Studies in Applied Mathematics

| ORIGINAL ARTICLE @EEDD

") Check for updates

WILEY
A STDIES 1N rhpaamics |

N-Soliton Matrix mKdV Solutions: Some Special Solutions

Revisited

Sandra Carillo"? | Mauro Lo Schiavo! |

Cornelia Schiebold?

!Dipartimento di “Scienze di Base e Applicate per I'Ingegneria”, La Sapienza-Universita di Roma, Rome, Italy | 2I.N.F.N.-Sezione Romal, Gr. IV-Mathematical

Methods in NonLinear Physics (MMNLP), Rome, Italy | *Department of Engineering, Mathematics and Science Education, Mid Sweden University, Sundsvall,

Sweden

Correspondence: Sandra Carillo (Sandra.Carillo@uniromal.it)

Received: 30 June 2024 | Revised: 16 April 2025 | Accepted: 2 May 2025

Funding: S. Carillo gratefully acknowledges financial support of: a. Gr. Romal, IV: Mathematical Methods in NonLinear Physics National Institute for Nuclear
Physics (I.N.F.N.), Rome, Italy; b. SAPIENZA University of Rome, Italy; c. PRIN 2022 project “Mathematical Modelling of Heterogeneous Systems (MMHS)”,
financed by the European Union—Next Generation EU, CUP B53D23009360006, Project Code 2022MKB7MM, PNRR M4.C2.1.1; d. PRIN 2022 PNRR Project

INSPIRE n. P2022LETNS5 founded by European Union—Next Generation EU.

Keywords: Bicklund transformations | matrix mKdV solutions | soliton equations

ABSTRACT

In this article, a general solution formula is derived for the d x d-matrix modified Korteweg-de Vries equation. Then, a solution

class corresponding to special parameter choices is examined in detail. Roughly, this class can be described as N-solitons (in the

sense of Goncharenko) with common phase matrix. It turns out that such a solution even takes values in a commutative subalgebra

of the d X d-matrices. We arrive at a rich picture of possibilities for generalized 1-solitons and at visual patterns of N-solitons which

combine nonlinear with linear features. The impact of the phase matrix is visualized in computer plots.

1 | Introduction

Solitons are termed fascinating solutions to certain nonlinear
partial differential equations, sometimes called soliton equations.
These special solutions enjoy the characteristic property to main-
tain their shape as they propagate over time without changing
amplitude. They are commonly encountered in applied mathe-
matics, particularly in areas like fluid dynamics, nonlinear optics,
acoustics [43], and even in fields like theoretical physics and
biophysics, for an up-to-date introduction to the subject, see [22,
42]; recent results on soliton equations are collected in the special
issue of the journal Studies in Applied Mathematics [3]. Solitons
offer a rich area of study in applied mathematics due to their
unique properties and the insight they can provide into complex
systems. A variety of solutions, starting from the pioneering work
by Gardner et al. [31], is present in the literature which go from
special solutions admitted by particular problems, see, e.g., [34]

where a shallow water problem is addressed to. Soliton solutions
are of as interest also in nonlinear optics, according to the review
on the subject in [70], special cases are studied in [4, 23], as well
as in theoretical physics [52, 57] and biophysics [7, 39, 45, 73] and,
lately also in the area of metamaterials [71]. The wide variety
of applications motivates the theoretical study which allows
to construct solutions of soliton equations. Accordingly, soliton
equations and their solutions via inverse scattering transform
(IST) are studied in the two well-known books by Ablowitz
and Segur [2], and by Calogero and Degasperis [9] who were
pioneering the subject. Further approaches are represented by
symmetry properties [53, 54, 56], by the Hirota method [40, 41]
and by Bicklund transformations. The latter represent a key tool
in our investigation: their importance is testified by many books,
such as [1, 2, 9, 35, 60, 62, 63], to mention those ones which
are more closely connected to this study. Indeed, via Biacklund
transformations, it is possible to both reveal structural properties,
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such as symmetry properties, and/or the Hamiltonian structure
[24-26, 32, 49] enjoyed by a nonlinear evolution equation, on
one side. On the other side, via Bicklund transformations, it
is possible to construct new solutions a nonlinear differential
equation admits: many applicative examples are comprised in
the books by Rogers and Shadwick [63], and by Rogers and
Ames [60]. Our research project concerns applications of Bick-
lund transformations aiming not only to investigate structural
properties of nonlinear evolution equations, in the commutative
setting as well as in the noncommutative, but also to construct
solutions admitted by nonlinear evolution equations both in
the commutative setting [30] as well as in the noncommutative
one [15, 17, 19, 59, 66, 68]. The results in this article follow the
lines of long-term research program which aims not only to
investigate structural properties, but also to construct solutions.
Results concerning structural properties of nonlinear evolution
equations, the commutative case, are given in [11, 29, 61], while
results in the noncommutative one are obtained in [12-14, 16,
18, 69]. Notably, in [18] the recursion operator admitted by the
noncommutative Burgers equation is obtained via the Cole-Hopf
transformation, i.e., a special Backlund transformation, recover-
ing the same recursion operator obtained by Kuperschmidt [44]
following a different approach. Noncommutative solutions are
comprised in [47], where matrix solutions are studied. Also in
[36-38] noncommutative Burgers equations are investigated. In
addition, via Biacklund transformations, new solutions can be
constructed, in the commutative case [30], and, more recently, in
the noncommutative setting, see, e.g., [15, 17, 19]. The research
project aims to provide a classification of solutions: the results
presented in this article represent a step in this direction. Clas-
sification studies of integrable nonlinear evolution equations are
provided in [5, 8, 50, 51, 55, 72], the latter classifies linearizable
nonlinear evolution equations. In this framework, the presented
results are concerned about a special class of solutions. The aim of
this study, which continues previous investigations, in particular
in [15-17, 19] where, to start with, the theoretical setting in the
space of bounded linear operators on some Banach space is
provided [16]. Then in [17] the special case of a finite-dimensional
Banach space is considered and, hence, hierarchies of matrix
equations are studied. Later, in [15, 19] some explicit examples
are given. Now, some special subclasses of solutions admitted
by the d x d-matrix modified Korteweg-deVries (matrix mKdV)
equation are studied in detail. More precisely, our article aims
at contributing to the classification of N-solitons in the sense of
Goncharenko who in [33] gives a convincing derivation of N-
solitons from the viewpoint of the IST (Theorem 1); Goncharenko,
in addition, provided an asymptotic analysis only for a very
special subclass of these solutions.

