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1. Introduction

In this short introduction we only try to explain some of the motivations underlying 
this paper and we refer to Section 2 for a presentation of the main results.

Semiregularity maps have a long and interesting history starting with Severi [24], who 
called a curve C in a surface S semiregular if the natural map H0(S, Ω2

S) → H0(C, Ω2
S |C)

is surjective and proved, in modern terminology, that the Hilbert scheme of S is smooth 
at every semiregular curve. The analogous result for smooth hypersurfaces in a compact 
complex manifold was proved by Kodaira and Spencer [14, p. 482]. Nowadays the above 
results are usually expressed in terms of semiregularity maps: if Z is a (possibly singular) 
hypersurface in a smooth manifold X, its semiregularity map is the morphism

σ : H1(Z,NZ|X) → H2(X,OX)

induced by the short exact sequence 0 → OX → OX(Z) → NZ|X → 0. Clearly Z is 
semiregular if and only if the semiregularity map is injective and it is easy to extend 
Kodaira–Spencer’s theorem to the following more general statement: the obstructions to 
embedded deformations of Z in X are contained in the kernel of σ, see e.g. [20, Thm. 
8.1.5].

When Z is a locally complete intersection of codimension p in a smooth projective vari-
ety X, Bloch was able to define a semiregularity map σ : H1(Z, NZ|X) → Hp+1(X, Ωp−1

X )
and prove, by using variations of Hodge structures, that every simple obstruction to em-
bedded deformations of Z in X is annihilated by σ [5]. By general deformation theory, 
see e.g. [9, Example 11.0.1], the cohomology group H1(Z, NZ|X) is an obstruction space 
for the Hilbert functor of the closed immersion Z ⊂ X. This means that for every small 
extension of finitely generated local Artin C-algebras 0 → C → A → B → 0 and 
every embedded deformation of Z over Spec(B), there exists a canonical obstruction 
u ∈ H1(Z, NZ|X), which vanishes if and only if the deformation lifts to Spec(A).

The obstruction u as above is called simple if the differential map d : C → ΩA/C⊗AB

is injective. It is plain that the notion of simple obstruction makes sense for every functor 
of Artin rings admitting an obstruction theory.

Although for general deformation problems the simple obstructions are a proper class 
of all obstructions [19,20], in characteristic 0 their vanishing is sufficient to ensure smooth-
ness and hence, if the semiregularity map is injective, then Z has unobstructed embedded 
deformations in X.

Bloch’s paper leaves unanswered the question of whether every obstruction belongs to 
the kernel of the semiregularity map: a positive answer to this question was given in [18]
for smooth subvarieties of compact Kähler manifolds and in [11] for globally complete 
intersection subvarieties.

A major breakthrough in the theory of semiregularity maps was given by Buchweitz 
and Flenner in the paper [6]. They consider, as a special case of a more general construc-
tion, for every coherent sheaf F on a complex manifold X the sequence of maps
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τk : Ext2X(F ,F) → Hk+2(X,Ωk
X), τk(x) = (−1)k

k! Tr(At(F)kx), k ≥ 0,

where At(F) ∈ Ext1X(F , F ⊗ Ω1
X) is the Atiyah class of F , called semiregularity maps

of F ; this name is motivated by the fact, proved in [6], that when F = OZ with Z a 
locally complete intersection of codimension p, then Bloch’s semiregularity map σ is the 
composition of τp−1 with the natural map H1(Z, NZ|X) → Ext2X(OZ , OZ).

The space Ext2X(F , F) has a natural interpretation as an obstruction space for de-
formations of F and, in the same paper, Buchweitz and Flenner proved that if X is 
projective then every semiregularity map annihilates simple obstructions. As regards the 
annihilation of all obstructions, the natural strategy suggested in [6] is to interpret each 
semiregularity map as the obstruction map of a morphism of deformation theories with 
unobstructed target, and this paper goes exactly in this direction.

Among the possible formal frameworks for the category of deformation problems we 
use here the one, valid over fields of characteristic 0, asserting that every deformation 
problem is controlled by a homotopy class of differential graded Lie algebras and a 
morphism of deformation theories is a morphism in the derived category of DG-Lie 
algebras, or equivalently an L∞ morphism. The above strategy is easy to employ for the 
map τ0 (see for example [12]) and we recover a classical theorem by Mukai and Artamkin 
[1]. An L∞ lifting of τ1 depending on the choice of a connection in a resolution of F is 
constructed by explicit computation in [16].

In this paper we extend the construction of [16] to every τk; here the explicit compu-
tation (too difficult to manage for k > 1) is replaced by an algebraic argument involving 
Chern–Simons classes of curved DG-algebras.

In conclusion, we reach our initial goal and prove, in particular, the following result:

Corollary 1.1 (=Corollary 6.4). Let F be a coherent sheaf on a complex projective man-
ifold X. Then for every k ≥ 0 the semiregularity map

τk : Ext2X(F ,F) → Hk+2(X,Ωk
X)

annihilates all obstructions to deformations of F .

According to results of Buchweitz and Flenner, the above corollary immediately im-
plies:

Corollary 1.2. Let Z be a codimension p locally complete intersection subvariety of a 
smooth complex projective manifold X. Then every obstruction to embedded deforma-
tions of Z is contained in the kernel of Bloch’s semiregularity map H1(Z, NZ|X) →
Hp+1(X, Ωp−1

X ).

It is worthwhile and essential to mention the unpublished paper by Pridham [22], 
where a similar result is proved in the framework of derived algebraic geometry (instead 
of L∞ algebras) and using Goodwillie’s theorem (instead of Chern–Simons classes).
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We refer to [4] for another application of our main result; namely, we extend the 
definition of semiregularity maps for modules over Lie algebroids on separated schemes 
of finite type and we prove that they annihilate all the obstructions to deformations.

2. Curved DG-pairs and statement of the main results

By a graded algebra, we mean a graded associative algebra with unit over a fixed field 
K of characteristic 0. Every graded associative algebra is also a graded Lie algebra, with 
the bracket given by the graded commutator [a, b] = ab − (−1)|a||b|ba. For every vector 
subspace E ⊂ A we shall denote: by E(k), k ≥ 1, the linear span of all the products 
e1 · · · ek, with ei ∈ E for every i, and by EA the linear span of all the products ea, with 
e ∈ E and a ∈ A.

Definition 2.1 ([21]). A curved DG-algebra is the datum (A, d, ·, R) of a graded associa-
tive unitary algebra (A, ·) together with a degree one derivation d : A∗ → A∗+1 and a 
degree two element R ∈ A2, called curvature, such that

d(R) = 0, d2(x) = [R, x] = R · x− x ·R ∀x ∈ A.

For notational simplicity we shall write (A, d, R) in place of (A, d, ·, R) when the 
product · is clear from the context. We denote by [A, A] ⊂ A the linear span of all the 
graded commutators [a, b] = ab − (−1)|a||b|ba. Following [8] we call A/[A, A] the cyclic 
space of A and we denote by tr : A → A/[A, A] the quotient map. Notice that [A, A] is a 
homogeneous Lie ideal and then the cyclic space inherits a natural structure of DG-Lie 
algebra with trivial bracket.

Definition 2.2. Let A = (A, d, R) be a curved DG-algebra. A curved Lie ideal in A is a 
homogeneous Lie ideal I ⊂ A such that d(I) ⊂ I and R ∈ I.

By a curved DG-pair we mean the data (A, I) of a curved DG-algebra A equipped 
with a curved Lie ideal I.

