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1. Introduction

The introduction of Ashtekar variables [1,2] has significantly transformed the Hamiltonian formulation of General Rela-
tivity [3,4]. With these variables, the theory of gravitation acquires characteristics similar to those of Yang-Mills theory [5,6],
thereby necessitating the use of gauge theory language. Starting from this classical formulation, a quantum theory of gravity
emerges [7-10]. Known as Loop Quantum Gravity, this theory provides a non-perturbative quantization with interesting al-
gebraic features [11,12]. Furthermore, it addresses one of the most significant aspects of quantum gravity: the quantization
of geometry, manifested in the discrete spectra of geometrical operators such as area and volume [13].

In this paper, we will rigorously demonstrate the role of the fiber bundle structure in this formulation and elucidate the
connections between physical quantities and geometric objects. Despite the existence of a rigorous mathematical literature
on the argument [14-16], a deep analysis and comprehensive composition of the Ashtekar-Barbero-Immirzi formulation
within a proper geometric framework is still lacking. In particular, a unified description of the Ashtekar variables and
constraints as geometric objects, rigorously defined within the context of principal bundles, along with a geometric char-
acterization of the reconstruction process, remains absent. We aim to provide this analysis and establish a shared formal
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language for mathematical and theoretical physicists interested in General Relativity and Quantum Gravity. We intend to
specify this framework using differential topology via principal bundle theory and extend this analysis to the constraints
of Hamiltonian theory. This approach also allows us to analyze the phase space within this context. Furthermore, this
study highlights the distinct differences between the structure and geometric interpretation of Yang-Mills theory and the
Ashtekar-Barbero-Immirzi formulation when both are formulated within the same framework.

The primary objective of this manuscript is to provide a framework within fiber bundle theory for giving a geometric
interpretation to the Ashtekar variables. This framework incorporates the principal bundle structure, analogous to Yang-
Mills theory, but with an additional component: a spin structure. Within this framework, the pair of Ashtekar variables is
interpreted in the context of connections and sections in the adjoint bundle, while the spin structure is necessary for the
geometric interpretation of the reconstruction. Furthermore, we can express the constraints of the theory in a coordinate-
free manner and interpret them as sections of suitable vector bundles. From a purely mathematical perspective, we will
precisely define and prove that, on a 3-dimensional spin Riemannian manifold (X, q), the following two sets of data (Table1)
are equivalent:

Table 1
The two datasets are shown. On the left, the data relate to the Ashtekar-Barbero-

Immirzi formulation of General Relativity. On the right, along with the metric g,
the data pertain to the ADM formulation.

w K
connection in the principal Spin(3)-bundle (0, 2)-symmetric tensor on TX
together with equations together with equations

G(w)=0

Gauss constraint
V(w)=0 D(K) =0

Vector constraint Codazzi equation
S(w) =0 HK)=0

Scalar constraint Gauss equation

The data set on the left originates from the Ashtekar-Barbero-Immirzi formulation of General Relativity. The connection
w will be associated with the Ashtekar-Barbero-Immirzi-Sen connection. We will show that the quantities G, V, and S
correspond to the constraints in this formulation. Specifically, the Gauss constraint G will be a 3-form on X with values in
the adjoint bundle of the spin bundle, analogous to the Yang-Mills theory [17]. The Vector constraint V will be a 3-form
with values in the cotangent bundle of %, encoding the torsion of w. Finally, the Scalar constraint S will be a 3-form related
to the scalar curvature of w.

On the right-hand side, the data correspond to the Arnowitt-Deser-Misner (ADM) formulation of General Relativity. The
supermomentum D and the superhamiltonian H are a 1-form and a scalar function on ¥, respectively. These constraints
are well-known equations in the context of Riemannian submanifolds; specifically, they are the contracted Codazzi equation
and the Gauss equation for the scalar curvature. Using these constraints, we can interpret K as the extrinsic curvature of an
isometric embedding of X into a Ricci-flat spacetime M [18]. Namely, a spacetime that satisfies the Einstein Field Equation
for a vacuum universe.

Afterward, we will discuss the implementation of the symmetries of the physical theory and the formulation without a
metric within the provided framework, thereby recovering background independence to better align with the principles of
General Relativity. Furthermore, we will demonstrate that these symmetries are associated with the action of the automor-
phism group of the spin bundle.

Finally, we can construct and analyze the phase space, examining its topological and symplectic properties. Using the
tools of symplectic geometry, we will discuss the action of the automorphism group, providing a momentum map for
this action constructed from the Gauss and Vector constraints, and demonstrating, within this framework, the well-known
correspondence between the Ashtekar variables and the ADM phase space.

2. Brief review of the physical notation

To construct a Hamiltonian theory of General Relativity it is necessary to introduce the Arnowitt-Deser-Misner (ADM)
formalism [4]. This formulation requires a globally hyperbolic spacetime, specifically a time-orientable Lorentzian manifold
that admits a Cauchy surface [19]. Let M be a globally hyperbolic spacetime, Geroch’s theorem [20] ensures that M is
homeomorphic to M =R x ¥, where X is a three-dimensional manifold. In particular, there exists a surjective function
f: M — R such that =; = f~I(t) is a Cauchy surface homeomorphic to ¥, Vt € R. The theorem remains valid in the
smooth category, where all structures, such as manifolds and functions, are smooth [21].

The collection .# = {Z;};cr clearly defines a foliation for M. Indeed, for each point p € M there exists a system of
local coordinates {x*} such that each ¥; is described locally by the equation x° = const.

Considering the splitting M =R x ¥, we can give coordinates at p = (t, x) as x° = x°(t), while x* = x%(x) coordinates
on X. Moreover, TM = TR x TX, so, on every point, this choice induces a basis of tangent vectors compatible with the
splitting Ty M =T;R @ Ty %, in particular dyo|r € T{R and dya|x € TxX.
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In this case, the function of Geroch’s theorem is the projector to the first factor f = pr;. This function determines the
vector field n = df?/||df||, where t : T*M — TM is the musical isomorphism [22] and || - || is the norm induced by the
metric g. This vector field is, for each fixed t € R, the normal versor of X;. From this, we can write the following linear
combination

do = Nn + N"aa.

The functions N(t, x) and N%(t, x) are called lapse function and shift vector respectively. These functions, together with the
induced Riemannian metrics g on ¥; (we omit the dependence of q on t), characterize the metric g at each point of M

Sab=Gab» 8oa = N’qap, oo = —N% + N°NPqqp.

The other geometric quantity that describes the geometry of the hypersurface 3, together with q, is the extrinsic curvature
K.

Starting from the Einstein-Hilbert action [23], qq» and Kgp result to be the main dynamical variables of a constrained
Hamiltonian theory [24,25]: the metric qq is the configuration variable, while the extrinsic curvature is linked with the

conjugate momentum P% = ‘/TE(K ab _ gab K¢). The lapse function and the shift vector are also configurational variables, but
their dynamics is trivial. They play the role of Lagrangian multipliers of the so-called supermomentum D and superHamil-
tonian H, respectively

D;= —ZQiijij,

piipht _ Y1g

k
H=— (qiqji — %qz’ijl) .

