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Abstract Material mismatch effect on the cracking
behavior is an important topic for those welding
structures. Characterization of the material constraint
effect based on rigorously asymptotic solution is
studied in this paper. Based on decomposition of the
second order term, the constraint effect characterization parameter is decomposed as material constraint
parameter and geometry constraint parameter. In
general, the total constraint level for crack tip under
undermatch condition is higher than overmatch condition. The specimen with positive biaxiality could
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lead to a higher constraint level compared with that of
negative biaxiality. Geometry constraint effect and
material constraint effect could not be separated
independently from rigorously asymptotic solution
for those cases with positive biaxiality. For a crack tip
field under non-positive biaxiality, the material constraint effect can be characterized independently
although it is approximate. For these conditions, the
proposed material constraint effect and geometry
constraint effected characterized are approximately
independent on material mismatch factor, crack depth
ratio and stress biaxiality. An empirical formula has
been presented to characterize the geometry constraint
effect and material constraint effect for the crack tip in
the weldment under biaxial loading, which has been
verified with fine accuracy.
Keywords Constraint effect  Material constraint 
Mismatch factor  Biaxial loading  Higher order
asymptotic solution

1 Introduction
Welding components are commonly found in mechanical fields such as pressure vessels and pipelines in
various engineering backgrounds. Evaluations of
cracked weldment are important topics in this area
as Type IV cracking or cracking in heat affected zone
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(HAZ) are found commonly in weldment (Wang et al.
2020; Sharifi et al. 2018; Mehmanparast et al. 2020;
Wang et al. 2021). Creeping occurs for those weldment components under high temperatures, which can
lead to significant creep damage (Yang and Xuan
2018). For crack in creep solids, it is generally denoted
as the creep crack to distinguish the cracking in
creeping solids and traditionally cracking in elastoplastic solids. For those flawed structures and materials
under
higher
temperature,
accurate
characterizations and evaluations of crack tip field
for creeping solids become a great challenge for
industrial and scientific fields, and they are also one of
the most important topics in recent years (Saber et al.
2016; Xu et al. 2017a; Xu et al. 2017b; Dai et al. 2017;
Dai et al. 2020a; Chao et al. 2001; Wang et al. 2010;
Tan et al. 2014; Ma et al. 2016; Cui and Guo 2020;
Guo et al. 2018).
The critical challenge on quantifying the stress field
of crack tip in those welded components is that the
crack tip field can be influenced by many factors such
as material mismatch (Kumar et al. 2014), weldment
geometry (Zhou et al. 2014), residual stress (Ren et al.
2009) and loading state, e.g., biaxial loading (Wang
2012; Shlyannikov et al. 2011; Shlyannikov et al.
2014; Wang et al. 2014). Those factors can lead to the
variations of microstructure (Kulkarni et al. 2020),
stress level (Han et al. 2015), fracture toughness
(Hemer et al. 2020) as well as crack growth rate
(Krishnan et al. 2018; Alves et al. 2020; Velu 2018) for
the weldment, among which fracture toughness is an
crucial fracture parameter to be determined as it can
affect the border of failure assessment diagram which
has been widely used as the evaluation tool by the
industrial field (Dai et al. 2020a). Note that the fracture
toughness is always related to the so-called ‘‘constraint effect.’’
In order to characterize the constraint effect of
creep crack, many constraint effect characterization
theories have been presented. The early work given by
Nguyen et al. (2000) showed the perspective of the
asymptotic theory under creeping condition. Chao and
coworkers (2001) extended the three order term
asymptotic solution to the crack tip field in creeping
solids smoothly. Budden and Ainsworth (1999)
extended the Q-parameter to modify the time-dependent failure assessment diagram for creeping solids.
Nikbin (2004) adopted the Q-parameter to correlate
the creep crack growth rate. Zhao et al. (2015) also
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performed the creep crack growth rate modification
considering constraint effect based on Q*-parameter.
Wang et al. (2010) proposed the R-parameter to
characterize the constraint effect transfer between
different specimens with different levels. A series of
studies (Tan et al. 2014; Ma et al. 2016) based on the
work of Wang et al. (2010) have validated the
applicability of the theory. Guo and colleagues
(2018, 2020) took out-of-plane factor, Tz, into
account, and proposed the constraint characterization
method for three dimensional creep crack front.
Recently, the works given by Dai et al. (2017; 2019;
