P
% aerospace
% P

Article

Quaternion versus Rotation Matrix Feedback for Spacecraft

Attitude Stabilization Using Magnetorquers

Fabio Celani

check for
updates

Citation: Celani, F. Quaternion
versus Rotation Matrix Feedback for
Spacecraft Attitude Stabilization
Using Magnetorquers. Aerospace 2022,
9,24. https://doi.org/10.3390/
aerospace9010024

Academic Editor: Mikhail

Ovchinnikov

Received: 8 December 2021
Accepted: 29 December 2021
Published: 4 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

T

School of Aerospace Engineering, Sapienza University of Rome, via Salaria 851, 00138 Roma, Italy;

fabio.celani@uniromal.it; Tel.: +39-0649919755

t This paper is an extended version of my paper published in Fifth IAA Conference on University Satellite
Missions and Cubesat Workshop 2020, Rome, Italy, 28-31 January 2020.

Abstract: The purpose of this paper is to compare performances between stabilization algorithms
of quaternion plus attitude rate feedback and rotation matrix plus attitude rate feedback for an
Earth-pointing spacecraft with magnetorquers as the only torque actuators. From a mathematical
point of view, an important difference between the two stabilizing laws is that only quaternion
feedback can exhibit an undesired behavior known as the unwinding phenomenon. A numerical case
study is considered, and two Monte Carlo campaigns are carried out: one in nominal conditions and
one in perturbed conditions. It turns out that quaternion feedback compares more favorably in terms
of the speed of convergence in both campaigns, and it requires less energy in perturbed conditions.

Keywords: spacecraft attitude stabilization; magnetorquers; quaternion feedback; rotation matrix
feedback; unwinding phenomenon

1. Introduction

Magnetic actuators, also known as magnetorquers, are widely used as torque actuators
for attitude control of spacecraft in low Earth orbits. The interest in such devices is due
to the following reasons: (i) they are simple, reliable, and low cost; (ii) they need only
renewable electrical power to be operated; and (iii) magnetorquers save system weight
with respect to any other class of torque actuators. On the other hand, magnetorquers have
the following important limitation: (i) the control torque is constrained to belong to the
plane orthogonal to the Earth’s magnetic field; (ii) the maximum torque they can generate
is substantially smaller than for other types of torque actuators. Due to these limitations,
different types of actuators often accompany magnetorquers to provide full three-axis
control, and a considerable amount of work has been dedicated to the design of magnetic
control laws in the latter setting (see [1] and references therein). However, it is possible to
stabilize the attitude of spacecraft in low Earth orbit by using only magnetorquers if the
orbit inclination is not too low. Using such actuators convergence to the nominal attitude
occurs more slowly compared to other torque actuators (see [2]).

Simple control algorithms that achieves attitude stabilization using only magnetor-
quers, are based on quaternion and attitude rate feedback. It has been shown that such
control laws achieves stabilization for both inertial pointing spacecraft [2-5] and Earth (or
nadir) pointing spacecraft [6-10]. However, using quaternion and attitude rate feedback
can result in undesired unwinding phenomenon for the spacecraft. Such phenomenona
originate from the fact that one of the two opposite quaternions that represent the nominal
spacecraft attitude is unstable. Thus, if, during attitude evolution, the current quaternion
becomes very close to the latter unstable quaternion, then the spacecraft attitude rather
than converging to the nominal one is most likely pushed away from it [11]. Clearly, the un-
winding phenomenon results in both slower convergence and higher energy consumption
in performing attitude stabilization.
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An alternative attitude stabilizing law that does not generate such an undesired
phenomenon is obtained by replacing quaternion feedback with an appropriate rotation
matrix feedback [11]. Since the desired attitude is represented by only one rotation matrix
that is made asymptotically stable, clearly no unwinding phenomenon can occur.

The goal of this paper is to compare performances of quaternion and attitude rate
feedback with those of rotation matrix and attitude rate feedback. The comparison is
performed numerically by using the spacecraft model presented in [12] in terms of both
speed of convergence and energy consumption .

The rest of the paper is organized as follows. In the next section, the models of the
spacecraft and of the geomagnetic field are presented. In Section 3, the two stabilizing
laws under examination are discussed. The numerical comparison of the control laws
is performed in Section 4. Concluding remarks end the paper. Two appendices present
the methods adopted for selecting the control gains and for compensating for residual
magnetic dipole moments.

