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Abstract. We prove existence for a class of signed Radon measure-valued entropy so-

lutions of the Cauchy problem for a first order scalar hyperbolic conservation law in one

space dimension. The initial data of the problem is a finite superposition of Dirac masses,
whereas the flux is Lipschitz continuous. Existence is proven by a constructive procedure

which makes use of a suitable family of approximating problems. Relevant qualitative

properties of such constructed solutions are pointed out.

1. Introduction

We study the Cauchy problem for the scalar conservation law:

(P )
⎧⎪⎪⎨⎪⎪⎩

ut + [ϕ(u)]x = 0 in R × (0, T ) =∶ S
u = u0 in R × {0} ,

where u0 is a finite signed Radon measure on R and ϕ ∶ R ↦ R is Lipschitz continuous (see
assumption (A2)). Specifically, we consider initial measures whose singular part is a finite
superposition of Dirac masses:

(A1) u0r ∈ L1(R) , u0s =
P+

∑
i=1

p0i δai −
M−

∑
l=1

m0l δbl

with p0i > 0,m0l > 0, ai ≠ bl (i = 1, . . . , P+ , l = 1, . . . ,M− ;P+,M− ∈ N). Here u0 = u0ac + u0s

is the Lebesgue decomposition of u0 and u0r denotes the density of u0ac with respect to the
Lebesgue measure. Observe that by (A1) suppu+0s = {a1,⋯, aP+ }, suppu−0s = {b1,⋯, bM−

} and
suppu+0s ∩ suppu−0s = ∅, u±0s denoting the positive and the negative part of u0s, respectively.

As for the function ϕ, we shall assume that

(A2) ϕ(u) = ϕb(u) +C0 u+ , ϕb ∈W 1,∞(R) , C0 ∈ R
(hereafter u± ∶= max{±u,0}, u ∈ R). Modelling motivations for the present study can be found
in [?, ?, ?] (see also [?]).
In view of the lack of regularity of initial data, in the following we shall address problem (P ) in
the framework of the so called Radon measure-valued solutions, i.e. suitable weak solutions of
(P ) satisfying a specific entropic formulation, which takes into account the possible persistence
of singular measures for positive times. It is worth observing that analogous notions of
solutions have been also considered in the case of linear multi-dimensional transport equations
with non-smooth coefficients ([?]), and in the Riemann problem for some physically relevant
systems of conservation laws (e.g., Keyfitz-Kranzer type systems). As for the latter, among
the many contributions, we explicitly mention the concept of delta-shock solutions which arises
to describe the appearance of delta functions supported on a shock (e.g., see [?, ?, ?, ?, ?, ?]).

Date: September 17, 2024.

1991 Mathematics Subject Classification. Primary: 35D99, 35L025, 35Bxx; Secondary: 28A33, 28A50.
Key words and phrases. First order hyperbolic conservation laws, Radon measure-valued entropy solutions,

continuity properties, compatibility conditions.

1



2 BERTSCH, SMARRAZZO, TERRACINA, AND TESEI

1.1. The nonnegative case. If u0 is a finite nonnegative Radon measure on R and ϕ satisfies
the following assumption:

(Aϕ) ϕ ∈ Lip([0,∞)) , ϕ(0) = 0 , there exists lim
u→∞

ϕ(u)
u

=∶ C0 , ϕ(u) −C0u ∈ L∞(0,∞),

there exist (nonnegative) Radon measure-valued entropy solutions of problem (P ) [?]. Exis-
tence is proven by studying convergence in a suitable topology of the sequence of solutions of
the approximating problems:

⎧⎪⎪⎨⎪⎪⎩

unt + [ϕ(un)]x = 0 in S

un = u0n in R × {0} ,

where {u0n} ⊆ L∞(R) ∩ L1(R) is a convenient regularizing sequence of u0 . The solutions
of (P ) thus exhibited are called constructed solutions. Remarkably, in the proof it is not
restrictive to assume that ϕ satisfies

(A′
ϕ) ϕ ∈W 1,∞(0,∞) , ϕ(0) = 0

instead of (Aϕ) . In fact, (A′
ϕ) implies (Aϕ) with C0 = 0 . On the other hand, if (Aϕ) holds

and u = u(x, t) is an entropy solution of (P ), then ũ = ũ(x, t) ∶= u(x + C0t, t) is an entropy
solution of the problem

(P̃ ) {
ũt + [ϕ̃(ũ)]x = 0 in S

ũ = ũ0 in R × {0}

with ũ0 = u0 and ϕ̃(z) ∶= ϕ(z) −C0z (z ∈ R), thus ϕ̃ satisfies (A′
ϕ) (see [?, Remark 3.16]).

If u0 ≥ 0 and (Aϕ) holds, it is a general feature of entropy solutions that the singular part
us(t) does not increase along the characteristic lines x = C0t + x0; moreover, if u0s has a
nonzero discrete part, there exists a positive time τ0 ∈ (0, T ] (only depending on u0s and ϕ)
until which us(t) > 0 (see [?, Proposition 3.8 and Theorem 3.18]). In particular, if (A′

ϕ) holds
and

(1.1) u0r ∈ L1(R) , u0s =
P+

∑
i=1

p0i δai , p0i > 0 ,

- there exists τ ∈ (0, T ] such that

(1.2) supp us(t) = supp u0s = {a1,⋯, aP+ } for any t ∈ [0, τ) ;

- there exist nonincreasing functions pi ∶ [0, T ] → [0, p0i] such that pi(0) = p0i, and

(1.3) us(t) =
P+

∑
i=1

pi(t) δai (t ∈ [0, T ]) .

This suggests an existence proof for problem (P ) different from that in [?], which can be
outlined as follows. Consider the simple case where u0s = p0δa, p0 > 0, and ϕ satisfied (A′

ϕ).
By the above remarks there exists a positive time τ until which the Dirac mass at a persists.
Consider the singular Dirichlet initial-boundary value problems

(1.4)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ut + [ϕ(u)]x = 0 in (−∞, a) × (0, τ)
u = ∞ in {a} × (0, τ)
u = u0r in (−∞, a) × {0} ,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ut + [ϕ(u)]x = 0 in (a,∞) × (0, τ)
u = ∞ in {a} × (0, τ)
u = u0r in (a,∞) × {0} .

The function ur determined by solutions of (??) in R × (0, τ) is, by definition, the regular
part of a Radon measure u whose singular part is us(t) ∶= p(t) δa (t ∈ (0, τ)), with p defined
by the initial weight p0 and the variation of mass at the point a. It can be proven that the
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measure u is an entropy solution of problem (P ) in (0, τ). Moreover, it is the unique entropy
solution of (P ) satisfying a suitable integral form of the following condition:

(1.5)
sgn −(ur(a+, t) − k)[ϕ(ur(a+, t)) − ϕ(k)] ≤ 0

sgn −(ur(a−, t) − k)[ϕ(ur(a−, t)) − ϕ(k)] ≥ 0
for all k ∈ [0,∞)

(see (??) and [?]); hereafter we set sgn ±(u) ∶= ±χ{±u>0}(u), sgn (u) ∶= sgn +(u) + sgn −(u), χE
denoting the characteristic function of E ⊆ R; u ∈ R). Formally, condition (??) is equivalent
to the compatibility condition

(1.6)
[sgn (ur(a+, t) − k) − sgn (b(t) − k)][ϕ(ur(a+, t)) − ϕ(k)] ≤ 0

[sgn (ur(a−, t) − k) − sgn (b(t) − k)][ϕ(ur(a−, t)) − ϕ(k)] ≥ 0

between the traces ur(a±, t) ∶= limx→a± ur(x, t) and the boundary data b(t) = ∞, for all k, t
as above. It is known (see [?, ?]) that the initial-boundary value problems in (??), with
the boundary conditions ”u = ∞” replaced by ”u = b”, are well posed if b ∈ BV (0, T ) and
(??) holds (for the sake of completeness, we recall the weaker formulations of the boundary
conditions for L∞- or L1-solutions in [?] and [?], respectively, as well as the results in [?, ?, ?]
on the existence of strong traces).

To summarize, as long as the Dirac delta at x = a survives, it behaves like a barrier which
decouples the evolution of the regular part of the solution on either side of the singularity.
As a consequence, the two Dirichlet conditions ur(a±, t) = ∞ at x = a - namely, the compat-
ibility condition (??) - are needed to prove uniqueness (in fact, it is known that the entropy
inequalities are not enough to ensure uniqueness of measure-valued solutions of (P )).

The above considerations can be extended to any initial data of the form (??) and ϕ as in
(A′

ϕ). The solution thus obtained turns out to belong to C([0, T ];M+(R)), thus the functions
pi in (??) are continuous in [0, T ] (see [?, Theorem 3.1]). We observe that the solutions
constructed in [?] are known to satisfy the compatibility conditions (thus to coincide with
those constructed in [?]) only under suitable conditions on ϕ (see [?, Proposition 3.17]).

If (Aϕ) holds, for any nonnegative initial measure as in (??), analogous well-posedness

results for (P ) are obtained from those for (P̃ ). In this case, for the unique solution u of (P )
(which satisfies a transformed form of the compatibility conditions (??) on the characteristic
lines {(x, t) ∈ S ∣x = C0t + ai, t ∈ [0, T ]}):
- there exists τ ∈ (0, T ] such that

(1.7) supp us(t) =
P+

⋃
i=1

{(x, t) ∈ S ∣x = C0t + ai, t ∈ [0, T ]} for any t ∈ [0, τ) ;

- there holds

(1.8) us(t) =
P+

∑
i=1

pi(t) δai+C0t (t ∈ [0, T ])

with pi ∶ [0, T ] → [0, p0i], pi(0) = p0i nonincreasing and continuous on [0, T ]. Let us mention

that now the map t ↦ T−C0t (∑
P+
i=1 pi(t) δai) belongs to C((0, T ];M+(R)), and is continuous

at t = 0 in the strong topology of M(R) if ϕ satisfies additional convexity assumptions (see
[?, Proposition 3.20]). On the other hand, us is continuous on the whole interval [0, T ] in the
weak* topology of M(R) (see [?, Proposition 3.5]).

1.2. The signed case: novel features and outline of results. As long as (A′
ϕ) holds,

the above results can be generalized to signed measures satisfying (A1) (see [?]).
As in the nonnegative case, the starting point is a monotonicity result: both the positive

and the negative part, u±s(t), of the singular part us of any entropy solution of (P ) are
nonincreasing with respect to t (for simplicity of notations, for singular Radon measures
we prefer the symbols u±s instead of [us]±). Moreover, for any i = 1, . . . , P+ , (respectively
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l = 1, . . . ,M− ) there exists τi ∈ (0, T ] (respectively τl ∈ (0, T ]) such that us(t)({ai}) > 0
(us(t)({bl}) > 0, respectively). Therefore, there exists τ ∈ (0, T ] such that for any t ∈ [0, τ)
(1.9) supp u+s(t) = supp u+0s = {a1,⋯, aP+ } , supp u−s(t) = supp u−0s = {b1,⋯, bM−

} .
Moreover, there exist nonincreasing functions pi ∶ [0, T ] → [0, p0i ] with pi(0) = p0i , ml ∶
[0, T ] → [0,m0l ] with ml(0) =m0l (i = 1, . . . , P+ , l = 1, . . . ,M−), such that

(1.10) u+s(t) =
P+

∑
i=1

pi(t) δai , u−s(t) =
M−

∑
l=1

ml(t) δbl (t ∈ [0, T ]) .

As in the nonnegative case there holds u±s ∈ C([0, T ];M+(R)) (see [?, Corollary 1]), thus all
functions pi and ml in (??) are continuous in [0, T ].

Now an entropy solution u of (P ) is said to satisfy the compatibility condition at ai
(i = 1, . . . , P+) if

(1.11a) ± ess lim
x→a±i

∫
τi

0
sgn −(ur(x, t) − k) [ϕ(ur(x, t)) − ϕ(k)]β(t)dt ≤ 0

for all β ∈ C1
c (0, τi), β ≥ 0 and k ∈ R, respectively at bl (l = 1, . . . ,M−) if

(1.11b) ± ess lim
x→b±

l

∫
τl

0
sgn +(ur(x, t) − k) [ϕ(ur(x, t)) − ϕ(k)]β(t)dt ≤ 0

for all β ∈ C1
c (0, τl), β ≥ 0 and k ∈ R . A procedure which makes use of singular Dirichlet

problems, thus generalizes that described in Subsection ??, proves that the compatibility
conditions identify a class of well-posedness for problem (P ) (see [?, Theorem 3.5]).

The results in [?] make essential use of the fact that limu→±∞
ϕ(u)
u

= 0 . It is the purpose of
the present paper to address problem (P ), with u0 as in (A1), under the general assumption
(A2) of possibly unbounded fluxes. Observe that (A2) is a special case of

(1.12) ϕ(u) ∶= ϕb(u) +C+ u+ +C− u− , ϕb ∈W 1,∞(R) , C± ∈ R , (u ∈ R) .
Assuming (A2) is not restrictive since, if (??) holds and u = u(x, t) is an entropy solution of
(P ), then û(x̂, t) ∶= u(x̂ −C−t, t) is an entropy solution of the problem

(P̂ ) {
ût + [ϕ̂(û)]x = 0 in S

û = û0 in R × {0}
with û0 = u0 and ϕ̂(z) ∶= ϕ(z) +C−z(z ∈ R), thus ϕ̃ satisfies (A2) with C0 = C+ +C−.

In view of (A2), now the Dirac masses with a positive weight are transported along the
segments

(1.13a) Pi ∶= {(x, t) ∣x = ai +C0t, t ∈ [0, T ]} (i = 1, . . . , P+) ,
while the same happens to the Dirac masses with a negative weight along the vertical segments

(1.13b) Ml ∶= {(x, t) ∣x = bl, t ∈ [0, T ]} (l = 1, . . . ,M−) .
If C0 = 0, the situation is that already addressed in [?]. Instead, if C0 ≠ 0, two segments Pi
and Ml possibly intersect at some point (xil, til) (til ∈ (0, T )) (thus the strip S is a finite
union of triangles and possibly unbounded rectangles, rhombi and trapezoids). This is a
major qualitative novelty, which gives rise to an intriguing dynamics of the singular part of
entropy solutions of (P ) (see Definition ??).