2020b; 2021) reported the higher order term solutions
for crack under mode II and sharp V-notch in creeping
solids. Wu et al. (2020) recently presented an insight
on the engineering application of Q*-parameter.
In fact, those aforementioned constraint parameters
are originally proposed for homogeneous materials
without considering material mismatch or biaxial
loading. To overcome this shortage, some investigations have been presented to study the relation
between constraint effect and material mismatch as
well as biaxial loading.
The studies carried out by Lei (2004), Wang et al.
(2014) and recently Dai et al. (2020b) showed that the
fracture parameter J-integral and C*-integral were
both affected by the biaxial loading state. Henry and
Luxmoore (1997) made an investigation on the biaxial
effect on the Q-value and stress tiraxiality. The further
discussion on creep crack growth prediction considering stress triaxility is presented by Alang and Nikbin
(2018). A discussion on the biaxial loading for surface
crack was given by Wang (2012), where the solutions
were analyzed based on the constraint parameter Q in
elastoplastic solids. Also for elastoplastic solids,
investigations of biaxial effect on the crack tip field
as well as crack growth are presented by Shlyannikov
and coauthors (2011, 2014). O’Dowd et al. (1999) also
performed a study on the biaxial effect on the center
cracked plate. According to Shlyannikov et al. (2009),
the crack tip field was controlled by biaxial ratio
through higher order constraint parameters regardless
of creep or elastoplastic solids.
Aware of the material mismatch effect in the
weldment, two parameter methods were presented to
characterize the interface crack in elastoplastic plate
by Zhang and coauthors (1996, 1997) where difference schemes for stress field between reference stress
field and mismatched stress field were proposed.
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Burstow et al. (1995, 1998) proposed a relation
between constraint parameter Q and the mismatch
factor under elastoplastic condition, which showed a
clear demonstration of the constraint effect related
with mismatch factor. Lately, Kumar et al. (2014)
proposed a model to predict the stress component of
welded center crack based on correlation of constraint
parameter Q. Recently, Fan et al. (2016) also presented a unified parameter on predicting the fracture
toughness of weldment considering out-of-plane and
in-plane effects. More recent works by Duan and
Zhang (2020) and Zhang et al. (2020) also show
evidence of the increasing interest in studying the socalled ‘‘material constraint effect’’. Material constraint
effect here can be understood as the constraint
variations of a crack tip caused by material mismatching. Inspired by the material constraint effect studied
in elastoplastic condition, the material mismatch
effect on the creep crack tip field is reported by Dai
et al. (2016) through M  -parameter by analysis of the
discrepancy of creep crack tip field under small scale
creep. A more recent work can be found in Jiang et al.
(2020) for creeping braze joint.
Although some attempts have been made to investigate the material constraint effect, nearly all the
known characterization parameters regarding to material constraint effect are empirical or approximate
from the perspective of rigorously asymptotic solution. The evidence shown in elastoplastic condition
(Burstow et al. 1998) indicates that the constraint
effect caused by material mismatch was dependent on
the mismatch factor, the weld size and the level of
stress intensity characterized by the leading term such
as J-integral. Then the following problems come up
naturally if we limit the condition under creeping
condition. Can material constraint effect be characterized independently under creeping conditions based
on rigorously higher order asymptotic solutions? What
is the relation between constraint level caused by the
loading state and the constraint effect caused by
material mismatch? Is material constraint effect only
dependent on the material mismatch factor?
In order to answer the aforementioned questions, a
crack model in the weldment center under biaxial
loading with creeping condition is studied in this
paper. The main objective of the current paper is to
make a thorough study on the characterizations of
constraint effect caused by material mismatch, which
allows for consideration of the influence of biaxial

179

loading and material mismatch equally. The possibility of the material constraint effect characterization
based on higher order term solutions is discussed.
Towards this objective, the organization of this paper
is given as below. The theoretical foundation is
presented in Sect. 2 where the higher order term
solutions are revisited. The decomposition of higher
order term is introduced in which the geometry
constraint effect and material constraint effect are
defined. The numerical procedures are illustrated in
Sect. 3. The results and discussion are given in
Sect. 4. The conclusions are drawn in the last Section.