In particular, for every curved DG-pair (A, I), the quotient A/I is a (noncurved) DG-
Lie algebra, the projection map π : A → A/I is a morphism of graded Lie algebras and, 
for every k ≥ 1, the subset I(k)A is an associative bilateral ideal of A.

Example 2.3. It is useful to briefly anticipate from Section 6 the following paradigmatic 
geometric example of curved DG-pair. Let E be a holomorphic vector bundle on a com-
plex manifold X equipped with a connection compatible with the holomorphic structure 
and denote by R ∈ A1,1

X (End(E)) ⊕ A2,0
X (End(E)) the curvature. Denoting by d the in-

duced connection on the associated bundle End(E), we have that (A∗,∗
X (End(E)), d, R)

is a curved DG-algebra and I = A>0,∗
X (End(E)) is a curved Lie ideal. In this case the 

DG-Lie algebra A/I = A0,∗
X (End(E)) is the Dolbeault resolution of End(E) and controls 
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the deformations of the vector bundle E. Notice that I is also an associative ideal and 
I(k)A = I(k) = A≥k,∗

X (End(E)) for every k > 0.

The classical theory of Atiyah classes and the above example suggest the introduction 
of the following objects associated with a curved DG-pair.

Definition 2.4. Let A = (A, d, R) be a curved DG-algebra and I ⊂ A a curved Lie ideal. 

The Atiyah cocycle of the pair (A, I) is the class of R in the DG-vector space 
I + I(2)A

I(2)A
. 

The Atiyah class of the pair (A, I) is the cohomology class of the Atiyah cocycle:

At(A, I) = [R] ∈ H2
(
I + I(2)A

I(2)A

)
.

Definition 2.5. Let A = (A, d, R) be a curved DG-algebra and I ⊂ A a curved Lie ideal. 
For every integer k ≥ 0, we introduce the morphism of complexes of vector spaces

σk
1 : A

I
→ A

[A,A] + I(k+1)A
[2k], σk

1 (x) = 1
k! tr(Rkx).

Notice that σk
1 depends only on the Atiyah cocycle of the pair (A, I), while the induced 

map in cohomology

σk
1 : H∗

(
A

I

)
→ H2k+∗

(
A

[A,A] + I(k+1)A

)
, σk

1 (x) = 1
k! tr(At(A, I)kx),

depends only on the Atiyah class.
The semiregularity map of the pair (A, I) is defined as the degree 2 component

σk
1 : H2

(
A

I

)
→ H2k+2

(
A

[A,A] + I(k+1)A

)
, σk

1 (x) = 1
k! tr(At(A, I)kx),

of the above map.

Remark 2.6. The name semiregularity map is clearly motivated by the analogous defi-
nition by Buchweitz and Flenner [6]. More precisely, every morphism σk

1 factors as the 
composition of two morphisms of differential graded vector spaces

A

I

τk
1−−→ I(k)A + [A,A]

[A,A] + I(k+1)A
↪→ A

[A,A] + I(k+1)A
, τk1 (x) = 1

k! tr(Rkx),

and the direct generalization of Buchweitz–Flenner’s semiregularity maps should be the 
maps induced by τk1 in the group H2(A/I), up to signs. However, several geometric 
considerations about Abel–Jacobi maps (see e.g. the introduction of [11]) strongly suggest 
that, from the point of view of deformation theory, the right objects to consider are the 
maps σk

1 .
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Remark 2.7. For every x ∈ A1 one can consider the twisted derivation dx = d + [x, −]
and an easy computation shows that Ax := (A, dx, Rx) remains a curved DG-algebra 
with curvature Rx = R + d(x) + 1

2 [x, x]. In particular, if x ∈ I then I is a curved Lie 
ideal also for Ax, the derivations d, dx induce the same differential in A/I and A/[A, A], 
the difference Rx −R is exact in A/[A, A] and therefore the semiregularity maps of the 
pairs (A, I) and (Ax, I) induce the same map in cohomology.

Since [A, A] + I(k+1)A is a Lie ideal, the space 
A

[A,A] + I(k+1)A
[2k] inherits from A a 

structure of DG-Lie algebra with trivial bracket and it is obvious that σ0
1 is a morphism 

of DG-Lie algebras. It is easy to see that in general σk
1 is not a morphism of DG-Lie 

algebras for k > 0. It is therefore natural to ask whether σk
1 is the linear component of 

an L∞ morphism.
In Section 4 we prove the following result.

Theorem 2.8 (=Corollary 4.10). Let I be a curved Lie ideal of a curved DG-algebra 
(A, d, R) and let π denote the projection A → A/I. For every k ≥ 0, one can associate, 
in a canonical fashion, an L∞ morphism

σk : A

I
� A

[A,A] + I(k+1)A
[2k]

having the map σk
1 as its linear component with every choice of morphism of graded 

vector spaces s : A/I → A such that πs = IdA/I .

The proof of the above theorem is constructive and an explicit description of the 
higher components of σk is possible but rather cumbersome for general sections s. In 
Section 5 we study the higher components of the L∞ morphism of Theorem 2.8 under 
the additional assumption that s is a morphism of graded Lie algebras. This hypothesis 
is satisfied in most of the applications and has the effect of a dramatic simplification of 
the algebraic and combinatorial aspects.

Definition 2.9 ([23]). A trace map on a curved DG-algebra (A, d, R) is the data of a 
complex of vector spaces (C, δ) and a morphism of graded vector spaces Tr: A → C such 
that Tr ◦d = δ ◦ Tr and Tr([A, A]) = 0.

Thus every trace map Tr: A → C factors to a morphism of abelian DG-Lie algebras 
A/[A, A] → C and we have the following immediate consequence of the above theorem.

Corollary 2.10. Let I be a curved Lie ideal of a curved DG-algebra (A, d, R) and let 
Tr: A → C be a trace map. Then for every k ≥ 0 there exists an L∞ morphism

ηk : A � C
(k+1) [2k]
I Tr(I A)
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with linear component

ηk1 : A

I
→ C

Tr(I(k+1)A)
[2k], ηk1 (x) = 1

k! Tr(Rkx).

By general facts, see e.g. [17,19] and references therein, we have a clear application of 
the above results to deformation theory.

In the situation of Corollary 2.10, denote for simplicity by Ck the quotient complex 
Ck := C/ Tr(I(k+1)A), and suppose that a given deformation problem is controlled by 
the DG-Lie algebra A/I. Then the L∞ morphism ηk induces a morphism of deformation 
functors

ηk : DefA/I → DefCk[2k]

that at the level of tangent and obstruction spaces gives the maps

Hi(A/I) → H2k+i(Ck), x �→ 1
k! Tr(At(A, I)kx), i = 1, 2.

Since Ck[2k] is abelian, the deformation functor DefCk[2k] is unobstructed and therefore 
the above map H2(A/I) → H2k+2(Ck) annihilates the obstructions.

3. Curved DG-algebras and Chern–Simons classes

The general theory of Chern–Simons classes for differential graded associative algebras 
[23] extends naturally to the curved case.

Let (A, d, R) be a curved DG-algebra. Then for every x ∈ A1 we have the twisted 
curved DG-algebra Ax := (A, dx, Rx), where dx(a) = d(a) + [x, a] and Rx = R + d(x) +
x2 = R + d(x) + 1

2[x, x].
Let t be a central indeterminate of degree 0, and consider the family of polynomials

P (t)kx =
k∑

i=1
Ri−1

tx xRk−i
tx =

k∑
i=1

(R + td(x) + t2x2)i−1x(R + td(x) + t2x2)k−i ∈ A[t],

with k ≥ 0 an integer and x ∈ A1.