Va
Here, V is the Levi-Civita covariant derivative associated with g and R is its scalar curvature. These two quantities constitute
the constraints D; =0 and H = 0. Since the lapse function and the shift vector are not involved in the definition of the
Ashtekar variables, we will consider the ADM phase space to consist of pairs (qg, P®), where qg is a 3-metric and P® is
a symmetric tensor on X, together with the supermomentum and superHamiltonian constraints.

The vierbein formulation constitutes another approach to General Relativity. A vierbein is an object, with a coordinate
index p and an internal index o, e;‘i such that g,, = naﬂeﬁef . The internal index is covariantly derived using the spin
connection wfjﬂ requiring
Dyey =duey — Ty eq + wﬁﬂef =0. (2.1)

This formulation can be adapted to the ADM splitting in the following form

N 0
e’ = <Nae£ ol ) (2.2)

a

where qg = (Sijefle{]. In this case, the efl (called dreibein) emulates the role of the vierbein in the three-dimensional setting,
and its inverse e{ is called triad. The internal index is i and the coordinate index is a. Moreover, a three-dimensional version
of (2.1) holds. This choice for e"‘w known in physics as the time gauge, is not the most general. However, it reproduces a
canonical construction in mathematics related to embedded hypersurfaces. In particular, its form can be deduced from
the canonical embedding of the orthonormal frame bundle of the hypersurface into that of the entire manifold. A brief
discussion of this geometric relationship between the vierbein and the dreibein is provided in Appendix A. The time gauge
breaks the local Lorentz symmetry by fixing the temporal component of the vierbein to be normal to X; and the spatial
components to lie in its tangent bundle. For this reason, its role in the quantum theory has been discussed by many authors
(e.g. see [26-29] and references therein).

In this frame, starting from the Holst action [30], it is possible to introduce a new couple of variables (Aé, Ef), called
Ashtekar-Sen connection and electric field (or densitized triad) [1,2]. Those are conjugate variables of a constrained Hamil-
tonian theory, the constraints of the theory are

Gi = aE! + € ALEL, (2.3)
Vo=EYFi,, (2.4)
€imnES ED

J1detED)

called Gauss, Vector, and Scalar constraints, respectively. Here, Fi, = 3,Al — A} +eijkA£A’g is the curvature of the Ashtekar-

o
s = (Fly — 25ty al - Thag — 1) (2.5)

Sen connection, while l“fl is a homogeneous rational function of degree zero of E{ and its derivatives (cf. Eq. 4.2.18 in [14]),
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and B is the Barbero-Immirzi parameter that appears as a free parameter in the Holst action [6]. It is worth noting that the
Ashtekar formulation can be derived from the self-dual action without imposing the time gauge [31].

When the Gauss constraint is satisfied, the phase space is equivalent to the ADM formulation with the supermomentum
and superHamiltonian constraints [2]. Moreover, there exists a map between these two sets of variables

Al =T+ BK, (2.6)

Ef = Ve, (27)
where K! = Kle!, and I', = %e"jkwgk, with ;" being the spin connection of the dreibein el. When 8 is a real parameter, the
formulation exhibits an SU(2) redundancy; namely, there exists an SU(2) gauge freedom in the choice of the pair (E?, Al)
associated with (qgp, Kgp). In particular, we can interpret the Ashtekar-Sen connection as an SU(2) gauge field (known as
the Ashtekar-Barbero-Immirzi-Sen connection, in alphabetical order) [5]. Now, we aim to analyze this aspect and formalize

this interpretation via the correspondence with connections on a suitable principal SU(2) bundle over the hypersurface X.
3. Gauge theory structure

In this section, we aim to understand how the SU(2) symmetry emerges at the geometric level. Specifically, we will
construct a principal SU(2) bundle associated with the metric ¢ and analyze its properties to implement the Ashtekar-
Barbero-Immirzi-Sen connection as a connection (in the sense of a principal bundle) on it. For the remainder of the paper,
we will refer to the Ashtekar-Barbero-Immirzi-Sen connection simply as the Ashtekar connection, as is common in the
literature.

Let (X, q) be a 3-dimensional oriented Riemannian manifold. On such a manifold, the oriented orthonormal frame bundle
PS9(x) is well defined. Consider the fiber on a point x € =

P39 (%) = {h:R® — Ty | h orientation preserving linear isometry}.

The orthonormal frame bundle P50 (%) =| | .5 P5°(Z) is a principal SO (3)-bundle over = with the right action of SO (3)
defined by

P:%(2) x SO(3) - P%(%)
(h,0)>hoO

Using the construction of the associated vector bundle, we can properly see the role of the dreibein.

The tangent bundle can be realized as an associated vector bundle TS = P30 (%) X gt R3, where A : SO(3) — GL(3,R)
is the defining representation of SO (3). Hence, elements of the tangent bundle are equivalence classes of pairs [h, v], h €
PS2(%), v e R? associated with the tangent vector h(v). In this context, the index i serves purely as a counting index for
the elements of the orthonormal basis. Therefore, it can be raised or lowered using the Kronecker delta.

In this setting, the dreibein is equivalent to the data of a (global) section h: ¥ — PS9(X). Indeed, given the canonical
basis {e1, ¢2, ¢3} of R, we can associate a frame of orthonormal vector fields (the triad): [h, ¢;] = h(e;) =: e; = efd,. From
this, the cotriad (or dreibein) is the 1-forms dual frame {e! = efldxa} c Q1(2). Notice that the vector v represents the
components of h(v) in the trivialization of the bundle induced by h, namely the components with respect to the frame e;.

The dreibein is also related to a section in End(TX) = T*X ® TX. Actually, the section that to each point associates the
Casimir operator of the endomorphisms of the tangent space, namely the identity, can be written as Idry = e?ei ® 0g =
efldx” ®e;. In this context, ef and its inverse efl play the role of change-of-basis matrices. Further details on this aspect can
be found in Appendix A.

The SU(2) structure emerges when spinors are introduced into the theory. To achieve this, we need to introduce spin
structures. The existence of a spin structure on ¥ can be inferred from the natural requirement of a spin structure on M
(cf. Appendix A). We are going to consider the definition of spin structure given in [32]:

Definition 3.1. A spin structure on ¥ is a couple (PSPI"(X), 5) consisting of:

e a principal Spin(3)-bundle PSP""(%) over %,
e a twofold covering p : PP"(£) — PSO(X) such that the following diagram commutes:

PSPI(E) x Spin(3) —— PSP(%)

I

pxp o p)

e

PSO(2)x SO03) —— PSO(y)
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Here, o : Spin(3) — SO (3) is the twofold covering homomorphism of SO (3). The horizontal maps are the group operations
(right multiplications) on the principal bundles.

With a spin structure, every associated vector bundle to PS?(X) is isomorphic to one to PSP"(X). Consider a repre-
sentation A : Spin(3) — GL(V) of the form A = X o p, for some representation A :S0(3) — GL(V), then PSPI*(%) x5 V =
PSO(2) x; V. In particular TE = PSO(%) x;, R® = PSPI"(X) x;,,,p R3. Moreover, in dimension three, since the defining
representation of Spin(3) is equivalent to the adjoint one, we get TX = adPSP'”(E) PSPIN(53) x aq spin(3). Thus, the dreibein
defines (not uniquely) also a section i : & — PSPI"(%) that satisfies 5 o h = h. In this way, it defines the same vector fields
of h: ¥ — PSO(X), in the sense that e; = [h, ¢;] € PSP () x5,0p R>.

