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Abstract

Topological transitions of lipid membranes are ubiquitous in key biological processes for cell life, like neurotransmission, fertilization,
morphogenesis, and viral infections. Despite this, they are not well understood due to their multiscale nature, which limits the use of
molecular models and calls for a mesoscopic approach such as the celebrated Canham-Helfrich one. Unfortunately, such a model
cannot handle topological transitions, hiding the crucial involved forces and the appearance of the experimentally observed
hemifused intermediates. In this work, we describe the membrane as a diffuse interface preserving the Canham-Helfrich elasticity.
We show that pivotal features of the hemifusion pathway are captured by this mesoscopic approach, e.g. a (meta)stable hemifusion
state and the fusogenic behavior of negative monolayer spontaneous curvatures. The membrane lateral stress profile is calculated as
a function of the elastic rigidities, yielding a coarse-grained version of molecular models findings. Insights into the fusogenic
mechanism are reported and discussed.
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Significance Statement

Fusion and fission of lipid membranes is a key step in countless biological processes and simultaneously involves large-scale mem-
brane deformations and a local rearrangement of lipids. The need to follow both scales prevents the molecular simulation of these
processes and thus the possibility of understanding the interaction between the two scales. Here, we show a method that contains
both scales and use it to simulate vesicle fusion/fission with multiscale resolution. We also show how the elastic parameters govern-
ing the large-scale affect the distribution of stresses within the membrane, which is employed by cells to regulate certain membrane
proteins such as mechanosensitive channels. Understanding how meso-/macroscopic observables influence the smaller scale is a
fundamental step toward controlling such processes.

Introduction caused by some asymmetry between the two membrane leaflets.
Hence, the energy has two contributions: a bending energy (first
term on the right-hand side) with which a bending rigidity k ~
20ksT (9) is associated, and a Gaussian energy contribution (se-
cond term) with an associated Gaussian modulus kg ~ —k (10). In
particular, the Gaussian energy has a leading role during topo-
logical transitions due to the Gauss-Bonnet theorem of differen-
tial geometry, which states that the integral of G over a compact
surface is a topological invariant, which for closed lipid vesicles

Widespread in key biological processes, from neurotransmission
to fertilization, via morphogenesis and viral infections, topologic-
al transitions of fluid lipid membranes are an interdisciplinary re-
search field of biological, biophysical, medical, pharmaceutical,
and engineering interest (1-5).

A classical, elastic description of these membranes relies on
the Canham-Helfrich model (6-8), which assigns a curvature-
dependent energy to the lipid bilayer mid-surface. Denoting

with M the mean curvature of such a surface, and with G the  Yields
Gaussian curvature, the Canham-Helfrich energy reads Jr GdS=4x(1-g), )
_ N2
Ecull] =2k [r (M—m)"dS+ke [r G s, (1) where g is the genus of I" and equals the number of holes in the
where I'represents the bilayer mid-surface and m is the so-called surface, e.g. g=0 for a sphere and g=1 for a toroidal vesicle.
spontaneous curvature, which sets a preferred membrane curvature Therefore, the Gaussian energy makes no contribution in the
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absence of topological changes, while providing large energy
jumps and drops during fusion and fission events. These proc-
esses can happen via two distinct modes, referred to as trans-
and cis-modes by Ishihara and coauthors (3), which are related
to a change in the number of vesicles (AN) or to a change in the
topological genus (Ag) of a single vesicle, respectively. For ex-
ample, two spherical vesicles can merge into a single one
(AN =-1) or, vice-versa, a spherical vesicle can be divided into
two (AN =+1). These two opposite processes lead to a Gaussian
energy variation of 4zkcAN. On the other hand, a single vesicle
can change its genus, e.g. a spherical vesicle can be pierced to ob-
tain a torus (Ag=+1) or, vice-versa, a toroidal vesicle can re-
arrange into a spherical vesicle (Ag = -1), both processes with a
Gaussian energy variation of —4zkgAg.

The description provided by the Canham-Helfrich model is es-
sential since the full-scale evolution of large and giant vesicles is
not currently achievable with molecular simulations (11, 12),
which, however, provide valuable information on the local re-
arrangement of lipids that occurs during topological transitions,
highlighting intermediate configurations (13, 14), their free ener-
gies (15-18), and the influence of microscopic details on them
(19, 20). Unfortunately, the Canham-Helfrich approach cannot
handle topological transitions since it treats the membrane as
an infinitely thin (sharp) surface that thus cannot continuously
change topology, requiring cuts to be introduced in the surfaces
during fusion or fission events. Furthermore, the Canham-
Helfrich energy, Eq. 1,1s scale-invariant, whereas topological tran-
sitions are not, for which relative distances between approaching
membrane segments matter and an additional microscopic scale
given by the membrane thickness (~ 5nm) should be considered.
It is such a scale, at the level of which the topological rearrange-
ment occurs, that confers a multiscale character to fusion and fis-
sion of large vesicles (size of 100 to 1000 nm). The sharp interface
of the Canham-Helfrich approach cannot describe (semi-)merged
intermediate states, which influence the large-scale path to fusion
or fission. Accordingly, the Canham-Helfrich model allows evalu-
ation of the crucial Gaussian contribution only an instant before
and an instant after the merging process, hiding its significant as-
sociated forces in the missing gap. In order to overcome these is-
sues, we have recently introduced a Ginzburg-Landau type of
free energy that considers the bilayer as a diffuse interface (21),
thus introducing an additional length scale related to the mem-
brane thickness. In the limit of small interface width (sharp-
interface limit), the Ginzburg-Landau free energy reproduces
the Canham-Helfrich elasticity but has the additional ability to
handle topological transitions in a natural and continuous way.
This feature allows the unique opportunity to access the elastic
force field which drives the topological transformation. While
we introduced the method as a rational way to regularize the sin-
gularity of the process and smoothly match the solution before
and after the merging event, enabling the continuity of the top-
ology change, it was not clear whether and to what extent the ap-
proach is able to bridge the gap toward the molecular scales.
Indeed, a critical question that is central in all diffuse interface de-
scriptions is whether the diffused character of the interface only
allows the regularization of the singularities arising from the
mathematical abstraction of the sharp interface or contains add-
itional physics pertaining to the granular structure of matter.

