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Recently, we have computed the short-distance asymptotics of the generating functional of 
Euclidean correlators of single-trace twist-2 operators in the large-𝑁 expansion of SU(𝑁) Yang

Mills (YM) theory to the leading-nonplanar order. Remarkably, it has the structure of the logarithm 
of a functional determinant, but with the sign opposite to the one that would follow from the 
spin-statistics theorem for the glueballs. In order to solve this sign puzzle, we have reconsidered 
the proof in the literature that in the ’t Hooft topological expansion of large-𝑁 YM theory the 
leading-nonplanar contribution to the generating functional consists of the sum over punctures 
of 𝑛-punctured tori. We have discovered that for twist-2 operators it contains -- in addition to the 
𝑛-punctured tori -- the normalization of tori with 1 ≤ 𝑝 ≤ 𝑛 pinches and 𝑛 − 𝑝 punctures. Once 
the existence of the new sector is taken into account, the violation of the spin-statistics theorem 
disappears. Moreover, the new sector contributes trivially to the nonperturbative 𝑆 matrix because 
– for example -- the 𝑛-pinched torus represents nonperturbatively a loop of 𝑛 glueball propagators 
with no external leg. This opens the way for an exact solution limited to the new sector that may 
be solvable thanks to the vanishing 𝑆 matrix.

1. Introduction to large-𝑵 YM theory and the sign puzzle

It has been known for more than forty years that SU(𝑁)1 Yang-Mills (YM) theory admits the ’t Hooft large-𝑁 topological expansion 
[1] for the 𝑛-point connected correlators of gauge-invariant single-trace operators. To say it in a nutshell, the corresponding Feynman 
diagrams in ’t Hooft double-line representation -- after a suitable gluing of reversely oriented lines -- are topologically classified 
[1,2] by the sum on the genus 𝑔 of 𝑛-punctured closed Riemann surfaces, where each topology is weighted by a factor 𝑁𝜒 , with 
𝜒 = 2 − 2𝑔 − 𝑛 the Euler characteristic of the Riemann surface. The ’t Hooft topological expansion extends to large-𝑁 QCD [1,2] -- 
and generally to large-𝑁 gauge theories -- by eventually including punctured Riemann surfaces with boundaries.

It exactly matches the topology and weights [1,2] of a string theory [3], with closed-string coupling 𝑔𝑠 =
1 
𝑁

. This matching 
has been advocated in favor of the existence [1,2,4] of a nonperturbative string solution of large-𝑁 YM theory, QCD and, more 
generally, gauge theories, where -- in the asymptotically free case -- the dimensionful parameter of the string theory, conventionally 
referred to as the string tension, is identified [5] with the square of the renormalization-group (RG) invariant scale Λ𝑅𝐺 of the gauge 

* Corresponding author.

E-mail addresses: marco.bochicchio@roma1.infn.it (M. Bochicchio), mauro.papinutto@roma1.infn.it (M. Papinutto), francesco.scardino@uniroma1.it

(F. Scardino).
1 To be precise, the original ’t Hooft argument [1] applies to the large-𝑁 U(𝑁) (bare) theory. The SU(𝑁) case is the subject of the present paper.

https://doi.org/10.1016/j.nuclphysb.2025.116887

Received 21 September 2024; Received in revised form 12 February 2025; Accepted 26 March 2025 

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/nuclphysb
http://orcid.org/0000-0002-2333-0892
http://orcid.org/0000-0002-3933-9373
http://orcid.org/0000-0001-9733-8750
mailto:marco.bochicchio@roma1.infn.it
mailto:mauro.papinutto@roma1.infn.it
mailto:francesco.scardino@uniroma1.it
https://doi.org/10.1016/j.nuclphysb.2025.116887
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2025.116887&domain=pdf
https://doi.org/10.1016/j.nuclphysb.2025.116887
http://creativecommons.org/licenses/by/4.0/


Nuclear Physics, Section B 1015 (2025) 116887

2

M. Bochicchio, M. Papinutto and F. Scardino 

Fig. 1. ’t Hooft topological expansion of the generating functional, with 𝑛 the number of operator insertions and the ellipses higher genera. 

theory. In the would-be string solution of large-𝑁 QCD glueballs are excitations of closed strings, mesons of open strings, and the 
aforementioned Riemann surfaces arise as their world-sheets -- the new ingredient of the canonical string solution [5] being the 
existence of a conformal field theory living on the string world-sheets that is employed to compute the 𝑆-matrix amplitudes [3] and 
possibly the correlators [6] of the gauge theory. In fact, the existence of this would-be canonical string solution of (YM theory) QCD 
is fundamentally constrained [5] by the large-𝑁 nonperturbative (non-)renormalization properties [7] of Λ(𝑌𝑀)𝑄𝐶𝐷 .

By assuming the ’t Hooft topological expansion, the generating functional 𝐸 [𝐽] = log𝐸 [𝐽] of Euclidean connected correla

tors of single-trace operators  in SU(𝑁) YM theory, with

𝐸 [𝐽] = 1 
𝐸 ∫ 𝐴 𝑒−𝑆𝑌𝑀+

∑
𝑠 ∫ 𝐽𝑠𝑠 (1)

reads (Fig. 1)

𝐸 [𝐽] =𝐸
sphere

[𝐽] +𝐸
torus

[𝐽] +⋯ . (2)

Nonperturbatively, 𝐸
sphere

[𝐽], which perturbatively is the (’t Hooft-)planar contribution [1], is a sum of tree diagrams involving 
glueball propagators and vertices, while 𝐸

torus
[𝐽], which perturbatively is the leading-non(’t Hooft-)planar contribution, is a sum 

of glueball one-loop diagrams. Nonperturbatively, 𝐸
torus

[𝐽] should have the structure of the logarithm of a functional determinant 
[8]. Indeed, in the yet-to-come nonperturbative solution of large-𝑁 YM theory, the very same correlators should be computed by the 
correlators of a glueball field Φ with an infinite number of components, the corresponding generating functional being schematically 
[8]

𝐸
glueball

[𝐽 ] = 1 
𝐸

glueball
∫ Φ 𝑒−𝑆glueball(Φ)+∫ Φ∗1𝐽 , (3)

with 𝑆glueball(Φ) = 1
2 ∫ Φ ∗2 (−Δ +𝑀2)Φ + 1 

𝑁

1
3Φ ∗3 Φ ∗3 Φ +⋯, where ∗2 and ∗1 are fixed below, the ellipses and ∗3 respectively 

stand for 𝑛-glueball vertices with 𝑛 > 3 and some presently unknown operation on the glueball fields that, by assuming locality 
and Euclidean invariance, may involve derivatives. Hence, nonperturbatively the connected generating functional 𝐸

glueball
[𝐽 ] =

log𝐸
glueball

[𝐽 ] reads to one loop of glueballs [8]

𝐸
glueball

[𝐽 ] = −𝑆glueball(Φ𝐽 ) + ∫ Φ𝐽 ∗1 𝐽 +⋯

− 1
2
logDet

(
∗2 (−Δ+𝑀2) + 1 

𝑁
∗3 Φ𝐽 ∗3 +⋯

)
, (4)

with Φ𝐽 determined by 𝛿𝑆glueball

𝛿Φ 
|||Φ𝐽 =∗1 𝐽 . The minus sign in front of the logDet in 𝐸

glueball
[𝐽 ] arises from the spin-statistics theorem 

[9], since all the gauge-invariant glueball interpolating fields have integer spin, and thus the glueballs should be bosons. The dictionary 
between 𝐸 [𝐽] and 𝐸

glueball
[𝐽 ] is obtained by matching the corresponding spectral representations -- as a sum of free propagators 

with residues 𝑅𝑠𝑚 -- for the 2-point correlators [10] of 𝑠 at 𝑁 = +∞ that, by fixing ∗2 according to the canonical normalization of 
the glueball kinetic term, uniquely determines the coupling of 𝐽 to the tower of glueball fields Φ ∗1 𝐽 =

∑
𝑠𝑚Φ𝑠𝑚

√
𝑅𝑠𝑚𝐽𝑠.

