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Bayesian mixtures of semi-Markov models
Misture Bayesiane di modelli semi-Markov

Rosario Barone and Andrea Tancredi

Abstract In this paper we propose a clustering technique for continuous-time semi-
Markov models in order to take account of groups of individuals having similar
process realizations. In fact fitting standard parametric models in presence of het-
erogeneity between population groups may produce biased inferences for relevant
process feautres. To model individual heterogeneity we consider a Dirichlet process
mixture (DPM) of semi-Markov continuous-time models. We also consider the case
of discretely observed trajectories of continuous time processes, providing an algo-
rithm which clusterize the observations after having reconstructed the continuous-
time paths between the observed points. Full MCMC inference is performed with
an application to a real dataset.
Abstract In questo articolo proponiamo un metodo di clustering per modelli semi-
Markov a tempo continuo al fine di tenere conto di gruppi di individui con realiz-
zazioni del processo simili. Infatti, l’utilizzo di modelli parametrici standard in pre-
senza di eterogeneità può produrre inferenze distorte. Per modellare l’eterogeneità
individuale consideriamo una mistura di processi di Dirichlet (DPM) di modelli
semi-Markov a tempo continuo. Consideriamo anche il caso di processi a tempo
continuo osservati in punti discreti, presentando un algoritmo che consente di rag-
gruppare le osservazioni dopo aver simulato le traiettorie tra i punti discreti. nel
lavoro verrà presentato un algoritmo MCMC e un’applicazione con dati reali.

Key words: Dirichlet process prior, Multi-state models, MCMC, Time series clus-
tering.
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2 Rosario Barone and Andrea Tancredi

1 Introduction

In a panel data set with individuals observed in time, clustering techniques may be
useful for finding groups of similar individuals. With exception for the Markov case
[1], all the mixtures approaches for multi-state models are related to finite mixtures
and consider completely observed processes [2]. In this paper we tackle the cluster-
ing problem for the class of semi-Markov processes. In general, note that inference
for semi-Markov models may present computational difficulties when observations
are at discrete time points, so that the process is not completely observed. In fact,
the likelihood function is not available and approximation methods are required. [3]
reconstruct the likelihood function by simulating the trajectories between the ob-
served points with a Metropolis-Hastings step based on Markovian proposals drawn
from the uniformization algorithm [4]. Here, we extend their approach by consid-
ering a Bayesian nonparametric mixture model for both completely and discretely
observed continuous time semi-Markov models. More specifically, by defining infi-
nite mixtures of semi-Markov, with a Dirichlet process (DP) prior [5] on the mixing
measure, we get a Dirichlet Process Mixture (DPM) [6] of semi-Markov models.

2 Semi-Markov multi-state models

Let us consider a continuous time process Y (·) = {Y (t), t ≥ 0} with discrete state
space S = {1, . . .S}. We assume that the process Y (·) is semi-Markov. This is
equivalent to say that the instantaneous transition rates qrs(t,Ft), conditionally on
the past history of the process, depend only on the time spent in the current state,
i.e.

qrs(t,Ft) = lim
δ t→0

P{Y (t +δ t) = s|X(t) = r,T ∗ = t −u}
δ t

where T ∗ denotes the entry time in the last state assumed before time t. Hence,
semi-Markov models can be obtained by defining the transition functions qrs(u)
and setting

P{Y (t +δ t) = s|Y (t) = r,T ∗ = t −u}=
{

qrs(u)δ t +o(δ t) s ̸= r
1−∑l ̸=r qrl(u)δ t +o(δ t) s = r

Notice that a semi-Markov process Y (t) can be also defined as the result of a state
sequence generated by a Markov chain with transition probabilities prs and sojourn
times having distribution functions Frs, that is depending only on the departure and
arrival states. To specify the functions qrs(u) we can also proceed directly by fixing
the transition probabilities prs and the conditional sojourn distributions Frs. By do-
ing so, the resulting hazard functions turn out to be qrs(u) = prsF ′

rs(u)/(1−Fr(u))
where Fr(u) = ∑l ̸=r prlFrl(u). Several parametric distributions can be proposed for
qrs(u) or Frs(u). Assuming for example cause-specific hazards proportional to those
of a distribution on positive values with parameters depending only on the initial
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state, i.e. qrs(u) = prsq(u;φr), the transition probabilities are prs, and the density of
trajectory y on the interval [0,T ] can be generally written as

pθ (y) = pθ (s,z) =

(
n

∏
i=1

psi−1siq(zi − zi−1;φsi−1)e
−
∫ zi−zi−1

0 q(u;φsi−1 ,)du

)

×e−
∫ T−zn

0 q(u;φsn )du,

where z = (z1, . . . ,zn) is the sequence of jump times, s = (s1, . . . ,sn) is the sequence
of visited states and θ ∈Θ is the vector with all the process parameters.

