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Abstract

Let (M, J) be a compact complex manifold of complex dimension m and let gs be a one-parameter family
of Hermitian forms on M that are smooth and positive definite for each fixed s € (0, 1] and that somehow
degenerates to a Hermitian pseudometric h for s tending to 0. In this paper under rather general assump-
tions on gs we prove various spectral convergence type theorems for the family of Hodge-Kodaira Laplacians
Az 0.5 associated to gs and acting on the canonical bundle of M. In particular we show that, as s tends to
zero, the eigenvalues, the heat operators and the heat kernels corresponding to the family Aé,m,o,s converge
to the eigenvalues, the heat operator and the heat kernel of Az .., a suitable self-adjoint operator with
entirely discrete spectrum defined on the limit space (A, h|a). 7
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Introduction

Whenever we have a sequence of Riemannian manifolds {(M,,, g») }nen that somehow degenerate to a limit space
X it is a very interesting question to analyze the limit behavior of the spectral invariants, such as eigenvalues,
eigenvectors, traces and so on, associated to the sequence {(M,, gn)}nen. This and related topics have been
investigated in so many papers that even to report a representative sample of the literature is beyond the scope
of this introduction. Just to mention few relevant works we can recall [I], [10], [I1], [12], [13], [15], [24], [26],
[27], [28], [30] and [36]. An interesting branch of this circle of ideas is the one that deals with (real or complex)
algebraic varieties understood as the limit of a sequence of smooth algebraic varieties. In this kind of situation
the behavior of the eigenvalues of the Laplace-Beltrami operator have been investigated in various papers, see
for instance [I9] which is devoted to real algebraic and semi-algebraic sets, [25] which deals with a smooth family
of compact surfaces that degenerate to a surface with conical singularities and [37] which is concerned with a
one-parameter degenerating family of projective algebraic manifolds in CP™ over the unit disc. In this paper
we tackle a somewhat similar problem but rather than the Laplace-Beltrami operator we are interested in the
Hodge-Kodaira Laplacian acting on the sections of the canonical bundle. More precisely we are concerned with
the following setting: (M, J) is a compact complex manifold of complex dimension m endowed with a Hermitian
pseudometric h. We recall that a Hermitian pseudometric is nothing but a semipositive definite Hermitian



product strictly positive on an open and dense subset A C M. As explained in the final part of this paper
this is a rather general framework that encompasses for instance complex projective varieties endowed with the
Fubini-Study metric and more generally compact and irreducible Hermitian complex spaces. Consider now the
Dolbeault operator 9, o : Q™ (A) — QM1 (A) and let 5;70 : QeL(A) — QO0(A) be the formal adjoint of Dy, ¢ :

QmO0(A) — Qm1(A) with respect to h|4. Finally consider 5;)0 000 : QMO (A) — QMO (A), that is the Hodge-
Kodaira Laplacian with respect to h|4 acting on the canonical bundle of A. In [3] several results concerning
the L2-spectral theory of 5;’0 0 Om.o : QTO(A) — QmO(A) were proved. In particular, by only requiring that
(A, g|a) is parabolic with respect to some (and therefore all) Riemannian metric g on M, we showed that given
any closed extension 0,0 : L2Q™C(A, h|la) — L2Q™1(A,h|a) of Ompo : QMO(A) — Qm1(A) the operator
5;70 00 0 L2Q™O(A, hla) — L2Q™O(A, hl4) is a self-adjoint extension of 5;70 0 0m0 : QO(A) — QMO(A)
with entirely discrete spectrum, see [3] Th. 4.1. Now let us introduce the product manifold M x [0,1] and let
p: M x[0,1] = M be the natural projection. Let g5 be any measurable section of p*T* M @p*T*M — M x [0, 1]
such that

1. gs is a Hermitian metric on M for each s € (0, 1];

[\

- gslaxjon) € CF(Ax [0, 1], p T A @ p*T* A);

w

. gola = h|a;

N

. (A, g|a) is parabolic with respect to some Riemannian metric g on M;

Roughly speaking g, is a one-parameter family of Hermitian metrics on M that on A degenerates smoothly to
a Hermitian pseudometric h for s — 0. For each s € (0,1] let Az, o+ L*Q™°(M, g5) — L*Q™°(M, g;) be
the unique closed (and therefore self-adjoint) extension of the Hodge-Kodaira Laplacian, with respect to the
metric g,, acting on the canonical bundle of M. It is well known by elliptic theory on compact manifolds that
Ajmost L2Q™O(M, g5) — L*Q™9(M, g4) has entirely discrete spectrum, see e.g. [16]. We have finally all the

ingredients to formulate the first main question addressed by this paper:

Let s € (0,1] and let {\i(s)}xen be the eigenvalues of Az, o : L*Q™O(M,gs) — L*Q™°(M,gs). Under
what assumptions on g5 does Ai(s) — Ax(0) as s — 0, where {A\;(0)}ren are the eigenvalues of 5:%0 0 Wm0 ¢
L2Q™O(A, hla) — L2Q™O%(A, h|a) and 0,0 : L2Q™Y (A, h|a) — L*Q™1 (A, h|4) is a suitable closed extension
of O : QO(A) — Qm1(A)?

In the first main result of this paper we provide a positive answer to the above question by requiring in addition
that there exists a positive constant v such that %h < gs <wg; for each s € (0,1]. More precisely we have:

Theorem 0.1. Let g; be any measurable section of p*T*M @ p*T*M — M x [0,1] that satisfies the fourth
properties listed above. Assume moreover that there exists a positive constant v € R such that % < gs <vg; for
each s € (0,1]. Let

AF o 0.abs | L*Q™O(A, hla) — L*Q™ (A, h|a) (1)

=%

be the operator defined as Ag . o b = Oy 0,max © Om,0,max where

Om.0max : L2Q™ (A hla) — L*Q™ (A, h|a) (2)
is the mazimal extension of O o : QT0(A) — Q™1(A) and 5;)0,max s L2QM™ (A hla) — L2Q™O(A, h|4) is the
adjoint of . For each s € (0,1] let 0 < Ai(s) < Aa(s) < ... < Ag(s) < ... be the eigenvalues of

Ag,m707s . L2Qm’O(M, gs) N L2Qm’O(M, gs) (3)
and let 0 < A1(0) < A3(0) < ... < X\ (0) < ... be the eigenvalues of . Then

lim /\k(s) = /\k(O)

s—0
for each positive integer k.
Moreover let {sy tnen C (0,1] be any sequence such that s, — 0 asn — oo and let {n1(sn), n2(sn)s - -, Me(Sn)s -}
be any orthonormal basis of L*Q™Y(M, g5, ) made by eigenforms of with corresponding eigenvalues {\1(syn),



iy Me(Sn), ... . Then there exists a subsequence {z,} C {sn} and an orthonormal basis {n1(0),n2(0), ...,nx(0), ...}
of L*Q™C(A, h|4) made by eigenforms of with corresponding eigenvalues {A1(0), ..., A\g(0),...} such that

lim 7x(2n) = & (0)

n—oo
in L>Q™O(A, h|4) for each positive integer k.

Since we have the convergence of the eigenvalues it is natural to investigate if there is convergence of more
sophisticated “spectral objects”. This task is tackled in the second main result of this paper where the limit
behavior of the corresponding heat operators is studied. More precisely let e BB m0ans ; [2()M:0 (A, h|a) —
L2Q™O(A, h|4) and e *Bamos : L2QMO(M, g,) — L2Q™O9(M, g,) be the heat operators associated to (1)) and
, respectively. These are all trace-class operators. When s € (0, 1] it is again a classical result of elliptic theory
on compact manifolds whereas for e~ #A2.m.0.s it is proved in [3, Cor 4.2]. By the fact that L2Q™%(A4,h|4) =
L2Q™O(M, g,) for each s € (0,1], see (21)), we can look at e~ "m0 - L2Q™O(M, g,) — L2Q™O(M, g,) as a
family of trace-class operators acting on a fixed Hilbert space. It is therefore natural to investigate the limit
behavior of e tAamo.s : L2OMO(M, g,) — L2Q™O9(M, g,) with respect to the trace-class norm wondering in
particular if e™*

ABm.0.s converges to e tA%m0.avs . This is the goal of our second main result that indeed shows
that e t4a.m.0.s converges to e tABmo.abs as s — 0 with respect to the trace-class norm. More precisely

Theorem 0.2. Let ty € (0,00) be arbitrarily fived. Then

lim Sup Tr |€_tA5,m,0,s — e_tAg,rn,O,abs — O
520 ¢e(to,00)
tA tA

Equivalently e~ 2,m,0,abs q5 5 — (0 with respect to the trace-class norm and uniformly

on [tg,00).

9,m.,0.s converges to e

We stress on the fact that our results require neither assumptions on the dimension of M nor restrictions
on the curvature of g;. Moreover we do not need to impose any particular asymptotic to h near Z.
Now we continue this introduction by describing how the paper is sort out. The first section contains the
background material. In the second section we recall some results of functional analysis that play a key role
in the proof of Th. In particular we recall the notion of Mosco convergence, introduced originally in [32]
and later generalized in [28], as we found this machinery very suitable to prove Th. The third section is
devoted to the main results of this paper. Besides the proofs of Th. and Th. it contains further results
and applications. In particular a converge theorem for the heat kernels of the family e *28.m0.s to the heat
kernel of e~ tA8.m.0.abs is derived, see Th. and moreover some applications to the corresponding family of
zeta functions are given, see Th. [3:3] The fourth and last section contains some examples and applications.
Finally we conclude this introduction with the following remark. The reader may wonder why we are concerned
only with the Hodge-Kodaira Laplacian acting on the canonical bundle. Besides the well known importance
played by the canonical bundle in complex geometry there is another, more technical, reason. To our best
knowledge, without requiring restrictive condition either on the dimension of X or on sing(X), there are only
two cases where the Hodge-Kodaira Laplacian acting on the regular part of a compact Hermitian complex
space is known to have a self-adjoint extension with entirely discrete spectrum: the scalar case, first proved in
[29] and later generalized in [4], and the case of the canonical bundle [3]. This paper is devoted to the latter case.

Acknowledgements. This paper was mainly written while the author was a postdoc at the Mathematics
Department of the University of Padova. He wishes to thank that institution for financial support. Moreover
the author wishes to thank the anonymous referee for helpful comments.

1 Background material

This section is devoted to the background material. In the first part we recall some basic notions on closed
extensions of differential operators whereas the second part is concerned with some properties of Hermitian
metrics. Let (M,J,g) be a complex Hermitian manifold of real dimension 2m. As usual with A®*(M) we
denote the bundle of (a,b)-forms, that is A*(T1%*M) @ AY(T%*M) and by Q**(M), Q»*(M) we denote
respectively the space of sections, sections with compact support, of A%*(AM). On the bundle A%*(M) we
consider the Hermitian metric induced by g and we label it by g ,. With L?Q%"(M, g) we denote the space of
measurable (a, b)-forms 7 such that [, g= ;(n,1) dvol, < oo where dvol, is the volume form induced by g. This



is a Hilbert space whose inner product is given by

<777W>L252a,b(M’g) = /M g(’;’b(mw)dvolg

for any n,w € L?2Q**(M,g). The Dolbeault operator acting on (a,b)-forms is labeled by 0,5 : Q¥ (M) —
Qb+ M) while gt b QEPTL(M) — QP(M) denotes the formal adjoint of 9, : QP (M) — Q=0T (M) with

respect to g. We look at J, : L2Q® b(M g) — L*Q% b+1(M g) as an unbounded and densely defined operator
defined on Q2*(M) and we denote by 9 pmax / min : L2Q*P(M, g) — L2Q**T1(M, g) its maximal and minimal
closed extension, respectively. We recall that the maximal closed extension is defined in the distributional sense:

w € D(Ea b, max) and ga,b,maxw =1nc LQQa’b+1(M7 g) if <w75fz,b¢>L2Q“>b(M,g) = <nv ¢>LQQ"'11’+1(M,Q) for every
¢ € Q@PFTL(M). The minimal closed extension is defined as the graph closure of d,_, that is w € D(Dapmin) and
b minw = 1 € L2Q¥*TL(M, g) if there exists {¢x fren C Q2°(M) such that ¢ —> w and g p¢ — 1 as n — 0o in

a,b,max / min * L L2 (M, g) —
L2Q**(M, g), that is the maximal /minimal closed extension of (‘3a7b : Qb (M) — QP (M), respectively. It is
easy to check that 8a bmax / min = O that is 3, : L2Q@YL(M, g) — L?QP(M, g) is the adjoint
of O pmin : L2Q*P(M, g) — L2Q¥P+1(M, g) whereas 3a’b+1’min : L2Qab (M, g) — L2Q**(M, g) is the adjoint
of Oapmax : L2Q¥(M, g) — L*Q*YT1(M, g). Consider now the Hodge-Kodaira Laplacian

L2Q%Y(M, g) and L2Q%*+1(M, g), respectively. In analogous way we can define 2.