Until recently nothing has been known quantitatively on 𝐸 [𝐽] and 𝐸
glueball

[𝐽 ]. Actually, since the early days of large-𝑁

QCD it has been known at a qualitative level that asymptotic freedom (AF) applies to large-𝑁 correlators, and specifically to the 
nonperturbative 2-point correlators [11,12].

Accordingly, several years ago the ultraviolet (UV), i.e., short distance, constraints on the large-𝑁 spectral representation of 2

point correlators that follow from AF have been investigated at a quantitative level both for multiplicatively renormalizable operators 
[13] and twist-2 operators that mix by renormalization [14].

More recently, we have worked out the UV asymptotics of the generating functional 𝐸 [𝐽] of Euclidean correlators of twist-2
operators in large-𝑁 YM theory [15] that follows from the RG, Callan-Symanzik equation and AF. For the aims of the present paper 
it suffices to report for simplicity just a particular case of our calculation (Appendix A, Appendix B, Appendix C, Appendix D) that 
involves the nonchiral operators of twist-2 with even spin and maximal-spin component in the 𝑝+ direction in Minkowskian space

time. In the light-cone gauge 𝐴+ = 0 they read [16,15]

𝕆𝑠 =
1 
2𝑁
𝐴̄𝑎(𝑥) 5

2
𝑠−2(⃖⃗𝜕 +, ⃖ 𝜕 +)𝐴

𝑎(𝑥) , (5)

where 𝑠 = 2,4,6,…, the sum over repeated color indices, 𝑎 = 1,2,…𝑁2 − 1, is understood, and
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 5
2
𝑠−2(⃖⃗𝜕 +, ⃖ 𝜕 +) = ⃖ 𝜕 +(𝑖⃖⃗𝜕 + + 𝑖⃖ 𝜕 +)𝑠−2𝐶

5
2
𝑠−2

(
⃖⃗𝜕 + − ⃖ 𝜕 +
⃖⃗𝜕 + + ⃖ 𝜕 +

)
⃖⃗𝜕 + , (6)

with 𝐶
5
2
𝑠−2 Gegenbauer polynomials (Appendix B). Our calculation has been performed in two steps that we briefly recall. First, we 

have computed to the lowest perturbative order -- directly from its functional-integral definition as a Gaussian integral (Appendix B)

conf[𝐽𝕆] =
1 
𝑍 ∫ 𝐴𝐴̄ 𝑒∫ −𝑖𝐴̄𝑎□𝐴𝑎+

∑
𝑠 𝐽𝕆𝑠𝕆𝑠 𝑑

4𝑥
(7)

the generating functional of the connected conformal correlators in Minkowskian space-time [15]

conf[𝐽𝕆] = −(𝑁2 − 1) logDet

(
𝕀+ 1

2
𝑖□−1

𝐽𝕆𝑠
𝑁
⊗ 5

2
𝑠−2

)
(8)

and -- by analytical continuation -- the corresponding object in Euclidean space-time (Appendix C)

𝐸
conf

[𝐽𝕆𝐸 ] = −(𝑁2 − 1) logDet

(
𝕀+ 1

2
Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
, (9)

where 𝕀 is the identity in space-time, the sum over repeated 𝑠 indices is understood and 𝐸 5
2

𝑠−2 is obtained from  5
2
𝑠−2 by the substitution 

𝜕+ → 𝑖𝜕𝑧 [16,15] (Appendix C).

Second (Appendix D), by means of a careful choice of the renormalization scheme (Appendix D.1) that reduces the mixing of the 
above operators to the multiplicatively renormalizable case (Appendix D.2) to all orders of perturbation theory [17,15], we have lifted 
𝐸

conf
[𝐽] to the generating functional of the RG-improved asymptotic correlators 𝐸

asym
[𝐽, 𝜆], as all the coordinates are uniformly 

rescaled by a factor 𝜆→ 0, that inherits the very same structure of the logarithm of a functional determinant (Appendix D.4)

𝐸
asym

[𝐽𝕆𝐸 , 𝜆] = −(𝑁2 − 1) logDet

(
𝕀+ 1

2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
, (10)

𝑍𝕆𝑠 being one-loop exact (Appendix D.2) in the above scheme [17] and independent of 𝑁 [17,15] (Appendix D.3)

𝑍𝕆𝑠 (𝜆) =

(
𝑔(𝜇) 
𝑔( 𝜇
𝜆 )

) 𝛾0𝕆𝑠
𝛽0
. (11)

The conformal generating functional admits the large-𝑁 expansion that follows trivially from Eq. (8)

conf[𝐽] =conf sphere[𝐽] +conf torus[𝐽] (12)

and the asymptotic generating functional as well

𝐸
asym

[𝐽, 𝜆] =𝐸
asym sphere

[𝐽, 𝜆] +𝐸
asym torus

[𝐽, 𝜆] , (13)

with

𝐸
asym torus

[𝐽𝕆𝐸 , 𝜆] = + logDet

(
𝕀+ 1

2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
. (14)

Remarkably, the above equation reproduces the logDet structure of the glueball one-loop generating functional in Eq. (4), which it 
should be asymptotic to in the UV thanks to the AF, but with the sign opposite to the one that follows from the spin-statistics theorem 
for the glueballs. Nevertheless, we verify the correctness of the above sign, which is inherited from Eqs. (8), (9) and (10), according to 
the obvious sign due to the spin-statistics theorem for gluons in one-loop perturbation theory, and the fact that in the SU(𝑁) theory 
there are exactly 𝑁2 − 1 gluons.

2. Spin-statistics theorem and refinement of ’t Hooft topological expansion

The aim of the present paper is to solve the sign puzzle and to discuss the implications of its solution. Essentially, there are two 
possible way-outs: Either the spin-statistics theorem is violated or the ’t Hooft topological expansion (Fig. 1) and the corresponding 
effective action in Eq. (4) need considerable refinements for the correlators of twist-2 operators. As we shall show momentarily, only 
the second alternative applies in large-𝑁 YM theory.

In fact, the spin-statistics theorem applies in full generality only to theories with a finite number of local fields [18--21]. If the 
number of fields is infinite, there exist rigorous counterexamples [18--20] to the spin-statistics theorem. They involve massive infinite 
dimensional representations of the Lorentz group that are the relevant ones in YM theory because of its mass gap [22]. Yet, they 
have infinite mass degeneracy, since they decompose [19,20], according to the Wigner theorem [23], into the sum of irreducible 
representations of the Poincaré group corresponding to an infinite number of particles of any spin, all having the same mass. In 
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Fig. 2. Glueball (blue and red) and meson (green and orange) Regge trajectories [24]. 

Fig. 3. New topologies may solve the sign puzzle compatibly with the spin-statistics theorem. 

Fig. 4. Leading and subleading SU(𝑁) gluon propagator in double line. 

Fig. 5. 3-gluon action vertex in double line [25]. 

Fig. 6. Decoupling of the subleading propagator from the 3-gluon action vertex. 

large-𝑁 YM theory this would imply the existence of vertical Regge trajectories that is hardly acceptable both theoretically and 
numerically because of contrary evidence from analysis [24] of lattice calculations (Fig. 2).

Hence, it remains the second alternative (Fig. 3). In order to understand why new topologies arise in the generating functional of 
correlators of twist-2 operators, we have reconsidered the proof of the ’t Hooft topological expansion in the U(𝑁) versus SU(𝑁) YM 
theory. The delicate point of the proof in the SU(𝑁) theory is that -- contrary to the original U(𝑁) case [1] -- the gluon propagator has 
a leading and subleading 1 

𝑁
contribution in its double-line representation [25,26] (Fig. 4): ⟨𝐴𝑖

𝑗
𝐴𝑘
𝑙
⟩ ∝ 𝐼𝑖 𝑘

𝑗 𝑙 − 𝑃
𝑖 𝑘
𝑗 𝑙 , with 𝐴𝑖

𝑗
=𝐴𝑎(𝜆𝑎)𝑖

𝑗
, 

𝜆𝑎 in the fundamental representation, Tr(𝜆𝑎𝜆𝑏) = 1
2 𝛿
𝑎𝑏, [𝜆𝑎, 𝜆𝑏] = 𝑖𝑓𝑎𝑏𝑐𝜆𝑐 , 𝐼𝑖 𝑘

𝑗 𝑙 = 𝛿
𝑖
𝑙
𝛿𝑘
𝑗

the components of the identity 𝐼 in the u(𝑁) 
Lie algebra,2 𝑃 𝑖 𝑘

𝑗 𝑙 =
1 
𝑁
𝛿𝑖
𝑗
𝛿𝑘
𝑙

the components of the u(1) projector 𝑃 , and 𝑖, 𝑙, 𝑗, 𝑘 = 1,… ,𝑁 .