Moreover, spinnable 3-manifolds are parallelizable. Since Spin(3) is simply connected and compact, then PP(X) is a
trivial principal bundle over . As associated bundles of a trivial principal bundle are trivial, TE is trivial. Hence, P$9(X) is
trivial too. Thus, we can always consider global sections of such bundles.

From now on, the manifold T is always considered equipped with a spin structure (PSP"(X),5) and, to make the
discussion closer to the usual physical notation, we identify Spin(3) = SU(2), and so spin(3) = su(2).

3.1. Connection and gauge field

Connections are the central objects in gauge theories. In this paper, we consider connections as 1-forms on the principal
bundle, taking values in the Lie algebra of the structure group [33].

The connections on PSO(X) are the so-called metric-compatible connections. Among them, we can recognize a pre-
ferred one, which is the Levi-Civita connection w'C. The spin structure allows us to define a one-to-one correspondence
between connections on P59 (%) and connections on PSPi"(X). Given a connection @ on PS?(X), we can define a connec-
tion @ = p_ ! p*w on PSP"(X), where p; ! is the isomorphism so(3) — su(2) induced by p. The contrary is also true, every
connection on PSP"(X) can be written in this way.

The Ashtekar connection is the local 1-form of a connection on P*Pi"(X), namely its pullback via a section

A=h*®. (3.1)

The Ashtekar connection A is a su(2)-valued 1-form A = A’dx" ® T, where t; is a basis of generators for su(2). Under a
change of section h —> hg, with g: & — SU(2), transforms A Adg-1 A + g~ ldg. It is clear that, due to the properties of the
spin structure, to deal with an Ashtekar connection is equivalent to treating with a connection in PS? (). Actually, since the
bundle maps h* and p* commute with the Lie algebra isomorphism ps, A is also the local 1-form of a metric-compatible
connection

A=h*o=h*p; ' p*w=p 1 (poh)w=p Th*w
In which the only difference is that 7; is substituted by T;, the generators of so(3). In such a way, the local field A depends

only on the section h and not on the specific lift i, and in general by the chosen spin structure.
A curvature form © is associated with a connection . It is a 2-form on PSP"(¥) with values in su(2) defined by:

®=dw+ %ad(d)) A @.
The pullback of © is the curvature (or field strength) F = h*®. The curvature is written locally as
F=dA+ Jad(A) A A. (3.2)
The curvature transforms under a change of section i — hg as F Adg—1 F and in a coordinate chart reads:
F = @At + LAJAK[T), Ti)dX A dx = (aaA;; + 1€ ALAN T @ dx A dx?
= 1 (BaA} — AL + € ALANT @ dX* @ dx’ = L Fiy T @ di® @ .

We can associate with © an element of (X, adP*P"(%)) uniquely. Explicitly, it is F = [h, § Fi, 71 ® dx? Adx?. Hence, F is

the expression of F in the trivialization of the bundle ad PSPi"(%) induced by the section h. For simplicity, by now we will
omit the k-form part in this kind of object, so the previous reads F = [h, Fit;] = [h, F].

3.2. Electric field and solder form

In physics, the dreibein is collected in a su(2)-valued 1-form. Given the cotriad e, we are going to consider the contrac-
tion of the 1-forms with the basis of generators 7; of s1(2)

e=edx" Q1.
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This construction, apparently unnatural, is linked with a solder form on PSPi"(%).
On the orthonormal frame bundle, the tautological solder form 6 is a 1-form on P59 (Z) with values in R3? defined by

Oy V) =h~ (dm (V)

where x € £,h € P{O(2),v € TunP3°(X) and 7 is the projection of the bundle. The solder form is right equivariant
R30 = Ast(g71)6. Let h be a section of P9 (M), then the cotriad is

e!,e?, e =h*s. (3.3)
Thus, point by point, for all v € TyM
el (0dx* (v) = h ! (dix g 0 dh(v)) = hy ' (dx(T 0 h)(v)) = hy ' (v)

From the tautological solder form, we can induce a solder form on PSPi"(X). Considering firstly the pullback of 6 via p
and then the composition with the SU(2)-equivariant isomorphism ¢ : R3 5 su(2), the solder form o € Q1 (PSPI(T), su(2))
is defined by:

9 =dop*o. (3.4)

It is horizontal because 6 is horizontal. Moreover, it is SU (2)-equivariant:

Ry0 = oRE6™0 = o R )0 = $ (st (p(g™1))5°0) = Adg-1 $(576).

It is well-defined since the adjoint action of SU(2) is equivalent to the adjoint action of SO(3). With such a form, it is
possible to associate uniquely a differential 1-form e € Q1(X, adP3P"(X)) that, in a trivialization h, reads as

e =h*p. (3.5)

From which, the transformation under change of trivialization is e > Ad,-1 e.

Now, we can introduce the electric field E. In a trivialization of PSPI(X), it can be defined as an element of
Q2(Z, su(2)*) such that

1
gtr(E Ae) =Volg, (3.6)

where tr is the natural pairing between su(2)* and su(2) (or, analogously, the multiple of Killing form such that the
generators of su(2) form an orthonormal basis. In particular, it is proportional to the standard trace Tr, tr = —2Tr). It is
clear that E is the contraction of the Hodge dual of the cotriad

xel = 1 /qel qV%gpcdx” A dx¢ = 151 E‘}eabcdxb Adx, (3.7)

with the dual basis of su(2) given by {t'} C su(2)*. Under a change of trivialization h — hg, the electric field must transform
as E— Ad;l E, where Ad* is the coadjoint representation, to maintain the invariance of Eq. (3.6).

Hence, [h, $Ef€amct] ® dx” A dx¢ is a well-defined 2-form with values in ad*PSP"(%), namely E = [h.E] €

Q%(Z,ad*PSP"(%)). Such a vector field is associated with a horizontal 2-form 7 € Q2(PSP"(%),5u(2)*) such that
E =[h, h*1].

3.3. Equivalence of the data

We want to show how to reconstruct a (0, 2)-tensor field K starting from a connection @ on PSPI"(%).

On PSPin(x), there exists a special connection that is the spin connection @€ associated with the Levi-Civita connection
@' = p;1p*w!C. The difference w — @' is a horizontal and SU(2)-invariant 1-form on PSPI"(X), so, it is associated
with an element of Q!(%,adPP"(%)). In a trivialization h, it reads BK = h*(w — @), where 8 € R. From the global

trivialization, we can define the tensor

K=tr(e ® K) (3.8)

where e = i*9 is the solder form. K is invariant under change of trivialization since tr is proportional, pointwise, to the
Killing form on su(2), then tr(Adge ® Adg K) =tr(e ® K) for all g: X — SU(2). Therefore, K € QD) ® Q1(D) is a well-
defined tensor.

For an a priori trivialization-free definition, we must use the bundle isomorphism @ : TX 5 adPSPin(s) induced by the
solder form ¢ and defined by @ : X — e(X). Then, we can define W = &~ ([h, Bh*(@? — @®'©)]) and conclude K(X,Y) =
qW(X),Y)VX,Y e TyX.
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Finally, we must check that, in local coordinates, K is the map (2.6):
BK=tr(e ® BK) =e/ @ (Al — T)tr(ritj) = e/ ® (AT — T)sy;
— el (A} — T))8;jdx® @ dx.
However, the symmetry of this tensor is not deduced from this construction. The Gauss constraint ensures this property.