In this work, by explicitly considering both the two distinct
modes of topology change, we show that the diffuse nature of
the interface captures pivotal features of the so-called hemifusion
pathway. We show that the interface contains more information

than might be expected based only on its sharp-interface limit,
yielding a mesoscopic description of topological transitions in flu-
id lipid membranes. We initially compute the minimal energy
pathway (MEP) for the piercing of a spherical vesicle, namely the
transition between an oblate large unilamellar vesicle (LUV) and
a toroidal one. We show that, in this case, a large bending
(M-associated) energy barrier must be overcome not only in the
fission direction but also in the fusion one. Such an energy barrier
is associated with large-scale membrane deformations and starts
to build up continuously before the Gaussian energy variation,
which is instead determined by the membrane local rearrange-
ment that changes the topology. Peculiarly, we find that the topo-
logical barrier associated with the Gaussian energy in the fusion
direction is partially screened by the bending energy variation
and, therefore, by the concomitant large-scale membrane de-
formation, a fact that highlights the multiscale nature of topo-
logical transitions and thus the need for a mesoscopic approach.
The computed MEP also brings out a hemifusion-like (meta)stable
intermediate, as observed in many fusion experiments (22-25).
This fact gives us the opportunity to investigate the effect of the
monolayer spontaneous curvature as mapped into the Gaussian
modulus. We find results in accordance with the known fusoge-
nicity of lipids with negative monolayer spontaneous curvatures
(26), another feature that is therefore captured by the diffuse na-
ture of the interface. In order to corroborate our mesoscopic per-
spective, we calculate the lateral stress profile of the interface,
obtaining a coarse-grained version of profiles found with molecu-
lar models. The lateral stress profile is often computed in molecu-
lar simulations in order to extract the elastic constants of the
membrane, while here it is calculated for the first time as the ratio
ke /k varies, providing elastic insights into the fusogenic mechan-
ism. In order to discuss the dependency of the stability of the hem-
ifusion intermediate on curvatures, we finally consider the
transition between two distinct spheres and a single vesicle of
spherical topology as their size varies. Comparison with molecu-
lar dynamics results suggests that the stability of the hemifusion
intermediate is much related to elasticity, while its energy barrier
to molecular details.

Results and discussion
MEP for the spherical-to-toroidal topology change

Phase-field models are well-established techniques for in silico
studies of several interfacial phenomena (27-32). The adopted dif-
fuse interface approach relies on a phase-field function ¢(x) de-
fined everywhere in the host space Q ¢ R® and that can assume
values between —1 and +1. The space region with ¢ = —1 identifies
the outer environment of the vesicle, while the ¢ = +1 region is the
inner environment. The diffuse interface is associated with the
small transition layer between these two values, thus identifying
the bilayer mid-surface I" with the ¢ =0 level set. Such a descrip-
tion, as opposed to the sharp-interface model of Canham-
Helfrich, does not require any cuts to be introduced into the mem-
brane surface during fusion and fission events, allowing a natural,
continuous handling of topological transitions. As extensively ex-
plained in our previous work (21), an integral-type functional E[4]
is associated with each phase-field configuration, with the inte-
gral done over the entire domain Q. Such a Ginzburg-Landau
type of free energy, whose expression is recalled in Section
‘Materials and methods’, also depends upon a parameter € which
controls the diffuse interface width. If A is the surface area of the
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vesicle taken into account, then Dye = A/z is its characteristic
length. In our previous work (21), we have shown that in the
sharp-interface limit (A = ¢/Dye < 1) the Ginzburg-Landau free en-
ergy recovers the Canham-Helfrich one, E[g] ~ Ecy. More precise-
ly, E[¢] = Es[¢] + Ec[¢], with Ez[¢] recovering the bending energy, as
also used in other works (33-36), and Eg[¢] recovering the
Gaussian energy, as introduced in our previous work (21). Thus,
working within this limit to retain the Canham-Helfrich elasticity,
here, we compute the MEP for the transition between a large ob-
late vesicle (spherical topology) and a Clifford torus, which is the
ground state of the Canham-Helfrich energy with toroidal top-
ology. Furthermore, we assume symmetric membranes, m=0.
By definition, the MEP is a curve on the energy landscape that con-
nects the oblate vesicle and the Clifford torus, which are two sta-
ble states. The curve is parameterized by a € [0, 1], thatis at each
a there is a vesicle configuration ¢, with ¢,_, that corresponds to
the oblate vesicle and ¢,_; to the Clifford torus. Denoting with
0E/o4, the functional derivative of E[¢] calculated at o, the MEP is
such that d¢,/da « 5E/J4,, that it is everywhere tangent to the gra-
dient of the potential, except at critical points where 6E/d¢, = O
(37). Here, the MEP is numerically found by means of the string
method (38), a rare event technique that discretizes the pathway
into a string of N images. Configurations along the path all share
the same reduced volume v=V/(xD3,/6)=0.71, since it is as-
sumed the conservation of the surface area A and enclosed vol-
ume V of the vesicle, see Section ‘Materials and methods’. The
size of the vesicle is determined by the matching of the diffuse
interface width with the bilayer thickness 6e=¢mn, =5nm,
Section ‘Materials and methods’. Hence, in the present case, ves-
icle configurations along the MEP are LUVs, with Dy, =211nm
(2=0.00395).