Yet, the subleading propagator, if it is attached to the vertices of the action, 𝑉3 ∝
𝑔√
𝑁
𝑓𝑎𝑏𝑐 (Fig. 5) and 𝑉4 ∝

𝑔2

𝑁
𝑓𝑎𝑏𝑒𝑓𝑒𝑐𝑑 , does not 

contribute [25,26]. This is rather obvious [26], since the subleading propagator is a u(1) contribution, while the action vertices are 
purely nonabelian. This fact has a simple graphical proof (Fig. 6). Therefore, in the SU(𝑁) theory the topology of connected vacuum 
diagrams containing vertex insertions matches the ’t Hooft topological expansion with weights 𝑁𝜒 , where the gluon propagator is 
just the leading one [25,26] in Fig. 4.

2 In double-line notation the product of two matrices, 𝐵 and 𝐶 , is defined by (𝐵𝐶)𝑖 𝑚𝑗 𝑛 = 𝐵𝑖 𝑘𝑗 𝑙𝐶𝑙 𝑚𝑘 𝑛 , with the color trace Tr𝐵 =𝐵𝑖 𝑗𝑗 𝑖 .
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At this point, generalizing the structure of 𝑉3 and 𝑉4, we observe that the above argument extends to connected correlators of 
single-trace operators provided that the corresponding local vertices are proportional to a matrix product [26] of (𝑇 𝑎)𝑏𝑐 = −𝑖𝑓𝑎𝑏𝑐 , 
(𝑇 𝑎2 …𝑇 𝑎𝑛−1 )𝑎1𝑎𝑛 = 2Tr(𝜆𝑎1 [𝜆𝑎2 ,…[𝜆𝑎𝑛−1 , 𝜆𝑎𝑛 ]… ]) that requires at least 3-gluon operators in perturbation theory.

Indeed, the above vertices in double line have no 1 
𝑁

correction [26] and their contraction with the subleading propagator vanishes 
because they involve nested commutators. Therefore, there is a vast class of single-trace operators which the ’t Hooft topological 
expansion applies to in SU(𝑁) YM theory.3

Yet, we point out that the above proof does not apply to 2-gluon operators, and specifically to twist-2 operators. Indeed, in this case 
– even in the adjoint representation -- their local vertex involves 𝛿𝑎𝑏 , as opposed to 𝑓𝑎𝑏𝑐 , and contains a 1 

𝑁
correction (Fig. 7), exactly 

as the gluon propagator does. In fact, it has been suggested to consider the U(𝑁) [1,25,4] -- rather than the SU(𝑁) -- theory, where 
perturbatively no subleading correction both to the gluon propagator and (bare) 2-gluon vertices occur -- though gauge-invariant 
single-trace twist-2 operators have not been specifically discussed.

Nevertheless, this seemingly easy way-out is pointless for asymptotically free theories that allow us to resum the (renormalized) 
RG-improved generating functional into the logarithm of a functional determinant

𝐸
U(𝑁)asym

[𝐽𝕆, 𝜆] = − (𝑁2 − 1) logDet

(
𝕀+ 1

2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)

− logDet

(
𝕀+ 1

2
1 
𝜆𝑠+2

Δ−1
𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
, (15)

while the U(1) contribution in the second line decouples and is exactly conformal and not only asymptotic because the U(1) theory 
is free. Indeed, asymptotically in the UV the above result is dominated by only the SU(𝑁) contribution for the correlators of all the 
twist-2 operators but the stress-energy tensor, since for them 𝛾0𝕆𝑠 in Eq. (11) is positive [28,29,15] (Appendix D.3).

Hence, the sign problem for the U(𝑁) theory is exactly the same as for the SU(𝑁) theory.4 To solve the sign problem in the SU(𝑁) 
theory, we rewrite Eq. (9) identically as

𝐸
conf

[𝐽𝕆𝐸 ] = − logDet

(
 + 1

2
(𝐼 − 𝑃 )Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
, (16)

where the term containing 𝐼 − 𝑃 involves the SU(𝑁) propagator (Fig. 4) and  is the identity in both color and space-time. The 
aforementioned equality follows by noticing that the color trace Tr in the loop expansion of Eq. (16) containing the insertion of 𝑛
sources 𝐽𝕆𝐸𝑠 produces the overall factor

Tr(𝐼 − 𝑃 )𝑛 = Tr(𝐼 − 𝑃 ) =𝑁2 − 1 (17)

that occurs in Eq. (9). In order to keep the ’t Hooft double-line representation that only involves the leading propagator also beyond 
the planar limit of the SU(𝑁) theory, we transfer in Eq. (16) the 1 

𝑁
dependence from the propagator to the local vertex for 2-gluon 

operators (Fig. 7) by the identity

𝐸
conf

[𝐽𝕆𝐸 ]

= − logDet

(
 + 1

2
(𝐼 − 𝑃 )Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)

= −logDet

(
 + 1

2
𝐼Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2 −

1
2
𝑃Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)

= −logDet

[( + 1
2
Δ−1𝐼

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
(
 − 1

2

( + 1
2
Δ−1𝐼

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)−1
Δ−1𝑃

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)]
, (18)

3 From the above proof it follows that this is a very special property of the aforementioned operators. In fact, it does not hold true for generic operators, for which 
a case-by-case analysis is required [27].

4 For correlators only involving the stress-energy tensor, Eq. (15) does not seem to imply any sign problem because in this specific case the leading asymptotics of 
the 𝑂(𝑁0) SU(𝑁) and U(1) contributions actually cancel. But this is an illusion, since the asymptotics of Eq. (15) is sufficient for the issue about the spin-statistics 
theorem to arise, but by no means necessary: In fact, since both perturbative and nonperturbative renormalization inevitably separate the 𝑂(𝑁0) SU(𝑁) and U(1) 
sectors, the issue with the spin-statistics theorem is apparent for the stress-energy correlators as well in the SU(𝑁) sector -- where a running coupling and mass gap 
occur, as opposed to the decoupled free conformal U(1) sector -- of the renormalized U(𝑁) theory. In any case, the new topologies that we shall introduce momentarily 
in the main text, whose existence in the SU(𝑁) theory is actually independent of the issue about the spin-statistics theorem but instrumental to solve it, also occur for 
the correlators of the stress-energy tensor both in the SU(𝑁) theory and, by the above argument, in the renormalized U(𝑁) one. It is only in the bare U(𝑁) theory 
that no new topologies occur, according to the original ’t Hooft argument.
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Fig. 7. Local vertex for 2-gluon operators in double line. The dotted lines identify the punctures. 

Fig. 8. 2-point correlators of twist-2 operators to the leading perturbative order, with signs and weights as in Fig. 10. 

Fig. 9. Topology and weights of diagrams in Fig. 8. 