4. Constraints

The constraints arise from the Hamiltonian formulation of General Relativity in Ashtekar variables, and they have a well-
known interpretation as the generators of infinitesimal transformations of the phase space [14]. However, they can also
acquire a geometric interpretation and can be described within the framework of fiber bundle theory.

We recall that associated with a connection on a principal bundle there exists a unique covariant derivative on the
associated vector bundles. Hence, a connection w on PSP"(%) induces a covariant derivative D on TE and its functorial
constructions [34]. Its action on the triad and its dual frame reads in terms of Ashtekar connection

De; = [h,de; + 2o (h*@)ei] = [h, Aldu(Tj)ei] = [, Al€jie] = Al€ fey
De = [h,de; — hw(h*w)ei] = [h, —AT hi(T))ei] = [h, Al€iex] = Alejixek.

Here, — ‘), is the dual representation, that, in terms of matrices is minus the transpose of the defining representation A, of
the Lie algebra su(2). The indices i, j, k are raised and lowered using the Kronecker delta. Moreover, let V be the Levi-Civita
covariant derivative, we recall that Ve; = F"ekij ej.

A connection w induces also the so-called exterior covariant derivative d,, on k-forms with values in a vector bundle.
The derivation rule is the following: consider n a k-form on ¥ and s a section in a associated vector bundle

dw( ®5s)=dn ®s+ (—1)¥n A Ds.

Notice that the su(2)-valued 1-form K, defined in Sec. 3.3, plays a role in the induced covariant derivative. Indeed, the
covariant derivative on TZ can be written as D = V + K, where K € Q! (Z, AntiSym(TX)). Here, AntiSym(TX) is the bundle
of skew-symmetric linear operators on the tangent space. In particular, its action on the dreibein is

Ke; = De; — Ve; = [, de; + Ax(h*w)ei] — [h, de; + Au(h* @ C)ei]
= [h, (0 (@ — @M ))ei] = [, L (BK)ei] = [h, BK € e ] = BK € ey
From which q(K(dy)e;, ej) =B Kéelij, showing the skew-symmetry property.

4.1. Gauss constraint

It is well-known that the Gauss constraint forces the tensor K to be symmetric [14]. This fact follows from a simple
computation; for completeness, we reproduce it here

Gi = 0aE{ + €, AJER = V/q (Vae? + eij"A{]eﬁ) =4 (F{]eﬁkeg + eij"Af,e;:)
. N
= (—BKiefet) = ByaKape, " efe
It is quite evident that

b

Gi=0 < €eMkgefel =

0 < Kz = Kpq.

We are now interested in a coordinate-free definition and a geometric interpretation of the Gauss constraint. It can be found
quite straightforward via the exterior covariant derivative of the electric field:

G =dyE. (4.1)
This defines an element of Q3(X, ad* PSP"(X)). Considering a global trivialization, we can define the su(2)*-valued 3-form

G =dpE =dE +ad*(A) AE. (4.2)
In such a way, G = [h, G]. The proof that this object is the usual Gauss constraint follows immediately:

7
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doE = d(} Ef€apcdx® A dx) @ [, €]+ (3 Efeqpedx® A dx°) A DIk, ']

= (Jog Eapcdx® A dxP A dx) @ [h, 1]+ 1 ES€qpedx® A dxS A dx¥ @ [h, Ag,eﬁkt"]

= (9EY + € ALED X' Adx® Adx® ® [, t] = Gidx! Adx? AdX® @ [h, £].
Thus, the constraint G =0 imposes the vanishing of the exterior covariant derivative for the electric field, and the equation
daE =0 is analogous to the equations of motion of a Yang-Mills theory.

4.2. Vector constraint

The Vector constraint admits an expression in terms of exterior covariant derivative too. Its expression in terms of the
cotriad is clear and concise and gives us an element of Q3(%, adPSPi" (%))

V=de. (4.3)
In a global trivialization, its components read as

V=die=ad(F) ne. (4.4)

However, in physics, the Vector constraint is a 1-form. We can obtain this formulation considering the bundle isomorphism
induced by the solder form, analogously to Sec. 3.3. In this case, we can define V € Q3(Z) @ Q1(Z) as

V=tr(e®V). (4.5)

Now, we can check that this expression of the Vector constraint is the usual one by performing a computation in coordinates

V=ad(F)Ae=F rel @1, Tj]= %eijkl-"("lbegdx” AdX® A dXE @ T,

and then
. . : i /
V=e'® e F reltr(umy) = e e Fiyelek dx! Andx® Adx® @ dx*
_ 1 _abcpi b 4,1 2 2 a _ ri pba,l 2 2 a
= 5€ " Fp€apcE] dx’ Adx® Adx® @dx" = Fy Ejdx’ A dx” Adx® ®dx".

Where we used the property Ej = S€'*egcebef, obtained by the Hodge duality (3.7). Clearly, V =0 if and only if V=0.
The equation dlzqe =0 does not resemble one from Yang-Mills theory, even considering e the “Hodge dual” of E (see
Eq. (3.6)). In this context, a Yang-Mills-like equation is dqe = 0, and if this equation holds, then the Vector constraint is
necessarily satisfied. This Yang-Mills-like equation is the local version of the torsion-less condition for the connection w
because e is the local realization of the solder form . Hence, it can be written as a pullback, with respect to a global

section, of the equation on PSPi"(%)

do +ad(w) A9 =0. (4.6)

The left-hand side of this equation is the torsion form T of w. Thus, the Vector constraint requires a connection @ with
parallel torsion form, namely a torsion form with vanishing exterior covariant derivative:

dpT =ad(®)A® =0. (4.7)

Now, we show that the Vector constraint yields the Codazzi equation when the Gauss constraint is satisfied. This is a
standard result that we are going to prove in this bundle language.
First of all, we can rewrite the curvature F in a fixed trivialization splitting I" and K:

F =R+ BdK + Bad() A K + £ ad(K) A K. (4.8)

Here, R is the curvature of the Levi-Civita connection I'. Therefore, the Vector constraint is composed of four terms. The
first term ad(R) A e vanishes because it is the Vector constraint for the connection I, but it is the Levi-Civita connection
and so it is torsion-free.

The fourth term ad(ad(K) A K) A e =2ad(K) A ad(K) A e is proportional to the Gauss constraint. Thus, considering the
Gauss constraint satisfied, the only non-trivial contribution to the Vector constraint comes from the middle terms of F,
which are the exterior covariant derivative of K with respect to the Levi-Civita connection. Hence, the reduced Vector
constraint reads

ad(drK) Ae=0. (4.9)

Passing to a coordinate system, we obtain the following equation

8
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(Kl — oK} + €', TAKE + €' KITE ) E? =o0.
Using the relation with the usual Christoffel symbols Fﬁek] =e F‘be + eb aae the previous equation reads
NG (aakg — 8pK2 + b K — rgCK,’;) 0. (4.10)
This equation is known as the contracted Codazzi equation [35] in a Ricci flat spacetime.
4.3. Scalar constraint

Even for the Scalar constraint, we can give a formulation in terms of connection and electric field. The Scalar constraint
can be written as

S:tr(E/\*(F——(,B +1)ad(K)/\K)) (411)

Hence, S is a top-form, namely an element of Q3(X). Here, K is a function of A and the dreibein as defined in Sec. 3.3. The
Scalar constraint is interpreted as a section of the trivial bundle ¥ x R, which is an associated bundle of PSP"() with the
vector space R under the trivial representation Ay : SU(2) — GL(R), mapping every group element to the identity element
on R. Since sections of ¥ x R are canonically identified with real-valued functions on ¥, we have

A, IxR) =32 e %) =Q3 (D).