2 Problem statement and theoretical foundation
The typical power-law creep constitutive equation is
given as:
 n1
1þv _
1  2v
3
re
Sij
e_ij ¼
Sij þ
r_ kk dij þ e_0
ð1Þ
E
3E
2
r0
r0

Sij ¼ rij  rkk dij 3

ð2Þ

3
r2e ¼ Sij Sij
2

ð3Þ

where e_ij , r_ kk , Sij , e_0 , r0 , re , E and n are strain rate,
stress rate, deviatoric stress, reference strain rate,
nominal yielding stress, Mises equivalent stress,
Young’s modulus and creep exponent, respectively.

The creep coefficient C is identical to e_0 rn0 . The
quantities with dots represent the differential of creep
time. If the elastic strain is much less than the creep
strain, Eq. (1) can be simplified as following with the
uniaxial stress state.
(
e_b ¼ Cb rnb
ð4Þ
e_W ¼ CW rnW
in which Cb , CW , nb and nW are the creep coefficients
and creep exponents of the base metal and weld metal,
respectively. r and e_ are the stress and strain rate,
respectively. The subscripts ‘‘b’’ and ‘‘W’’ represent
the base metal and weld metal shown in Fig. 1,
respectively.
In order to characterize the mismatch effect of
materials, mismatch factor is defined to characterize
the mismatch effect. Referred to the strength mismatch of two materials, the mismatch in creep
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Fig. 1 Model of a crack in
center of weldment under
biaxial loading: a geometry
model, b 1/4 model, c FE
mesh and d crack tip mesh

property between base metal and weld metal can be
defined as (Xuan et al. 2004)
 1=n
Cb
m¼
ð5Þ
CW
The limitation of Eq. (5) is that the creep exponents
of base metal and weld metal are assumed to be the
same. If mismatch factor ‘‘m’’ is greater than 1, it
represents the overmatch. In case of ‘‘m’’ is less than 1,
it means the undermatch condition.
For crack tip field in homogeneous material, the
constraint effect of crack tip field is described by a
higher order term. Herein, the three-term asymptotic
solution for creep crack-tip field developed by Chao
et al. (2001) was adopted to perform the analysis. The
form of the three ordered term asymptotic solution for
creep crack under mode I loading is given as
following:
h
i
rij ðr; h; tÞ
ð1Þ
ð2Þ
ð3Þ
¼ A1 ðtÞ rs1 r~ij ðhÞ þ A2 ðtÞrs2 r~ij ðhÞ þ A3 ðtÞrs3 r~ij ðhÞ
r0

ð6Þ

A1 ðtÞ ¼


CðtÞ s1
r0 e_0 In L

ð7Þ

are the stress exponents of different orders, respecðkÞ

tively. r~ij ðhÞ is the angular distribution function for
k-th order terms. The dimensionless integration constants In are only related to the creep exponent n and
independent of other material property and the applied
loads. r ¼ r=L and L is a characteristic length
parameter which can be taken as the crack length a,
the specimen width W and so on. C ðtÞ is the creep
fracture parameter C ðtÞ-integral which is defined as
below (Landes and Begley 1976):

  
Z
ou_i

C ðtÞ ¼
W dy  Ti
ds
ð9Þ
ox
C!0
where C is a counterclockwise integral path of crack
tip, and Ti , u_i , dy and ds, are the traction vector of
integral path, the displacement rate, the increments of
y-direction and integral path, respectively. When the
creep crack is at extensive creep stage, the stress
distribution around the crack tip is constant and the
steady creep fracture parameter C* is used to characterize the intensity of the crack-tip fields. The characteristic time tT for transition from small-scale creep
to extensive creep is estimated and given as (Riedel
1990)
tT ¼

1
s1 ¼ 
nþ1

ð8Þ

where A1 ðtÞ, A2 ðtÞ and A3 ðtÞ are the terms of different
orders, and there follows A3 ðtÞ = A22 ðtÞ. s1 , s2 and s3
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KI2 ð1  v2 Þ
ðn þ 1ÞEC 

ð10Þ

The transition time tT are related to the applied load,
crack length and the elastic and creep properties of
materials.
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To calculate the constraint level of different factors,
here we assume that the second order term, A2 ðtÞ, of
Eq. (6) is composed separately by A2I ðtÞ and A2II ðtÞ,
i.e.
A2 ðtÞ = A2I ðtÞ þ A2II ðtÞ