In this article, we study generalized N-soliton solutions to the d X
d-matrix mKdVv

V=V +3{V3,V,}, (6]
where {-, -} denotes the anti-commutator.

In the first part (Section 2), we present an explicit solution
formula to (1) in Theorem 2.1. The theorem was announced
by the authors in [19]. It was used in [15, 19] for generating
computer graphics, and in [20] to obtain the asymptotics of 2-
soliton solutions with invertible phase matrices.! The proof of

the solution formula builds on work in [16, 17], formulated in
the framework of quasi-Banach operator ideals. The link to these
more general results is established in the Appendix. Note that, for
the matrix KdV, a corresponding solution formula was derived in
[17].

The parameters the solution formula in Theorem 2.1 depends
on are (a priori) complex numbers k, ..., ky and d x d matrices
C,, ..., Cy. By analogy with formulas from ISM (in the reflection-
less case), we call these the spectral data, with eigenvalues k,
and phase matrices C,, and the resulting solutions generalized
N-solitons. Actually, these solutions comprise non-localized and
even singular solutions. We conclude the first part by settling the
regularity question for generalized 1-solitons with real eigenvalue
k.

The second part (Sections 3 and 4) is dedicated to the particular
class of generalized N-solitons in Proposition 3.1, where, roughly
speaking, the phase matrices C,, ..., Cy are nontrivial multiples
of a common matrix C, compare Remark 3.2. The study of this
solution class was initiated in [15]. Observe that for d =1 it
contains all classical N-solitons.

In Section 3, a detailed description of this class is given. We
observe that after a change of basis C can be assumed to be in
Jordan form. Under the assumption that this can be done with
real matrices, we will proceed to a detailed description of the
resulting solutions in three steps of increasing complexity:

1. For generalized 1-solitons, the solution has a block-wise
upper band structure with scalar 1-solitons emerging on the
diagonal, and we give explicit formulas for its entries.

2. In the case that C is diagonal, so is the solution. Its diagonal
entries are N-solitons, all characterized by the ki,..., ky.
However, the jth eigenvalue of C contributes an overall shift
to the N-soliton at the jth diagonal entry. Note that this
overall shift effects the paths of the solitons individually (cf.
Remark 3.6).

3. The general case is treated by extending the arguments from
1and 2 above.

Section 4 starts with the observation that the solution class in
Proposition 3.1 is globally regular. However, the main purpose of
the section is to visualize our results, providing computer plots for
prototypical examples. In passing we illustrate that, in the matrix
case, the eigenvalues k, ..., ky cannot be chosen positive without
loss of generality.

2 | Generalized N-Soliton Solutions of the Matrix
mKdVv

The aim of this section is to give a proof of Theorem 2.1, a solution
formula for the matrix mKdV equation (1) announced in [19].
After the proof we will briefly discuss regularity and reality of the
obtained solutions.

Theorem 2.1. Letky, ..., ky be complex numbers with k,, + k,, #
Oforallm,n,andletC,, ..., Cy be arbitrary complexd x d-matrices.
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Define the Nd x Nd-matrix function L = L(x,t) as block matrix
L = Ly )y, oy With the d x d-blocks

4
L =—2_C
" k,t+k, "

where €, = €,,(x,t) = exp(k,,x + k,t).
Then,

114
V =(Cy ... Cx)Uyg + L)
led

is a solution of the matrixmKdV (1) with values in the d X d-matrices
on every open set Q on which det(Iy4 + L?) # 0.

Remark 2.2. For the matrix KdV equation U, = U, + 3{U, U, },
it is shown in [17, Section VIII| that the solution class cor-
responding to Theorem 2.1 contains the multisoliton solutions
as constructed by Goncharenko [33] using the inverse scatter-
ing method.

Proof. The main ingredient of the proof is Theorem A.l, a
solution formula for the matrix mKdV (1) established within
the framework of operator theory. In order to make the link to
Theorem A.1 we introduce the following notations.

Let A be the block diagonal matrix

ki1 0

0 kL,

of size NdxNd. Observe that 0 ¢ spec(A)+ spec(4) by
assumption.?Furthermore, let J, C be the block matrices

of size d x Nd.