3 Dirichlet Process Mixture of semi-Markov models

In this section we introduce the notation of the DPM model. Let pθ (y) be the proba-
bility density function of a semi-Markov trajectory y(t) = (s,z). Let G be a probabil-
ity distribution defined on the parameter space Θ . We define the density function of
an infinite mixture of semi-Markov models pG with respect to the mixing measure
G as

pG(s,z) =
∫

pθ (s,z)dG(θ).

By assuming a DP(M,G0) on the mixing measure G, we get a DPM of semi-Markov
models. Let yi(t) = (s,z)i, for i = 1, . . . ,N, be N fully observed paths on [0,Ti]. Note
that N represents the number of sample individuals. We may rewrite the model in a
hierarchical form:

yi(t)|θi
ind∼ pθi

θi|G
iid∼ G

G ∼ DP(MG0).

4 MCMC sampling

We now outline the MCMC algorithm. Let y = (s,z) be the set of N observed trajec-
tories of a continuous time multi-state model defined on the state space S . Let θ ∗

h ,
h = 1, . . . ,k denote the k ≤ N unique values among the N individual parameters and
let Ψh = (i : θi = θ ∗

h ). An important property of the Dirichlet process is in fact to pro-
duce discrete distributions for G so that the trajectories yi are clustered on the base
of the unique values generated by G. We represent the clustering by an equivalent
set of cluster membership indicators, ψi = h if i ∈Ψh, i.e. the i-th observation be-
longs to the h-th cluster. Let y∗h indicate the trajectories arranged by clusters, i.e. the
set of trajectories belonging to the h-th cluster. Let the multiset ρn = {Ψ1, . . . ,Ψk}
be a random partition of the trajectories {1, . . . ,N}. The DPM implies a model on

1699



4 Rosario Barone and Andrea Tancredi

a random partition ρn of the experimental units. Let π(ρn) be the Pólya urn prior
on the random partition ρn. The posterior conditional densities π(ψi = h|ψ−i,y) are
derived as follows:

π(ψi = h|ψ−i,y) ∝

{
N−

h p((s,z)i|y∗−h ) for h = 1, . . . ,k−

Mp((s,z)i) for h = k−+1
,

where N−
h is the number of paths in the h-th cluster with exclusion of the i-th ob-

servation, M represents the precision parameter of the DP, k− indicates the unique
values of θ with exclusion of the i-th observation, p((s,z)i)≡

∫
pθ∗

h
((s,z)i)G0(dθ ∗

h )

and p((s,z)i|y∗−h ) =
∫

pθ∗
h
((s,z)i)dπ(θ ∗

h |y
∗−
h ). However, with the semi-Markov ker-

nel density there is not conjugate centring measure G0. Therefore, approximation
methods are required in order to evaluate the integrals.
Since there is no conjugacy between the base measure G0 and the semi-Markov
kernel density, we adopt the approach of [7], by defining a valid Markov chain al-
gorithm by drawing (N − k) auxiliary values for θ from the centring measure G0.
More in detail, if Nh > 1, the posterior model on the random partition ρn is defined
as:

π(ψi = h|ψ−i,y) ∝

{
N−

h pθ∗
h
((s,z)i) for h = 1, . . . ,k−

M
k−+1 pθ∗

k−+1
((s,z)i) for h = k−+1

, (1)

while if Nh = 1, ψi = h is imputed to form a singleton cluster. Therefore, with prob-
ability (k−1)/k leave ψi unchanged, otherwise remove ψi from the h-th cluster,
relabel the θ ∗

h to comply with the no-gaps rule, and then update ψi. By consider-
ing yi = (s,z)i, i = 1, . . . ,Nh, the density of the data lying inside the h-th mixture
component conditional on the partition and on the kernel parameters is