Lemma 3.1. In the above notation, for every k ≥ 0 and every x ∈ A1 we have

Rk
x −Rk = d

⎛
⎝ 1∫

0

P (t)kxdt

⎞
⎠ +

⎡
⎣x,

1∫
0

tP (t)kxdt

⎤
⎦ .

Proof. In the graded algebra A[t] consider the derivations ∂t = d

dt
and dtx = d +[tx, −]. 

Since Rk
x −Rk =

∫ 1
∂t(Rk

tx)dt it is sufficient to prove that
0
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∂t(Rk
tx) = d(P (t)kx) + [x, tP (t)kx] = dtx(P (t)kx). (3.1)

Since d2(x) = [R, x], d(x2) = 1
2d[x, x] = [d(x), x], [x2, x] = 0, we have

dtx(Rtx) = d(R+td(x)+t2x2)+[tx,R+td(x)+t2x2] = td2(x)+t2d(x2)−t[R+td(x), x] = 0

and

∂t(Rtx) = ∂t(R + td(x) + t2x2) = d(x) + 2tx2 = dtx(x).

By the Leibniz formula, for every k ≥ 0 we have

dtx(P (t)kx) =
k∑

i=1
dtx

(
Ri−1

tx xRk−i
tx

)
=

k∑
i=1

Ri−1
tx dtx(x)Rk−i

tx

=
k∑

i=1
Ri−1

tx ∂t(Rtx)Rk−i
tx = ∂t(Rk

tx). �
Denote by tr : A → A/[A,A] the projection; this is the universal trace of A in the 

sense that every trace map A → C is induced from tr by a unique morphism of DG-
vector spaces A/[A, A] → C. For notational simplicity we denote by a 

tr= b the fact that 
tr(a) = tr(b).

Following the theory of Chern classes, we can define the (universal) Chern character

ch(A) =
∑
k≥0

ch(A)k, ch(A)k ∈ H2k
(

A

[A,A]

)
,

where ch(A)k is the cohomology class of 1
k! tr(Rk).

Similarly, following Chern–Simons’ theory [7,8,23], it also makes sense to define the 
(universal) Chern–Simons class

cs =
∑
k>0

cs2k−1, cs2k−1 : A1 → (A/[A,A])2k−1,

cs2k−1(x) = 1
(k − 1)! tr

1∫
0

Rk−1
tx x dt ∈

(
A

[A,A]

)2k−1

, k ≥ 1, x ∈ A1 ,

where as before Rtx := R + td(x) + t2x2, t ∈ K, x ∈ A1, denotes the curvature of the 
twisted curved DG-algebra Atx := (A, dtx, Rtx).

Lemma 3.2. The Chern character is invariant under twisting: more precisely for every 
x ∈ A1 and every k ≥ 1 we have

d(cs2k−1(x)) = 1 tr
(
Rk

x −Rk
)
.

k!
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Proof. Immediate consequence of Lemma 3.1 since

Rk−1
tx x

tr= 1
k

k∑
i=1

Ri−1
tx xRk−i

tx

and therefore

cs2k−1(x) = 1
k! tr

1∫
0

P (t)kxdt. �

For the explicit computations in the following Section 5, it will be useful to introduce 
the elements

W (x)k+1 = 1
k!

1∫
0

Rk
txx dt = 1

k!

1∫
0

(R + td(x) + t2x2)kx dt ∈ A2k+1, x ∈ A1, k ≥ 0,

(3.2)
as a representative set of liftings to A of Chern–Simons classes.

4. Convolution algebras and L∞ liftings of σk
1

Our next step is to prove that curved DG-algebras are preserved by taking convolution 
with the bar construction of a DG-Lie algebra.

For a graded vector space V we shall denote by V [1] the same vector space with the 
degrees shifted by −1. More precisely, if v ∈ V is homogenous of degree |v|, then the 
degree of v in V [1] is |v| − 1. Unless otherwise specified, for any v ∈ V [1] we shall denote 
by |v| the degree of v as an element of V .

In this paper we adopt the following sign convention for the décalage isomorphisms: 
given a pair of graded vector spaces V, W , for every i > 0, k ∈ Z we consider the 
isomorphisms:

déc : Homk
K(V ∧i,W ) → Homk+i−1

K (V [1]�i,W [1]),

déc(f)(v1, . . . , vi) = (−1)k+i−1+
∑i

s=1(i−s)(|vs|−1)f(v1, . . . , vi).
(4.1)

In particular, for i = 1 and k = 0 the décalage isomorphism is the identity.
Let (L, ∂, [−, −]) be a DG-Lie algebra. Then there exists a counital DG-coalgebra 

structure on the symmetric coalgebra S(L[1]), where the differential Q : S(L[1]) →
S(L[1]) is given in Taylor coefficients qi : L[1]�i → L[1] by

q1(x) = −∂(x), q2(x, y) = (−1)|x|[x, y], qi = 0 for i �= 1, 2,

where |x| denotes the degree of x in L. In other words q1 and q2 are the images of ∂ and 
[−, −] under the décalage isomorphisms (4.1).
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More precisely, see e.g. [15,20], Q decomposes as Q = Q0 + Q1, where Q0, Q1 :
S(L[1]) → S(L[1]) are the coderivations defined by Q0(1) = Q1(1) = 0 and

Q0(x1 
 · · · 
 xn) =
n∑

i=1
(−1)i+|x1|+···+|xi−1|x1 
 · · · 
 ∂(xi) 
 · · · 
 xn,

Q1(x1 
 · · · 
 xn) =
∑

τ∈S(2,n−2)

ε(τ)(−1)|xτ(1)|[xτ(1), xτ(2)] 
 xτ(3) 
 · · · 
 xτ(n),

for every x1, . . . , xn ∈ L[1], n ≥ 1, where we denote by S(i, n − i) the set of (i, n − i)-
unshuffles, i.e., permutations τ ∈ Sn such that τ(1) < · · · < τ(i) and τ(i + 1) < · · · <
τ(n), and by ε(τ) the symmetric Koszul sign defined by the identity xτ(1)
· · ·
xτ(n) =
ε(τ) x1 
 · · · 
 xn in the symmetric power L[1]�n.

In particular, for every x, y ∈ L[1] we have

Q(x) = −∂(x), Q(x
 y) = −∂(x) 
 y − (−1)|x|−1x
 ∂(y) + (−1)|x|[x, y].

Notice also that Q1(L[1]) = 0, Q0(L[1]�i) ⊂ L[1]�i and Q1(L[1]�i) ⊂ L[1]�i−1 for every 
i.

Given a curved DG-algebra (A, d, R), we introduce the following notations:

C(L,A)i := Hom∗
K

(
L[1]�i, A

)
, C(L,A) =

⊕
i≥0

C(L,A)i ⊂ Hom∗
K

(
S(L[1]), A

)
.

The unshuffle coproduct Δ: S(L[1]) → S(L[1])⊗2 and the algebra product m : A⊗2 → A

induce an associative product f 
 g := m(f ⊗ g)Δ on the space C(L, A), called the 
convolution product. More explicitly, if f ∈ C(L, A)i and g ∈ C(L, A)j , then f 
 g ∈
C(L, A)i+j is defined by

(f 
 g)(x1, . . . , xi+j)

=
∑

τ∈S(i,j)

ε(τ)(−1)|g|(|xτ(1)|+···+|xτ(i)|−i)f
(
xτ(1), . . . , xτ(i)

)
g
(
xτ(i+1), . . . , xτ(i+j)

)

=
∑

τ∈Si+j

ε(τ)
i!j! (−1)|g|(|xτ(1)|+···+|xτ(i)|−i) f

(
xτ(1), . . . , xτ(i)

)
g
(
xτ(i+1), . . . , xτ(i+j)

)
.

