Thm SJ.B.13. (viii)-(x) By (B.23) in Thm SJ.B.13. ■

Let

gt(a) := a′M∆xdM
−1
dd dt, et(a) := xt −MxgM

−1
gg gt(a). (A.1)

Note that substituting a = ψ̂(1) in (A.1) one finds (3.5). The next lemma collects the limits

of the sample moments Mij that appear in (3.2) for cca(ft, dt), f = x, e.

Lemma A.2 (T → ∞ limits for fixed K ≥ p). The following T → ∞ limits hold jointly

and jointly with those in Lemma A.1, for fixed K ≥ p. Consider dt in (3.1) constructed

using any orthonormal càdlàg basis of L2[0, 1] and define AT = (T− 1
2 ψ̄, β); one has that:

(i) A′
TMxxAT

w→ diag(ℓ11, Q00);

(ii) Mdd = T−1
∑T

t=1 φK(t/T )φK(t/T )
′ →

∫
φKφ

′
K = IK;

(iii) A′
TMxd

w→ (ℓ′1φ, 0
′)′.

Let gt, et be gt(ψ) and et(ψ) in (A.1) using the true parameter value of ψ;2 then one has

that:

(iv) a4(ψ) := Tβ′Mxg
w→ ℓ◦d2φℓ

◦
φd1;

(v) a5(ψ) := TMgg
w→ ℓ◦d1φℓ

◦
φd1;

(vi) a6(ψ) := T 1/2Mgd
w→ ℓ◦d1φ;

(vii) a7(ψ) := A′
TMxgM

−1
gg MgxAT

w→ diag(ℓ1φU◦ℓφ1, 0), where U◦ := ℓ◦φd1(ℓ
◦
d1φℓ

◦
φd1)

−1ℓ◦d1φ;

(viii) a8(ψ) := A′
TMxgM

−1
gg Mgd

w→ ((ℓ1φU◦)
′, 0′)′;

2Points (iv) and (xii) involve β, which is a function of ψ, β = (I − bψ′)c̄ in the present notation, see

Paruolo (1997) eq. (B.1).
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(ix) a9(ψ) :=MdgM
−1
gg Mgd

w→ U◦;

(x) a10(ψ) := A′
TMeeAT

w→ diag(ℓ11 − ℓ1φU◦ℓφ1, Q00);

(xi) a11(ψ) := A′
TMed

w→ ((ℓ1φP◦)
′, 0′)′, where P◦ := IK − U◦;

(xii) a12(ψ) := T 1/2β′Med
w→ ℓ◦d2φP◦.

Finally, local tightness results hold for the sample moments in items (vii)-(xii), in the

following sense. Let ψ̃ be any estimator of ψ such that for an arbitrary L > 0

ψ̃ = ψ(h1+h2op(1))+βh3op(T
− 1

2 ), eigmin(h
′
1h1)

a.s.

≥ L−1, ∥hi∥
a.s.

≤ L, i = 1, 2, 3, (A.2)

with h1, h2 ∈ Rs×s and h3 ∈ Rr×r, and where eigmin is the minimal eigenvalue of the

argument matrix. Let g̃t := gt(ψ̃), ẽt := et(ψ̃) be the quantities gt, et in (A.1) calculated

for this estimator ψ̃; then the replacement of e, g by ẽ, g̃ in items (vii)-(xii) produces op(1)

perturbations uniformly over h1, h2, h3, i.e. ∥ai(ψ̃)− ai(ψ)∥ = op(1), i = 4, . . . , 12.

Proof. (i) By Lemma A.1(iv),(v),(vi), one finds

A′
TMxxAT = T−1

T∑
t=1

 (T− 1
2x1t)(T

− 1
2x1t)

′ (T− 1
2x1t)x

′
0t

x0t(T
− 1

2x1t)
′ x0tx

′
0t

 w→

 ℓ11 0

0 Q00

 .

(ii) By the continuous mapping theorem and orthonormality of the basis in (2.8). (iii) By

Lemma A.1(vii),(viii), one finds

A′
TMxd = T−1

T∑
t=1

 (T− 1
2x1t)d

′
t

x0td
′
t

 w→

 ℓ1φ

0

 .

(iv) By (ii) and Lemma A.1(viii), (ix), one finds

Tβ′Mxg =

(
T− 1

2

T∑
t=1

x0td
′
t

)
M−1

dd T
1/2Md∆x1

w→ ℓ◦d2φℓ
◦
φd1.
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(v) By (ii) and LemmaA.1(ix), one finds TMgg = (T 1/2M∆x1d)M
−1
dd (T

1/2Md∆x1)
w→ ℓ◦d1φℓ

◦
φd1.

(vi) By Lemma A.1(ix), one finds T 1/2Mgd = T−1
∑T

t=1(T
1/2gt)d

′
t = T 1/2M∆x1d

w→ ℓ◦d1φ.

(vii) Consider A′
TMxgM

−1
gg MgxAT , where

T 1/2A′
TMxg = T−1

T∑
t=1

 (T− 1
2x1t)(T

1/2gt)
′

x0t(T
1/2gt)

′

 = T−1

T∑
t=1

 (T− 1
2x1t)d

′
t

x0td
′
t

M−1
dd (T

1/2Md∆x1),

w→

 ℓ1φ

0

 ℓ◦φd1 (A.3)

by (ii) and Lemma A.1(vii),(viii),(ix); hence, by (v) one has

A′
TMxgM

−1
gg MgxAT = (T 1/2A′

TMxg)(TMgg)
−1(T 1/2MgxAT )

w→

 ℓ1φℓ
◦
φd1(ℓ

◦
d1φℓ

◦
φd1)

−1ℓ◦d1φℓφ1 0

0 0

 .

(viii) By (A.3), (v) and (vi), one has

A′
TMxgM

−1
gg Mgd = (T 1/2A′

TMxg)(TMgg)
−1(T 1/2Mgd)

w→

 ℓ1φℓ
◦
φd1(ℓ

◦
d1φℓ

◦
φd1)

−1ℓ◦d1φ

0

 .

(ix) By (v) and (vi), one hasMdgM
−1
gg Mgd = (T 1/2Mdg)(TMgg)

−1(T 1/2Mgd)
w→ ℓ◦φd1(ℓ

◦
d1φℓ

◦
φd1)

−1ℓ◦d1φ.

(x) By (ii) and (ix), using Mee = Mxx − MxgM
−1
gg Mgx. (xi) By (iii) and (viii), using

Med =Mxd −MxgM
−1
gg Mgd. (xii) By Lemma A.1(vii),(iv),(v),(vi), one has

T 1/2β′Med = T 1/2β′Mxd − (Tβ′Mxg)(TMgg)
−1(T 1/2Mgd)

w→ ℓ◦d2φ − ℓ◦d2φℓ
◦
φd1(ℓ

◦
d1φℓ

◦
φd1)

−1ℓ◦d1φ.

The tight versions of items (vii)-(xii) follow from the tight versions of items (iv)-(vi). As

to the latter,

T∥β′(Mxgh1−Mxg̃)∥ ≤ op(1)∥Tβ′Mxg∥∥h2∥+op(T− 1
2 )∥β′Mxd∥∥M−1

dd ∥∥Md∆xβ∥∥h3∥ = op(1)
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by Lemma A.1(viii),(x) and Lemma A.2(ii),(iv); similarly, uniformly over h1, h2, h3 satis-

fying (A.2), one has

T∥(h′1Mggh1)−Mg̃g̃∥ = op(1),

T 1/2∥h′1Mgd −Mg̃d∥ = op(1),

T−1∥(h′1Mggh1)
−1 −M−1

g̃g̃ ∥ ≤ ∥(Th′1Mggh1)
−1∥∥(Th′1Mggh1)− TMg̃g̃∥∥(TMg̃g̃)

−1∥ = op(1).

Finally note that a7, a8, a9 are invariant with respect to the transformation from gt to h
′
1gt

with h1 square and nonsingular. This completes the proof. ■

The tightness results in Lemma A.2 imply that the limits in items (x)-(xii) therein are

invariant to the replacement of et(ψ) with et(ψ̃) for any estimator ψ̃ ∈ Rp×s of ψ such

that ψ̄′ψ̃ converges in distribution to an a.s. nonsingular matrix h1 and β
′ψ̃ = op(T

− 1
2 ), as

T → ∞. This is the case of ψ̃ = ψ̂(1) with h1 = Is, see Theorem B.1.

The following lemma discusses the limit of S(λ) := λMff −MfdM
−1
dd Mdf , f = x, e, that

appears in (3.2) for cca(ft, dt), f = x, e, where et := et(ψ) (or asymptotically equivalently,

et(ψ̃) with ψ̃ as in the previous paragraph).

Lemma A.3 (Limits for fixed K ≥ p and T → ∞). Consider AT = (T− 1
2 ψ̄, β) and let

S(λ) := λMff −MfdM
−1
dd Mdf , f = x, e; for fixed K ≥ p and T → ∞, one has that

A′
TS(λ)AT

w→ λ

 ς11 0

0 Q00

−

 ς1φςφ1 0

0 0

 ,

where

ς11 =


ℓ11 for f = x

ℓ11 − ℓ1φU◦ℓφ1 for f = e

, ς1φ =


ℓ1φ for f = x

ℓ1φP◦ for f = e

, (A.4)

and U◦ and P◦ are as in Lemma A.2.
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Proof. For f = x, by Lemma A.2(i),(ii),(iii), using S(λ) = λMxx −MxdM
−1
dd Mdx; for

f = e, by Lemma A.2(ii),(x),(xi), using S(λ) = λMee −MedM
−1
dd Mde. ■

Lemma A.4 (Convergence to
∫
B∂W ). Let B and W be two scalar standard Brownian

motions, with ck =
∫
Bϕk and g◦k =

∫
(dW )ϕk; then as K → ∞ one has

∑K
k=1 ckg

◦
k

p→∫
B∂W , a Stratonovich integral, for any orthonormal basis {ϕk}∞k=1 of L2[0, 1].

Proof. By linearity considerations, the claim follows from two special cases: (i) when

B = W is the same Brownian Motion, proved in Ogawa (2017, Example 3.1), and (ii) when

B and W are two independent standard Brownian Motions. Consider two steps to prove

case (ii).

First,
∑K

k=1 ckg
◦
k

p→
∫
B∂W for theKL basis by Wong-Zakai’s theorem, see Twardowska

(1996). Second, it can be shown that the probability limit of
∑K

k=1 ckg
◦
k is independent of

the choice of an orthonormal basis. Indeed, consider an orthonormal basis {ψk} with

γk =
∫
Bψk and δ◦k =

∫
dWψk. Because of the independence of B and W , the a.s. equality

of
∑∞

k=1 ckg
◦
k and

∑∞
k=1 γkδ

◦
k can be established by conditioning on B (effectively on ck, γk).

Observe in fact that both {g◦k} and {δ◦k} are i.i.d. N(0, 1), whereas
∑K

k=1 c
2
k and

∑K
k=1 γ

2
k

converge a.s.; hence it follows that
∑K

k=1 ckg
◦
k and

∑K
k=1 γkδ

◦
k converge in L2-norm a.s.

conditionally on B. Further,

EB

(
∞∑
k=1

ckg
◦
k −

∞∑
k=1

γkδ
◦
k

)2

= plim
K→∞

EB

(
K∑
k=1

ckg
◦
k −

K∑
k=1

γkδ
◦
k

)2

= plim
K→∞

{
K∑
k=1

(c2k + γ2k)− 2
K∑

k,l=1

ckγl

∫
ϕkψl

}

= 2

∫
B2 − 2plim

K→∞

∫ ( K∑
k=1

ckϕk

)(
K∑
k=1

γkψk

)

= 2

∫
B2 − 2

∫
B2 = 0,

where EB indicates the expectation operator conditional onB. This shows that
∑∞

k=1 ckg
◦
k =
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∑∞
k=1 γkδ

◦
k a.s. in conditional probability, and hence, also unconditionally. ■

Lemma A.5 below collects facts on large-K asymptotic theory related to Parseval’s

theorem, the ergodic theorem and Ogawa’s stochastic integration theory, see e.g. Pedersen

(2012) and Ogawa (2017). Recall the L2-expansion (2.8) of W (u); by Parseval’s theorem

applied to almost all sample paths, it holds that

∞∑
k=1

ckc
′
k =

∫
WW ′, ck :=

∫
Wϕk,

where the series is a.s. convergent. If W was continuously differentiable with gradient Ẇ ,

again by Parseval’s theorem it would hold that

∞∑
k=1

c◦kc
′
k =

∫
ẆW ′,

∞∑
k=1

c◦kc
◦
k
′ =

∫
ẆẆ ′ (A.5)

with c◦k :=
∫
dWϕk. Although W is not differentiable, c◦k are well-defined as stochastic

integrals, and properties formally similar to the relations in (A.5) do hold, though with no

connection to Parseval’s theorem. On the one hand,

∞∑
k=1

c◦kc
′
k =

∫
(δϕW )W ′,

a noncausal stochastic integral with respect to the basis {ϕk}∞k=1 in the sense of Ogawa

(2017, Chapter 3), where the series on the l.h.s. is required to converge in probability.