ð11Þ

where A2I ðtÞ and A2II ðtÞ are constraint parameters to
characterize the constraint effect caused by biaxial
loading, crack depth, and the constraint effect caused
by material mismatch. Thus, the stress field described
by Eq. (6) is written as below:
h
rij ðr;h;tÞ
ð1Þ
ð 2Þ
¼A1 ðtÞ rs1 r~ij ðhÞþ ðA2I ðtÞþA2II ðtÞÞ
r s2 r~ij ðhÞ
r0
i
ð3Þ
þðA2I ðtÞþA2II ðtÞÞ2 rs3 r~ij ðhÞ

ð12Þ
The introduction of A2I ðtÞ and A2II ðtÞ will lead to
some complications in determining them. To overcome this problem, a standard reference stress field
will be set up. On determination of the second order
terms such as A2I and A2II , we should firstly retrospect
to the determination of A2 ðtÞ. The determination of
A2 ðtÞ can refer to the point match method given by
Chao et al. (2001). The standard reference stress field
is obtained under the condition that the stress field is in
homogeneous material (m = 1) with a fixed biaxial
loading ratio B. If the biaxial ratio B is fixed, then the
A2II ðtÞ will be obtained. Similarly, if one wants to
obtain A2I ðtÞ, the mismatch factor should be
unchanged. With this decoupling method and in
combination with the point match method, A2I ðtÞ and
A2II ðtÞ can be solved easily. The symbol ‘‘*’’ is added
in the superscript, i.e. A2I , A2II and A1 , to denote the
values of those terms in Eq. (12) under extensive
creep.

3 Numerical procedures
With the theoretical background given in Sect. 2, a
mismatched two-dimensional center-cracked weldment plate is established in Fig. 1. The typical finite
element mesh for the model is also given in Fig. 1. The
crack is located in the center of the weld metal. The
plate has the dimensions with fixed height-width ratio
H/W = 2. The slenderness of the weldment
ðW  aÞ=hW is fixed as 4 during the computation
of this paper. To investigate the influence of crack
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depth on the creep crack-tip stress field, three types of
crack depth ratios are selected, i.e. a/W = 0.2, 0.4 and
0.6, where W is 100 mm.
The plate is subjected to biaxial loading, as depicted
in Fig. 1, the stress biaxiality is defined by biaxial ratio
factor B, i.e.

ð13Þ
B ¼ Sx Sy
where Sy is the remote uniform pressure loading
perpendicular to the crack and Sx is the remote
uniform pressure loading parallel to the crack. Note
that the case B = 0 corresponds to uniaxial tension,
and the case B = 1 represents the equibiaxial loading
condition. In present work, to study the impact of
biaxial loading on the crack constraint level, Sy is
constant, i.e. Sy = 50 MPa, and the value of B ranges
from -1 to 1 by changing the value and sign of Sx .
Finite element analyses are performed on commercial software ABAQUS. A quarter of the plate, due to
the symmetry in both geometry and loading, is
modelled with plane strain condition. The typical
finite element meshes are illustrated in Fig. 1c. The
element type used here is four-node linear plane strain
element (CPE4H). The mesh consists of 8925 elements and the minimum length of the element is
0.0067 mm to ensure the calculation accuracy.
For the convenience of analysis and calculation, it
is assumed that the elastic properties of weld metal and
base metal are identical, i.e., the nominal stress r0 ,
Young’s modulus E and Poisson ratio v for the weld
metal and base metal are taken as 180 MPa,
125,000 MPa and 0.3, respectively. These materials
are close to the 1/2CrMoV steel for base material and
2.25Cr1Mo steel for weld material, which have been
used widely in high temperature pressure vessels (Han
et al. 2015). It implies that there is no elastic mismatch
discussed in this paper so as to make the investigation
be focused on creeping mismatch. The mismatch
factor ‘‘m’’ varies between 0.58 and 2.00, and the
detail mismatch factors defined with different material
constants are given in Table 1.
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Table 1 Material constants used in the computation
Cb

