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Abstract: The purpose of this paper is to compare performances between stabilization algorithms
of quaternion plus attitude rate feedback and rotation matrix plus attitude rate feedback for an
Earth-pointing spacecraft with magnetorquers as the only torque actuators. From a mathematical
point of view, an important difference between the two stabilizing laws is that only quaternion
feedback can exhibit an undesired behavior known as the unwinding phenomenon. A numerical case
study is considered, and two Monte Carlo campaigns are carried out: one in nominal conditions and
one in perturbed conditions. It turns out that quaternion feedback compares more favorably in terms
of the speed of convergence in both campaigns, and it requires less energy in perturbed conditions.
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1. Introduction
Magnetic actuators, also known as magnetorquers, are widely used as torque actuators
for attitude control of spacecraft in low Earth orbits. The interest in such devices is due
to the following reasons: (i) they are simple, reliable, and low cost; (ii) they need only
renewable electrical power to be operated; and (iii) magnetorquers save system weight
with respect to any other class of torque actuators. On the other hand, magnetorquers have
the following important limitation: (i) the control torque is constrained to belong to the
plane orthogonal to the Earth’s magnetic field; (ii) the maximum torque they can generate
is substantially smaller than for other types of torque actuators. Due to these limitations,
different types of actuators often accompany magnetorquers to provide full three-axis
control, and a considerable amount of work has been dedicated to the design of magnetic
control laws in the latter setting (see [1] and references therein). However, it is possible to
stabilize the attitude of spacecraft in low Earth orbit by using only magnetorquers if the
orbit inclination is not too low. Using such actuators convergence to the nominal attitude
occurs more slowly compared to other torque actuators (see [2]).
Simple control algorithms that achieves attitude stabilization using only magnetorquers, are based on quaternion and attitude rate feedback. It has been shown that such
control laws achieves stabilization for both inertial pointing spacecraft [2–5] and Earth (or
nadir) pointing spacecraft [6–10]. However, using quaternion and attitude rate feedback
can result in undesired unwinding phenomenon for the spacecraft. Such phenomenona
originate from the fact that one of the two opposite quaternions that represent the nominal
spacecraft attitude is unstable. Thus, if, during attitude evolution, the current quaternion
becomes very close to the latter unstable quaternion, then the spacecraft attitude rather
than converging to the nominal one is most likely pushed away from it [11]. Clearly, the unwinding phenomenon results in both slower convergence and higher energy consumption
in performing attitude stabilization.
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An alternative attitude stabilizing law that does not generate such an undesired
phenomenon is obtained by replacing quaternion feedback with an appropriate rotation
matrix feedback [11]. Since the desired attitude is represented by only one rotation matrix
that is made asymptotically stable, clearly no unwinding phenomenon can occur.
The goal of this paper is to compare performances of quaternion and attitude rate
feedback with those of rotation matrix and attitude rate feedback. The comparison is
performed numerically by using the spacecraft model presented in [12] in terms of both
speed of convergence and energy consumption .
The rest of the paper is organized as follows. In the next section, the models of the
spacecraft and of the geomagnetic field are presented. In Section 3, the two stabilizing
laws under examination are discussed. The numerical comparison of the control laws
is performed in Section 4. Concluding remarks end the paper. Two appendices present
the methods adopted for selecting the control gains and for compensating for residual
magnetic dipole moments.
2. Models
2.1. Coordinate Frames
In order to describe the attitude dynamics of a rigid Earth-pointing spacecraft in a
circular orbit and to represent the geomagnetic field, it is useful to introduce the following
reference frames:
1.

2.

3.

Geocentric Inertial Frame Fi . A commonly used inertial frame for Earth orbits is the
Geocentric Inertial Frame, for which its origin is in the Earth’s center, its xi axis is
the vernal equinox direction, the zi axis coincides with the Earth axis of rotation
and points northward, and the yi axis completes the right-handed frame (see ([13],
Section 2.6.1)).
Orbital frame Fo . The origin of this frame, also called Local Horizontal Local Vertical
(LVLH), is in the satellites center of mass. The xo axis is along the spacecraft velocity.
The zo axis points to the Earth’s center, and the yo axis is perpendicular to the orbit
plane and completes the right-handed frame.
Spacecraft body frame Fb . The origin of this frame coincides with the satellite center of
mass. Its axes are principal axes of inertia of the spacecraft.
The nominal Earth-pointing attitude corresponds to Fb aligned with Fo .
The notation used throughout the paper is presented in Table 1.