2. Models
2.1. Coordinate Frames

In order to describe the attitude dynamics of a rigid Earth-pointing spacecraft in a
circular orbit and to represent the geomagnetic field, it is useful to introduce the following
reference frames:

1. Geocentric Inertial Frame F;. A commonly used inertial frame for Earth orbits is the
Geocentric Inertial Frame, for which its origin is in the Earth’s center, its x; axis is
the vernal equinox direction, the z; axis coincides with the Earth axis of rotation
and points northward, and the y; axis completes the right-handed frame (see ([13],
Section 2.6.1)).

2. Orbital frame F,. The origin of this frame, also called Local Horizontal Local Vertical
(LVLH), is in the satellites center of mass. The x, axis is along the spacecraft velocity.
The z, axis points to the Earth’s center, and the y, axis is perpendicular to the orbit
plane and completes the right-handed frame.

3. Spacecraft body frame F,. The origin of this frame coincides with the satellite center of
mass. Its axes are principal axes of inertia of the spacecraft.

The nominal Earth-pointing attitude corresponds to F; aligned with F,.
The notation used throughout the paper is presented in Table 1.

Table 1. Notation.

ol 00, ob vector of components of Eucledian vector T with respect to frames F;, F,, and Fy,
respectively
v skew-symmetric matrix corresponding to v = [v1 vy 03]T (see Equation (2))
3;70 angular velocity of Fj, w.r.t. F,
bi angular velocity of F}, w.r.t. F;
301- angular velocity of F, w.r.t. F;
7 geomagnetic field at spacecraft
e3 =[001T
q quaternion representing rotation of F;, w.r.t. 7,
Go, G4 vector part and scalar part of g
q =[o001]T
7 vector from the Earth center to the satellite center of mass
20 unit Eucledian vector corresponding to the z,-axis of F,
Lixn n X n identity matrix

Omxn m X n zero matrix




Aerospace 2022, 9, 24

30f15

2.2. Attitude Kinematics

Since we deal with an Earth-pointing spacecraft in this work, the focus will be on
the kinematics of the spacecraft with respect to the orbital frame. The attitude kinematics
equations depend on the representation adopted for the attitude of F;, with respect to .

If the attitude is represented by the following quaternion:

q=[01929394)" =95 94]"

with [|q]| = 1, then the attitude kinematics is given by the following (see Section 5.5.3
of [14]):

Go = 3(33 +qalax3)wy,
. 1.T, b M)

44 = —3240Wy,
where I3,3 is the 3 x 3 identity matrix, and the notation v* for v = [v] v, 03]T represents
the skew symmetric matrix:

0 —03 0
0" = v3 0 —v (2)
—02 01 0

so that for w = [wy wy w3]”, it occurs that v x w = v*w.

On the other hand, if the attitude is represented by rotation matrix Ry,, which trans-
forms vectors of coordinates in F, into vectors of coordinates in F}, then the the attitude
kinematics is given by the following (see ([15], Section 1.4.1)).

Rao = =(@3o)* Ruo ©
The relation between g and Ry, is given by the following.

Ryo = (3 — 9590) Is + 24005 — 2444, )
Clearly, the following is obtained.

b b b
Who = Wi — Woi ®)

Moreover, since a circular orbit is considered, then w9, = [0 —n 0]" where n is the
constant orbital rate, and, consequently, the following is obtained.

wgi = RpoWy; (6)

2.3. Attitude Dynamics and Geomagnetic Field
Attitude dynamics can be expressed in a body frame as follows:

Jarg; = —wp; x (Jwyy) + Tgbg + T + Thisy @)
where | = diag|/x, Ty, J-] is the spacecraft inertia matrix, Tg?g' choil s and Tdbist are the body
coordinates of the gravity gradient torque, the control torque induced by magnetic coils,
and the disturbance torque, respectively.

The gravity gradient torque in body coordinates is given by the following (see ([14],
Section 6.10)):
TY, = 3n?2) x J2b (8)

where 2% denotes the unit vector corresponding to the z,-axis of F, resolved in the body
frame, which can be expressed as follows:

sb
Zo = Ryoe3
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where the following is the case.
0
e3= |0 ©)
1

The spacecraft is equipped with three magnetic coils aligned with the F;-axes, which
generate the following magnetic control torque:

Tb

coils = Meoils X bb = _(bb)x Meoils (10)

where m,;; is the vector obtained by stacking the magnetic moments of the three coils, and
b? is the geomagnetic field at the spacecraft expressed in F;,. Clearly, the relation between
b? and 1° is given by the following.

b’ = Ry, b° (11)

For what follows, it useful to rewrite Equation (7) in terms of wlb’ , instead of wg .. For
that purpose, note that from Equations (5) and (6) it follows that wé’i = wg , + Rpow);. Thus,
since w; is constant, the following holds.