Fig. 10. The refined perturbative expansion of the conformal leading-nonplanar generating functional: The square brackets contain the sum over 1≤ 𝑝 ≤ 𝑛 of diagrams 
that are the normalization of pinched annuli involving 𝑛 − 𝑝 pairs of punctures and 𝑝 pinches arising from 𝑝 insertions of 𝑃 , which give rise to the weights 𝑁−𝑝

compensated for by the color traces represented by loops. Some relative signs and combinatorics in the expansion of the second line of Eq. (19) with respect to the 
corresponding planar contributions in the first line are also displayed.

so that

𝐸
conf

[𝐽𝕆𝐸 ] = − logDet

(
 + 1

2
Δ−1𝐼

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)

− logDet

(
 − 1

2

( + 1
2
Δ−1𝐼

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)−1
Δ−1𝑃

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
. (19)

The first logDet above is the (’t Hooft-)planar contribution -- involving the leading local vertex (Fig. 7) -- and the second logDet the 
leading-nonplanar one -- involving at least one subleading local vertex (Fig. 7) carrying the factor of 𝑃 . The latter gives rise to new 
topologies. For example, for 2-point correlators (Fig. 8), by the standard ’t Hooft gluing of reversely oriented lines, the first diagram 
in Fig. 8 -- that is the planar contribution -- leads to a 2-punctured sphere and the remaining ones -- by representing a 2-punctured 
disk as an infinite strip and gluing the opposite edges of the strip to get an infinite cylinder, i.e., a 2-punctured sphere (Fig. 9) -- to 
possibly disconnected punctured spheres with at least two punctures pairwise identified (Fig. 9). By generalizing the new diagrams 
in Fig. 8, the leading-nonplanar contributions due to the second logDet in Eq. (19) involve the new topological sector (Fig. 10). After 
the RG improvement, the leading-nonplanar asymptotic generating functional reads

𝐸
asym nonplanar

[𝐽𝕆𝐸 , 𝜆]

= − logDet

(
 − 1

2

( + 1
2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1𝐼

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)−1𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1𝑃

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)

= +logDet

(
𝕀+ 1

2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
. (20)

Some observations are in order.
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Fig. 11. The refined topological expansion of the glueball one-loop generating functional. 

First, we can think of the leading-nonplanar RG-improved generating functional above as the resummation by the Callan-Symanzik 
equation (Appendix D) of the leading logarithms from both pinched and smooth tori (Figs. 11 and 12), the pinched tori arising from 
a suitable gluing of the strips in Fig. 10 for each 𝑛, analogously to Fig. 9 for 𝑛 = 2.

Indeed, though the punctured smooth tori are suppressed in perturbation theory with respect to the pinched ones because the 
smooth tori inevitably involve the action vertices that carry powers of the ’t Hooft gauge coupling, in the bare theory their leading 
divergent parts must be proportional, according to the fundamental principles of renormalizable perturbation theory, to the lowest

order contribution furnished by the pinched tori.

For example, because of multiplicative renormalizability and scaling symmetry 5 the bare 2-point correlators of twist-2 operators 
read in 4 − 2𝜖 dimensions to order 𝑔2 in perturbation theory

⟨𝕆𝐵𝑠(𝑥)𝕆𝐵𝑠(𝑦)⟩ =(
1 − 1 

𝑁2

)
𝐶𝑠

(𝑥− 𝑦)2𝑠+
(|𝑥− 𝑦|2)2𝑠+2[

1 −

(
𝛾0𝕆𝑠 𝑔

2

𝜖

)
+ 𝛾0𝕆𝑠 𝑔

2 log 1 |𝑥− 𝑦|2𝜇2 +⋯
]

(21)

and similarly for the analytically continued correlators to Euclidean space-time.

Therefore, in the bare theory the 2-punctured smooth tori produce perturbative divergences

⟨𝕆𝐵𝑠(𝑥)𝕆𝐵𝑠(𝑦)⟩smooth torus =− 1 
𝑁2 𝐶𝑠

(𝑥− 𝑦)2𝑠+
(|𝑥− 𝑦|2)2𝑠+2[

−

(
𝛾0𝕆𝑠 𝑔

2

𝜖

)
+ 𝛾0𝕆𝑠 𝑔

2 log 1 |𝑥− 𝑦|2𝜇2 +⋯
]

(22)

that, after summing with the contributions in Fig. 8 corresponding to the pinched tori in Fig. 9

⟨𝕆𝐵𝑠 (𝑥)𝕆𝐵𝑠 (𝑦)⟩pinched tori =
(
− 2 
𝑁2 + 1 

𝑁2

)
𝐶𝑠

(𝑥− 𝑦)2𝑠+
(|𝑥− 𝑦|2)2𝑠+2

= − 1 
𝑁2 𝐶𝑠

(𝑥− 𝑦)2𝑠+
(|𝑥− 𝑦|2)2𝑠+2 , (23)

are canceled by means of multiplicative renormalization (Appendix D.3)

𝑍2
𝑠𝑠 = 1 +

𝛾0𝕆𝑠 𝑔
2

𝜖
+⋯ (24)

by counterterms that have precisely the space-time structure of pinched tori

−

(
𝛾0𝕆𝑠 𝑔

2

𝜖

)
1 
𝑁2 𝐶𝑠

(𝑥− 𝑦)2𝑠+
(|𝑥− 𝑦|2)2𝑠+2 (25)

To say it in a nutshell, the smooth tori mix with the pinched ones by perturbative renormalization, so that their contribution cannot 
be separated in the RG-improved generating functional in Eq. (20).

Second, as a consequence, the leading-nonplanar renormalized asymptotic RG-improved correlators obtained by the resummation 
of the leading logarithms have precisely the structure of the pinched correlators -- i.e., of the lowest-order conformal result -- multiplied 
by the renormalized factors due to the anomalous dimensions and beta function provided by the smooth tori according to Eq. (20).

Finally, and most remarkably, now the overall sign of the first logDet in Eq. (20) is consistent with the bosonic statistics for the 
glueballs, but at the price of introducing a refined topological expansion where, in addition to the 𝑛-punctured tori, punctured spheres 
(Fig. 11) that are the normalization [31,32] of 𝑝-pinched and 𝑛− 𝑝-punctured tori (Fig. 12) arise, with 1≤ 𝑝 ≤ 𝑛. Interestingly, in the 

5 Since 𝛾0𝕆𝑠 is diagonal, scaling symmetry also holds to order 𝑔2 in schemes different from the conformal one, which instead is necessary to implement invariance 
under (collinear) special conformal transformations [30].
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Fig. 12. The new topologies in Fig. 11 arise from the components of the normalization of 𝑝-pinched tori with 𝑛− 𝑝 punctures obtained by cutting the pinches. 

Fig. 13. Glueball tree graphs dual to punctured spheres in the effective theory of glueballs. 

Fig. 14. Glueball one-loop graphs dual to the 2-punctured torus. 

new sector the weights differ 6 from 𝑁𝜒 , unless the pinched tori are thought of as a specific degeneration of the smooth ones, where 
some cycles of the smooth tori collapse to points and collide with an equal number of punctures, as we explain in the following.

3. Nonperturbative interpretation of the refined topological expansion

We provide now a nonperturbative interpretation of our refined topological expansion for twist-2 operators -- that incidentally 
explains nonperturbatively the above mixing -- in terms of the effective theory of glueballs that is closely related -- though not exactly 
coincident -- to the dual-graph representation of Riemann surfaces [31,32] recalled below.

It has been known for more than forty years that, in the effective theory of glueballs, punctured spheres correspond to glueball 
tree graphs [10,11]. Specifically, the sphere with two punctures corresponds to an infinite sum of glueball propagators [10], while 
the sphere with three punctures corresponds in Minkowskian space-time to vertices that are sums of three or two glueball poles [11] 
(Fig. 13).

For simplicity, in the following we skip 𝑛-glueball vertices with 𝑛 > 3 as in Eq. (4). Incidentally, we point out that the last graph 
in Fig. 13 contributes zero to the 𝑆 matrix because of the missing glueball external leg. Analogously, the 2-punctured torus may 
contribute, in addition to glueball one-loop two-leg graphs, also graphs with only one or zero external glueball legs (Fig. 14) and, 
similarly, our new topologies may contribute the graphs in Fig. 15. Incidentally, the partial matching of the graphs in Fig. 15 with the 
ones in Fig. 14 nonperturbatively explains the aforementioned mixing by renormalization. Analogous statements hold for the graphs 
in Figs. 12 and 16.

Both graphs in Fig. 15 contribute zero to the 𝑆 matrix as well. More generally, all the new topologies contribute zero to the 𝑆
matrix, since they miss at least one external glueball leg, as for the last two graphs in Fig. 16. It is an open problem -- though -- whether 
an effective action of the kind in Eq. (4) exists that also captures nonperturbatively the contribution of the entire new topological 
sector for the correlators.