*

a,b,min / max> a,b,max

A5,(1,1) : Q?b(M) - Q?b( ) Aga b 8a,b—l o 80”1),1 + amb o (‘3a7b.

We recall the definition of two important self-adjoint extensions of Az , ;-

ga)b717max o 5zhbfLmin + 5;b,min © 5a7b,max : LZQ&’b(M? g) — LQQa,b(M’ g) (4)

and
5a,b—l,min o 5fz,b—l,max + 5Z,b,max o ga,b,min : LQQa’b(M7 g) =~ L2Qa’b(M7 9) (5)

called respectively the absolute and the relative extension. The operator , the absolute extension, is denoted
with Az, .. and its domain is defined as

D(Aé,a,b,abs) = {W € D(Ja,b,max) N D(aa b—1,min) : Db, maxt € D(aa b,min) and aa b—1,min®¥ € D(ga,bfl,maX)} .

The operator , the relative extension, is denoted with Az , . and its domain is defined as

D(Ag,a,b,rel) = {w € D(gtbb,miﬂ) N D(aa b—1, max) : 861 b,minW S D(aa b, max) and 8@ b—1, max®W € D(E%b—lﬂﬂiﬂ)} .

This concludes the first part of this introduction. For more details we refer to [B] and the reference therein.
Now we recall some background material concerning Hermitian metrics. These properties are certainly well
known to the experts. However it is not easy to find them in the literature. Therefore we preferred to write
them down believing that this could be helpful for the unfamiliar reader. The proof are omitted because they
lie on elementary arguments of linear algebra. Let (M, J) be a complex manifold of complex dimension m
and let g and h be Hermitian metrics on M. Then there exists F € C®°(M,End(TM)) such that h(-,-) =
g(F-,-). It is immediate to verify that F' and J commute. For any p € M consider F, : T,M — T,M and
Jp : TyM — T,M. As F, 0 J, = J, o F, every eigenspace of F}, is preserved by .J, and therefore it has even
dimension. This tells us that the eigenvalues of F), are given by {A1(p), A1(p), A2(p), A2(P), ...s Am (D), Am(p) }
with 0 < A\i(p) < Aa(p) < ... < An(p). Moreover if E, is an eigenspace of F}, : T,M — T,M of dimension 2k
then we can find & hnearly 1ndependent eigenvectors vy, ..., v € E,, such that the set {v1, Jv1,..., vk, Jpvr}
is a basis for E,. Let Fg € C*°(M,End(TM ® C)) be the C-linear endomorphism induced by F' on the
complexified tangent bundle. Then the eigenvalues of Fg , are still {\1(p), A1 (p), A2(p), A2(P), s Am (D), Am () }
with corresponding eigenspaces obtained by complexification of the eigenspaces of F}, : T,M — T, M. Consider
an arbitrary eigenspace E, of F,,. Then Ec, = E, ® C splits as Ec, = E([l:’f; @ E&; with Eé’_g = Tpl’OM N
Ec,, and E&; = T)'M N Ec,p. Moreover it is easy to check that both TH9M and T%'M are preserved

by Fc. If we define F(é’ = FC\T1 oy and F0 = Fg¢|roaps then, for any p € M, the eigenvalues of F
are {\1(p), A2(p), s Am—1(P), Am(p)} with eigenspaces given by the (1,0)-part of the complexification of the
corresponding eigenspaces of Fj,. In particular if E, is any eigenspace of F), of real dimension 2k with a



basis of eigenvectors given by {vi, Jpv1, ..., vk, JpUr} then El’O becomes a complex k-dimensional eigenspace

of Fé 0 with a basis of eigenvectors given by {vi — iJpv1, .. — iJpui}. Analogously the eigenvalues of F’ 0 1

are {A1(p), A2(p), e Am—1(p), Am(p)} with eigenspaces glven by the (0, 1)-part of the complexification of the
corresponding eigenspaces of F,. In particular if E, is any eigenspace of F}, of real dimension 2k with a basis
of eigenvectors given by {v1, Jpv1, ..., v, Jpv} then E becomeb a complex k-dimensional eigenspace of FO
with a basis of eigenvectors given by {vy + iJpv1, ..., vk + iJpur}. As a first consequence we can deduce that

det(F,) = det(Fe,,) = det(Fg) det(Fg,) = (det(Fgp))? = (det(Fg))?.

Let now g* and h* be the Hermitian metrics induced by g and h on T*M, respectively. It is easy to ver-
ify that h*(-,-) = g*((F~1)%,-) where (F~1)! is the transpose of F~!, that is the endomorphism of T*M
induced by F~1. Let us define G € C®°(M,End(T*M)) as G := (F~!)!. Then the eigenvalues of G, are

{ )\ll(p), )\ll(p) PR v (p), - } Likewise the case of the tangent bundle, with self-explanatory notation, we in-

troduce G, Géo and G%l acting on T*M ® C, TH%*M and T°'*M, respectively. The eigenvalues of both
1,0 0,1 1 1 1 ;

G¢, and G, are {Al(p)’ NG M) )\m(p)}. In particular we have

det(Gg)) = (det(Fgp)) ™" and det(G¢ ) = (det(Fg,)) ™"

Let us now label with gc and h¢ the Hermitian metrics on TM ® C induced by g and h, respectively. We recall
that for any p € M, u,v € T,M and o, 3 € C we have gc(u ® a,v ® B) = afg(u,v) and hc(u ® a,v @ ) =
aBh(u,v). Let hf, h . g¢ and gj , be the Hermitian metrics on 7"M ® C and A%*(M) induced by h¢
and gc, respectively. It is easy to verify that A}, = hi o ® hiy, ga, = gao @ g5, and that b o(-,-) =
9o o(GE® ), by () = g5 o (GEP, ), By () = g2y (GE° ® G-, ) where GE° € C°°(M, End(A%*(M))) and
Gfé’o € C°(M,End(A“°(M))) are the endomorphisms induced in the natural way by G%l and G}C’O, respectively.
Let w € Q%*(M). Then for the L%-inner product we have

(W, w) L2005 (a,1) :/ hab(w,w)dvolh:/ 906 G(C w,w)y/det(F) dvol, </ |G%b
M M

where |G 95, : M — R is the function that assigns to each p € M the pointwise operator norm of G(%l; :
AP (M) — A0 b( ) with respect to gg ,, that is

s Go.p(w, w)y/det(F) dvol,

" 0,b 0,b
|G0b go,b(Gc v, Gg™v)

(6)

)= sup ;
0£veAd’ (M) 9o,V )

g5,V det(F) € L>(M) then we have
(W, w) L2qo0b(ar,n) = /M hg.p(w,w) dvoly, z/ 90,6 G(C w,w)+/det(F) dvol, </ |G<c lg.,90,6(w, w)/det(F) dvoly <
s,V det(F)|| oo (ar) /M 9o p(w,w) dvoly = |HG%b s,V Aet(F)]| oo (ar) (W, w) 20,6 (0r,g) -

Consider now the case (m,0). Let £,y € Q™%(M). Then we have

In particular, if |G0 b

0,b
G

(€% L2amoatm) = / B o€ x) dvol, = /Mg;*n,()(det(Gé“)g,x>\/det(F> dvol, = (7
/M g;kn,O(fv X) dvol, = (&, X>L29m‘0(M,g)-

Hence we can conclude that we have an equality of Hilbert spaces L2Q™%(M,h) = L?Q™"(M,g). Finally
consider a form v € Q™*(M) with b > 0. Then for the L2-inner product we have

(W, V) L2amoarn) = / P (¥, ) dvol, = / T p(GE @ GE4,4p)/det(F) dvol, = (8)
/ 95 (det(GE") @ GE 0, 1) /det(F) dvol, / 9 (A @G, 1) dvoly =
M

/ 00 ® 65,14 ®GLY, ) dvol, < / G
M M

G0 ® G5, ) dvoly = /M (G2 gty (10, 16) dvol,



Thus we can conclude that whenever |G?C’b

gi, € L(M), then

b
(W, ) p2amorn < |I|GE a5 1Lee () (V5 ) L2gmas (01, 9) 9)
whereas if g(’)*,b(G?C’b.7 *) > ¢gg 4 (+,+) for some positive ¢ € R, then gy, o ® g ,,(Id ®G%bz/),¢) > G0 @ 9o (10, 10)
and therefore

<wvw>LQvab(M,h) > C<7vzja7vb>LZQm=b(M,g)' (10)

2 Functional analytic prerequisites

In this section we recall briefly some functional analytic tools that will be used later on. All the material is
taken from [28]. We refer to it for an in-depth treatment.

Let {H, }nen be a sequence of infinite dimensional separable complex Hilbert spaces. Let H be another infinite
dimensional separable complex Hilbert space. Let us label by (-, yg, |||z, (-, ) and ||-|| g the corresponding
inner products and norms. Let C C H be a dense subset. Assume that for every n € N there exists a linear
map @, : C — H,. We will say that H, converges to H as n — oo if and only if

lim || ®,ullm, = [lullg (11)
n—o0
for any u € C.

Assumption: In the next definitions and propositions we will always assume that the sequence {H,}nen
converges to H.

Definition 2.1. Let u € H and let {u, }nen be a sequence such that u,, € H, for each n € N. We say that u,
strongly converges to u as n — oo if there exists a net {vg}gep C C tending to u in H such that

lim lim sup || @, v — up|lm, =0 (12)
B n—oo

We note that for any arbitrarily fixed u € C the sequence {®,u},cn strongly converges to u. This is an
immediate consequence of and Def.

Definition 2.2. Let u € H and let {u, }nen be a sequence such that u,, € H, for each n € N. We say that u,
weakly converges to u as n — oo if

for any w € H and any sequence {wy, }nen, Wy € Hy, strongly convergent to w.

Proposition 2.1. Let {uy}nen be a sequence such that u, € H, for each n € N. Assume that there exists
a positive real number ¢ such that |uy| g, < ¢ for every n € N. Then there exists a subsequence {tm tmen C
{tn}nen, Um € Hy,, weakly convergent to some element u € H.

Proof. See [28] Lemma 2.2. O

Proposition 2.2. Let {uy, }nen, un € Hyp, be a sequence weakly convergent to some element u € H. Then there
exists a positive real number £ such that

sup |[un|lm, < ¢ and llul| g < liminf ||un| g, - (14)
neN n—o0

Moreover {up }nen converges strongly to w if and only if

lm |||

Jim. m, = ||lullx-

Proof. See [28] Lemma 2.3. O

We have now the following remark. Consider the case of a constant sequence of infinite dimensional separable
complex Hilbert spaces {H,, }nen, that is for each n € N H, = H, C = H and ®,, : C — H,, is nothing but the
identity Id : H — H. Then Def. 23] and Def. [2.2] coincide with ordinary notions of convergence in H and weak



convergence in H. Indeed let {v,} C H be a sequence converging to some v € H. Then by taking any constant
net {vg}gep C H, vg :=v as a net in H converging to v we have

lim lim sup || ®,,v5 — vy ||, = limsup ||v — v, ||z = 0.
[3 n— oo n—oo

Therefore v, — v strongly in the sense of Def. Conversely let us assume that for some net {vg}gep C H
tending to v in H we have
limlim sup ||®,v3 — vy | &, = 0.
B n—oco

Given any 8 € B we have ||[v — v,||g < ||v — vgllg + ||vg — vn| a. Therefore for every g € B
limsup [|v = vn | g < [[v = vgllm + limsup s — vnll&
n—oo n—oo

and finally
limsup [|v — vp ||z < lim ||v — vg| g + limlimsup ||vg — vu|| g = 0.
n—o0 B B n—oo

Therefore v,, — v in H and thus we showed that Def. coincides with ordinary notion of convergence in H.
Clearly this in turn implies immediately that Def. coincides with the standard definition of weak convergence
in H.