Table 1. Notation.
vi , v o , v b
v×
−
→
ω bo
−
→
ω bi
−
→
ω oi
−
→
b
e3
q
q v , q4
q̄
−
→
r
ẑo
In×n
0m × n

→
vector of components of Eucledian vector −
v with respect to frames Fi , Fo , and Fb
respectively
skew-symmetric matrix corresponding to v = [v1 v2 v3 ] T (see Equation (2))
angular velocity of Fb w.r.t. Fo
angular velocity of Fb w.r.t. Fi
angular velocity of Fo w.r.t. Fi
geomagnetic field at spacecraft
= [0 0 1] T
quaternion representing rotation of Fb w.r.t. Fo
vector part and scalar part of q
= [0 0 0 1] T
vector from the Earth center to the satellite center of mass
unit Eucledian vector corresponding to the zo -axis of Fo
n × n identity matrix
m × n zero matrix
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2.2. Attitude Kinematics
Since we deal with an Earth-pointing spacecraft in this work, the focus will be on
the kinematics of the spacecraft with respect to the orbital frame. The attitude kinematics
equations depend on the representation adopted for the attitude of Fb with respect to Fo .
If the attitude is represented by the following quaternion:
q = [q1 q2 q3 q4 ] T = [qvT q4 ] T
with kqk = 1, then the attitude kinematics is given by the following (see Section 5.5.3
of [14]):
b
q̇v = 21 (q×
v + q4 I3×3 ) ωbo
(1)
b
q̇4 = − 12 qvT ωbo
where I3×3 is the 3 × 3 identity matrix, and the notation v× for v = [v1 v2 v3 ] T represents
the skew symmetric matrix:


0
v × =  v3
− v2

− v3
0
v1


v2
− v1 
0

(2)

so that for w = [w1 w2 w3 ] T , it occurs that v × w = v× w.
On the other hand, if the attitude is represented by rotation matrix Rbo , which transforms vectors of coordinates in Fo into vectors of coordinates in Fb , then the the attitude
kinematics is given by the following (see ([15], Section 1.4.1)).
b ×
Ṙbo = −(ωbo
) Rbo

(3)

The relation between q and Rbo is given by the following.
Rbo = (q24 − qvT qv ) I3 + 2qv qvT − 2q4 q×
v

(4)

Clearly, the following is obtained.
b
b
b
ωbo
= ωbi
− ωoi

(5)

o = [0 − n 0] T where n is the
Moreover, since a circular orbit is considered, then ωoi
constant orbital rate, and, consequently, the following is obtained.
b
o
ωoi
= Rbo ωoi

(6)

2.3. Attitude Dynamics and Geomagnetic Field
Attitude dynamics can be expressed in a body frame as follows:
b
b
b
b
b
b
J ω̇bi
= −ωbi
× ( Jωbi
) + Tgg
+ Tcoils
+ Tdist

(7)

b , T b , and T b are the body
where J = diag[ Jx , Jy , Jz ] is the spacecraft inertia matrix, Tgg
coils
dist
coordinates of the gravity gradient torque, the control torque induced by magnetic coils,
and the disturbance torque, respectively.
The gravity gradient torque in body coordinates is given by the following (see ([14],
Section 6.10)):
b
Tgg
= 3n2 ẑbo × J ẑbo
(8)

where ẑbo denotes the unit vector corresponding to the zo -axis of Fo resolved in the body
frame, which can be expressed as follows:
ẑbo = Rbo e3
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where the following is the case.



0
e3 =  0 
1

(9)

The spacecraft is equipped with three magnetic coils aligned with the Fb -axes, which
generate the following magnetic control torque:
b
Tcoils
= mcoils × bb = −(bb )× mcoils

(10)

where mcoils is the vector obtained by stacking the magnetic moments of the three coils, and
bb is the geomagnetic field at the spacecraft expressed in Fb . Clearly, the relation between
bb and bo is given by the following.
bb = Rbo bo

(11)

b instead of ω b . For
For what follows, it useful to rewrite Equation (7) in terms of ωbo
bi
b = ω b + R ω o . Thus,
that purpose, note that from Equations (5) and (6) it follows that ωbi
bo oi
bo
o is constant, the following holds.
since ωoi
b
b
o
ω̇bi
= ω̇bo
+ Ṙbo ωoi

(12)

By using Equation (3), we obtain the following.
o
b ×
o
b × b
b
b
o × b
Ṙbo ωoi
= −(ωbo
) Rbo ωoi
= −(ωbo
) ωoi = ωoi
× ωbo
= ( Rbo ωoi
) ωbo

(13)

Thus, from Equations (7)–(13), we obtain the following.


b
o ×
b ×
o ×
o ×
b
J ω̇bo
= − J ( Rbo ωoi
) − (ωbo
) J + ( JRbo ωoi
) − ( Rbo ωoi
) J ωbo
o ×
o
b
− ( Rbo ωoi
) JRbo ωoi
+ 3n2 ( Rbo e3 )× JRbo e3 − ( Rbo bo )× mcoils + Tdist