(4.2)

In particular, for a, b ∈ A = Hom∗
K

(
L[1]�0, A

)
and f ∈ Hom∗

K

(
L[1]�1, A

)
we have

a 
 b = ab, a 
 f = af, [a, f ]�(x) = [a, f(x)],

where [−, −]� is the graded commutator of 
.
On the algebra C(L, A) we can define the degree one derivations

δ0, δ1, δ ∈ Hom1
K(C(L,A),C(L,A))
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induced by the derivation d on A and by the coderivations Q0, Q1, Q on S(L[1]) respec-
tively. Namely, given f ∈ C(L, A), we put

δ0(f) := df − (−1)|f |fQ0, δ1(f) := (−1)|f |+1fQ1,

δ(f) := δ0(f) + δ1(f) = df − (−1)|f |fQ.

Notice that δ0(C(L, A)i) ⊂ C(L, A)i and δ1(C(L, A)i) ⊂ C(L, A)i+1 for every i.
Defining a weight gradation in C(L, A) by setting the elements in C(L, A)i of weight 

i we have that δ = δ0 + δ1 is precisely the weight decomposition of the derivation δ.
More explicitly, given f ∈ C(L, A)i, then δ0(f) ∈ C(L, A)i and δ1(f) ∈ C(L, A)i+1

are defined by:

δ0(f)(x1, . . . , xi)

= df(x1, . . . , xi)

+ (−1)|f |f(∂x1, . . . , xi) + · · · + (−1)|f |+|x1|+···+|xi−1|+i−1f(x1, . . . , ∂xi),

δ1(f)(x1, . . . , xi+1)

= (−1)|f |+1
∑

τ∈S(2,i−1)

ε(τ)(−1)|xτ(1)|f([xτ(1), xτ(2)], xτ(3), . . . , xτ(i+1)).

Finally, we continue to denote by R ∈ C(L, A)0 the degree two element corresponding 
to the curvature R ∈ A under the isomorphism

C(L,A)0 := Hom∗
K

(
L[1]�0, A

)
= Hom∗

K(K, A) = A

(in other words, R(1) = R and R(x1, . . . , xi) = 0 whenever i > 0).

Proposition 4.1. In the above situation, the data (C(L, A), δ, 
, R) is a curved DG-algebra.

Proof. Using the fact that d is an algebra derivation and Q0, Q1, Q are coalgebra 
coderivations, it is easy to check that δ0, δ1, δ are algebra derivations with respect to 
the convolution product 
. For instance, given f ∈ C(L, A)i and g ∈ C(L, A)j we have

δ(f 
 g) = dm(f ⊗ g)Δ − (−1)|f |+|g|m(f ⊗ g)ΔQ

= m(d⊗ Id + Id⊗d)(f ⊗ g)Δ − (−1)|f |+|g|m(f ⊗ g)(Q⊗ Id + Id⊗Q)Δ

= m(df ⊗ g + (−1)|f |f ⊗ dg)Δ − (−1)|f |+|g|m((−1)|g|fQ⊗ g + f ⊗ gQ)Δ

= m(δ(f) ⊗ g + (−1)|f |f ⊗ δ(g))Δ = δ(f) 
 g + (−1)|f |f 
 δ(g).

Moreover, using the fact that d2 = [R, −] and Q2
0 = Q2

1 = Q2 = 0, one readily checks 
that

δ(R) = δ0(R) = 0, δ2
1 = δ0δ1 + δ1δ0 = 0, δ2 = (δ0)2 = [R,−]�. �
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Definition 4.2. In the above notation, we shall call (C(L, A), δ, 
, R) the convolution 
(curved DG) algebra associated with the curved DG-algebra A and the DG-Lie algebra 
L.

Definition 4.3. A morphism of curved DG-algebras is a morphism of graded algebras that 
commutes with the derivations and respects the curvatures:

f : (A1, d1, R1) → (A2, d2, R2), fd1 = d2f, f(R1) = R2.

Remark 4.4. If f : A1 → A2 is a morphism of curved DG-algebras then the induced map 
C(L, A1) → C(L, A2) is a morphism of curved DG-algebras. Similarly, if M → L is a 
morphism of DG-Lie algebras (or, more in general, an L∞ morphism), then the induced 
map C(L, A) → C(M, A) is a morphism of curved DG-algebras.

Remark 4.5. Given a degree one element x ∈ L1 = L[1]0, there is an associated morphism 
of graded associative algebras

evx : C(L,A) → A,

f ∈ C(L,A)i �→ evx(f) := 1
i!f(x, . . . , x).

In fact, if f ∈ C(L, A)i and g ∈ C(L, A)j , then

evx

(
f 
 g

)
= 1

(i + j)!
(
f 
 g

)
(x, . . . , x) = 1

(i + j)!

(
i + j

i

)
f(x, . . . , x)g(x, . . . , x)

= 1
i!f(x, . . . , x) 1

j!g(x, . . . , x) = evx(f) evx(g).

It is also clear that evx sends the curvature R ∈ C(L, A)0 to the curvature R ∈ A2. In 
general evx is not a morphism of curved DG-algebras, but it is so when x ∈ MC(L), i.e., 
when x is a Maurer-Cartan element of L. In fact, if ∂x + [x, x]/2 = 0, then for every 
f ∈ C(L, A)i we have:

evx

(
δ(f)

)
= 1

i!δ0(f)(x, . . . , x) + 1
(i + 1)!δ1(f)(x, . . . , x)

= 1
i!df(x, . . . , x) + (−1)|f |

(i− 1)!f(∂x, x, . . . , x) + (−1)|f |

2(i− 1)!f([x, x], x, . . . , x)

= d evx(f).

For every graded subspace E ⊂ A, we denote by C(L, E) =
⊕

i Hom∗
K(L[1]�i, E) ⊂

C(L, A).
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Lemma 4.6. If I is a curved Lie ideal of A, then C(L, I) is a curved Lie ideal of C(L, A). 
Moreover C(L, I)(k)C(L, A) ⊂ C(L, I(k)A) for every k, and [C(L, A), C(L, A)]� ⊂
C(L, [A, A]).

Proof. Immediate from the definitions and from the fact that, since the unshuffle co-
product Δ is graded cocommutative, given f, g ∈ C(L, A), every element in the image 
of [f, g]� is a linear combination of elements of type

m(f ⊗ g − (−1)|f ||g|g ⊗ f)(x⊗ y + (−1)(|x|−1)(|y|−1)y ⊗ x)

= (−1)|g|(|x|−1)[f(x), g(y)] + (−1)(|x|+|g|−1)(|y|−1)[f(y), g(x)]. �
Let (A, d, R) be a curved DG-algebra with a curved Lie ideal I ⊂ A and denote by 

π : A → A/I the projection.
Given a DG-Lie algebra L = (L, ∂, [−, −]) together with a morphism of graded vector 

spaces s : L → A, the latter can be seen as an element of degree +1 in C(L, A)1 =
Hom∗

K(L[1], A), and then it gives a sequence of Chern–Simons forms

W (s)k+1 = 1
k!

1∫
0

(R + tδ(s) + t2s 
 s)k 
 s dt ∈ C(L,A)2k+1

= Hom2k+1
K (S(L[1]), A), k ≥ 0.