We recall now that a quadratic form over a complex Hilbert space H is a sesquilinear form @ : D(Q)xD(Q) —
C, where D(Q) C H is a (not necessarily) dense linear subspace. Any quadratic form @ in this paper is assumed
to be nonnegative and Hermitian, i.e., u — Q(u,v) is linear for any fixed v € D(Q), Q(u,v) = Q(v,u), and
Q(u,u) > 0 for any u,v € D(Q). Clearly Qg (u,v) := (u,v)g + Q(u,v), u,v € D(Q) becomes an inner product
on D(Q). The form @ is said to be closed if and only if (D(Q), Qp) is a Hilbert space. Finally let us introduce
R :=RU {00} and the functional Q : H — R defined by

=iy _ ) Qu,u) ueDQ)
Q(“)—{oo we H\D(Q)

The next definition, which is taken from [28], extends to the case of a sequence of Hilbert spaces the notion
of Mosco-convergence, originally formulated in [32] in the setting of a fixed Hilbert space.

Definition 2.3. Consider a sequence of closed quadratic forms {Qp }nen such that D(Qy) C Hy, for anyn € N.
Let Q be a closed quadratic form on H. We say that {Qn}nen Mosco-converges to Q if:

1. for each sequence {un}nen, un € Hy, weakly convergent to some u € H we have

Q(u) < liminf Q,, (u, u)

n—oo

2. for each u € H there exists a sequence {up }nen, un € Hy, strongly convergent to u such that

Q(u) = lim Q, (u).

n—oo

Definition 2.4. Consider a sequence of closed quadratic forms {Qn }nen such that D(Q.,,) C Hy, for eachn € N.
The sequence is said to be asymptotically compact if for any sequence {uy, }nen with u, € H, and

limsup(||un||Hn +@n(u)) < 0

n—oo
there exists a subsequence {Um tmen, Um € Hpy,, that converges strongly to some u € H.

Definition 2.5. Consider a sequence of closed quadratic forms {Qn }nen such that D(Q.,,) C Hy, for eachn € N.
Let Q be a closed quadratic form on H. We say that {Qy }nen compactly converges to Q if:

1. {Qu}nen Mosco-converges to Q,

2. {Qn}nen is asymptotically compact.



Consider now an unbounded, non-negative and densely defined self-adjoint operator A : H — H. Let Q4
be the closed quadratic form associated to A. For the general construction we refer to [31] pag. 377. Here we
only recall that if A = B* o B with D(A) = {u € D(B) such that Bu € D(B*)}, where B: H — K is a closed
and densely defined operator acting between H and another separable Hilbert space K and B* : K — H is its
adjoint, then D(Q4) = D(B) and Qa(u,v) = (Bu, Bv)k for any u,v € D(Q4). We have now the following
important result.

Theorem 2.1. Let { A, }nen be a sequence of unbounded, non-negative and densely defined self-adjoint operators
A, : H, - H, Let A: H— H be an unbounded, non-negative and densely defined self-adjoint operator.
Assume that

o A, : H, — H, has entirely discrete spectrum for each n € N,

e the sequence of closed quadratic form {Qa, }nen compactly converges to Q4.
Then we have the following properties:

1. A: H — H has entirely discrete spectrum.

2. Let 0 < A1(n) < A2(n) < ... < \g(n) < ... be the eigenvalues of A, : Hy, — Hy,. Let 0 < Ap < A < ... <
A < ... be the eigenvalues of A: H — H. Then

lim /\k(n) = /\k-

n—oo

3. For eachn € N let {u1(n),uz(n), ..., ux(n),...} be any orthonormal basis of H, made by eigenvectors of A,
with corresponding eigenvalues {A1(n), Aa(n), ..., \x(n),...}. Then there exists a subsequence {Hp tmen of
{H,}nen and an orthonormal basis of H, {uy,us, ..., uk, ...}, made by eigenvectors of A with corresponding
eigenvalues {1, Aa, ..., Ak, ...} such that {ug(m)}men strongly converges to uy for any k =1,2,... .

Proof. The first property is proved in [28] Cor. 2.4. The other properties are proved in [2§] Cor. 2.5. O

3 Spectral convergence for degenerating Hermitian metrics

This section contains the main results of this paper. We start by introducing the setting and the notation. Let
(M, J) be a compact complex manifold of complex dimension m. Let p : M x [0,1] — M be the canonical
projection, let gs be a measurable section of p*T*M ® p*T*M — M x [0,1] and let h be a smooth, positive
semidefinite Hermitian product on M strictly positive on A, with A C M open and dense. We make the
following assumptions on gs, h and A:

—_

- gslaxjo) € CF(Ax [0,1], p T* A @ p*T* A);

[\

. gola = h|a;

3. For each fixed s € (0,1], g5 is a smooth Hermitian metric on M;

N

. (A, g1|a) is parabolic;

5. There exists a positive constant v such that on M we have
1
—h<gs <vgq
v

for each s € (0,1].

We recall that a Riemannian manifold (N, g) is said to be parabolic if there exists a sequence of Lipschitz
functions with compact support {¢}ren C Lip.(N) such that a) 0 < ¢, < 1, b) ¢, — 1 pointwise a.e. as
k — oo and c) [[dmin®k| 2201 (N,g) — 0 as & — oo. We refer to [6] and the references therein for more on this
topic. Moreover we recall that two Riemannian metrics g; and g, on a manifold M are said quasi-isometric if
c g1 < go < cgi for some positive constant c.

Roughly speaking g, is a one-parameter family of Hermitian metrics on M that on A degenerates smoothly to
a Hermitian pseudometric h for s — 0 (plus some global control required in the fifth point above). Note that
however g, viewed as a section of p*T*M @p*T*M — M x [0, 1], is allowed to be discontinuous at (M \ A) x {0}.



In particular gs|(ap 4) might not converge to h|an 4y as s — 0. As recalled in the introduction, a Hermitian
pseudometric on M is a positive semidefinite Hermitian product on M strictly positive over an open and dense
subset. The degeneracy locus of h is the smallest closed subset Z C M such that h is positive definite over
M\ Z. Obviously Z ¢ M \ A. Clearly (A, h|4) becomes an incomplete complex manifold of finite volume.
Moreover, as parabolicity is a stable property through quasi-isometries, we known that (A, g|4) is parabolic
with respect to any Riemannian metric g on M. In particular (A, gs|4) is parabolic for any s € (0, 1]. For each
s € (0,1] let us label by

Agmos : DPUM, go) = L2Q™0(M, g,) (15)
the unique closed (and therefore self-adjoint) extension of Az, : QmO(M) — Q™O(M), where the latter
operator is the Hodge-Kodaira Laplacian built with respect to the Hermitian metric g; and acting on the smooth
sections of the canonical bundle of M. For s = 0 let us consider

DG mo.ans - L2Q™O(A, hla) — L2Q™(A, hla) (16)

*

which is defined as A57m707abs =0 o gm,O,max where

m,0,max
gm,o,max : LZQm’O(A, h|A) — LQQmJ(A7 hlA) (17)

is the maximal extension of 0y, o : Q70(A) — Q71(A),

T n0.max + L2 (A, hla) — LPQ™O(A, b a) (18)

is the adjoint of and the domain of A5 . . is

—k

D(Ag,m,o,abs) = {UJ € D(Eﬁl»omﬂax) SU‘Ch that gm,o,maxw € D(am,o,max)}'

Thanks to [3] Th. 4.1 we know that has entirely discrete spectrum. We have now all the ingredients to
state the main result of this section.

Theorem 3.1. In the setting describe above. Let 0 < A1(s) < Aa(s) < ... < Ag(s) < ... be the eigenvalues of
and let 0 < A1(0) < A2(0) < ... < Ag(0) < ... be the eigenvalues of (16]). Then

lim Ar(s) = A (0) (19)

for each positive integer k. Moreover let {s,} be any positive sequence such that s, — 0 as n — oo and
let {m(sn),m2(50)s. <y Mk(8n),...} be any orthonormal basis of L?>Q™°(M,gs ) made by eigenforms of
with corresponding eigenvalues {A1(spn)s ..., \e(Sn),...}. Then there exists a subsequence {z,} C {s,} and an
orthonormal basis {n1(0),1m2(0), ...,k (0), ...} of L?Q™O (A, h|4) made by eigenforms of with corresponding
eigenvalues {\1(0), ..., \g(0), ...} such that

lim 7x(2n) = & (0) (20)

n—oo
in L2Q™O(A, h|a) for each positive integer k.

Some remarks to the above statement are in order. More precisely we have to explain why ni(z,) €
L2Q™9(A, h|4) so that the convergence in L?Q™%(A, h|4), as required in (20)), makes sense. First of all we
point out that, as (A, g|4) is parabolic with respect to any Riemannian metric g on M, we can use Th. 3.4 and
Prop 3.1 in [35] to conclude that M \ A has measure zero. Thus we have an equality of Hilbert spaces

L*Q"™O(M, g5) = L*Q™°(A, gs|a)
for any s € (0, 1]. Moreover, thanks to , we know that there is an equality of Hilbert spaces
L*Q™O(A, gs|a) = L*Q™° (A, hla)
for any s € [0, 1]. Therefore, joining together these equalities, we have
L*Q™O(M, gs) = L*Q"™°(A, gs|a) = L*Q™(A, h|a) (21)

for any s € (0,1]. Thus is well posed. In order to prove Th. we want to apply Th. First we
need to establish some preliminary properties. Let Fs be a section of p*End(TM) — M x [0,1] such that
91(Fs-,-) = gs(-,-) for each s € (0,1] and g1(Fo-,-) = h(-,-). Clearly Fi|sx[0,1] € C*(A x [0,1],p*End(TA)),
Fy = 1d and F; is positive definite on M for each fixed s € (0,1]. We have the following uniform family of
continuous inclusions.



Proposition 3.1. The identity Id : QY (M) — QmY(M) induces a continuous inclusion i : L*Q™1(M, g5) <
L2Q™Y (M, g,) such that

@l 20m(ar,g0) < VNl F20ma (a6, (22)
for any s € (0,1] and w € L2Q™(M, g5).

Proof. By the assumptions we know that g5 < vg; for any s € (0,1]. Therefore, arguing as in [7, Prop. 1.8],
we obtain immediately that vg* > g5 for any s € (0,1] where ¢g* and g7 are the metrics induced by gs and ¢;
on T* M, respectively. From the latter inequality we can deduce easily the analogous inequality for the induced
Hermitian metrics on T%1* M, that is vgk, | > g1 o, for any s € (0,1]. As g5 = g1(Fs-,-) the latter inequality
can be reformulated by saying that on T%1*M we have Vgioyl(GS:é, ) > gi01(,-) for any s € (0,1]. In this
way, given any w € Q™!(M) and s € (0,1], by we have

Hw||%29m,1(M’gs) = /M 95 ma(w,w)dvoly, = /M gim’l(det(Gig Gy Cw w)+/det(Fy) dvoly, =
/ 91 ma(Id ®G2,’<1CW>W) dvolg, :/ 91 om0 @91 0.1(1d ®G2:(1Cw,w)dvolgl >
M M
1 * dvol, = 1 2
" ;gl,m,l(waw) VOlg, = ;||w||L2va1(M,gl)' (23)
In conclusion we have shown that given any s € (0,1] and w € Q™! (M) we have
HWHisz,l(M,gl) > V||W||L2Qm A(M,gs)"
Now follow immediately. O

We have also the following family of uniform continuous inclusions.