CW

m

n

3.20E-11

1.60E-10

0.58

3

3.20E-11

1.00E-10

0.68

3

3.20E-11
3.20E-11

8.00E-11
6.40E-11

0.74
0.79

3
3

3.20E-11

3.20E-11

1

3

3.20E-11

1.60E-11

1.26

3

3.20E-11

8.00E-12

1.59

3

3.20E-11

4.00E-12

2.00

3

various mismatch factors and biaxial ratios are
extracted directly from the numerical analysis, which
are shown in Fig. 3. It can be found that the value of
C*-integral decreases with the increase of mismatch
factor under the same bixiality regardless of short
crack plate and deep crack plate. For a fixed mismatch
factor, the biaxial stress effect on C*-integral is also
clear. In general, C*-integral heightens with the
decrease of the biaxial ratio.
4.2 Quantifying the stress field of the crack
in weldment
4.2.1 Radial stress distributions

4 Results and discussions
4.1 Variations of C(t)-integral
The fracture parameter C(t)-integral at steady-creep
stage is the typical C*-integral which is independent of
the integral contours. Figure 2 is presented to state the
effect of biaxial loading and material mismatch on C*integral for the center cracked weldment plate with
a=W ¼ 0:2. Note that C*-integral in Fig. 2 is obtained
by taking the average value for C(t)-integral of nine
contours around the crack tip at steady-creep stage. As
it can be seen from Fig. 2, C(t)-integral decreases with
the increments of mismatch factor m and biaxiality B.
It can be found that C(t)-integral becomes steady if the
transition time is greater than 10tT .
To present the variations of C(t)-integral under
extensive creep, C*-integral of different cases with

The radial distributions for rhh and rrr ahead of the
crack-tip (h ¼ 0 ) at the steady-creep stage are
presented in Fig. 4 for the welded plate with
a=W ¼ 0:2, where the stresses are normalized by the
nominal stress r0 and the radial distance r is normalized by the half crack length a. As shown in Fig. 4, the
influence of the material mismatch on the radial stress
distributions of rhh and rrr strongly depends on the
biaxial loading. Otherwise, the stress components
along the radial direction are affected by the material
mismatch significantly. The differences between various stress components rely on the material mismatch
and biaxial loading.
For the stress components rhh , the stress distribution is nearly unaffected by the material mismatch if
biaxial factor B ¼  1. However, the stress increases
rapidly with the material mismatch when the biaxial
factor increases from B ¼  1 to B ¼ 1. For the
stress component rrr , the stress distribution is nearly
independent on the material mismatch within the finite
strain zone r=a\0:02 under B ¼  1. However, it
decreases with the mismatch factor if r=a  0:02. The
stress distribution of rrr increases with the increment
of the mismatch factor rrr under B ¼ 1.
4.2.2 Angular stress distributions

Fig. 2 Variations of CðtÞ=C  with normalized creep time under
biaxial loading and various mismatch factors
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Although the radial stress distributions shown in
Sect. 4.2.1 present the variations of the stress components with material mismatch factor, a more direct
evidence on the effect of material mismatch on crack
tip stress field is given in Fig. 5, where the dimensionless angular distributions for stress components
rhh , rrr and rrh normalized by nominal stress r0 at the
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Fig. 3 Variations of C*integral with different
mismatch factors

position from the crack tip r=a ¼ 0:083 at extensive
creep t ¼ 10tT are presented in Fig. 5.
From Fig. 5, the influences of the material mismatch on the angular distribution of the stress
components rhh , rrr and rrh still depend strongly on
the biaxial stress states. For the stress components rhh
and rrr with B ¼  1 shown in Fig. 5a, the general
tendency is that the stress components decrease as
material mismatch factor increases. For uniaxial
loading state shown in Fig. 5b, the stress components
with overmatch condition hold the higher stress levels.
Similar tendencies can be found in Fig. 5c for the
condition of biaxial ratio B ¼ 1.
4.3 Characterizations of material constraint effect
4.3.1 Constraint characterization parameter
According to the result shown in Sect. 4.2, the crack
tip field is assured to be affected by the material
mismatch. Based on Eq. (12), the higher order term
A2 ðtÞ is divided into A2I ðtÞ and A2II ðtÞ where A2I ðtÞ and
A2II ðtÞ are the second order terms to characterize the
constraint effect caused by geometry factors and
material mismatch. Generally, the geometry factors
include the crack depth, specimen sizes and loading
states. If extensive creep is approached, A2 ðtÞ, A2I ðtÞ
and A2II ðtÞ are denoted as A2 , A2I and A2II , respectively. Based on this treatment, the question that we
proposed at the start of this paper will become the
verification of dependencies for A2I ðtÞ and A2II ðtÞ.
On the determination of A2 ðtÞ, the point match
method will be adopted. In the present research, the
stress components of rhh at within range

r=a ¼ 0:01  0:1 along h ¼ 0 and 45 are used to
determine the value of A2 ðtÞ based on Eq. (6). The
parameters adopted in Eq. (6) can be found in the
table given by Chao et al. (1997). For example, the
stress exponents with n = 3 for s1 , s2 and s3 are -0.25,
- 0.01284 and 0.22432, respectively. The other
ð1Þ