However, independently of the existence of the above effective action, for the graphs that only contain bivalent vertices, i.e., the 
maximally pinched ones in Fig. 12, which are in one-to-one correspondence with diagrams only involving the subleading vertex and 
no leading vertex in Eq. (20), we verify the spin-statistics theorem directly by means of our asymptotic computation

6 Indeed, adding one pinch increases 𝜒 by one with respect to the corresponding smooth surface [33].
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Fig. 15. Glueball one-loop graphs dual to pinched tori. 

Fig. 16. Glueball one-loop generating functional. 

𝐸
asym maximally pinched

[𝐽𝕆𝐸 , 𝜆] = − logDet

(
 − 1

2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1𝑃

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)

= −logDet

(
𝕀− 1

2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
Δ−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
(26)

thanks to the minus sign in the last line above.

Finally, the occurrence of pinched tori with punctures resembles the Deligne-Mumford (DM) compactification [31,32] of the 
moduli space of punctured closed Riemann surfaces that arises in canonical string theories [32] due to their underlying conformal 
structure [32].

Yet, in general our pinched tori do not occur in the DM compactification of 𝑛-punctured tori, whose components only involve 
punctured closed Riemann surfaces with 𝜒 < 0 [31] and, in particular, spheres with at least three punctures [31,32] -- because in the 
DM compactification punctures and pinches never collide [31,32], according to the conformal structure of canonical string theories 
[32] -- while the components of our pinched tori may contain 2-punctured spheres with 𝜒 = 0.

Indeed, contrary to the DM compactification [31], the dual graphs to our pinched tori may contain bivalent vertices as in the last 
graphs of Figs. 15 and 16. As a consequence, no canonical closed-string theory that admits the DM compactification may contain the 
new topological sector.

4. Conclusions

In the large-𝑁 SU(𝑁) YM theory a new topological sector exists that refines the ’t Hooft topological expansion for the correlators of 
twist-2 operators, both perturbatively and nonperturbatively. The new topologies solve the sign puzzle, specifically in the maximally 
pinched sector.

The new topological sector dominates the UV asymptotics of the correlators of twist-2 operators, but contributes zero to the 
nonperturbative 𝑆 matrix, since nonperturbatively it consists of tori with at least one pinch, corresponding to glueball one-loop 
diagrams with at least one glueball external leg missing.

As in general the new topologies do not arise from the DM compactification of the moduli space of punctured tori, no canonical 
string theory admitting it may exist for the correlators of large-𝑁 YM theory in the new topological sector, but it may exist for the 
𝑆-matrix amplitudes.

Finally, the existence of the new topological sector -- specifically, the maximally pinched one -- that contributes zero to the 𝑆
matrix, but nontrivially to the correlators, opens the way for a nonperturbative solution limited to the new sector by a topological 
field/string theory -- noncanonical in the sense of the present paper -- along the lines foreseen in [8].7

7 By reinterpreting the coupling to D-branes in [8] as the generating functional of correlators in the new sector, rather than of the collinear 𝑆-matrix amplitudes 
[34].
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Appendix A. YM functional integral in the light-cone gauge

To make the present paper self-contained, we report the computation of the Euclidean generating functional 𝐸
asym

[𝐽𝕆] -- limited 
to the twist-2 operators in the main text -- in the coordinate representation of the RG-improved asymptotic correlators of all the 
collinear twist-2 operators [15]. We also fix some notations and conventions.

The Minkowskian YM action is

𝑆𝑌𝑀 = −1
2 ∫ 𝑑4𝑥 Tr 𝐹𝜇𝜈𝐹 𝜇𝜈 , (A.1)

where

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑖
𝑔√
𝑁

[
𝐴𝜇,𝐴𝜈

]
(A.2)

and

𝐴𝜇 =𝐴𝑎𝜇𝑇
𝑎 , (A.3)

with the Hermitian generators of the SU(𝑁) Lie algebra[
𝑇 𝑎, 𝑇 𝑏

]
= 𝑖𝑓𝑎𝑏𝑐𝑇 𝑐 (A.4)

in the fundamental representation normalized as

Tr(𝑇 𝑎𝑇 𝑏) = 𝛿
𝑎𝑏

2 
(A.5)

and 𝑔2 =𝑁𝑔2
𝑌𝑀

the ’t Hooft coupling [1]. We set

𝑉+ =
𝑉0 + 𝑉3√

2
𝑉− =

𝑉0 − 𝑉3√
2

𝑉 =
𝑉1 + 𝑖𝑉2√

2
𝑉 =

𝑉1 − 𝑖𝑉2√
2

(A.6)

for a vector 𝑉𝜇 . We choose the light-cone gauge

𝐴+ = 0 . (A.7)

After integrating out 𝐴−, the YM action in the light-cone gauge reads [29]

𝑆𝑌𝑀 (𝐴, 𝐴̄) = −∫ 𝐴̄𝑎□𝐴𝑎 + 2 𝑔√
𝑁
𝑓𝑎𝑏𝑐(𝐴𝑎𝜕+𝐴̄𝑏𝜕̄𝜕−1+ 𝐴

𝑐 + 𝐴̄𝑎𝜕+𝐴𝑏𝜕𝜕−1+ 𝐴̄
𝑐)

+ 2𝑔
2

𝑁
𝑓𝑎𝑏𝑐𝑓𝑎𝑑𝑒𝜕−1+ (𝐴𝑏𝜕+𝐴̄𝑐)𝜕−1+ (𝐴̄𝑑𝜕+𝐴𝑒) 𝑑4𝑥 . (A.8)

The v.e.v. of a product of local gauge-invariant operators 𝑖(𝐴) that do not depend on 𝐴− reads

⟨1(𝑥1)…𝑛(𝑥𝑛)⟩ = 1 
𝑍 ∫ 𝐴𝐴̄ 𝑒𝑖𝑆𝑌𝑀 (𝐴,𝐴̄)1(𝑥1)…𝑛(𝑥𝑛) . (A.9)

Appendix B. Minkowskian conformal generating functional conf

To the leading perturbative order -- where YM theory is conformal [30] -- it reduces to

⟨1(𝑥1)…𝑛(𝑥𝑛)⟩ = 1 
𝑍 ∫ 𝐴𝐴̄ 𝑒−𝑖 ∫ 𝑑4𝑥 𝐴̄𝑎□𝐴𝑎1(𝑥1)…𝑛(𝑥𝑛) , (B.1)

with
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□ = 𝑔𝜇𝜈𝜕𝜇𝜕𝜈 = 𝜕20 −
3 ∑
𝑖=1 
𝜕2𝑖 , (B.2)

where we employ the mostly minus metric 𝑔𝜇𝜈 in Minkowskian space-time [16]. The even-spin balanced 8 conformal collinear twist-2
operators [16] read (Eq. (5))

𝕆𝑠 =
1 
2𝑁
𝐴̄𝑎(𝑥) 5

2
𝑠−2(⃖⃗𝜕 +, ⃖ 𝜕 +)𝐴

𝑎(𝑥) , (B.3)

where 𝑠 = 2,4,6,…, the sum over repeated color indices is understood, and (Eq. (6))

 5
2
𝑠−2(⃖⃗𝜕 +, ⃖ 𝜕 +) = ⃖ 𝜕 +(𝑖⃖⃗𝜕 + + 𝑖⃖ 𝜕 +)𝑠−2𝐶

5
2
𝑠−2

(
⃖⃗𝜕 + − ⃖ 𝜕 +
⃖⃗𝜕 + + ⃖ 𝜕 +

)
⃖⃗𝜕 +

= Γ(3)Γ(𝑠+ 3)
Γ(5)Γ(𝑠+ 1)

𝑖𝑠−2
𝑠−2 ∑
𝑘=0

(
𝑠 
𝑘

)(
𝑠 
𝑘+ 2

)
(−1)𝑠−𝑘⃖ 𝜕 𝑠−𝑘−1+

⃖⃗𝜕 𝑘+1+ . (B.4)