Notice that

W (s)k+1 =
2k+1∑
i=1

W (s)k+1
i , with W (s)k+1

i ∈ Hom2k+1
K (L[1]�i, A) and W (s)k+1

1 = Rks

k! .

(4.3)

Lemma 4.7. In the above situation, let s : L → A be a morphism of graded vector spaces 
such that the composition πs : L → A/I is a morphism of DG-Lie algebras. Then δ(s) +
s 
 s ∈ C(L, I) and

δW (s)k+1 ∈ [C(L,A),C(L,A)] + C(L, I)(k+1) ∀k ≥ 0.

Moreover, δ(s) + s 
 s ∈ C(L, I)1 if and only if s is a morphism of graded Lie algebras.

Proof. By Lemma 3.2

δ(W (s)k+1) tr= 1
(k + 1)!

(
(R + δ(s) + s 
 s)k+1 −Rk+1).

Since R ∈ C(L, I), it is sufficient to show that δ(s) + s 
 s belongs to C(L, I).
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Since δ0(s) ∈ C(L, A)1 and δ1(s), s 
s ∈ C(L, A)2, the condition δ(s) +s 
s ∈ C(L, I)
is equivalent to:

πδ0s(b1) = 0, πδ1s(b1, b2) + π(s 
 s)(b1, b2) = 0, ∀b1, b2 ∈ L .

By definition, δ0s(b1) = ds(b1) − s(∂b1), so that

πδ0s(b1) = πds(b1) − πs(∂b1) = dπs(b1) − πs∂b1 = 0 .

On the other hand,

(s 
 s)(b1, b2) = m(s⊗ s)(b1 ⊗ b2 + (−1)(|b1|−1)(|b2|−1)b2 ⊗ b1)

= (−1)|b1|−1s(b1)s(b2) + (−1)(|b1|−1)(|b2|−1)+|b2|−1s(b2)s(b1)

= (−1)|b1|−1[s(b1), s(b2)].

Since πs and π are morphisms of graded Lie algebras we have

πδ1s(b1, b2) = (−1)|b1|πs([b1, b2]) = (−1)|b1|[πs(b1), πs(b2)] = (−1)|b1|π[s(b1), s(b2)] .

The same computation shows that δ1s +s 
s = 0 if and only if s is a morphism of graded 
Lie algebras. �
Remark 4.8. In fact, the above computations also prove the converse of the first part 
of Lemma 4.7: namely, that for a morphism of graded vector spaces s : L → A we have 
δ(s) +s 
s ∈ C(L, I) if and only if the composition πs is a morphism of DG-Lie algebras.

By Lemma 4.6 we have a natural morphism of differential graded vector spaces

θk : C(L,A)
[C(L,A),C(L,A)] + C(L, I)(k+1)C(L,A)

→ Hom∗
K

(
S(L[1]), A

[A,A] + I(k+1)A

)

and then, for every s ∈ C(L, A)1 and every k ≥ 0, we can consider

θk(W (s)k+1) ∈ Hom2k+1
K

(
S(L[1]), A

[A,A] + I(k+1)A

)

and view it as an element in

θk(W (s)k+1) ∈ Hom0
K

(
S(L[1]), A

[A,A] + I(k+1)A
[2k + 1]

)
.

Theorem 4.9. In the above situation, suppose that πs : L → A/I is a morphism of DG-Lie 
algebras. Then θk(W (s)k+1) is the corestriction of an L∞ morphism
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L � A

[A,A] + I(k+1)A
[2k]

with linear Taylor coefficient σk
1πs, where σk

1 is the morphism from Definition 2.5, and 

all Taylor coefficients L[1]�i → A

[A,A] + I(k+1)A
[2k + 1] of degree i ≥ 2k + 2 vanishing.

Proof. Recall that an L∞ morphism f : L � M between two DG-Lie algebras is the same 
as a morphism of DG-coalgebras F : S(L[1]) → S(M [1]) between their bar constructions. 
By cofreeness of S(M [1]), the correspondence sending F to its corestriction f = pF , 
where we denote by p : S(M [1]) → M [1] the natural projection, establishes a bijection 
between the set of morphisms of graded coalgebras F : S(L[1]) → S(M [1]) and the 
set of morphism of graded vector spaces f : S(L[1]) → M [1]: in general, compatibility 
with the bar differentials translates into a countable sequence of algebraic equations in 
f , see e.g. [3,20]. However, in the particular situation we are concerned with, that is, 
when the bracket on M is trivial, the situation simplifies considerably, and we have that 
f ∈ Hom0

K(S(L[1]), M [1]) is the corestriction of an L∞ morphism F : S(L[1]) → S(M [1])
if and only if r1f = fQ, where we denote by r1 the shifted differential r1(m) = −dM (m)
on M [1] and by Q the bar differential on S(L[1]). In other words, when M has trivial 
bracket the L∞ morphisms L � M are in bijective correspondence with the set of 
0-cocycles in the complex Hom∗

K(S(L[1]), M [1]).
On the other hand, by Lemma 4.7 the image of W (s)k+1 onto

C(L,A)
[C(L,A),C(L,A)] + C(L, I)(k+1)C(L,A)

is a degree (2k + 1) cocycle. Therefore, in order to conclude it is sufficient to define the 
desired L∞ morphism as the image of θk(W (s)k+1) under the natural isomorphism of 
differential graded vector spaces

Hom∗
K

(
S(L[1]), A

[A,A] + I(k+1)A

)
[2k + 1]

= Hom∗
K

(
S(L[1]), A

[A,A] + I(k+1)A
[2k + 1]

)
.

Finally, the last two statements about the Taylor coefficients follow immediately from 
the definitions and (4.3). �
Corollary 4.10. Given a curved Lie ideal I of a curved DG-algebra A, let the symbol 
B denote the quotient DG-Lie algebra A/I. Then, for every morphism of graded vector 
spaces s : B → A such that πs = IdB, the image of W (s)k+1 ∈ Hom2k+1

K (S(B[1]), A)
onto

Hom2k+1
K

(
S(B[1]), A

(k+1)

)
= Hom0

K

(
S(B[1]), A

(k+1) [2k + 1]
)
,

[A,A] + I A [A,A] + I A
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is an L∞ morphism

σk = (σk
1 , σ

k
2 , . . . , σ

k
2k+1, 0, 0, . . .) : B � A

[A,A] + I(k+1)A
[2k]

with all Taylor coefficients of degree ≥ 2k + 2 vanishing and the morphism σk
1 of Defini-

tion 2.5 as linear Taylor coefficient.

Remark 4.11. It follows by Remark 4.5 that the induced push-forward on Maurer–Cartan 
elements

MC(σk) : MC(B) → MC
(

A

[A,A] + I(k+1)A
[2k]

)
= Z2k+1

(
A

[A,A] + I(k+1)A

)
,

MC(σk)(x) :=
2k+1∑
i=1

1
i!σ

k
i (x, . . . , x) = tr

(
evx

(
W k+1(s)

))
= tr

(
W k+1(s(x)

))
,

sends the Maurer–Cartan element x ∈ B1 to the residue modulo tr
(
I(k+1)A

)
of the 

Chern–Simons class cs2k+1
(
s(x)

)
∈ A/[A, A].

For general s an explicit combinatorial description of the higher Taylor coefficients σk
i , 

although possible, is quite complicated. In the next section we study these components 
under the additional assumption that s : B → A is a morphism of graded Lie algebras, 
or equivalently, by Lemma 4.7, that δ(s) + s 
 s ∈ C(B, I)1. This is often satisfied in 
concrete examples (for instance, in the geometric example that we shall consider in the 
following Section 6).