(14)

Let bi be the geomagnetic field at spacecraft expressed in inertial frame Fi and let
Roi be the rotation matrix that transforms vectors of coordinates in Fi into vectors of
coordinates in Fo . Note that bi and Roi vary with time at least because of the spacecraft’s
motion along the orbit. Then, the following is the case:
bo (t) = Roi (t)bi (t)

(15)

which shows explicitly the dependence of bo on t. In order to study Equation (14), it is important to characterize the time-dependence of bo (t), which corresponds to characterizing
the time-dependence of bi (t) and Roi (t). By adopting the so-called inclined dipole model
of the geomagnetic field (see ([16], Appendix H)) and letting Rorbit denote the radius of the
circular orbit, we obtain the following.
bi ( t ) =

µid
[3((m̂i (t))T r̂i (t))r̂i (t) − m̂i (t)].
R3orbit

(16)

In Equation (16), µid is the total strength of the inclined dipole, ri (t) is the spacecraft
position vector resolved in Fi , and r̂i (t) is the vector of the direction cosines of ri (t).
The components of vector m̂i (t) are the direction cosines of the Earth’s magnetic dipole
expressed in Fi , which is set equal to the following:

sin(θid ) cos(ωe t + α0 )
m̂i (t) =  sin(θid ) sin(ωe t + α0 ) ,
cos(θid )


(17)
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where θid is the coelevation of the inclined dipole, ωe is the Earth average rotation rate, and
α0 is the right ascension of the dipole at time t = 0.
In order to characterize the time dependence of bi (t) in (16), one needs to determine
an expression for ri (t), which is the spacecraft’s position vector resolved in Fi . Define a
coordinate system x p , y p in the orbital plane, for which its origin is at the center of the Earth
and with the x p axis coinciding with the line of nodes. Then, the position of satellite centre
of mass is given by the following:
x p (t)
y p (t)

=
=

Rorbit cos(nt + φ0 )
Rorbit sin(nt + φ0 ),

(18)

where φ0 is the argument of the spacecraft at time t = 0. Let incl be the orbit inclination
and let Ω dentote the right ascension of the Ascending Node (RAAN) of the orbit (see ([13],
Section 2.6.2)). Then, the coordinates of the satellite center of mass in the inertial frame can
be obtained as follows:
 p

x (t)
ri (t) = Rz (−Ω) R x (−incl ) y p (t) 
(19)
0
where the following:


1
R x ( ϕ) =  0
0

0
cos( ϕ)
− sin( ϕ)


0
sin( ϕ) 
cos( ϕ)

(20)

is the rotation matrix corresponding to a rotation around the x-axis of magnitude ϕ and the
following:


cos(ψ)
sin(ψ) 0
Rz (ψ) =  − sin(ψ) cos(ψ) 0 
(21)
0
0
1
is the rotation matrix corresponding to a rotation around the z-axis of magnitude ψ (see
([13], Section 2.6.2)).
By combining Equations (16)–(21), the expression of bi (t) can be easily obtained.
Moreover, the following holds.


0
Roi (t) =  0
−1

1
0
0


0
−1  Rz (nt + φ0 ) R x (incl ) Rz (Ω)
0

Thus, by using Equation (15), an explicit expression for bo (t) can be derived. It is easy
to see that bo (t) can be expressed as a sum of sinusoidal functions of t having different
frequencies since sinusoidal functions having angular frequencies n and ωe appear in the
previous equations.
A simpler model of the geomagnetic field is the axial dipole model in which the Earth’s
magnetic dipole is aligned with the Earth’s rotation axis (see [17]). Thus, the axial dipole
model is obtained by setting m̂i = [0 0 − 1] T in Equation (16) and by replacing µid with µ ad .
Using such a model, the expression of bo (t) is simplified as follows.


sin(incl ) cos(nt + φ0 )
µ
ad

bo (t) = 3 
− cos(incl )
Rorbit 2 sin(incl ) sin(nt + φ )
0

(22)

The latter equation shows that the adoption of a simpler model results in a sinusoidal
with period Torbit = 2π/n.
The spacecraft and orbit data employed in the following numerical study are obtained
from [12]. The geomagnetic field data are obtained from [17]. Both data are reported in Table 2.
bo (t)

Aerospace 2022, 9, 24

6 of 15

Table 2. Spacecraft, orbit, and geomagnetic field data.
Jx = Jz (kg m2 )

Jy (kg m2 )

1.416
ωe (deg/day)
360.99

Rorbit (km)

2.0861

7021
mmax (A

µ ad (Wb m)
7.60

1015

incl (deg)
98

Ω (deg)
137

µid (Wb m)
7.71

1015

θid (deg)
171

m2 )