Next, we denote by e the jth row of J, which we identify with
the functional given by multiplication with the row vector e’
from the left, and by d¥’ the jth column vector of DT, where the
superscript T stands for transposition. With this notation we find
that the Nd x Nd-matrix D”J can be written as

T T
¢ .. C d d
pry=|: - Ed(j)e(j) = Ze(j) ® dW.
j=1 Jj=1
cr Cy

In particular, DTJ is d-dimensional. Note also that the func-
tionals e, j =1,...,d, are linearly independent. Finally, it is
straightforward to verify that

N

1
B = c
<km +k, '”>mn:1

is the (unique) solution of the d-dimensionality condition AB +
BA = D"J. Note that existence and uniqueness of B follow from
classical results on the Sylvester equation. Concretely, we use that
the spectrum of the operator X — AX + XA equals spec(A4) +
spec(A), see, e.g., [6].

Now, we are in the position to apply Theorem A.1, which implies
that

~ . . d

W = ((Uyg + F)'FdD,e®) )i,,«=1’

with F=FB, F=exp(Ax+A%), is a solution of the
matrix mKdV (1). Since (Iyq+F)F = (Iys+ (FB?)F =
F (Iyg + (BF)?), and hence

-1

(g + F?) B = F(lyg+ (BF?)

we get
W= ((F(tya+ BFF) " d0,e0))’

i,j=1

As we are in the finite-dimensional case, we can rewrite appli-
cation of the functional e/’ in terms of multiplication with the
corresponding row vector from the left, which yields
N an =1 @
W = (OF (Iyg + (BFY) )
i,j=1

- J(ﬁ (Iva + (BF\)Z)A)DT.

In order to recover the solution V stated in the theorem, we finally
observe that the matrix mKdV (1) is invariant under transposition,
which means that if W is a solution of (1) then also V := WT.
Moreover,

T

v D(ﬁ(INd+(Bﬁ)2>_l> g7

2N T
D(INd+(F’B’)) Fry
a2\
=D(1Nd+(FBT)> BT,
since FT = F, with

N fIId

t ~
FBT = ( = Cn> and FJT =
k,+k, J—

Onlg
as claimed. O

Remark 2.3. 1In [68], solution formulas in the spirit of Theo-
rem 2.1 are given for the matrix mKdV equation V, =V, +
3(VVTV, +V,VTV), based on a unified treatment of the AKNS
system. Note that here V' is no longer assumed to be a square
matrix. As for applications, [68] proceeds to an asymptotic
description of scalar multiple-pole solutions® and a complete
asymptotic description of vector 2-solitons.
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FIGURE 1 | A snapshot (at the time ¢ = 0) of the generalized 1-soliton in Example 2.4 fork = 2,¢ = 1.

In the case of the scalar mKdV, one is mainly interested in real
solutions. We therefore add two comments on the matrix case:

1. Obviously, for real spectral data k,...,ky, Cq,...,Cy the
solution V in Theorem 2.1 is real.

2. In the scalar case, it is well-known that also complex con-
jugate pairs in the spectral data lead to real solutions (the
corresponding building blocks being breathers). This is still
true in the matrix case. For a formal proof in the case N = 2
with k, = El, C, = C,, we refer to [19].

The following example of (real) generalized 1-solitons with values
in the 2 X 2-matrices shows that the solutions in Theorem 2.1 may
become singular.

Example 2.4. Let N =1,d = 2, and k € R with k # 0. In this
example, we consider a solution class for which the phase matrix
C has a pair of purely imaginary eigenvalues. Specifically, let

C =2kcDwithD = <_01

(1)> andc € R.

Observe that D?> = —I,. Hence, with the abbreviation f(x,t) =
cexp(kx + k*t), from Theorem 2.1 we get the solution

V= 2ij(12 + (jD)2>_l =2k 1%,21),

meaning that the soliton is singular along the lines kx + k3t +
log |c| = 0, see Figure 1 for an illustration.

We conclude the section with the following proposition clarifying
regularity for generalized 1-solitons in the case that k is real.

Proposition 2.5. For N=1 and k € R, the solution in
Theorem 2.1 is regular if and only if spec(C) N iR = @.

Proof. For N =1, and with the abbreviation f = ¢/(2k), the
solution obtained from Theorem 2.1 reads

V =2k fC(I+(fC)?)

Since bringing C to Jordan form does not change regularity of V,
we may assume that C is in Jordan form. This shows that V is
regular if and only if

0 #det (I+(fC)) = [T (1+ ),

ceC

where C is the set of eigenvalues of C, and where, for ¢ € C, u,
denotes the algebraic multiplicity of c. From this it is easy to see
that factors 1 + (cf)? with Re(c) # 0 do not vanish. In contrast,
forc = iy,y € R, the factor 1 + (cf)? vanishes along the line kx +
k3t +log|y/(2k)| = 0. O

3 | A Particular Solution Class

This section presents a systematic treatment of a solution class
that includes some examples (with N = 2) examined in [15] as
special cases.