By Lemma A.4 applied componentwise, it is seen that
∫
(δϕW )W ′ exists and equals the

Stratonovich integral
∫
∂WW ′ independently of the choice of {ϕk}∞k=1; this is the formal

analogue of the first relation in (A.5). On the other hand, the orthonormality of {ϕk}∞k=1

is sufficient for {c◦k}∞k=1 to be an i.i.d. N(0,Ω) sequence; thus by the ergodic theorem,

K−1

K∑
k=1

c◦kc
◦
k
′ a.s.−→
K→∞

∫
dWdW ′ = Ω,

where the integrand is understood as the quadratic variation dW (u)dW (u)′ = Ωdu; this is

the formal analogue of the second relation in (A.5). It is by virtue of this latter property
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that some interactions of stationary processes and the basis functions are not asymptotically

negligible and can be used to cleanse limit distributions from dependence.

Lemma A.5 (Limits for K → ∞). For any given orthonormal càdlàg basis {ϕk}∞k=1 of

L2[0, 1], consider

ℓ00 :=

∫
WW ′, ℓ0φ :=

∫
Wφ′

K , ℓ◦d0φ :=

∫
dWφ′

K ,

where φK := (ϕ1, . . . , ϕK)
′ and W := (W ′

1,W
′
2)

′, see (2.5), with L2-representation in (2.8);

for K → ∞, one has that:

(i) ℓ0φℓφ0
a.s.→ ℓ00;

(ii) K−1ℓ◦d0φℓ
◦
φd0

a.s.→ Ω.

(iii) ℓ◦d0φℓφ0
p→
∫
∂WW ′, where

∫
∂WW ′ indicates a Stratonovich integral;

(iv) ℓ◦d2φℓφ1(ℓ1φℓφ1)
−1 p→

∫
∂W2W

′
1

(∫
W1W

′
1

)−1
;

(v) ℓ◦d2φP◦ℓφ1 (ℓ1φP◦ℓφ1)
−1 p→

∫
dW2.1W

′
1

(∫
W1W

′
1

)−1
, where W2.1(u) is as in (2.7).

Proof. (i) By definition, ℓ0φ = (c1, c2, . . . , cK), so that ℓ0φℓφ0 =
∑K

k=1 ν
2
kξkξ

′
k; by Parse-

val’s theorem, ℓ00 =
∑∞

k=1 ν
2
kξkξ

′
k a.s. and the statement follows from the a.s. convergence

of the latter series. (ii) By definition, ℓ◦d0φ = (c◦1, c
◦
2, . . . , c

◦
K), where c

◦
k :=

∫
dWϕk ∼ N(0,Ω)

and {c◦k}
∞
k=1 is i.i.d. because the basis {ϕk}∞k=1 is orthonormal. Hence ℓ◦d0φℓ

◦
φd0 =

∑K
k=1 c

◦
kc

◦
k
′

and the statement follows from the ergodic theorem. (iii) This follows by Lemma A.4 ap-

plied componentwise. (iv) By points (iii) and (i). (v) It is first shown that ℓ◦d2φP◦ℓφ1
p→∫

dW2.1W
′
1. Observe that ℓ◦d2φP◦ = ℓ◦d2φ −HKℓ

◦
d1φ, where HK := ℓ◦d2φℓ

◦
φd1(ℓ

◦
d1φℓ

◦
φd1)

−1. By
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point (ii), HK
p→ Ω21Ω

−1
11 and hence, again by Lemma A.4 applied componentwise,

ℓ◦d2φP◦ℓφ1 = ℓ◦d2φℓφ1 −HKℓ
◦
d1φℓφ1

p→
∫
∂W2W

′
1 − Ω21Ω

−1
11

∫
∂W1W

′
1 =

∫
∂[W2 − Ω21Ω

−1
11W1]W

′
1

=

∫
∂W2.1W

′
1 =

∫
dW2.1W

′
1,

where the last equality follows by the independence of the processes W2.1 and W1. Further-

more,

ℓ1φP◦ℓφ1 = ℓ1φℓφ1 −K−1ℓ1φℓ
◦
φd1(K

−1ℓ◦d1φℓ
◦
φd1)

−1ℓ◦d1φℓφ1 =
K∑
k=1

ν2kξk1ξ
′
k1 +Op(K

−1),

because ℓ1φℓ
◦
φd1 = (ℓ◦d1φℓφ1)

′ p→
∫
W1∂W

′
1 and K−1ℓ◦d1φℓ

◦
φd1

p→ Ω11 by points (iii) and (ii).

Thus, ℓ1φP◦ℓφ1
p→
∑∞

k=1 ν
2
kξk1ξ

′
k1 =

∫
W1W

′
1 as K → ∞. ■

B Proofs

Proof of Lemma 2.3. Results (i) and (ii) are well known, see e.g. Exercise 3.7 and Section

13.2 in Johansen (1996), while (iii) and (iv) are proved in eq. (B.1) and (B.2) in Paruolo

(1997), see also Paruolo (2006). ■

Proof of Theorem 2.4. ConsiderH of dimension p×m and full column rank. Assumption

2.1.(i) is satisfied by G(z) := H ′C(z), of dimension m×nε, because its disc of convergence

is at least equal to the one of C(z). Assumption 2.1.(ii) is also satisfied by G(z) because

m ≤ p ≤ nε, so that rankH ′C(z) < m only when C(z) is of reduced rank; write G(z) =

G+G1(z)(1− z), where G1 := G1(1) = H ′C1 and G = H ′C = H ′ψκ′ of rank q ≤ s. Here

superscripts ˘ are omitted for brevity and because the results are invariant to the choice

of bases of various spaces. Let ϱ be a basis of colG = col(H ′ψ) and write H ′ψ = ϱϑ′;

then G = ϱτ ′, where τ := κϑ, is a rank decomposition of G with ϱ and τ full column rank

matrices with q columns.
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Next it is shown that Assumption 2.1.(iii) also holds for G(z), i.e. that ϱ′⊥G1τ⊥ =

ϱ′⊥H
′C1τ⊥ has full row rank m−q. First note that Hϱ⊥ = ψ⊥g where g := ψ̄′

⊥Hϱ⊥; in fact,

Hϱ⊥ = (ψ̄ψ′H+ψ⊥ψ̄
′
⊥H)ϱ⊥ = (ψ̄ϑϱ′+ψ⊥ψ̄

′
⊥H)ϱ⊥ = ψ⊥g. Next note that τ⊥ = (κ⊥, κ̄ϑ⊥),

so that

ϱ′⊥G1τ⊥ = ϱ′⊥H
′C1τ⊥ = g′ψ′

⊥C1(κ⊥, κ̄ϑ⊥) = g′(ψ′
⊥C1κ⊥, ψ

′
⊥C1κ̄ϑ⊥),

where rank(ψ′
⊥C1κ⊥) = p− s by Assumption 2.1(iii) on C(z) and g := ψ̄′

⊥Hϱ⊥ is (p− s)×

(m− q) of full column rank m− q. This completes the proof. ■

Proof of Theorem 4.1. (i) Consider cca(xt, dt) and normalize S(λ) := λMxx−MxdM
−1
dd Mdx

in (3.2) as A′
TS(λ)AT = λA′

TMxxAT − A′
TMxdM

−1
dd MdxAT , where AT = (T− 1

2 ψ̄, β); by

Lemma A.3 one finds

A′
TS(λ)AT

w→ λ

 ℓ11 0

0 Q00

−

 ℓ1φℓφ1 0

0 0

 , (B.1)

where ℓφ1 = ℓ′1φ. From (B.1) one finds that the s largest eigenvalues in (3.2) converge

weakly to the ones of ℓ−1
11 ℓ1φℓφ1, which coincide with those of the symmetric and a.s. positive

definite s× s matrix ℓ
−1/2
11 ℓ1φℓφ1ℓ

−1/2
11 , and the r = p− s smallest eigenvalues converge to 0

in probability. Observe that the eigenvalues of ℓ−1
11 ℓ1φℓφ1 are invariant with respect to the

transformation of W1(u) into AW1(u) for any nonsingular A ∈ Rs×s; choosing A = Ω
−1/2
11 ,

where Ω11 is the variance of W1(1), see (2.6), one obtains (4.1). In order to prove (ii), set

λ = ρ/T and consider

B′
TS(ρ/T )BT =

 T−1ψ̄′S(ρ/T )ψ̄ ψ̄′S(ρ/T )β

β′S(ρ/T )ψ̄ Tβ′S(ρ/T )β

 , BT := (T− 1
2 ψ̄, T 1/2β);
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using Lemma A.1, one has

T−1ψ̄′S(ρ/T )ψ̄ = ρT−2ψ̄′Mxxψ̄ − T− 1
2 ψ̄′MxdM

−1
dd Mdxψ̄T

− 1
2

w→ −ℓ1φℓφ1,

ψ̄′S(ρ/T )β = ρT−1ψ̄′Mxxβ − T− 1
2 ψ̄′MxdM

−1
dd MdxβT

1/2 w→ −ℓ1φℓ◦φd2,

Tβ′S(ρ/T )β = ρβ′Mxxβ − T 1/2β′MxdM
−1
dd MdxβT

1/2 w→ ρQ00 − ℓ◦d2φℓ
◦
φd2

jointly, where ℓ◦φd2 = (ℓ◦d2φ)
′, and hence

|B′
TS(ρ/T )BT | =

∣∣T−1ψ̄′S(ρ/T )ψ̄
∣∣ ∣∣Tβ′S(ρ/T )β − β′S(ρ/T )ψ̄(T−1ψ̄′S(ρ/T )ψ̄)−1ψ̄′S(ρ/T )β

∣∣
w→ |−ℓ1φℓφ1|

∣∣ρQ00 − ℓ◦d2φℓ
◦
φd2 + ℓ◦d2φℓφ1(ℓ1φℓφ1)

−1ℓ1φℓ
◦
φd2

∣∣ .
Because ℓ1φℓφ1 is a.s. nonsingular, this shows that the r smallest eigenvalues in (3.2)

multiplied by T converge weakly to the ones of Q−1
00 ℓ

◦
d2φ(IK − ℓφ1(ℓ1φℓφ1)

−1ℓ1φ)ℓ
◦
φd2, which

coincide with those of the symmetric and a.s. positive definite r× r matrix Q
−1/2
00 ℓ◦d2φ(IK −

ℓφ1(ℓ1φℓφ1)
−1ℓ1φ)ℓ

◦
φd2Q

−1/2
00 . Observe that the eigenvalues of ℓφ1(ℓ1φℓφ1)

−1ℓ1φ are invariant

with respect to the transformation of W1(u) into AW1(u) for any nonsingular A ∈ Rs×s;

choosing A = Ω
−1/2
11 , one obtains (4.2).