In the present paper the above operators are already normalized so that their 2-point correlators are of order 1 for large 𝑁 . The 
corresponding generating functional of conformal correlators to the leading order reads

conf[𝐽𝕆] =
1 
𝑍 ∫ 𝐴𝐴̄ 𝑒−𝑖 ∫ 𝑑4𝑥 𝐴̄𝑎□𝐴𝑎 exp

(
∫ 𝑑4𝑥

∑
𝑠 
𝐽𝕆𝑠𝕆𝑠

)
, (B.5)

where the currents 𝐽𝕆𝑠 are defined to be zero for 𝑠 different from the spin of the corresponding operator. Explicitly,

conf[𝐽𝕆] =
1 
𝑍 ∫ 𝐴𝐴̄ 𝑒−𝑖 ∫ 𝑑4𝑥 𝐴̄𝑎□𝐴𝑎

exp

(
1
2 ∫ 𝑑4𝑥

∑
𝑠 

𝐽𝕆𝑠
𝑁
𝐴̄𝑎(𝑥) 5

2
𝑠−2(⃖⃗𝜕 +, ⃖ 𝜕 +)𝐴

𝑎(𝑥)

)
. (B.6)

The above functional integral is quadratic in the elementary fields. Therefore, it may be computed exactly as a Gaussian integral [15]

conf[𝐽𝕆] = Det−1() , (B.7)

where

𝑎𝑏 = 𝛿𝑎𝑏
(
𝑖□− 1

2
∑
𝑠 

𝐽𝕆𝑠
𝑁
⊗ 5

2
𝑠−2

)
(B.8)

and the symbol ⊗ implies that the right and left derivatives do not act on the sources 𝐽 . Hence, the generating functional of the 
connected conformal correlators reads [15]

conf[𝐽𝕆] = logconf[𝐽𝕆]

= − logDet
(
 + 1

2
𝑖□−1

𝐽𝕆𝑠
𝑁
⊗ 5

2
𝑠−2

)
, (B.9)

where  is the identity in both color and space-time and the sum over repeated spin indices is understood. Substituting Eq. (B.4) and 
performing the color trace, we explicitly obtain

conf[𝐽𝕆]

= −(𝑁2 − 1) logDet
(
𝕀+ 1

2
𝑖□−1

𝐽𝕆𝑠
𝑁
⊗ 5

2
𝑠−2

)
= −(𝑁2 − 1) logDet

(
𝕀+ 1

2
Γ(3)Γ(𝑠+ 3)
Γ(5)Γ(𝑠+ 1)

𝑠−2 ∑
𝑘=0

(
𝑠 
𝑘

)(
𝑠 
𝑘+ 2

)
(𝑖⃖⃗𝜕 +)𝑠−𝑘−1𝑖□−1

𝐽𝕆𝑠
𝑁

(𝑖⃖⃗𝜕 +)𝑘+1
)
, (B.10)

where 𝕀 is the identity in space-time. To get the last line in Eq. (B.10) we have employed the definition in Eq. (B.4) and

𝑖□−1⃖ 𝜕 𝑠−𝑘−1+ = (−1)𝑠−𝑘−1 ⃖⃗𝜕 𝑠−𝑘−1+ 𝑖□−1 (B.11)

that follows from (minus) the propagator in the coordinate representation [16]

8 We refer to either balanced or unbalanced operators, if in their spinorial representation they carry either an equal or different number of dotted and undotted 
indices, respectively.
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1 
4𝜋2

1 |𝑥− 𝑦|2 − 𝑖𝜖 = 𝑖□−1(𝑥− 𝑦) . (B.12)

Appendix C. Euclidean conformal generating functional 𝑬

conf

The Minkowskian correlators can be analytically continued to Euclidean space-time by the Wick rotation [16]

𝑥+ = 𝑥
0 + 𝑥3√

2
→ −𝑖𝑥𝑧 = −𝑖 𝑥

4 + 𝑖𝑥3√
2

(C.1)

that implies

1 |𝑥|2 − 𝑖𝜖 → − 1 
𝑥2
. (C.2)

The analytically continued operators read

𝕆𝑠→ (−1)𝑠+1 Tr 𝜕𝑧𝐴̄𝐸 (⃖⃖⃖⃗𝜕𝑧 + ⃖ ⃖⃖⃖𝜕𝑧)𝑠−2𝐶
5
2
𝑠−2

(
⃖⃖⃖⃗𝜕𝑧 − ⃖ ⃖⃖⃖𝜕𝑧
⃖⃖⃖⃗𝜕𝑧 + ⃖ ⃖⃖⃖𝜕𝑧

)
𝜕𝑧𝐴

𝐸 =𝕆𝐴 𝐸𝑠 , (C.3)

with 𝜕𝑧 =
𝜕

𝜕𝑥𝑧
. Therefore, Eq. (B.9) becomes [15]

𝐸
conf

[𝐽𝕆𝐸 ] = log𝐸
conf

[𝐽𝕆𝐸 ]

= − logDet

(
 + 1

2
△−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
, (C.4)

with

△ = 𝛿𝜇𝜈𝜕𝜇𝜕𝜈 = 𝜕24 +
3 ∑
𝑖=1 
𝜕2𝑖 (C.5)

and

△−1(𝑥− 𝑦) = − 1 
4𝜋2

1 
(𝑥− 𝑦)2

. (C.6)

Performing the color trace, we get

𝐸
conf

[𝐽𝕆𝐸 ] = −(𝑁2 − 1) logDet

(
𝕀+ 1

2
△−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)

= −(𝑁2 − 1) logDet

(
𝐼 + 1

2
Γ(3)Γ(𝑠+ 3)
Γ(5)Γ(𝑠+ 1)

𝑠−2 ∑
𝑘=0

(
𝑠 
𝑘

)(
𝑠 
𝑘+ 2

)
(− ⃖⃗𝜕 𝑧)𝑠−𝑘−1 △−1

𝐽𝕆𝐸𝑠
𝑁

(− ⃖⃗𝜕 𝑧)𝑘+1
)
. (C.7)

Appendix D. Euclidean RG-improved asymptotic correlators

D.1. Operator mixing

We briefly summarize the construction of the RG-improved asymptotic correlators following [15,17]. The renormalized Euclidean 
correlators

⟨𝑘1 (𝑥1)…𝑘𝑛 (𝑥𝑛)⟩ =𝐺(𝑛)
𝑘1…𝑘𝑛

(𝑥1,… , 𝑥𝑛;𝜇, 𝑔(𝜇)) (D.1)

satisfy the Callan-Symanzik equation( 𝑛 ∑
𝛼=1
𝑥𝛼 ⋅

𝜕

𝜕𝑥𝛼
+ 𝛽(𝑔) 𝜕

𝜕𝑔
+

𝑛 ∑
𝛼=1
𝐷𝛼

)
𝐺

(𝑛)
𝑘1…𝑘𝑛

+
∑
𝑎 

(
𝛾𝑘1𝑎(𝑔)𝐺

(𝑛)
𝑎𝑘2…𝑘𝑛

+𝛾𝑘2𝑎(𝑔)𝐺
(𝑛)
𝑘1𝑎𝑘3…𝑘𝑛

⋯+ 𝛾𝑘𝑛𝑎(𝑔)𝐺
(𝑛)
𝑘1…𝑎

)
= 0 , (D.2)

with solution

𝐺
(𝑛)
𝑘1…𝑘𝑛

(𝜆𝑥1,… , 𝜆𝑥𝑛;𝜇, 𝑔(𝜇))

=
∑
𝑗1…𝑗𝑛 𝑍𝑘1𝑗1 (𝜆)…𝑍𝑘𝑛𝑗𝑛 (𝜆) 𝜆

−
∑𝑛
𝑖=1𝐷𝑗𝑖 𝐺(𝑛)

𝑗1…𝑗𝑛
(𝑥1,… , 𝑥𝑛;𝜇, 𝑔(

𝜇

𝜆 )) , (D.3)

where 𝐷𝑖 is the canonical dimension of 𝑖(𝑥) and 𝛾(𝑔) = 𝛾0𝑔2 +⋯ the matrix of the anomalous dimensions, with
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𝜕

𝜕𝑔
+ 𝛾(𝑔) 
𝛽(𝑔)

)
𝑍(𝜆) = 0 (D.4)

in matrix notation, and

𝑍(𝜆) = 𝑃 exp
( 𝑔( 𝜇

𝜆 )

∫
𝑔(𝜇) 

𝛾(𝑔′) 
𝛽(𝑔′)