Proposition 3.1 (Generalized N-solitons with common
phase matrix). Let ki, ..., ky be real numbers such that k,, + k,, #
0 for all m, n, and let C be a real d X d-matrix. Furthermore, let
¢, € Rande,, = +1. Then

N

V=(C..CUy+F)"

filg
B F=<k f”‘k C) ;
Ialq m S e

and f,(x,t) =€, exp (k,(x + kit + ¢,)), solves the matrix
mKdV (1) with values in the d X d-matrices on open sets in
{(x, 1) | det(Iyq + F?) # O}.
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Here, as usual, ¢,, assigns an initial position shift to the mth
soliton, and the sign ¢,, can be used to switch between soliton
and antisoliton.

Proof. The solution class in the proposition is a subclass of
the solution class in Theorem 2.1, obtained from choosing C,, =
¥mC, wherey,, :=¢,, exp(k,,¢,). In fact, this choice leads to the
solution

(£ N
V =rC ... ynC)(Ing +L?) . L= <k "+”;{ C) .
Only " n =1

(2)

Introducing the block diagonal matrix I' = diag{y, I, ..., Y14}, We
observe that L = I"'FT and hence

— -1
(g +L3) " = (Iyg+ D)) = (Iyq+T'F2D)!

I '(Iys + F?)'T.

-1
= (["'UIyq + FA)T)
Furthermore,

1y filg
€ ... ynC) = (C ... O, =T ]
Onlg Il

Using the above identities in (2), we have rewritten V in the form
claimed in the proposition. O

Remark 3.2. Note that the beginning of the proof also shows that
replacing the occurrencies of C in the statement of the proposition
by non-zero multiples C,, ..., Cy of some common matrix C would
not enlarge the solution class.

Lemma 3.3. Up to a change of basis* the phase matrix C in
Proposition 3.1 can be assumed to be in Jordan form.

Proof. Since C is real, there is a real, invertible matrix T such that
T~ICT = J,whereJ isin Jordan form. Let 7 be the block diagonal
matrix with the N identical blocks T on the diagonal. Then

N

_ fm -1 _. -1
F_T(km+kn] mn:lr = TF,T

and hence, by a similar manipulation as in the proof of

Proposition 3.1, we obtain (Iyy + F2) ' = T (Ina + Ff)flT‘l. Fur-

thermore,

iy iy
: =7 :

: I
Il Il

(C..O)=T{J ..HT,

Putting the above identities together, we find that V = TV, T!
with V; the solution one gets by replacing C with J in Proposi-
tion 3.1. O

A similar argument can be applied to phase matrices Cy, ...,Cy
which can be brought to Jordan form simultaneously.

Lemma 3.3 allows us to make the following

Assumption 3.4. C is in Jordan form.

Starting from a real matrix C, its Jordan form still may contain
pairs of complex conjugated eigenvalues. For simplicity, we
assume in the following that this is not the case.

Assumption 3.5. The eigenvalues of C are real.

By now our assumptions for the solution class under considera-
tion are complete. Our analysis in the rest of the section proceeds
in three steps. In Section 3.1, we first look at the case N =1, in
which we derive explicit formulas for the entries of the solution.
Next, in Section 3.2, we consider the case that C is diagonal. Then,
this is also true for the solution, the diagonal entries being N-
solitons which are identical up to an overall shift. Observe that
such an overall shift effects the individual solitons differently (see
Remark 3.6 and Example 3.7). Finally, we turn to the general case.
The result is an explicit entry-wise description of the solution.

3.1 | Generalized 1-Solitons

In the case N = 1, the solution can be easily be rewritten in the
form

v = 2k gC) (I, + (gC)2>_ :
where g(x,t) = f(x,t)/(2k).

First, we consider the case that C is a single Jordan block with
eigenvalue c. Observe

(T + @) " = 3 (s +ig0) ™" + Uy - ig0) ™).

Let us denote by J the Jordan block with eigenvalue 0 such that
we can write C = cIy + J. Then,

I, +igC = (1 icg) <1d - :lfc g])

. J
w11 Fig ;
= (I;xigC) _1iicgz<1iicg>J

j20

from the Neumann series. Note thatlthe series terminates since
J¢ = 0. This shows that (I, +(gC)*) =X, 7,J/, where

_ (-ig)!
=R o gy )

Hence,

V =2kg(cly+J) Zyj]f = 2kg(yocld + Z(yjc +7j1)]j>,

j20 j>1

and we compute

(—ig)! >
, =R =
VietYia e< A+icg)* ) 1+ (@)

(-1Yg"™"

J+1

Re((cg +1)*).
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Summing up, the generalized 1-soliton V is an upper band
matrix with entries v; on the diagonal (j = 0) respective jth
superdiagonal (j > 1), where

— —Cg
vy = 2k T+ (e’ (3)
_ (_g)j S\ j+1 .
vj = 2k—+1 Re((Cg+ I)J ), J > 1. (4)
(1+(cg))

It should be mentioned that the real part appearing in the above
formula can be evaluated using the fact that

Lj/21 j
Re((eg + ") = 30/ () e . ®

=

If C consists of several Jordan blocks, C = diag{Cy, ..., Cy}, it is
easy to see that V = diag{V, ..., V}, the block V,,, corresponding
to the Jordan block C,,, and of the form described above.

3.2 | Diagonal Phase Matrix

Next, we consider the case that C is diagonal, with N arbitrary.
In the following, we use a permutation argument to see that the
solution V is diagonal, and to identify its diagonal entries.