(iii) It is next shown that ΥK :=
(∫

B1B
′
1

)−1 ∫
B1φ

′
K

∫
φKB

′
1

a.s.→ Is as K → ∞. Indeed,

for the standard Brownian motion B1 one has, see (2.8),
∫
B1B

′
1 =

∑∞
k=1 ν

2
kξkξ

′
k a.s. by

Parseval Theorem and
∫
B1φ

′
K = (ν1ξ1, ν2ξ2, . . . , νKξK) by definition; this implies

ΥK =

(
∞∑
k=1

ν2kξkξ
′
k

)−1 K∑
k=1

ν2kξkξ
′
k

a.s.→ Is (B.2)

as K → ∞. This further implies that the eigenvalues µ1 ≥ µ2 ≥ · · · ≥ µs of ΥK all

converge to one a.s. as K → ∞. Consider next (4.2) and observe that

K−1ΨK = K−1Q−1
00 (ℓ

◦
d2φℓ

◦
φd2 − ℓ◦d2φℓφ1(ℓ1φℓφ1)

−1ℓ1φℓ
◦
φd2);

from Lemma A.5.(ii) one has K−1ℓ◦d2φℓ
◦
φd2

a.s.→ Ω22 and K−1ℓ◦d2φℓφ1(ℓ1φℓφ1)
−1ℓ1φℓ

◦
φd2 =

Op(K
−1) by Lemma A.5.(i),(iii). This shows that K−1ΨK

p→ Q−1
00 Ω22

a.s.
> 0. (iv) By

12



(iii), the s largest eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λs all converge weakly to one (and hence

also in probability) as (T,K)seq → ∞, while (λs+1, . . . , λp) converge to 0 in probability

with K−1T (λs+1, . . . , λp) = Op(1) as (T,K)seq → ∞. ■

Proof of Corollary 4.2. Direct consequence of Theorem 4.1.(iv). ■

Proof of Corollary 4.3. Note that K/T = o(1) as (T,K)seq → ∞. Use Theorem 4.1.(i)

and (4.3) to find f1(i)
p
≍ (K/T )|i−s| for i ∈ I1, f2(i)

p
≍ 1i ̸=s + (T/K)1i=s for i ∈ I2,

f3(i)
p
≍ 1i/∈{s−1,s} + 1i=s−1,s>1/ log(T/K) + log(T/K)1i=s for i ∈ I3. Hence asymptotically:

f1(i) converges to 0 for all i ̸= s while it converges to 1/ det(Q−1
00 Ω22) > 0 for i = s; hence

it has a unique maximum at i = s; f2(i) and f3(i) converge to finite values for i ̸= s and

diverge for i = s, and hence have a unique maximum at i = s. This proves argmax
i∈Ij

fj(i)
p→ s

for j = 1, 2, 3 when s ∈ Ij. When considering maximization over I0
j for j = 2, 3, one still has

f2(i)
p
≍ 1i ̸=s+(T/K)1i=s for i ∈ I0

2 , f3(i)
p
≍ 1i/∈{s−1,s}+1i=s−1,s>0/ log(T/K)+log(T/K)1i=s

for i ∈ I0
3 , and, as above, this implies argmax

i∈I0
j

fj(i)
p→ s for j = 2, 3 when s ∈ I0

j . All of

the above is still valid when K is kept constant. ■

Proof of Theorem 4.4. By dimensional coherence, see Theorem 2.4, Corollary 4.2 applies

to both ŝ(xt) and ŝ(b
′xt), the max-gap estimator based on xt and on b′xt; hence P(ŝ(b′xt) =

s = ŝ(xt)) → 1 as (T,K)seq → ∞. The case when H0 is invalid is similar, with P(ŝ(xt) =

s) → 1 and P(ŝ(b′xt) = rank(b′ψ) < s) → 1, and hence P(ŝ(b′xt) < ŝ(xt)) → 1. This

completes the proof. ■

Proof of Theorem 4.5. Consider ΥK in (4.1); from (B.2) one has

K (Is −ΥK) =

(∫
B1B

′
1

)−1

K
∞∑

k=K+1

ν2kξkξ
′
k.

It is next shown that K
∑∞

k=K+1 ν
2
kξkξ

′
k

p→ 1
π2 Is as K → ∞. Indeed,

K
∞∑

k=K+1

ν2kξkξ
′
k = IsK

∞∑
k=K+1

ν2k +K
∞∑

k=K+1

ν2k (ξkξ
′
k − Is)

13



and for the Karhunen-Loève representation, see (2.9), νk =
1

(k− 1
2
)π
; hence

π2K

∞∑
k=K+1

ν2k = 4K
∞∑

k=K+1

1

(2k − 1)2
=

1

K

∞∑
k=1

1

(1 + k
K
− 1

2K
)2

=
1

K

∞∑
k=1

1

(1 + k
K
)2

+ o(1)

(B.3)

→
∫ ∞

0

dx

(1 + x)2
= 1

by dominated convergence, whereas E
(∑∞

k=K+1 ν
2
k(ξkξ

′
k − Is)

)
= 0 and, for every fixed

a, b ∈ Rs,

E

(
∞∑

k=K+1

ν2k(a
′ξkξ

′
kb− a′b)

)2

=
∞∑

k=K+1

ν4kE(a′ξkξ′kb− a′b)2 = [a′ab′b+ 2(a′b)2]
∞∑

k=K+1

ν4k = O(K−3).

(B.4)

Thus π2K
∑∞

k=K+1 ν
2
kξkξ

′
k

p→ Is, which implies that π2K (Is −ΥK)
p→
(∫

B1B
′
1

)−1
. Be-

cause λi
w→ µi, i = 1, . . . , s, by Theorem 4.1.(i), where µ1 ≥ µ2 ≥ · · · ≥ µs are the

eigenvalues of ΥK , and the eigenvalues of Is − ΥK are 1− µi, i = 1, . . . , s, this proves (i).

In order to prove (ii), recall that by Theorem 4.1.(iv), one has λi
p→ 0, i = s+ 1, . . . , p, as

T → ∞. ■

Proof of Corollary 4.8. Same as in the proof of Theorem 12.3 in Johansen (1996). ■

Lemma B.1 (Super-consistency). Let dt in (3.1) be constructed using any orthonormal

càdlàg basis of L2[0, 1]; then the one-step estimators ψ̂(1), β̂(1) and the ICC estimators

ψ̂(2) := ψ̂, β̂(2) := β̂ of ψ and β are T -consistent, i.e.

ψ̂(j) − ψ = op(T
− 1

2 ), β̂(j) − β = op(T
− 1

2 ), j = 1, 2, (B.5)

for any fixed K ≥ p.

Thanks to (3.7), the results in (B.5) can be equivalently expressed as

ψ̂(j)
∗ − ψ∗ = −(β̂(j)

∗ − β∗)
′ = op(T

− 1
2 ), j = 1, 2.

14



Proof of Lemma B.1. By the duality in (3.7), it is sufficient to prove the lemma for the

estimators of ψ. Let Λ = diag(Λ1,Λ0) and V = (V1, V0) in (3.3) satisfy

MffV Λ =MfdM
−1
dd MdfV, V ′MffV = Ip, V ′MfdM

−1
dd MdfV = Λ, (B.6)

where f = x for j = 1 and f = e for j = 2. Consider the first equation in (B.6) for the s

largest eigenvalues,

MffV1Λ1 =MfdM
−1
dd MdfV1, f = x, e, (B.7)

with associated normalization V ′
1MffV1 = Is. Then one has

A′
TMffAT (A

−1
T V1)Λ1 = A′

TMfdM
−1
dd MdfAT (A

−1
T V1),

where AT := (T− 1
2 ψ̄, β) and A−1

T V1 = (T 1/2ψ, β̄)′V1 =: (v′1T , v
′
0T )

′; hence, by Lemma A.3

the limit eigenvalue problem is ς11 0

0 Q00


 v∗1

v∗0

ΥK =

 ς1φςφ1 0

0 0


 v∗1

v∗0

 , (B.8)

where Λ1
w→ ΥK and ς11, ς1φςφy are a.s. nonsingular, with associated normalization of the

eigenvectors (v∗1
′, v∗0

′) diag(ς11, Q00)(v
∗
1
′, v∗0

′)′ = Is.

The lower block of (B.8) reads Q00v
∗
0ΥK = 0, which implies v0T

p→ v∗0 = 0 because Q00

and ΥK are a.s. nonsingular. The upper block of (B.8) reads ς11v
∗
1ΥK = ς1φςφ1v

∗
1; hence

it follows by the continuous mapping theorem that v1T
w→ v∗1, where v

∗
1 are eigenvectors of

the limit eigenvalue problem det(µς11 − ς1φςφ1) = 0 such that v∗1
′ς11v

∗
1 = Is. In particular,

v∗1 is a.s. nonsingular. Summarizing, A−1
T V1 converges in distribution to (v∗1

′, 0)′, and T− 1
2 ψ̄′MffV1

β′MffV1

 = (A′
TMffAT )(A

−1
T V1)

w→

 ς11 0

0 Q00


 v∗1

0

 =

 ϑ1

0

 , (B.9)
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where ϑ1 := ς11v
∗
1 is a.s. nonsingular, and thus

T− 1
2 ψ̄′MffV1 = Op(1), (T− 1

2 ψ̄′MffV1)
−1 = Op(1), β′MffV1 = op(1), (B.10)

T− 1
2 b′MffV1 = T− 1

2 b′ψψ̄′MffV1 + b′βop(T
− 1

2 ) = T− 1
2 ψ̄′MffV1 + op(T

− 1
2 ). (B.11)

Hence using (B.10) and (B.11)

ψ̄′ψ̂(j) = T− 1
2 ψ̄′MffV1(T

− 1
2 b′MffV1)

−1 = Is + op(T
− 1

2 ), (B.12)

β′ψ̂(j) = T− 1
2β′MffV1(T

− 1
2 b′MffV1)

−1 = op(T
− 1

2 )Op(1) = op(T
− 1

2 ), (B.13)

and one finds ψ̂(j) = ψψ̄′ψ̂(j) + ββ̄′ψ̂(j) = ψ + op(T
− 1

2 ). This completes the proof. ■

The following proofs employ a simplifying convention, without loss of generality. By

Lemma B.1, ψ̄′ψ̂(1) converges in probability to a positive-definite matrix and β′ψ̂(1) =

op(T
− 1

2 ) as T → ∞, such that the statements in Lemmas A.2(x)-(xii) and A.3 remain valid

with et(ψ̂
(1)) in place of et(ψ). Thus, the ICC estimators ψ̂, β̂ are discussed as if computed

using et(ψ), abbreviated to et.

Lemma B.2 (Fixed K asymptotic distribution of ψ̂(j) and β̂(j)). Let ψ̂(1), β̂(1), ψ̂(2) := ψ̂

and β̂(2) := β̂ be as in Definition 3.2; then for fixed K ≥ p and T → ∞, one has

T c̄′(ψ̂(j) − ψ) = −T (β̂(j) − β)′b̄
w→


ℓ◦d2φℓφ1(ℓ1φℓφ1)

−1 for j = 1

ℓ◦d2φP◦ℓφ1(ℓ1φP◦ℓφ1)
−1 for j = 2

, (B.14)

where P◦ := IK − ℓ◦φd1(ℓ
◦
d1φℓ

◦
φd1)

−1ℓ◦d1φ.

Proof of Lemma B.2. By the duality in (3.7), it is enough to prove the lemma for the

estimators of ψ. Consider the estimator ψ̂(j) = MffV1(b
′MffV1)

−1, where f = x for j = 1

and f = e for j = 2, and drop the superscript (j) in the rest of the proof. Write ψ̂ = ψ̃θ−1

where ψ̃ := T− 1
2MffV1 and θ = T− 1

2 b′MffV1 = Op(1), see (B.11). From (B.7) one has
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ψ̂(θΛ1θ
−1) =MfdM

−1
dd MdfM

−1
ff ψ̂; pre-multiplying by (b, β)′ and using AT = T− 1

2 (ψ̄, T 1/2β)

in the r.h.s., one has

(b, β)′ψ̂(θΛ1θ
−1) = T− 1

2 (b, β)′MfdM
−1
dd (MdfAT )(A

′
TMffAT )

−1(ψ̄, T 1/2β)′ψ̂

and one finds  Is

β′ψ̂

 θΛ1θ
−1 = T− 1

2 (b, β)′MfdQT , (B.15)

where by Lemma A.3 and (B.12), (B.13) one has

QT :=M−1
dd (MdfAT )(A

′
TMffAT )

−1(ψ̄, T 1/2β)′ψ̂
w→ (ςφ1, 0)

 ς11 0

0 Q00


−1 Is

0

 = ςφ1ς
−1
11 .

Because b = ψ̄ + βh, h := β̄′b, and

T− 1
2 b′Mfd = T− 1

2 ψ̄′Mfd + h′T− 1
2β′Mfd

w→ ς1φ,

from the first block of s equalities in (B.15) one finds

θΛ1θ
−1 = T− 1

2 b′MfdQT
w→ (ς1φςφ1)ς

−1
11 ,

which is a.s. nonsingular, and hence

GT := QT (θΛ1θ
−1)−1 w→ ςφ1(ς1φςφ1)

−1 =


ℓφ1(ℓ1φℓφ1)

−1 for j = 1(f = x)

P◦ℓφ1(ℓ1φP◦ℓφ1)
−1 for j = 2(f = e)

,

see (A.4). From the second block of r equalities in (B.15) one has

Tβ′ψ̂ = (T
1
2β′Mfd)GT ,

where β′ψ̂ = β′(ψ̂ − ψ), and by Lemma A.1(vii), and Lemma A.2(xii),

T
1
2β′Mfd

w→ ς◦d2φ :=


ℓ◦d2φ for j = 1(f = x)

ℓ◦d2φP◦ for j = 2(f = e)

.
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This shows that

Tβ′(ψ̂(j) − ψ)
w→ ς◦d2φςφ1(ς1φςφ1)

−1 =


ℓ◦d2φℓφ1(ℓ1φℓφ1)

−1 for j = 1

ℓ◦d2φP◦ℓφ1(ℓ1φP◦ℓφ1)
−1 for j = 2

;

the statement follows from c̄′(ψ̂(j) − ψ) = β′(ψ̂(j) − ψ) and the duality in (3.7). ■

Proof of Theorem 5.1. Consider (B.14) in Lemma B.2; by Lemma A.5(iv),(v)

ℓ◦d2φℓφ1(ℓ1φℓφ1)
−1 p→

∫
∂W2W

′
1

(∫
W1W

′
1

)−1

ℓ◦d2φP◦ℓφ1(ℓ1φP◦ℓφ1)
−1 p→

∫
dW2.1W

′
1

(∫
W1W

′
1

)−1

and thus the statement. ■

Proof of Theorem 5.3. By Lemma A.1(viii),(ix), for fixed K ≥ p and T → ∞, one has

that

T 1/2

 ψ̄′M∆xd

β′Mxd

 w→

 ∫
dW1φ

′
K∫

dW2φ
′
K

 =

∫
dWφ′

K ,

by Lemma A.2(ii), for fixed K ≥ p and T → ∞, one has that Mdd → IK and by Lemma

A.5(ii), for K → ∞, K−1
∫
dWφ′

K

∫
φKdW

′ a.s.→ Ω. Combining these results, one finds that

T

K

 ψ̄′M∆xd

β′Mxd

M−1
dd

 ψ̄′M∆xd

β′Mxd


′

w→
(T,K)seq→∞

 Ω11 Ω12

Ω21 Ω22

 .