Proposition 3.2. The identity Id : Q71 (A) — Q™ 1(A) induces a continuous inclusion i : L>Q"™ (A, h|s) <
L2Q™Y(A, gs|a) such that for any w € L2Q™Y(A, h|4) and any s € (0,1] the following inequality holds true

Wl F20m1(a,6,10) < VWl F20ma(an)a) (24)

Proof. By the assumptions we know that h < vg; for any s € (0, 1]. Therefore, arguing as in the proof of Prop.
we obtain immediately that over A we have vh* > g* for any s € (0, 1] with h* and g* the metrics induced by
h and g5 on T™* A, respectively. As before we get immediately the analogous inequality for the induced Hermitian
metrics on T%* A, that is vh, > g&o, for any s € (0,1]. As g(-,-) = g1(Fs+,-) and h( ) = g1(Fp-,-), the
latter inequality amounts to saying that on T%1* A we have Vgio,l(Go ch) =910, 1(GS ‘¢ ) for any s € (0, 1].
Let now w € Q™!(A) and s € (0,1]. Using (8) we have

s scanin = [ GFmatens) dvoly, = [ 971(det(GLR) © Gk w) VAGR(Fr) dvoly, =

[ im0 6G ) dvoly, = [ 470 © 5101106 G ) dvoly, <0 [ 0 © 0702 (4 9G] L) dvoly, =
z//AgiWO ®gi071(det(Gé:g) ®Gg:}cw,w)\/det(Fo)dvolg1 = 1//Agf,m71(det(G(1J ch w)+/det(Fp) dvoly, =

v [ Biaos) ol = vlelagms a (25)

In conclusion we showed that for any s € (0,1] and w € Q™1(A) we have

HWH%ZQ"IJ(A,gSM) < V”w”zL?Qm’l(A,h\A)
as desired. 0
Proposition 3.3. Let {sy, }nen C (0,1] be any sequence such that s,, — 0 as n — co. Then:

1. Consider the sequence of Hilbert spaces {L*Q™°(A, gs. |a)}nen. Consider L2Q™O(A h|a), let C =
L2Q™O(A hla) and for anyn € N, let ®,, : C — L*Q™C(A, g4, |a) be the identity map, that is ®,(n) = n,
which is well defined thanks to (7). Then {L*Q™°(A, g, |a)}nen converges to L*Q™ (A, h|4) in the sense

of .
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2. Consider the sequence of Hilbert spaces {L*Q™1(A,gs, |a)}tnen. Consider L*Q™(A,h|a), let C =
L2Q™ (A hla) and for anyn €N, let ®,, : C — L*Q™1(A, g, |a) be the identity map, that is ®,(w) = w,
which is well defined thanks to Prop. . Then {L*Q™Y(A, gs, |a) }nen converges to L*Q™ (A, h|a) in
the sense of .

Proof. The first statement is obvious and follows by the fact that we have an equality of Hilbert spaces
L2Q™O(A, g, |a) = L2Q™O(A, h|a), for any n € N, see Now we tackle the second statement. As remarked
in the previous proof on A we have vg7 o 1(Go<1c 1) > 9o, 1(G§ ¢ ) for any s € (0,1] which clearly in turn im-

plies that vgj ,, o ® g7 o, 1(Id®G’O(C ;) > g% mo®9101(1d®Gs<c ,+) for any s € (0,1]. Let w € L2Q™(A, h|a).

Thanks to Prop. - we know that w € ngm 1(A, gs|a) for any s € (0,1] and for the corresponding L?-norm
we have

ol Zoqm1 (a,g,1.4) = /Ag:,m,l(wﬂw)dVOIQS = / 91 m1(det(Ge) ® G ew, w)y/det(Fy) dvoly, = (26)
/ 91,ma(1d ®GO ‘cw, w) dvolg, = / 91m0 ® 9101(1d ®GO ‘cw; w) dvoly, .

Moreover we have seen above that vgj ,, o ® g7 ¢ 1(Id ®G8’(1C', ) 2 91 mo ® 970.(1d ®G2’é~, -) for any s € (0,1]
and

/ 91 1m0 @ g10,1(1d ®G8:(1Cw, w) dvolg, < oo
A

as
0,
/Agim,o ® g7 0,1(1d ®G07(%jwvw) dvoly, = /Ah:z,l(wvw) dvol, = ||w||%2§2"”v1(A,h|A)

see (25). Furthermore it is clear that g7, 0 ® g1 ,0.1(1d ®G2’éw,w) = 9lmo ® gi01(1d ®G82(1Cw,w) pointwise

almost everywhere in A as s — 0 since G C € C°° (A x [0,1],p*End(T%1* A). So we are in position to apply
the Lebesgue dominate convergence theorem in and we obtain

11_r>r(1) ||W||%2Qm,.1(A’gS|A) = lim gsm 1(w,w) dvoly, = hm/ 91 mal det(Gig ® GYL ‘ow,w)/det(Fy) dvoly, =

s—0

/Ashm 1m0 ® 97 0.1(1d ®Gs cw,w) dvoly, = /A!ff,m,o ® g7 0,1 (1d ®G0:Cw,w) dvolg, = HUJH%?QMJ(A,MA)'
In conclusion we have shown that for any w € L2Q"™ (A, h|4) the following equality holds true:

lim (@, w) L2am.1(4,9.14) = (W, W) L20m:1 (4, k| )-

This completes the proof as the second statement of this proposition is a straightforward consequence of the
above equality. 0

We have the following immediate consequence:

Corollary 3.1. Let w € L*Q™Y(A,h|a) be arbitrarily fized. Then the constant sequence {wp }nen, Wy = w,
viewed as a sequence where w, € L*Q™Y(A, g5, |a) for any n € N, converges strongly in the sense of Def.
tow asn — o0.

Now, for each s € (0, 1], consider the operators
m,0max © L2V (A, gola) — LA™ (A, go|a)

m.0min ¢ L2Q™C(A, gs|a) — L2Q™(A, gs|a)
.0 - LQQ"L’O(M7 gs) _ LQQ"L’I(M, gs) (27)

Ql 2l Qi

where the first two are the maximal/minimal extensions of 9o : QI"(A) — Q"' (A) and the third one is
the unique L? closed extension of 9,0 : Q™°(M) — Q"™ (M). As showed in [3] Prop. 3.2 the above three
operators coincide. In particular 9,, 0 : Q79(A) — Q1(A) has a unique closed extension, that we label with

Im,o : L2A™O(A, gsla) — L*Q™ (A, gsla) (28)
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and that coincides with (27). Let us consider now 5:1870 s Qml(A) — Qm™O(A), that is the formal adjoint of
Omo: QO(A) — Qm™1(A) with respect to gs. Analogously to the previous case also the operators

—=t,s

B, g+ L2V (A, gola) = L2™O(A, g, 4)
gi;tio,min : LQQmJ(Aa gs|A) — LQQm?O(Avgs|A)

Dppro + LA™Y (M, gs) — L*Q™°(M, g5) (29)

m,0,max

t,s

o - QU (A) = QO(A) and the third one is the

unique L? closed extension of 5;’50 : QMY (M) — Q™O9(M), coincide. Therefore 52’50 1 QM (A) — Q™O(A) has
a unique closed extension, denoted by

where the first two are the maximal/minimal extensions of O

Ay s L2 (A, gl 4) — L2Q™O(A, g 4) (30)
that coincides with . This allows us to conclude that the operator coincides with
B0 Do : L2Q™O(A, ggla) — L2Q™O(A, g,] 4) (31)

where 5m70 s L2Q™O (A, gs|a) — L2Q™1(A, gs|a) is defined in , 5;’;0 s L2O™Y (A, gs|a) — L2Q™O(A, gs|a)
is defined in and the domain of is

—=t,s

D@, 0 Do) = {w € D(Dm,o) such that Dy ow € D(Dyrg)}-

Using the above remarks, Prop. and it is not hard to show the next property. For a complete proof
we refer to [3] Th. 4.1.

Proposition 3.4. Let D(dy,,0,.max) be the domain of . For each s € (0,1] let D(Opm,0) be the domain of

(28). Then we have a continuous inclusion D(9m.0,max) <+ D(Om,0) where each domain is endowed with the
corresponding graph norm. Moreover for any w € D(0m 0,max) We have Oum, 0w = Oy 0, max-

Remark 3.1. The reader might wonder why we did not denote by 5;70 the operator in order to emphasize
explicitly the dependence on s. The reason is that the operator does not depend on s. Indeed gmp :
QmO(A) — Qm1(A) is an intrinsic operator that does not depend on the metric. If we now consider its closure
with respect to gs then, by the fact that for any 0 < s; < so < 1 the metrics gs, and gs, are quasi-isometric,
we can deduce easily that a (m,0)-form w € L2Q™C(A, gs,) = L2Q™O(A, gs,) lies in the domain of the unique
closure of O : QO (A) — QML(A) with respect to g, if and only if it lies in the domain of the unique closure
of Om.o + U0 (A) — QUL(A) with respect to gs, and the action of Oy on w with respect to gs, coincides with
the action 0f5m70 on w with respect to gs,. Thus, as long as s € (0, 1], the operator is uniquely determined.

We have all the ingredients to introduce the family of quadratic forms we will work with. Let {s,, }nen C (0, 1]
be a sequence with s,, — 0 as n — co. We define

D(Qs,) == D(EWO) and Qs, (w,m) = <8m,0w,6m,0n>Lsz,1(A’g%|A) (32)

for any w,n € D(Qs,), where 9,0 : L2Q™O0(A, g, [a) = L*Q™(A, g5, |a) is defined in [28). Clearly Q,,
is a closed quadratic form, that is (D(Qs,),Q@s, m) is a Hilbert space. It is clear that the latter space is
a Hilbert space as it is nothing but the domain of endowed with its graph product. We remind that
Qs, () = (-, )r2amo(ag, |a) T Qs, (-, ). Summarizing Qs, is the closed quadratic form associated to the
operator . Finally we introduce the quadratic form Q¢ defined as

D(QO) = D(gm,o,max) and QO (w7 77) = <5m70,maxwa a'rn,O,r‘rl'oxx"7>LZQ7""1(,»4,I"L|A) (33)

for any w,n € D(Qo), where 9y 0,max : L2Q™C (A, h|a) — L2*Q™ (A, h|4) is defined in (L7). In other words Qo
is the quadratic form associated to the operator and, likewise the previous case, it is a closed quadratic
form, that is (D(Qo), Qo.z) is a Hilbert space. In the next propositions we show various properties concerning
{(D(Qs,,), Qs,, 1) Inen and (D(Qo), Qo.1). With {s, }nen we denote any sequence with {s,} C (0,1] such that
Sn — 0 as n — oo.

Proposition 3.5. We have the following properties:
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1. Let w € D(Qq). Then for anyn € N w € D(Qs,) and the corresponding inclusion i, : (D(Qo), Qo, i) —
(D(Qs,,), Qs,, 1) is continuous. More precisely, defining T := max{1,v}, we have

13 2m 00 g, 1) + Qo @50) < 7 (103 2maang0) + Qo))

for any s, and w € D(Qyo).
2. Let C :=D(Qo) and @, := ign, that is the inclusion defined in the previous point. Then

{(D(an), an,H)}neN

converges to (D(Qo), Qo,u) as n — oo.

3. Letn € Nandletw € D(Qs,). Thenw € D(Qs,) and the corresponding inclusionin 1 : (D(Qs,), Qs,,.0) —
(D(Q1),Q1.1) is continuous. More precisely, with T defined as above, we have

3 2gmoa g ) + Q1w @) < 7 (IwlZagmoqag,, 1) + Qo (w:w))

for any s, and w € D(Qs,,).

Proof. The first point follows immediately by , Prop. and Prop. ﬂ The second point is a straightforward
application of the first point and Prop. Concerning the third point we first note that w € D(Qs,) as gs,
and gs, are quasi-isometric. Now the rest of the proof follows immediately by and Prop. O

Proposition 3.6. Let ¢ € Qm™(A) be an arbitrarily fized (m,1)-form with compact support. Then 5:;1578(;5 —

5:30@5 weakly in L*Q™C(A, h|a) as n — oo, where 5:30 s QmL(A) — QMO(A) is the formal adjoint of Opm.o
QmO0(A) — QmL(A) with respect to h|a.

Proof. Let x : A x [0,1] — R be the function defined as x(p, s) := h%70(5;i0¢, gi’iogzﬁ), that is for any (p,s) €
A x [0,1], x(p, s) is given by the square of the pointwise norm in p of 52’;@ with respect to hy, 5. By the fact
that g, € C°(A x [0,1],p*T*A ® p*T*A) and ¢ € Q"(A) we know that x is continuous on A x [0,1] and
supp(x) C supp(¢) x [0,1]. In particular supp(x) is a compact subset of A x [0,1]. Therefore there exists a
positive constant b € R such that x(p,s) < b for any p € A and s € [0,1], that is h%o(gf,’ioqb, 5:15’04/)) < b on
A x [0,1]. This latter inequality tells us that ||5f,’i0q5||2L29m‘0(A,h‘A) < bvoly(A) for any s € [0,1]. Now, as we

know that {||5:;58¢HL2Q771,0(A7}L|A)}neN is a bounded sequence, in order to conclude the proof it is enough to fix

a dense subset Z of L?2Q™ (A, h|4) and to show that

. —=t,s —=t,0
nh_>n;o<w, Om.0®)L20m0(Ah|4) = (W, Oy 0®) £20m0(A,h|4)

for any w € Z. Let us fix Z := D(Qo) and let w € D(Qp). Then, using and Prop. |3.4] we have

Al:sn —t,5n, —
(W, 0,090 L20m0(Ah14) = (W, O 0B) L20m0(A,g,,14) = (Om,0w, D) L20m 1 (A,g,, |a)-

In this way, keeping in mind , Cor. and Prop. ﬂ, we have

. AtrSn . Ht:Sn . Y
nh—>H;0<w’ 8m70 ¢>L2077L,0(A7h|A) = nh_)rr;()(w, 8m’0 ¢>L29"”'0(A,gsn ‘A) = nlgr(io(am’ow, ¢>L29m,1(‘4795n |A) =

) —,0
nlingo<am,0,maxw, ¢>L29m~1(A,gSn la) = <am,07maxw7 ¢>L2Qm’1(A,h|A) = <w7 arrL,O(yzS>LZQ"“O(A,MA)

as desired. O

Proposition 3.7. The sequence of closed quadratic forms {Qs, }nen s asymptotically compact.