Wh; = Wy + Ryow) (12)

By using Equation (3), we obtain the following.
Ruowl; = —(why)Roowg; = —(who) “whi = wii X why = (Ruotwly) * wp (13)

Thus, from Equations (7)-(13), we obtain the following.

Jehy = (=T (Rogcwly) ™ = (h) T + (JRuowS)* = (RuoeS)*J ),
- (Rbowgi)X]Rbong + 3n2(RboeS)X]RboeS - (Rbobo)>< Mepils + Tzfl)ist (14)

Let b’ be the geomagnetic field at spacecraft expressed in inertial frame F; and let
R,; be the rotation matrix that transforms vectors of coordinates in F; into vectors of
coordinates in F,. Note that b’ and R,; vary with time at least because of the spacecraft’s
motion along the orbit. Then, the following is the case:

b (t) = Ryi(1)b'(t) (15)

which shows explicitly the dependence of b° on t. In order to study Equation (14), it is im-
portant to characterize the time-dependence of b°(t), which corresponds to characterizing
the time-dependence of b’ (t) and R,;(t). By adopting the so-called inclined dipole model
of the geomagnetic field (see ([16], Appendix H)) and letting R,,;;; denote the radius of the
circular orbit, we obtain the following.

bi(t) = 2= (30 () T# ()7 (1) — s (1)) (16)
orbit
In Equation (16), p;4 is the total strength of the inclined dipole, 7(t) is the spacecraft
position vector resolved in F;, and #(t) is the vector of the direction cosines of ().
The components of vector 7ii'(t) are the direction cosines of the Earth’s magnetic dipole
expressed in F;, which is set equal to the following:

wi(t) = | sin(6;y) sin(wet + ap)

cos(6;g)

sin(0;7) cos(wet + ag)
[ / (17)
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where 60,; is the coelevation of the inclined dipole, w, is the Earth average rotation rate, and
«y is the right ascension of the dipole at time ¢ = 0.

In order to characterize the time dependence of b (t) in (16), one needs to determine
an expression for r(t), which is the spacecraft’s position vector resolved in ;. Define a
coordinate system xp, y, in the orbital plane, for which its origin is at the center of the Earth
and with the x, axis coinciding with the line of nodes. Then, the position of satellite centre
of mass is given by the following:

xlﬂ(t) = Rorbitcos(nt+¢0)

yP(t) = Romirsin(nt + ), (18)

where ¢y is the argument of the spacecraft at time t = 0. Let incl be the orbit inclination
and let (2 dentote the right ascension of the Ascending Node (RAAN) of the orbit (see ([13],
Section 2.6.2)). Then, the coordinates of the satellite center of mass in the inertial frame can
be obtained as follows:

xP(t)
r'(t) = Ry (—Q)Ry(—incl) [ yP(t) ] (19)
0
where the following:
M1 0 0
Re(p)=| 0 cos(p) sin(p) (20)

L 0 —sin(¢) cos(g) |

is the rotation matrix corresponding to a rotation around the x-axis of magnitude ¢ and the
following:
cos(p) sin(¢p) 0]
R:(¢) = | —sin(p) cos(y) O (21)
0 0 1 |

is the rotation matrix corresponding to a rotation around the z-axis of magnitude i (see
([13], Section 2.6.2)).

By combining Equations (16)—(21), the expression of bi(t) can be easily obtained.
Moreover, the following holds.

0 1 0
Roi(t) = [ 0 0 -1 ]Rz(nt—i—cpo)Rx(incl)Rz(Q)
-1 0 0

Thus, by using Equation (15), an explicit expression for b°(t) can be derived. It is easy
to see that b°(t) can be expressed as a sum of sinusoidal functions of t having different
frequencies since sinusoidal functions having angular frequencies n and w, appear in the
previous equations.

A simpler model of the geomagnetic field is the axial dipole model in which the Earth’s
magnetic dipole is aligned with the Earth’s rotation axis (see [17]). Thus, the axial dipole
model is obtained by setting 7i;; = [00 — 1]T in Equation (16) and by replacing p;; with 4.
Using such a model, the expression of b°(t) is simplified as follows.

sin(incl) cos(nt + ¢p)
bo(t) = P;"d — cos(incl) (22)
Rowit | 2 sin(incl) sin(nt + ¢o)

The latter equation shows that the adoption of a simpler model results in a sinusoidal
bO(t) with period Ty, = 271/ 1.

The spacecraft and orbit data employed in the following numerical study are obtained
from [12]. The geomagnetic field data are obtained from [17]. Both data are reported in Table 2.
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Table 2. Spacecraft, orbit, and geomagnetic field data.