To point out in a simple case the intricacies we are faced with, let C0 > 0 and

(1.14) u0s = p0δa −m0δb (p0,m0 > 0; a < b) .
In this situation the parts u+s(t) and u−s(t) of any entropy solution u of (P ) are transported
for positive times along the segments P ∶= {(x, t) ∣x = a+C0t, t ∈ [0, T ]} and M ∶= {(x, t) ∣x =
b, t ∈ [0, T ]}, respectively. As in the previous cases, the positive and the negative part of
us are nonincreasing in time along P and M (see Proposition ??). Therefore, there exist
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nonincreasing functions p ∶ [0, T ] → [0, p0] and m ∶ [0, T ] → [0,m0] such that p(0) = p0,
m(0) =m0, and

u+s(t) = p(t) δa+C0t , u−s(t) =m(t) δb for a.e. t ∈ [0, T ]

(see equalities (??) below). Since C0 > 0, the segments P and M intersect at the point (b, t0),
with t0 ∶= b−a

C0
. There is no loss of generality in assuming t0 < T .

It is natural to ask how the two Dirac masses (with ”different signs”) interact at the
matching time t0, if both survive until the time t = t0 - an issue which obviously points at
the problem of continuity in time of entropy solutions of (P ). Proposition ?? below shows
that both the absolutely continuous part and the singular part of an entropy solution u of
(P ) are continuous in time in the whole interval [0, T ] with respect to the weak* topology of
M(R) (a preliminary continuity result of u in the same topology is given by Lemma ??). As
a consequence, we get the representation

us(t) = p(t±) δa+C0t −m(t±) δb for every t ∈ (0, T )

(where p(t±) ∶= limτ→t± p(τ), m(t±) ∶= limτ→t±m(τ) exist by the monotonicity of p and m;
the above equality is a particular case of (??)). Since a +C0t0 = b, it follows that

(1.15) us(t0) = [p(t−0) −m(t−0)] δb = [p(t+0) −m(t+0)] δb .

It is important to stress that the weak* continuity at every point of [0, T ], ensured for
us by Proposition ??, does not hold separately for u+s and u−s . Namely, continuity of p,m at
t = t0 need not hold - although the difference w ∶= p−m is continuous at t0 , as shown by (??).
Therefore, the entropic formulation alone does not determine the evolution of u±s(t) after t0,
and additional information is needed.

This additional information is provided by a major feature of the solutions given by our
existence proof (see Theorem ??). Existence of entropy solutions to (P ) is proven below by
a constructive approach similar to that in [?], relying on a suitable family of approximating
problems (see Subsection ??). As in [?], the solutions thus obtained are called constructed
solutions. An important qualitative property of theirs is the weak* continuity from the right
of the positive and negative singular parts t↦ u±s(t) at every point of [0, T ). Combined with
the continuity of the difference w ∶= p −m at the intersection point (see (??)), this additional
property allows to determine the behaviour for t ∈ [t0, T ] of u±s(t) for any constructed solution
u of (P ) with initial data as in (??) (similar results hold in the general case; see Lemma ??).
Different situations occur, depending on the sign of w(t0) ∶
- if w(t0) > 0, by (??) there holds us(t0) = w(t0) δb ∈ M+(R), thus us(t0) = u+s(t0) and
u−s(t0) = 0. Then by the weak* continuity from the right and the nonincreasing character of
u−s there holds u−s(t) = 0 for any t ∈ [t0, T ] (see equalities (??));
- if w(t0) < 0, we obtain similarly that u+s(t) = 0 for any t ∈ [t0, T ];
- if w(t0) = 0, then u±s(t) = 0 for any t ∈ (t0, T ] .

Finally, another important feature of constructed solutions is that they satisfy a more
general version of the compatibility conditions (see Definition ?? and Theorem ??). In the
forthcoming paper [?] we shall prove that, as in [?, ?], the compatibility conditions identify
a class of uniqueness for problem (P ). Therefore, well-posedness of problem (P ) in the same
class follows from the present constructive proof of existence. It is also worth observing
that in [?, ?], for bounded nonlinearities ϕ, existence of solutions satisfying the compatibility
conditions has been proven by a different constructive approach (see Subsection ??), not
relying on regularization arguments of the initial measure. Thus, construction of solutions
by the approximating problems in Subsection ?? is one of the major features of the present
paper, and makes our construction consistent with respect to smoothing and regularization
of initial data.
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1.3. Plan of the paper and notations. The paper is organized as follows. After intro-
ducing our concepts of solution in Section ??, the main results of the paper are presented in
Section ??. Sections ??, ?? and ?? are devoted to proofs. Some general results used in the
existence proofs are stated and proven in the Appendix.

Let us establish some notations. For all u ∈ R we set u± ∶= max{±u,0}, and for any
f ∶ R ↦ R f±(u) ∶= [f(u)]± (u ∈ R), thus f = f+ − f− . We shall make use of the truncation
Tn(u) ∶= max{−n,min{u,n}} (n ∈ N, u ∈ R). We denote by ∣ ⋅ ∣ the Lebesgue measure. A Borel
set E ⊆ R such that ∣E∣ = 0 is called a null set, and “almost everywhere”, or shortly “a.e.”,
means “up to null sets”.

ByM(R) (respectivelyM+(R)) we denote the space of finite signed (respectively, the cone
of finite nonnegative) Radon measures on R. The space M(R) is ordered by the inequality
“≤” defined as follows: µ ≤ ν if µ(E) ≤ ν(E) for any Borel set E ⊆ R (µ, ν ∈ M(R)). For
any µ ∈ M(R) (i) µac and µs denote the absolutely continuous and the singular part of µ
with respect to the Lebesgue measure, thus µ = µac + µs, and µr ∈ L1(R) is the density of
µac ; (ii) µ+ and µ− are the positive and the negative part of µ, thus µ = µ+ − µ− (notice
that [µs]± = [µ±]s =∶ µ±s ); (iii) ∣µ∣(R) ∶= µ+(R) + µ−(R) is the total variation of µ. The space
M(R) is a Banach space with norm ∥µ∥M(R) ∶= ∣µ∣(R) . For any ζ ∈ Cc(R) the symbol ⟨µ, ζ⟩
denotes the duality between µ ∈ M(R) and ζ. Similar remarks hold for the space M(S) of
finite signed Radon measures on S ∶= R × (0, T ).

For any Borel set E ⊆ R, the restriction µ ⌞ E of µ ∈ M(R) to E is defined by setting
(µ ⌞E)(A) ∶= µ(E ∩A) for every Borel set A ⊆ R.

For every a ∈ R and µ ∈ M(R), we denote by Taµ the translated measure of µ,

(1.16) ⟨Taµ, ρ⟩ ∶= ⟨µ, ρ(⋅ + a)⟩ for all ρ ∈ Cc(R) .

2. Solution concepts and related notions

Let us recall that u ∈ M+(S) belongs to the space L∞w∗(0, T ;M+(R)), if for a.e. t ∈ (0, T )
there exists u(t) ∈ M+(R) such that:

(i) for every ζ ∈ Cc(S) the map t → ⟨u(t), ζ(⋅, t)⟩ is Lebesgue measurable, and

(2.1) ⟨u, ζ⟩ = ∫
T

0
⟨u(t), ζ(⋅, t)⟩dt ;

(ii) there exists a constant C > 0 such that ess supt∈(0,T ) ∥u(t)∥M(R) ≤ C
(e.g., see [?, Chapter 4]). We set ∥u∥L∞

w∗
(0,T ;M(R)) ∶= ess supt∈(0,T ) ∥u(t)∥M(R).

If u ∈ L∞w∗(0, T ;M+(R)), it is easily seen that uac, us ∈ L∞w∗(0, T ;M+(R)) and ur ∈
L∞(0, T ;L1(R)). We say that a finite Radon measure u ∈ M(S) belongs to L∞w∗(0, T ;M(R))
if both u+ and u− belong to L∞w∗(0, T ;M+(R)).

Our first concept of solution is given by the following definition.

Definition 2.1. Let u0 ∈ M(R), and let (A2) hold. By a solution of problem (P ) we mean

any u ∈ L∞w∗(0, T ;M(R)) such that for any ζ ∈ C1
c (S), ζ(⋅, T ) = 0

(2.2) ∫
T

0
⟨u(t), ζt(⋅, t)⟩dt +∬

S
ϕ(ur)ζx dxdt +C0 ∫

T

0
⟨u+s(t), ζx(⋅, t)⟩dt = − ⟨u0, ζ(⋅,0)⟩ .

Since ur ∈ L∞(0, T ;L1(R)) if u ∈ L∞w∗(0, T ;M(R)), by assumption (A2) there holds ϕ(ur) ∈
L∞(0, T ;L1(R)), thus equality (??) is well posed. From (??) by a proper choice of ζ and
standard regularization results we get the following:

Lemma 2.1. Let u0 ∈ M(R), let (A2) hold, and let u be a solution of problem (P ). Then
the map t ↦ u(t) has a representative defined for all t ∈ [0, T ] and continuous in [0, T ] with
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respect to the weak* topology of M(R). Moreover, u(0) = u0 in M(R), and for any τ ∈ [0, T ]
and ρ ∈ C1

c (R)

(2.3) ⟨u(τ), ρ⟩ = ⟨u0, ρ⟩ + ∫
τ

0
∫
R
ϕ(ur)ρ′(x)dxdt + C0 ∫

τ

0
⟨u+s(t), ρ′ ⟩dt.

Remark 2.1. In view of Lemma ??, for any solution u of (P ) the measure u(t) is defined
for all t ∈ [0, T ]. In the following, for simplicity of notations, for every t ∈ [0, T ] we always set

us(t) ∶= [u(t)]s , u±s(t) ∶= [[u(t)]s]± ,
∣us(t)∣ ∶= ∣[u(t)]s∣ , ur(⋅, t) ∶= [u(t)]r(⋅) .

Definition 2.2. Let u0 ∈ M(R), and let (A2) hold. By an entropy solution of problem (P )
we mean a solution u such that, for all k ∈ R and ζ ∈ C1

c (S), ζ ≥ 0, ζ(⋅, T ) = 0,

∬
S
{∣ur − k∣ζt + sgn (ur − k)[ϕ(ur) − ϕ(k)] ζx} dxdt +(2.4)

+ ∫
T

0
⟨∣us(t)∣, ζt(⋅, t)⟩dt + C0 ∫

T

0
⟨u+s(t), ζx(⋅, t)⟩dt ≥

≥ −∫
R
∣u0r − k∣ ζ(x,0)dx − ⟨∣u0s∣ , ζ(⋅,0)⟩ .

Remark 2.2. Let u be an entropy solution of problem (P ). Summing equality (??) to

inequality (??) gives for all k ∈ R and ζ ∈ C1
c (S), ζ ≥ 0, ζ(⋅, T ) = 0,

∬
S
{[ur − k]+ ζt + sgn +(ur − k)[ϕ(ur) − ϕ(k)] ζx} dxdt +(2.5a)

+ ∫
T

0
⟨u+s(t), ζt(⋅, t)⟩dt + C0 ∫

T

0
⟨u+s(t), ζx(⋅, t)⟩dt ≥

≥ −∫
R
[u0r − k]+ ζ(x,0)dx − ⟨u+0s , ζ(⋅,0)⟩ .

Similarly, subtracting (??) from (??) gives for all k ∈ R and ζ as above

∬
S
{[ur − k]−ζt + sgn −(ur − k)[ϕ(ur) − ϕ(k)] ζx} dxdt + ∫

T

0
⟨u−s(t), ζt(⋅, t)⟩dt ≥(2.5b)

≥ −∫
R
[u0r − k]− ζ(x,0)dx − ⟨u−0s , ζ(⋅,0)⟩ .

3. Results

3.1. Monotonicity and support properties of the singular part of entropy solutions.
For general initial measures u0 ∈ M(R), entropy solutions have the following monotonicity
property:

Proposition 3.1. Let u0 ∈ M(R), let (A2) hold, and let u be an entropy solution of problem
(P ). Then

(3.1a) u+s(t2) ≤ TC0(t2−t1)u
+
s(t1) for a.e. 0 < t1 ≤ t2 < T ,

(3.1b) u+s(t) ≤ TC0tu
+
0s for a.e. t ∈ (0, T ) ,

(3.1c) u−s(t2) ≤ u−s(t1) ≤ u−0s for a.e. 0 ≤ t1 ≤ t2 ≤ T .
Let us address the case where u0s is the sum of a finite number of Dirac masses - namely,

assumption (A1) holds. In view of Proposition ??, the map t↦ u+s(t) (respectively t↦ u−s(t))
is nonincreasing along the segment Pi (respectively Ml ; see (??)). More precisely, there exist
nonincreasing functions pi ∶ [0, T ] → [0, p0i ], ml ∶ [0, T ] → [0,m0l ] and a null set N ⊆ (0, T )
such that

(3.2) u+s(t) =
P+

∑
i=1

pi(t) δai+C0t , u−s(t) =
M−

∑
l=1

ml(t) δbl for any t ∈ (0, T ) ∖N .
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By the monotonicity of pi and ml, for all i, l there holds

(3.3) pi(t+) ≤ pi(t−) , ml(t+) ≤ml(t−) for any t ∈ (0, T ) ,
where pi(t±) ∶= limτ→t± pi(τ) and ml(t±) ∶= limτ→t±ml(τ). Without loss of generality, we may
assume the functions pi and ml to be continuous at any point t ∈ (0, T ) ∖N .

To pursue our analysis we need the following proposition, which shows that both the
absolutely continuous and the singular part of an entropy solution of (P ) are weakly* time
continuous in the whole interval [0, T ].

Proposition 3.2. Let (A1)-(A2) hold, and let u be an entropy solution of problem (P ). Then
for any t0 ∈ [0, T ] and ρ ∈ Cc(R) there holds

(3.4a) ess lim
t→t0

∫
R
ur(x, t)ρ(x)dx = ∫

R
ur(x, t0)ρ(x)dx ,

(3.4b) ess lim
t→t0

⟨us(t), ρ⟩ = ⟨us(t0), ρ⟩ .

The following result follows at once from (??).

Proposition 3.3. Let (A1)-(A2) hold, and let u be an entropy solution of problem (P ). Then

(3.5a) us(t) =
P+

∑
i=1

pi(t±) δai+C0t −
M−

∑
l=1

ml(t±) δbl for all t ∈ (0, T ) ,

(3.5b) us(0) = u0s , us(T ) =
P+

∑
i=1

pi(T −) δai+C0T −
M−

∑
l=1

ml(T −) δbl .

Remark 3.1. Let us point out that the weak* continuity of the map t↦ us(t) in the whole
interval [0, T ] (see Proposition ??) need not hold separately for the maps t ↦ u±s(t). This
indeed happens if C0 = 0 (even in the strong topology of M(R); see [?, Corollary 1], [?,
Proposition 3.20-(ii)]). However, as already observed, two segments Pi and Ml can intersect
if C0 ≠ 0, in which case the continuity of the map t↦ u±s(t) at the intersection point need not
be true.