Let C = diag{c,, ..., cq}. Denoting by e, ..., e4 the standard unit
vectors in R? (considered as row vectors), we introduce the Nd x
Nd permutation matrix

I, Oej Oixg - led
e ..
IO =| : [with the blocksII; = I'Xd J 1xd
Hd
led ej
of size N x Nd.

Then, ITFII™! is block diagonal, more precisely IIFIT™! =G =
diag{G,, ..., G4}, where

N
_ fm
Gj _c.i<km+k” mn=1’

yielding (Iyg +F?) " = (Iyq + (IT7'GI) " = (Iyg + T G°ID) !
= (T (Iyg + G =1 (Iyg +G?) M=T1" diag{(Iy +G*)™"
| j =1,...,d}II. Furthermore,

(C..O)IO" = diag{cie | j=1,...,d},

Sfila
| : |=diag{f|j=1,..,d},

e

where e € RN is the row vector with all entries equal to1and f =

(Frswes f)-

As a result, the solution

-1
V =diag{v;|j=1,..,d} withv, =cje(IN+an> S

is diagonal. For ¢; # 0, by comparison with the scalar solution for-
mula, v; is the N-soliton with k;, ..., ky determining the asymp-
totic speeds, initial position shifts ¢, + (loglc;|)/k;, ..., o5 +
(log |¢c;1)/ky, and signs ¢; sgn(c;), ...,y sgn(c;). In contrast, for
¢; = 0, the entry v; vanishes identically.

Remark 3.6. Note that the sign sgn(c;) allows to switch all
involved solitons to antisolitons and vice versa. In addition, |c;|
induces an overall shift affecting the N-soliton appearing at the
Jjth entry of the solutions diagonal, which amounts to individual
shifts of the paths of the involved solitons.

Example 3.7. For an illustration, we look at the 3-soliton
solution v = v(x, t), the involved solitary waves no. 1, no. 2, no.
3 determined by k, = 2, k, = 1.5, k; = 1, respectively. Moreover,
we choose

a g =1¢=-1,¢6=1,

b. ¢, = (log84)/2, ¢, = (log105)/1.5, ¢; = log 30.

Note that a. means that the solitary waves no. 1, no. 3 are solitons,
and wave no. 2 an antisoliton. As for b., an asymptotic analysis
shows that it implies that the phase-shifts the solitary waves
experience during collision are equally distributed in t ~ +o0. In
fact, it can be verified that v(x, t) = v(—x, —t).

Let us now look at the solution V' obtained from Proposition 3.1
with the same parameters as above and phase matrix

¢ O
C= , where¢; = 1,¢, = —e'®.
0 o

Then, V = diag{v,, v,} with v, = v as described above. Note that,
since ¢; = 1, there is no additional effect on v,. However, for v,
we get an overall shift caused by |c,|, which results in different
position shifts for the solitary waves, and, since sgn(c,) = —1,
solitons switch to antisolitons and vice versa. For an illustration,
see Figure 2.

3.3 | The General Case

Finally, we show how (generalizations of) the arguments used
in Sections 3.1 and 3.2, together with an additional permutation
argument, can be combined to cover the general case, N > 1 and
C in Jordan form.

To this end, let C = diag{C, ..., Cp} with d; x d;-Jordan blocks C;
with eigenvalue c;. Note that Eil d; =d.

STEP 1 Our first aim is to extend the permutation argument in
Section 3.2 to the case that the phase matrix C is block diagonal.
The result will be that then also the solution V' is block diagonal.

In fact, let us denote by E;, for j = 1,... D, the d; X d matrices

E=(_0 1, 0 )
—_— e
dijg d;

Jj-1
djx ¥ d; >
i=1 i=j+1
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FIGURE 2 | The diagonal entries of the 3-soliton solution from Example 3.7 at t = 0. The plot shows the region —22 < x <8, -4 <t <6, and a

range between —5/2 and 5/2.

and introduce the Nd X Nd permutation matrix

m, OEj ojéx(j gdjxd
m=|: |, withtheblocksTl, =| ¢ 7/ = "

l_ID
Ora o B

of size Nd; x Nd. It is straightforward to verify that ITTFIT™" is
block diagonal. More precisely, I FIT™! = G = diag{G,, ...,Gp},
where

N
fm )
G =|——C, .
J (km+kn J pnt
Furthermore,

(C.. O™ = diag{(C;..C;) | j =1,...,D},

) E—
N
£l il
| : |=diag : |j=1,..,D
Fnlg Fnla ;
This shows that
(0

V = diag{ (C, ...cj)(IN + G})
fuly

Hence, we can restrict to studying the case that the phase matrix
C consists of a single Jordan block.

STEP 2 Let now C be a single Jordan block with eigenvalue c, of
size d X d. Roughly speaking, the next aim is to rewrite G, which
is an Nd x Nd-matrix built from d x d-blocks, in terms of N X N-
blocks.

To this end, we apply again a permutation argument. Considering
the permutation matrix IT from Section 3.2, it is not hard to
see that ¢ = TIGII! is built from the N x N-blocks ¢ F on the
diagonal, the blocks F on the first superdiagonal, and zero-blocks

else, where

N

_ Sm
73_<km+kn i
m,n=1

g=FC,

In other words,

where C is the Jordan-type block matrix of size Nd x Nd with
the blocks cIy on the diagonal, the blocks Iy on the first
superdiagonal and zero blocks else.