Because Ω is non-stochastic, the last convergence is also in probability. By the super-

consistency result in Theorem B.1, the same is achieved if ψ̂(j) and β̂(j) are used instead of

ψ and β, j = 1, 2. ■

Proof of Theorem 5.6. Direct consequence of Theorem 5.1, Remark 5.2 and Theorem

5.3. ■

Proof of Theorem 5.7. Consider a VARA(L)Xt = εt under the I(1) condition |α′
⊥A1β⊥| ≠

0, where A(z) = A+A1(z)(1−z), A = −αβ′ and A1 := A1(1); in this case, Granger’s Rep-

resentation Theorem, see Johansen (1996, Theorem 4.2), (1− z)A(z)−1 = C+C1(z)(1− z)
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and hence C(z) = C + C1(z)(1− z) in (2.1) satisfies

C = β⊥Ψα
′
⊥, β′C1 = ᾱ′(A1C − Ip),

C1 := C1(1)

Ψ := (α′
⊥A1β⊥)

−1

. (B.16)

Note that ψ = β⊥ and κ′ = Ψα′
⊥.

Using the present notation for the parameters, Johansen (1996, Theorem 13.3) states

T b̄′(β̂−β) w→ (
∫
GG′)−1

∫
GdV ′

α =: U whereG(u) := β̄′
⊥CWε(u) and Vα(u) := (α′Ω−1

ε α)−1α′Ω−1
ε Wε(u).

It is next shown that U = −Z ′, where Z is as in (5.2). Note that G(u) = W1(u); in fact

β̄′
⊥CWε(u) = κ′Wε(u) = W1(u), so that U = (

∫
W1W

′
1)

−1
∫
W1dV

′
α. Next it is shown that

Vα = −W2.1; substituting ψ = β⊥ and κ′ = Ψα′
⊥ in (2.5) one finds that

W1(u) := κ′Wε(u) = Ψα′
⊥Wε(u), W2(u) := β′C1Wε(u) = ᾱ′(A1C − Ip)Wε(u)

whose variance matrix at u = 1 is

Ω :=

 Ω11 Ω12

Ω21 Ω22

 =

 Ψα′
⊥Ωεα⊥Ψ

′ Ψα′
⊥Ωε(A1C − Ip)

′ᾱ

ᾱ′(A1C − Ip)Ωεα⊥Ψ
′ ᾱ′(A1C − Ip)Ωε(A1C − Ip)

′ᾱ

 .

It is useful to recall the following non-orthogonal projection identity

Ip = Ωεα⊥(α
′
⊥Ωεα⊥)

−1α′
⊥ + α(α′Ω−1

ε α)−1α′Ω−1
ε =: P1 + P2. (B.17)

One finds

Ω21Ω
−1
11 = ᾱ′(A1C − Ip)Ωεα⊥Ψ

′(Ψα′
⊥Ωεα⊥Ψ

′)−1 = ᾱ′(Ip − Ωεα⊥(α
′
⊥Ωεα⊥)

−1α′
⊥)A1β⊥

= (α′Ω−1
ε α)−1α′Ω−1

ε A1β⊥ = ᾱ′P2A1β⊥,

where the second equality follows by substituting C = β⊥Ψα
′
⊥ and Ψ from (B.16) and

the third one by the non-orthogonal projection identity (B.17). Substituting the above

expressions into the definition of W2.1(u), see (2.7), one finds, using (B.17) again,

W2.1(u) := W2(u)− Ω21Ω
−1
11W1(u) = ᾱ′(A1C − Ip)Wε(u)− ᾱ′P2A1CWε(u)

= ᾱ′(−Ip + (Ip − P2)A1C)Wε(u) = ᾱ′(−P2 + P1(A1C − Ip))Wε(u),
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where P1(A1C − Ip) = 0 follows from α′
⊥(A1C − Ip) = α′

⊥A1β⊥(α
′
⊥A1β⊥)

−1α′
⊥ − α′

⊥ = 0;

hence

W2.1(u) = −ᾱ′P2Wε(u) = −(α′Ω−1
ε α)−1α′Ω−1

ε Wε(u) = −Vα(u).

This completes the proof that U = −Z ′. ■

Proof of Theorem 5.8. If C(z) in (2.1) satisfies Assumption 2.1, then Q(z) satisfies

the summability condition (L) in Phillips (2014), as e.g. in the discussion in Franchi and

Paruolo (2020, page 809). Q(1) nonsingular and it is normalized to Ip without loss of

generality. From (5.8) one has ∆yt

∆zt

 =

 Au1t +∆u0t

u1t

 =

 0 A

0 Is


 urt

ust

+

 Ir 0

0 0


 ∆u0t

∆u1t



=


 0 A

0 Is

+

 Ir 0

0 0

∆

Q(L)εt,

where Q(z) = Ip +Q1(z)(1− z) and Q1 := Q1(1); hence C(z) = C + C1(z)(1− z) in (2.1)

satisfies

C =

 0 A

0 Is

 , C1 =

 0 A

0 Is

Q1 +

 Ir 0

0 0

 .

This shows that one can choose ψ = (A′, Is)
′ with κ′ = (0, Is) and β′ = (Ir,−A). Note

also that β′C1κ⊥ = (Ir,−A)C1(Ir, 0)
′ = Ir of full row rank so that Assumption 2.1 holds.

Substituting ψ = (A′, Is)
′ with κ′ = (0, Is) and β

′ = (Ir,−A) in (2.2), from (2.5) one finds

that

W1(u) := κ′Wε(u) = (0, Is)Wε(u), W2(u) := β′C1Wε(u) = (Ir, 0)Wε(u).

Using the present notation for the parameters, Phillips (2014, point (a) in Section 3)

reads T (β̂ − β)′b̄
w→ −

∫
dB0.xB

′
x(
∫
BxB

′
x)

−1 =: U , where Bx(u) := (0, Is)Wε(u) = W1(u),

B0(u) := (Ir, 0)Wε(u) = W2(u) and B0.x(u) := B0(u)− Ω0xΩ
−1
xxBx(u) = W2.1(u).
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It is then shown that U = −Z, where Z is as in (5.2). Note that the variance matrix

of Bx(u) = W1(u) and B0(u) = W2(u) is Ωxx Ωx0

Ω0x Ω00

 =

 Ω11 Ω12

Ω21 Ω22

 ;

becauseW2.1(u) = B0.x(u) andW1(u) = Bx(u), one can write Z in (5.2) as Z =
∫
dB0.xB

′
x

(∫
BxB

′
x

)−1
,

which shows that U = −Z. ■

C Simulations

Results for the Monte Carlo simulations are split between inference on s and ψ.

C.1 Estimation and inference on s

First, the scc profile {λi}i=1,...,p was simulated, to illustrate Theorem 4.1.(iv). Fig. A.1

reports quantiles 0.05 and 0.95 ((l, u), lower-upper) of the scc profile λi for a = 0.25, 1,

p = 20, 100 and T = 30p, 100p. Lines with the same colour refer to (l, u), colors (blue,

red, orange, purple, green) correspond to s = 0, ⌈p/4⌉, ⌈p/2⌉, ⌈3p/4⌉, p, the first and second

(third and fourth) row of panels correspond to a = 0.25 (a = 1), the first and third (second

and fourth) row of panels correspond to p = 20 (p = 100), the first (second) column of

panels correspond to T = 30p (T = 100p). The eight panels illustrate how the curve

(λi)i=1,...,p converges to 1i≤s, see Theorem 4.1. Note that (l, u) lines get closer passing from

the first column to the second one.

For fixed (p, T, s), the MC behavior of the max-gap estimator worsens as a decreases

because of slower convergence to 0 of the last part of the scc profile {λi}pi=s+1 for lower

values of a. This can be seen by comparing the top 2 rows with the bottom 2 rows in Fig.

A.1.
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Next consider the finite sample properties of the max-gap estimator and of the sequential

testing procedures {Fj,n}j=p,...,1, n = 1,∞. Table A.1 reports MC statistics on the max-gap

ŝ. The top panel reports the MC frequency of correct selection of s, 1
N

∑N
j=1 1ŝj=s, where ŝj

indicates the value of ŝ in MC replication j. The bottom panel reports the Mean Absolute

Error (MAE), 1
N

∑N
j=1 |ŝj − s|. The number of replications of DGP (6.1) is N = 104.

When a = 1 or s = p, it can be seen that the max-gap estimator selects s with MC

frequency 1 except for T = 10p at s = ⌈3p/4⌉, p = 10, 20, 50, and T = 10p, p = 10

at s = ⌈p/2⌉. For a = 0.25, 0.5, 0.75, the cases of less-than-perfect selection of the max-

gap estimator increase, with worse performance for low values of a, and high values of s

(excluding s = p). The MAE indicates that estimation errors in s are moderate except for

a = 0.25 and large values of p.

Table A.2 reports MC statistics for the estimator s̃ of s based on the test sequence

{Fj,∞}j=p,...,1. The top two panels are of the same type as the ones reported in Table A.1

for the max-gap estimator. The lower panel reports the MC size of test Fs,∞ for the true

value of s.

It can be seen that the test Fs,∞ appears to be undersized in finite samples. The MC

frequency of reaching the test Fs,∞ in the test sequence is 1 for T = 30p except for a = 0.25.

At a = 0.25 this frequency is also 1 for s = ⌈p/4⌉ but deteriorates for higher values of s.

Unlike for the max-gap, the predicted asymptotic behavior for {Fj,∞}j=p,...,1 is in line with

MC frequencies at T = 30p for all values of a except for a = 0.25 and s = ⌈jp/4⌉, j = 2, 3.

TableA.3 reports MC statistics for estimator of s employing the test sequence {Fj,1}j=p,...,1,

also indicated as s̃ in the caption. The structure of the table is the same as for Table A.2. It

can be seen that also the test Fs,1 is undersized in finite samples. Similarly to {Fj,∞}j=p,...,1,

the predicted asymptotic behavior for {Fj,1}j=p,...,1 is in line with MC frequencies at T = 30p
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for all value of a except for a = 0.25 and s = ⌈jp/4⌉, j = 2, 3.

The max-gap criterion and the tests Fp,n can be combined into a hybrid estimator

of s, that first tests the hypothesis H0 : s = p using the Fp,n statistic, and, in case of

rejection, employs the restricted max-gap estimator that replaces the domain {0, 1, . . . p}

with {0, 1, . . . p− 1}; formally the hybrid estimator is defined as

ŝn := 1{Fp,n≤cn,η} · p+ 1{Fp,n>cn,η} · argmaxj∈{0,1,...p−1}(λj − λj+1), n = 1,∞. (C.1)

Note that ŝn does not involve λp+1 := 0. Under the conditions of Theorem 4.8 one finds

that the hybrid estimator ŝn satisfies Pr(ŝn = s) → 1 − η if s = p and Pr(ŝn = s) → 1 if

s < p, where η is the asymptotic significance level of the test Fp,n.

Monte Carlo results for the hybrid estimators ŝn, n = 1,∞, are reported in Tables A.4

and A.5. The performance of the hybrid estimator based on Fp,n compares favorably with

the one of the max-gap estimator for all values of a.

Tables A.6 and A.7 show the corresponding results for the cointegration rank determi-

nation procedures based on the trace test of Johansen (1996) with or without the Bartlett

correction discussed in Johansen (2002) and implemented as in Johansen et al. (2005).

For p = 300, the Bartlett correction could not be computed because a matrix exceeds the

maximal dimension allowed in matlab, The MathWorks Inc. (2025); for p = 50, 100, the

Bartlett correction was calculated for the first MC replication and it was kept fixed for the

remaining ones. Critical values for the trace test were constructed as in Doornik (1998).