Corresponding remarks hold for the maps pi, ml in (??). By (??) and (??), what definitely
applies for all t ∈ (0, T ) are the inequalities:

(3.6a) u+s(t) ≤
P+

∑
i=1

pi(t+) δai+C0t ≤
P+

∑
i=1

pi(t−) δai+C0t ,

(3.6b) u−s(t) ≤
M−

∑
l=1

ml(t+) δbl ≤
M−

∑
l=1

ml(t−) δbl ,

whereas for all t ∈ [0, T ] there holds (see (??)):

(3.6c) suppu+s(t) ⊆
P+

⋃
i=1

{(x, t) ∣x = ai +C0t} , suppu−s(t) ⊆
M−

⋃
l=1

{(x, t) ∣x = bl} .

3.2. Existence. As already pointed out, existence of entropy solutions of (P ) is proven by
a constructive approach analogous to that used in [?] for the nonnegative case. Consider the
approximating problems

(Pn) {
unt + [ϕn(un)]x = 0 in S

un = u0n in R × {0} ,
where

(3.7) ϕn(u) ∶= ϕb(Tn(u)) + C0 u+ , Tn(u) ∶= max{−n,min{u,n}} (n ∈ N, u ∈ R) ,
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and {u0n} ⊆ BV (R) is defined by (??).
To prove existence the following assumption is used:

(A3)
⎧⎪⎪⎨⎪⎪⎩

for any ξ̄ ∈ R there exist a, b ≥ 0, a + b > 0 such that

ϕ is strictly convex or concave in [ξ̄ − a, ξ̄ + b] ,

(see Section ?? and Theorem ??; let us mention that (A3) is a weaker form of assumption
(C2) used in [?, Theorem 3.7]). Our main existence result can be stated as follows.

Theorem 3.4. Let assumptions (A1)-(A3) hold. Then there exists an entropy solution u
of problem (P ). Moreover, u is obtained as a limiting weak∗ point of the sequence {un} of
entropy solutions of the approximating problems (Pn), in the sense that

(3.8) un(⋅, t)
∗⇀ u(t) in M(R) for all t ∈ [0, T ] .

Definition 3.1. Let assumptions (A1)-(A3) hold. By a constructed entropy solution of (P )
we mean any entropy solution obtained as in the proof of Theorem ??.

3.3. Additional continuity properties of constructed entropy solutions. The follow-
ing theorem shows that for any constructed entropy solution u the mappings t ↦ u±s(t) are
weakly* continuous from the right in [0, T ). As a consequence, we get the structural equalities
(??) below, which hold everywhere in [0, T ) and improve on equalities (??).

Theorem 3.5. Let assumptions (A1)-(A3) hold. Let u be a constructed entropy solution of
problem (P ). Then for any t ∈ [0, T ) there holds

(3.9a) u±s(τ)
∗⇀ u±s(t) in M(R) as τ → t+ ,

(3.9b) u+s(t) =
P+

∑
i=1

pi(t+) δai+C0t , u−s(t) =
M−

∑
l=1

ml(t+) δbl .

3.4. Compatibility conditions. Let us first state the following definition.

Definition 3.2. Let (A1)-(A2) hold, and let τ ∈ (0, T ].
(i) Let ai+C0τ ∈ suppu+s(τ). An entropy solution of (P ) satisfies the compatibility conditions
in [0, τ] at ai (i = 1, . . . , P+) if for all β ∈ C1

c (0, τ), β ≥ 0, and k ∈ R there holds

lim sup
δ→0+

1

δ

⎧⎪⎪⎨⎪⎪⎩
∫

τ

0
∫

ai+C0t+δ

ai+C0t
sgn −(ur(x, t) − k)[ϕ̂(ur(x, t)) − ϕ̂(k)]β(t)dxdt −(3.10a)

− C0 ∫
τ

0
u−s(t)((ai +C0t, ai +C0t + δ))β(t)dt

⎫⎪⎪⎬⎪⎪⎭
≤ 0 ,

lim inf
δ→0+

1

δ

⎧⎪⎪⎨⎪⎪⎩
∫

τ

0
∫

ai+C0t

ai+C0t−δ
sgn −(ur(x, t) − k)[ϕ̂(ur(x, t)) − ϕ̂(k)]β(t)dxdt −(3.10b)

− C0 ∫
τ

0
u−s(t)((ai +C0t − δ, ai +C0t) )β(t)dt

⎫⎪⎪⎬⎪⎪⎭
≥ 0 ,

where ϕ̂(u) ∶= ϕ(u) −C0 u = ϕb(u) +C0 u− (u ∈ R).
(ii) Let bl ∈ suppu−s(τ). An entropy solution of (P ) satisfies the compatibility conditions in
[0, τ] at bl (l = 1, . . . ,M−) if for all β ∈ C1

c (0, τ), β ≥ 0, and k ∈ R there holds

lim sup
δ→0+

1

δ

⎧⎪⎪⎨⎪⎪⎩
∫

τ

0
∫

bl+δ

bl
sgn +(ur(x, t) − k)[ϕ(ur(x, t)) − ϕ(k)]β(t)dxdt +(3.11a)

+ C0 ∫
τ

0
u+s(t)((bl, bl + δ))β(t)dt

⎫⎪⎪⎬⎪⎪⎭
≤ 0 ,
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lim inf
δ→0+

1

δ

⎧⎪⎪⎨⎪⎪⎩
∫

τ

0
∫

bl

bl−δ
sgn +(ur(x, t) − k)[ϕ(ur(x, t)) − ϕ(k)]β(t)dxdt +(3.11b)

+ C0 ∫
τ

0
u+s(t)((bl − δ, bl))β(t)dt

⎫⎪⎪⎬⎪⎪⎭
≥ 0 .

We can now point out another remarkable feature of constructed entropy solutions.

Theorem 3.6. Let assumptions (A1)-(A3) hold. Then every constructed entropy solution of
problem (P ) satisfies the compatibility conditions.

Remark 3.2. If C0 = 0, inequalities (??) read

± lim sup
δ→0+

1

δ

⎧⎪⎪⎨⎪⎪⎩
∫

τ

0
∫

ai±δ

ai
sgn −(ur(x, t) − k)[ϕ(ur(x, t)) − ϕ(k)]β(t)dxdt ≤ 0 ,

which corresponds to (??). Similarly, inequalities (??) when C0 = 0 read

± lim sup
δ→0+

1

δ

⎧⎪⎪⎨⎪⎪⎩
∫

τ

0
∫

bl±δ

bl
sgn +(ur(x, t) − k)[ϕ(ur(x, t)) − ϕ(k)]β(t)dxdt ≤ 0 ,

which corresponds to (??).

4. Monotonicity and support properties of the singular part: Proofs

Proof of Proposition ??. We only prove inequality (??), the proof of (??)-(??) being similar.
Let t2 ∈ (0, T ) be fixed. Choosing in (??) ζ(x, t) = ρ(x−C0(t− t2))h(t) with ρ ∈ C1

c (R), ρ ≥ 0
and h ∈ C1([0, T ]), h ≥ 0, h(T ) = 0, for any k > 0 we get

∫
T

0
⟨u+s(t), ρ(⋅ −C0(t − t2))⟩ h′(t)dt +(4.1)

+ ∬
S
[ur(x, t) − k]+ ρ(x −C0(t − t2))h′(t)dxdt +

+ ∬
S

sgn +(ur − k)[ϕb(ur(x, t)) − ϕb(k)]ρ′(x −C0(t − t2))h(t)dxdt ≥

≥ −h(0){∫
R
[u0r − k]+ ρ(x +C0t2)dx + ⟨u+0s , ρ(⋅ +C0t2)⟩} .

Letting k →∞ in the above inequality, by the Dominated Convergence theorem, we obtain

(4.2) ∫
T

0
⟨u+s(t), ρ(⋅ −C0(t − t2))⟩ h′(t)dt ≥ −h(0) ⟨u+0s , ρ(⋅ +C0t2)⟩ .

Choosing in (??)

h(t) ∶= 1

δ
(t − t1 +

δ

2
) χ[t1− δ2 ,t1+

δ
2
](t) + χ(t1+ δ2 ,t2−

δ
2
)(t) +

1

δ
(t2 +

δ

2
− t) χ[t2− δ2 ,t2+

δ
2
](t) ,

with δ > 0 sufficiently small gives

(4.3)
1

δ
∫

t2+ δ2

t2− δ2
⟨u+s(t), ρ(⋅ −C0(t − t2))⟩dt ≤

1

δ
∫

t1+ δ2

t1− δ2
⟨u+s(t), ρ(⋅ −C0(t − t2))⟩dt .

Since u+s ∈ L∞w∗(0, T ;M+(R)), there exists a null set N ⊆ (0, T ) such that for all t0 ∈
(0, T ) ∖N and ζ ∈ Cc(S) there holds

(4.4) lim
δ→0+

1

δ
∫

t0+ δ2

t0− δ2
⟨u+s(t), ζ(⋅, t)⟩dt = ⟨u+s(t0), ζ(⋅, t0)⟩

(e.g., see the proof of [?, Lemma 3.1]). Then letting δ → 0+ in (??) we get

⟨u+s(t2), ρ⟩ ≤ ⟨u+s(t1), ρ(⋅ −C0(t1 − t2))⟩
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for any t1, t2 ∈ (0, T ) ∖N and ρ ∈ C1
c (R), ρ ≥ 0. Hence the result follows. �

Remark 4.1. Let u be an entropy solution of problem (P ). Since ur ∈ L∞(0, T ;L1(R)) and
u±s ∈ L∞w∗(0, T ;M+(R)), by standard separability arguments there exists a null set N ⊆ (0, T )
such that for all t0 ∈ (0, T ) ∖N , ζ ∈ Cc(S) and k ∈ R there hold both (??) and

(4.5) lim
δ→0+

1

δ
∫

t0+ δ2

t0− δ2
dt∫

R
[ur − k]±ζ dx = ∫

R
[ur(x, t0) − k]±ζ(x, t0)dx .

Without loss of generality, we assume that inequalities (??) hold in (0, T ) ∖N .
Let τ ∈ (0, T )∖N be fixed, and choose in (??) ζ(x, t) = ρ(x−C0(t−τ))h(t) with ρ ∈ C1

c (R),
ρ ≥ 0 and

(4.6) h(t) ∶= χ[0,τ− δ2 )
(t) + 1

δ
(τ + δ

2
− t) χ[τ− δ2 ,τ+

δ
2
](t)

with δ > 0 sufficiently small. Then letting δ → 0+ in (??) for any k > 0 we get

∫
R
[ur(x, τ) − k]+ ρ(x)dx + ⟨u+s(τ), ρ⟩ ≤(4.7)

≤ ∫
R
[u0r − k]+ ρ(x +C0τ)dx + ⟨u+0s, ρ(⋅ +C0τ)⟩ +

+ ∫
τ

0
∫
R

sgn +(ur − k)[ϕb(ur) − ϕb(k)]ρ′(x −C0(t − τ))dxdt .

Similarly, choosing in (??) ζ(x, t) = ρ(x)h(t) with h as in (??) and letting δ → 0+ we obtain
for any k ∈ R

∫
R
[ur(x, τ) − k]− ρ(x)dx + ⟨u−s(τ), ρ⟩ ≤(4.8)

≤ ∫
R
[u0r − k]− ρ(x)dx + ⟨u−0s, ρ⟩ + ∫

τ

0
∫
R

sgn −(ur − k)[ϕ(ur) − ϕ(k)]ρ′(x)dxdt .

To prove Proposition ?? the following lemma is needed.

Lemma 4.1. Let (A1)-(A2) hold, let u be an entropy solution of problem (P ), and let N ⊆
(0, T ) be the null set in Remark ??. Let t0 ∈ [0, T ] and let {τn} ⊆ (0, T ) ∖N satisfy τn → t0.
Then there exist f(±) ∈ L1(R), f(±) ≥ 0 a.e. in R such that, up to subsequences,

(4.9) [ur(⋅, τn)]±
∗⇀ f(±) in M(R) .

Proof. Observe preliminarily that, since ϕb is bounded in R, there exist two sequences {ξq} ⊆
R, {ξ′q} ⊆ R such that limq→∞ ξq = limq→∞ ξ′q = ∞, and

(4.10) sup
z≥ξq

[ϕb(z) − ϕb(ξq)] <
1

q
, inf

z≥ξ′q
[ϕb(z) − ϕb(ξ′q)] > − 1

q
for all q ∈ N .

Similarly, there exist {ξ̃q} ⊆ R, {ξ̃′q} ⊆ R such that limq→∞ ξ̃q = limq→∞ ξ̃′q = −∞, and

(4.11) inf
z≤ξ̃q

[ϕ(z) − ϕ(ξ̃q)] > − 1

q
, sup

z≤ξ̃′q

[ϕ(z) − ϕ(ξ̃′q)] <
1

q
for all q ∈ N .

We only prove (??) with “ + ” since the other case is similar, using (??) and (??) instead
of (??) and (??). Since [ur]+ ∈ L∞(0, T ;L1(R)), for all k > 0 there exist µ,µk ∈ M+(R) such
that, up to subsequences,

(4.12) [ur(⋅, τn)]+
∗⇀ µ , [ur(⋅, τn) − k]+

∗⇀ µk in M(R) .

On the other hand, since

[ur(⋅, τn)]+ = min{k, [ur(⋅, τn)]+} + [ur(⋅, τn) − k]+ for all k > 0,
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and {min{k, [ur(⋅, τn)]+}} is bounded in L∞(R) ∩L1(R), letting n→∞ there holds

(4.13) [µk]s = µs in M(R) for all k > 0 .

Fix τ ∈ (0, T ) ∖ N , and recall that supp u+0s = {a1,⋯, aP+ } with a1 < a2 < ⋯ < a
P+

. Let
i = 1, . . . , P+. We set zi ≡ zi(τ) ∶= ai +C0τ and, for i < P+,

I0 ≡ I0(τ) ∶= (−∞, z1), I
P+

≡ I
P+

(τ) ∶= (z
P+
,∞), Ii ≡ Ii(τ) ∶= (zi, zi+1)

I0(0) ∶= (−∞, a1), I
P+

(0) ∶= (a
P+
,∞), Ii(0) ∶= (ai, ai+1).

By (??) there holds

(4.14) u+s(τ) ⌞ Ii(τ) = u+0s ⌞ Ii(0) = 0 for i = 0,⋯, P+ .