Furthermore, the d X Nd-matrix (C...C)IT"! is built from the
1 X N-blocks ce on the diagonal, the blocks e on the first
superdiagonal, and zero-blocks else, where e € RV is the row
vector with all entries equal to 1, or

(C..on! =diagle| j=1,...,d}C.

Finally, the Nd X d-matrix IT1(f 14 ... f NId)T is block diagonal with
the N x 1-blocks f on the diagonal, where f = (f4, ... ,fN)T, that
is,

filg
o : |=diag{f|j=1,..,d}.

Il
As aresult,

V =diagle | j =1,...,d} C(Iys + F2C?)  diag{f |j=1,...,d}.

STEP 3 After this preparation, we are now in the position to extend
the arguments in Section 3.1 to the situation at hand. Below we
sketch the main steps.

Observe first that, since FC is real,
(Iyg + F2C?) " = Re((Iyg +iFC)™),

(the real part taken entrywise). Next, we introduce the Nd x Nd-
matrix J with the blocks Iy on the first superdiagonal and zero
blocks else, such that we can write C = cIy4 + J. Then

Inyg +iFC = Iyg +iF(cIyg + J) = Uy +icF)Iyy +iFT

= (Iy +icF)(Iyg + iFIy + icF) L T).
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Using the Neumann series, we find that (Iyq+ 7?2(,‘2)71 =
2js0 I;J7 withT; = Re ((-iF)/(Iy +icF)~U*V), and hence

Cllyg + F?C?) = cTolyg+ . (el + ;)T

Jjz1

From this it is straightforward to see that the solution V' is an
upper band matrix with the entries with entries v; on the diagonal
(j = 0) respective jth superdiagonal (j > 1), where

vy = e(Iy + (F)) " (ef), 6)

v; = (~1e((Uy + ) VR Re (i + cFYP)f,  j2 1.
™

Note that, for the real part, a similar expression as in (5) holds
since the binomial theorem can be applied to commuting matri-
ces.

For ¢ # 0, by comparison with the scalar formula, the diagonal
entry is the N-soliton with ki, ..., ky determining the asymp-
totic speeds, initial position shifts ¢, + (log|c|)/ky, ..., ox +
(log|c|)/ky, and signs €,sgn(c), ..., exsgn(c).

For ¢ = 0, the diagonal entry vanishes identically. However, this
is not the case for the first superdiagonal entry, showing that also
in this case the solution is non-trivial.

The following remark is due to one of the referees.

Remark 3.8.

a. The previous analysis uncovers additional structural prop-
erties, which are hard to predict from Proposition 3.1 and
Assumptions 3.4 and 3.5. A condensed expression of this,
pointed out to us by one of the referees, is that the inves-
tigated solutions all satisfy VV, =V .,V and are therefore
even solutions of the equation V, = V., + 6V2V, (without
anticommutator). This property follows from the rewriting
of our solutions in terms of blocks with Toeplitz matrices in
Section 3.3.

b. For each block, one may view the functions on the upper
diagonals as unknown functions of a differential system. In
fact, systems of this type were already considered in [28, 46].

4 | Further Comments and Visualization

In this section, we elaborate on the results from Section 3.
The first observation concerns regularity of the solution class
in Proposition 3.1. We continue with its properties, illustrated
by examples and computer plots, in particular addressing the
question whether, without loss of generality, the k,, always can
be chosen positive (as one usually does in the scalar case).

4.1 | Regularity

First, we would like to stress that the results in Section 3 imply
that the solution class studied in this article is regular.

Proposition 4.1. The members of the solution class described in
Proposition 3.1, subject to Assumption 3.5, are globally regular.

Proof. Note first that formulas (3), (4) for the generalized 1-
soliton solution in Section 3.1 show that all of its entries are
globally regular, independently of the eigenvalues of the phase
matrix C.

In the case that C is diagonal, by Section 3.2 also the solution is
diagonal, its diagonal entries being (scalar) N-solitons, and hence
globally regular.

In the general case, regularity follows from formulas (6) and (7)
by the following observation: in both formulas the same inverse

(Iy + cF)~! appears. However, since (6) is a (scalar) N-soliton,
this inverse necessarily exists for all (x, ¢). O

4.2 | Examples and Computer Plots

We start with a discussion of generalized 1-solitons, focusing on
the case that C is a single Jordan block with eigenvalue c.

421 | TheCasec#0

Writing out the explicit formulas for the entries v; of the diagonal

(j = 0) and of the jth superdiagonal for j = 1, 2, 3, we get

j=0: v0=c7|2k|L

1+¢2°
j=1: v, =-osgn(c) %‘f%,
j=2: uv,=o0 i_lzc 2534-_—6’32?3’
j=3: vy=-osgn(c) i—lj f3%,

where ¢(x,t) = exp (k(x + k%t + 1,[))) with ¥ € R, and o = +1.
Here, o, 1 are defined by the parameters k, ¢, €, and c by the
relations

o = esgn(c), P =@+ (log|c| —log |2k|)/k.

Hence, on the diagonal appears the scalar 1-soliton of the mKdV
with initial position shift ¥, the sign o determining whether its
shape is of the form +sech (soliton) or —sech (antisoliton).