For s = p, Table A.8 reports results for the trace test corrected as in Onatski and Wang

(2019). The results of the hybrid estimator with Fp,1 in Table A.5 compare favourably with

the ones of these benchmarks.
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Figure A.1: Quantiles 0.05 and 0.95 of λi, i = 1, . . . , p. p = 20, 100, T/p = 30, 100 and a = 0.25 (first

and second panels from top) and a = 1 (bottom two panels) in DGP (6.1). Color codes for s = ⌈jp/4⌉,

j = 0, 1, 2, 3, 4: blue j = 0, orange j = 1, yellow j = 2, purple j = 3, green j = 4. N = 104 replications of

DGP (6.1).
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Max-gap

Frequency of correct selection

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0 0.96 1 0 0 0.80 1 0 0 0.59 0.99 0 0.01 0.34 0.93 1

20 0 0.01 1 1 0 0.01 1 1 0 0 0.98 1 0 0.01 0.85 1 1

30 0 0.06 1 1 0 0.03 1 1 0 0.02 1 1 0 0.02 0.99 1 1

20 10 0 0.17 1 1 0 0.02 1 1 0 0 0.90 1 0 0 0.55 0.98 1

20 0 0.63 1 1 0 0.21 1 1 0 0.03 1 1 0 0 1 1 1

30 0 0.98 1 1 0 0.75 1 1 0 0.28 1 1 0 0.07 1 1 1

50 10 0 1 1 1 0 0.58 1 1 0 0.01 0.99 1 0 0 0.78 0.99 1

20 0 1 1 1 0 1 1 1 0 0.72 1 1 0 0.04 1 1 1

30 0 1 1 1 0 1 1 1 0 1 1 1 0 0.87 1 1 1

100 10 0 1 1 1 0 0.99 1 1 0 0.04 1 1 0 0 0.86 1 1

20 0 1 1 1 0 1 1 1 0 1 1 1 0 0.39 1 1 1

30 0 1 1 1 0 1 1 1 0 1 1 1 0 1 1 1 1

300 10 1 1 1 1 0 1 1 1 0 0.27 1 1 0 0 0.59 1 1

20 1 1 1 1 0 1 1 1 0 1 1 1 0 1 1 1 1

30 1 1 1 1 0 1 1 1 0 1 1 1 0 1 1 1 1

MAE

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 9.99 9.93 0.35 0 6.99 6.96 1.30 0 4.99 4.96 1.92 0.01 2 1.96 1.26 0.10 0

20 10 9.88 0 0 7 6.95 0.01 0 5 4.98 0.09 0 2 1.99 0.30 0 0

30 10 9.42 0 0 7 6.78 0 0 5 4.92 0 0 2 1.96 0.01 0 0

20 10 20 16.64 0 0 15 14.69 0.03 0 10 9.98 0.81 0 5 4.99 2.13 0.02 0

20 20 7.35 0 0 15 11.91 0 0 10 9.69 0 0 5 4.98 0.01 0 0

30 20 0.41 0 0 15 3.70 0 0 10 7.23 0 0 5 4.66 0 0 0

50 10 50 0 0 0 37 15.51 0 0 25 24.75 0.01 0 12 12 2.05 0.01 0

20 50 0 0 0 37 0.01 0 0 25 7.11 0 0 12 11.51 0 0 0

30 50 0 0 0 37 0 0 0 25 0 0 0 12 1.56 0 0 0

100 10 99.99 0 0 0 75 0.18 0 0 50 47.63 0 0 25 25 1.39 0 0

20 100 0 0 0 75 0 0 0 50 0.03 0 0 25 15.14 0 0 0

30 100 0 0 0 75 0 0 0 50 0 0 0 25 0 0 0 0

300 10 0 0 0 0 225 0 0 0 150 45.35 0 0 75 74.98 1.70 0 0

20 0 0 0 0 225 0 0 0 150 0 0 0 75 0.14 0 0 0

30 0 0 0 0 225 0 0 0 150 0 0 0 75 0 0 0 0

Table A.1: Max-gap. Top panel: frequency of correct selection of s, 1
N

∑N
n=1 1ŝn=s; bottom panel: Mean

Absolute Error (MAE), 1
N

∑N
n=1 |ŝn − s|. N = 104 replications of DGP (6.1).
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Fj,∞

Frequency of correct selection

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0.81 1 1 0 0.05 0.98 0.98 0 0.01 0.88 0.98 0 0.07 0.76 0.98 0.98

20 0.72 1 1 1 0.04 0.98 0.97 0.97 0.01 0.98 0.97 0.97 0.08 0.97 0.97 0.97 0.96

30 1 1 1 1 0.97 0.97 0.96 0.96 0.77 0.97 0.97 0.97 0.68 0.97 0.97 0.97 0.96

20 10 0 1 1 1 0 0.34 0.99 0.98 0 0 0.98 0.98 0 0 0.77 0.99 0.99

20 1 1 1 1 0.27 0.98 0.98 0.97 0 0.98 0.98 0.97 0 0.98 0.97 0.97 0.97

30 1 1 1 1 0.99 0.98 0.97 0.97 0.96 0.97 0.97 0.97 0.72 0.97 0.97 0.97 0.96

50 10 0 1 1 1 0 0.84 1 0.99 0 0 1 1 0 0 0.22 1 1

20 1 1 1 1 0.91 0.99 0.98 0.98 0 0.99 0.99 0.98 0 0.99 0.99 0.98 0.99

30 1 1 1 1 0.99 0.98 0.98 0.97 1 0.99 0.98 0.98 0.76 0.98 0.98 0.97 0.98

100 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

20 1 1 1 1 1 1 0.99 0.99 0 1 1 0.99 0 1 1 1 1

30 1 1 1 1 1 0.99 0.98 0.98 1 1 0.99 0.99 0.35 1 1 1 1

300 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

20 0 0.55 1 1 0 0 1 1 0 0 1 1 0 0 0.12 1 1

30 1 1 1 1 1 1 1 1 0.98 1 1 1 0 1 1 1 1

MAE

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 9.61 1.20 0 0 6.76 3.68 0.02 0.02 4.84 3.18 0.14 0.02 1.93 1.46 0.26 0.02 0.02

20 1.87 0 0 0 3.91 0.02 0.03 0.03 3.20 0.02 0.03 0.03 1.41 0.03 0.03 0.03 0.04

30 0 0 0 0 0.03 0.03 0.04 0.04 0.29 0.03 0.03 0.03 0.35 0.03 0.03 0.03 0.04

20 10 19.39 0.01 0 0 14.64 3.31 0.01 0.02 9.82 5.86 0.02 0.02 4.93 3.59 0.25 0.01 0.01

20 0.01 0 0 0 4.08 0.02 0.02 0.03 5.62 0.02 0.02 0.03 3.20 0.02 0.03 0.03 0.03

30 0 0 0 0 0.01 0.02 0.03 0.03 0.04 0.03 0.03 0.04 0.31 0.03 0.03 0.03 0.04

50 10 49.92 0 0 0 36.98 1.14 0 0.01 25 19.84 0 0 12 11.47 1.41 0 0

20 0 0 0 0 0.39 0.01 0.02 0.02 12.98 0.01 0.01 0.02 7.80 0.01 0.01 0.02 0.01

30 0 0 0 0 0.01 0.02 0.02 0.03 0 0.01 0.02 0.02 0.25 0.02 0.02 0.03 0.02

100 10 100 100 100 100 75 75 75 75 50 50 50 50 25 25 25 25 0

20 0 0 0 0 0 0 0.01 0.01 31.38 0 0 0.01 19.63 0 0 0 0

30 0 0 0 0 0 0.01 0.02 0.02 0 0 0.01 0.01 0.85 0 0 0 0

300 10 300 300 300 300 225 225 225 225 150 150 150 150 75 75 75 75 0

20 300 134.84 0 0 225 225 0 0 150 150 0 0 75 75 65.67 0 0

30 0 0 0 0 0 0 0 0 0.03 0 0 0 59.35 0 0 0 0

Empirical size

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0 0.01 0.02 0 0 0.01 0.02 0 0 0.01 0.02 0.02

20 0.01 0.02 0.03 0.03 0 0.02 0.03 0.03 0 0.02 0.03 0.03 0.04

30 0.02 0.03 0.04 0.04 0.01 0.03 0.03 0.03 0.01 0.03 0.03 0.03 0.04

20 10 0 0 0.01 0.02 0 0 0.01 0.02 0 0 0 0.01 0.01

20 0 0.02 0.02 0.03 0 0.02 0.02 0.03 0 0.02 0.03 0.03 0.03

30 0.01 0.02 0.03 0.03 0.01 0.03 0.03 0.03 0.01 0.03 0.03 0.03 0.04

50 10 0 0 0 0.01 0 0 0 0 0 0 0 0 0

20 0 0.01 0.02 0.02 0 0.01 0.01 0.02 0 0.01 0.01 0.02 0.01

30 0.01 0.02 0.02 0.03 0 0.01 0.02 0.02 0 0.02 0.02 0.03 0.02

100 10 0 0 0 0 0 0 0 0 0 0 0 0 0

20 0 0 0.01 0.01 0 0 0 0.01 0 0 0 0 0

30 0 0.01 0.02 0.02 0 0 0.01 0.01 0 0 0 0 0

300 10 0 0 0 0 0 0 0 0 0 0 0 0 0

20 0 0 0 0 0 0 0 0 0 0 0 0 0

30 0 0 0 0 0 0 0 0 0 0 0 0 0

Table A.2: Fj,∞. Top panel: frequency of correct selection of s, 1
N

∑N
j=1 1s̃j=s, with test sequence at 5%

significance level; second from top panel: Mean Absolute Error (MAE), 1
N

∑N
j=1 |s̃j − s|; third from top

panel: MC size. Note that F0,∞ is undefined. N = 104 replications of DGP (6.1).
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Fj,1

Frequency of correct selection

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.31 1 1 1 0 0.19 0.95 0.98 0 0.05 0.58 0.97 0 0.07 0.36 0.76 0.99

20 1 1 1 1 0.22 0.98 0.97 0.97 0.06 0.96 0.98 0.98 0.09 0.82 0.98 0.98 0.98

30 1 1 1 1 0.94 0.97 0.97 0.97 0.58 0.98 0.98 0.97 0.45 0.98 0.98 0.98 0.98

20 10 1 1 1 1 0 0.27 0.99 0.99 0 0.01 0.38 0.94 0 0 0.12 0.48 1

20 1 1 1 1 0.36 0.99 0.98 0.98 0.01 0.96 0.99 0.99 0.01 0.68 0.99 0.99 0.99

30 1 1 1 1 0.99 0.98 0.98 0.98 0.50 0.99 0.98 0.98 0.26 0.99 0.99 0.99 0.99

50 10 1 1 1 1 0 0.02 0.94 1 0 0 0.01 0.34 0 0 0 0.01 1

20 1 1 1 1 0.08 1 0.99 0.99 0 0.62 1 1 0 0.09 0.72 0.97 1

30 1 1 1 1 0.99 0.99 0.99 0.99 0.10 1 1 1 0.01 0.90 1 1 1

100 10 1 1 1 1 0 0 0.40 1 0 0 0 0 0 0 0 0 1

20 1 1 1 1 0 1 1 1 0 0.01 0.75 1 0 0 0 0.07 1

30 1 1 1 1 0.88 1 1 1 0 0.94 1 1 0 0.04 0.66 0.96 1

300 10 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1

20 1 1 1 1 0 0 0.96 1 0 0 0 0 0 0 0 0 1

30 1 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 1

MAE

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 2.57 0 0 0 5.06 0.97 0.05 0.02 4.18 1.48 0.42 0.03 1.91 1.28 0.65 0.24 0.01

20 0 0 0 0 0.91 0.02 0.03 0.03 1.43 0.04 0.02 0.02 1.19 0.18 0.02 0.02 0.02

30 0 0 0 0 0.06 0.03 0.03 0.03 0.42 0.02 0.02 0.03 0.55 0.02 0.02 0.02 0.02

20 10 0 0 0 0 7.90 0.74 0.01 0.01 7.28 1.97 0.62 0.06 4.54 2.16 0.98 0.52 0

20 0 0 0 0 0.65 0.01 0.02 0.02 1.85 0.04 0.01 0.01 1.96 0.32 0.01 0.01 0.01

30 0 0 0 0 0.01 0.02 0.02 0.02 0.50 0.01 0.01 0.02 0.78 0.01 0.01 0.01 0.01

50 10 0 0 0 0 14.58 1.18 0.06 0 16.08 3.72 1.27 0.66 10.48 4.63 2.31 1.45 0

20 0 0 0 0 0.99 0 0.01 0.01 3.32 0.38 0 0 3.95 0.94 0.28 0.03 0

30 0 0 0 0 0.01 0.01 0.01 0.01 0.96 0 0 0 1.56 0.10 0 0 0

100 10 0 0 0 0 25.23 2.01 0.60 0 32.03 7.28 2.83 1.58 22.49 10.11 5.40 3.66 0

20 0 0 0 0 1.62 0 0 0 6.29 1.04 0.25 0 8.13 2.22 1.11 0.93 0

30 0 0 0 0 0.12 0 0 0 1.98 0.06 0 0 3.32 0.96 0.34 0.04 0

300 10 0 0 0 0 90.99 6.92 2.64 1.21 126.50 31.28 13.61 8.54 75 61.70 38.74 29.26 0