The computation that Eq. (4.11) yields Eq. (2.5) in a local coordinate system is quite simple, and we will show it only for
the so-called Euclidean part:

tr(E /\*F)_4e,]kFabele eMel nek pem = 2el]ke]"”Fabele ElmVOIq
a b
1 lm
= 5€ FabelemVolq_—e Fab \/_dx AdX* A dx.

We can also notice that the definition of scalar curvature from Riemannian geometry provides a similar result

scalp =) " q(Df,, e eie) = ) ;F"be, eheriqer, ;)
ij i,k
= ;Fabekllel l])
i,j.k
Thus, tr(E A xF) = scalpVolg.

From the Scalar constraint, we can extract the Gauss equation using the decomposition (4.8) and imposing the Gauss
constraint (i.e. considering a symmetric K). The 82 terms cancel out while the other terms must be studied one by one. The
first term tr(E AxR) = scalgVolg is the Ricci curvature. The second term tr(E AxdrK) =tr(e AdrK) =dtr(e AK) +tr(dre AK)
vanishes because tr(e A K) = 0 when K is symmetric and dre = 0 since T is torsion-less. The last term is tr(E Ax(ad(K) A K))
that is the same of (3_; ;K(e;, ej)? — Y i K(ei, e)*)Volg. Thus, the constraint S = 0 reads

scalg + Y K(ei ej)> = Y K(ei,ep)* =0 (412)
i.j i

This equation is the Gauss equation for the scalar curvature in a Ricci flat spacetime [35].
5. Elements from the physical theory

A crucial property of General Relativity is background independence. In our description, we fixed a metric in order to
construct the spin structure and the related geometrical quantities. However, we want now to describe the metric as a
dynamical quantity reconstructed from the electric field. Indeed, the relevant geometric quantities are objects on PSPi(%)
independent of the spin structure and of the metric, such as the physical variables. Therefore, we now aim to emancipate
from the metric by encoding the metric data, and even the orientation, in the electric field, using the correspondence
between ¢ and E, or equivalently 7 (cf. Sec. 3.2), and prove the independence of the set of connections from the metric.

Thus, on a spinnable closed 3-manifold X, our data will consist of the pair (w, t), which allows us to reconstruct the
pair of tensors (g, K). Here, w is a connection on the unique principal SU(2) bundle PSP"(X) over ¥, while T is a non-
degenerate element of Q%(P5Pi"(¥)) ® su(2)* that is horizontal and SU(2)-equivariant.

9
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5.1. Independence from the metric

In the previous Sections, we used the spin structure as a necessary tool to give a geometrical interpretation to the
physical variables and to prove the equivalence of the data. To do that, we fixed a metric. However, we will prove that the
set of Ashtekar connections is actually independent of the metric.

Fixing a spin structure on a given metric, fixes the spin structure for every other metric. Let us consider a metric q
associated with an orthonormal frame bundle PSO(X,q) and with a spin structure (PSPI"(X), 5). A different metric ¢’
on ¥ is associated with a different orthonormal frame bundle PSC(X,q’). Between these two principal bundles, there
exists a vertical isomorphism v : P$O(Z,q) — P59(Z,q'), given pointwise by the matrix which maps an orthonormal
basis of q in an orthonormal basis of q'. Moreover, there exists a vertical automorphism  : PSPi"($) — PSPin(%). Defining
o' PSPIN(s)y — PSO(x, ¢') such that the following diagram commutes:

PSpin(E) v N PSpin(E)

b 5|

PSO(,q) ——— PSO(3,¢q)
\ ] /

The couple (PSP"(X), o' = o p o ¥~ ) clearly defines a spin structure for PO (X, q'). Furthermore, the isomorphism
defines an isomorphism between the sets of metric-compatible connections, namely for any connection w on P39(Z,q)
there exists a unique connection @’ on P59(%,q") such that w = ¥*w’. For any couple of connections of this kind, the
respective spin connections are linked by a gauge transformation p*w = v¥*5'*w’. Thus, the space of spin connections does
not depend on the metric.

5.2. Reconstructing the metric

Fixed a global trivialization of PSPI"(X), the non-degeneracy of T means that the three 2-forms E; € Q2(X) that charac-
terize E = h*1 = E;t! are linearly independent. Hence, they define a global frame for A2T*X. In such a way, it is possible to
induce a scalar product and an orientation on TX.

To show that, let us see what happens in R3. Let us consider a basis {W;} c A2R3. Each vector of A2R3? can be
decomposed as W =u A v with u, v € R3. We want to prove that the basis is decomposed uniquely on a basis of R3.

There exist uq, uy € R3 such that Wi = uy A u3, we can complete {u7, uz} to a basis for R? adding the vector us, then
W, is a linear combination W, = cu; A up + Buz A us + yus Aup. We have two cases:

1. If o #0, we can substitute u; with the vector u; + §u3. And then uy with uy + gu3, obtaining W, = ou1 A uy and
leaving W1 invariant.

2. If y #0, we can substitute u; with the vector u; + guz. And then us with us + %uz, obtaining W, = yu3 Au;p and
leaving W invariant.

The two results are linked to a choice of orientation for the basis {W1, Wy, W3}, so, without loss of generality, we can
consider y # 0. The last vector is again a linear combination W3 = &’uy A uy + B'uy Aus + y’us A uq, where necessarily
o’ # 0. We can substitute uq with the vector uq + gug. And then uy with uy + £U3, obtaining W3 = a’uq A uy and leaving

W1 and W, invariant. The last step is the rescaling of u, by /"‘7/ and usz by § the radicand is positive under a proper

choice of the orientation, i.e. a relabeling of W;. Thus, we obtain that, given a basis {W1, W5, W3} c A2R3 there exists a
basis {u1, uz, u3} € R3 such that Wi =uy Aus, Wy =uz Aug, W3 =uq Aup.

These bases are metric compatible in the sense that if {u;} is an orthonormal basis then {W;} is an orthonormal basis
with respect to the scalar product induced by the one on R3. The proof is straightforward

1 1
(Wi, Wj) = Zfilkejmn(ul AUk, Uy AUp) = Zeilkfjmn(almakn — 81nSkm)
1
= 5 €ilk€ilk = 8ij

Moreover, the decomposition is unique. Suppose there exists u} = ajuy such that W; = %ejijj Al = %e,-jku;. /\u,’c. then the
coefficients o;j must satisfy

det(a)€ijk = €k

10
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Forcing the matrix o = {a,,} to be diagonal and det(«) to be the diagonal terms. Hence, the only solution is the identity
matrix.

Moreover, if two bases {W/}, {W;} C A2R3 are linked by an orthogonal transformation, the two bases of the decomposi-
tion are linked by the same transformation.

Hence, since the fiber of T*X is isomorphic to R3, for each E € Q2(X%) ®5u(2) there ex1sts a unique coframe of 1-
forms {e!} c () that decomposes the frame of 2-forms {E;} C Q%(%) as E; = ze,Jkel Aek. The 1-forms frame e! is the
reconstructed dreibein or cotriad. Its dual frame {e;} C X(X) is the reconstructed triad and, declaring it to be orthonormal,
is associated with a unique metric q. Moreover, it induces an orientation on TX.