3.5

2.4. Disturbance Torques
The most significant disturbance torques acting on a spacecraft in low Earth orbit are
modeled as follows (see [12]). The residual magnetic torque in body coordinates is given by
the following:
b
b
Trm
= mrm
× bb
(23)
b is the body coordinate of the residual magnetic dipole moment due to onboard
in which mrm
electrical components. The aerodynamic torque is modeled as follows: Tab = r bap × Fab where
r bap is the body coordinate of the vector from the center of mass to the center of pressure, and
Fab is the body coordinate of the aerodynamic force acting on the spacecraft. A simplified
model for Fab is considered by setting Fab = − 12 CD SD ρkvb kvb in which CD is the drag
coefficient, SD is the area of the spacecraft cross section, ρ is the atmospheric density at
orbit altitude, and vb is the body coordinate of spacecraft velocity with respect to the air,
which is approximated along with spacecraft velocity. The solar radiation pressure torque
b = r b × F b , where r b is the body coordinate of the vector from the
is modeled as Tsrp
sp
srp
sp
b is the body coordinate of the force
center of mass to the center of solar pressure, and Fsrp
b = −( Φ /c )(1 + q ) A ŝb . In the
due to solar radiation pressure, which is modeled as Fsrp
s
s
s
last equation, Φs is the solar flux density constant, c is the speed of light, qs is the reflectance
factor, As is the area of the sunlit surface, which is assumed constant in the worst case
scenario, and ŝb is the body coordinate of the unit vector from the spacecraft to the Sun.
Note that ŝb = Rbo Roi ŝi , where ŝi are the coordinates in the inertial frame Fi of the same
unit vector.
The disturbance torques data are obtained from [12] and reported in Table 3.

Table 3. Disturbance torques data.
b (A m2 )
mrm

b (m)
r bap = rsp

CD

SD (m2 )

ρ (kg/m3 )

Φs (W/m2 )

[0.15 − 0.12 − 0.1] T

[0.0082 0.003 0.0492] T

2.2

0.22

6.39 10−13

1367

qs

ŝi (m)

As (m2 )

0.8

[0.578 0.578 0.578] T

0.33

3. Attitude Stabilizing Laws
In this section, two attitude stabilizing laws are considered, and their performances
are compared in Section 4.
3.1. Quaternion and Attitude Rate Feedback
Consider the following quaternion and attitude rate feedback:


1 b
b
mcoils = −mmax sat
b × (K p qv + Kd ωbo
)
mmax

(24)

where sat is the standard saturation function, and mmax is the maximum control dipole
moment for which its numerical value is reported in Table 2. The numerical values of the
matrix gains K p and Kd are determined by solving the linear quadratic optimal control
problem described in Appendix A, which results in the values for K p and Kd reported in
Equation (A3).
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b =0
Consider the closed-loop system given by Equations (1), (14), and (24) and set Tdist
o
and b , as in Equation (22). For the latter system the following properties hold. Equilibrium
b ) = ( q̄, 0) is asymptotically stable where q̄ = [0 0 0 1] T . In fact, it can be verified that
(q, ωbo
b ) = ( q̄, 0) is given by
the linear approximation of the latter periodic system about (q, ωbo
Equations (A1) and (A2) and has all characteristic exponents with negative real parts. On
b ) = (− q̄, 0) is unstable since the linear approximation
the other hand, equilibrium (q, ωbo
b
about (q, ωbo ) = (−q̄, 0) has three positive characteristic exponents [18].
It is well known that both opposite quaternions q̄ and −q̄ correspond to the nominal
b ) = (− q̄, 0) is unstable can
attitude having Fb aligned with Fo . Thus, the fact that (q, ωbo
result in the so-called unwinding phenomenon. In fact, if, during the spacecraft motion, it
b ) becomes very close to (− q̄, 0), then the spacecraft attitude rather than
occurs that (q, ωbo
converging to the nominal one is most likely pushed away from it [11]. Such a behavior
typically results in both slower convergence and higher energy consumption in performing
attitude maneuvers. Consequently, it represents a weak point of the proposed control law.