For all i = 1, . . . , P+ −1, let αi,1 ∈ C1
c ([zi, zi+1)), αi,2 ∈ C1

c ((zi, zi+1]) be nonnegative, such that
αi,1 + αi,2 = 1 in Ii ≡ Ii(τ). Set also

η1,i,j(x) ∶= j(x − zi)χ[zi,zi+ 1
j ]
(x) + χ(zi+ 1

j ,zi+1]
(x) ,

η2,i,j(x) ∶= χ[zi,zi+1− 1
j ]
(x) + j(zi+1 − x)χ(zi+1− 1

j ,zi+1]
(x)

for any j ∈ N large enough. Observe that by (??) there holds

(4.15) ⟨u+s(τ), αi,1η1,i,j⟩ = ⟨u+0s, [αi,1η1,i,j](⋅ +C0τ)⟩ = 0 .

Let ξq be as in (??). Choosing k = ξq and ρ = αi,1η1,i,j in (??), by (??) and (??) we get

∫
R
[ur(x, τ) − ξq]+ αi,1(x)η1,i,j(x)dx ≤ ∫

R
[u0r − ξq]+[η1,i,jαi,1](x +C0τ)dx +

+ ∫
τ

0
∫
R

sgn +(ur − ξq)[ϕb(ur) − ϕb(ξq)] [η1,i,jα
′
i,1](x −C0(t − τ))dxdt +

+ ∫
τ

0
∫
R

sgn +(ur − ξq)[ϕb(ur) − ϕb(ξq)] [η′1,i,jαi,1](x −C0(t − τ))dxdt ≤

≤ ∫
ai+1

ai
[u0r − ξq]+ dx + 2∥ϕb∥∞∥α′i,1∥∞ ∣{ur > ξq}∣ + sup

z≥ξq
[ϕb(z) − ϕb(ξq)] τ ∥η′1,i,j∥1 ≤

≤ ∫
ai+1

ai
[u0r − ξq]+ dx + 2∥ϕb∥∞∥α′i,1∥∞ ∣{ur > ξq}∣ +

τ

q
.

Letting j →∞ we obtain

(4.16) ∫
zi+1

zi
[ur(x, τ)−ξq]+ αi,1(x)dx ≤ ∫

ai+1

ai
[u0r−ξq]+ dx + 2∥ϕb∥∞∥α′i,1∥∞ ∣{ur > ξq}∣ +

τ

q
.

Similarly, choosing k = ξ′q, ρ = αi,2η2,i,j in (??), and letting j →∞ gives

(4.17) ∫
zi+1

zi
[ur(x, τ)−ξ′q]+ αi,2(x)dx ≤ ∫

ai+1

ai
[u0r−ξ′q]+ dx + 2∥ϕb∥∞∥α′i,2∥∞ ∣{ur > ξ′q}∣ +

τ

q
.

Since αi,1 + αi,2 = 1 in Ii, from (??)-(??) for all i = 1, . . . , P+ − 1 we obtain

∫
Ii
[ur(x, τ) − kq]+ dx ≤ 2∥ϕb∥∞(∥α′i,1∥∞ ∣{ur > ξq}∣ + ∥α′i,2∥∞ ∣{ur > ξ′q}∣) +

2τ

q
+(4.18)

+ ∫
ai+1

ai
[u0r − ξq]+ dx + ∫

ai+1

ai
[u0r − ξ′q]+ dx ,

where kq ∶= max{ξq, ξ′q}. Similarly, for all ρ ∈ C1
c (R), 0 ≤ ρ ≤ 1 there holds

∫
I0
[ur(x, τ) − kq]+ ρ(x)dx ≤ ∫

I0
[ur(x, τ) − ξ′q]+ ρ(x)dx ≤(4.19)

≤ ∫
a1

−∞
[u0r − ξ′q]+ dx + 2∥ϕb∥∞∥ρ′∥∞ ∣{ur > ξ′q}∣ +

τ

q
,
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∫
I
P+

[ur(x, τ) − kq]+ ρ(x)dx ≤ ∫
I
P+

[ur(x, τ) − ξq]+ ρ(x)dx ≤(4.20)

≤ ∫
∞

a
P+

[u0r − ξq]+ dx + 2∥ϕb∥∞∥ρ′∥∞ ∣{ur > ξq}∣ +
τ

q
.

By inequalities (??)-(??), for any ρ ∈ C1
c (R), 0 ≤ ρ ≤ 1 we obtain

∫
R
[ur(x, τ) − kq]+ ρdxdt ≤ ∫

a1

−∞
[u0r − ξ′q]+ dx + ∫

∞

a
P+

[u0r − ξq]+ dx +(4.21)

+
P+−1

∑
i=1

{∫
ai+1

ai
[u0r − ξq]+ dx + ∫

ai+1

ai
[u0r − ξ′q]+ dx} +

+
P+−1

∑
i=1

{2∥ϕb∥∞(∥α′i,1∥∞ ∣{ur > ξq}∣ + ∥α′i,2∥∞ ∣{ur > ξ′q}∣)} +

+ 2∥ϕb∥∞∥ρ′∥∞ (∣{ur > ξ′q}∣ + ∣{ur > ξq}∣) +
2τP+
q

.

Choosing τ = τn in the above estimate and letting n→∞, by (??)-(??) we get

⟨µs, ρ⟩ = ⟨[µkq ]s , ρ⟩ ≤ ⟨µkq , ρ⟩ = lim
n→∞∫R

[ur(x, τn) − kq]+ ρdxdt ≤

≤ ∫
a1

−∞
[u0r − ξ′q]+ dx + ∫

∞

a
P+

[u0r − ξq]+ dx +

+
P+−1

∑
i=1

{∫
ai+1

ai
[u0r − ξq]+ dx + ∫

ai+1

ai
[u0r − ξ′q]+ dx} +

+
P+−1

∑
i=1

{2∥ϕb∥∞(∥α′i,1∥∞ ∣{ur > ξq}∣ + ∥α′i,2∥∞ ∣{ur > ξ′q}∣)} +

+ 2 ∥ϕb∥∞∥ρ′∥∞ (∣{ur > ξ′q}∣ + ∣{ur > ξq}∣) +
2t0P+
q

.

Letting q →∞ in the above inequality gives ⟨µs, ρ⟩ = 0 for any ρ ∈ C1
c (R), 0 ≤ ρ ≤ 1. Therefore,

the limiting measure µ in (??) is absolutely continuous with respect to the Lebesgue measure,
and from the first convergence in (??) we obtain (??) with “+”. This completes the proof. �

Proof of Proposition ??. Let N ⊆ (0, T ) be the null set in Remark ??. Let t0 ∈ [0, T ] be fixed,
and let {τn} ⊆ (0, T ) ∖N be any sequence such that τn → t0. Since u±s ∈ L∞w∗(0, T ;M+(R)),
there exists ν(±) ∈ M+(R) such that, up to subsequences, there holds

(4.22) u±s(τn)
∗⇀ ν(±) in M(R) ,

whence

(4.23) us(τn)
∗⇀ ν ∶= ν(+) − ν(−) in M(R) .

In view of Lemma ??, we also have that

(4.24) ur(⋅, τn)
∗⇀ f ∶= f(+) − f(−) in M(R) ,

with f(±) as in (??), thus f ∈ L1(R). Since u(τn)
∗⇀ u(t0) by Lemma ??, from (??)-(??) it

follows that

(4.25) u(t0) = f + ν in M(R) .

On the other hand, by inequalities (??) for any n ∈ N there holds

u+s(τn) ≤ TC0τnu
+
0s , u−s(τn) ≤ u−0s in M(R) .
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Since TC0τnu
+
0s

∗⇀ TC0t0u
+
0s in M(R), letting n →∞ in the above inequalities and using (??)

we obtain

ν(+) ≤ TC0t0u
+
0s , ν(−) ≤ u−0s in M(R) .

Therefore, the measure ν in (??) is singular with respect to the Lebesgue measure. By the
uniqueness of the Lebesgue decomposition, it follows from (??) that ν = us(t0) in M(R),
f = [u(t0)]r(⋅) = ur(⋅, t0) a.e. in R, and the convergences

ur(⋅, τn)
∗⇀ ur(⋅, t0) , us(τn)

∗⇀ us(t0) in M(R)

take place along the whole sequence {τn}. By the arbitrariness of {τn} we get (??). �

5. Existence of entropy solutions: Proof

5.1. The approximating problems. Let ϕn be defined by (??). Observe that ϕn ∈ Lip (R) ,
ϕn(z) = ϕ(z) if ∣z∣ ≤ n, and ϕn → ϕ uniformly on the bounded subsets of R. Let u0 ∈ M(R)
be any initial measure satisfying (A1). For any n ∈ N set

I+n,i ∶= (ai −
1

2n2
, ai +

1

2n2
) (i = 1, . . . , P+),

I−n,l ∶= (bl −
1

2n2
, bl +

1

2n2
) (l = 1, . . . ,M−),

In ∶= (
P+

⋃
i=1

I+n,i) ∪ (
M−

⋃
l=1

I−n,l) .

Observe that for n ∈ N sufficiently large there holds I±n,j ∩ I±n,k = ∅ for any j ≠ k, and

I+n,i ∩ I−n,l = ∅ (i = 1, . . . , P+; l = 1, . . . ,M−).
Let p0i, m0l be as in (A1). Let {ηn} be a sequence of standard mollifiers. For n ∈ N we set

(5.1) u0r,n=(Tn(u0r)∗ηn)χ[−n,n]∖In ; u0s,n=
P+

∑
i=1

p0i n
2χI+n,i−

M−

∑
l=1

m0l n
2χI−

n,l
; u0n=u0r,n+u0s,n.

Then u0n ∈ BV (R), there exists M0 > 0 such that

(5.2) sup
n∈N

∥u0n∥L1(R) ≤ M0 ,

and there holds

(5.3) f(u0n)
∗⇀ f(u0r) +Cf,+ u+0s −Cf,− u−0s in M(R)

for any f ∈ C(R) such that

(5.4) lim
ξ→±∞

f(ξ)
ξ

=∶ Cf,± ∈ R .

The last statement follows from the the proof of [?, Lemma 5.2], since u0r,n → u0r in L1(R)
and a.e. in R, and [u0s,n]±

∗⇀ u±0s in M(R)).
For every n ∈ N there exists a unique entropy solution un ∈ C([0, T ];L1(R)) ∩ L∞(S) of

the Cauchy problem (Pn); moreover, there holds un(⋅, t) ∈ BV (R) for any t ∈ [0, T ] since
u0n ∈ BV (R). Hereafter we shall identify un(⋅, t) with any of its representatives, which are
defined pointwise in R . Relying on the entropy inequalities:

∫
t1

t0
∫
R
{[un(x, t) − k]+ ζt + sgn +(un(x, t) − k)[ϕn(un(x, t)) − ϕn(k)] ζx} dxdt ≥(5.5)

≥ ∫
R
[un(x, t1) − k]+ ζ(x, t1)dx − ∫

R
[un(x, t0) − k]+ ζ(x, t0)dx ,

∫
t1

t0
∫
R
{[un(x, t) − k]−ζt + sgn −(un(x, t) − k)[ϕn(un(x, t)) − ϕn(k)] ζx} dxdt ≥(5.6)

≥ ∫
R
[un(x, t1) − k]−ζ(x, t1)dx − ∫

R
[un(x, t0) − k]−ζ(x, t0)dx ,
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∫
t1

t0
∫
R
{∣un − k∣ζt + sgn (un(x, t) − k)[ϕn(un(x, t)) − ϕn(k)] ζx} dxdt ≥(5.7)

≥ ∫
R
∣un(x, t1) − k∣ζ(x, t1)dx − ∫

R
∣un(x, t0) − k∣ζ(x, t0)dx

(which hold for any nonnegative ζ ∈ C1(S), k ∈ R, and 0 ≤ t0 < t1 ≤ T ), it can be proven that
for all n ∈ N there holds

(5.8) ∥un∥L∞(0,T ;L1(R)) ≤ ∥u0n∥L1(R) ≤ M0 .

Proposition 5.1. Let un be the entropy solution of problem (Pn) with u0n given by (??),
and let x0 ∈ R be fixed.

(i) If un(x±0 , t1) ∶= limx→x±0 un(x, t1) > n for some t1 ∈ (0, T ], there holds

(5.9) un((x0 +C0(t0 − t1))±, t0) ≥ n for all t0 ∈ [0, t1) .
(ii) If un(x±0 , t1) < −n for some t1 ∈ (0, T ], there holds

(5.10) un(x±0 , t0) ≤ −n for all t0 ∈ [0, t1) .
Proof. Observe that the limits un(x±0 , t1) exist, since un(⋅, t) ∈ BV (R) for all t ∈ [0, T ]. To
prove (i), we choose in (??) k = n and ζ(x, t) = ρ(x −C0(t − t1)) with ρ ∈ C1

c (R), ρ ≥ 0. Since

sgn +(un(x, t) − n)[ϕn(un(x, t)) − ϕn(n)] =
= sgn +(un(x, t) − n)[ϕb(Tn(un(x, t))) − ϕb(n) +C0([un(x, t)]+ − n)] =
= C0 sgn +(un(x, t) − n)([un(x, t)]+ − n) = C0[un(x, t) − n]+ ,

with this choice the left-hand side of (??) vanishes. It follows that

∫
R
[un(x, t1) − n]+ ρ(x)dx − ∫

R
[un(x, t0) − n]+ ρ(x −C0(t0 − t1))dx ≤ 0 ,

whence for all 0 ≤ t0 < t1 ≤ T

(5.11) ∫
R
[un(x +C0(t0 − t1), t0) − n]+ ρ(x)dx ≥ ∫

R
[un(x, t1) − n]+ ρ(x)dx .

To prove (??), assume by contradiction that un((x0 + C0(t0 − t1))+, t0) < n for some t0 ∈
[0, t1) (a similar argument holds for un((x0 + C0(t0 − t1))−, t0)). Then there exists δ > 0
(possibly depending on t0) such that [un(x+C0(t0 − t1), t0) −n]+ = 0 for a.e. x ∈ (x0, x0 + δ).
Choosing ρ with suppρ ⊆ (x0, x0 + δ) from (??) we get ∫

x0+δ
x0

[un(x, t1) − n]+ ρ(x)dx ≤ 0, a

contradiction since un(x±0 , t1) > n. Hence the result follows in this case.
The proof of (ii) is similar, observing that

sgn −(un(x, t) + n)[ϕn(un(x, t)) − ϕn(−n)] =
= sgn −(un(x, t) + n)[ϕb(Tn(un(x, t))) − ϕb(−n) +C0[un(x, t)]+] = 0 .