Figure 1A shows six different configurations along the MEP,
each identified by its own string parameter a. Proceeding in the

forward direction (increasing a), the cis-fusion of the vesicle is ap-
parent. Indeed, the oblate vesicle (a = 0) starts to deform in order
to be pierced (a=0.2, a=0.6). At a=0.67 an hemifusion-like
configuration is achieved, which deforms (a = 0.73) and eventually
evolves to the Clifford torus (a=1). The path traveled in the
opposite (backward) direction corresponds to the cis-fission of
the toroidal vesicle. Figure 1B (main plot) depicts the Ginzburg-
Landau free energy E[¢] along the MEP. First of all, it is worth
noticing that the oblate shape has E[¢,_,]/87k = 1.17, that can be
divided into a bending contribution Eg[¢,_o]/87k=1.67 and a
Gaussian contribution Eg[d,_q]/8xk =—0.5, thus in accordance
with the phase-diagram of Seifert and Lipowsky (39) for
the Canham-Helfrich energy. Also the Clifford torus well
captures the sharp-interface limit (40), with E[g,_,]/8zk =1.57
(Es[d,q]/87k = 1.57, Eglp,_,]/87k =—2.30 10~3). Along the MEP,
there are three numerical minima of the energy at a=0, a=0.67
and o=1, and two maxima (saddle-points) at a=0.66
and a=0.73. The second one sets the energy barrier for the for-
ward and backward processes, AE; ;=E[4,_073] —E[¢.] and
AE, ,=E[¢,—073] — E[#,-1], Tespectively. These barriers turn out
to be AE, ,/87k~0.57 and AE, ,/8zk~0.17, which are very
high values, that prevent the processes from being thermally ac-
tivated. Indeed, for k = 20kgT, they are 286 kT and 85 kg T, respect-
ively. The string is made up of N =100 images, of which 70 are
placed between a =0 and a = 0.67 and are equidistant with respect
to the norm induced by the standard L? inner product of the
phase-field (21), while the remaining 30 are equally spaced in
the remainder of the path. The main inset (top) of Fig. 1b depicts
additional 100 images as a refinement of the steepest stretch of
the MEP, obtained using the same procedure described in our pre-
vious work (21). This stretch of the MEP is placed between the
aforementioned local minimum at ¢ =0.67 and the saddle-point
at a=0.73. As apparent from Fig. 1a, such a minimum consists
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Fig. 1. The MEP connecting an oblate vesicle to a toroidal one. All the configurations along the path share the same surface area and enclosed volume and
therefore have fixed reduced volume v =0.71, as well as constant zero spontaneous curvature, m =0, and kg = —k. The computation has been carried out
with the stringmethod, by assuming z-axial symmetry,in a [Oe, 164€]x [—75¢, 75¢] computational domain in the r—z plane with a grid of 246 x 225 nodes
per image of the string. All the configurations are LUVs, with Dye =211nm (2 = 0.00395). A) Six shapes along the MEP. In the forward direction (increasing
the string parameter a), the oblate vesicle (« = 0) starts to deform in order to be pierced. At a = 0.67, an hemifusion-like configuration is achieved, which
eventually evolves to the Clifford torus (e = 1). In the backward direction, the division of the torus is apparent. B) The Ginzburg-Landau free energy E[4]
along the MEP, made up of N = 100 images. There are three numerical minima ata =0, a=0.67, and a = 1, and two maxima (saddle-points) at a = 0.66 and
a=0.73. The second one sets the energy barrier for the forward and backward processes. The main inset (top) depicts a refinement of the steepest stretch
of the MEP, obtained with further 100 images. The second inset (bottom) shows the Gaussian energy contribution along the MEP (E[¢] = Eg[4] + Eg[¢], with
Ep the bending component and Eg the Gaussian one). The energy jump prescribed by the Gauss-Bonnet theorem due to the topology change is apparent.