π(y|θh,ψ) =
Nh

∏
i=1

pθh((s,z)i|ψi = h),

by Bayes theorem we get the posterior density of the h-th mixture component pa-
rameters:

π(θh|ψ,y) ∝ π(y|θh,ψ) ·G0(θh). (2)

4.1 Discretely observed semi-Markov processes

We now extend the DPM of semi-Markov models to the the case of discretely ob-
served trajectories, that is when the exact jump times are unknown and the density
function pθ (y) is not available. In particular we use the algorithm proposed by [3],
which allows to reconstruct the trajectories between the discretely observed points
for each observed individual via a Metropolis-Hastings step based on a Markovian
approximation of the semi-Markov process. By indicating with Q(s,z|θ ,x) the con-
ditional distribution of a whole sample path conditionally on an observed set of
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points summarized by the vector x, the MCMC algorithm for the discretely observed
case may be summarized as follows:

• Trajectory reconstruction: for i = 1 . . . ,N draw (s,z)i ∼ Q(s,z|θi,xi);
• Clustering: for i = 1 . . . ,N draw ψi from (1);
• Updating cluster parameters: for h = 1, . . . ,k draw θh from (2).

5 Application

As a real data application, we analyze the progression of coronary allograft vascu-
lopathy (CAV) [8] with a data set available with the R package msm, see [9]. The
data provides the disease status (CAV-free (1), mild CAV (2) and moderate or se-
vere CAV (3)) observed approximately each year after transplant for a set of 622
subjects followed up until their most recent visit if alive at the end of the observa-
tion period or until death (state (4)). Death times are exactly observed. Moreover,
since data comprises apparent transitions from higher to lower states, which are in
fact the results of a misclassification since the deterioration of the arterial walls is
an irreversible process, we recode all the reverse transitions as remaining in the
higher of the two states and permit transitions only to the adjacent states or to the
death state. To specify the semi-Markov model we assume Weibull sojourn times.
The parameter set is θ = (p,γ,α) where γ and α are the vector with the rate and
shape parameters of the Weibull sojourn times and p is the matrix with the transition
probabilities. For the Dirichlet process we chose a precision parameter M = 1 and
defined the centering measure to be the product between Dirichlet distributions for
the rows of p, Gamma distributions for the rate parameters and log Normal distri-
butions for the sahpe parameters, that is G0 ≡ DirS−1 ×GammaS−1 × logNS−1.
We run the MCMC sampler for 10000 iterations with a burnin of 2000. The model
gives evidence of the existence of two groups of observations with different features
inside the sample. In Table 1 and Figure 1 we show the results by reporting some
posterior summaries for the proposed model.

Table 1 CAV data: DPM of semi-Markov.

ψ γ1 γ2 γ3 α1 α2 α3 p12 p14 p23 p24

E(·|Y,ψ) 1 0.13 0.24 0.25 1,47 1.46 1.10 0.71 0.29 0.72 0.28
SD(·|Y,ψ) 1 0.01 0.02 0.03 0.10 0.18 0.12 0.04 0.04 0.08 0.08
q0.025(·|Y,ψ) 1 0.12 0.19 0.20 1.30 1.16 0.88 0.64 0.21 0.56 0.12
q0.975(·|Y,ψ) 1 0.14 0.29 0.30 1.65 1.85 1.34 0.79 0.36 0.88 0.44

E(·|Y,ψ) 2 6.27 1.42 1.30 0.66 0.89 4.45 0.71 0.29 0.16 0.84
SD(·|Y,ψ) 2 3.62 1.45 1.01 0.19 1.32 4.45 0.36 0.36 0.23 0.23
q0.025(·|Y,ψ) 2 0.16 0.02 0.08 0.39 0.17 0.37 0.02 0.00 0.00 0.13
q0.975(·|Y,ψ) 2 13.08 4.30 3.81 1.10 4.95 15.85 1.00 0.98 0.87 1.00

1701



6 Rosario Barone and Andrea Tancredi

Fig. 1 CAV data: on the top left panel the maximum number of mixture components observed
for each iteration and on the bottom left the distribution of the observations across the estimated
components; on the right panel the cumulative posterior predictive distributions of the death time.
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