Proof. Let {wy}nen be a sequence with w, € L2Q™Y(A, g, |4) such that

lim sup (HwnHL2g)7n,0(Angn|A) —|—@S” (wn,wn)) < 00.
n— o0
We can deduce the existence of a positive constant ¢ and a subsequence {wy}ren C {wn }nen such that w, €

D(Qs,) and
[wellLzamo(a,g,,14) + @s, (We,we) < €
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for any ¢ € N. Hence, thanks to Prop. we know that {ws}reny C D(Q1) and

lwellL2am.o(a,g,14) + Q1(we,we) < Tc

where 7 is defined in Prop. As the injection (D(Q1),Q1.1) — L*Q™°(A, g1]4) is a compact operator,
see [3] pag. 774, we can conclude that there exists a subsequence {wy}yen C {welreny and an element w €
L2Q™O9(A, g1|4) such that w, — w in L2Q™C°(A,g1]4) as v — co. Now looking at the sequence {w,}ven
as a sequence where each element w, € L2Q™%(A, g, |4) and keeping in mind , it is immediate to check
Wy — w € L2Q™O(A, h|4) strongly as v — oo in the sense of Def. Indeed, by Prop. we have
C=L*Q™%(A,h|a) and @, : C — L?>Q™O(A, g5, |4) is just the identity Id : L2Q™ (A, h|a) — L?*Q™Y(A, gs, | a).
Therefore, taking the constant sequence {w} as a net in C converging to w, becomes

lim sup [|w — wyl[20m.0(4,1]4) (34)
vV—00
and we have already shown above that is zero. The proposition is thus established. O

Proposition 3.8. Let w € L?Q™C(A h|a). Assume that there exists a sequence {wytnen such that w, €
D(Qs,), wn — w weakly as n — oo and Qs, (wn,wn) < ¢ for any n € N and a positive constant c. Then

w € D(Qo)

Proof. By the hypothesis and the very definition of @), we have (0, own, 6m,0wn>Lsz,1(A’gSn) < cforany n €
N. Thanks to Prop. We know that there exists n € L?Q™ (A, h|4) and a subsequence {w, }yen C {Wn }nen,
wy € D(Qs,) such that O, ow, — 1 weakly in the sense of Def. as v — oo. Consider now the subsequence
{wy }ven. Since w, — w weakly as v — oo we have [|w,[|z2qm.0(4,4],) < d for some positive constant d and any
v € N, see for instance Prop. Hence

QSU,H(WMWU) <d+ec.

Thus by Prop. we know that there is a subsequence {wy, fwen C {wy foen such that w,, — w in L2Q™C(A, h|4)
as w — oo. We are in position to check that w € D(Qp). Let ¢ € Q™!(A). Thanks to Prop. we have

—=t,0 . —t,5w
(W, Op0®) L20m 0 (A B 4) = wlgnoo@,am,o P r2amo(Ag.,|a) =

—t,s —

1l)li_1>noo<ww78m78¢>LQvaU(A,gSw|A) = wh_l;I})o<6m,Oww7¢>L2’val(A,gSw|A) = (0, @) r2m1(A,h|4)-

Thus we proved
—=t,0
(W, Op0®) L20m0(A,h)4) = (1, @) L20m1 (A 4)
for any ¢ € Q"1(A) and so w € D(Qo) and gm,omaxw =7 as desired. O
Proposition 3.9. The sequence of closed quadratic forms {Qs,, }nen Mosco-converges to Qq.

Proof. According to Def. we divide the proof in two steps. First we want to show that

e for any sequence {wy, fneny C L?Q™C(A, h|4) weakly convergent to some w € L2Q™C(A, h|4) we have

Qole) < liminf Q,, (. o0). (39)

Let’s consider first the case w € D(Qo). If liminf, o0 @, (wn,wn) = 0o then the above inequality is clearly

fulfilled. Assume now that liminf, o @, (wn,wn) < 0o. Then we can extract a subsequence {wy}uen C
{wn }nen such that w, € D(Qs,) and

lim Qs, (wy,w,) = liminf @sn (W, wn) =c¢ (36)

U— 00 n—r oo

for some ¢ € R. Thus, thanks to Prop. [2.1] we can pass to a new subsequence {wy }ven C {wutuen, w € D(Qs, ),
such that 0,, 0w, — 7 weakly in the sense of Def. to some n € L2Q™1(A hla). As w, — w weakly in
L2Q™O(A h|a) as v — 0o we know that {w, }yen is a bounded sequence. Therefore

lim sup Qs, 7 (wy, wy) < 00
V—>00
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and so, thanks to Prop. we know that there is a subsequence {wy }wen C {wo}ven, wuw € D(Qs,, ), such
that w,, — w in L2Q™C(A, h|4) as w — co. Now we claim that w € D(0m,0,max) and

am,O,maxw =1

This follows by arguing as in the proof of Prop. Indeed let ¢ € Q71(A). By Prop. we have

—t,0 . —=t,s
(w, 0 0@} 20m0(an] 4) = 1M (W, 0,7 0 @) L20m0(4,9.,14) =
. AtSw . =
Jim (w0, 5 0)L2amo(ag,,, 10 = M (Om 0w, @) L20m1 (4., 10) = (1 @) L2001 (Ah]0)-

Finally, thanks to and , we have

Q()(wvw) - <5m,0,maxw7gm,O,maXW>L2Q7"v1(A,h|A) = <77a 'I']>L2Q"L,1(A7h|A) S

lgglo%f<am,0wwa am7oww>LQva1(A,gsw la) — wh_{r;o<am,0wwa am70ww>LQerl(A,gsw la) —

lim Qs,, (W, wy) = liminf @Sn (Wny Wi )-
w—r 00 n— oo

The above inequality (1, 1) L2qm.1(a,h),) < lim Inf oy 00 (Om. 0w, gm,owwﬁzng(A’gSu 4) follows by combined
with the fact that {w,} C {w,} and O, 0w, — 1 weakly in the sense of Def. to n € L2Q™Y(A, h|a).
Moreover 1im., o0 (O, 0w, 5m70ww>Lsz.1(A’gSw |4) exists thanks to and the fact that {wy, fwen C {wy buen-
In conclusion we proved that

Qo(w,w) < liminf Q (wn,wn)

as desired. Now consider the case w ¢ D(Qg). Then, thanks to Prop. we have

lim inf Q, (wp,w,) = o0

n— 00 "
for any sequence {wy}nen weakly convergent to w in L?2Q™OC(A, h|4). In particular (35) is satisfied. This
establishes the first part of the proof. Now we come to the second part. We have to show that:

o for any w € L2Q™C(A,h|a) there exists a sequence {wy,}nen C L2Q™C(A,h|4) with w, — w in
L2Q™O(A, h|4) such that B B
Qp(w,w) = lim Q, (wn,wn).
n—oo

Let w € L2Q™9(A,h|4). Consider the constant sequence {wy, }nen, wn := w, which clearly converges to w in
the sense of Def. Let’s consider first the case w € D(Qp). Then, thanks to Prop. w € D(Qs,) and
Qs, (w,w) = Qo(w,w) as n — oco. Assume now that w ¢ D(Q). If there exists a positive integer 7 such that
w & D(Qs,) for n > 7 then we have Qy(w,w) = 0o = Q, (w,w) for any n > 7 and therefore Qy(w,w) =
lim @, (w,w) as n — oco. Finally let us tackle the remaining case: w ¢ D(Qo) and w € D(Qs,,) for each n € N.
Then, by Prop. [3.8) we have liminf, o Qs, (Wn,wn) = co. Therefore lim,, o0 Qs (Wn,w,) = 00 = Qo(w,w)
and this concludes the proof. O

Now we can conclude the proof of Th.

Proof. Let {sp}nen C (0,1] be any sequence with s, — oo as n — co. We have seen, thanks to Prop. and
Prop. that {Qs, }nen compactly converges to Qo as n — co. As @, is the closed quadratic form associated
to and (g is the closed quadratic form associated to we can use Th. to conclude that

n— oo

Since {sn }nen C (0,1] is any arbitrary sequence with s,, — 0 as n — oo we can conclude that

s—0
Finally the remaining part of Th. [3.1] follows immediately by Th. 21} O

Corollary 3.2. In the setting of Th. [3.1l For any positive integer k the sequence {ny(zn)}nen, viewed as a
sequence where N (zn) € (D(Qz,), @=,..1), converges strongly to n;(0) € (D(Qo), Qo 1) in the sense of Def. .
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Proof. By Prop. 34 and B5] in order to verify Def. 23] it is enough to prove that

Jim Qs (0k(0) = ik (20), 11:(0) = 1k (2n)) = 0. (37)
We have
Qs 11 (M (0) =1k (20), Mk (0) =1k (20)) = 104 (0) =1k (z0) 17 200me0 (... 1.4) F10rm,075 (0) = Brm 0700 (20) | F200m 1 (4., 1)

By Th. We know that ||, (0) — nk(zn)HQmeﬁO(A,gznu) — 0 as n — oo. For the other term, using Prop.
we have

||3m 0k (0) — 5m (Zn)||L2Qm A(A,gan|a) — <am,077k(0)agm,Onk(O»LZQm'l(A,gzn\A)+

+ (Om,0mk (20 ) Om,0Mk (2n)) L2071 (A,g., 14) — (Om,0mk(0), Dm0k (2n)) L20m 1 (A9, |4)

— (Om,0mk(2n), 7m k(0)) L20m 1 (A9, 14) = (Om,0mk(0), O 0k (0)) L20m 1 (4g. |4)+
+ Ak (2n) = M (20) (M£(0), Mk (20)) Lm0 (A, 14) — Mk (20) (M (20), M6 (0)) L2am0(A 9., |4)- (38)

By Prop. we know that

(Om,0mk(0), Om,0mk (0)) L20m1 (A9, 14) = (Om,0,max?Tk(0); Om,0,max?k (0)) L20m .1 (4,01 1) = Ak(0)

as n — o0o. Moreover by Th. We know that both Ai,(zn) — A(0) and Mg, (2n) (& (20), 16(0)) L2m0(a,g.. [4) —
Ak(0) as n — oco. In COHCIUblOD ) tends to zero as n — co. This shows that (37) holds true and so the proof
is concluded. O

Now we deal with the convergence of eigenspaces. Consider the operator and let
E1(0), E5(0), ..., Ex(0), ...

be its eigenspaces with mq(0), m2(0), ..., mg(0), ... as corresponding multiplicities. Above we have listed the
eigenspaces of in increasing order with respect to the corresponding eigenvalues, that is given any w €
E;(0) with ||wH%QQm,0(A’hIA) =1 and n € E;(0) with H77||2L2Qm10(A,h|A) = 1 we have 4 < j if and only if
[10m,0,maxwl|72m1an sy < 10m,0maxtlFzgmcanp,) Let Pryo) : L2Q™O(A, h|a) — Ex(0) be the correspond-
ing orthogonal projection. Analogously, for each s € (0, 1], consider the operator and let {n1(s), ..., nk(s), ...}
be any orthonormal basis of L2Q™%(A, h|4) made by eigensections of with corresponding eigenvalues
0 < Ai(s) < Aa(s) < ... < Ai(s) < ... Let Hy(s) be the subspace of L?Q™Y(A, h|4) defined by

Hy(s) :=span{n;(s) : m1(0) + ... + mp—_1(0) < j <m1(0) + ... + my(0)}. (39)
Let Py, (s) L?Q™O(A, h|a) — Hy(s) be the corresponding orthogonal projection.

Corollary 3.3. In the setting described above we have
lim || Py 0) = Prip(s) | Brzamo(ani ) =0 (40)

that is Py, (s) converges to Py, o) as s — 0 in the uniform (or norm) operator topology.