$20Z JaquiaAoN 0 uo Jasn eaipaly eibojouqug eibojois| ouswiediq Aq 6590z/2/00s2ebd/g/c/e1onue/snxauseud/woo dno-oiwepeose//:sdiy woll papeojumod



4 | PNAS Nexus, 2024, Vol. 3, No. 8

of a hemifusion-like shape, which is therefore a (meta)stable con-
figuration in the present case, as also observed in many experi-
ments (22-25). This feature is not present in the pathway for the
topological transition between two large spheres and one large
sphere (21), where intermediates reminiscent of the stalk/hemifu-
sion configurations were found to be unstable. The energy needed
to escape from this (meta)stable stalk/hemifusion-like configur-
ationin the forward directionis AE, ¢, ,/8wk =0.256. The smallin-
set (bottom) of Fig. 1B shows the Gaussian energy variation along
the MEP, which behaves as prescribed by the Gauss-Bonnet the-
orem, Eq. 2, thus remaining constant far from the topological
transition. Therefore, in the present case, not only the backward
barrier builds up continuously with the membrane deformation,
but also the forward one, and is therefore associated to a bending
energy variation. This characteristic was not present in the tran-
sition between two spheres and one sphere (21). Furthermore,
the saddle-point is achieved when the Gaussian energy is still
varying, thus when the merging process is not yet completed.
This shows that, for the present system, the Gaussian energy
jump that usually prevents fusion processes is screened by the
bending energy, that is by the large-scale membrane relaxation.
The underlying mechanics is more evident in Fig. 2, where de-
tailed views in the r-z plane are provided. The contours show
the phase-field ¢,(x), while vectors provide the external force field
f=-0E/5¢ ¢ needed to counterbalance the membrane elastic re-
action in order to keep the vesicle in equilibrium in each configur-
ation along the MEP. As explained in our previous work (21), these
forces are those that can drive the transition under quasi-static

conditions, therefore spending the minimal work. Of course, the
displayed external forces drive the process in the forward direc-
tion until a=0.73, while drive the backward process from a=1
to a=0.73. The fact that vectors reverse their directions between
a=0.73 and a =0.74 is a numerical confirmation that the saddle-
point is actually located between these two images. It is worth
saying that vectors are rescaled for each configuration in accord-
ance with the provided reference arrow, which has a dimension-
less magnitude obtained using the bending energy of a sphere
(8wk) as the reference energy, and the diffuse interface width par-
ameter e as the reference length. Also shown in Fig. 2 is a close-up
of the merging region at a = 0.67, in which the white lines are the
¢ =tanh(+3/ 2) isolines that identify the beginning and end of
the membrane interface (21). The close-up shows a hemifused
arrangement of the interface in the merging region (22), with the
¢ > 0 part that is merged, while the ¢ < 0 part is still separated.

Of course, several microscopic effects are not included in this
diffuse interface approach but the energetic correction due to
such microphysics should be small as compared to the elastic en-
ergy barriers computed here and associated with the full-scale
evolution of the vesicle.

Different Gaussian moduli

The fact that we found a (meta)stable stalk/hemifusion-like inter-
mediate gives us the opportunity to study the effect that a differ-
ent Gaussian modulus has on it. In fact, even if there is evidence
that k¢ is roughly —k (10, 41), such a modification can probe the

o = 0.67

o = 0.73

o=0.74

-1 -05
[

o =0.84 oa=1

05 1
o

Fig. 2. Detailed views in the r-z plane of the vesicle configurations, indexed with the string parameter a. Contours show the phase-field ¢(x), while vectors
provide the force field f required to keep the vesicle in equilibrium in the given configuration, balancing the internal elastic reaction. In each plot, thereis
a dimensionless reference arrow. Indeed, the force fields are rescaled by using 8zk as the reference energy, and ¢ as the reference length. For the a = 0.67

configuration, an enlargement of the merging region is also shown, in which the white lines are the ¢ = tanh(+ 3/ 2)isolines that identify the beginning
and end of the diffuse interface representing the membrane (21). The enlargement shows a hemifused arrangement of the interface in the merging

region.
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Fig. 3. The Ginzburg-Landau free energy variation along the MEP for the
transition between an oblate vesicle and a Clifford torus, with three
different Gaussian moduli: kg/k = —0.5 (line with squares, blue), kg/k = -1
(line with diamonds, black), and kg/k = —1.5 (line with circles, red). The
three MEPs have been obtained with the string method, and the same
parameters of Fig. 1, except for the Gaussian modulus. Actually, the case
with kg/k = —1is exactly the same string of Fig. 1, whereas a refinement of
the steepest stretch of the MEP with kg/k = —1.5 has been carried out to
confirm the result. The inset shows the Ginzburg-Landau excess free
energies of the (meta)stable hemifusion-like intermediates found in the
three cases, with k=20kgT.

physics captured by the diffuse nature of the interface by virtue of
the relationship between the Gaussian modulus and the mono-
layer spontaneous curvature m™,

kG =2 kgl - kleoWlm1 ) (3)

where 7, is a measure of the bilayer thickness, assumed to be sym-
metric, while k™ and k%! are the bending rigidity and Gaussian
modulus (which is usually negative (42)) of the two constituent
monolayers, respectively (43). Therefore, since itis known thatlip-
ids with a negative monolayer spontaneous curvature are more
fusogenic (26), in the sense that their shapes favor the rearrange-
ment in the stalk/hemifusion configuration, probing the behavior
of the diffuse interface under a kg variation may bring out new in-
sights. For this purpose, Fig. 3, main plot, shows the MEP for three
different Gaussian moduli, kg/k =—0.5 (line with squares, blue),
kg/k=-1 (line with diamonds, black), and kg/k =-1.5 (line with
circles, red). The system is always the same (oblate to Clifford to-
rus), and the parameters are exactly the same of Fig. 1, except for
the Gaussian modulus. First of all, a variation between the three
cases in the forward energy barrier due to a rigid translation of
the fission branch is apparent, with a much reduced value for
ke/k=-0.5, which corresponds to a more negative monolayer
spontaneous curvature. This feature was already present in the
transition between two large spherical vesicles and a single one
(21). In addition to that, now, there is also an enhanced (meta)sta-
bility for the negative monolayer spontaneous curvature case,
showing that the diffuse nature of the interface, together with
its elasticity, is able to capture such a behavior as coarse-grained
into the Gaussian modulus, the key elastic parameter for topo-
logical transitions of fluid lipid vesicles. Inset of Fig. 3 depicts
the excess freeenergy (with respect to a = 0) of the three (meta)stable
hemifusion-like intermediates, calculated by assuming k = 20 kgT.