ð2Þ

ð3Þ

parameters such as In , r~hh , r~hh and r~hh can also be
found in Chao et al. (1997). It should be pointed out
that the material constants such as r0 , e_0 and n of the
weldment are used as the materials constants adopted
in Eq. (6).
The variations of A2 ðtÞ with normalized creep time
is shown in Fig. 6 where different values of A2 ðtÞ
under various biaxial loading states and material
mismatch conditions are presented. It is found that
A2 ðtÞ term varies to be a constant if creep time exceeds
10tT . It implies that A2 ðtÞ become A2 when creep time
is more than 10tT . Moreover, A2 ðtÞ term is different
under various material mismatch factors. The constraint parameter A2 ðtÞ decreases with the increase of
mismatch factors. It also represents that overmatch
condition possesses the lowest constraint level and
undermatch condition holds the higher constraint
level. If one holds the crack plate to be a homogeneous
material, it is seen that the constraint level is lower for
negative biaxial ratio compared with the other
conditions.
4.3.2 Comparisons of stress fields considering higher
order term solution
With the computed A2 ðtÞ term with the point match
method, the comparisons for solutions of stress
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Fig. 4 Tangential stress and
radial tress distributions
along h ¼ 0 under biaxial
loading for a=W ¼ 0:2 at
t=tT ¼ 10 with different
mismatch factors

components in radial direction analyzed with the
higher order term solution (HTS), HRR field and finite
element method (FEM) are shown in Fig. 7. For
Fig. 7a and b, it is found that the HTS solution agrees
quite closely with the FE solutions. However, the
discrepancy between the HRR solutions and HTS
solutions is remarkable under the biaxial ratio B ¼

123

 1 regardless of undermatch condition or overmatch
condition. Similar tendencies can be found in Fig. 7c
and d. For B ¼ 1, the solutions show that the HTS
solution, HRR solution and FE solution agree quite
closely with each other. The reason could be that it is
the equivalent biaxial tension state for B ¼ 1. The
hydrostatic stress ahead of crack under this condition
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Fig. 5 Angular
distributions of stress
components rhh , rrr and rrh
at r=a ¼ 0:083 for a=W ¼
0:2 with t=tT ¼ 10 under
various biaxial loadings:
a B = -1; b B = 0; c B = 1

Fig. 6 Variations of A2 ðtÞ
for a=W ¼ 0:2 with t=tT ¼
10 under various a mismatch
factors and b biaxial
loadings

is a constant which is not dependent on the material
mismatch state.
The comparisons of the stress components in
angular direction between HTS solutions, HRR

solutions and FE solutions are shown in Fig. 8. It is
found that the HTS solutions all agree well with the FE
solutions regardless of material mismatch and loading
biaxiality. All the solutions shown in Fig. 8
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Fig. 7 Comparisons of
HTS, FEM and HRR
solutions under various
conditions along h ¼ 0o for
a=W ¼ 0:2 at t ¼ 12tT :
a B = -1, m = 0.74;
b B = -1, m = 1.59; c B = 0,
m = 0.74; d B = 0,
m = 1.59; e B = 1,
m = 0.74; f B = 1, m = 1.59

demonstrates that the method based on the A2 ðtÞtermed solutions enable to predict the stress field
correctly. The specific values of A2 ðtÞ-term under
extensive creep for all the analyzed condition is given
in Fig. 9 in which it is found that the constraint
parameter A2 generally decreases with the increase of
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mismatch factor. For shallow crack with a/W = 0.2,
the constraint parameter is generally larger than zero
for the condition of B = 1. For other mismatch
factors and biaxial ratios, the constraint parameter A2
is generally lower than zero. Comparing the constraint
level at a fixed mismatch factor, the constraint
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Fig. 8 Comparisons of
stress components in
angular direction at r=a ¼
0:083 for a=W ¼ 0:2 and
t ¼ 12tT : a B = - 1,
m = 0.74; b B = - 1,
m = 1.59; c B = 0,
m = 0.74; d B = 0,
m = 1.59; e B = 1,
m = 0.74; f B = 1, m = 1.59