Note that the modulus of ¢ can be used to rescale the jth super-
diagonal entries by the factor |c|~/, and that changing the sign of
¢ has the effect of reflecting all entries of jth superdiagonals with
Jj odd in the x-axis.

In contrast, changing the sign o reflects all entries in the x-axis.

For an illustration, see Figure 3.
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FIGURE 3 | A snapshot(t = 0)of a generalized 1-soliton solution with values in the 4 X 4-matrices. The phase matrix C is a 4 x 4-Jordan block with

eigenvalue ¢ = 1, and the parameters are k =1/2,9 = 0,0 = 1.

FIGURE 4 | The plots show the second superdiagonal entries of the generalized 1-soliton (at t = 0) in the case that C is a single Jordan block, and
with parameters o = 1,9 = 0. To the left k = 1/2, ¢ = 1/2, and to the right k = —1/2, ¢ = —1/2. Note that the entries on the diagonal coincide, and that

switching the sign of ¢ also makes the first superdiagonal entries coincide.

S N

WAV W
v av Ay

FIGURE 5 | The 2-soliton solution with values in the 3 x 3-matrices from Example 4.3 at t = 0. The plot shows the region —10 < x < 10,-5 <t < 5,

and a range between —1 and 2.
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Observe first that the entries v; on the diagonal and on all
Jjth superdiagonals with j even vanish. However, on the jth
superdiagonal with j odd, the entries are still present and become
purely exponential,

v; = (1)U | 2k| £, )

where ¢(x,t) = exp (k(x + k*t +¢)) with 3 = ¢ — (log |2k|)/k.
It is remarkable that 1-solitons in the sense of [33] thus include
non-localized solutions (see also [17] for the case of the matrix
KdV equation).

Remark 4.2. In the scalar case d = 1, one can restrict to k > 0
without loss of generality®: in fact, replacing k by —k amounts to
replacing ¢ by 1/¢ (up to a possible change of the initial position
shift ¥), a transformation which leaves the solution invariant. In
contrast, in the matrix-valued case d > 1, the situation stepwise
becomes more complicated:

For d = 2, this is still true provided that ¢ # 0. In fact, replacing ¢
by 1/¢ transforms the first superdiagonal entry v, to —v,, an effect
which also can be achieved by changing the sign of c. However, for
¢ = 0, this is no longer the case. Indeed, looking at (8), replacing
k by —k amounts to a reflection along the y-axis which cannot be
counteracted by changing the sign of €.

For d > 2 we also have to take into account the second superdiag-
onal entry v,. As can be seen from Figure 4, in this case the effect
of replacing ¢ by 1/¢ cannot be achieved by changing parameters.

We conclude with an example on 2-solitons in the case that the
phase matrix is a 3 X 3-Jordan block.

Example 4.3. For the 2-soliton solution with values in the 3 x
3-matrices and parameters k; = 2, k, = 1, and C a single Jordan
block with eigenvalue c = 1, the resulting solution is depicted in
Figure 5.

By a similar asymptotic reasoning as in Example 3.7, we
have chosen ¢, = (log12)/2, ¢, =log6, and €, = ¢, =1 for the
remaining parameters.
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Endnotes

INote that the terminology spectral matrix is used in [33], and in earlier
work of the authors [15, 20].

2For two sets L and K, L + K denotes their Minkowski sum {¢ + k| £ €
L, k €K}

31t should be mentioned that this result is complete in the sense
that multiple-pole solutions built from both solitons, antisolitons and
breathers are included. The essential assumption needed is that different
wave packages move with different velocities, excluding degeneracies as
in [48].

4That is, there is an invertible matrix T, real (and not depending on x, t),
such that T~1VT is in the form as claimed in the lemma. It should be
mentioned that conjugation of V with T preserves the solution property
of V.

5This is well-known for N-soliton solutions, and also holds for multipole
solutions, see [67] for a rigorous proof in the case of the Nonlinear
Schrédinger equation.

6With the obvious replacement of L by iL in [10, Theorem 7.2(a)].

"The determinant formulas in Proposition A.2 and [17, Theorem 11 (b)]
differ by a minus sign coming from a corresponding difference in a
minus sign in the underlying operator solutions.
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Appendix A: Proof of Theorem A.1 and Background Material

In this Appendix, we provide the proof of Theorem A.l, the main
ingredient for the solution formula in Theorem 2.1, and establish the link
to results for the matrix modified KdV hierarchy in [16,17]. The framework
of generalized determinants on quasi-Banach ideals in the sense of [58],
which is not strictly necessary for this work, is mainly kept for consistency.

Let us first recall some notation. For a Banach space E, we denote by E’
the dual Banach space, by £(E) the Banach algebra of bounded linear
operators on E, and by I the identity operator on E. Furthermore, for
d € E/, ¢ € E, the one-dimensional operator d ® c is given by (d ® c)x =
(x,d)c where the dual pairing (x, d) stands for the evaluation of d on x.

Theorem A.1. Let E be a Banach space and A € L(E) with 0 ¢ spec(A) +
spec(A). Moreover, let d) € E' be linearly independent, ¢ € E (j =
1,...,d), and B € L(E) a solution of the d-dimensionality condition

d
AB +BA = z dD @ W,
j=1

Denote by = f(x, t), L=L(x,t) the operator functions f(x, t) =
exp(Ax + A3t) and L = LB. Then

d

V= ((Us+12 Te0.d0))
i,j=

is a solution of the matrix mKdV (1) with values in the d X d-matrices on
every open subset Q on which I, + L? is invertible.