𝑑𝑔′
)
. (D.5)

Eq. (D.3) greatly simplifies if a renormalization scheme exists where 𝑍(𝜆) is diagonalizable to all orders of perturbation theory, and 
specifically one-loop exact, with eigenvalues 𝑍𝑖 (𝜆) [17]

𝑍𝑖 (𝜆) =
(
𝑔(𝜇) 
𝑔( 𝜇
𝜆 )

) 𝛾0𝑖
𝛽0
, (D.6)

where 𝛾0𝑖 are the eigenvalues of 𝛾0. In the above scheme Eq. (D.3) contains only one term

𝐺
(𝑛)
𝑗1…𝑗𝑛

(𝜆𝑥1,… , 𝜆𝑥𝑛;𝜇, 𝑔(𝜇))

=𝑍𝑗1 (𝜆)…𝑍𝑗𝑛 (𝜆) 𝜆
−
∑𝑛
𝑖=1𝐷𝑗𝑖 𝐺(𝑛)

𝑗1…𝑗𝑛
(𝑥1,… , 𝑥𝑛;𝜇, 𝑔(

𝜇

𝜆 
)) . (D.7)

Then, as 𝜆→ 0, in any renormalization scheme, the renormalized correlator in the right-hand side above admits the perturbative 
asymptotic expansion in terms of the renormalized coupling 𝑔( 𝜇

𝜆 ) at the scale 𝜇
𝜆 

𝐺
(𝑛)
𝑗1…𝑗𝑛

(𝑥1,… , 𝑥𝑛;𝜇, 𝑔(
𝜇

𝜆 
)) ∼ (𝑛,0)

𝑗1…𝑗𝑛
(𝑥1,… , 𝑥𝑛;𝜇) + 𝑔2(

𝜇

𝜆 
) (𝑛,2)
𝑗1…𝑗𝑛

(𝑥1,… , 𝑥𝑛;𝜇)

+ 𝑔4(𝜇
𝜆 
) (𝑛,4)
𝑗1…𝑗𝑛

(𝑥1,… , 𝑥𝑛;𝜇) +⋯ . (D.8)

Of course, the first term in the above expansion, being independent of the coupling, is the conformal contribution at zero coupling

(𝑛,0)
𝑗1…𝑗𝑛

(𝑥1,… , 𝑥𝑛;𝜇) =𝐺
(𝑛)
conf 𝑗1…𝑗𝑛

(𝑥1,… , 𝑥𝑛) , (D.9)

since the renormalized operators at zero coupling coincide with the conformal ones. The higher-order corrections in Eq. (D.8) arise 
from the nonconformal interaction due to the nonvanishing beta function, so that the conformal contribution is corrected at higher 
orders in the renormalized coupling as displayed, the renormalized operators being nonconformal at higher orders in any renor

malization scheme. Yet, provided that the conformal contribution is nonvanishing, for fixed 𝑥1 ,… , 𝑥𝑛, all the higher-order terms in 
Eq. (D.8) are suppressed with respect to the conformal one by powers of

𝑔2(𝜇
𝜆 
) ∼ 1 
𝛽0 log(

𝜇2

𝜆2Λ2
𝑌𝑀

)

⎛⎜⎜⎜⎝1 −
𝛽1

𝛽20

log log( 𝜇2

𝜆2Λ2
𝑌𝑀

)

log( 𝜇2

𝜆2Λ2
𝑌𝑀

) 

⎞⎟⎟⎟⎠
∼ 1 
𝛽0 log(

1 
𝜆2
)

⎛⎜⎜⎝1 −
𝛽1

𝛽20

log log( 1 
𝜆2
)

log( 1 
𝜆2
) 

⎞⎟⎟⎠ (D.10)

-- i.e., asymptotically by inverse powers of log 1 
𝜆

-- despite being in general nonconformal.

Hence, the corresponding UV asymptotics, with fixed 𝑥1,… , 𝑥𝑛, reads 9 as 𝜆→ 0

⟨𝑗1 (𝜆𝑥1)…𝑗𝑛 (𝜆𝑥𝑛)⟩ ∼ 
𝑍𝑗1 (𝜆)…𝑍𝑗𝑛 (𝜆)
𝜆
𝐷1+⋯+𝐷𝑛

𝐺
(𝑛)
conf 𝑗1…𝑗𝑛

(𝑥1,… , 𝑥𝑛) . (D.11)

We refer to the aforementioned scheme as nonresonant diagonal [17], whose existence involves the Poincaré-Dulac theorem via the 
following differential-geometric interpretation of operator mixing [17]. We interpret a finite change of basis of the renormalized 
operators

′(𝑥) = 𝑆(𝑔)(𝑥) (D.12)

in matrix notation as a real-analytic invertible gauge transformation 𝑆(𝑔) that depends on 𝑔 ≡ 𝑔(𝜇). Then, the matrix

𝐴(𝑔) = − 𝛾(𝑔) 
𝛽(𝑔)

= 1 
𝑔

( 𝛾0
𝛽0

+⋯
)

(D.13)

9 If (𝑛,0) vanishes and (𝑛,2) does not, the latter can be only computed on a case-by-case basis, since the YM action vertices would be involved in the computation. 
Therefore, finding an explicit generalization of Eq. (D.11) in this case is outside the scope of the present paper.
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that enters the differential equation for 𝑍(𝜆)(
𝜕

𝜕𝑔
−𝐴(𝑔)

)
𝑍(𝜆) = 0 (D.14)

defines a connection 𝐴(𝑔)

𝐴(𝑔) = 1 
𝑔

(
𝐴0 +

∞ ∑
𝑛=1 
𝐴2𝑛𝑔

2𝑛

)
, (D.15)

with a regular singularity at 𝑔 = 0 that transforms as

𝐴′(𝑔) = 𝑆(𝑔)𝐴(𝑔)𝑆−1(𝑔) + 𝜕𝑆(𝑔)
𝜕𝑔 

𝑆−1(𝑔) (D.16)

under the gauge transformation 𝑆(𝑔), with

 = 𝜕

𝜕𝑔
−𝐴(𝑔) (D.17)

the corresponding covariant derivative. Consequently, 𝑍(𝜆) is a Wilson line that transforms as

𝑍′(𝜆) = 𝑆(𝑔(𝜇))𝑍(𝜆)𝑆−1(𝑔(𝜇
𝜆 
)) . (D.18)

It follows from the Poincaré-Dulac theorem [17] that, if any two eigenvalues 𝜆1, 𝜆2,… of the matrix 𝛾0
𝛽0

, in nonincreasing order 
𝜆1 ≥ 𝜆2 ≥…, do not differ by a positive even integer

𝜆𝑖 − 𝜆𝑗 − 2𝑘 ≠ 0 (D.19)

for 𝑖 ≤ 𝑗 and 𝑘 a positive integer -- i.e., they are nonresonant -- then a gauge transformation exists that sets 𝐴(𝑔) in the canonical 
nonresonant form [17]

𝐴′(𝑔) =
𝛾0
𝛽0

1 
𝑔

(D.20)

that is one-loop exact to all orders of perturbation theory. Hence, if in addition 𝛾0
𝛽0

is diagonalizable, Eq. (D.6) follows.

D.2. Nonresonant diagonal renormalization scheme

To make the present paper self-contained we provide the construction order by order in perturbation theory of the nonresonant 
diagonal scheme [17].

The construction proceeds by induction on 𝑘 = 1,2,⋯ by demonstrating that, once 𝐴0 and the first 𝑘 − 1 matrix coefficients 
𝐴2,⋯ ,𝐴2(𝑘−1) in Eq. (D.15) have been set in the canonical nonresonant form in Eq. (D.20) -- i.e., 𝐴0 diagonal and 𝐴2,⋯ ,𝐴2(𝑘−1) = 0
– a real-analytic gauge transformation exists that leaves them invariant and sets the 𝑘-th coefficient 𝐴2𝑘 to 0 as well.

The 0 step of the induction consists in putting 𝐴0 in diagonal form -- with the eigenvalues in nonincreasing order -- by a constant 
gauge transformation.