This procedure, starting from 7, defines a unique metric ¢ and provides an orientation for X. Changing the global
trivialization, E changes via the adjoint representation, and thus the frame {E;} is rotated by a special orthogonal matrix.
As a result, the dreibein is also rotated by the same special orthogonal matrix, meaning that the associated metric and
the orientation do not change. Even considering a different set of generators of su(2), the metric remains invariant. Indeed,
a change of generators corresponds to an automorphism of the Lie algebra, but Aut(su(2)) = SO (3), leading to the same
conclusion.

5.3. Symmetries

An important aspect of the physical theory is its symmetries. We now aim to analyze the known symmetries of the
Ashtekar-Barbero-Immirzi formulation of General Relativity within our framework. The physical theory tells us that two
groups act on the local fields E and A, encoding the symmetries of the theory. These are the group of vertical automor-
phisms G = Gau(P5Pi"(x)) and the diffeomorphism group Diff(X).

The geometrical description of the Ashtekar-Barbero-Immirzi formulation is given by a pair T and w of su(2)-valued
differential forms on PSP"(). However, in the physical description, we work with fields on . Since PSP"(X) is trivial over
%, it is possible to establish a natural correspondence between the geometric data and the local fields by fixing a global
trivialization. Let s be the global section associated with the trivialization; in this case, T is mapped to an electric field
E=5*T € Q2(X) ® su(2)* and w to an Ashtekar connection A = s*w € Q1(X) ® su(2). The group of gauge transformations
has a convenient isomorphism G = C*°(Z, SU(2)), and the group action can be deduced by the pullback. Let f € G be
identified by g: ¥ — SU(2), then f*r Adz,1 E and f*w > Adg1 A+ g 'dg. While Diff(X) acts via pullback of the
k-form part of the local fields.

This is the local version of saying that Aut(P5Pi"(X)) is the symmetry group of the theory. Indeed, it is well known that,
since PSPin() is trivial, the following short sequence holds [36]

1 — G — Aut(PSP"(%)) — Diff() — 1.

Moreover, there exists an homomorphism from Diff(X) to Aut(P*P"(%)) which maps, in a fixed trivialization, ¢ — ¢ x
idsy(2). That map is projected by the second homomorphism into the identity on Diff(X). This condition is necessary and
sufficient for Aut(PSP"(X)) to be isomorphic to G x Diff(X). Notice that Aut(PSPI"(X)) is the group of isomorphisms in the
category of principal bundles, providing a natural parallelism between physical symmetry and geometric equivalence.

A deeper analysis of these symmetry groups is provided in the context of symplectic geometry in the next Section.

6. A note on phase space

In this Section, we aim to characterize the phase space of the theory in terms of symplectic geometry. We are going to
provide a symplectic form and show that the Gauss and Vector constraints can be interpreted as momentum maps on this
symplectic manifold. The construction of the phase space emulates the procedure proposed in [14], namely we will consider
as elements of the phase space the couples of local fields (E, A), which in our framework means to fix a global trivialization
(equivalently choose a section) for PSPi"(%). However, the generalization to vector-valued sections and connections is quite
straightforward.

Let ¥ be a spinnable closed 3-manifold. From what we have seen before, we can collect the data of the metric in an
ad* PSPin(3)-valued 2-form E. In a fixed trivialization, it is represented by a 2-form E = Ef€gpcdx® A dxP+ with values in
su(2)*. Such a 2-form has to be nondegenerate, namely det(E{) is never zero. Thus, the configuration space is £ = {E €
Q%(T) @ su(2)* | E is non degenerate}. The space £ is a Fréchet manifold. Indeed, it is an open subset of ©2(X) ® su(2)*,
which is a Fréchet topological vector space. The Fréchet space structure is inherited, via pullback map of the chosen section,
by the one of Q2(%, ad* PSPin(x)), which is a Fréchet space for a fixed choice of a triple composed by an auxiliary metric on
¥, a Riemannian product on ad*PSP"(X), and a auxiliary connection on PSPi"(¥). By compactness of %, the Fréchet space
structure does not depend on the choice of the triple [37]. The family of seminorms on Q2(X, ad*PSPi"(x)) is given by

[IEllm = _max_ }max|V’E(x>| m € Ny, (6.1)

.....

where |-| is the norm induced on T*S® ® A2T* S ®ad* PSPI" (%) by the auxiliary metric and the Riemannian product, and V
is the covariant derivative induced on T*£%' ® A’2T*T @ ad* PSPin(x) by the Levi-Civita connection and the chosen auxiliary
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connection. More concretely, we can consider a collection of seminorms on ©2(Z) ® su(2)* as given by an auxiliary metric,
the scalar product on su(2) defined in (3.6), and a flat connection, namely

1

EIlz = max { [[Ell1, max|vA'€A (VA" Eqo )

||Ello = max |Eq(x)t"],
XxXex

2
11 =max {[Ello. max |(VA*Ea(0) ¢

I

[El1s = max {[|E[|z, max| (vA'®A'OA yAT®A g g ) ) ¢
Xe

|

where VA" is the Levi-Civita connection of the auxiliary metric induced on the exterior power AT*XE and |- | is the norm
induced by the auxiliary metric on T* e ® A?T*Y and the scalar product tr defined before. As a consequence, the tangent
space at each point is isomorphic to ©2(Z) ® su(2)*. In particular, the tangent bundle is trivial and £ is parallelizable, i.e.
TE=E x (QZ(E) ®5u(2)*). Notice that £ has two connected components associated with the two possible orientations of
%, namely the sign of det(EY).

Each E is associated with a metric, constructed as in Sec. 5.2. Given this metric and fixing a spin structure, we can
define as in Sec. 3 the space of Ashtekar connections Ag. These spaces do not actually depend on the metric, and they are
canonically the space of SU(2)-connections A.

The space of connections A is an affine space associated with the vector space Q'(Z,adPSPi"(%)), then it is a Fréchet
manifold. Fixing a global trivialization, it is in one-to-one correspondence with Q!(X) ® su(2). From which we are going
to consider as phase space P the fiber bundle with base manifold £ and fiber A (the fiber over each point is Ag). Such
a bundle admits a global section, assigns to each E the corresponding spin connection I'(E), hence it is a trivial bundle
P=Ex A

The tangent bundle TP can be easily characterized TP =TE x TA= € x (Q2(2) @ su(2)*) x A x (Q1(Z) ® su(2)). Hence,
on each point, Tz 4P =T & TaA = (24(D) ® su(2)*) @ (' (X) ® su(2)). Notice that there is a weakly nondegenerate
pairing between ©2(%) @ su(2)* and Q1(Z) ® su(2):

(92(2) ® 5u(2)*) x (Q1(2) ® su2)) - R;

, o)~ ftr(v A).
x

From which, we can define the canonical symplectic form  [38] on the tangent space of a point (E, A) € P by
W(E,A) ZT(E'A)'P X T(E,A)P — R

((v1, 1), (2, 02)) = /tr(w Aaz)—/tr(Vonn) (6.2)
D) )

The symplectic form is defined modulo a constant real factor 8 which represents the Barbero-Immirzi parameter. Actually,
it can be associated with the symplectic potential

Ock.A TE,nHP — R

W, a) —~ /tr(E A)
)

Notice that it is the same symplectic structure of Yang-Mills theory [39,40]. Introducing the exterior derivative § on P, those
objects can be written, with a slight abuse of notation, as w = ftr(SE AS8A) and 6 = ftr(E A 8A), where A represents the
wedge product between k-forms on ¥ and between [-forms of P.