Jx=J: (kgm?)  Jy (kgm?) Ry (km)  incl(deg) Q(deg) pig (Wbm) 0y (deg)

1.416 2.0861 7021 98 137 7.71 1015 171
We (deg/daY) Uad Wb m)  myey (A m2)
360.99 7.60 101 35

2.4. Disturbance Torques

The most significant disturbance torques acting on a spacecraft in low Earth orbit are
modeled as follows (see [12]). The residual magnetic torque in body coordinates is given by
the following:

Trbm = mff]m x b (23)

in which m?,, is the body coordinate of the residual magnetic dipole moment due to onboard
electrical components. The aerodynamic torque is modeled as follows: T? = r& p X F? where

rZP is the body coordinate of the vector from the center of mass to the center of pressure, and

F! is the body coordinate of the aerodynamic force acting on the spacecraft. A simplified
model for F! is considered by setting F! = —%CDS pp||o?||v? in which Cp is the drag
coefficient, Sp is the area of the spacecraft cross section, p is the atmospheric density at
orbit altitude, and v" is the body coordinate of spacecraft velocity with respect to the air,
which is approximated along with spacecraft velocity. The solar radiation pressure torque

is modeled as Tf,p = ré’p X Ffrp, where ré’p is the body coordinate of the vector from the

center of mass to the center of solar pressure, and Fsb,p is the body coordinate of the force
due to solar radiation pressure, which is modeled as Fsb,p = —(®s/c)(1+ gs) AséP. In the

last equation, ®s is the solar flux density constant, c is the speed of light, g5 is the reflectance
factor, A, is the area of the sunlit surface, which is assumed constant in the worst case
scenario, and & is the body coordinate of the unit vector from the spacecraft to the Sun.
Note that 8 = Ry, R,;4!, where &' are the coordinates in the inertial frame F; of the same
unit vector.

The disturbance torques data are obtained from [12] and reported in Table 3.

Table 3. Disturbance torques data.

my (A m?) rhy =18, (m) Cp  Spm?) p(kg/m’) @5 (W/m?)
[0.15 —0.12 —0.1]T  [0.0082 0.003 0.0492]" 22 0.22 6.39 10713 1367
s § (m) As (m?)
0.8 [0.578 0.578 0.578] T 0.33

3. Attitude Stabilizing Laws

In this section, two attitude stabilizing laws are considered, and their performances
are compared in Section 4.

3.1. Quaternion and Attitude Rate Feedback

Consider the following quaternion and attitude rate feedback:

Mmax

Mepils = —mmuxsat< B x (Kpgo + dego)) (24)
where sat is the standard saturation function, and 71,4y is the maximum control dipole
moment for which its numerical value is reported in Table 2. The numerical values of the
matrix gains Kj, and K; are determined by solving the linear quadratic optimal control
problem described in Appendix A, which results in the values for K;, and K; reported in
Equation (A3).
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Consider the closed-loop system given by Equations (1), (14), and (24) and set Té’i =0
and b°, as in Equation (22). For the latter system the following properties hold. Equilibrium
(9,0?%,) = (4,0) is asymptotically stable where 7 = [0 0 0 1]7. In fact, it can be verified that
the linear approximation of the latter periodic system about (g, w} ) = (7,0) is given by
Equations (A1) and (A2) and has all characteristic exponents with negative real parts. On
the other hand, equilibrium (g, w}, ,) = (—4,0) is unstable since the linear approximation
about (g, w} ) = (—4,0) has three positive characteristic exponents [18].

It is well known that both opposite quaternions 7 and —4 correspond to the nominal
attitude having 7, aligned with JF,. Thus, the fact that (q,w? ) = (—7,0) is unstable can
result in the so-called unwinding phenomenon. In fact, if, during the spacecraft motion, it
occurs that (g, wg ,) becomes very close to (—4,0), then the spacecraft attitude rather than
converging to the nominal one is most likely pushed away from it [11]. Such a behavior
typically results in both slower convergence and higher energy consumption in performing
attitude maneuvers. Consequently, it represents a weak point of the proposed control law.

3.2. Rotation Matrix and Attitude Rate Feedback
Consider the following rotation matrix and attitude rate feedback [11].

1 K, 3
Mepils = _mmaxsat(m bb X (4}7 Z(Ei X Rl];oei) + dego>> (25)
max i=1

In the previous equation, the numerical values of K, and K; are chosen as in
Equation (A3), and ey, ez, and e3 are the columns of I33.