By (??), with k = −n and ζ(x, t) = ρ(x), ρ as above, we get for all 0 ≤ t0 < t1 ≤ T

∫
R
[un(x, t0) + n]− ρ(x)dx ≥ ∫

R
[un(x, t1) + n]− ρ(x)dx ,

whence the conclusion follows. �

5.2. Letting n→∞ in the approximating problems. In view of inequality (??), Theorem
?? can be applied to the sequence {un} of entropy solutions of the approximating problems
(see also Remark ??). Hence there exist a Radon measure u ∈ L∞w∗(0, T ;M(R)), a subsequence
of {un} (not relabeled) and a Young measure ν ∈ Y(S ×R) such that

(5.12) un
∗⇀ u in L∞w∗(0, T ;M(Ω))

(see (??) and (??)), and ub,(±)(x, t) ∶= ∫R ξ± dν(x,t)(ξ) belong to L∞(0, T ;L1(R)) (here {ν(x,t)}
((x, t) ∈ S) denotes the disintegration of ν; e.g., see [?, Section 5.2]). Set

(5.13) ub ∶= ub,(+) − ub,(−) a.e. in S .
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In view of (??) (with f(ξ) = [ξ − k]±) and (??)-(??), it is easily seen that the results in
Theorem ?? and Remark ?? (with Φ = ϕ) hold along a suitable subsequence of {un}. Then
we have the following theorem.

Theorem 5.2. Let (A1)-(A2) hold. Let u, {un}, ν and ub be as in (??)-(??).
(i) There holds

(5.14) ub = ur a.e. in S.

(ii) There exists a subsequence of {un} (not relabeled) such that in L∞w∗(0, T ;M(R))

(5.15) [un]±
∗⇀ ub,(±) + u±s ,

(5.16) f(un)
∗⇀ f∗ + Cf,+ u+s − Cf,− u−s

for any f ∈ C(R) such that (??) holds, with f∗ ∈ L∞(0, T ;L1
loc(R)) defined by

(5.17) f∗(x, t) = ∫
R
f(ξ)dν(x,t)(ξ) for a.e. (x, t) ∈ S .

Our next task is to characterize the disintegration ν(x,t) of the Young measure ν in Theorem
??. To this purpose, both assumption (A3) and a suitable parabolic approximation of the
entropy solution un of (Pn) (for each n ∈ N) are needed.

Arguing as in [?, Section 4] shows that un is a limiting point in L1(S) (and weakly* in
L∞(S)) as ε→ 0+ of the family {uεn} of solutions to the parabolic problems

(P εn)
⎧⎪⎪⎨⎪⎪⎩

∂tu
ε
n + ∂x[ϕεn(uεn)] = ε∂2

xu
ε
n in S ,

uεn = uε0n in R × {0} .

Here

ϕεn(ξ) = (ηε ∗ ϕn)(ξ) (ξ ∈ R)
({ηε} being a sequence of standard mollifiers), and {uε0n} ⊆ C∞

c (R) satisfies

∥uε0n∥L1(R) ≤ ∥u0n∥L1(R) ≤M0 , ∥uε0n∥L∞(R) ≤ ∥u0n∥L∞(R)

uε0n → u0n in L1(R) , uε0n
∗⇀ u0n in L∞(R)

as ε → 0+. Relying on the above approximation, it can be checked that the disintegration
ν(x,t) satisfies equality (??) a.e. in S (the lengthy proof is modeled after the first part of that
of [?, Proposition 5.8], thus we omit it.) Then by (??) and Theorem ?? below we get the
following result.

Theorem 5.3. Let assumptions (A1)-(A3) hold. Then there holds

(5.18) ν(x,t) = δur(x,t) for a.e. (x, t) ∈ S.

5.3. Existence proof. By (??)-(??) and (??), for any ζ ∈ Cc(S) and 0 ≤ t1 < t2 ≤ T there
holds, up to subsequences,

(5.19) lim
n→∞∫

t2

t1
∫
R
[un]± ζ dxdt = ∫

t2

t1
∫
R
[ur]± ζ dxdt + ∫

t2

t1
⟨u±s(t), ζ(⋅, t)⟩dt ,

lim
n→∞∫

t2

t1
∫
R
f(un)ζ dxdt = ∫

t2

t1
∫
R
f(ur) ζ dxdt +(5.20)

+ Cf,+∫
t1

t0
⟨u+s(t), ζ(⋅, t)⟩dt − Cf,−∫

t1

t0
⟨u−s(t), ζ(⋅, t)⟩dt

for any f ∈ C(R) such that (??) holds. Moreover,

(5.21) lim
n→∞∫

t2

t1
∫
R
ϕn(un)ζ dxdt = ∫

t2

t1
∫
R
ϕ(ur) ζ dxdt + C0 ∫

t2

t1
⟨u+s(t), ζ(⋅, t)⟩dt ;
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(5.22) lim
n→∞∫

t2

t1
∫
R
∣un − k∣ζ dxdt = ∫

t2

t1
∫
R
∣ur − k∣ζ dxdt + ∫

t1

t0
⟨∣us(t)∣, ζ(⋅, t)⟩dt ,

lim
n→∞∫

t2

t1
∫
R

sgn (un(x, t) − k)[ϕn(un(x, t)) − ϕn(k)] ζ dxdt =(5.23)

= ∫
t2

t1
∫
R

sgn (ur − k)[ϕ(ur) − ϕ(k)] ζ dxdt +C0 ∫
t2

t1
⟨u+s(t), ζ(⋅, t)⟩dt

for all k ∈ R. In fact, the convergence in (??) follows from (??) with f(s) = ∣s − k∣. As for
(??) and (??), it suffices to choose f(s) = ϕ(s), respectively f(s) = sgn (s−k)[ϕ(s)−ϕ(k)] in
(??), since by (??) and (??) there holds

∬
S
∣ϕn(un) − ϕ(un)∣ ∣ζ ∣dxdt ≤ 2∥ζ∥∞∥ϕb∥∞∣{∣un∣ > n}∣ ≤

2M0∥ζ∥∞∥∥ϕb∥∞
n

→ 0 as n→∞ ,

∣∬
S

sgn (un(x, t) − k) [ϕn(un(x, t)) − ϕn(k)] − [ϕ(un) − ϕ(k)] ζ dxdt∣ ≤

≤ ∬
S
{∣ϕn(un) − ϕ(un)∣ + ∣ϕn(k) − ϕ(k)∣} ∣ζ ∣dxdt→ 0 as n→∞ .

Lemma 5.4. Let (A1)-(A3) hold, and let u be the limiting measure in (??). Then u is a
solution of problem (P ). Moreover, for any sequence {un} such that (??)-(??) are satisfied
and for any t ∈ (0, T ] there holds

(5.24) un(⋅, t)
∗⇀ u(t) in M(R) .

In (??), at every t ∈ (0, T ] we have identified u(t) with its continuous representative (with
respect to the weak* topology of M(R)), whose existence is ensured by Lemma ??, since u
is a solution of (P ).

Proof. Choosing f(s) = s in (??), we have

u0n
∗⇀ u0 in M(R) .

By the above convergence, (??) and (??), letting n→∞ in the weak formulation of problems
(Pn) gives

(5.25) ∫
T

0
⟨u(t), ζt(⋅, t)⟩dt +∬

S
ϕ(ur)ζx dxdt +C0 ∫

T

0
⟨u+s(t), ζx(⋅, t)⟩dt = − ⟨u0, ζ(⋅,0)⟩

for any ζ ∈ C1
c (S) such that ζ(⋅, T ) = 0. Thus u is a solution of (P ) with initial data u0.

Let us address the convergence in (??). To this aim, fix any t ∈ (0, T ], and observe that the

sequence {un(⋅, t)} is bounded in L1(R). Hence there exists µ(t) ∈ M(R) such that, up to a
subsequences,

(5.26) un(⋅, t)
∗⇀ µ(t) in M(R) .

On the other hand, for any ρ ∈ C1
c (R), taking the limit with respct to n→∞ in the equality

∫
R
un(x, t)ρ(x)dx = ∫

R
u0n(x)ρ(x)dx + ∫

t

0
∫
R
ϕn(un)ρ′(x)dxdt ,

by (??) we obtain

lim
n→∞∫R

un(x, t)ρ(x)dx = ∫
t2

t1
∫
R
ϕ(ur)ρ′(x)dxdt +(5.27)

+C0 ∫
t2

t1
⟨u+s(t), ρ′⟩dt + ⟨u0, ρ⟩ = ⟨u(t), ρ⟩

(see (??)). From (??) and (??), it follows that µ(t) = u(t) in M(R). �
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Proof of Theorem ??. In view of Lemma ??, it is enough to check that the limiting measure
u given by (??) satisfies the entropy inequality (??). Clearly, this follows by (??), (??) and
the convergence

∣u0n − k∣
∗⇀ ∣u0r − k∣ + ∣u0s∣ in M(R) (k ∈ R)

(see (??) with f(s) = ∣s − k∣), letting n→∞ in (??). ◻

6. Qualitative properties of constructed entropy solutions: Proofs

6.1. Continuity properties of the singular part.

Lemma 6.1. Let assumptions (A1)-(A3) hold. Let u be a constructed entropy solution of
problem (P ), and let {un} be any sequence along which all convergences in the proof of The-
orem ?? hold true. Then there exists a null set N ⊆ (0, T ) such that for every τ ∈ (0, T ) ∖N
the following holds:
(i) if ai +C0τ ∈ suppu+s(τ) (i = 1, . . . , P+), there exist {unj} ⊆ {un} and {ξj} ⊆ R such that

(6.1a) ai +C0τ −
1

n2
j

≤ ξj ≤ ai +C0τ +
1

n2
j

, unj(ξ±j , τ) ∶= lim
x→ξ±j

unj(x, τ) > nj ;

(ii)if bl ∈ suppu−s(τ) (l = 1, . . . ,M−), there exist {unj} ⊆ {un} and {ξj} ⊆ R such that

(6.1b) bl −
1

n2
j

≤ ξj ≤ bl +
1

n2
j

, unj(ξ±j , τ) < −nj .

Proof. We only prove claim (i). Since u is an entropy solution of (P ), there exists a null set
N ⊆ (0, T ) such that equalities (??) are satisfied for all t ∈ (0, T ) ∖N . Let τ ∈ (0, T ) ∖N be
fixed, and observe that the limits in (??) exist since unj(⋅, τ) ∈ BV (R).

By the first equality in (??) there exists an interval Iδ ∶= (ai +C0τ − δ, ai +C0τ + δ) (δ > 0)
such that u+s(τ) ⌞ Iδ = pi(τ) δ{ai+C0τ} . Set Jn ∶= (ai +C0τ − 1

n2 , ai +C0τ + 1
n2 ) . We shall prove

the following
Claim: There exist {unj} ⊆ {un} and w ∈ L1(Iδ) such that

(6.2) [unj(⋅, τ)]+ χIδ∖Jnj
∗⇀ w in M(Iδ) .

Part (i) follows from this Claim. In fact, we prove below that by (??) there holds

(6.3) lim
j→∞

1

nj
∥[unj(⋅, τ)]+∥L∞(Jnj ) = ∞ ,

hence there exists j0 ∈ N such that

∥unj(⋅, τ)∥L∞(Jnj ) ≥ 2nj for all j ≥ j0 .

By the above inequality, for any j ≥ j0 there exists ξj ∈ Jnj such that unj(ξ±j , τ) > nj . Hence

(i) follows.
To prove (??) we argue by contradiction. Let there exist M > 0 and a subsequence (not

relabeled for simplicity) such that

∥[unj(⋅, τ)]+∥L∞(Jnj ) ≤ Mnj for all j ∈ N ,

thus for any ρ ∈ Cc(Iδ)

(6.4) ∣ ∫
Jnj

[unj(x, τ)]+ ρ(x)dx ∣ ≤ 2Mnj
∥ρ∥∞
n2
j

→ 0 as j →∞ .

On the other hand, by (??) there holds

(6.5) ∫
Iδ∖Jnj

[unj(x, τ)]+ ρ(x)dx → ∫
R
w(x)ρ(x)dx .
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From (??)-(??) we get [unj(⋅, τ)]+
∗⇀ w in M(Iδ) . Since

[unj(⋅, τ)]+ = unj(⋅, τ) + u−nj(⋅, τ) ≥ unj(⋅, τ) ,

the previous convergence and that in (??) give u(τ) ≤ w inM(Iδ). This implies that u+s(τ) ⌞
Iδ = 0, a contradiction.

Let us now prove the Claim. To this purpose, observe that the sequence [un(⋅, τ)]+ χIδ∖Jn
is bounded in L1(R), thus also in L1(Iδ). Therefore there exist {unj} ⊆ {un} and µ ∈ M+(Iδ)
such that

(6.6) [unj(⋅, τ)]+ χIδ∖Jnj
∗⇀ µ in M(Iδ) .

Moreover, for any k > 0 there exists µk ∈ M+(Iδ) such that [µk]s = µs and, up to subsequences,

(6.7) [unj(⋅, τ) − k]+ χIδ∖Jnj
∗⇀ µk in M(Iδ).

Let {ξq} ⊆ R be any sequence as in (??), namely

ξq →∞ , sup
ξ≥ξq

[ϕb(ξ) − ϕb(ξq)] <
1

q
for all q ∈ N .

Set nj ≡ n for notational simplicity, and

αp(x) ∶= p(x − ai −C0τ −
1

n2
)χ[ai+C0τ+ 1

n2 ,ai+C0τ+ 1
n2 + 1

p ]
(x)+χ(ai+C0τ+ 1

n2 + 1
p ,∞)(x) (p ∈ N) .

Let q ∈ N be fixed, let n > ξq and let ηδ ∈ C1
c (Iδ), 0 ≤ ηδ ≤ 1, ηδ(ai + C0τ) = 1. Choosing in

(??) k = ξq, ζ(x, t) = αp(x −C0(t − τ))ηδ(x −C0(t − τ)) and integrating on (0, τ) we get

∫
R
[un(x, τ) − ξq]+ αp(x)ηδ(x)dx ≤ ∫

R
[u0n(x) − ξq]+(αpηδ)(x +C0τ)dx +(6.8)

+ ∫
τ

0
∫
R

sgn +(un(x, t) − ξq)[ϕb(Tn(un(x, t))) − ϕb(Tn(ξq))] [α′pηδ](x −C0(t − τ))dxdt +

+ ∫
τ

0
∫
R

sgn +(un(x, t) − ξq)[ϕb(Tn(un(x, t))) − ϕb(Tn(ξq))] [αpη′δ](x −C0(t − τ))dxdt ≤

≤ ∫
ai+δ

ai+ 1
n2

[u0n − ξq]+ ηδ(x +C0τ)dx +
τ

q
∥α′p∥1 + 2∥ϕb∥∞∥η′δ∥∞ ∣{un(x, t) > ξq}∣ ;

here we have used that

sup
ξ≥ξq

[ϕb(Tn(ξ)) − ϕb(Tn(ξq))] = sup
ξ≥ξq

[ϕb(Tn(ξ)) − ϕb(ξq)] ≤ sup
ξ≥ξq

[ϕb(ξ) − ϕb(ξq)] <
1

q
,

whence

∫
τ

0
∫
R

sgn +(un(x, t)−ξq)[ϕb(Tn(un(x, t)))−ϕb(Tn(ξq))] [α′pηδ
±
≥0

](x−C0(t−τ))dxdt ≤
τ

q
∥α′p∥1 .