parameter decreases with the decrease of the biaxial
ratio.
Figure 10 is presented to see the variations of A2
with material mismatch under various crack depths.
From Fig. 10, it can be seen that the constraint level is
influenced by the material mismatch, crack depth and
biaxial state. For condition of B =  1, it is found

that the crack tip with shallow crack depth holds the
the lower constraint level. However, the constraint
level for shallow crack is generally larger for the
condition of B = 1. For uniaxial loading condition,
the situations for various crack depths are quite
different. As for condition of a/W = 0.4, the variation
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Fig. 9 Variations of
constraint parameter A2 with
mismatch factor and biaxial
loading for different crack
geometries a a/W = 0.2; b a/
W = 0.4; c a/W = 0.6

tendencies are dependent on the material mismatch
under uniaxial loading condition.
4.3.3 Independent verification of material constraint
and geometrical constraint
According to Eq. (12), here it is firstly assumed that
the constraint effect can be separated by generalized
geometry constraint parameter A2I and material constraint parameter A2II . Based on the computation
scheme given in Sect. 2, A2I and A2II can be obtained
separately. Note that we assume that A2I is generally
dependent on geometry factors including specimen
size, loading state and crack depth. Here, two main
factors, i.e. crack depth and loading state are selected
to make the verification. The variations of A2I with
different mismatch factors under various biaxial
loading are given in Fig. 11. Two crack depths, i.e.
a/W = 0.2 and 0.6, are adopted as the presented cases.
It is found that the constraint parameter A2I under
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B = 0, - 0.5 and - 1.0 are nearly unchanged with the
variations of the mismatch factor. In other words, the
constraint level for these conditions can be treated
independently on the material mismatch effect. However, the constraint levels of A2I for conditions under
B = 0.5 and 1.0 varies with the change of mismatch
factor m, which indicates that A2I is influenced by the
mismatch factor.
The evidence that constraint parameter A2I is
affected significantly by the biaxial ratio is presented
in Fig. 12 where A2I varies with the variations of crack
depth and biaxial ratio. From Fig. 12, it is found that
the geometry constraint characterized by A2I is higher
for the condition with deeper crack length under the
condition that the biaxiality is less than zero. Reversely, geometry constraint characterized by A2I is
lowest for the condition with deeper crack under the
condition that the biaxiality is greater than zero.
Herein, variations of constraint parameter A2II with
mismatch factors are presented in Fig. 13. It is seen
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Fig. 10 Variations of
constraint parameter A2 with
mismatch factor for
different crack depths:
a B = -1; b B = 0; c B = 1

Fig. 11 Variations of
constraint parameter A2I
with mismatch factor:
a a/W = 0.2; b a/W = 0.6

that A2II is not significantly influenced by the material
mismatch for cases with B = - 1.0, - 0.5 and 0.0.
However, A2II is apparently affected by the mismatch
factors for cases with B = 1.0 and 0.0. It implies that
the constraint effect characterized by A2II is not

significantly influenced by the biaxial loading state if
the biaxial ratios are - 1.0, - 0.5 and 0.0.
Figure 14 is presented to validate the effect of crack
depths on the variations of A2II for those cases under
B = - 1.0 and B = 0.0. It is found that constraint
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Fig. 12 Variations of constraint parameter A2I with biaxial ratio

parameter A2II decreases with the increase of mismatch factor. The values of A2II barely change with the
variations of crack depth. Hence, it indicates that the
material constraint effect is not influenced by the crack
depth. In general, the solutions presented in Fig. 13
and Fig. 14 show that the material constraint parameter A2II is approximately independent of the crack
depth and biaxial stress state for those cases with
B = - 1.0, - 0.5 and 0.0. However, A2II is dependent
on the crack depth and biaxial stress state for those
cases with B = 1.0 and 0.5.
4.4 Discussion
Based on the analyses given in Sect. 4.3, the geometry
constraint parameter A2I is dependent on the geometry
factors only under the condition that the biaxiality is