5. Explicit formulas in the split case

Let K〈Z0, Z1, Z2〉 be the associative algebra of noncommutative polynomials in 
Z0, Z1, Z2. Following again [8, p. 265], we denote by Σ[Zp

0 , Z
q
1 , Z

r
2 ] ∈ K〈Z0, Z1, Z2〉, 

p, q, r ∈ N, the sum of all possible words with p letters Z0, q letters Z1 and r letters Z2. 
For instance, Σ[Z0

0 , Z
0
1 , Z

0
2 ] = 1 and Σ[Z1

0 , Z
2
1 , Z

0
2 ] = Z0Z

2
1 + Z1Z0Z1 + Z2

1Z0.
For every k ≥ 0 we define homogeneous polynomials V k(Z0, Z1, Z2) ∈ K〈Z0, Z1, Z2〉

by the formula

V k(Z0, Z1, Z2) = 1
k!

1∫
0

(Z0 + tZ1 + (t2 − t)Z2)k dt .

Notice that for every curved DG-algebra (A, d, R) and every x ∈ A1 we have

W (x)k+1 = V k(R, d(x) + x2, x2)x . (5.1)
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It is also useful to assign to each variable Zi the weight i, and denote by V k =
∑2k

i=0 V
k
i

the associated isobaric decomposition. Notice that every monomial in Z0, Z1, Z2 of weight 
i with r occurrences of the variable Z2 (hence i − 2r ≥ 0 occurrences of the variable Z1) 
appears in V k

i with coefficient

1
k!

1∫
0

ti−r(t− 1)rdt = (−1)rr! (i− r)!
k! (i + 1)! = (−1)r

k! (i + 1)

(
i

r

)−1

.

Therefore, for every 0 ≤ i ≤ 2k

V k
i =

∑
p+q+r=k
q+2r=i

(−1)rr! (i− r)!
k! (i + 1)! Σ[Zp

0 , Z
q
1 , Z

r
2 ] .

For instance, one checks that for 0 ≤ i ≤ 2k ≤ 6 the above formula for V k
i gives:

V 0
0 = 1, V 1

0 = Z0, V 1
1 = 1

2Z1, V 1
2 = −1

6Z2,

V 2
0 = 1

2Z
2
0 , V 2

1 = 1
4
(
Z0Z1 + Z1Z0

)
, V 2

2 = 1
6Z

2
1 − 1

12
(
Z0Z2 + Z2Z0

)
,

V 2
3 = − 1

24
(
Z1Z2 + Z2Z1

)
, V 2

4 = 1
60 Z2

2 ,

V 3
0 = 1

6Z
3
0 , V 3

1 = 1
12

(
Z2

0Z1 + Z0Z1Z0 + Z1Z
2
0
)
,

V 3
2 = 1

18
(
Z0Z

2
1 + Z1Z0Z1 + Z2

1Z0
)
− 1

36
(
Z2

0Z2 + Z0Z2Z0 + Z2Z
2
0
)
,

V 3
3 = 1

24Z
3
1 − 1

72
(
Z0Z1Z2 + Z0Z2Z1 + Z1Z0Z2 + Z1Z2Z0 + Z2Z0Z1 + Z2Z1Z0

)
,

V 3
4 = − 1

120
(
Z2

1Z2 + Z1Z2Z1 + Z2Z
2
1
)

+ 1
180

(
Z0Z

2
2 + Z2Z0Z2 + Z2

2Z0
)
,

V 3
5 = 1

360
(
Z1Z

2
2 + Z2Z1Z2 + Z2

2Z1
)
, V 3

6 = − 1
840Z

3
2 .

Definition 5.1. A split curved DG-algebra is the datum of a curved DG-algebra A =
(A, d, R) equipped with a direct sum decomposition A = B⊕I, where B ⊂ A is a graded 
Lie subalgebra and I ⊂ A is a curved Lie ideal.

We shall denote by ı : B → A the inclusion and by P : A → B the projec-
tion with kernel I (in particular, ı, P are morphisms of graded Lie algebras) and by 
P⊥ := idA −P : A → I. We shall also denote by

∂ := Pd : B → B, ∇ := P⊥d : B → I.

Notice in particular that since Ker(P ) = I is d-closed, then the identity Pd = PdP

holds, and in particular
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∂
2 = (Pd)2 = Pd2 = P [R,−] = 0,

since I is a Lie ideal and R ∈ I. Thus (B, ∂, [−, −]) is a DG-Lie algebra and the natural 
map (B, ∂) → (A/I, d) is an isomorphism of DG-Lie algebras. Moreover,

d∇ + ∇∂ = [R,−] : B → I, (5.2)

since for every b ∈ B we have

[R, b] = d2(b) = d∇(b) + d∂(b) = d∇(b) + ∇∂(b) + ∂∂(b).

Lemma 5.2. Let A = B ⊕ I be a split curved DG-algebra and consider the inclusion 
ı : B ↪→ A as an element of C(B, A)1. Then for every x, y ∈ B we have

ı 
 ı ∈ Hom2
K

(
B[1]�2, A

)
= C(B,A)22, ı 
 ı(x, y) = (−1)|x|−1[x, y],

δ(ı) + ı 
 ı = ∇ ∈ Hom2
K

(
B[1], I

)
⊂ C(B, I)21, (δ(ı) + ı 
 ı)(x) = ∇(x),

R ∈ C(B, I)20.

In particular W (ı)k+1 =
∑2k+1

i=1 W (ı)k+1
i with

W (ı)k+1
i ∈ C(B,A)i, W (ı)k+1

i = V k
i−1(R,∇, ı 
 ı) 
 ı.

Proof. We have already proved that ı 
ı(x, y) = (−1)|x|−1[x, y] in the proof of Lemma 4.7. 
It remains to show that (δ(ı) +ı 
ı)(x) = ∇(x). Again by Lemma 4.7 we have δ(ı) +ı 
ı =
δ0(ı) ∈ C(B, I)1 and then for every x ∈ B

(δ(ı) + ı 
 ı)(x) = δ0(ı)(x) = (dı− ı∂)(x) = ∇(x) .

The last claim follows from Equation (5.1). �
Corollary 5.3. Let A = B ⊕ I be a split curved DG-algebra with inclusion morphism 
ı : B ↪→ A. For every i, k with 1 ≤ i ≤ 2k + 1 denote by σk

i ∈ Hom0
K

(
B[1]�i,

A
[A,A]+I(k+1)A

[2k + 1]
)

the image of V k
i−1(R, ∇, ı 
 ı) 
 ı under the trace map

C(B,A)2k+1
i

tr−→ Hom0
K

(
B[1]�i,

A

[A,A] + I(k+1)A
[2k + 1]

)
.

Then

σk = (σk
1 , σ

k
2 , . . . , σ

k
2k+1, 0, 0, . . .) : B � A

[A,A] + I(k+1)A
[2k]

is an L∞ morphism with linear component σk
1 .