Since ∥α′p∥1 = 1 and 0 ≤ ηδ ≤ 1, letting p→∞ in (??) gives

∫
ai+C0τ+δ

ai+C0τ+ 1
n2

[un(x, t)(x, τ) − ξq]+ηδ(x)dx ≤ ∫
ai+δ

ai+ 1
n2

[u0n − ξq]+ ηδ(x +C0τ)dx +
τ

q
+(6.9)

+ 2∥ϕb∥∞∥η′δ∥∞ ∣{un(x, t) > ξq}∣ ≤ ∫
ai+δ

ai+ 1
n2

[u0n − ξq]+ dx +
τ

q
+ 2M0

ξq
∥ϕb∥∞∥η′δ∥∞

(see also (??)). Arguing similarly, with {ξ′q} as in the second inequality of (??) we get

(6.10) ∫
ai+C0τ− 1

n2

ai+C0τ−δ
[un(x, τ) − ξ′q]+ηδ(x)dx ≤ ∫

ai− 1
n2

ai−δ
[u0n − ξ′q]+ dx +

τ

q
+ 2M0

ξ′q
∥ϕb∥∞∥η′δ∥∞ .
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Next, observe that in view of (A1)-(??) we can fix δ > 0 so small that u0s,n = 0 in (ai − δ, ai +
δ) ∖ (ai − 1

n2 , ai + 1
n2 ), whence (again by (??))

lim
n→∞

{∫
ai+δ

ai+ 1
n2

[u0n − ξq]+ dx + ∫
ai− 1

n2

ai−δ
[u0n − ξ′q]+ dx} =(6.11)

= lim
n→∞

{∫
ai+δ

ai+ 1
n2

[u0r,n − ξq]+ dx + ∫
ai− 1

n2

ai−δ
[u0r,n − ξ′q]+ dx} =

= ∫
ai+δ

ai
[u0r − ξq]+ dx + ∫

ai

ai−δ
[u0r − ξ′q]+ dx .

Set kq ∶= max{ξq, ξ′q}. Since

∫
ai+C0τ− 1

n2

ai+C0τ−δ
[un(x, τ) − kq]+ηδ(x)dx + ∫

ai+C0τ+δ

ai+C0τ+ 1
n2

[un(x, τ) − kq]+ηδ(x)dx ≤

≤ ∫
ai+C0τ− 1

n2

ai+C0τ−δ
[un(x, τ) − ξ′q]+ηδ(x)dx + ∫

ai+C0τ+δ

ai+C0τ+ 1
n2

[un(x, τ) − ξq]+ηδ(x)dx ,

summing up (??)-(??) and passing to the limit with respect to n → ∞, by (??) (combined
with the equality µs = µsk with k = kq) and (??) we get

⟨µs, ηδ⟩ = ⟨[µkq ]s, ηδ⟩ ≤ ⟨µkq , ηδ⟩ ≤ ∫
ai

ai−δ
[u0r − ξ′q]+ dx +

+ ∫
ai+δ

ai
[u0r − ξq]+ dx + 2τ

q
+ 2M0∥ϕb∥∞∥η′δ∥∞ ( 1

ξq
+ 1

ξ′q
) .

Letting q →∞ in the above inequality, it follows that µs = 0. This proves the Claim. �

Lemma 6.2. Let assumptions (A1)-(A3) hold, and let u be a constructed entropy solution of
problem (P ).
(i) If u+s(t0)({x̄}) = 0 for some t0 ∈ [0, T ), then there holds

(6.12) u+s(t)({x̄ +C0(t − t0)}) = 0 for any t ∈ (t0, T ).

(ii) If u−s(t0)({x̄}) = 0 for some t0 ∈ [0, T ), then there holds

(6.13) u−s(t)({x̄}) = 0 for any t ∈ (t0, T ).

Proof. Let us address only claim (i), the proof of (ii) being similar. To fix the ideas, assume
that C0 > 0, and let t0 ∈ [0, T ) be fixed.

If u+s(t0)({x̄}) = 0, there holds x̄ ≠ ai+C0t0 for any i = 1, . . . , P+, thus x̄+C0(t−t0) ≠ ai+C0t
for any such i and t ∈ (0, T ). Then by (??) there holds

u+s(t)({x̄ +C0(t − t0)}) ≤
P+

∑
i=1

pi(t+) δai+C0t({x̄ +C0(t − t0)}) = 0 ,

and the conclusion follows in this case.
Now suppose that x̄ = ai+C0t0 for some i = 1, . . . , P+. We argue by contradiction and prove

the following
Claim. Let there exists τ0 ∈ (t0, T ) such that

(6.14) u+s(τ0)({x̄ +C0(τ0 − t0)}) = u+s(τ0)({ai +C0τ0}) > 0 ,

and let N be the null set in (??). Then for all t ∈ (t0, τ0) ∖N

(6.15a) u+s(t) ⌞ {ai +C0t} = pi(t) δai+C0t > 0 ,

(6.15b) ai +C0t0 ∉ suppu−s(t) .
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Let us also observe for future reference that by (??) and (??) there holds

(6.16) pi(τ−0 ) δai+C0τ0 ≥ pi(τ+0 ) δai+C0τ0 ≥ u+s(τ0) ⌞ {ai +C0τ0} > 0 .

Using the Claim we can prove the result. Since suppu−s(t) ⊆ {b1, . . . , bM−
} (t ∈ [0, T ]), by

(??) there exists σ > 0 such that

(6.17) u−s(t) ⌞ (ai +C0t0 − σ, ai +C0t0 + σ) = 0 for a.e. t ∈ (t0, τ0) .

By (??) and (??), for any ρ ∈ Cc(ai +C0t0 − σ, ai +C0t0 + σ), ρ ≥ 0, and for a.e. t ∈ (t0, τ0) we
get

⟨us(t) , ρ⟩ = ⟨u+s(t) , ρ⟩ ≥ pi(τ−0 )ρ(ai +C0t) ,
since the function pi is nonincreasing in [0, T ]. The by (??) we obtain

⟨us(t0), ρ⟩ = ess lim
t→t+0

⟨us(t) , ρ⟩ ≥ pi(τ−0 )ρ(ai +C0t0) .

By the arbitrariness of ρ, it follows that

(6.18) u+s(t0) ⌞ {ai +C0t0} ≥ pi(τ−0 ) δai+C0t0 .

Inequalities (??) and (??) contradict the assumption u+s(t0)({ai + C0t0}) = 0, thus the con-
clusion follows.

It remains to prove the Claim. Inequality (??) follows from the first equality in (??) and
(??) since pi is noincreasing. To prove (??) we argue again by contradiction. Let there exists
t̄ ∈ (t0, τ0) ∖N such that

(6.19) ai +C0t0 ∈ suppu−s(t̄) .

Since C0 > 0, for any fixed τ ∈ (t0, t̄) ∖N there holds

(6.20) ai < ai +C0t0 < ai +C0τ .

Since τ ∈ (t0, t̄)∖N ⊆ (t0, τ0)∖N , from (??) with t = τ we obtain that ai+C0τ ∈ suppu+s(τ).
Hence by Lemma ??-(i) there exist {unj} ⊆ {un} and {ξj} ⊆ R such that

(6.21) ai +C0τ −
1

n2
j

≤ ξj ≤ ai +C0τ +
1

n2
j

, unj(ξ±j , τ) > nj

(see (??)). On the other hand, by (??) and Lemma ??-(ii) there exist a subsequence {unjk } ⊆
{unj} and {ξ̄k} ⊆ R such that

(6.22) ai +C0t0 −
1

n2
jk

≤ ξ̄k ≤ ai +C0t0 +
1

n2
jk

, unjk (ξ̄
±
k , t̄) < −njk .

By Proposition ??-(i) and the last inequality in (??) there holds

(6.23) unj((ξj +C0(t − τ))±, t) ≥ nj for all t ∈ [0, τ) ,

whereas by Proposition ??-(ii) and the last inequality in (??),

(6.24) unjk (ξ̄
±
k , t) ≤ −njk for all t ∈ [0, t̄) .

Set tk ∶= τ +
ξ̄k−ξjk
C0

. By (??)-(??), for any k ∈ N large enough there holds

tk ≥ t0 −
2

C0 n2
jk

> 0 , tk ≤ t0 +
2

C0 n2
jk

< τ .

To sum up, 0 < tk < τ < t̄ and ξ̄k = ξjk + C0(tk − τ) for sufficiently large k ∈ N, whence by
(??) and (??) for t = tk we obtain −njk ≥ unjk (ξ̄

±
k , tk) ≥ njk , a contradiction. �
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Proof of Theorem ??. Let t0 ∈ [0, T ) be fixed. We distinguish two cases.
(i) Assume that ai + C0t0 ≠ bl for i = 1, . . . , P+ and l = 1, . . . ,M−. Then there exists h > 0
such that for any t ∈ [t0, t0 + h) there holds ai + C0t ≠ bl for all i, l, thus the measures

∑P+i=1 pi(t
±) δai+C0t and ∑M−

l=1 ml(t±) δbl are mutually singular. Now (??) holds, since, by (??)
for all t ∈ [t0, t0 + h) there holds

(6.25) u+s(t) =
P+

∑
i=1

pi(t+)δai+C0t , u−s(t) =
M−

∑
l=1

ml(t+)δbl .

We only prove (??) with “ + ”. Let {tj} ⊆ (t0, T ), tj → t+0 . Let ρ ∈ Cc(R). Since
limj→∞ pi(t+j ) = pi(t+0), it follows from the first equalities in (??) and (??) that

lim
j→∞

⟨u+s(tj), ρ⟩ = lim
j→∞

(
P+

∑
i=1

pi(t+j )ρ(ai +C0tj)) =
P+

∑
i=1

pi(t+0)ρ(ai +C0t0) = ⟨u+s(t0), ρ⟩ .

Hence the conclusion follows in this case.

(ii) Assume that ai0 + C0t0 = bl0 for some i0 ∈ {1, . . . , P+}, l0 ∈ {1, . . . ,M−}. Since by
assumption ai0 ≠ bl0 , this is only possible if t0 > 0. We address the case where moreover
ai +C0t0 ≠ bl for all pairs (i, l) ≠ (i0, l0), since the remaining case can be treated similarly.

Plainly, there exists h > 0 such that ai + C0t ≠ bl for all t ∈ (t0, t0 + h) and i, l. Hence
equalities (??) hold true for all t ∈ (t0, t0 + h). To prove (??), we observe that, by (??),

us(t0) =
P+

∑
i=1,i≠i0

pi(t−0) δai+C0t0 −
M−

∑
l=1,l≠l0

ml(t−0) δbl + [pi0(t−0) −ml0(t−0)] δbl0 =(6.26)

=
P+

∑
i=1,i≠i0

pi(t+0) δai+C0t0 −
M−

∑
l=1,l≠l0

ml(t+0) δbl + [pi0(t+0) −ml0(t+0)] δbl0 .

Assume that pi0(t−0) ≥ ml0(t−0) (if pi0(t−0) < ml0(t−0) the proof is similar). By assumption the

measures ∑P+i=1,i≠i0 pi(t
±
0) δai+C0t0 +[pi0(t±0)−ml0(t±0)] δbl0 and ∑M−

l=1,l≠l0 ml(t±0) δbl are mutually

singular, thus by the first equality in (??) there holds

u+s(t0) =
P+

∑
i=1,i≠i0

pi(t−0) δai+C0t0 + [pi0(t−0) −ml0(t−0)] δbl0 , u−s(t0) =
M−

∑
l=1,l≠l0

ml(t−0) δbl ,

whence u−s(t0)({bl0}) = 0. As a consequence, by Lemma ??-(ii) (see (??)) there holds
u−s(t)({bl0}) = 0 for a.e. t ∈ (t0, T ), whence (see the second equality in (??))

ml0(t) = 0 for a.e. t ∈ (t0, T ) .
This implies that ml0(t+0) = 0 and, since the function ml0 is nonincreasing in [0, T ],
(6.27) ml0(t±) = 0 for all t ∈ (t0, T ).

Since ml0(t+0) = 0, the second equality in (??) simply reads

us(t0) =
P

∑
i=1

pi(t+0) δai+C0t0 −
M

∑
l=1,l≠l0

ml(t+0) δbl ,

whence

(6.28) u+s(t0) =
P+

∑
i=1

pi(t+0) δai+C0t0 , u−s(t0) =
M−

∑
l=1,l≠l0

ml(t+0) δbl =
M−

∑
l=1

ml(t+0) δbl ,

since by assumption the measures ∑P+i=1 pi(t
+
0) δai+C0t0 and ∑M−

l=1,l≠l0 ml(t+0) δbl are mutually

singular and ml0(t+0) = 0. This proves (??). In addition, by (??) and (??),

(6.29) u+s(t) =
P+

∑
i=1

pi(t+)δai+C0t, u−s(t) =
M−

∑
l=1,l≠l0

ml(t+)δbl for all t ∈ (t0, t0 + h).
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Since pi(t+) → pi(t+0) and ml(t+) →ml(t+0) as t→ t+0 , it follows from (??) and (??) that

lim
t→t+0

⟨u+s(t), ρ⟩ = lim
t→t+0

P+

∑
i=1

pi(t+)ρ(ai +C0t) =
P+

∑
i=1

pi(t+0)ρ(ai +C0t0) = ⟨u+s(t0), ρ⟩ ,

lim
t→t+0

⟨u−s(t), ρ⟩ = lim
t→t+0

M−

∑
l=1,l≠l0

ml(t+)ρ(bl) =
M−

∑
l=1,l≠l0

ml(t+0)ρ(bl) = ⟨u−s(t0), ρ⟩

for any ρ ∈ Cc(R). This proves (??) and the result follows. �

6.2. Compatibility conditions. In the present subsection we prove Theorem ??.

Proof of Theorem ??. We only prove (??). By Lemma ??-(i) and (??) there holds

(6.30) ai −
1

n2
j

≤ zj ≤ ai +
1

n2
j

, unj((zj +C0t)±, t) ≥ nj for all t ∈ [0, τ] ,

where zj ∶= ξj −C0τ (see (??)). Let δ > 0 and ρ ∈ C1
c (ai − δ, ai + δ), ρ ≥ 0. Let j ∈ N be so large

that zj ∈ (ai − δ, ai + δ) (see (??)). Then the function

(6.31) αm(y) ∶=m(y − zj)ρ(y)χ[zj ,zj+ 1
m

](y) + ρ(y)χ(zj+ 1
m ,∞)(y)

has compact support in (ai − δ, ai + δ) for sufficiently large m ∈ N. By standard regularization
arguments we can choose in (??) ζ(x, t) = αm(x −C0t)β(t) with β ∈ C1

c (0, τ), β ≥ 0 . Then

∬
S
[unj(x, t) − k]− {αm(x −C0t)β′(t) −C0α

′
m(x −C0t)β(t)}dxdt +(6.32)

+ ∬
S

sgn −(unj(x, t) − k) [ϕnj(unj(x, t)) − ϕnj(k)]α′m(x −C0t)β(t)dxdt ≥ 0 .