Fig. 13 Variations of
constraint parameter A2II
with mismatch factor under
different crack depths:
a a/W = 0.2; b a/W = 0.6
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less than or equal to zero. Similarly, the material
constraint level A2II is only related to the material
mismatch under the condition that biaxiality is less
than or equal to zero. For positive biaxiality, both
geometry constraint parameter A2I and material constraint parameter A2II are dependent on the stress state,
crack depth and material mismatch. In other words,
material constraint can be treated independently only
under the situation that the biaxiality is not positive.
Thus, the variation of A2I with biaxiality under zero
can be described with the following fitting formula,
where the general geometry constraint parameter A2I is
a function of stress biaxiality and crack depth ratio.


 a 2
a
A2I ¼ 2:31
 2:37
þ 0:7 B2
W
W


 a 2
a
þ 2:83
 3:32
þ 1:32 B
W
W
 a 2
a
 2:00
þ 2:25
 1:89
W
W
ð14Þ
where a=W is the crack depth ratio and B is the stress
biaxiality. Note that Eq. (14) is only applicable under
the condition that biaxial loading ratio is controlled at
least below zero.
Thereafter, the material constraint parameter A2II
can be also fitted with the following form if biaxial
loading ratio is controlled at least below zero:
A2II ¼ 0:46ðm  1Þ2  0:72ðm  1Þ

ð15Þ
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Fig. 14 Variations of
constraint parameter A2II
with mismatch factor under
different crack depths
a B = -1 b B = 0

in which m is the material mismatch factor. It should
be noted that there is no limitation on the range
limitation of mismatch factors. The only requirement
is that the creep exponent of weld metal should be
identical to base metal.
In order to validate the fitting solutions given in
Eq. (14) and Eq. (15), the tangential stress of a given
case under mismatch factor 0.74 is presented in
Fig. 15 to show the effectiveness of the given
formulae (14) and (15). The case adopted here is
arbitrary such that the crack depth, mismatch factor
and biaxiality are 0.5, 0.74 and 0. The prediction line
shown in Fig. 15 is computed with the predicted A2I
and A2II with formulae (14) and (15). Good agreement
is found in Fig. 15 between the predicted stress
component and FE solutions, which demonstrates
the effectiveness of the method given in this paper.
Note that we have noted that there still could be

contribution of mode II case even under mode I
conditions according to the investigations given by
Ayatollahi and coworkers (2002, 2018), however, this
effect is currently ignored in this paper.

5 Concluding remarks
With the theoretical and numerical investigations of
this paper, the material constraint effect is discussed
for a mismatch cracked weldment under biaxial
loading. Through those studies, the answer to the
question that ‘‘Can material constraint effect be
characterized independently under creeping conditions based on rigorously higher order asymptotic
solution?’’ is ‘‘Yes, but not that rigorous.’’ In detail,
the conclusions are drawn as following:
1)

2)

Fig. 15 Verification of the predicted stress field

Under biaxial loading condition, the variations
of the constraint effect for a crack tip in
mismatch creeping solids are very different
from that of homogeneous creeping solids. The
total constraint level for crack tip under undermatch condition is higher than overmatch
condition. Otherwise, the condition with positive biaxiality could lead to a higher constraint
level compared with the condition under negative biaxiality.
Although the total constraint level has been
divided into the so called geometry constraint
effect and material constraint effect in this
paper, the effect of loading biaxiality, crack
depth and material mismatch contribute as a
whole to the entire constraint level. They could
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3)

4)
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not be separated independently from rigorously
asymptotic solutions for those cases with positive biaxiality as they can be influenced
interactively.
For a crack tip field under non-positive biaxiality, the material constraint effect can be
characterized independently with some approximations. For these conditions, the material
constraint effect characterized by A2II and
geometry constraint effected characterized by
A2I are approximately independent on material
mismatch factor and crack depth ratio as well as
stress biaxiality, respectively.
An empirical formula has been presented to
characterize the geometry constraint effect A2I
and material constraint effect A2II , in which the
geometry constraint is a function of crack depth
and loading biaxiality, and material constraint
effect is a function of mismatch factor.

It should be noted that the extension of the work
presented in this paper to a more general mismatch
weldment, which contains more mismatching material
properties, is also valuable in future work.
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