20 0 0 0 0 5.48 1 0.04 0 24.94 5.90 3.09 2.12 39.06 14.63 9.70 7.88 0

30 0 0 0 0 1.79 0 0 0 8.72 2.67 1.57 1 18.11 7.20 5.05 4.17 0

Empirical size

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0 0.01 0.02 0 0 0.01 0.01 0 0 0.01 0.01 0.01

20 0.01 0.02 0.03 0.03 0 0.01 0.02 0.02 0 0.01 0.02 0.02 0.02

30 0.02 0.03 0.03 0.03 0.01 0.02 0.02 0.03 0.01 0.02 0.02 0.02 0.02

20 10 0 0 0.01 0.01 0 0 0 0 0 0 0 0 0

20 0 0.01 0.02 0.02 0 0.01 0.01 0.01 0 0 0.01 0.01 0.01

30 0.01 0.02 0.02 0.02 0 0.01 0.01 0.02 0 0.01 0.01 0.01 0.01

50 10 0 0 0 0 0 0 0 0 0 0 0 0 0

20 0 0 0.01 0.01 0 0 0 0 0 0 0 0 0

30 0 0.01 0.01 0.01 0 0 0 0 0 0 0 0 0

100 10 0 0 0 0 0 0 0 0 0 0 0 0 0

20 0 0 0 0 0 0 0 0 0 0 0 0 0

30 0 0 0 0 0 0 0 0 0 0 0 0 0

300 10 0 0 0 0 0 0 0 0 0 0 0 0 0

20 0 0 0 0 0 0 0 0 0 0 0 0 0

30 0 0 0 0 0 0 0 0 0 0 0 0 0

Table A.3: Fj,1. Top panel: frequency of correct selection of s, 1
N

∑N
n=1 1s̃n=s, with test sequence at 5%

significance level; second from top panel: Mean Absolute Error (MAE), 1
N

∑N
j=1 |s̃j − s|; third from top

panel: MC size. Note that F0,1 is undefined. N = 104 replications of DGP (6.1).
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Hybrid with Fp,∞

Frequency of correct selection

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0.65 1 1 0 0.40 0.96 1 0 0.26 0.87 0.99 0.01 0.18 0.75 0.96 0.98

20 0.46 1 1 1 0.26 0.99 1 1 0.18 0.95 1 1 0.17 0.89 1 1 0.96

30 0.88 1 1 1 0.76 1 1 1 0.63 1 1 1 0.62 0.99 1 1 0.96

20 10 0 1 1 1 0 0.83 1 1 0 0.40 0.95 1 0 0.20 0.84 0.98 0.99

20 0.88 1 1 1 0.52 1 1 1 0.19 1 1 1 0.14 0.98 1 1 0.97

30 1 1 1 1 0.96 1 1 1 0.82 1 1 1 0.64 1 1 1 0.96

50 10 0.03 1 1 1 0 0.98 1 1 0 0.55 0.99 1 0 0.06 0.88 0.99 1

20 1 1 1 1 0.89 1 1 1 0.24 1 1 1 0.07 1 1 1 0.99

30 1 1 1 1 1 1 1 1 0.98 1 1 1 0.83 1 1 1 0.98

100 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

20 1 1 1 1 1 1 1 1 0.33 1 1 1 0.03 1 1 1 1

30 1 1 1 1 1 1 1 1 1 1 1 1 0.94 1 1 1 1

300 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

20 0 0.62 1 1 0 0 1 1 0 0 1 1 0 0 0.25 1 1

30 1 1 1 1 1 1 1 1 1 1 1 1 0.99 1 1 1 1

MAE

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 9.52 2.74 0.01 0 6.71 2.82 0.09 0 4.81 2.39 0.22 0.01 1.92 1.36 0.27 0.05 0.03

20 4.55 0 0 0 3.80 0.05 0 0 2.80 0.11 0 0 1.33 0.11 0 0 0.04

30 1.03 0 0 0 1.27 0 0 0 1.15 0 0 0 0.41 0.01 0 0 0.04

20 10 19.07 0.04 0 0 14.46 1.54 0 0 9.74 3.19 0.05 0 4.92 2.40 0.21 0.02 0.01

20 2.23 0 0 0 6.12 0 0 0 5.92 0.01 0 0 2.63 0.04 0 0 0.04

30 0.07 0 0 0 0.49 0 0 0 1.27 0 0 0 0.97 0 0 0 0.04

50 10 48.22 0 0 0 36.96 0.04 0 0 25 2.48 0.01 0 12 8.96 0.15 0.01 0

20 0 0 0 0 3.31 0 0 0 14.95 0 0 0 7.59 0 0 0 0.01

30 0 0 0 0 0 0 0 0 0.29 0 0 0 0.99 0 0 0 0.02

100 10 100 100 100 100 75 75 75 75 50 50 50 50 25 25 25 25 0

20 0 0 0 0 0.16 0 0 0 24.55 0 0 0 17.94 0 0 0 0

30 0 0 0 0 0 0 0 0 0.01 0 0 0 0.44 0 0 0 0

300 10 300 300 300 300 225 225 225 225 150 150 150 150 75 75 75 75 0

20 300 113.73 0 0 225 224.98 0 0 150 150 0 0 75 75 55.94 0 0

30 0 0 0 0 0 0 0 0 0 0 0 0 0.02 0 0 0 0

Table A.4: Hybrid with Fp,∞. Top panel: frequency of correct selection of s, 1
N

∑N
n=1 1ŝn=s; bottom

panel: Mean Absolute Error (MAE), 1
N

∑N
n=1 |ŝn − s|. N = 104 replications of DGP (6.1).
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Hybrid with Fp,1

Frequency of correct selection

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0.65 1 1 0.01 0.42 0.96 1 0.02 0.32 0.87 0.99 0.03 0.27 0.77 0.96 0.99

20 0.46 1 1 1 0.28 0.99 1 1 0.22 0.95 1 1 0.27 0.89 1 1 0.98

30 0.88 1 1 1 0.76 1 1 1 0.63 1 1 1 0.64 0.99 1 1 0.98

20 10 0.02 1 1 1 0 0.83 1 1 0 0.40 0.95 1 0.02 0.25 0.84 0.98 1

20 0.88 1 1 1 0.52 1 1 1 0.19 1 1 1 0.15 0.98 1 1 0.99

30 1 1 1 1 0.96 1 1 1 0.82 1 1 1 0.64 1 1 1 0.99

50 10 0.83 1 1 1 0 0.98 1 1 0 0.55 0.99 1 0.01 0.17 0.88 0.99 1

20 1 1 1 1 0.89 1 1 1 0.24 1 1 1 0.07 1 1 1 1

30 1 1 1 1 1 1 1 1 0.98 1 1 1 0.83 1 1 1 1

100 10 1 1 1 1 0 1 1 1 0 0.55 1 1 0.01 0.11 0.89 1 1

20 1 1 1 1 1 1 1 1 0.33 1 1 1 0.03 1 1 1 1

30 1 1 1 1 1 1 1 1 1 1 1 1 0.94 1 1 1 1

300 10 1 1 1 1 0.01 1 1 1 0 0.33 1 1 0 0.02 0.59 1 1

20 1 1 1 1 1 1 1 1 0.47 1 1 1 0.01 1 1 1 1

30 1 1 1 1 1 1 1 1 1 1 1 1 0.99 1 1 1 1

MAE

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 8.15 2.73 0.01 0 5.27 2.65 0.09 0 3.85 1.92 0.22 0.01 1.90 1.11 0.25 0.05 0.01

20 4.52 0 0 0 3.65 0.05 0 0 2.42 0.11 0 0 1.03 0.11 0 0 0.03

30 1.03 0 0 0 1.27 0 0 0 1.15 0 0 0 0.37 0.01 0 0 0.03

20 10 17.27 0.04 0 0 12.65 1.54 0 0 7.69 3.16 0.05 0 4.12 1.83 0.21 0.02 0

20 2.23 0 0 0 6.12 0 0 0 5.91 0.01 0 0 2.42 0.04 0 0 0.01

30 0.07 0 0 0 0.49 0 0 0 1.27 0 0 0 0.97 0 0 0 0.02

50 10 7.94 0 0 0 33 0.04 0 0 21.31 2.14 0.01 0 8.89 3.75 0.15 0.01 0

20 0 0 0 0 3.31 0 0 0 14.95 0 0 0 7.59 0 0 0 0

30 0 0 0 0 0 0 0 0 0.29 0 0 0 0.99 0 0 0 0

100 10 0 0 0 0 66.74 0 0 0 42.71 1 0 0 18.86 5.36 0.16 0 0

20 0 0 0 0 0.16 0 0 0 24.55 0 0 0 17.94 0 0 0 0

30 0 0 0 0 0 0 0 0 0.01 0 0 0 0.44 0 0 0 0

300 10 0 0 0 0 139.04 0 0 0 85.73 2.27 0 0 75 16.71 1.55 0 0

20 0 0 0 0 0 0 0 0 30.16 0 0 0 56.60 0 0 0 0

30 0 0 0 0 0 0 0 0 0 0 0 0 0.02 0 0 0 0

Table A.5: Hybrid with Fp,1. Top panel: frequency of correct selection of s, 1
N

∑N
n=1 1ŝn=s; bottom

panel: Mean Absolute Error (MAE), 1
N

∑N
n=1 |ŝn − s|. N = 104 replications of DGP (6.1).
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Johansen trace test on rank, asymptotic

Frequency of correct selection

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.51 1 1 1 0 0.26 0.90 0.95 0 0.10 0.60 0.93 0.03 0.18 0.52 0.84 0.85

20 1 1 1 1 0.21 0.95 0.94 0.94 0.06 0.88 0.95 0.94 0.10 0.70 0.93 0.93 0.91

30 1 1 1 1 0.84 0.95 0.95 0.95 0.40 0.95 0.95 0.94 0.31 0.93 0.94 0.94 0.92

20 10 0.99 1 1 1 0 0.46 0.95 0.95 0 0.07 0.63 0.92 0 0.11 0.53 0.81 0.64

20 1 1 1 1 0.39 0.95 0.95 0.95 0.03 0.89 0.94 0.94 0.03 0.71 0.91 0.91 0.85

30 1 1 1 1 0.95 0.95 0.95 0.95 0.39 0.95 0.94 0.94 0.23 0.93 0.93 0.93 0.89

50 10 1 1 1 1 0 0.42 0.95 0.93 0 0.03 0.67 0.86 0 0.09 0.54 0.52 0.06

20 1 1 1 1 0.33 0.95 0.94 0.94 0 0.89 0.92 0.90 0 0.72 0.82 0.80 0.55

30 1 1 1 1 0.95 0.95 0.95 0.94 0.30 0.94 0.93 0.92 0.16 0.90 0.88 0.87 0.75

100 10 1 1 1 1 0 0.40 0.94 0.92 0 0 0.71 0.69 0 0.07 0.24 0.07 0

20 1 1 1 1 0.29 0.95 0.94 0.93 0 0.89 0.87 0.84 0 0.72 0.60 0.52 0.08

30 1 1 1 1 0.96 0.95 0.94 0.94 0.15 0.93 0.89 0.88 0.08 0.81 0.74 0.71 0.36

MAE

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 3.60 0 0 0 5.92 0.99 0.10 0.06 4.44 1.65 0.41 0.08 1.75 1.13 0.49 0.17 0.18

20 0 0 0 0 1.17 0.06 0.06 0.06 2.01 0.12 0.06 0.06 1.37 0.31 0.08 0.08 0.11

30 0 0 0 0 0.17 0.05 0.06 0.06 0.65 0.06 0.06 0.06 0.79 0.07 0.07 0.07 0.08

20 10 0.09 0 0 0 10.87 0.56 0.05 0.05 8.30 1.88 0.38 0.09 4.17 1.65 0.51 0.22 0.47

20 0 0 0 0 0.65 0.05 0.06 0.06 2.47 0.12 0.06 0.07 2.31 0.30 0.10 0.11 0.17

30 0 0 0 0 0.06 0.06 0.06 0.06 0.65 0.06 0.07 0.07 0.96 0.08 0.08 0.09 0.12

50 10 0 0 0 0 22.30 0.61 0.05 0.07 18.50 2.41 0.34 0.17 8.52 1.91 0.56 0.67 2.20

20 0 0 0 0 0.72 0.05 0.06 0.07 3.55 0.12 0.10 0.11 3.67 0.30 0.21 0.25 0.61

30 0 0 0 0 0.05 0.06 0.06 0.06 0.78 0.07 0.08 0.09 1.20 0.12 0.14 0.15 0.31

100 10 0 0 0 0 38.26 0.62 0.06 0.09 34.89 3.31 0.31 0.39 16.26 2.25 1.31 2.08 6.01