Since for any y, k ∈ R

−C0 [y − k]− + sgn −(y − k)[ϕnj(y) − ϕnj(k)] =(6.33)

= −C0 sgn −(y − k)(y − k) + sgn −(y − k)[ϕb(Tnj(y)) − ϕb(Tnj(k)) +C0(y+ − k+)] =
= sgn −(y − k)[ϕb(Tnj(y)) − ϕb(Tnj(k)) +C0(y− − k−)] =∶ gnj ,k(y) ,

inequality (??) reads
(6.34)

∬
S
[unj(x, t) − k]− αm(x −C0t)β′(t)dxdt +∬

S
gnj ,k(unj(x, t))α′m(x −C0t)β(t)dxdt ≥ 0 .

Let us now send m→∞ in (??). To this purpose, observe that by (??) there holds

∬
S
gnj ,k(unj(x, t))α′m(x −C0t)β(t)dxdt =(6.35)

= m∫
τ

0
β(t)dt∫

zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t))ρ(x −C0t)dx +

+ m∫
τ

0
β(t)dt∫

zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t)) (x −C0t − zj)ρ′(x −C0t)dx +

+ ∫
τ

0
β(t)dt∫

∞

zj+C0t+1/m
gnj ,k(unj(x, t))ρ′(x −C0t)dx .

Since unj(⋅, t) ∈ BV (R) (t ∈ (0, T )), by the second inequality in (??) and the very definition
of gnj ,k (see (??)), for any nj > k and for a.e. t ∈ (0, τ) there holds

lim
m→∞

m∫
zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t))ρ(x −C0t)dx = 0

and

lim
m→∞

m∫
zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t)) (x −C0t − zj)ρ′(x −C0t)dx = 0 .
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Since unj ∈ L∞(S), for any j ∈ N there exists Cj > 0 such that for all m ∈ N and t ∈ [0, τ]

m ∣ ∫
zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t))ρ(x −C0t)dx ∣ ≤ Cj ,

m ∣ ∫
zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t)) (x −C0t − zj)ρ′(x −C0t)dx ∣ ≤ Cj .

Then by the Dominated Convergence Theorem there holds

lim
m→∞

m∫
τ

0
β(t)dt∫

zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t))ρ(x −C0t)dx =(6.36)

= lim
m→∞

m∫
τ

0
β(t)dt∫

zj+C0t+1/m

zj+C0t
gnj ,k(unj(x, t)) (x −C0t − zj)ρ′(x −C0t)dx = 0 .

Moreover, it is easily seen that

lim
m→∞∫

τ

0
β(t)dt∫

∞

zj+C0t+1/m
gnj ,k(unj(x, t))ρ′(x −C0t)dx =(6.37)

= ∫
τ

0
β(t)dt∫

∞

zj+C0t
gnj ,k(unj(x, t))ρ′(x −C0t)dx ,

(6.38)

lim
m→∞∬S

[unj(x, t)−k]− αm(x−C0t)β′(t)dxdt = ∫
τ

0
∫

∞

zj+C0t
[unj(x, t)−k]− ρ(x−C0t)β′(t)dxdt .

In view of (??)-(??), letting m→∞ in (??) we obtain

∫
τ

0
∫

∞

zj+C0t
[unj(x, t) − k]− ρ(x −C0t)β′(t)dxdt ≥(6.39)

≥ −∫
τ

0
∫

∞

zj+C0t
gnj ,k(unj(x, t))ρ′(x −C0t)β(t)dxdt .

Since suppρ ⊆ (ai − δ, ai + δ) and zj ∈ (ai − δ, ai + δ), from (??) we get

∫
τ

0
∫

ai+C0t+δ

ai+C0t−δ
[unj(x, t) − k]− ρ(x −C0t) ∣β′(t)∣dxdt ≥(6.40)

≥ −∫
τ

0
∫

∞

zj+C0t
gnj ,k(unj(x, t))ρ′(x −C0t)β(t)dxdt .

The next step of the proof is sending j →∞ in (??). As for the left-hand side, using (??)
with f(y) = [y − k]−, we get

lim
j→∞∫

τ

0
∫

ai+C0t+δ

ai+C0t−δ
[unj(x, t) − k]− ρ(x −C0t) ∣β′(t)∣dxdt =(6.41)

= ∫
τ

0
∣β′(t)∣dt∫

ai+C0t+δ

ai+C0t−δ
[ur(x, t) − k]− ρ(x −C0t)dx +

+ ∫
τ

0
⟨u−s(t) , ρ(⋅ −C0t)⟩ ∣β′(t)∣dt ≤

≤ ∥ρ∥L∞(ai−δ,ai+δ) {∫
τ

0
∣β′(t)∣dt∫

ai+C0t+δ

ai+C0t−δ
[ur(x, t) − k]− dx+

+∫
τ

0
u−s(t)((ai +C0t − δ, ai +C0t + δ)) ∣β′(t)∣dt} .

To address the right-hand side of (??), set gk(y) ∶= sgn −(y − k)[ϕ̂(y) − ϕ̂(k)] with ϕ̂(z) =
ϕb(z)+C0z− ; z ∈ R. Let ρ ∈ C1

c (ai−δ, ai+δ) satisfy: (i) 0 ≤ ρ ≤ 1, (ii) ρ′ = 0 in [ai−2δ′, ai+2δ′]
for some δ′ ∈ (0, δ

2
), thus ρ′ ∈M0([ai + 2δ′, ai + δ]). It follows that for sufficiently large j

∫
τ

0
∫

ai+C0t+2δ′

zj+C0t
gk(unj)ρ′(x −C0t)β(t)dxdt = 0 ,



MEASURE-VALUED SOLUTIONS OF SCALAR HYPERBOLIC CONSERVATION LAWS 25

since zj ∈ (ai − δ′, ai + δ′). Applying (??) with f(y) = gk(y) to unj(x +C0t, t), we obtain

lim
j→∞∫

τ

0
β(t)dt∫

∞

zj+C0t
gk(unj(x, t))ρ′(x −C0t)dx =(6.42)

= lim
j→∞∫

τ

0
β(t)dt∫

ai+C0t+δ

ai+C0t+2δ′
gk(unj(x, t))ρ′(x −C0t)dx =

= ∫
τ

0
β(t)dt∫

ai+C0t+δ

ai+C0t+2δ′
gk(ur(x, t))ρ′(x −C0t)dx −

− C0 ∫
τ

0
⟨u−s(t) ⌞ (ai +C0t + 2δ′, ai +C0t + δ) , ρ′(⋅ −C0t)⟩ β(t)dt .

Since

gnj ,k(unj) − gk(unj) = sgn −(unj − k){[ϕb(Tnj(unj)) − ϕb(unj)] − [ϕb(Tnj(k)) − ϕb(k)]},

it easily follows that

lim sup
j→∞

∫
τ

0
β(t)dt∫

∞

zj+C0t
∣gnj ,k(unj(x, t)) − gk(unj(x, t))∣ ∣ρ′(x −C0t)∣dx ≤(6.43)

≤ 2∥ϕb∥∞∥β∥L∞(0,T )∥ρ′∥L∞(ai−δ,ai+δ) lim sup
j→∞

∣{(x, t) ∈ S ∶ ∣unj(x, t)∣ > nj}∣ = 0

(in the last equality use that {unj} is bounded in L1(S)). From (??) and (??) we obtain

lim
j→∞∫

τ

0
∫

∞

zj+C0t
gnj ,k(unj(x, t))ρ′(x −C0t)β(t)dxdt =(6.44)

= ∫
τ

0
β(t)∫

ai+C0t+δ

ai+C0t+2δ′
gk(ur(x, t))ρ′(x −C0t)dxdt −

− C0 ∫
τ

0
⟨u−s(t) ⌞ (ai +C0t + 2δ′, ai +C0t + δ) , ρ′(⋅ −C0t)⟩ β(t)dt .

In view of (??) and (??), sending j →∞ in (??) and recalling that 0 ≤ ρ ≤ 1, we get

∫
τ

0
∣β′(t)∣dt∫

ai+C0t+δ

ai+C0t−δ
[ur(x, t) − k]− dx +(6.45)

+ ∫
τ

0
u−s(t)((ai +C0t − δ, ai +C0t + δ)) ∣β′(t)∣dt ≥

≥ −∫
τ

0
β(t)∫

ai+C0t+δ

ai+C0t+2δ′
gk(ur(x, t))ρ′(x −C0t)dxdt +

+ C0 ∫
τ

0
⟨u−s(t) ⌞ (ai +C0t + 2δ′, ai +C0t + δ) , ρ′(⋅ −C0t)⟩ β(t)dt .

Let q ∈ N, q > 4
δ
. We choose in (??) 2δ′ = 1

q
and ρ = αq ∈ C1

c (ai − δ, ai + δ) defined by

α′q(y) = q
δ
(ai + 1

q
− y)χ

[ai+
1
q
,ai+

2
q
]
(y) −(6.46)

− 1
δ
χ
(ai+

2
q
,ai+δ−

2
q
]
(y) + q

δ
(y − ai − δ + 1

q
)χ

(ai+δ−
2
q
,ai+δ−

1
q
]
(y) .

Let q →∞. As for the right-hand side of (??), since ∣ρ′q(x)∣ ≤ δ−1 and ρ′q(x) → −δ−1χ(ai,ai+δ)(x)
for any x ∈ [ai, ai + δ] (see (??)), and since ur ∈ L∞(0, T ;L1(R)), us ∈ L∞w∗(0, T ;M(R)), it
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follows from the Dominated Convergence Theorem that

lim
q→∞

⎧⎪⎪⎨⎪⎪⎩
− ∫

τ

0
β(t)dt∫

ai+C0t+δ

ai+C0t+ 1
q

gk(ur(x, t))α′q(x −C0t)dx +(6.47)

+ C0 ∫
τ

0
⟨u−s(t) ⌞ (ai +C0t + q−1, ai +C0t + δ) , α′q(⋅ −C0t)⟩ β(t)dt} =

= −∫
τ

0
β(t)dt( lim

q→∞∫
ai+C0t+δ

ai+C0t+ 1
q

gk(ur(x, t))α′q(x −C0t)dx) +

+ C0 ∫
τ

0
lim
q→∞

⟨u−s(t) ⌞ (ai +C0t + q−1, ai +C0t + δ) , α′q(⋅ −C0t)⟩ β(t)dt =

= 1

δ
∫

τ

0
∫

ai+C0t+δ

ai+C0t
gk(ur(x, t))β(t)dxdt −

− C0

δ
∫

τ

0
u−s(t)((ai +C0t, ai +C0t + δ))β(t)dt .

By (??), it follows from (??) with ρ = αq that

1

δ

⎧⎪⎪⎨⎪⎪⎩
∫

τ

0
β(t)dt∫

ai+C0t+δ

ai+C0t
gk(ur(x, t))β(t)dx −(6.48)

− C0 ∫
τ

0
u−s(t)((ai +C0t, ai +C0t + δ))β(t)dt

⎫⎪⎪⎬⎪⎪⎭
≤

≤ ∫
τ

0
∣β′(t)∣dt∫

ai+C0t+δ

ai+C0t−δ
[ur − k]− dx +

+ ∫
τ

0
u−s(t)((ai +C0t − δ , ai +C0t + δ)) ∣β′(t)∣dt .

Finally, we send δ → 0+ in the above inequality. Observe that for a.e. t ∈ (0, τ) there holds

lim
δ→0+

u−s(t)((ai +C0t − δ , ai +C0t + δ)) = u−s(t)({ai +C0t}) = 0 ,

since {ai +C0t} ∈ suppu+s(t) and suppu+s(t)∩ suppu−s(t) ≠ ∅ only for finitely many t in (0, τ).
Moreover,

u−s(t)((ai +C0t , ai +C0t + δ)) ≤ ess supt∈(0,T )∥us(t)∥ .
Letting δ → 0+ in (??), (??) follows from the Dominated Convergence Theorem. ◻
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Appendix A

A.1. Preliminaries. In this Appendix we recall the proof of some results used in the ex-
istence proof. We refer the reader to [?] for a more general presentation of the underlying
material.

Let T > 0, S ∶= RN × (0, T ), M0 > 0 and {un} ⊆ L∞w∗(0, T ;M(RN)). Let

(H1) sup
n∈N

∥un∥L∞w∗(0,T ;M(RN )) ≤ M0 .

Recall (e.g., see [?, Proposition 4.4.16]) that a sequence {µn} ⊆ L∞w∗(0, T ;M(RN)) weakly∗

converges to µ ∈ L∞w∗(0, T ;M(RN)) (written µn
∗⇀ µ in L∞w∗(0, T ;M(RN))), if

∫
T

0
⟨µn(t), ζ(⋅, t)⟩ dt→ ∫

T

0
⟨µ(t), ζ(⋅, t)⟩dt for any ζ ∈ L1(0, T ;C0(RN)) .
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Theorem A.1. Let (H1) hold. Then there exist a subsequence of {un} (not relabeled), a
Young measure ν ∈ Y(S;R) and λ(±) ∈ L∞w∗(0, T ;M+(RN)) such that

(A.1) u±n
∗⇀ ub,(±) + λ(±) in L∞w∗(0, T ;M+(RN)) ,

where ub,(±) ∈ L∞(0, T ;L1(RN)),

(A.2) ub,(±)(x, t) ∶= ∫
R
ξ± dν(x,t)(ξ) for a.e. (x, t) ∈ S ,

and {ν(x,t)} denotes the disintegration of ν, defined for a.e. (x, t) ∈ S. If f ∈ C(R) satisfies

(A.3) lim
z→±∞

f(z)
z

=∶ Cf,± ∈ R ,

then

f(unr) +Cf,+u+ns −Cf,−u−ns
∗⇀ f∗ +Cf,+λ(+) − Cf,−λ(−)(A.4)

in L∞w∗(0, T ;M(RN)), where f∗ ∈ L∞(0, T ;L1(RN)), f∗(x, t) ∶= ∫R f(ξ)dν(x,t)(ξ) for a.e.
(x, t) ∈ S.