The constraints are well-defined on this phase space. The Gauss constraint G and the Vector constraint V can be regarded
as functions on the phase space with values in suitable infinite-dimensional Fréchet Lie algebras. These functions are globally
defined due to the smoothness of the fields and the compactness of X. Moreover, they have an interpretation in terms of
momentum maps, and we will implement them within the framework of symplectic geometry via symplectic reduction.
Note that if we were to consider the space of L% connections instead, we would also need to analyze the domain of the
constraints, likely involving some type of Sobolev space.

12
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6.1. Gauge transformations and momentum maps

The infinite-dimensional group of gauge transformations G = C°°(%, SU(2)) acts on this phase space. The group has a
natural right action on P:
GxP—>P;
(g, (E, A) = g.(E, A) = (Ad} , E,Adg1 A+ g dg) (6.3)

The action preserves the symplectic form w, i.e. it acts via symplectomorphisms.

(8. @) (g, a) ((V1, 001), (V2,002)) = Wg (E,4)(88.(V1, 1), 88.(V2, @02))

= wg.£.A) (Adg_1 V1, Adg-1 1), (Ady_; V2, Adg-1 12))

:/tr(Ad"g_1 Vi AAdg1 az) — f tr(AdZ_1 V2 AAdg1 o)
z b

=ftr(v1 /\Olz)—/tr(l)z/\ch)
z P

Moreover, it is possible to define the momentum map for this action as follows:

we : P — Q3(T) @ su2)*;

(E,A) — G(E, A) =daE (6.4)
The map ¢ is equivariant with respect to the G-action: G(g.(E, A)) = Ad;,1 G(E, A). The coupling with Lie(G) = Q%(2) ®
su(2) is given by

(93(2) ®5u(2)*) x (90(2) ®5u(2)> > R;

quMmaﬁ/nua

=

We can now prove the momentum map property. Considering the vector field on P defined by

o) (E A = exp(t§).(E, A) = (—ad*(§)E, d& +ad(A)§),

i
dtlo
we must show ty)@ = 8(luc, §). Let us compute first the interior product with the symplectic form

(tLo@@)(V, &) =  ((—ad*(§)E, d& + ad(A)§), (v, ))
=— / tr(ad*(§)E Aa) — / tr(v A (d§ +ad(A)§)).
x z

Then, we compute the differential of the coupling with a slight abuse of notation

S, &) :8/tr(G(E,A).§):/tr((dSE+ad*(8A)/\E+ad*(A)/\SE)S)
X )

= —/tr(SE AdE) —/tr(ad*(S)E ASA) — /tr((SE Aad(A)é).
x ) b
Thus, the G-action on P is Hamiltonian and we can consider the symplectic reduction P /G = //Lgl (0)/G. However, this
action is not free because there exists a non-trivial center. We can slightly modify the definition of gauge transformation

considering G = C*°(X, Ad SU(2)). This choice does not modify the Lie algebra and the previous considerations, moreover,
the action is free on £ and so on P even if A admits reducible connections [41].

13
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6.2. Diffeomorphisms group and ADM phase space

A second group acts via symplectomorphism on P, it is Diff(X).
The action is ¢.(E, A) = (¢*E, ¢*A), it passes to the quotient and the symplectic form is invariant under it:

(@5 w)E,a)((V1, 1), (V2,002)) = Wy (E,4)B@.(V1, @1), 8¢.(V2, a2))

= wy.£,4) (@1, @ 1), (™12, 0 a2))

:/tr((p*vl A @Fan) —/tr(ga*vz/\(p*om)
b b

=/¢*tr(w Aaz)—/w*tr(vz A1)

z z

= / tr(vi Aap) — / tr(vy A )
p(X) p(X)

:/tr(m Aaz)—/tr(vaa1).
b b

The map given by (E, A) — V(E, A) =tr (e(E) ® ad*(F(A)) /\e(E)) is invariant under the action of G, hence it defines a
well-defined map on the quotient space. Moreover, its range is in Q3(Z) ® Q!(X) and that map is Diff(X)-equivariant
V(p*E, p*A) = ¢*V(E, A). Its projection to the quotient is the momentum map associated with Diff(X), which is the super-
momentum constraint.

Using the procedure explained in Sec. 5.2, it is possible to associate a metric q(E) to E, which is the same for the entire
equivalent class. In the same proof, the cotriad e(E) reconstructed from E is also defined. Moreover, we can define the func-
tion I'(E) that is the Levi-Civita connection of the metric q(E) with respect to the triad reconstructed by E. Such a function
is a homogeneous function of E of degree zero [14]. Finally, we can associate a tensor K(E, A) =tr(e(E) ® (A —T(E)))
that it constant along the G-orbits in P and symmetric on ,ug](O). Changing the orientation is equivalent to consider the
transformation E — —E, we can notice that q(E) =q(—E) and K(E, A) = —K(—E, A). Hence, the equivalence classes [E, A]
in P J/ G are identified by couples (q(E), K(E, A)). Therefore, the reduced symplectic manifold P / G is a fiber bundle with
base manifold the space of Riemannian metrics Met(X) and as fiber the vector space C*° (X, Sym(TX)) of symmetric tensors.
Since Met(X) is contractible, the fiber bundle is trivial.

The action of the Diffeomorphism group is induced by the one on P and reads simply (q, K) — (¢*q, ¢*K). It acts via
symplectomorphism and has a momentum map that is the supermomentum constraint. This is induced on the reduced
manifold by the projection of the Vector constraint, while the Scalar constraint is projected into the superhamiltonian one.
Hence, this phase space is isomorphic to the ADM one [1,2].

6.3. Full group of symmetries

We can consider the action of the full group & = G x Diff(X), where the group product is

(81.91) - (82.02) = (&1 (82097 ). ¢10¢2)
The action of the couple (g, ) on P is
(8. 9).(E, A) = (A} 1 9*E, Adg1 9" A+ g~ 'dg). (6.5)

The Lie algebra of this group is isomorphic as vector space to Lie(G) @ Lie(Diff(X)). Following some basic calculations about
semidirect products of groups, we find the adjoint action on (£, X), where & € C*°(Z, su(2)) = Lie(G) and X € X(X) =
Lie(Diff(%)):

Ad(g.g) (& X) = (AdgE 09" — gdg™ (9 X), 9 X). (6.6)
From which, we can find the coadjoint representation on (Q3(X) ® su(2)*) @ (23(X) ® Q'(%)) by imposing

(Adzkg,(p)(xa )‘)v (5: X)) = <(X ’ )")a Ad(g,(p)—l (év X))

= / tr(x ® (Adg-1,,E 00 — (87" 0 )d(g 0 ) (9, ' X)) + / Moy ' X)
)} D)

= [ (g0 ®8) - [or (i) x w8 dg00) + [,
> >

z
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Then, the coadjoint action reads