20 0 0 0 0 0.77 0.05 0.07 0.08 5.34 0.12 0.15 0.19 5.89 0.32 0.53 0.65 1.97

30 0 0 0 0 0.04 0.06 0.07 0.07 1.05 0.08 0.12 0.14 1.54 0.22 0.32 0.36 0.96

Empirical size

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0.03 0.05 0.05 0 0.02 0.05 0.06 0 0.03 0.08 0.10 0.15

20 0.03 0.05 0.06 0.06 0.01 0.05 0.05 0.06 0.02 0.06 0.07 0.07 0.09

30 0.04 0.05 0.05 0.05 0.03 0.05 0.05 0.06 0.03 0.06 0.06 0.06 0.08

20 10 0 0.03 0.04 0.05 0 0.01 0.06 0.08 0 0.03 0.11 0.15 0.36

20 0.02 0.05 0.05 0.05 0 0.05 0.06 0.06 0.01 0.07 0.09 0.09 0.15

30 0.04 0.05 0.05 0.05 0.03 0.05 0.06 0.06 0.03 0.06 0.07 0.07 0.11

50 10 0 0.02 0.05 0.07 0 0 0.08 0.14 0 0.03 0.32 0.48 0.94

20 0.01 0.05 0.06 0.06 0 0.05 0.08 0.10 0 0.11 0.18 0.20 0.45

30 0.03 0.05 0.05 0.06 0.01 0.06 0.07 0.08 0.02 0.10 0.12 0.13 0.25

100 10 0 0.01 0.05 0.08 0 0 0.12 0.31 0 0.02 0.75 0.93 1

20 0 0.05 0.06 0.07 0 0.05 0.13 0.16 0 0.20 0.40 0.48 0.92

30 0.03 0.05 0.06 0.06 0 0.07 0.11 0.12 0.01 0.19 0.26 0.29 0.64

Table A.6: Johansen trace test on rank, asymptotic. Top panel: frequency of correct selection of s,

1
N

∑N
n=1 1s̃n=s, with test sequence at 5% significance level; second from top panel: Mean Absolute Error

(MAE), 1
N

∑N
j=1 |s̃j − s|; third from top panel: MC size. N = 104 replications of DGP (6.1).
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Johansen trace test on rank, Bartlett corrected

Frequency of correct selection

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.27 1 1 1 0 0.18 0.89 0.95 0 0.04 0.48 0.93 0 0.06 0.33 0.77 0.95

20 1 1 1 1 0.14 0.96 0.95 0.95 0.03 0.85 0.96 0.95 0.05 0.62 0.95 0.95 0.95

30 1 1 1 1 0.80 0.96 0.95 0.95 0.33 0.96 0.95 0.95 0.24 0.94 0.95 0.95 0.95

20 10 0.88 1 1 1 0 0.32 0.96 0.96 0 0.01 0.42 0.93 0 0.01 0.22 0.74 0.95

20 1 1 1 1 0.27 0.96 0.95 0.95 0.01 0.85 0.96 0.95 0 0.55 0.96 0.95 0.96

30 1 1 1 1 0.95 0.95 0.95 0.95 0.27 0.96 0.95 0.95 0.12 0.95 0.96 0.95 0.95

50 10 1 1 1 1 0 0.18 0.97 0.96 0 0 0.26 0.93 0 0 0.07 0.64 0.97

20 1 1 1 1 0.14 0.97 0.96 0.95 0 0.78 0.97 0.96 0 0.37 0.97 0.96 0.96

30 1 1 1 1 0.95 0.96 0.96 0.95 0.10 0.97 0.96 0.95 0.02 0.95 0.96 0.96 0.96

100 10 1 1 1 1 0 0.08 0.98 0.97 0 0 0.05 0.88 0 0 0 0.44 0.98

20 1 1 1 1 0.06 0.98 0.96 0.95 0 0.59 0.98 0.97 0 0.14 0.97 0.98 0.97

30 1 1 1 1 0.95 0.97 0.96 0.95 0.01 0.98 0.97 0.96 0 0.94 0.98 0.97 0.96

MAE

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 5.96 0 0 0 6.49 1.29 0.12 0.05 4.79 2.20 0.54 0.07 1.92 1.51 0.73 0.23 0.05

20 0 0 0 0 1.45 0.05 0.05 0.06 2.38 0.15 0.04 0.05 1.55 0.39 0.06 0.05 0.06

30 0 0 0 0 0.20 0.05 0.05 0.05 0.76 0.05 0.05 0.05 0.90 0.06 0.05 0.05 0.05

20 10 1.92 0 0 0 13.13 0.75 0.04 0.04 9.51 2.91 0.60 0.07 4.86 2.83 0.95 0.26 0.05

20 0 0 0 0 0.84 0.04 0.05 0.05 3.25 0.15 0.04 0.05 2.98 0.45 0.05 0.05 0.05

30 0 0 0 0 0.05 0.05 0.05 0.05 0.83 0.04 0.05 0.05 1.25 0.05 0.05 0.05 0.05

50 10 0 0 0 0 30.35 0.95 0.03 0.04 23.01 4.66 0.81 0.07 11.71 5.35 1.44 0.37 0.03

20 0 0 0 0 1.07 0.03 0.04 0.05 5.37 0.22 0.03 0.05 5.71 0.65 0.04 0.04 0.04

30 0 0 0 0 0.05 0.04 0.05 0.05 1.19 0.03 0.04 0.05 2 0.05 0.04 0.04 0.04

100 10 0 0 0 0 57.93 1.19 0.02 0.03 45.08 7.79 1.26 0.12 24.17 9.47 2.27 0.57 0.02

20 0 0 0 0 1.28 0.02 0.04 0.05 8.76 0.41 0.02 0.03 10.22 0.97 0.03 0.02 0.03

30 0 0 0 0 0.05 0.03 0.04 0.05 1.86 0.02 0.03 0.04 3.19 0.06 0.03 0.03 0.04

Empirical size

s = 0, a = s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a = s = p

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0 0.02 0.04 0.04 0 0 0.03 0.04 0 0 0.02 0.04 0.05

20 0.01 0.04 0.05 0.05 0 0.03 0.04 0.05 0.01 0.04 0.05 0.05 0.05

30 0.03 0.04 0.05 0.05 0.02 0.04 0.05 0.05 0.02 0.04 0.05 0.05 0.05

20 10 0 0.01 0.03 0.04 0 0 0.02 0.03 0 0 0.02 0.03 0.05

20 0.01 0.04 0.05 0.05 0 0.03 0.04 0.05 0 0.02 0.04 0.05 0.04

30 0.03 0.04 0.05 0.05 0.01 0.04 0.05 0.05 0.01 0.03 0.04 0.05 0.05

50 10 0 0 0.02 0.04 0 0 0 0.02 0 0 0 0.02 0.03

20 0 0.03 0.04 0.05 0 0.01 0.03 0.04 0 0.01 0.03 0.04 0.04

30 0.02 0.04 0.04 0.05 0 0.03 0.04 0.05 0 0.02 0.04 0.04 0.04

100 10 0 0 0.01 0.03 0 0 0 0.01 0 0 0 0 0.02

20 0 0.02 0.04 0.05 0 0 0.02 0.03 0 0 0.01 0.02 0.03

30 0.01 0.03 0.04 0.05 0 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04

Table A.7: Johansen trace test on rank, Bartlett corrected. Top panel: frequency of correct selection of

s, 1
N

∑N
n=1 1s̃n=s, with test sequence at 5% significance level; second from top panel: Mean Absolute Error

(MAE), 1
N

∑N
j=1 |s̃j − s|; third from top panel: MC size. N = 104 replications of DGP (6.1).

31



s = p, Onatski and Wang (2019) correction

T/p \ p 10 20 50 100 300

10 0.06 0.05 0.05 0.05 0.05

20 0.05 0.05 0.05 0.05 0.05

30 0.05 0.05 0.05 0.05 0.05

Table A.8: Empirical size of Johansen trace test on rank s = p, corrected as in Onatski and Wang (2019).

N = 104 replications of DGP (6.1).

32



C.2 Inference on ψ

For hypotheses tests on ψ, the estimation of the long-run variance matrix Ω22.1 was per-

formed using (5.3) (LRV-P), as well as the estimator in Andrews (1991) and Andrews and

Monahan (1992) with Parzen’s kernel (LRV-A). The latter calculations were performed

using the hac.m function in matlab, The MathWorks Inc. (2025); the bandwidth was

calculated for the first MC replication and it was kept fixed for the remaining ones. The

unfeasible solution LRV-U was computed substituting Ω22.1 with a−2Ir, the value in the

DGP.

Table A.9 reports the MC frequency of rejection under the two null hypotheses on ψ

introduced in the main text of the paper, a scalar hypothesis tested by means of a t-test

and an r-vector hypothesis assessed using a Wald Q test, over N = 104 replications of DGP

(6.1) at the 5% nominal significance level. The top panel reports results for the t-test of

the scalar hypothesis and the bottom panel for the Q test of the vector hypothesis.

The t-test is oversized in finite samples for all LRV estimators considered. The best

performance is observed for the unfeasible LRV-U variant. The MC test size approaches

the nominal level as a and T increase. Results for p = 10 and p = 20 are very similar.

Tests employing the LRV-P and LRV-A variants are more oversized; their size also becomes

closer to the nominal level for large T , especially so when a is large.

The Wald Q test is more pronouncedly oversized in finite samples than the correspond-

ing t-test for all LRV choices. The MC sizes tend to be closer to the nominal level as a

and T increase, though convergence is slower than for the t-test. Comparing values for

p = 10, 20, the MC sizes deteriorate when passing from p = 10 to 20, corresponding to an

increase in the number of scalar restrictions under test (i.e., the degrees of freedom of the

test).
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Table A.10 shows the results for the likelihood-ratio test on β of Johansen (1996) of the

hypothesis (ii) that the first column of ψ∗ equals 0, with or without the Bartlett correction

discussed in Johansen (2000). The empirical size of these benchmarks appears closer to the

nominal level than the one of the Q-test.

The need to estimate the LRV non-parametrically appears to be a critical factor in the

relatively worse performance of the Q-test with LRV-A, LRV-P with respect to the Q-test

with LRV-U and the Bartlett corrected LR tests in the VAR case. See Sun (2011, 2014),

Lazarus et al. (2021) and references therein for recent contributions on LRV estimation.
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Empirical size of t-test

LRV-U s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.13 0.11 0.09 0.09 0.19 0.17 0.13 0.12 0.30 0.31 0.24 0.21

20 0.09 0.07 0.07 0.06 0.15 0.10 0.09 0.09 0.26 0.14 0.12 0.11

30 0.08 0.06 0.06 0.06 0.10 0.08 0.07 0.07 0.17 0.11 0.10 0.09

60 0.06 0.06 0.06 0.05 0.07 0.07 0.07 0.07 0.09 0.08 0.07 0.07

90 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.08 0.07 0.07 0.07

20 10 0.13 0.10 0.09 0.08 0.22 0.19 0.14 0.13 0.32 0.35 0.26 0.22

20 0.08 0.07 0.06 0.06 0.16 0.11 0.10 0.09 0.27 0.14 0.13 0.12

30 0.07 0.07 0.06 0.06 0.10 0.08 0.08 0.08 0.16 0.11 0.10 0.09

60 0.06 0.06 0.06 0.06 0.08 0.07 0.07 0.07 0.09 0.07 0.07 0.07

90 0.06 0.06 0.06 0.06 0.07 0.06 0.06 0.06 0.08 0.07 0.06 0.06

LRV-P s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.38 0.24 0.16 0.13 0.40 0.34 0.25 0.21 0.49 0.51 0.44 0.38

20 0.31 0.15 0.10 0.08 0.39 0.21 0.15 0.12 0.50 0.30 0.22 0.18

30 0.26 0.12 0.09 0.07 0.32 0.16 0.11 0.10 0.43 0.23 0.16 0.14

60 0.20 0.10 0.07 0.06 0.23 0.12 0.09 0.08 0.28 0.14 0.11 0.10

90 0.17 0.08 0.06 0.06 0.18 0.09 0.07 0.06 0.22 0.11 0.09 0.08

20 10 0.35 0.21 0.15 0.13 0.34 0.35 0.27 0.23 0.37 0.51 0.46 0.42

20 0.27 0.13 0.10 0.09 0.39 0.21 0.16 0.14 0.48 0.30 0.23 0.21

30 0.23 0.12 0.09 0.08 0.30 0.16 0.12 0.10 0.40 0.22 0.17 0.15

60 0.17 0.09 0.07 0.06 0.21 0.11 0.09 0.08 0.24 0.13 0.10 0.09

90 0.15 0.08 0.07 0.06 0.17 0.09 0.08 0.07 0.20 0.11 0.09 0.08

LRV-A s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.40 0.26 0.17 0.12 0.51 0.39 0.26 0.17 0.60 0.53 0.37 0.28