Proof. We split u±n into the sum of their absolutely continuous parts with densities [unr]± and
singular parts u±ns. Concerning the sequence {[unr]±}, retracing the proof of [?, Lemmata
A.1-A.2] shows that there exist Radon measures µ(±) ∈ L∞w∗(0, T ;M+(RN)) and a Young
measure ν ∈ Y(S;R) such that, up to subsequences,

(A.5) [unr]±
∗⇀ ub,(±) + µ(±) in L∞w∗(0, T ;M+(RN))

with ub,(±) ∈ L∞(0, T ;L1(RN)) given by (??), and

f(unr)
∗⇀ f∗ +Cf,+µ(+) − Cf,−µ(−) in L∞w∗(0, T ;M(RN)) ,(A.6)

with f∗ ∈ L∞(0, T ;L1(RN)), f∗(x, t) ∶= ∫R f(ξ)dν(x,t)(ξ) for a.e. (x, t) ∈ S.
On the other hand, by (H1) there also holds, up to subsequences,

u±ns
∗⇀ τ(±) in L∞w∗(0, T ;M(RN)) ,

for some τ(±) ∈ L∞w∗(0, T ;M+(RN)). Setting λ(±) ∶= µ(±) + τ(±) the conclusion follows. �

A.2. Characterization of the measures λ(±) .

Theorem A.2. Let {un} and λ(±) be given by Theorem ??. Let u0 ∈ M(RN), {u0r,n} ⊆
L1(RN), {u0s,n} ⊆M(RN), Φ ∈ C(R;RN) be such that for all k > 0

(A.7) [u0r,n ∓ k]± + u±0s,n
∗⇀ [u0r ∓ k]± + u±0s in M(RN) as n→∞ ,

(A.8) lim
ξ→±∞

Φ(ξ)
ξ

=M±
Φ ∈ RN .

Moreover, assume that for all k ∈ R and ζ ∈ C1
c (RN × [0, T )), ζ ≥ 0, there holds

∫
T

0
⟨u±ns(t), ζt(⋅, t)⟩ dt + ∫

T

0
∫
RN

[unr ∓ k]±ζt dxdt +(A.9)

+∫
T

0
∫
RN

(±χ{±unr>k})[Φ(unr) −Φ(±k)] ⋅ ∇ζ dxdt ≥

≥ ∫
RN

[u0r,n ∓ k]±ζ(x,0)dx + ⟨u±0s,n, ζ(⋅,0)⟩ +L±(n, k, ζ)

for some L±(n, k, ζ) > 0 satisfying, for every ζ as above,

(A.10) lim
k→∞

lim sup
n→∞

L±(n, k, ζ) = 0.
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Then for a.e. τ ∈ (0, T ) there holds

(A.11) λ(±)(τ) ≤ TM±

Φ
τ u

±
0s in M(RN) .

Proof. We only prove (??) with (+). By Theorem ?? (in particular, see (??)) and (??), letting
n→∞ in (??) gives

∫
T

0
⟨λ(+)(t), ζt(⋅, t)⟩ dt + ∫

T

0
∫
RN

(∫
R
[ξ − k]+dν(x,t)(ξ)) ζt dxdt +(A.12)

+∫
T

0
∫
RN

(∫
{ξ>k}

[Φ(ξ) −Φ(k)]dν(x,t)(ξ)) ⋅ ∇ζ dxdt + ∫
T

0
⟨λ(+),M

+
φ ⋅ ∇ζ(⋅, t)⟩ dt ≥

≥ ∫
RN

[u0r − k]+ζ(x,0)dx + ⟨u+0s, ζ(⋅,0)⟩ + lim sup
n→∞

L±(n, k, ζ) ,

for every ζ ∈ C1
c (RN × [0, T )), ζ ≥ 0, and k > 0. Observe that, since u0r ∈ L1(RN),

(A.13) [u0r − k]+ → 0 in L1(RN) as k →∞ .

It is easily seen that for all ξ ∈ R there holds [ξ − k]+ → 0 as k → ∞ and [ξ − k]+ ≤ ξ+ ∈
L1(R;ν(x,t)) for a.e. (x, t) ∈ S. Therefore, by the Dominated Convergence Theorem, for a.e.
(x, t) ∈ S

∫
R
[ξ − k]+dν(x,t)(ξ) → 0 , ∫

R
[ξ − k]+ dν(x,t)(ξ) ≤ ∫

R
ξ+ dν(x,t)(ξ) = ub,(+)(x, t) ∈ L1(S)

(see Theorem ??). Again by the Dominated Convergence Theorem, it follows that

(A.14) ∫
R
[ξ − k]+ dν(x,t)(ξ) → 0 in L1(S) as k →∞ .

By similar arguments, it is easily checked that

(A.15) ∫
{ξ>k}

[Φ(ξ) −Φ(k)]dν(x,t)(ξ) → 0 in [L1(S)]N as k →∞ .

In view of (??) and (??)-(??), letting k →∞ in (??) gives

∫
T

0
⟨λ(+)(t), ζt(⋅, t)⟩ dt + ∫

T

0
⟨λ(+),M

+
φ ⋅ ∇ζ(⋅, t)⟩ dt ≥ ⟨u+0s, ζ(⋅,0)⟩ .

For any τ ∈ (0, T ), ρ ∈ C1
c (RN), ρ ≥ 0, and for any nonnegative h ∈ C1

c ([0, T )), choose
ζ(x, t) = h(t)ρ(x −M+

Φ(t − τ)) in the above inequality. Then we obtain

∫
T

0
⟨λ(+)(t), ρ(⋅ −M+

Φ(t − τ))⟩ h′(t)dt ≥ h(0) ⟨u+0s, ρ(⋅ +M+
Φτ)⟩ .

Arguing as in the last part of the proof of Proposition ?? the claim easily follows. �

Remark A.1. Let {un} and Φ be as in Theorem ??. Then by (??)

(A.16) un
∗⇀ u ∶= ub + λ in L∞w∗(0, T ;M(RN)) ,

where

(A.17) ub ∶= ub,(+) − ub,(−) ∈ L∞(0, T ;L1(RN)) and λ ∶= λ(+) − λ(−) ∈ L∞w∗(0, T ;M(RN)) .

First suppose that M+
Φ ≠ 0 or M−

Φ ≠ 0. In this case we also assume that u0s is as in (A1)
with ai, bl ∈ RN . Inequalities (??) imply that for a.e. t ∈ (0, T ) the nonnegative measures
λ(±)(t) are singular with respect to the Lebesgue measure in RN . Moreover, there holds

TM+

Φ
τ(u+0s) =

P+

∑
i=1

p0iδai+M+

Φ
t , TM−

Φ
τ(u−0s) =

M−

∑
l=1

m0lδbl+M−

Φ
t ,
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hence λ(±)(t) have disjoint supports for a.e. t ∈ (0, T ) such that ai +M+
Φt ≠ bl +M−

Φt for all
i = 1,⋯, P+ and l = 1,⋯,M−. Therefore, λ(±)(t) are mutually singular for a.e. t ∈ (0, T ). Since

u(t) = ub(⋅, t) + λ(+)(t) − λ(−)(t) in M(RN), we obtain that

(A.18a) λ(+)(t) = u+s(t) , λ(−)(t) = u−s(t) , λ(t) = us(t) for a.e. t ∈ (0, T ) ,

(A.18b) u±s(t) ≤ TM±

Φ
τu

±
0s in M(RN) ,

(A.18c) ub = ur a.e. in S = RN × (0, T ) .
Combining (??) with (??) gives for every f ∈ C(R) satisfying (??):

f(unr)
∗⇀ f∗ +Cf,+u+s −Cf,−u−s in L∞w∗(0, T ;M(RN)) ,(A.19)

where f∗ ∈ L∞(0, T ;L1(RN)), f∗(x, t) ∶= ∫R f(ξ)dν(x,t)(ξ) for a.e. (x, t) ∈ S.
If instead M±

Φ = 0, inequalities (??) read as

λ(±)(τ) ≤ u±0s in M(RN) for a.e. τ ∈ (0, T ).
Arguing as above shows that (??)-(??) hold in this case, too.

A.3. Characterization of the Young measure disintegration ν(x,t) for N = 1. In this

subsection we assume that N = 1. For every φ ∈ Lip(R) and U ∈ C2
c (R), set

(A.20) ΘU(ξ) ∶= ∫
ξ

c
φ′(s)U ′(s)ds (c ∈ R) .

Proposition A.3. Let ν ∈ Y(S;R) be the Young measure given in Theorem ??. Let there
exist φ ∈ Lip(R) such that for a.e. (x, t) ∈ S and for every U,V ∈ C2

c (R) there holds

(A.21) ∫
R
[ΘU(ξ) −Θ∗

U(x, t)]V (ξ)dν(x,t)(ξ) = ∫
R
[U(ξ) −U∗(x, t)]ΘV (ξ)dν(x,t)(ξ) ,

where

Θ∗
U(x, t) = ∫

R
ΘU(ξ)dν(x,t), U∗(x, t) = ∫

R
U(ξ)dν(x,t)(ξ)

and ΘU , ΘV are defined by (??). Let ub be the function in (??). Then

(A.22) φ(ub(x, t)) = ∫
R
φ(ξ)dν(x,t)(ξ) for a.e. (x, t) ∈ S.

Proof. Since for a.e. (x, t) ∈ S the mapping ξ ↦ ∣ξ∣ belongs to L1(R;ν(x,t)) and ∫R ∣ξ∣dν(x,t)(ξ) ≤
ub,+(x, t)+ub,−(x, t) ∈ L1(S) (see (??)), it can be checked that equality (??) holds true for all
U,V ∈W 1,∞(R). Arguing as in [?, Proposition 5.8], (??) follows from (??). �

Theorem A.4. Let the assumptions of Proposition ?? hold. Suppose that

(A.23)

⎧⎪⎪⎨⎪⎪⎩

for every ξ̄ ∈ R there exist a, b ≥ 0, a + b > 0 such that

φ is strictly convex or concave in [ξ̄ − a, ξ̄ + b] .

Then there holds

(A.24) ν(x,t) = δub(x,t) for a.e. (x, t) ∈ S.

Proof. Let (x, t) ∈ S be such that (??) is satisfied for all U,V ∈ W 1,∞(R). Let l1 ∶= ub(x, t).
Without loss of generality, we may assume that the map ξ ↦ ∣ξ∣ belongs to L1(R;ν(x,t)).

In view of assumption (??), there exists h > 0 such that φ is strictly convex (or concave)
in [l1, l1 +h] or in [l1 −h, l1]. To fix the ideas, let φ be strictly convex in [l1, l1 +h]. For every
l2 ∈ (l1, l1 + h) and k ∈ N, let us consider the function

Vk(ξ) ∶= k(ξ − l1)χ[l1,l1+ 1
k
)(ξ) + χ[l1+ 1

k ,l2)
(ξ) + k (l2 +

1

k
− ξ)χ[l2,l2+ 1

k
](ξ) .
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Then, for all ξ ∈ R, in the limit as k →∞ we have

(A.25) Vk(ξ) → χ(l1,l2](ξ) ,

(A.26) ΘVk(ξ)=∫
ξ

l1
V ′
k(s)φ′(s)ds→ φ′+(l1)χ(l1,l2](ξ) + [φ′+(l1)−φ′+(l2)]χ(l2,∞)(ξ)

(observe that the right derivatives φ′+(l1), φ′+(l2) ∈ R, since φ ∈ Lip(R)). Moreover, there

exists C̃ > 0 such that

(A.27) ∥Vk∥L∞(R) ≤ C̃ , ∥ΘVk∥L∞(R) ≤ C̃ .

Choosing U(ξ) = Tk(ξ) = max{−k,min{ξ, k}} and V (ξ) = Vk(ξ) in (??), we get

(A.28) ∫
R
[ΘTk(ξ) −Θ∗

Tk
(x, t)]Vk(ξ)dν(x,t)(ξ) =∫

R
[Tk(ξ) − T ∗k (x, t)]ΘVk(ξ)dν(x,t)(ξ).

In order to take the limit as k →∞ in (??), observe that for all ξ ∈ R there holds

(A.29) ∣Tk(ξ) − T ∗k (x, t)∣ ≤ ∣ξ∣ + ∫
R
∣ξ∣dν(x,t)(ξ) ∈ L1(R, ν(x,t)) ,

∣Θ∗
Tk
(x, t)−ΘTk(ξ)∣ ≤ ∫R

∣∫
ξ

0
∣φ′(s)∣ds∣ dν(x,t) + ∫

ξ

0
∣φ′(s)∣ds ≤(A.30)

≤ ∥φ′∥∞ {∫
R
∣ξ∣dν(x,t)(ξ) + ∣ξ∣} ∈ L1(R;ν(x,t)) ,

and (see also (??) and (??))

(A.31) Tk(ξ) − T ∗k (x, t) → ξ − ∫
R
ξ dν(x,t)(ξ) = ξ − ub(x, t) = ξ − l1 ,

(A.32) Θ∗
Tk
(x, t)−ΘTk(ξ)→∫R

φ(ξ)dν(x,t)(ξ)−φ(ξ)=φ(ub(x, t))−φ(ξ)=φ(l1)−φ(ξ) .

By (??)-(??), (??)-(??) and the Dominated Convergence Theorem, we get

∫
R
[ΘTk(ξ) −Θ∗

Tk
(x, t)]Vk(ξ)dν(x,t)(ξ) → ∫

(l1,l2]
[φ(ξ) − φ(l1)]dν(x,t)(ξ) ,

∫
R
[Tk(ξ) − T ∗k (x, t)]ΘVk(ξ)dν(x,t)(ξ) → ∫(l1,l2]

φ′+(l1)(ξ − l1)dν(x,t)(ξ) +

+ [φ′+(l1) − φ′+(l2)]∫(l2,∞)
(ξ − l1) dν(x,t)(ξ) .

By the above convergences, letting k →∞ in (??) gives

(A.33) ∫
(l1,l2]

[φ(ξ)−φ(l1)−φ′+(l1)(ξ−l1)]dν(x,t)(ξ)=[φ′+(l1)−φ′+(l2)]∫(l2,∞)
(ξ−l1)dν(x,t)(ξ).

Since φ is strictly convex in [l1, l2], equality (??) follows from (??), arguing as in part (a) of
the proof of [?, Proposition 5.9]. �
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