At the 𝑘-th step we choose the gauge transformation

𝑆𝑘(𝑔) = 1 + 𝑔2𝑘𝐻2𝑘 , (D.21)

with 𝐻2𝑘 a matrix to be found below. Its inverse reads

𝑆−1
𝑘

(𝑔) = (1 + 𝑔2𝑘𝐻2𝑘)−1 = 1 − 𝑔2𝑘𝐻2𝑘 +⋯ , (D.22)

where the dots represent terms of order higher than 𝑔2𝑘. The action of 𝑆𝑘(𝑔) on the connection 𝐴(𝑔) furnishes

𝐴′(𝑔)

= 2𝑘𝑔2𝑘−1𝐻2𝑘(1 − 𝑔2𝑘𝐻2𝑘)−1 + (1 + 𝑔2𝑘𝐻2𝑘)𝐴(𝑔)(1 − 𝑔2𝑘𝐻2𝑘)−1

= 2𝑘𝑔2𝑘−1𝐻2𝑘(1 − 𝑔2𝑘𝐻2𝑘)−1 + (1 + 𝑔2𝑘𝐻2𝑘)
1 
𝑔

(
𝐴0 +

∞ ∑
𝑛=1 
𝐴2𝑛𝑔

2𝑛

)
(1 − 𝑔2𝑘𝐻2𝑘)−1

= 2𝑘𝑔2𝑘−1𝐻2𝑘(1 −⋯) + (1 + 𝑔2𝑘𝐻2𝑘)
1 
𝑔

(
𝐴0 +

∞ ∑
𝑛=1 
𝐴2𝑛𝑔

2𝑛

)
(1 − 𝑔2𝑘𝐻2𝑘 +⋯)

= 2𝑘𝑔2𝑘−1𝐻2𝑘 +
1 
𝑔

(
𝐴0 +

𝑘 ∑
𝑛=1 
𝐴2𝑛𝑔

2𝑛

)
+ 𝑔2𝑘−1(𝐻2𝑘𝐴0 −𝐴0𝐻2𝑘) +⋯

= 𝑔2𝑘−1(2𝑘𝐻2𝑘 +𝐻2𝑘𝐴0 −𝐴0𝐻2𝑘) +𝐴2(𝑘−1)(𝑔) + 𝑔2𝑘−1𝐴2𝑘 +⋯ , (D.23)
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where we have skipped all the terms that contribute to an order higher than 𝑔2𝑘−1, with

𝐴2(𝑘−1)(𝑔) =
1 
𝑔

(
𝐴0 +

𝑘−1∑
𝑛=1 
𝐴2𝑛𝑔

2𝑛

)
(D.24)

that is the part of 𝐴(𝑔) that is not affected by the gauge transformation 𝑆𝑘(𝑔), and therefore verifies the hypotheses of the induction 
– i.e., that 𝐴2,⋯ ,𝐴2(𝑘−1) vanish.

Thus, by Eq. (D.23) the 𝑘-th matrix coefficient 𝐴2𝑘 may be eliminated from the expansion of 𝐴′(𝑔) to order 𝑔2𝑘−1 provided that 
an 𝐻2𝑘 exists such that

𝐴2𝑘 + (2𝑘𝐻2𝑘 +𝐻2𝑘𝐴0 −𝐴0𝐻2𝑘 =𝐴2𝑘 + (2𝑘− 𝑎𝑑𝐴0 )𝐻2𝑘 = 0 , (D.25)

with 𝑎𝑑𝐴0𝑌 = [𝐴0, 𝑌 ]. If the inverse of 𝑎𝑑𝐴0 − 2𝑘 exists, the unique solution for 𝐻2𝑘 is

𝐻2𝑘 = (𝑎𝑑𝐴0 − 2𝑘)−1𝐴2𝑘 . (D.26)

Hence, to complete the induction, we should demonstrate that, if the eigenvalues of 𝐴0 are nonresonant, 𝑎𝑑𝐴0 − 2𝑘 is invertible, i.e., 
its kernel is trivial.

Now 𝑎𝑑Λ − 2𝑘, as a linear operator that acts on matrices, is diagonal, with eigenvalues 𝜆𝑖 − 𝜆𝑗 − 2𝑘 and the matrices 𝐸𝑖𝑗 , whose 
only nonvanishing entries are (𝐸𝑖𝑗 )𝑖𝑗 , as eigenvectors. The eigenvectors 𝐸𝑖𝑗 , normalized so that (𝐸𝑖𝑗 )𝑖𝑗 = 1, form an orthonormal basis 
for the matrices. Therefore, 𝐸𝑖𝑗 belongs to the kernel of 𝑎𝑑Λ − 2𝑘 if and only if 𝜆𝑖 − 𝜆𝑗 − 2𝑘 = 0. Consequently, since 𝜆𝑖 − 𝜆𝑗 − 2𝑘 ≠ 0
for every 𝑖, 𝑗 by assumption, the kernel of 𝑎𝑑Λ − 2𝑘 only contains 0, and the construction is complete.

D.3. Anomalous dimensions of twist-2 operators

We define the bare collinear twist-2 operators with 𝑠 ≥ 2 and 𝑘 ≥ 0 [28]

(𝑘)
𝐵𝑠

= (−𝑖𝜕+)𝑘𝐵𝑠 (D.27)

that, to the leading order of perturbation theory, for 𝑘 > 0 are conformal descendants [30] of the corresponding primary conformal 
operator (0)

𝐵𝑠
=𝐵𝑠. As a consequence of the operator mixing, we obtain [28,30] for the renormalized operators

(𝑘)
𝑠 =

𝑠 ∑
𝑖 
𝑍𝑠𝑖(𝑘+𝑠−𝑖)

𝐵𝑖
, (D.28)

where 𝑍 is the bare mixing matrix and

𝛾(𝑔) = − 𝜕𝑍 
𝜕 log𝜇

𝑍−1 =
∞ ∑
𝑗=0 
𝛾𝑗 𝑔

2𝑗+2 (D.29)

the -- lower triangular, in general -- matrix of the anomalous dimensions, with 𝛾0 diagonal in the 𝑀𝑆 scheme [28,30]. In our notation 
the eigenvalue of 𝛾0 corresponding to 𝕆𝑠, with even 𝑠 ≥ 2, reads [28,29]

𝛾0𝕆𝑠 =
2 

(4𝜋)2

(
4𝜓(𝑠+ 1) − 4𝜓(1) − 11

3 
− 8 𝑠2 + 𝑠+ 1 

(𝑠− 1)𝑠(𝑠+ 1)(𝑠+ 2)

)
. (D.30)

Consistently with the conservation of the stress-energy tensor 𝛾0𝕆2
= 0, the remaining eigenvalues -- 𝛾0𝕆𝑠 , with 𝑠 > 2 -- being positive.

Interestingly, from the above equations it follows that in SU(𝑁) YM theory 𝛾0 is independent of 𝑁 and thus has no nonplanar 
contribution [35].

We have verified numerically that the nonresonant condition in Eq. (D.19) is satisfied up to 𝑠 = 104 by 𝛾0𝕆𝑠 in Eq. (D.30). Moreover, 
subsequently the nonresonant condition for all the collinear twist-2 operators in YM theory has been proven [36].

Hence, the nonresonant diagonal basis exists for the collinear twist-2 operators in the present paper, and restricts to the lowest 
order of perturbation theory to the basis of conformal operators in Eq. (B.3) -- where 𝛾0 is diagonal -- that may be employed to compute 
the conformal contribution in the right-hand side of Eq. (D.11).

D.4. Generating functional of Euclidean RG-improved asymptotic correlators

Finally, from the above construction of the Euclidean conformal generating functional and RG-improved correlators, it follows 
the generating functional of the Euclidean asymptotic correlators 𝐸

asym
[𝐽𝕆𝐸 , 𝜆] [15]

𝐸
asym

[𝐽𝕆𝐸 , 𝜆] = −(𝑁2 − 1) logDet

(
𝕀+ 1

2
𝑍𝕆𝑠 (𝜆)

𝜆𝑠+2
△−1

𝐽𝕆𝐸𝑠
𝑁
⊗𝐸 5

2
𝑠−2

)
, (D.31)

according to Eqs. (C.7) and (D.11).
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