Consider the closed-loop system given by Equations (1), (14), and (25) and set Té’i =0
and b° as in Equation (22). Clearly, the obtained system is periodic with period T,,;; too.
Moreover, for the latter system, equilibrium (Ry,, wl,) = (I3x3,0) is asymptotically stable.
In fact, it can be verified that the linear approximation of the latter periodic system about
(Rpo, ) = (I3x3,0) has all characteristic exponents with a negative real part. Actually,
the linear approximation of the closed-loop system about (Ry,, wg ) = (I3x3,0) is identical
to the linear approximation about (g, w?,) = (7,0) considered in the previous section. This
is a consequence of the fact that both the linear approximation of the stabilizing law in
Equation (24) about (g, w} ) = (4,0) and the linear approximation of the stabilizing law in
Equation (25) about (R, w,) = (I3x3,0) can be expressed as follows:

1
Mepils = _bb X <2KP€+deijo> (26)

where { = [¢ 0 ¢]T are the 3-2-1 Euler angles representing the attitude of F, with respect
to F, (see [11]). Thus, the two control laws locally are identical. As a result, given an initial
attitude sufficiently close to the nominal one and an initial angular velocity sufficiently
small, if the initial attitude is represented by the quaternion closer to 4, then the corre-
sponding evolutions of the spacecraft attitude obtained by applying either control laws in
Equation (24) or the one in Equation (25) will be very close to each other.

Clearly, the control law in Equation (25) does not generate the unwinding phenomenon.
In fact, the desired attitude is achieved only when (R, w?) = (I3x3,0), which is an
asymptotically stable equilibrium. As a result, it is interesting to compare the performances
of the stabilizing laws in Equations (24) and (25) to observe how much the unwinding
phenomenon affects the performances of the control law in Equation (24).

4. Quaternion versus Rotation Matrix Feedback

The purpose of this section is to compare, numerically, the performances of the quater-
nion and attitude rate feedback in Equation (24) with those of the rotation matrix and
attitude rate feedback in Equation (25). The comparison is carried out by using all the
numerical values indicated in the previous sections. The focus of the comparison is on
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both speed of convergence to the nominal attitude and energy required to perform the
control action. The results of two simulation cases are presented. In the first one, nominal
conditions are considered with the main aim of studying the effects of the unwinding
phenomenon on the speed of convergence and on energy consumption. In the second case,
perturbations due to disturbance torques and to the adoption of the tilted dipole model are
introduced so that a comparison in a more realistic scenario is obtained.

4.1. Nominal Case

In this subsection, the comparison is executed by neglecting disturbance torque Té’is ;
and considering the aligned dipole model for the geomagnetic field. In these conditions,
the closed-loop systems are periodic with period T,,;;, and the stability results stated
in Section 4 hold. Thus, it is of interest to determine in such a scenario the effect of the
unwinding phenomenon on the performances. Two performance indexes are considered.
The first one is the settling time t; for the principal angle, which is defined as the time
needed for the principal angle between F}, and F, to become and stay smaller or equal to
1 deg. Clearly, the settling time measures the speed of convergence relative to the nominal
attitude. The second performance index is given by the following:

tfin
gcoils = /0 Hmcoils(t)nzdt (27)

which provides an indirect and rough measure of the energy required to perform the
attitude control action. Time f;, in the previous equation is set to 30 T, so that the
spacecraft is able to achieve the nominal attitude.

A Monte Carlo campaign has been run with the intent of obtaining some useful statis-
tical information on the performances of the two control laws. Specifically, 100 simulations
have been run. In each run, the initial rotation matrix Ry, (0) has been selected randomly.
The initial quaternion 4(0) has been obtained by converting Ry, (0) into a quaternion and se-
lecting the quaternion with a non-negative scalar component g4(0). The latter choice should
reduce the possibility for the winding phenomenon to occur. The initial angular velocity
has been selected randomly within the following set [|w? (0)|| < 20 deg/s. The argument
¢o of the spacecraft at time t = 0 (see Equation (18)) has been randomly selected too.

The results of the campaign are reported in Table 4.

Table 4. Statistics of the Monte Carlo campaign for the nominal case.

control law fs (orbital period) Eooits (A2 m? s)
Q 138 6.20 10*

RM 15.7 (+14%) 6.19 10* (—0.1%)
ts(RM) < £(Q) Ecoits(RM) < Eois(Q)

47% 65%

The first row (Q) refers to quaternion feedback, and the second row (RM) refers to
rotation matrix feedback. Symbol f; denotes the mean value of t;, and &;s denotes the
mean value of £.,;s. Symbol ts(RM) < £5(Q) denotes the number of runs (expressed in
percentage on the total number) in which t5(RM) < £5(Q). Similarly, E.pis(RM) < Eqpis(Q)
denotes the number of runs (expressed in percentage on the total number) in which
Ecoils (RM) < Eeoils (Q)

The statistics show that, in terms of settling time,quaternion feedback performs better
than rotation matrix feedback. In terms of energy consumption, the two control laws are
practically equivalent even if in 65% of the simulation runs rotation matrix feedback uses
less energy than quaternion feedback.