3.2. Rotation Matrix and Attitude Rate Feedback
Consider the following rotation matrix and attitude rate feedback [11].
!!
Kp 3
1 b
T
b
mcoils = −mmax sat
b ×
(ei × Rbo ei ) + Kd ωbo
mmax
4 i∑
=1

(25)

In the previous equation, the numerical values of K p and Kd are chosen as in
Equation (A3), and e1 , e2 , and e3 are the columns of I3×3 .
b =0
Consider the closed-loop system given by Equations (1), (14), and (25) and set Tdist
o
and b as in Equation (22). Clearly, the obtained system is periodic with period Torbit too.
b ) = (I
Moreover, for the latter system, equilibrium ( Rbo , ωbo
3×3 , 0) is asymptotically stable.
In fact, it can be verified that the linear approximation of the latter periodic system about
b ) = (I
( Rbo , ωbo
3×3 , 0) has all characteristic exponents with a negative real part. Actually,
b ) = (I
the linear approximation of the closed-loop system about ( Rbo , ωbo
3×3 , 0) is identical
b
to the linear approximation about (q, ωbo ) = (q̄, 0) considered in the previous section. This
is a consequence of the fact that both the linear approximation of the stabilizing law in
b ) = ( q̄, 0) and the linear approximation of the stabilizing law in
Equation (24) about (q, ωbo
b ) = (I
Equation (25) about ( Rbo , ωbo
3×3 , 0) can be expressed as follows:
mcoils = −bb ×



1
b
K p ζ + Kd ωbo
2


(26)

where ζ = [φ θ ψ] T are the 3-2-1 Euler angles representing the attitude of Fb with respect
to Fo (see [11]). Thus, the two control laws locally are identical. As a result, given an initial
attitude sufficiently close to the nominal one and an initial angular velocity sufficiently
small, if the initial attitude is represented by the quaternion closer to q̄, then the corresponding evolutions of the spacecraft attitude obtained by applying either control laws in
Equation (24) or the one in Equation (25) will be very close to each other.
Clearly, the control law in Equation (25) does not generate the unwinding phenomenon.
b ) = (I
In fact, the desired attitude is achieved only when ( Rbo , ωbo
3×3 , 0), which is an
asymptotically stable equilibrium. As a result, it is interesting to compare the performances
of the stabilizing laws in Equations (24) and (25) to observe how much the unwinding
phenomenon affects the performances of the control law in Equation (24).
4. Quaternion versus Rotation Matrix Feedback
The purpose of this section is to compare, numerically, the performances of the quaternion and attitude rate feedback in Equation (24) with those of the rotation matrix and
attitude rate feedback in Equation (25). The comparison is carried out by using all the
numerical values indicated in the previous sections. The focus of the comparison is on
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both speed of convergence to the nominal attitude and energy required to perform the
control action. The results of two simulation cases are presented. In the first one, nominal
conditions are considered with the main aim of studying the effects of the unwinding
phenomenon on the speed of convergence and on energy consumption. In the second case,
perturbations due to disturbance torques and to the adoption of the tilted dipole model are
introduced so that a comparison in a more realistic scenario is obtained.
4.1. Nominal Case
b
In this subsection, the comparison is executed by neglecting disturbance torque Tdist
and considering the aligned dipole model for the geomagnetic field. In these conditions,
the closed-loop systems are periodic with period Torbit , and the stability results stated
in Section 4 hold. Thus, it is of interest to determine in such a scenario the effect of the
unwinding phenomenon on the performances. Two performance indexes are considered.
The first one is the settling time ts for the principal angle, which is defined as the time
needed for the principal angle between Fb and Fo to become and stay smaller or equal to
1 deg. Clearly, the settling time measures the speed of convergence relative to the nominal
attitude. The second performance index is given by the following:

Ecoils =

Z t
f in
0

kmcoils (t)k2 dt

(27)

which provides an indirect and rough measure of the energy required to perform the
attitude control action. Time t f in in the previous equation is set to 30 Torbit so that the
spacecraft is able to achieve the nominal attitude.
A Monte Carlo campaign has been run with the intent of obtaining some useful statistical information on the performances of the two control laws. Specifically, 100 simulations
have been run. In each run, the initial rotation matrix Rbo (0) has been selected randomly.
The initial quaternion q(0) has been obtained by converting Rbo (0) into a quaternion and selecting the quaternion with a non-negative scalar component q4 (0). The latter choice should
reduce the possibility for the winding phenomenon to occur. The initial angular velocity
b (0)k ≤ 20 deg/s. The argument
has been selected randomly within the following set kωbo
φ0 of the spacecraft at time t = 0 (see Equation (18)) has been randomly selected too.
The results of the campaign are reported in Table 4.
Table 4. Statistics of the Monte Carlo campaign for the nominal case.
control law

t̄s (orbital period)

Ēcoils (A2 m4 s)

Q

13.8

6.20 104

RM

15.7 (+14%)

6.19 104 (−0.1%)

ts (RM) ≤ ts (Q)

Ecoils (RM) ≤ Ecoils (Q)