R. Bandiera et al. / Advances in Mathematics 435 (2023) 109358 19
Example 5.4. More explicitly, the Taylor coefficients

σk
i : B[1]�i → A

[A,A] + Ik+1A
[2k + 1]

are given on the diagonal, i.e., when all the arguments equal a certain x ∈ B1, by the 
formula

1
i!σ

k
i (x, . . . , x) = tr

(
V k
i−1(R,∇(x), x2)x

)
,

and in general is given by the above formula via graded polarization.
For instance, using the previous explicit formulas for the non-commutative polyno-

mials V k
i−1 (together with the cyclic invariance of the trace), we see that for k ≤ 3 the 

L∞ morphism from Corollary 5.3 is given explicitly as follows. For k = 0, we have the 
DG-Lie algebra morphism

σ0 : (B, ∂, [−,−]) →
(

A

[A,A] + IA
, d, 0

)
, σ0(x) = tr(x).

For k = 1 we have the L∞ morphism

σ1 = (σ1
1 , σ

1
2 , σ

1
2 , 0, 0, . . .) : (B, ∂, [−,−]) �

(
A

[A,A] + I(2)A
[2], d, 0

)

given by:

σ1
1(x) = tr

(
Rx

)
,

σ1
2(x1, x2) =

∑
τ∈S2

ε(τ)
2 tr

(
∇(xτ(1))xτ(2)

)
,

σ1
3(x1, x2, x3) =

∑
τ∈S3

−ε(τ)
6 tr

(
xτ(1)xτ(2)xτ(3)

)
,

where we denote by ε(τ) the symmetric Koszul sign, defined by the identity xτ(1)
· · ·

xτ(i) = ε(τ) x1 
 · · · 
 xi in the symmetric power B[1]�i. Hence we recover, in a more 
general framework, the formulas of [16] with the curvature in place of the Atiyah cocycle, 
see Remark 5.5 below.

For k = 2 we have the L∞ morphism

σ2 = (σ2
1 , . . . , σ

2
5 , 0, 0, . . .) : (B, ∂[−,−]) �

(
A

[A,A] + I(3)A
[4], d, 0

)

given by:
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σ2
1(x) = 1

2 tr
(
R2x

)
,

σ2
2(x1, x2) =

∑
τ∈S2

ε(τ)
4 tr

(
R∇(xτ(1))xτ(2) + ∇(xτ(1))Rxτ(2)

)
,

σ2
3(x1, x2, x3)=

∑
τ∈S3

ε(τ)
6 tr

(
(−1)|xτ(1)|+1∇(xτ(1))∇(xτ(2))xτ(3)−Rxτ(1)xτ(2)xτ(3)

)
,

σ2
4(x1, x2, x3, x4) =

∑
τ∈S4

−ε(τ)
12 tr

(
∇(xτ(1))xτ(2)xτ(3)xτ(4)

)
,

σ2
5(x1, x2, x3, x4, x5) =

∑
τ∈S5

ε(τ)
60 tr

(
xτ(1)xτ(2)xτ(3)xτ(4)xτ(5)

)
.

Finally, for k = 3 we have the L∞ morphism

σ3 = (σ3
1 , . . . , σ

3
7 , 0, 0, . . .) : (B, ∂, [−,−]) �

(
A

[A,A] + I(4)A
[6], d, 0

)

given by

σ3
i (x1, . . . , xi) =

∑
τ∈Si

ε(τ) tr(Pi(τ)),

where:

P1(τ) = 1
6R

3x1,

P2(τ) = 1
12

(
R2∇(xτ(1)) + R∇(xτ(1))R + ∇(xτ(1))R2

)
xτ(2),

P3(τ) = − 1
18 R2xτ(1)xτ(2)xτ(3) −

1
36 Rxτ(1)xτ(2)Rxτ(3)

+ 1
18 (−1)|xτ(1)|+1

(
R∇(xτ(1))∇(xτ(2)) + ∇(xτ(1))R∇(xτ(2))

+ ∇(xτ(1))∇(xτ(2))R
)
xτ(3),

P4(τ) = 1
24

(
(−1)|xτ(2)|+1∇(xτ(1))∇(xτ(2))∇(xτ(3))xτ(4)

)
− 1

36

(
∇(xτ(1))Rxτ(2)xτ(3)xτ(4) + R∇(xτ(1))xτ(2)xτ(3)xτ(4)

)
− 1

72

(
(−1)|xτ(1)|+|xτ(2)|Rxτ(1)xτ(2)∇(xτ(3))xτ(4)

+ ∇(xτ(1))xτ(2)xτ(3)Rxτ(4)

)
,

P5(τ) = 1
60

(
Rxτ(1)xτ(2)xτ(3)xτ(4)xτ(5) − (−1)|xτ(1)|+1∇(xτ(1))∇(xτ(2))xτ(3)xτ(4)xτ(5)

)
− 1 (

(−1)|xτ(1)|+|xτ(2)|+|xτ(3)|+1∇(xτ(1))xτ(2)xτ(3)∇(xτ(4))xτ(5)

)
,
120
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P6(τ) = 1
120

(
∇(xτ(1))xτ(2)xτ(3)xτ(4)xτ(5)xτ(6)

)
,

P7(τ) = − 1
840

(
xτ(1)xτ(2)xτ(3)xτ(4)xτ(5)xτ(6)xτ(7)

)
.

Remark 5.5. In the above setup, suppose that I is a bilateral associative ideal. Then 
the morphism σk

i depends only on the class of R in I/I(2) if and only if either i ≤ 2 or 
i ≥ 2k.

6. Connections of type (1, 0) and curved DG-pairs

Let X be a complex manifold and let

E∗ : 0 → Ep δ−→ Ep+1 δ−→ · · · δ−→ Eq → 0, p, q ∈ Z, δ2 = 0,

be a fixed finite complex of locally free sheaves of OX -modules. We denote by 
Hom∗

OX
(E∗, E∗) the graded sheaf of OX -linear endomorphisms of E∗:

Hom∗
OX

(E∗, E∗) =
⊕
i

Homi
OX

(E∗, E∗), Homi
OX

(E∗, E∗) =
∏
j

HomOX
(Ej , E i+j).

Then Hom∗
OX

(E∗, E∗) is a sheaf of locally free DG-Lie algebras over OX , with the bracket 
equal to the graded commutator

[f, g] = fg − (−1)|f | |g|gf

and the differential given by

f �→ [δ, f ] = δf − (−1)|f |fδ.

For every a, b, r denote by Aa,b
X (Er) � Aa,b

X ⊗OX
Er the sheaf of differential forms 

of type (a, b) with coefficients in Er, and by ∂ : Aa,b
X (Er) → Aa,b+1

X (Er) the Dolbeault 
differential.

We consider

A∗,∗
X (E∗) =

⊕
a,b,r

Aa,b
X (Er)

as a sheaf of graded A∗,∗
X modules, where the elements of Aa,b

X (Er) have degree a + b + r. 
It is useful to use the dot symbol to denote the natural left multiplication map:

A∗,∗
X ×A∗,∗

X (E∗) ·−→ A∗,∗
X (E∗).

The differential δ extends naturally to a differential

δ : Aa,b
X (Er) → Aa,b

X (Er+1), δ(φ · e) = (−1)|φ| φ · δ(e), φ ∈ Aa,b
X , e ∈ Er.
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We have that ∂2 = δ2 = 0 and [∂, δ] = ∂δ + δ∂ = 0, so that ∂ + δ is a differential in 
A∗,∗

X (E∗).
In order to fix the notation, we write down the natural extension to locally free 

complexes of the notion of connection.

Definition 6.1. Let E∗ as above:

(1) A connection on E∗ is a C-linear morphism of graded sheaves of degree +1

∇ : E∗ → A∗,∗
X (E∗)

such that ∇(fe) = d(f) · e + f · ∇(e) for every f ∈ OX , e ∈ E∗. Here d denotes the 
de Rham differential.