Proof. The first step in the proof consists of the verification that the
operator function V = (I + L?)"1(AL + LA) solves the non-commutative
modified KdV equation (1) with values in the bounded linear operators
on E. This is done in [10], Theorem 7.2 (a).®

In the second step, the projection technique from [66, Section 3.1], see also
[17, Section IV], is applied. We briefly sketch the argument. Let

d
Sq,.. @ (E) = { dV) @ xW | x®, ., x@ e E} :
Jj=1

Observe that Sy 4« (E) is a Banach algebra, and a left ideal in £(E).
Moreover, the map o defined by

d
. . o nd
G(Z dV ® x(j)) = (<x(})’d(1)>)i,j=1’

J=1

which takes its values in the d x d-matrices, is an algebra homomor-
phism on S;u) @ (E). Now, by the d-dimensionality condition, ¥ €
Saw,. 4@ (E), and since application of o preserves the solution property,
V = a(V) solves (1) in the d x d-matrices. O

The following proposition gives a reformulation of the solution in
Theorem A.l in terms of generalized determinants on quasi-Banach
operator ideals (in the sense of [58]).

Proposition A.2. Let A be a quasi-Banach operator ideal admitting a
continuous determinant 8. Then, for the solution V of the matrix mKdV (1)
in Theorem A.1, it holds

yo i 8(Ig —i@+LED))  §(Ig +i(L +LED)) ¢
T2 5 —iL) - 85I +1L) 1’
i,j=

where

LOD = exp(Ax + A)(dD ® c).
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Remark A.3. In [17], Theorem 11 (b), a natural counterpart’ of Proposi-
tion A.2 is given for the whole matrix mKdV hierarchy

Vi, =¥V, kx1,
where
W(V) = (D +CyD7Cy)D + AyD7'Ay),

and Cy, Ay denote the commutator, anti-commutator with V, respec-
tively. Note that the use of the recursion operator W(V), in particular
of D71, requires that V decreases sufficiently fast for x — —oo. This is
guaranteed by posing the stronger spectral assumption spec(A4) C {1 €
C | Re(4) > 0} on A, and restricting the domain of definition of V.

Proof. We start with the observation that all determinants in Proposi-
tion A.2 are defined. To this end, it suffices to show B € A(E).

Indeed, since 0 ¢ spec(A) + spec(A), the d-dimensionality condition,
considered on the quasi-Banach ideal A, has a (unique) solution B, €
A(E), see [10, Section 4] for more details. Obviously, as A(E) C L(E), the
operator B also solves the d-dimensionality condition on L. But so does
the bounded operator B, and hence, by uniqueness B = B, € A(E).

In the subsequent computations, we use that

As an alternative formulation of the solution, in which the complex unit
does not appear explicitly (however, at the cost of involving the square of
the operator function L), we state the following.

Proposition A.4. Let A be a quasi-Banach operator ideal admitting a
continuous determinant 8. Then, for the solution V of the matrix mKdV (1)
in Theorem A.1, it holds

d

_ 1> ,
ij=1

LD = exp(Ax + A1) (dD @ c).

8(Ig +L? + LGD)
h (I +12)

where

Proof. As the proof follows analogous arguments as the proof of
Proposition A.2, we refer to the details of the arguments there. As for the
computations, we observe that

8(Ig + L2 + LGD)

_ -1 (ij
5(Ug +L2) = 5((IE +L% (g +LH+L J)))

6<IE + (I + LZ)_IL(i'f)) =1+ T((IE +L2)_1L(i’j))

1+ <(IE +12) T, d<i)> ,

1. onoperators I +T,T € A(E), the determinant § is multiplicative, yielding the desired reformulation. O
2. for one-dimensional operators T it holds that §(Ig + T) = 1 + (T),
where 7 is the trace corresponding to the determinant § according to
the trace-determinant theorem [58],
3. the trace 7 is linear,
4. theidentity (Iz —iL)™' + (Ig +iL)™! = 2(Iy + L*)~! holds.
Hence,
§(Ig +i( +LED)) o
— 7 = 5(Up +iL) Y (Up +iL) + iLGD
(AT (Ug £ (UTp £iL) £iLED))
= 6(Ip il +iL)'LED) = 1+it(Ug £iL)1LED),
showing that
§(Ip —i@ +LED))  §(Ig +i(L + LED))
6(Ip —iL) 6(Ig +1iL)
= (1-it(Up —iD)LED)) — (1 +it(Ug +iL)7ILED))
= —it ((Ug —iL)™" + (g +iL)™") LED)
= -2ir ((IE + Lz)_lL(i'f))
= <2it(Up+12) L (dV @)
= 22it (a9 ® (15 +1) 'L (<))
To conclude the proof, it remains to verify
f(d@ ® (U +L2>‘1z(cu>)) = (U +12) ' T(cD,dD).
To this end, observe that any trace 7 on a quasi-Banach ideal A by
definition coincides with the unique trace tr on the operator ideal of finite-
dimensional operators. Hence in particular 7(d ® ¢) = tr(d ® c¢) = (c,d)
holds for one-dimensional operators d ® c. O
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