Lateral stress profile

The mesoscopic point of view of the here adopted Ginzburg-
Landau phase-field method allows the large-scale simulation of
topological transitions of lipid vesicles. On the one hand, the

approach is convenient since it enhances the celebrated
Canham-Helfrich model with the ability to handle topology
changes, thus providing access to spatio-temporal scales unattain-
able by molecular models (11). On the other hand, as already
pointed out, the Ginzburg-Landau model lacks in molecular de-
tails. For this reason, the results presented so far on the hemifusion
intermediate are somewhat surprising and suggest that the diffuse
nature of the interface considered here adds much to the elastic de-
scription of membranes, more than one might simply think on the
basis of the sharp-interface limit. Therefore, in an attempt to
understand what connections there are with the molecular scales,
we now calculate the lateral stress profile of the diffuse interface
and interpretit by considering the presence of two hypothetical lip-
id leaflets on the two sides of the interface mid-plane ¢ =0, thatis a
leaflet on the ¢ < 0 side and the other one on the ¢ > 0 side. The lat-
eral stress profile is often computed in molecular simulations since
its associated moments are related to the elastic parameters of the
membrane. Its determination is in general not obvious (44, 45),
leads to odd results as regards the Gaussian modulus (41), and its
distribution depends on the specific model taken into account.
For example, the MARTINI model (41) shows repulsion between lip-
id heads, then an interfacial tension (attraction) at the hydrophilic/
hydrophobic interface of several hundreds of bars, and a repulsive
region due to the compression of lipid tails. Self-consistent field
theory also reproduces the same qualitative behavior (46), with
the addition of an interface tension between the opposing tails of
the two constituent monolayers. The profile obtained with
Dissipative Particle Dynamics (47) has an attractive head group re-
gion, with a double-peak corresponding to the water/lipid head and
lipid head/chain interfaces, while the hydrocarbon tail region is still
repulsive. The coarse-grained, implicit-solvent Cooke model (10,
48) provides yet another profile with a positive central peak.
Unlike in these models, our lateral stress is provided as a function
of the elastic coefficients k and kg. Gompper and Zschocke (GZ) (49)
have calculated the expression for the lateral stress profile in the
context of a Ginzburg-Landau free energy functional. As illustrated
in Section ‘Materials and methods’, the bending component Eg of
the here considered free energy can be rewritten in the form of
GZ (49), with c=3ke/(4 2), g(¢)=3k(34’ —1+2 2meg)/(2 2e),
fl#) =3k - 1)°(6+ 2em)’/(4 2¢%), see also Lazaro et al. (50) for
a review. Therefore, the calculations of GZ give us the lateral stress
profile associated with the bending energy term, s,(z), which for
symmetric membranes reads sy (z) = 2g(g)¢¢ /> + 4cgy’ /ct, where
do = do(z/€) =tanh(—z/(¢ 2)) is the planar solution of our
Ginzburg-Landau free energy, z is the coordinate normal to the
plane, and the prime denotes the derivative with respect to z/e.
The Gaussian contribution to the lateral stress profile is
s6(2) = 35kc (126300 + 46590 )/(16 2¢%), and is derived in Section
‘Materials and methods’ by considering a spherical vesicle. The
sum of these two contributions is the lateral stress profile of the
membrane diffuse interface, s(z) =s,(z) + s¢(z), whose moments
(A < 1) provide

Ez s(z)dz =12, (4a)
'S 2s(z)dz=—2km, (4b)
['2 2%s(z)dz=ks + 2k, (4c)

being = = 2 km? the spontaneous tension of the membrane. These
results are in accordance with the calculations of GZ, see also
Oversteegen and Leermakers (51) for a detailed discussion.
Figure 4a depicts the lateral stress s(z) for a symmetric membrane,
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Fig. 4. A) The lateral stress profile s(z) of a symmetric (m = 0) diffuse
interface membrane, with k= 20kgT. As kg/k varies different shapes are
apparent. In particular, as kg decreases an interfacial tension between the
two constituent monolayers at the center of the bilayer begins to appear.
The case with kg/k = -2 (not shown) has the same qualitative trend of
that with kg/k = -1, but with a much higher absolute maximum of about
2,890bar and the two minima of about —1,500bar. B) The lateral stress
profile s(z) of a diffuse interface membrane, with k =20ksT and

kc/k ==0.7. Three cases are reported: the black line with circles shows s(z)
for a symmetric membrane (m = 0), while the other two curves depict the
case of an asymmetric membrane with m =-1/20nm~! and
m=+1/20nm~". Here, z < 0 can be interpreted as the inner leaflet (¢ > 0),
while z > 0 as the outer leaflet (4 < 0). It is worth noticing that the lateral
stress of the two panels can be directly rescaled with k in order to consider
different bending rigidities.