Figure 1 displays the time histories of the principal angle for a single run obtained by
using quaternion feedback and rotation matrix feedback.
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It turns out that, for this specific run, the settling time obtained with quaternion
feedback is equal to 11 orbital periods, whereas by using rotation matrix feedback, the
settling time is equal to 14 orbital periods. The value of £.,;; is equal to 2.50 10* AZm*s
for both control laws.

200

----RM

principal angle (deg)
S
o

0 5 10 15 20 25 30
orbital period

Figure 1. Time histories of principal angle using quaternion feedback (Q, blue solid line) and using
rotation matrix feedback (RM, red dashed line) (single run of the Monte Carlo campaign for the
nominal case).

4.2. Perturbed Case

In this subsection, the performance comparison is carried out by considering a more
realistic scenario in which the disturbance torques described in Section 2.4 act on the
spacecraft and in which the inclined dipole model is adopted. Moreover, in this case the
residual magnetic torque TY, is approximately compensated by modifying the stabilizing
laws in Equations (24) and (25) as follows.

Meoils = mmaxsat< (—bb X (quy + degg) - Tﬁym)>

Minax

(28)

K A
Meoils = mmgxsat< (_bb X (Tp Z?:l (ei X le;oei) +dego> - mﬁ’m)>

Minax

The term 71, represents an estimation of the residual dipole moment m?,, obtained
by means of a Kalman filter, as reported in Appendix B.

In such a scenario, it is not appropriate to choose the settling time for the principal
angle as the performance index that measures the speed of convergence. In fact, because
of the presence of T}, ,, the principal angle will not converge to 0. It will oscillate about
some residual value. Thus, it more appropriate to select the Integral Time Absolute Error
(ITAE) [19] as index for the speed of convergence for the principal angle, which is defined
as follows.

tfin
ITAE = / ! t principal angle(t) dt
0

In ITAE, the principal angle is weighted by time so that a high value of the principal
angle at later times is penalized more than that at earlier times. In this perturbed case, ¢;,
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is set equal to 40 T,,4;; so that the spacecraft’s attitude can reach a steady-state condition.
On the other hand, index in Equation (27) is still used to measure the energy required to
apply the control action.

A new Monte Carlo campaign including 100 runs has been executed. The initial
rotation matrix Ry, (0), initial quaternion 4(0), initial angular velocity ||w?, (0)|| < 20 deg/s,
and initial argument of the spacecraft ¢y have been all randomly selected, as explained in
the previous subsection.

The results of the campaign are reported in Table 5.

Table 5. Statistics of the Monte Carlo campaign for the perturbed case.

control law ITAE (deg sec) E.oils (A2 m? sec)
Q 1.3 1012 1.21 100

RM 2.1 102 (+69%) 1.36 10 © (+12%)
ITAE(RM) < ITAE(Q) Ecoits(RM) < Eits (Q)

30% 32%

In the table, ITAE denotes the mean value of ITAE, and ITAE(RM) < ITAE(Q)
denotes the number of runs (expressed in percentage on the total number) in which
ITAE(RM) < ITAE(Q).

The statistics show that in terms of both ITAE and energy consumption, quaternion
feedback performs better than rotation matrix feedback.

Figure 2 displays the time histories of the principal angle for a single run obtained by
using quaternion feedback and rotation matrix feedback.

200 . . :

~-RM

-
a1
o

principal angle (deg)
S
o

O I I I
0 10 20 30 40

orbital period

Figure 2. Time histories of principal angle using quaternion feedback (Q, blue solid line) and using
rotation matrix feedback (RM, red dashed line) (single run of the Monte Carlo campaign for the
perturbed case).

It turns out that for this specific run, the ITAE obtained with quaternion feedback is
equal to 3.247 10! deg sec, whereas the ITAE is equal to 3.255 10!! deg sec when using
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rotation matrix feedback. Moreover, the values of £; are, respectively, equal to 2.017 10*
A?m?*sand 2.062 10* AZm*s.