47%

65%

The first row (Q) refers to quaternion feedback, and the second row (RM) refers to
rotation matrix feedback. Symbol t̄s denotes the mean value of ts , and Ēcoils denotes the
mean value of Ecoils . Symbol ts (RM) ≤ ts (Q) denotes the number of runs (expressed in
percentage on the total number) in which ts (RM) ≤ ts (Q). Similarly, Ecoils (RM) ≤ Ecoils (Q)
denotes the number of runs (expressed in percentage on the total number) in which
Ecoils (RM) ≤ Ecoils (Q).
The statistics show that, in terms of settling time,quaternion feedback performs better
than rotation matrix feedback. In terms of energy consumption, the two control laws are
practically equivalent even if in 65% of the simulation runs rotation matrix feedback uses
less energy than quaternion feedback.
Figure 1 displays the time histories of the principal angle for a single run obtained by
using quaternion feedback and rotation matrix feedback.
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It turns out that, for this specific run, the settling time obtained with quaternion
feedback is equal to 11 orbital periods, whereas by using rotation matrix feedback, the
settling time is equal to 14 orbital periods. The value of Ecoils is equal to 2.50 104 A2 m4 s
for both control laws.

Figure 1. Time histories of principal angle using quaternion feedback (Q, blue solid line) and using
rotation matrix feedback (RM, red dashed line) (single run of the Monte Carlo campaign for the
nominal case).

4.2. Perturbed Case
In this subsection, the performance comparison is carried out by considering a more
realistic scenario in which the disturbance torques described in Section 2.4 act on the
spacecraft and in which the inclined dipole model is adopted. Moreover, in this case the
b is approximately compensated by modifying the stabilizing
residual magnetic torque Trm
laws in Equations (24) and (25) as follows.


1  b
b ) − m̂
mcoils = mmax sat
−b × (K p qv + Kd ωbo
rm
mmax
(28)



1  b  Kp 3
T
b
b
mcoils = mmax sat
−b × 4 ∑i=1 (ei × Rbo ei ) + Kd ωbo − m̂rm
mmax
b represents an estimation of the residual dipole moment mb obtained
The term m̂rm
rm
by means of a Kalman filter, as reported in Appendix B.
In such a scenario, it is not appropriate to choose the settling time for the principal
angle as the performance index that measures the speed of convergence. In fact, because
b , the principal angle will not converge to 0. It will oscillate about
of the presence of Tdist
some residual value. Thus, it more appropriate to select the Integral Time Absolute Error
(ITAE) [19] as index for the speed of convergence for the principal angle, which is defined
as follows.
Z

ITAE =

t f in

0

t principal angle(t) dt

In ITAE, the principal angle is weighted by time so that a high value of the principal
angle at later times is penalized more than that at earlier times. In this perturbed case, t f in
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is set equal to 40 Torbit so that the spacecraft’s attitude can reach a steady-state condition.
On the other hand, index in Equation (27) is still used to measure the energy required to
apply the control action.
A new Monte Carlo campaign including 100 runs has been executed. The initial
b (0)k ≤ 20 deg/s,
rotation matrix Rbo (0), initial quaternion q(0), initial angular velocity kωbo
and initial argument of the spacecraft φ0 have been all randomly selected, as explained in
the previous subsection.
The results of the campaign are reported in Table 5.
Table 5. Statistics of the Monte Carlo campaign for the perturbed case.
control law

ITAE (deg sec)

Ēcoils (A2 m4 sec)

Q

1.3 1012

1.21 106

RM

2.1 1012 (+69%)

1.36 10 6 (+12%)

ITAE(RM) ≤ ITAE(Q)

Ecoils (RM) ≤ Ecoils (Q)

30%

32%

In the table, ITAE denotes the mean value of ITAE, and ITAE(RM) ≤ ITAE(Q)
denotes the number of runs (expressed in percentage on the total number) in which
ITAE(RM) ≤ ITAE(Q).
The statistics show that in terms of both ITAE and energy consumption, quaternion
feedback performs better than rotation matrix feedback.
Figure 2 displays the time histories of the principal angle for a single run obtained by
using quaternion feedback and rotation matrix feedback.

Figure 2. Time histories of principal angle using quaternion feedback (Q, blue solid line) and using
rotation matrix feedback (RM, red dashed line) (single run of the Monte Carlo campaign for the
perturbed case).

It turns out that for this specific run, the ITAE obtained with quaternion feedback is
equal to 3.247 1011 deg sec, whereas the ITAE is equal to 3.255 1011 deg sec when using
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rotation matrix feedback. Moreover, the values of Ecoils are, respectively, equal to 2.017 104
A2 m4 s and 2.062 104 A2 m4 s.
5. Conclusions
In this paper, a numerical comparison between quaternion plus attitude rate feedback
and rotation matrix plus attitude rate feedback has been performed for a case study of an
Earth-pointing spacecraft equipped with magnetorquers only as torque actuators. Monte
Carlo campaigns show that in both nominal and perturbed conditions quaternion feedback
achieves a faster convergence to the nominal attitude. Moreover, in terms of energy
consumption, the two stabilizing laws are comparable in nominal conditions. However,
quaternion feedback requires less energy in perturbed conditions. Note that, by using
quaternion feedback, the unwinding phenomenon can occur, and its occurrence typically
results in slower convergence and higher energy consumption. Thus, the fact that, in this
study, quaternion feedback performs better both in terms of speed of convergence and of
energy consumption testifies that the unwinding phenomenon most likely has occurred in
rare simulation runs of Monte Carlo campaigns that have been executed.
Funding: This research received no external funding.
Conflicts of Interest: The author declare no conflicts of interest.