m=0, as kg/k varies—for the stability of the bilayer it must be
—2 <kg/k < 0. When kg =0 the profile includes two contributions
(50). The profile is attractive (positive) in the regions of the head
groups, which therefore tend to minimize the contact area with
the surrounding aqueous environments, while it is repulsive (nega-
tive) in the lipid tail regions. As kg /k decreases, an interface tension
between the opposing tails of the two constituent monolayers be-
gins to appear, creating a stress bump at the bilayer mid-plane,
which eventually becomes positive leading to a third region with
an interfacial tension between the two monolayers. The case
with kg/k=-1 (black line with diamonds in Fig. 4A) actually has
a positive central peak and looks very much like the profile calcu-
lated for a spherical vesicle by Oversteegen and Leermakers with
a mean field lattice model—note that also here the derivation is
based on a spherical configuration, Section ‘Materials and meth-
ods’. In our previous work (21), we showed that the Gaussian energy
term provides a force field whose differential between the two leaf-
lets tends to prevent membrane lysis, namely the separation of the
two leaflets, which would amount to the expensive enlargement of
the interface between the two monolayers. Interestingly, in the

literature, the free volume available between the two leaflets is
also associated with the accumulation of oxygen within the bilayer,
which has important biological implications (52, 53). The central
peak equals zero when k¢/k = —24/35. Incidentally, kg/k =—0.7 is
the value found by Hu et al. (41) with the MARTINI model if one con-
siders an updated value of the bending rigidity (54). In this case
(ke/k =-0.7), the central peak is mildly positive as depicted in
Fig. 4B, black line with circles. Positive central peaks that are small
compared with the lateral ones are also found in atomistic simula-
tions (44, 55).

On the basis of Eq. 3, the external induction of a negative mono-
layer spontaneous curvature, m™ <0, leads to an increase in k¢
(less negative), which in turn leads to a more fusogenic bilayer.
This induction is generated, for example, by molecules that pref-
erentially insert into the hydrocarbon chain region, thereby in-
creasing the compression of lipid tails, which in turn become
more repulsive, see Koller and Lohner (56). This should indeed cor-
respond to a reduction in the central stress peak, in accordance
with the behavior shown in Fig. 4A. On the contrary, a molecule
preferentially inserting in the head group region tends to increase
m™ (56), leading to a reduction of kg (more negative, less fusogenic
bilayer). In this case, the molecule compresses lipid heads and a
mitigation in their corresponding positive peaks is indeed present
in Fig. 4A. This reduction is balanced by an increase in the central
stress bump.

Finally, Fig. 4B depicts the case with nonzero bilayer spontan-
eous curvature, where the peaks are not symmetric, reflecting
the asymmetry between the two lipid leaflets. A nonzero bilayer
spontaneous curvature can also be induced by the membrane ad-
sorption of small solute (57) or by low densities of membrane
bound proteins (58). It is worth saying that our lateral stress has
peaks on the order of hundreds of bars as found in molecular
models.

Discussion

In this work, we have shown that a diffuse interface description of
a fluid lipid membrane is not only able to allow access to topo-
logical transitions and the involved large-scale elastic forces,
butitis capable of reproducing features related to the local behav-
ior of the merging region. Intermediates reminiscent of those
found in experiments (22-25), and molecular dynamics simula-
tions (17, 18, 59) were already apparent in the transition between
two large spherical vesicles and a dumbbell-shaped one (21). Here,
we have additionally shown that the hemifusion-like intermedi-
ate can also be (meta)stable, and, furthermore, that its stability
is enhanced by a negative monolayer spontaneous curvature,
Eg. 3, and reduced by a positive monolayer spontaneous curva-
ture, in accordance with known results (26). Moreover, an en-
hanced stability is also associated to a reduction in the fusion
energy barrier, and, vice-versa, a reduced stability is matched
with an increased barrier. Of course, the first reason one may
think of for the stabilization of the hemifusion-like intermediate
is curvature, due to the different vesicle shapes considered here
with respect to the two spheres case. Therefore, in order to discuss
our results, we push the model toward its limit with respect to the
sharp-interface convergence, and consider the transition between
two spheres and a dumbbell-shape for three different curvatures.
In this regard, Fig. SA shows the MEP for such a transition with
Dye » 206 nm (line with diamonds, black), Dy ~ 113nm (line
with circles, yellow), and Dye ~ 47 nm (line with squares, orange).
The larger case is reproduced from our previous work (21) and is
extensively discussed there. All the cases share the same elastic
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Fig. 5. (A) The MEPs for the trans-type topological transition between two
spherical vesicles and a dumbbell-shaped one, for three different vesicle
sizes: Dye »~ 206 nm (line with diamonds, black), Dye ~ 113 nm (line with
circles, yellow), and Dye ~ 47 nm (line with squares, orange). The larger
caseis reproduced from our previous work (21), and all the cases share the
same elastic parameters (k¢ =—k, m=0,v=1/ 2)and preserve surface
area and enclosed volume along the evolution. For the Dy ~ 113 nm case,
we have used a [O¢, 60¢] X [ — 135¢, 135¢] computational domain in the r-z
plane with a grid of 90 x 405 nodes per image of the string, N = 50 images,
2.=0.007. For the Dye ~ 47 nm case, we have used a [O¢, 28¢] x [ — 60¢, 60¢]
computational domain in the r—z plane with a grid of 42 x 180 nodes per
image of the string, N =50 images, 4= 0.018. (B) Four vesicle
configurations along the MEP, D,. »~ 47 nm. Proceeding in the forward
direction, at @ =0 the two SUVs are distant from each other, then get in
close apposition and start to merge, reaching an intermediate
hemifusion-like stable state at « = 0.42. The topological transition is
accomplished at a = 0.59, and the vesicle can eventually evolve to its final
prolate shape a=1.