Proof. Let {sp}nen C (0,1] be any sequence with s, — 0 as n — oco. Thanks to Th. we known that
there exists a subsequence {2z }nen C {85 fnen such that n;(z,) — 1;(0) in L2Q™%(A, h|a) as n — oo with
{n1(0), ...,nx(0), ...} an orthonormal basis of L2Q™C(A, h|4) made by eigenforms of with corresponding
eigenvalues 0 < A1(0) < A2(0) < ... < Ag(0) < ... Note that the set of eigenforms {n;(0) : mi(0) + ... +
mi—1(0) < j < my1(0)+...4+my(0)} is an orthonormal basis of Ej(0). Consider now any form w € L2Q™C(A, h|4)
with [|w||z2gm.0(a,n)4) = 1. Let us define ex_y := my(0) + ... + mg_1(0), ex := m1(0) 4 ... +mx(0), a;(0) :=
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(w,n; (0))Lsz,0(A7h|A) and a;(zy) == (w,n; (Zn)>LQQm,O(A7h|A). Then we have

€k €k

1P 0w — Py swllzarcany =1 >, ai(0n;0) = > aj(z)n(zn)llL2amoan ) <
j=er—1+1 j=er—1+1
€k
Z ||aj( )%(0) (Zn)ng(zn)HLszO(Ah|A)—
j=er—1+1

€k

Z 1a;(0)n;(0) — a;(0)n;(2n) + a;(0)1;(2n) — aj(za)n; (20|l L20m0(a,n14) <

j=er—1+1

ek €k

> lai(0)n;(0) = a;(0)n; (za)ll2amoany + > Nai(0)n;(zn) = aj(zn)n;(2n)lL20m 0 (an14) <
j=er—1+1 j=er_1+1

ek €k €k

> i) =miEa)lamoany + >, 1a;0) —ai(z) <2 > 0 (0) = mi(za)ll2amo(ana)
Jj=er_1+1 Jj=er—_1+1 Jj=er_1+1

as [a;(0)] < Land [a;(0)—a;(2n)] = [{w,7(0)) L2am.0(a,n| )= {wsMj(2n)) L2amo(a,n )| = (W, 1;(0) =15 (20)) L20m.0 (A,n|4)]
< |175(0) = n;(2n)||L2m.0(A,h4)- Therefore

€k

1Pg, (0) = Pty (el Brzamoanay <2 Y 1500) = mi(2n) | L2amo(an2)

j=er—1+1
and so we have
ek
0< lim |[Pp(0) = P | Baeamoan) < lim 2 > 1 17;(0) = nj(2n)[lL20m.0(A,n]4) = O
Jj=er—1+

Assume now that does not hold true. Then there exists a constant € > 0 and a sequence {s, }nen C (0, 1],
sp, — 0 as n — oo, such that

Jim [P 0) = Prig(sw | Bzamoaniay > e (41)

On the other hand, according to what we have shown above, we can find a subsequence {z,}nen C {Sn}tnen
such that

Jim [P, 0) = Pry(z0) | Bz2am o (an1.4)) = 0 (42)
which clearly contradicts (41)). We can therefore conclude that holds true as desired. O]

Now we continue by studying the convergence of the heat operators associated to the family g;. For each
t € (0,00) and s € (0,1] let
e_tAam,O,s . Lsz’O(M, gs) N L2Qm7O(M, gs) (43)

be the heat operator associated to . It is a classical result of elliptic theory on compact manifolds that
is a trace class operator. Let

et m0.mme  L2QM™O(A, h|4) — L2Q™O(A, h|a) (44)

be the heat operator associated to . Thanks to [3] Cor. 4. 2 We know that is trace class too. Let
us label with Tr(e™Ao.m 0S) and TT( ~t8%.m.0.a0s) the trace of (#3) and , respectlvely We recall that
Tr(e "2omos) =Y, e %(5) and analogously Tr(e *4.m.0.ab:) = Z et 0 . Moreover both Tr(e™tA8.m.0.ans)
and Tf(e_ma m.0.5), the latter for any fixed s € (0, 1], are C* functions on (0,00). Furthermore we recall the
well known fact that, given any separable Hilbert space H, the space of trace-class operators, here denoted by
Bi(H), is a Banach space with norm [|A||, (z) := Tr|A|. We have now all the ingredients for the following
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Theorem 3.2. Let ty € (0,00) be arbitrarily fized. Then
tA

lim sup Trle 'A0mos — e t28m0.abs| = (),
570 4eltg,00)
tA tA

Equivalently e~ 9,m,0,abs qs s — O with respect to the trace-class norm and uniformly

on [tg,00).

9,m,0,s converges to e

In order to prove the above theorem we need the following property.
Proposition 3.10. For any s € (0,1] we have ker(Az,, ) =ker(Az o .1ns)-

Proof. 1t is clear that ker(Ag, o .) = Kum(M), with Ky (M) the space of global sections of the canonical
sheaf of M or equivalently the space of holomorphic (m,0)-forms on M. Consider now ker(Aamo, abs)- Then
ker(Aam’O, abs) = ker(gmo,max) where the latter operator is defined in . By elliptic regularity we have
ket (9.0.max) C Q™O(A) and by we know that L?2Q™C(A,h|a) = L2Q™Y(A, gs|a) for any s € (0,1].
Altogether this shows that ker(9m0max) = {w € Kar(A) N L2Q™O(A, g5|a)}. It is therefore immediate to
check that K (M) C ker(9im,0.max). Conversely, by [3] Prop. 3.2, we have {w € Kpr(A) N L2Q™%(A, gs|a)}
- ker(gmﬁg) where the latter space is the kernel of , that is the unique L? closed extension of ém,o :
QmO(M) — Qm™1(M) with respect to gs. In this way we have {w € Knr(A) N L2Q™O(A, gs|a)} C Kar(M) as
ker(9p.0) = Ky (M). In conclusion Ky (M) = ker(9pm.0.max) and so ker(Az,, 0..) = ker(Az,, o ) for any
s € (0,1] as required. O

Now we can prove Th. 3.2]

Proof. We start with a preliminary remark. As recalled above we know that Tr(e ™ *Aa.m.0.s) = S e ) < oo
Let to € (0,00) be arbitrarily fixed and let v € R be as in Prop. Then by and Th. 4.2 in [3] we have

l/)\k(s) > /\k(l) (45)

for every s € [0, 1] and every positive integer k. Therefore for each € > 0 and to > 0 arbitrarily fixed there exists
k € N such that

Z e < ¢ (46)
k=k+1

for each s € [0,1] and ¢ € [ty,00). From now on let 0 < € < 1 and ¢y € (0,00) be arbitrarily fixed. In the rest
of the proof we will always assume that ¢t € [tg,00]. Let {s,} C (0,1] be any sequence such that s, — 0 as
n — 0o. Let {n1(sn),n2(sn), -, Mk(8n), ...} be any orthonormal basis of L2Q™Y(A, g, |4) made by eigenforms
of with corresponding eigenvalues {\1(s), A2(Sn), .oy Ak(Sn), ...}. Thanks to Th. we know that there
exists a subsequence {2, } C {s,} and {n1(0),72(0),...,7£(0), ...}, an orthonormal basis of L2Q™°(A, h|4) made
by eigenforms of with corresponding eigenvalues {A1(0), A2(0), ..., \x(0),...}, such that ng(z,) — nx(0)
as n — oo in L2Q™Y(A, h|4) for each positive integer k. Let us fix a positive integer k such that holds
true. Let Py : L2Q™C(A, h|a) — L*Q™O(A, h|a) be the orthogonal projection on the subspace generated by
{m(0),...,n(0)} and let Q7 :=1d — P, with Id : L2Q™C(A, h|s) — L2Q™Y(A, h|a) the identity. We have

tA

Tr |e_tA§,m,0,zn — e "79,m,0,abs | = TI' ‘(e_tAE,m,O,zn — eitAg,m,O,abs) o (PE + QE” S

Tr |(e_tA5,m,0,zn — e_tAg,m,O,abs) o PE‘ + TI' |(e_tA5,7n,(J,zn — e_tAg,rn,O,abs) o QE|

Clearly
k
Tr|(e™"A0mozn — e~ Bomoan) o Pr| =y (|(e™"Aomozn — ™ Bam.0.m) o Pely,(0), mi(0)) 2amo(anya) (47)
k=1
since | (e 1A0m.0.zn — e AT m.0.a05) o P¢|ni(0) = 0 whenever k > k. Concerning Tr |(e7t80m.0.20 — e tAB.m 0,005 ) 0
Q7| we have
’I‘r |(e_tA5,m,0,zn — eitAg,m,O,abs) o) QE‘ S ’I‘r(e_tA5,m,0,zn o) Q%) + ’I‘I‘(eitAg,m,O,abs o QE) —
Z <eitA5,m,0,abS']7k(0)7 nk(0)>L29’”»O(A,h|A) + Tr(e_tAE,m,n,zn o QE) =
k=k+1
Z e—t/\k(o) + Tr(e—tAé,m,o,zn o Q%) <e+ Tr(e_tAEYmYO,Zn o QE) (thanks to ) (48)

=~
Il
el

+

1
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Concerning Tr(e™tA8.m.0.2n o Qy) we have

(o]
Tr(e " Aomozn 0 Qp) = Y (e omoznn(0),mk(0)) L20m oA nla) =
k=Fk+1
oo E
Z<€_mg*m*°’z" 1k(0), 1% (0)) L20m.0(A 1| ) — Z<€_m5”"’“’z" M6(0),Mk(0)) L2am.0(A,h|4) =
k=1 k=1
k
Tr(e tA0m0.2n ) — Z(e_mam’o'z" M(0), 1% (0)) L2m.0(4,h] 1) =
k=1
oo E
(e 189m0 mn g (200), e (2n)) L200m 0 (AL ) — Z<€_mg*”‘*°’z" M(0), 1% (0)) L2m.0(4,h| 1) =
k:l k=1
k
> (e om0 (2n), Mk (2n)) L2m 0 (A n]a) + Z B5m0en iy (20) M (20)) L2000 (4,1 4) —
k=1 k=Fk+1
k E
Z<€ tA5m0.2n 1M6(0), Mk(0)) L20m.0 (4,1 4) = Z<€7m§””’°’z"77k(2n),ﬂk(Zn)>L2vaO(A,h|A)+
k=1 k=1
oo E
Z e Anlzn) Z(eima’"’“’z" Mk(0),71:(0)) L20m.0 (a,n4) < (again by (46))
k=k+1 k=1
E E
Z 6m,(J,znT]k(Zn)7nk(zn)>L2Qm,0(A’h|A) — Z<e_tA5’m’0’Z”77k(O)7nk(0)>L2Qm"0(A,hIA)' (49)
k=1 k=1

Above we have used the well known property that the trace of a positive self-adjoint trace-class operator is
independent on the orthonormal basis. Finally we have

& &
Z<e_tA5,m,o,zn Nk (zn), nk(zn)>L2Qm=0(A,h|A) — Z<6_tA5,m,o,zn M (0), e (O)>LQQ""«0(A,h|A) =
k=1 k=1
& k
Z<€_tA5,m,0,zn Nk (Zn), Nk (O) — Nk (O) + nk(zn)>LQQm«0(A,h|A) - Z<e_tA5,m,0,z" Nk (O)’ Nk (0)>L2Q”L*U(A,h\,4) =
k=1 k=1

k k
Z(efmg’m""z" Mk (2n), M (2n) — M (0)) L2m .0 (A1 4) + Z B5m0.2n (g (2n) — Mk (0)), Nk (0)) L2m.o(an)4) <
k=1

e~ 85 m.0.5n g (20) || L2e0me0 (A, n ) 178 (20) — 10 (0) || L2am0 (4 p) 1) + Z e A8 m0.mn (1 (2) — 1 (0)) | L2 0 (A nLa) <

k=1 k=1

%
23 " [le” "4 mon || aamoanfa) 17k (2n) — 1k (0) || L20m 04, n10) - (50)
k=1

Above we have denoted by He_mgvmﬂﬂn B(L2Qm0(A,h| ) the norm of the operator e tRABm0,n L2Qm™O(A h|a) —
L2Q™O(A, h|). Tt is clear that [|e”tAa.m.0.s | B(z2m0(a,n4)) < 1 for any s € [0,1]. This can be deduced imme-
“tB5mos 0 L2Q™O(A h|4)) = L2Q™O(A, h|4) is positive and self-adjoint, we

diately by the fact that, since e

have
tA

<€ 9,m,0,s(y w>Lsz 0(A, h\A)

_tAE,m,o,s

||€ B(ngvn,O(A7h|A)) = sup

w#0 Hw”LZQnLO(A Rhl4)
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Summarizing, by ———, we showed for the moment that