20 0.27 0.15 0.11 0.08 0.39 0.22 0.15 0.11 0.62 0.35 0.23 0.15

30 0.20 0.12 0.09 0.07 0.29 0.16 0.12 0.08 0.46 0.24 0.16 0.11

60 0.13 0.09 0.08 0.06 0.18 0.11 0.09 0.07 0.25 0.14 0.11 0.08

90 0.10 0.08 0.06 0.05 0.12 0.08 0.07 0.06 0.18 0.11 0.09 0.07

20 10 0.39 0.23 0.15 0.10 0.47 0.42 0.27 0.18 0.53 0.62 0.47 0.30

20 0.24 0.13 0.10 0.07 0.43 0.24 0.17 0.11 0.58 0.35 0.23 0.15

30 0.17 0.11 0.09 0.07 0.31 0.17 0.12 0.09 0.48 0.25 0.17 0.12

60 0.11 0.08 0.07 0.06 0.18 0.12 0.09 0.07 0.24 0.14 0.10 0.08

90 0.09 0.07 0.07 0.06 0.14 0.09 0.08 0.06 0.18 0.11 0.09 0.07

Empirical size of Q-test

LRV-U s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.32 0.20 0.16 0.15 0.45 0.34 0.26 0.23 0.48 0.45 0.34 0.29

20 0.17 0.11 0.10 0.09 0.29 0.16 0.13 0.12 0.37 0.19 0.15 0.14

30 0.12 0.08 0.08 0.07 0.18 0.12 0.11 0.10 0.22 0.13 0.12 0.11

60 0.08 0.07 0.06 0.06 0.10 0.08 0.07 0.07 0.12 0.09 0.09 0.08

90 0.06 0.06 0.06 0.06 0.08 0.07 0.07 0.07 0.09 0.08 0.07 0.07

20 10 0.46 0.26 0.21 0.19 0.74 0.55 0.43 0.39 0.79 0.72 0.58 0.52

20 0.21 0.13 0.12 0.11 0.45 0.24 0.20 0.19 0.60 0.30 0.24 0.22

30 0.15 0.10 0.10 0.09 0.25 0.16 0.14 0.13 0.33 0.19 0.16 0.15

60 0.08 0.07 0.07 0.07 0.13 0.10 0.09 0.09 0.14 0.11 0.10 0.10

90 0.07 0.06 0.06 0.06 0.10 0.08 0.08 0.07 0.11 0.09 0.08 0.08

LRV-P s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.85 0.74 0.56 0.47 0.73 0.76 0.64 0.55 0.67 0.70 0.62 0.55

20 0.84 0.48 0.30 0.24 0.84 0.51 0.34 0.28 0.70 0.44 0.32 0.27

30 0.74 0.35 0.21 0.17 0.74 0.37 0.25 0.20 0.60 0.32 0.22 0.19

60 0.56 0.22 0.14 0.11 0.53 0.22 0.15 0.12 0.40 0.19 0.14 0.12

90 0.45 0.17 0.11 0.09 0.43 0.17 0.12 0.10 0.31 0.15 0.11 0.10

20 10 0.91 0.91 0.79 0.72 0.71 0.94 0.90 0.86 0.70 0.89 0.92 0.88

20 0.96 0.65 0.47 0.39 0.95 0.74 0.58 0.51 0.88 0.70 0.56 0.50

30 0.89 0.49 0.32 0.27 0.90 0.54 0.39 0.33 0.83 0.51 0.38 0.33

60 0.71 0.29 0.18 0.15 0.70 0.32 0.21 0.18 0.57 0.27 0.20 0.17

90 0.59 0.22 0.14 0.12 0.56 0.23 0.15 0.13 0.45 0.20 0.15 0.13

LRV-A s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.95 0.85 0.59 0.31 0.88 0.86 0.64 0.39 0.78 0.73 0.54 0.40

20 0.90 0.56 0.32 0.17 0.89 0.58 0.35 0.21 0.82 0.52 0.33 0.21

30 0.77 0.40 0.23 0.11 0.76 0.41 0.25 0.14 0.66 0.35 0.22 0.14

60 0.45 0.22 0.14 0.08 0.47 0.23 0.15 0.10 0.37 0.20 0.14 0.10

90 0.30 0.16 0.11 0.07 0.32 0.17 0.12 0.08 0.26 0.15 0.11 0.08

20 10 0.98 0.99 0.81 0.42 0.88 0.98 0.90 0.61 0.83 0.94 0.92 0.69

20 0.99 0.79 0.49 0.21 0.98 0.84 0.57 0.31 0.95 0.80 0.54 0.33

30 0.94 0.60 0.33 0.15 0.96 0.66 0.40 0.19 0.93 0.61 0.37 0.21

60 0.65 0.32 0.18 0.09 0.70 0.37 0.21 0.12 0.62 0.32 0.20 0.12

90 0.46 0.22 0.14 0.08 0.50 0.25 0.16 0.09 0.43 0.22 0.15 0.09

Table A.9: Frequency of rejection under the null of t and Q test on ψ over N = 104 replications of DGP

(6.1) at 5% significance level. LRV-U: Ω̂ equal to its true value, LRV-P: Ω̂ as in (5.3), LRV-A: Ω̂ as in

Andrews (1991) and Andrews and Monahan (1992).

35



Empirical size of Johansen test on β

Asymptotic s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.57 0.29 0.19 0.15 0.61 0.34 0.21 0.16 0.48 0.33 0.21 0.15

20 0.28 0.14 0.10 0.08 0.34 0.16 0.11 0.09 0.33 0.15 0.11 0.09

30 0.18 0.10 0.08 0.07 0.22 0.12 0.09 0.08 0.22 0.11 0.09 0.07

60 0.11 0.07 0.07 0.06 0.11 0.08 0.07 0.06 0.12 0.08 0.07 0.07

90 0.08 0.06 0.06 0.05 0.09 0.07 0.06 0.06 0.09 0.07 0.06 0.06

20 10 0.79 0.42 0.26 0.19 0.83 0.52 0.32 0.23 0.73 0.51 0.31 0.21

20 0.40 0.19 0.13 0.10 0.51 0.22 0.14 0.11 0.51 0.21 0.13 0.11

30 0.26 0.13 0.10 0.08 0.31 0.15 0.10 0.08 0.32 0.15 0.10 0.08

60 0.13 0.08 0.07 0.06 0.15 0.09 0.08 0.07 0.15 0.09 0.07 0.06

90 0.10 0.07 0.06 0.06 0.11 0.07 0.06 0.06 0.11 0.07 0.06 0.06

Bartlett corrected s = ⌈p/4⌉, a = s = ⌈p/2⌉, a = s = ⌈3p/4⌉, a =

p T/p 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1

10 10 0.30 0.15 0.11 0.09 0.31 0.16 0.10 0.08 0.29 0.18 0.11 0.08

20 0.14 0.09 0.07 0.06 0.16 0.08 0.06 0.06 0.18 0.08 0.06 0.06

30 0.10 0.07 0.06 0.06 0.10 0.07 0.06 0.06 0.11 0.06 0.05 0.05

60 0.07 0.06 0.06 0.05 0.07 0.06 0.05 0.05 0.07 0.06 0.06 0.05

90 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.05 0.05 0.05

20 10 0.48 0.21 0.14 0.11 0.49 0.23 0.14 0.10 0.43 0.25 0.14 0.10

20 0.20 0.11 0.09 0.07 0.23 0.10 0.07 0.06 0.25 0.09 0.07 0.06

30 0.14 0.08 0.07 0.06 0.13 0.08 0.06 0.06 0.14 0.07 0.06 0.06

60 0.08 0.06 0.05 0.05 0.08 0.06 0.05 0.05 0.07 0.06 0.05 0.05

90 0.07 0.06 0.06 0.05 0.06 0.06 0.05 0.05 0.06 0.05 0.05 0.05

Table A.10: Frequency of rejection under the null of Johansen test on β over N = 104 replications of

DGP (6.1) at 5% significance level. Top panel: asymptotic. Bottom panel: Bartlett corrected.
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D Empirical application

Data were downloaded from the Federal Reserve Economic Data (FRED) website:

https://fred.stlouisfed.org/.

Developed Markets (DM) and Emerging Markets (EM) are defined as in the MSCI 2024

Market Classification, available at:

https://www.msci.com/our-solutions/indexes/market-classification.

EM, Emerging Markets: Brazil (BZ), China (CH), India (IN), Malaysia (MA), Mexico

(MX), South Africa (SA), South Korea (SK), Taiwan (TA), Thailand (TH); DM, Developed

Markets are composed by EU, European countries: UK-SZ: United Kingdom (UK) and

Switzerland (SZ); Nc-EZ, Nordic and Eurozone: Denmark (DK), Eurozone (EZ), Norway

(NO), Sweden (SW) and Non-EU, non-European countries: Australia (AU), Canada (CA),

Hong Kong (HK), Japan (JP), Singapore (SG).

AU EZ UK BZ CA CH DK HK IN JP

β̂ 0.0194 1 -0.0091 0.0011 -0.0120 -0.0197 -1.0021 0.0165 -0.0124 0.0054

p-value < 0.01 0.029 0.503 0.039 < 0.01 < 0.01 0.555 0.080 0.058

SK MA MX NO SW SA SG SZ TA TH

β̂ 0.0019 0.0159 0.0045 0.0062 0.0017 -0.0040 -0.0405 -0.0008 0.0184 0.0004

p-value 0.568 < 0.01 0.054 0.014 0.629 0.105 < 0.01 0.793 < 0.01 0.9430

Table A.11: Estimate of the cointegrating vector in the WM system, normalized on the Eurozone.

The semiparametric results are compared with the high dimensional VAR analysis of

Onatski and Wang (2018) and Bykhovskaya and Gorin (2024) for inference on s, and with

the likelihood analysis of Johansen (1996) for inference on s and ψ.

The result on the presence of cointegration (s < p) among the of the 20 WM currencies

is further investigated using Wachter plots as in Onatski and Wang (2018) and Bykhovskaya
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and Gorin (2024), and the test of no cointegration of Bykhovskaya and Gorin (2024). For

a VAR(k), k = 1, 2, 3, 4, Figure A.2 displays eigenvalues and the Wachter distribution

under s = p and Table A.12 reports p-values of the Bykhovskaya and Gorin (2024) test

of no cointegration. Computations were performed in R with the package Largevars

documented in Bykhovskaya et al. (2025). The plots in Figure A.2 display eigenvalues to

the right of the support of the Wachter distribution, which is an indication of the presence

of cointegration, see Onatski and Wang (2018) and Bykhovskaya and Gorin (2024). This is

in line with the results of the test of no cointegration in Table A.12, which reports p-values

below 0.01.
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Figure A.2: Bykhovskaya and Gorin (2024) analysis of the 20 WM currencies. Eigenvalues (histogram)

and Wachter distribution (line) based on VAR(k), k = 1, 2, 3, 4.

For the group of Nc-EZ currencies, the semiparametric results are compared with those

based on the likelihood analysis of the Error Correction Model ∆Xt = αβ′Xt−1+Γ∆Xt−1+
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k 1 2 3 4

p-value < 0.01 < 0.01 < 0.01 < 0.01

Table A.12: Bykhovskaya and Gorin (2024) test for the null of no cointegration among the 20 WM

currencies based on VAR(k), k = 1, 2, 3, 4.

εt, with α, β ∈ Rp×r, see Johansen (1996). Table A.13 reports the VAR likelihood ratio test

on r and the QML estimate of β in Johansen (1996) (with no deterministic components).

The trace test strongly rejects r = 0, i.e. s = 4, and does not reject r ≤ 1, i.e. s ≥ 3,

hence implying the same conclusion as the semiparametric analysis of s = 3 stochastic

trends and r = 1 cointegrating relation in the Nc-EZ system. Moreover, the QML estimate

of β reported in the table is very similar to the semiparametric estimate in (7.1).

r s Trace test 5% critical value currency β̂ p-values

0 4 128.63 39.71 DK −1.015 < 0.01

≤ 1 ≥ 3 12.75 24.08 Euro 1

≤ 2 ≥ 2 3.63 12.21 NO 0.015 < 0.01

≤ 3 ≥ 1 0.22 4.14 SW 0.001 0.741

Table A.13: Likelihood based analysis of the 4 Nc-EZ currencies. Trace test and corresponding 5%

critical values and ML estimate of β with p-values, see Johansen (1996).
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