a = 0.59 a=1

parameters (kg =-k, m=0, v=1/ 2) and preserve surface area
and enclosed volume along their own paths. As apparent, two
additional stable configurations emerge in the Dye ~ 113nm and
Dye » 47 nm cases. As shown for the SUV case in Fig. 5B, these
two minima correspond to stable hemifusion-like intermediates.
Therefore, stability is enhanced with small radii and lost at large
sizes. A closer inspection of the obtained configurations shows
that in the three cases the distance at which the vesicles are
brought before a local deformation starts the merging process is
different. In particular, we find that the ¢ =tanh(—3/ 2) level
sets that define the external end of the interfaces (21) are
1.16 nm distant from each other in the last image of the neutral
plateau region in the Dy ~ 113nm case. Such a distance is re-
duced to 0.68 nm in the SUVs case (Dye ~ 47 nm), whereas for the
larger case (Dye =~ 206 nm) we found 3.89nm (21). Of course, these
numbers should not be taken too seriously, because, for example,
they depend on the choice of the level set that defines the end of
theinterface. Anyway, they bring to light the fact that the stability
is enhanced decreasing the distance at which the vesicles are
brought before deforming to start the merging process, a fact in
accordance with the molecular dynamics results of Smirnova
etal. (19) and Poojari et al. (20), which have shown that the initial

distance at which the merging process begins is the most import-
ant factor for determining the energy of the stalk configuration
(the closer the better).

As already discussed in our previous work (21), the plateau re-
gion of the energy in Fig. SA corresponds to rigid translations of
the two approaching spheres. This stretch of the MEP is energetic-
ally neutral due to the lack in molecular detail of the model,
which, for example, does not consider the hydration repulsion
barrier that must be overcome in this stage of the process, and
that can be estimated analytically (59). Although this barrier is
not even considered in the two previously mentioned molecular
dynamics works (19, 20), the absence of molecular details in our
model can be used in our favor so as to disentangle the elastic ef-
fects from the microphysics. In fact, in our case, Fig. 5A, no energy
barrier is detected to reach the stalk/hemifusion-like configur-
ation in the forward direction, while Smirnova et al. found a
20ksT barrier independent of the initial distance between the
merging membranes. This seems to suggest that the stability of
the stalk/hemifusion configuration is much related to elasticity,
while its associated energy barrier to molecular details, e.g. to
the cost of exposing the hydrophobic tails of lipids to the aqueous
environment. Indeed, by dividing 20 kg T by the oil-water interface
tension, one is left with a surface area that can accommodate a
small group of lipids that may form the initial stalk.
Nonetheless, the lateral stress profile we found shows that our
phase-field not only inherits the Canham-Helfrich elasticity of
the membrane mid-surface but also provides a coarse-grained,
mesoscopic picture of the bilayer through the diffuse interface.
This addition led to results in accordance with experimental and
numerical findings on the hemifusion pathway and is compatible
with the elastic derivation of the Ginzburg-Landau free energy
since the forces underlying membrane elasticity are indeed re-
lated to the amphiphilic nature of lipids. Although the model cap-
tures the main features of the lateral stress profile, further effects
may be introduced through the addition of other elastic constants
in the free energy, such as a nonlocal bending rigidity (60), a case
we leave for a future work.

As a conclusion, let us discuss the SUV case in more detail.
Figure 5A shows a reduced fusion energy barrier in the forward
direction. In this case the model is pushed toward its limit with re-
spect to the sharp-interface convergence and thus the result
should be viewed with caution. Despite this, 2=0.018 seems to
be small enough to reach convergence to the sharp-interface
model of Canham-Helfrich, as apparent from the calculated ener-
gles at =0 and o = 1. Furthermore, the Gaussian component is
still found to behave as prescribed by the Gauss-Bonnet theorem.
Therefore, on the one hand, the energy barrier reduction seems to
be due to the breaking of the scale invariance during topological
transitions (relative distances matter). Indeed, the prolate shapes
apparent at the end of the merging process in the SUV case resem-
ble those found at similar a in the LUV case, as also a correspond-
ence in their energies suggests (scale invariance holds after the
merging process). On the other hand, the Gaussian energy is still
varying partially after the saddle-point in the SUV case, indicating
that the rearrangement of the interface is not yet fully completed.
Nevertheless, the fusion barrier is still very large, in accordance
with the stability and barrier function of cells. Therefore, Nature
must have sophisticated mechanisms to lower it in order to allow
biologically significant processes in a sufficiently fast way, e.g. by
locally modifying the Gaussian modulus (61), see also Deserno
(62). Anyway, if the process must be ultrafast as in neurotransmis-
sion (hundreds of microseconds), it is better to use small vesicles,
Fig. 5A, and, furthermore, not only the elastic barrier must be
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lowered, but also those associated with the molecular detail. In
this regard, Smirnova et al. (19) found that isolated transmem-
brane domains of the SNARE machinery indeed lower the 20kgT
stalk barrier. Incidentally, synaptic vesicles are small, whereas
enveloped viruses can be large and lead to infections in several
minutes.