Tr ‘e_tAé,m,o,zn _ e_tAE,m,o,abs

%
< (|(e7 om0z — et ATmoane) o Prlng(0), 1k (0)) 2m 0 (A, 4)+
k=1

k
2+ 23 ||nk(zn) — 1 (0)l| L202m 0 (A n]0)- (51)
k=1

—tA5 —tA

Concerning ZE:M(e 2m0.zn — e " S@m0.abs ) o Prlng(0), mk(0)) L2om.o(a,n),) We have

(|(e*Fmomn — e "85 m.0.abe) 0 Pelng (0), 7k (0)) L2em 0 (a,n) 1) <
|| ‘(e—tAé,m,o,zn _ e—tA§,7n,0,abs) o PElnk<O)||Lzﬂm~0(A,h\A) —

|| (e_tAE,m,O.Zn _ e_tAE"'”’O'abd)(Pznk(o))||L29va(A,h\A) =

[l 285 m0.5n (11, (20) + 10 (0) — e (2)) — €O (0) || p2amo(a np) <

z
le= G (zn) — e O (0) | L2amoanga + D lle 2 mozn (e (0) = mi(20)) | L20em 0 (4,01 0) <
k=1

ety (2,) — e E g (0) + e E) g (0) — e O (0)]| gm0 a,n )+

E
k=1
E
k=1
E
k=1
E E
Z H(e—mg,m,o.zh _ e—tAg,m,o,abs)(nk(o))||LQQMWO(AMA) — Z ”e—mg,m,o,z” e (0) — e—t,\k(o)nk(o)||LQQM)U(AJL|A) —
k=1 k=1
E
k=1
E
k=1
E
k=1
3

7% (0) = 1k (20) | L2 0 (A0 4) <

k=1
E E E
e ) Iy (2,) = i (0)]| p2gmeo 4 p) 4y + Z e~ Ak(en) _ o=tAk(0)] 1 Z 17%(0) = 1k (20) | L2m 0 (4. ) <
k=1 k=1 k=1
E k
2 Z 7k (2n) — nk(O)HLQQm’O(A,MA) + Z |6*t/\k(Zn) _ e*t)\k(o)|' (52)
k=1 k=(+1

In we have denoted ¢ := dim(ker(Ag,, o .ps)) and we have used Prop. [3.10|for the equality ZE:@H etk (zn)

e ()] = ZZ:1 lemtAR(zn) — e=tA(0)| Note that £ < k as 0 < ¢ < 1. Joining and we have finally
achieved the upper estimate we were looking for:

% %
Tr e " A0momn — e Bamoans| < N [em MG — om0 £ 96 + 4 " Ink(20) — Mk (0) ] 2o a0y (53)
k=0+1 k=1

By Th. and the fact that the function e~* is 1-Lipschitz on [0, 00) we can find ¢1, with ¢y < ¢ < 00
and ng > 0 such that:

L ||nk(zn) — nk(0)]| L2gm.o(a,p4) < €/k for any n > ng and k = 1,..., k,

2. |e tAR(En) = tAR(0)| < = tAk(2n) 4 e=tA(0) < ¢/k for any t; <t <oo,n € Nand k=/(+1,...,k,

3. JemwGn) — o=t O] < Nk (2,) — M(0)] < 1] Ak(20) — A (0)] < €/ for any k= £+ 1,...,k, n > ng and
to <t <t.
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Note that the second point above follows quickly by since e~ tAk(En) 4 e=tA(0) < 207 A1) Moreover we
point out that the second and the third point above yield

|67t)\k(zn) _ e*t/\k(o)\ <e/k

for each k = ¢+ 1,....k, t € [tg,00) and n > ng. Thus, thanks to and the above three remarks, we have
shown that

TI' |67tA5,7n,0,zn — eitA§,7n,0,abs| S 76
for each n > ng and t € [tp,00). Summarizing we have proved that given any sequence {s,} C (0,1] with
$n, — 0 as n — oo there is a subsequence {z,} C {s,} such that for any arbitrarily fixed 0 < € < 1 and ¢y > 0
there exists a positive integer ng such that

sup T‘I‘ |e_tA5,7n,0.zn _ e_tAE,'m,O,abs| < 76

t€[to,00)

for any n > ng. Clearly this amounts to saying that given any sequence {s,} C (0, 1] with s, = 0 as n — o
there is a subsequence {z,} C {s,} such that, for any arbitrarily fixed ¢y > 0, we have

= 0. (54)

llm bup Tr ‘e tA 8,m,0,zp — e_tAg,vn,O,abs

70 e [tg,00)

Finally it is immediate to check that (54)) is in turn equivalent to saying that for any arbitrarily fixed ¢y > 0 we

have
tA

hm sup Tr |67tA5,7n,0,s — e "79,m,0,abs| — O.
s=04¢ [to,00)
The theorem is thus proved. O
Corollary 3.4. Let ty € (0,00) be arbitrarily fixzed. Then
1 _tA5,m,o,s — _tAé,m,o,abs
Sh_r% Tr(e ) =Tr(e )
uniformly on [tg, 00).
Proof. This is an immediate consequence of Th. O

Now we study the behavior as s — 0 of the corresponding zeta functions. As in the previous proof let
¢ := dim(ker(Az,, ¢ aps))- First of all we want to show that Tr(e ~t8%.m.0.a0: ) — ¢ decays exponentially as t — oc.
The argument is essentially the same that is used in the smooth compact case. We recall it for the sake of
completeness. Let ¢ € [1,00). We have

Tr(e —tAg, m.0.abs) — f = Z e~ tAR(0) — Z e~ 5 k(0) =5 Ak(0) < Z e~ 52:(0) =5 Ae41(0) <

k=0+1 k=(+1 k=£+1

o0
e 3Ae1(0) Z e~ 32 (0)

k=0+1

In conclusion for any ¢ € [1,00) we have
Tr(eftAg,m,o,abs) —0< A67%>\g+1(0) (55)

with A = 337, e 220 As A\py1(0) > 0 the above inequality shows that Tr(e™*A@.moavs) — ¢ decays
exponentially as ¢t — co. Moreover thanks to [3] Cor. 4.2 we know that Tr(e™*Aa.m.0.abs) < Gt~™ for each
t € (0,1] and a positive constant G. Therefore for any x € C with Re(z) > m the following integral

L = e —tAg

— t* T 8,m,0,abs ) — f)(dt

ol A )~ 0)

converges and defines a holomorphic function ((Az,, ; .1,)(2) on {z € C: Re(z) > m}. Furthermore by [3] Th.
4.2 and the fact that T'(z)A;"(0) = [~ t*~Le=**(0dt for any k > ¢ we have that >3, ; A, *(0) converges on
{z € C: Re(z) > m} and

C(A&m,o,abs)(x) = %x)/o " 1(Tr( A8.m.o, abs) — ()dt = Z AT

k=(+1
on {x € C : Re(z) > m}. Finally for any s € (0,1] let us label by ((Ajz,,,,)(®) the zeta function of

Ag 0o L2QA™O(M, gs) — L*Q"°(M, g,). We have the following property:
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Theorem 3.3. Let ((Az,, o.1s) () and ((Ag,, o ) (@) be the zeta functions of Az 1o and Az
tively. Then '

5.m.0,s1 TESPEC-

il_a% C(Aam,o,s)(x) = C(Aam)o@bs)(x)

for any x € C with Re(z) > m. Moreover the convergence is uniform on any compact subset K of {x € C :
Re(z) > m}.

Proof. First of all we need to develop some uniform estimates that will be used along the proof. Thanks to
we know that vAg(s) > Ax(1) for any s € [0, 1]. Therefore

(o] o0
Zeftl/)\k(s) S Zeft)\k(l)
k=1 k=1

for any s € [0,1] and ¢ € (0,00). Thus, using the well known fact that Tr(e™*Aa.m.01) < Ct~™ for t € (0,1] and
some constant C' > 0, see for instance [§] Th. 2.41, we obtain that

o0

Ze*”"“(s) <ymCctT™ (56)
k=1

for any s € [0,1] and ¢ € (0,v]. Moreover for ¢t € [1,00), s € [0,1] and a fixed positive constant B we have
Tr(e A2mos) — ¢ < Tr(e”*Aomo1) — ¢ < Be~2*+1(1) from which we deduce

Tr(e tA8mos) — ¢ < Be~ 2w et (D) (57)

for t € [v,00) and s € [0,1]. Now let K be a compact subset of {x € C: Re(z) > m}. Let € > 0 be arbitrarily
fixed. Given any 0 < 4 <1 and x € K we have

dt =

85 m00)(0) = (85,00, ] < sy [ 17 T 20 m) = Tofe B
T |/ 21| Tr(e —tAamom) Tr(e —tAamoS)|dt+|F(1)/ |tm*1|‘Tr(6—tA5,m,o,abs) Tr(e™ Bm()s)‘dt

dt.

|/ |[t7~ 1||Tr amom) Tr(e —tA 3.m.0.5)

Let us examine in details the above three integrals. By we know that | Tr(e*A8.m.0.abs) — Tr(e~"Aa.m.0.s)| <
28t~ for every t € (0,v], s € [0,1] and with § := Cv™. Let us define a := max{[T~'(z)| : € K} and
a = min{Re(z) : # € K}. For any x € K with z = z1 +ize and 0 < ¢t < 1 we have [t¥| = |[t*111%2| < 2t

(a—m)e

J
Therefore, taking p = min {1, ( 1oP ) o } and keeping in mind that a > m, we have

1 H H ) H
F|/ [t771|| Tr(e~t28.m.0.abs) — Tr(e ™ tA8m.0.0)|dt < 2a/ [tratiwz =l gp=m gy < 4a/ te gt mdt =
0 0

o
4046/ temme 1dt—40¢5 <e.

Let us now define b := max{[t*~1| : (t,x) € [u,v] x K}. In this way we can deduce the following estimate

dt

1 v »
W/ 6 Tr(e " 20mme) = Tr(e ™ 20mon)Jdt S a [ b Tr(e ! 0moms) — Tr(eS0mo)
n .,
and by Cor. [3.4 we can find a sufficiently small positive §; such that

dt <e

a/ b| Tr(e —tA 3.m.0.abs) — Tr(e —tA 5.m.0,0)
n

for any s € [0,81]. Finally let ¢ := max{Re(z) : x € K}. Then [t*~!| < 2t~ for any # € K and so, thanks to
, there exist positive constants § and o such that

i Tr(e*tAam,o,abs) _ Tr(efmg,m,o,s) < 271 Tr(eftﬁam,o,abs) _ Tr(efms,m,o,s” < 40t et
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for any t € [v,00), x € K and s € [0,1]. In particular we get

dt <

/ |t7~ 1||Tr( tamom) Tr(e tam()e)

/ 40t e 7t dt < 0o

dtg/ s~ 1|TI‘( —tA 5.m.0.abs) — Tr(e —tA 5.m.0,8)

for any € K and s € [0,1]. Hence, using the Lebesgue dominate convergence theorem and Cor. we obtain

dt <

tr— 1 _tAa m,0,abs _tAa m,0,s
0 < lim o ‘/| I T 80m000) — Tr(e"Somo.c)

dt =

lim 2a/ 6 Tr(e ™ "A8m.0.abs) — Tr(e tA7ma0.s)
s—0 v

dt = 0.

2a/ hmt5 Y Tr(e tamﬂibg) Tr(e tf)MOe)

By the above limit we deduce that there is a positive number do > 0 such that for any € K and s € [0, d2]
the following inequality holds true

dt <e.

‘/ [t lHTr( *tAamom) Tr(e” amOs)

Summing up we proved that for any arbitrarily fixed € > 0 there exists a sufficiently small positive § > 0 such
that for any s € [0,d] and « € K we have

(A% m0.a00)(@) = C(A5 0. (@)] < 3e.