5. Conclusions

In this paper, a numerical comparison between quaternion plus attitude rate feedback
and rotation matrix plus attitude rate feedback has been performed for a case study of an
Earth-pointing spacecraft equipped with magnetorquers only as torque actuators. Monte
Carlo campaigns show that in both nominal and perturbed conditions quaternion feedback
achieves a faster convergence to the nominal attitude. Moreover, in terms of energy
consumption, the two stabilizing laws are comparable in nominal conditions. However,
quaternion feedback requires less energy in perturbed conditions. Note that, by using
quaternion feedback, the unwinding phenomenon can occur, and its occurrence typically
results in slower convergence and higher energy consumption. Thus, the fact that, in this
study, quaternion feedback performs better both in terms of speed of convergence and of
energy consumption testifies that the unwinding phenomenon most likely has occurred in
rare simulation runs of Monte Carlo campaigns that have been executed.

Funding: This research received no external funding.

Conflicts of Interest: The author declare no conflicts of interest.

Appendix A. Gain Selection

The goal of this appendix to present a method for determining effective values for the
3 x 3 matrix gains K, and K;. The method was obtained in [20] (see also [7]).

Let us neglect disturbance torque by setting Tfi’i o+ = 0, and consider the linear ap-
proximation of the closed-loop system given by Equations (1) and (14) and either (24) or
(25). The linear approximation with either control laws is given by the following linear
time-varying system:

X = Ax + B(t)u (A1)

which is subject to the state-feedback.

u=—Kx (A2)
In the above equations, x = [g] (w? )T]T
O3x3  313x3 [ 0353
A= B(t) = B K=K, K

An  Ap ) =JH(@0 (1)) Ky Kdl
—8n%0y 0 0 0 0 n(l—oy)

A21 = 0 67’12(Ty 0 A22 = 0 0 0

0 0 2n20, —n(1+0;) 0 0

]y_]z ]z_]x ]x_]y
Ox = oy = o, =
oKy Tk

For selecting matrix gains K, and K, (or equivalently matrix gain K), consider the
aligned dipole model of the geomagnetic field for which case b°(t) is periodic with period
Torsit = 27t/n (see Equation (22)). Then, matrix gain K is chosen so that the closed-
loop system given by Equations (A1) and (A2) is asymptotically stable and control (A2)
minimizes the following quadratic performance index:

E{/Om [T (0)Qx(t) + u(t) Ru(t) }

where Q is a 6 X 6 positive semidefinite matrix, R is a 3 x 3 positive definite matrix, and
the expectation operator E{-} is taken over the set of possible values for the initial state
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xo, which is assumed to be a random variable having zero mean and known covariance
Xo = E{xox]}. Table A1 reports the values selected for those matrices as well as the initial
guesses Ko Ky for K, and Ky, respectively.

Table Al. Parameters for gain selection.

Q R Xo Kpo Ko

Ioxe Ioxs Ioxe 710% I3 910° Ix3

Thus, the approach presented in [7,20] is employed for finding a solution to the above
linear quadratic problem, and the following gains are obtained.

6.9970  0.0003  0.0031 9%10° 0 0
K, =10°| —0.0001 7.0000 —0.0006 | K= 0 9x10° 0 (A3)
0.0037 —0.0003 6.9880 0 0 9x10°

Appendix B. Compensation for the Residual Magnetic Torque

This appendix presents the method employed to compensate for the residual magnetic
torque in Equation (23). The approach is based on obtaining an estimate 7%, of m?,, and
plugging it into the stabilizing laws in Equation (28).

In order to estimate mlr’m, we employ the method presented in [21], which uses a

Kalman filter. Consider the following model of attitude dynamics:
wZi = ]_l <_w2i x (]wll;z) + m’l?m X bb + Mepits X bb) (A4)

which is obtained from Equations (7), (10), and (23) and in which the gravity gradient torque
Té’g, aerodynamic torque T?, and solar radiation pressure torque Tfrp are all neglected. In the
above equation, ., is given by either of the stabilizing laws in Equation (28). Moreover,

m?,, is modeled as constant. Thus, the following is the case.

b, =0 (A5)

Note that when the spacecraft attitude is in nominal conditions, (R, wg ,) = (I3x3,0)

and, consequently, “’Zi = wy; (see Equations (5) and (6)). We introduce Aw = “’Zi — wp; and

determine the equation for Aw, and we linearize it about Aw = 0, obtaining the following.
Aw = ] ((Jwg) ™ = (wgi) ) dew = JHO") gy = 7 (0) “megirs +701 - (A6)

Note that in the linearized equation, the zero mean process noise w; has been added
to take into account all the approximations that were introduced. Similarly, Equation (A5)
is modified as follows:

1ty = w) (A7)

where the zero mean process noise w, has been included to take into account possible time
variations of the residual magnetic dipole moment.