Appendix A. Gain Selection
The goal of this appendix to present a method for determining effective values for the
3 × 3 matrix gains K p and Kd . The method was obtained in [20] (see also [7]).
b
Let us neglect disturbance torque by setting Tdist
= 0, and consider the linear approximation of the closed-loop system given by Equations (1) and (14) and either (24) or
(25). The linear approximation with either control laws is given by the following linear
time-varying system:
ẋ = Ax + B(t)u
(A1)
which is subject to the state-feedback.
u = −Kx

(A2)

b )T ]T .
In the above equations, x = [qvT (ωbo

"
A=

1
2 I3×3

A21

A22

−8n2 σx

=
0
0


A21

03×3

#
B(t) =

0
6n2 σy
0
σx =



03×3
− J −1 ((bo (t))× )2





0
0
0
0  A22 = 
−n(1 + σz )
2n2 σz

K = [ K p Kd ]
0
0
0


n(1 − σx )

0
0

Jy − Jz
Jx − Jy
Jz − Jx
σy =
σz =
Jx
Jy
Jz

For selecting matrix gains K p and Kd (or equivalently matrix gain K), consider the
aligned dipole model of the geomagnetic field for which case bo (t) is periodic with period
Torbit = 2π/n (see Equation (22)). Then, matrix gain K is chosen so that the closedloop system given by Equations (A1) and (A2) is asymptotically stable and control (A2)
minimizes the following quadratic performance index:
Z ∞ h
i
E
x T (t) Qx (t) + u(t) T Ru(t)
0

where Q is a 6 × 6 positive semidefinite matrix, R is a 3 × 3 positive definite matrix, and
the expectation operator E{·} is taken over the set of possible values for the initial state
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x0 , which is assumed to be a random variable having zero mean and known covariance
X0 = E{ x0 x0T }. Table A1 reports the values selected for those matrices as well as the initial
guesses K p0 Kd0 for K p and Kd , respectively.
Table A1. Parameters for gain selection.
Q

R

I6×6

I6×6

X0

K p0

I6×6

7

103

Kd0
9 106 I3×3

I3×3

Thus, the approach presented in [7,20] is employed for finding a solution to the above
linear quadratic problem, and the following gains are obtained.


6.9970
K p = 103  −0.0001
0.0037

0.0003
7.0000
−0.0003


0.0031
−0.0006 
6.9880

9 × 106
Kd = 
0
0


0
9 × 106
0


0
 (A3)
0
6
9 × 10

Appendix B. Compensation for the Residual Magnetic Torque
This appendix presents the method employed to compensate for the residual magnetic
b of mb and
torque in Equation (23). The approach is based on obtaining an estimate m̂rm
rm
plugging it into the stabilizing laws in Equation (28).
b , we employ the method presented in [21], which uses a
In order to estimate mrm
Kalman filter. Consider the following model of attitude dynamics:


b
b
b
b
ω̇bi
= J −1 −ωbi
× ( Jωbi
) + mrm
× bb + mcoils × bb
(A4)
which is obtained from Equations (7), (10), and (23) and in which the gravity gradient torque
b , aerodynamic torque T b , and solar radiation pressure torque T b are all neglected. In the
Tgg
a
srp
above equation, mcoils is given by either of the stabilizing laws in Equation (28). Moreover,
b is modeled as constant. Thus, the following is the case.
mrm
b
ṁrm
=0

(A5)

b ) = (I
Note that when the spacecraft attitude is in nominal conditions, ( Rbo , ωbo
3×3 , 0 )
b = ω o (see Equations (5) and (6)). We introduce ∆ω = ω b − ω o and
and, consequently, ωbi
oi
oi
bi
˙ and we linearize it about ∆ω = 0, obtaining the following.
determine the equation for ∆ω,

b
˙ = J −1 ( Jω o )× − (ω o )× J ∆ω − J −1 (bb )× mrm
∆ω
− J −1 (bb )× mcoils + w1
(A6)
oi
oi