Materials and methods
Ginzburg-Landau free energy for membranes

The here adopted diffuse interface approach relies on a phase-
field function ¢(x) defined everywhere in the host space Q C R®
and that can assume values between —1 and +1. The space region
with ¢ = —1 identifies the outer environment of the vesicle, while
the ¢=+1 region is the inner environment. The associated
Ginzburg-Landau free energy reads

E[g] = Es[g] + Ec[4], ()
where
EB[¢]=k43§€.[Q P2 4v, (6)
Vo= - -1g+ Tem), 7)
and
Egl¢] = = Jo ¥ dV, (8)
2 2
vo=—t (47 g% ©)
2 ’ ¢’
+ 9t (s Y- (10)

Eg[¢] models the bending energy of the membrane (33, 36, 50),
while Eg[g] is the Gaussian term introduced in our previous
work (21), where we have also shown that E[¢] recovers the
Canham-Helfrich energy, E[¢] ~ Ecu[I'], in the sharp-interface lim-
it (1 =¢€/Dye < 1). Here, s a small parameter that controls the dif-
fuse interface width and that is matched to the bilayer thickness,
6€ = {me = 5nm. This relation sets the scale of our simulations and
isneeded because the scale invariance is broken during topologic-
al transitions (relative distances between approaching membrane
segments matter) (21).

The large tension associated with the area change does not al-
low membrane bending to significantly modify A. Furthermore,
the enclosed volume V is often determined by the osmotic condi-
tions. Hence, in order to conserve these two quantities along the
MEP, we use suitable functionals A[g] and V[¢] which recover the
vesicle area and volume, respectively, in the sharp-interface limit:

2\2
Al=scl S804 7 av, 1y
V(g)=la @ dv. (12)

The MEP is obtained by means of the string method (38), with con-
straints imposed by an augmented Lagrangian method (21, 63).

Lateral stress profile calculation

By comparing the Canham-Helfrich free energy of a cylindrical
and a spherical vesicle with those of a Ginzburg-Landau free en-
ergy functional, GZ (49) have calculated the expression for the

lateral stress profile in the Ginzburg-Landau context. By means
of an integration by parts of the linear term in the Laplacian, the
bending component Eg of the here considered free energy, Eq. 6,
can be rewritten as

Eslgl=la c( %¢)"+q(¢) ¢°+f(p) dv, (13)

with c=3ke/(4 2), 9(¢) =3k(34° = 1+2 2meg)/(2 2e),
fl#) =3k(@* —1)’(p+ 2em)’/(4 2%), which is the form of GZ (49),
see also (50). Therefore, the calculations of GZ, which we do
not repeat here, give us the lateral stress profile associated
with the bending energy term, s,(z), which for symmetric mem-
branes reads s,(z) =29(¢o)df/? +4cd’/et, where ¢y =gdo(z/€) =
tanh(-z/(c 2)) is the planar solution of our Ginzburg-Landau
free energy, z is the coordinate normal to the plane, and the prime
denotes the derivative with respect to z/e.

In our previous work (21), we have shown that the phase-field
that minimizes the Ginzburg-Landau free energy E=Eg + Eg has
the form ¢(x) =fo(d (x)) + O(?), with fo(d (x)) = tanh(d(x)/(c 2)),
where d(x) is the signed distance function from the ¢ =0 level
set that represents the bilayer mid-surface, while d (x) =d(x)/c.
Denoting with a prime the derivative done with respect to d (x),
we have also shown with a direct computation that

Ec[4] = kc—_fgfo GdV+0(?), (14)

where the bar indicates that the lengths have been made dimen-
sionless by dividing by Dye, and G(x) must be interpreted as the
Gaussian curvature of the ¢-level set passing through x. For a large
(A=¢€/Dyve < 1) spherical vesicle—for which in spherical coordi-
nates d (r) = (Dve/2 —1)/e = (1/2 — 1)/A—the last equality leads to

Eclg] = kG—.4 = Jo @2 =008 ((Ui VD 4r 4 042)

1/(24)

=kg —.4 7 £4(z ydz +0(2)

~kG—.4 [afi)dz

35
ko 4r [P A
cg 77

) 2 sG(2) dZ,

+ooZ

12f¢’fo” + 4fs'fo dz

where in the second-to-last step the dependencies onz have been
omitted, and sg(z) = 35kc(12024,° + 4636, )/(16 2¢%)—note that
do(z/€) =fo(—z/€) =—fo(z/¢). The Canham-Helfrich Gaussian en-
ergy of a sphere is 4k and, indeed, the second moment of s;(z)
exactly equals k. Furthermore, both the zeroth and the first mo-
ments of s¢(z) are zero. Therefore, s¢(z) can be interpreted as the
Gaussian contribution to the lateral stress and added to s,(z) to
provide the lateral stress profile of the membrane diffuse inter-
face, s(z) =s,(z) + s¢(z). The zeroth, first, and second moments of
s(z), Eq. 4, exactly equal combinations of the elastic constants as
previously reported in the literature (49, 51).
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