(2) A connection ∇ as above is called of type (1, 0) if ∇(e) − ∂(e) ∈ ⊕kA1,k
X (E i−k) for 

every i and every e ∈ E i.

Thus, a connection ∇ is of type (1, 0) if and only if ∇ = ∂ +
∑

k ∇1,k, with ∇1,k : E i →
A1,k

X (E i−k) for every i; in this case ∇1,k is OX -linear for every k > 0.

As in the nongraded case (see e.g. [13]), every connection ∇ extends uniquely to a 
C-linear morphism of graded sheaves of total degree +1

∇ : A∗,∗
X (E∗) → A∗,∗

X (E∗)

such that ∇(φ · ω) = d(φ) · ω + (−1)|φ|φ · ∇(ω), for every φ ∈ A∗,∗
X , ω ∈ A∗,∗

X (E∗). A 
connection ∇ as above is called analytic if [∇, δ + ∂] = 0; in particular, a connection 
∇ = ∂ +

∑
k ∇1,k of type (1, 0) is analytic if and only if [∇1,0, δ] = 0 and [∇1,k, δ] +

[∇1,k−1, ∂] = 0 for every k > 0.
It is clear that giving a connection ∇ of type (1, 0) with ∇1,k = 0 for every k > 0 is 

the same as giving a connection compatible with the holomorphic structure on every E i. 
In particular, connections of type (1, 0) always exist.

With every connection ∇ = ∂+
∑

k ∇1,k : A∗,∗
X (E∗) → A∗,∗

X (E∗) of type (1, 0) is associ-
ated a curved DG-pair (A, I) as in Definition 2.2, according to the following construction.

Denote by A = A∗,∗
X (Hom∗

OX
(E∗, E∗)) the graded associative algebra of global differ-

ential forms with values in the graded sheaf Hom∗
OX

(E∗, E∗). Every element of A may be 
naturally interpreted as an endomorphism of the sheaf A∗,∗

X (E∗) and an easy computation 
shows that the adjoint operator

d = [∇ + δ,−] : A → A

is a well defined derivation. Moreover R = (∇ + δ)2 = 1
2[∇ + δ, ∇ + δ] belongs to A and 

the triple (A, d, R) is a curved DG-algebra.
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We refer to [16] for detailed proofs of the above facts. Notice that the definition of 
connection of type (1, 0) given in [16] requires ∇1,k = 0 for every k > 0, but the proofs 
work the same way since the adjoint operator [∇1,k, −] is an inner derivation of A for 
every k > 0.

Writing ∇ = ∂ +
∑

k ∇1,k, since (∂ + δ)2 = 0 we have

R = R1 + R2, Ri ∈ Ai,∗
X (Hom∗

OX
(E∗, E∗)).

In particular, R belongs to the ideal I = A>0,∗
X (Hom∗

OX
(E∗, E∗)). Moreover, R1 = [∂ +

δ, 
∑

k ∇1,k] and then the connection ∇ is analytic if and only if R1 = 0.
Since I(k) = I(k)A = A≥k,∗

X (Hom∗
OX

(E∗, E∗)) the Atiyah class At(A, I) of the curved 
DG-pair is precisely the cohomology class of R1 in the complex (A1,∗

X (Hom∗
OX

(E∗, E∗)),
[∂ + δ, −]); notice that this complex is the Dolbeault resolution of the complex 
Hom∗

OX
(E∗, Ω1

X ⊗ E∗) and therefore

At(A, I) ∈ H2(A1,∗
X (Hom∗

OX
(E∗, E∗))) = E xt1X(E∗,Ω1

X ⊗ E∗).

Since two connections of type (1, 0) differ by a degree 1 element of A1,∗
X (Hom∗

OX
(E∗, E∗)), 

the Atiyah class is independent from the choice of the connection. Conversely, for every 
degree 1 element φ ∈ A1,∗

X (Hom∗
OX

(E∗, E∗)) the map ∇̂ = ∇ + φ is again a connection 

of type (1, 0) with 1-component of the curvature R̂1 = R1 + [δ + ∂, φ]: it follows that 
At(A, I) = 0 if and only if E∗ admits an analytic connection of type (1, 0). As already 
pointed out in [16], the class At(A, I) is the same as the usual Atiyah class of the complex 
E∗ as an object in the derived category of X, see also [2] and [10, Section 10.1].

Remark 6.2. Let x ∈ A be such that [∂+δ, x] = 0, then [R1, x] = [∂+δ, [
∑

k ∇1,k, x]] and 
this immediately implies that the Atiyah class is a central element in the cohomology of 

the differential graded algebra GrI(A) = ⊕k
I(k)

I(k+1) , cf. [6, Prop. 3.12].

Finally, the same computation of [16, Lemma 2.6] shows that the A∗,∗
X -linear extension 

of the usual trace map

Tr: A∗,∗
X (Hom∗

OX
(E∗, E∗)) → A∗,∗

X , Tr(φ · f) = φTr(f),

is a trace map in the sense of Definition 2.9.
Assume now that the complex E∗ is a resolution of a coherent sheaf F . Then At(A, I)

is equal to the Atiyah class At(F) of F and the DG-Lie algebra

A

I
= A0,∗

X (Hom∗
OX

(E∗, E∗))

is precisely the Dolbeault model of the DG-Lie algebra controlling deformations of F .



24 R. Bandiera et al. / Advances in Mathematics 435 (2023) 109358
Consider the trace map Tr: A → A∗,∗
X : for every k ≥ 0 we have Tr(I(k+1)A) = A>k,∗

X , 
and then the map σk

1 from Definition 2.5 becomes

σk
1 : A0,∗

X (Hom∗
OX

(E∗, E∗)) → A≤k,∗
X [2k], σk

1 (x) = 1
k! Tr(Rk

1x).

Therefore, at the cohomology level σk
1 induces the composition of

Ext∗X(F ,F) → H∗+k(X,Ωk
X), x �→ 1

k! Tr(At(F)k · x),

with the natural map j : H∗+k(X, Ωk
X) → H2k+∗(A≤k,∗

X ).
By Corollary 2.10 the map σk

1 is the linear component of an L∞ morphism, and since 
the abelian DG-Lie algebra A≤k,∗

X [2k] has trivial obstructions we immediately obtain the 
following result.

Corollary 6.3. Let F be a coherent sheaf on a complex manifold X admitting a locally 
free resolution. Then for every k ≥ 0 the semiregularity map

Ext2X(F ,F) → H2k+2(A≤k,∗
X ), x �→ 1

k! Tr(At(F)k · x),

annihilates obstructions to deformations of F .

Proof. Since X is assumed smooth, by Hilbert’s syzygy theorem, if F admits a locally 
free resolution, then it also admits a finite locally free resolution. �

For k = 0 Corollary 6.3 is a classical result by Mukai and Artamkin [1], while the case 
k = 1 was proved in [16] by constructing explicitly an L∞ lifting of σ1

1 .

Corollary 6.4. Let F be a coherent sheaf on a complex projective manifold X. Then for 
every k ≥ 0 the semiregularity map

Ext2X(F ,F) → Hk+2(X,Ωk
X), x �→ 1

k! Tr(At(F)k · x),

annihilates obstructions to deformations of F .

Proof. Since X is projective every coherent sheaf admits a locally free resolution. More-
over, the Hodge to de Rham spectral sequence degenerates at E1 and therefore the 
natural map Hk+2(X, Ωk

X) → H2k+2(A≤k,∗
X ) is injective. �
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