Note that in the linearized equation, the zero mean process noise w1 has been added
to take into account all the approximations that were introduced. Similarly, Equation (A5)
is modified as follows:
b
ṁrm
= w2
(A7)
where the zero mean process noise w2 has been included to take into account possible time
variations of the residual magnetic dipole moment.
Consider discrete times tk = k∆t k = 0, 1, . . ., where ∆t is the sampling interval,
and integrate Equations (A6) and (A7) over interval [tk tk+1 ]. If ∆t is sufficiently small
b ( t ), m
bb (t), mrm
coils ( t ), w1 ( t ), and w2 ( t ) can be approximately considered constant over
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b ( t ), m
the integration interval and are equal to bb (tk ), mrm
k
coils ( tk ), w1 ( tk ), and w2 ( tk ),
respectively. Thus, the following equation is obtained:



∆ω (tk+1 )
b (t
mrm
k +1 )





e A1 ∆t
03×3



− A2 J −1 (bb (tk ))×
03 × 3

=

+

− A2 J −1 (bb (tk ))×
I3×3



∆ω (tk )
b (t )
mrm
k




mcoils (tk ) +



A2
03 × 3

03×3
∆tI3×3



w1 ( t k )
w2 ( t k )


(A8)

where the following is the case.
o ×
o ×
A1 = J −1 ( Jωoi
) − (ωoi
) J



A2 =

Z ∆t
0

e A1 ξ dξ

b can be measured, consider the following observation equation:
Moreover, since ωbi

∆ωobs (tk ) =



I3×3

03×3





∆ω (tk )
b (t )
mrm
k



+ v(tk )

(A9)

b ( t ) denoted by
where v(tk ) is a zero mean measurement noise. Thus, the estimation of mrm
k
b ( t ) is obtained by designing a Kalman filter to estimate the state of Equation (A8) with
m̂rm
k
observation Equation (A9) (see [22]).
The following data are employed to design the Kalman filter (see [12]). The sampling time
b (0) = 0
ˆ (0) = ω b (0) − ω o , m̂rm
is selected to ∆t = 0.1 s. The estimates are initialized to ∆ω
3×1 .
oi
bi
The corresponding covariance matrices are set to P10 = diag(10−9 10−9 10−9 ) rad2 /s2 and
P20 = diag(10−5 10−5 10−5 ) A2 m4 . The covariance matrices of w1 , w2 , and v are chosen as
Q1 = 10−13 I3×3 rad2 /s4 , Q2 = 10−13 I3×3 A2 m4 /s2 , and R = 10−8 I3×3 rad2 /s2 respectively.
In order to evaluate the performance of the proposed estimation method, the time hisb obtained in the Monte Carlo campaign for the perturbed case using rotation
tories of of m̂rm
matrix feedback are displayed in Figure A1. It is convenient to recall that, in the campaign,
the
residual
magnetic
dipole
moment
is
constant
and
equal
to
b = [0.15 − 0.12 − 0.1] T (see Table 3). Similar time behaviors are obtained in the
mrm
Monte Carlo campaign for the perturbed case using quaternion feedback and are not reb achieves steady
ported to save space. An important aspect shown in Figure A1 is that m̂rm
state after few orbital periods.

b obtained in the Monte Carlo campaign for the perturbed case using
Figure A1. Time histories of m̂rm
rotation matrix feedback.

Aerospace 2022, 9, 24

14 of 15

b (t ) obtained from the Monte Carlo
In addition, Table A2 reports the statistics for m̂rm
f
campaign for the perturbed case using either quaternion feedback or rotation matrix feedback.
b ( t ) from the Monte Carlo campaign for the perturbed case using either
Table A2. Statistics on m̂rm
f
quaternion feedback (Q) or rotation matrix feedback (RM). In the campaign, the residual magnetic
b = [0.15 − 0.12 − 0.1] T (see Table 3).
dipole moment is constant and equal to mrm

Q

mean value (A m2 )

standard deviation (A m2 )

b
m̂rm
x (t f )

0.14

0.75

b
m̂rm
y (t f )

−0.087

0.83

b
m̂rm
z (t f )

−0.11

0.78
m2 )

standard deviation (A m2 )

RM

mean value (A

b
m̂rm
x (t f )

0.18

0.83

b
m̂rm
y (t f )

−0.063

1.00

b
m̂rm
z (t f )

−0.13

0.88

b is not accurate. ConseThe large standard deviations show that the estimation of mrm
quently, the compensation of the residual magnetic torque is not accurate either. Nevertheless, the proposed compensation is still highly beneficial. In fact, by running several
b , it can
simulations in perturbed conditions without operating any compensation of mrm
be observed that no convergence to the nominal Earth-pointing attitude is achieved, as
displayed in Figure A2, which is obtained from one of those simulations.

Figure A2. Time histories of principal angle using quaternion feedback (Q, blue solid line) and using
rotation matrix feedback (RM, red dashed line) obtained in a simulation in perturbed conditions
without compensation of the residual magnetic torque.
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