Consider discrete times t; = kAt k = 0,1,..., where At is the sampling interval,
and integrate Equations (A6) and (A7) over interval [f; t;,1]. If At is sufficiently small
bo(t), mb,, (), meoiss(t), w1 (t), and wy(t) can be approximately considered constant over



Aerospace 2022, 9, 24 13 of 15

the integration interval and are equal to bP(ty), m&, (tx), Meis(tr), w1 (), and wo(t),
respectively. Thus, the following equation is obtained:

{ Aw (tey1) ] _ [ eMAE T — AT (bP (1)) H Aw(ty) }

m;lfm(thrl) O3x3 Iixs m?m(tk)

—Azfl(bh(fk))x] , { Ay Ozx3 le(fk)}
+[ 03x3 Meoits (t) + O3x3 Atlzys || wo(ty) (A8)

where the following is the case.

At
A= () = (@5)*]) Az = /O eMidg

Moreover, since w?, can be measured, consider the following observation equation:
Aw(ty)
Awops(tr) = [ Iaxz 033 || 4 +o(t) (A9)
My (tk)

where v(t;) is a zero mean measurement noise. Thus, the estimation of m%,,(t;) denoted by
i, (t;) is obtained by designing a Kalman filter to estimate the state of Equation (A8) with
observation Equation (A9) (see [22]).

The following data are employed to design the Kalman filter (see [12]). The sampling time
is selected to At = 0.1 s. The estimates are initialized to Aw(0) = w;(0) — w2, #4,,(0) = O357.
The corresponding covariance matrices are set to Pjg = diag(10~° 10~ 10~?) rad?/s? and
Py = diag(lO_5 107> 10_5) A2 m*. The covariance matrices of wy, wy, and v are chosen as
Q1 =10 B3 rad?/s*, Qy = 1078353 A2 m?*/s?, and R = 10 833 rad? /s? respectively.

In order to evaluate the performance of the proposed estimation method, the time his-
tories of of 71, obtained in the Monte Carlo campaign for the perturbed case using rotation
matrix feedback are displayed in Figure Al. It is convenient to recall that, in the campaign,
the residual magnetic dipole moment is constant and equal to
mb,, = [0.15 —0.12 — 0.1]T (see Table 3). Similar time behaviors are obtained in the
Monte Carlo campaign for the perturbed case using quaternion feedback and are not re-
ported to save space. An important aspect shown in Figure A1 is that 72, achieves steady
state after few orbital periods.

0 10 20 30 40

-~ 500
<E5  o0f
& «
~— -500 ‘ ‘ : !
10 20 30 40
\1,(1—\ 50 F
eg = 0%—‘ N
T <
¢ \v/_5ok ! ! } )
0 10 20 30 40

orbital period

Figure A1. Time histories of i1, obtained in the Monte Carlo campaign for the perturbed case using
rotation matrix feedback.
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In addition, Table A2 reports the statistics for %, (¢ £) obtained from the Monte Carlo
campaign for the perturbed case using either quaternion feedback or rotation matrix feedback.

Table A2. Statistics on 7l (t ) from the Monte Carlo campaign for the perturbed case using either
quaternion feedback (Q) or rotation matrix feedback (RM). In the campaign, the residual magnetic
dipole moment is constant and equal to m?%,, = [0.15 — 0.12 — 0.1] (see Table 3).

Q mean value (A m?) standard deviation (A m?)
il (tf) 0.14 0.75
Ml y (tf) —0.087 0.83
1l 2 (tf) —0.11 0.78
RM mean value (A m?2) standard deviation (A m?)
Ml 2 (tr) 0.18 0.83
il y (tf) —0.063 1.00
1 2 (tf) -0.13 0.88

The large standard deviations show that the estimation of m%,, is not accurate. Conse-
quently, the compensation of the residual magnetic torque is not accurate either. Never-
theless, the proposed compensation is still highly beneficial. In fact, by running several
simulations in perturbed conditions without operating any compensation of m?,,, it can
be observed that no convergence to the nominal Earth-pointing attitude is achieved, as
displayed in Figure A2, which is obtained from one of those simulations.

200 ' '

-
[$)]
o

principal angle (deg)
o
o

[S))
o

0 1 1
0 10 20 30 40

orbital period

Figure A2. Time histories of principal angle using quaternion feedback (Q, blue solid line) and using
rotation matrix feedback (RM, red dashed line) obtained in a simulation in perturbed conditions
without compensation of the residual magnetic torque.
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