Adfy (X 1) = (Ady (@~ ) x. (9 ) A+ tr((p™)* x ® gdg™ ). (6.7)
For completeness, we can compute the adjoint action of the algebra on itself, namely the Lie bracket:
adg,, xp) (52, X2) = (adg, & + d&1(Xp) —d&r(Xq), —Lx, X2). (6.8)

We can now discuss the momentum map of this full group, which acts via symplectomorphisms.
It is known that the correct constraint that implements diffeomorphisms is a deformation of (but equivalent to) the
Vector constraint. In our case, the Diffeomorphism constraint reads

D(E, A) =V(E, A) +tr(G(E, A) ® A) (6.9)
The momentum map is defined by:

wP—(P@en)e (P@ee'®);

(E, A) —u(E, A) = (G(E, A), D(E, A)). (6.10)

This map is ®-equivariant with respect to the right action

mo (g ¢).(E, A) = (Ad,_, "G(E, A), 9"D(E, A) + tr(¢*G(E, A) ® g 'dg))
= Ad}(kg—l,(p—l) W(E, A).
From the literature [14], with the same slight abuse of notation as before, we can find that

8{up, X) =/tr(£xEA<3A) —/tr((SE/\LxA).
by )

Considering now the vector field o(X) ¢, 4) = (LxE, LxA) on P that generates the Diffeomorphism transformations, the
interior product matches the differential of the pairing

(Loxyw)(v, o) = w (LxE, LxA), (v, @))

=/tr(£xEAo¢)—/tr(vA£xA).
x x

The previous computations show that the Diffeomorphism constraint D(E, A) is the momentum map for the Diff(X)-action
and has the correct transformation behavior under G-action in order to i be the momentum map for the &-action on P

3, (&, X)) = Lo x)w.

Concerning the usual physical notation, the Hamiltonian functions of the respective group actions, namely the natural pairing
between momentum maps and Lie algebra elements, are the so-called smeared constraints.

7. Conclusion

The Ashtekar-Barbero-Immirzi formulation of General Relativity admits a geometric framework that is analogous to an
SU(2) gauge theory. In this formulation, the configuration variables are interpreted as a connection on a principal SU(2)-
bundle over X, similar to the case in SU(2) Yang-Mills theory. However, to establish this interpretation, it is necessary to
introduce an additional structure: the spin structure. The spin structure represents the main conceptual difference from
Yang-Mills theory. It gives the Ashtekar connection a geometric meaning, treating it on the same level as the Levi-Civita
connection, which is crucial for the reconstruction and the geometric link with the ADM formulation.

Within this framework, we provide a coordinate-free definition of the Gauss, Vector, and Scalar constraints, which take
the form of vector-bundle-valued 3-forms and have a geometric interpretation in terms of the exterior covariant derivative.

In this formulation, we can implement the physical symmetries, demonstrating that they are represented by the group of
automorphisms of the bundle. Additionally, we can analyze the phase space, which is a Fréchet manifold, within the context
of symplectic geometry. Within our framework, we recover the well-known relationship between Ashtekar variables and
the ADM phase space through symplectic reduction. Furthermore, we prove that the action of the group of automorphisms
is a Hamiltonian action with an equivariant momentum map, given by the pair of Gauss and Diffeomorphism constraints,
expressed as vector-bundle-valued 3-forms.

We hope that this formalization of the classical theory will enable a mathematically rigorous approach to quantum
theory. In this regard, a recent study attempts to implement this formalism within a cosmological framework, exploring its
implications for the quantum cosmological sector of the full quantum theory [42]. We believe that the mathematical physics
community has the potential to make meaningful and significant contributions to the understanding and advancement of
this theory, paving the way for new insights and developments in the field.
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Appendix A. Vierbein and spin structure on spacetime

The bundle structure is inherently present on the spacetime M and becomes evident through the vierbein formalism.
In this approach, the spacetime is equipped with a local frame at each point, which can be interpreted as a section of a
principal bundle.

Suppose M is orientable, the orthonormal frame bundle PS°(M) of M is well-defined. Because the metric g is
Lorentzian, the orthonormal frame bundle is a principal SO (1, 3)-bundle. An element of this bundle in the fiber over p € M
is an orientation preserving linear isometry h: R"3 — T, M.

Hence, the vierbein is the data of a section in PS°(M). It defines a set of orthonormal vectors {eq}, i.e. g(eq, eg) ="Nag,
where nqp =diag(-1,1,1,1).

In this setting, the spin connection w,ojﬁ , defined in Eq. (2.1), is the connection 1-form of the Levi-Civita connection in
the orthonormal basis:

ViCe, = whep.

Thus, Eq. (2.1) is interpreted as the covariant derivative of the Casimir element of the endomorphisms on the tangent space:
VLC1draq =0, that is automatically satisfied in this framework. Hence, the constraint (2.1) allows us to consider this fiber
bundle construction.

The existence of spinor fields on spacetime is a physical fact, necessary for the description of the elementary particles.
Hence, the existence of a spin structure on M is a proper hypothesis. Given a spacelike hypersurface in M, it can be
equipped with a unique spin structure induced by the one on M. Let S be a spacelike hypersurface, there exists a canonical
embedding ¢ : PS?(S) < PSO(M). Let n be the normal versor field along S, this embedding map is given by ¢: (h: R3 —
TpS) = (b : R13 — Tp M), where h'(0, v1, v2,v3) = h(v!,v2,v3) and h'(1,0,0,0) = n(p). This embedding is compatible
with the canonical embedding SO (3) < SO(1, 3), so their right action on their respective orthonormal frame bundles
commutes with the embedding. Let (PSPI"(M), 9) be the spin structure on M, the spin structure on S is (PSPin(S) =
071 (PS9(S)), 0) [32].

In the case of a globally hyperbolic spacetime M = R x ¥, for the above discussion every Cauchy surface f~1(t) admits
a spin structure. Here, f is the surjective function of Geroch’s theorem.

Notice that the vierbein defined in (2.2) corresponds to a choice of an element h’ of PSC (M), as defined above. Specifi-
cally, let M =R x X, with a chosen coordinate system as in Sec. 2, and a dreibein e over the Cauchy surface X;. The vierbein
h’ defined by the embedding ¢ o e has a matrix form that is exactly the inverse of the matrix in (2.2). Indeed, let us consider
eq, With & =0, 1,2, 3, as the canonical basis of R!-3. Hence, the vierbein satisfies t(e(eg)) =n = %30 — %aa = egaﬂ, and
t(e(e)) =e(e;) =efdg.

We can also provide a topological algebraic argument to show that if M =R x ¥ admits a spin structure, then ¥ admits
one too. We will check this by computing the Stiefel-Whitney classes [43]. Notice that TM = TR x TX = prjTR & pr3TX.
Here, pr; : M — R and pr, : M — ¥ are the projectors on the first and second factor, respectively. Using the naturality of
Stiefel-Whitney classes and the Whitney sum formula, and recalling that wg =1, we get

w1(TM) = wi(priTR @ priTE) = w1 (TE),

W (TM) = wa(priTR & pryTE) = wy(T).
Hence, if M is spinnable, then w{(TX) = w1(TM) =0 and w,(TZ) = w(TM) = 0, meaning that X is also spinnable. Thus,
the hypothesis of the existence of a spin structure on ¥ is determined by the same condition on the globally hyperbolic
spacetime M.
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