The statement of this theorem is now an immediate consequence of the above inequality. O

Finally we come to the last result of this paper. First we recall very briefly some well known result about
the heat kernel. This latter topic is thoroughly studied in many books and papers. We refer for instance to [§],
[16], [20], [2I] and the reference therein. In particular the statements below follow by arguing as in [16]. Let us
label by K4 = K| the canonical bundle of A. Consider the left and the right projections p; : Ax A — A and
pr:AxA— Aandlet Kq XK} — A x A be the vector bundle on A x A defined by pj K4 ® p; K. For any
(z,y) € A x A the fiber of Ky KK} in (2,y) is given by Ka, ® K} = Hom(Ka,,Ka,). We endow the vector

bundle K4 X K% — A x A with the natural Hermitian metric induced by h and we label it by h. Moreover
on A x A we consider the product metric induced by h. Let {n1.0,72,0,...,7k,0,..-} be an orthonormal basis
of L2Q™ (A, h|4) made by eigenforms of with corresponding eigenvalues {A1 0, A2.0, .-, k.0, -..}. For any
integer k let n;; , € C°°(A, K7) be the section of K7} induced by 7,0 through hy, o, that is 0y 4 :== hy, o(1k,0, ).
Then it is easy to check that for each t > 0 the following series

D e ron o(x) @k o(y) (58)
k=1

converges in L?(A x A, K4 X K*%) and thus it defines an element K(t,z,y) € L?(A x A, K4 X K%). Moreover
by local elliptic estimates and the Sobolev inequality we obtain that for any relatively compact open subset B
of A and positive integers £ and j the series:

(oo}
Z Xeo€ ™ R0 0(2) @ i o (y)
k=1

converges over B with respect to the C?/-norm and uniformly on [tg, o0) with to > 0 arbitrarily fixed. This
implies that Ko(t,x,y) is C° with respect to ¢,  and y and moreover that

e A m,0,abs ) = Ko(t, z,y)w(y) dvolp(y).
M

We are in position to state the next result.
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Theorem 3.4. For each s € (0,1] let Ky(t,x,y) € C*°(M x M, Ky X K3/) be the heat kernel of Az, . :
L2Q™O(M, g5) — L?Q™9(M, g5). Then for any arbitrarily fized to > 0 we have

%1_{% Ks(t7x7y) = Ko(t’x’y)

in L2(Ax A, K4 ® K?%) and uniformly on [to, 00).

Proof. Let tg € (0,00) and 0 < € < 1 be arbitrarily fixed and let {s,,} C (0, 1] be any sequence such that s,, — 0
as n — 00. Let {N1s, ,M2.6, s Mk.s,,---} be an orthonormal basis of L2Q™%(A, gs, |4) made by eigenforms
of with corresponding eigenvalues {1, 2.5, ;s Ay, s---f- LThanks to Th. we know that there
exists a subsequence {z,} C {sn} and {n1,0,72.0, -, k.0, ---}, an orthonormal basis of L*Q™Y(A, h|4) made by
eigenforms of with corresponding eigenvalues {A1 0, A2,0, ..., Ak,0, ...}, such that ng ., — ko as n — oo in
L2Q™O(A h|4) for each positive integer k. As in let k be a fixed positive integer such that

i e ke < /2 (59)

k=k+1
for each s € [0, 1]. We have

HKz (t,z,y) — Ko(t, 2, y) | L2(axa,kamEiy) <

®
| Z R0 o0(@) @1y o (y) — Z e" ey (2) @ (Wl2(axa kamKy)+
k=1
oo
Z e Momo(x) @ oY) + Z e” Moy (@) @i L () |2 (axakarKy) <

k:E—‘,—l k=k+1

M?T‘\

e My (@) @15 (W) |2 (axa K amK)

%
1D e o o(x) ® i o(y) -
k=1

k=1
o0 o0
Y llem*omo(@) @ i oW)llz(axaamay) + D e s, (@) @i, W)z (axakami) <
k=k+1 k=k+1

e My (@) @nf L (W)l L2 (axAkaREKS) T € <

MK‘\

2
| Z e o o(@) @ g o(y) —
k=1

=~
Il
-

k
Z “om (@) @ M o(y) — e ez, (1) @ gL, (Y) L2 (axak amicy) F €

We can estimates [le 50 o(2) @ 0} (y) — e ey, (2) @ Mo, Wl L2 (Ax A, k4w K as follows:

y

TRy (2) ® Moo W L2(Ax A K AREY) <
—tAno

lle ™0 0(2) @ ni o(y) —
~Aom o(x) ® o (y) —
Mk, 2 (T) @ 7772,%(3/) Tk (@) @15 (W) |2 (ax Ak aRK) =
e M0 Ik o () @ s o (y) — ko — g7k | =

—tAk 2 —tA —t Ak,
¢ M\/Q = 20000, Mk 20 V2o (4 4) Tl — e

Altogether we have shown that

le Nk, 2, (T) @ nZ,zn (y)||L2(A><A7KA|XK£)+

et

Mk, zn( ) @, (Wl L2(axa KRk + e

k k
K, (8 2, y)—Ko(t, 2, y) || L2 (axa karKy) < Ze_w’o\/?—2<77k,07nk,zn>2ngm,0(A,h\A)+ Z et Am0 —g Ak | 4
k=1 k=t+1

where, likewise the previous cases, £ := dim(ker(Az , ; .1,s))- Arguing as in the proof of Th. we can find a
sufficiently big integer 7 > 0 such that for any n >n, k =0, ...,k and t € [tp, o0) we have

E k
—tA 2 —tA —tA
E e o \/2 - 2<77k,07 nk,zn>ngm,0(A7h|A) + E l[e™ k0 — e k,zn| <e.
k=1 k=0+1
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So we have just proved that for any sequence {s, }nen C (0, 1] with s,, — 0 as n — oo there exists a subsequence
{zn}nen C {Sn}nen such that for any arbitrarily fixed 0 < € < 1 and o > 0 there exists a positive integer 7
such that

1K, (82, y) — Ko(t, 2, y) | L2 (axa, kamis) < 2€

for any n > and t € [tp,00). In other words for any sequence {sy}neny C (0,1] with s, — 0 as n — oo there
exists a subsequence {z, }nen C {Sn }nen such that for any arbitrarily fixed ¢ > 0 we have

nll)ngo ||Kzn (ta ‘T7y) - Ko(t7x7y)||L2(A><A,KA‘gKZ) =0
uniformly on [tg,00). We can thus conclude that for any arbitrarily fixed tg > 0
lg}% HKS(ta xay) - Ko(t7x7y)||L2(A><A,KA|Z|KZ) =0

uniformly on [tg, 00) as desired.

4 Examples and applications

This last section is devoted to some examples and applications. First of all we want to show that Hermitian
pseudometrics appear naturally when we deal with singular complex projective varieties endowed with the
Fubini-Study metric and more generally when we consider compact and irreducible Hermitian complex spaces.
Complex spaces are a classical topic in complex geometry and we refer to [14] and [18] for an in-depth treatment.
Here we recall that an irreducible complex space X is a reduced complex space such that reg(X), the regular
part of X, is connected. Furthermore we recall that a paracompact and reduced complex space X is said
Hermitian if the regular part of X carries a Hermitian metric h such that for every point p € X there exists an
open neighborhood U > p in X, a proper holomorphic embedding of U into a polydisc ¢ : U — DV c CV and
a Hermitian metric g on DV such that (@|ieg(1))*g = h, see for instance [33] or [34]. In this case we will write
(X, h) and with a little abuse of language we will say that h is a Hermitian metric on X. Clearly any analytic
subvariety of a complex Hermitian manifold endowed with the metric induced by the restriction of the metric
of the ambient space is a Hermitian complex space. In particular, within this class of examples, we have any
complex projective variety V' C CP™ endowed with the K&hler metric induced by the Fubini-Study metric of
CP™. As showed by a very deep result due to Hironaka, the singularities of a complex space can be resolved.
We refer to the celebrated work of Hironaka [23], to [2], [9] and [22] for a thorough discussion on this subject.
Furthermore we refer to [I7] and [31] for a quick introduction. Below we simply provide a very brief account
with the material that is strictly necessary for our purposes. Let X be a compact and irreducible complex
space. Then there exists a compact complex manifold M, a divisor with only normal crossings D C M and a
surjective holomorphic map 7 : M — X such that 7—!(sing(X)) = D and

mlanp : M\ D — X \ sing(X) (60)

is a biholomorphism. Assume now that (X, h) is a compact and irreducible Hermitian complex space. Then,
by the very definition of Hermitian complex space, it is immediate to deduce that 7*h extends smoothly on the
whole M as a positive semidefinite Hermitian product strictly positive on M \ D. In other words 7*h becomes
a Hermitian pseudometric on M whose degeneracy locus Z is contained in D.

Now we continue with the next proposition that provides a quite general situation to which the theorems of the
previous sections apply.

Proposition 4.1. Let (M, J) be a compact complex manifold of complex dimension m. Let p : M x[0,1] — M be
the canonical projection and let gs € C°° (M x[0,1], p*T* M @p*T*M) be a smooth section of p*T* M @p*T*M —
M x [0,1] such that:

1. gs(JX,JY) = gs(X,Y) for any X, Y € X(M) and s € |0,1];

2. gs is a Hermitian metric on M for any s € (0,1];

3. go 1is symmetric, positive semidefinite and positive definite over A, where A C M is open and dense;
4. (A, g1|a) is parabolic;
5

. There exists a positive constant a such that go < ags for each s € [0, 1].
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Then there exists also a positive constant b such that g5 < bgy for each s € [0,1] and thus Th. and
apply to (M, gs) and (A, hla) with h := go.

The proof of the above proposition will be an immediate consequence of the next lemma. Let Fy € C°(M x
[0,1],p*End(T'M)) be such that g1 (Fs-,-) = gs(-,-) for each s € [0, 1].

Lemma 4.1. For any s € [0,1] and p € M let |Flg, : M x [0,1] — R be defined by (p,s) — |Fsl|q, (p), where
|Fslg, : M — R is the pointwise operator norm of Fy with respect to g1, see @ for the definition. Then we
have the following properties:

1. The function |F|g, : M x [0,1] = R is continuous.
2. The function |||Fs|g, ||y : [0,1] = R, defined by s+ ||| Fs|g, || oo (ar), s continuous.

3. For each s € [0,1] we have
9s < bgl

with

b= F, o
srg[gﬁ]l\\ \g1||L (M)

Proof. Let p € M and s € [0, 1] be arbitrarily fixed. Let

{)‘1,8(17)7 )‘1,8(1’)7 )‘2,8(1’)7 )‘2,8(1’)7 ) )‘m,s(p)v >‘m,s (p)} (61)

with 0 < A1 5(p) < A2 s(p) < oo < A—1,5(P) < Ams(p), be the eigenvalues of Fy p, : T,M — T,M. Then it is

well known that (F )
g1 s,pU, U
Fylg,(p) = sup ——F———= = A\n (D). 62
| S|g1( ) 0#£veT, M gl(’U,U) ms( ) ( )
Now we observe that, for any k = 1,2,..,m, the function Ay : M X [0,1] — R defined as Ax(p, s) := A s(p) is
continuous. This follows easily by the fact that F is given in local coordinates by a real, symmetric, square
matrix of rank 2m x 2m whose entries are continuous (actually smooth) functions of (2m + 1)-variables. It is in
fact a classical result of linear algebra that the eigenvalues of a real symmetric, square matrix M = (a; ;), whose
entries a; ; : W — R are continuous functions defined over an open subset W C R?, are themselves continuous
functions over W. We can thus conclude that A, : M x [0,1] — R is continuous and eventually this tells us
that also
1 — A R
[0,1] > s max m,s(P) €

is continuous. As |||Fslg, || 1o (a) = maxpenr Ams(p) for any s € [0,1] the first two points are thus established.
The third point is now an immediate consequence. Namely given any p € M and v € T, M we have gs(v,v) =
g1 (FSU’ U) < H|F8|g1 ||L°°(M)gl (U’ U) <bg (U’ U)' O

Finally we conclude with the following family of examples.

Proposition 4.2. Let (M, J) be a compact complex manifold, D C M a normal crossing divisor, h a Hermitian
pseudometric on M positive definite on M \ D and g a Hermitian metric on M. If f(s) is a smooth function
on [0,1] such that f(0) =0, f(1) =1 and 0 < f(s) <1 for s € (0,1) then g5 := (1 — f(s))h + f(s)g satisfies
the requirements of Prop. [{.1]

Proof. Obviously g5 is compatible with J, it is a Hermitian metric whenever s > 0 and it is a positive semidefinite
Hermitian metric when s = 0. Moreover since D is a finite union of compact complex submanifolds it is known
that M \ D is parabolic with respect to any Riemannian metric on M, see [6l Prop. 4.5]. Now let b € R such
that b < bg and let a = b+1. We claim that h < ag,. In fact h < ag, if and only if 0 < ah—af(s)h+af(s)g—h
that is 0 < bh +h —bf(s)h — f(s)h +af(s)g — h which in turn is equivalent to 0 < b(1 — f(s))h + f(s)(ag — h).
Finally it is immediate to check that this last inequality holds true. O
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