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in the regularized Caputo sense in [5], inside the framework of the so-called general
fractional calculus. The obtained model extends the well-known time-fractional

gi%é};;zd:l' relaxation equation Poisson process of fixed order o € (0,1) and tries to overcome its limitation
Renewal processes consisting in the constancy of the derivative order (and therefore of the memory
Scarpi derivative degree of the inter-arrival times) with respect to time. The variable order renewal
General fractional calculus process is proved to fall outside the usual subordinated representation, since it can
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analyzed and its limiting behavior established.
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1. Introduction

The Poisson process and, in general, the renewal processes are extensively studied and applied in many
different fields, ranging from physics to finance and actuarial sciences. In particular, their fractional exten-
sions have been proved to be useful since they are characterized by non-exponentially distributed intervals
between subsequent renewal times. It is indeed well-known that the time-fractional Poisson process (of
order a € (0,1]) is a renewal process with inter-arrival times following a Mittag-Leffler distribution (with
parameter «) (see, for example, [2,17,19]). The latter entails a withdrawal from the memoryless property,
which is greater the further away « is from 1. Although this model is much more flexible than the standard
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one, and more adaptable to real data, there is still a rigidity since the derivative order (and therefore the
memory degree of the inter-times) is constantly equal to a fixed value a over time.

We introduce and study here a renewal process defined by means of a time-fractional relaxation equation
with order a(t) varying with time ¢ > 0. The class of suitable functions «(-) is characterized and some
explanatory examples are given; in particular, «(-) can be modelled to represent two different variable-
order processes: a transition from an initial order ay to a second order as (to be achieved as t — +00); a
transition from an initial order a; to a second order as (to be achieved at a finite time 7') with a return
to the initial value a; as t — +o00. These models can be compared with the renewal processes defined by
means of distributed order derivatives [1,8], under the assumption of a discrete uniform distribution for the
random order « (i.e., taking values a; and aw), even if, in our case, the transition between the two values
is depending on the time.

Although different approaches are available in the literature to define variable-order fractional derivatives,
in this work we focus on the operator introduced by Scarpi in the seventies (see [23]) and later reformulated
in the regularized Caputo sense in [5]. The main feature of this approach is that it formulates a generalization
of classic constant-order operators in the Laplace domain, thus to facilitate the construction of operators
satisfying a Sonine condition.

This work is organized in the following way. In Section 2 we introduce the variable-order generalization
of the fractional derivative (according to the mentioned approach introduced by Scarpi) and we recall some
basic facts about time-fractional Poisson processes of constant order. In Section 3 we consider the variable-
order fractional relaxation equation and formulate the assumptions which are proved to be sufficient in order
to guarantee that its solution is a proper tail distribution for the inter-arrival times of a renewal process. In
Section 4 the renewal process defined by means of the previous results is hence studied and some features,
such as the factorial moments and the auto-covariance, are obtained in the Laplace domain; some graphical
representations are provided thanks to numerical inversion of the corresponding Laplace transformations.
Section 5 is devoted to the study of the continuous-time random walk with counting process represented by
the variable-order fractional renewal and we study its asymptotic behavior, under an appropriate rescaling
and under some assumptions on the jumps distribution.

2. Preliminaries

A variable-order fractional derivative can be provided by means of the following definition (we refer to
[5] for a more in-depth treatment).

Definition 2.1. Let o : [0,7] — (0,1), T € R*, be a locally integrable function with Laplace transform
A(s) == O+°° e~*ta(t)dt and let ¢4(t), t € [0,T], be the inverse Laplace transform of ¢4(s) := s°4(5)=1 for
s> 0. For f € AC[0,T] the (Caputo-type) fractional derivative with variable order «(t) is defined as

Dta(t)f(t) = /¢A(t - T)f/(T)dTv te [07 T}' (1)
0

It is easy to check that, when a(t) = « for any ¢, the operator D} ®) coincides with the standard Caputo
fractional derivative of order «, since, in this case, A(s) = /s and ¢a(s) = s* 1. Therefore the kernel is

0o (t) =t7*/T(1 — ) and (1) reduces to

°DeF(t) = /t—T “*f(r)dr te0,T], a€(0,1).
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We recall that the Laplace transform (hereafter LT) of D;" ®) i equal to
E{Df(t)u; st = SSA(S)E(S) — SSA(S)_lu(O), s> 0, (2)

where L{u; s} :=u(s) = 0+Oo e **u(z)dz (see [5]).
The operator (1) was analyzed in the framework of the so-called General Fractional Calculus (see [10-
12,15]): in particular, it was proved in [5] that D;' ) is invertible under the following assumption

lim sA(s) =a € (0,1),

s——+oo

which is verified if
lim a(t) =@ € (0,1). (3)

Then we will assume hereafter that the condition in (3) is verified; indeed this is enough to ensure the
existence of a real function ¢4(-) as inverse transform of ¢ 4(s).
Moreover, let us denote by 1 4(-) the Sonine pair of ¢4(+), i.e. the function such that ¥ 4(s) = 1/(sda(s)).

()

Then the inverse operator of D;""" is well defined as

10 f(t) = / balt— 1) f(r)dr,  te[0.T), (4)
0

for ¢ (t) := L7 {s754(5); ¢t} since, thanks to condition (3), also the function 14 is real. It was proved in [5]
that the integral in (4) enjoys both the semigroup and symmetry properties and that {D? (t), I (t)} satisfies
the fundamental theorem of fractional calculus, i.e.

D) = £, ODIYf@) = f0) - £(0), telo,T).
Finally, the results in [5] are obtained for kernels 5 A(+) satisfying the following conditions

gA(s) — 0, 35,4(3) — 400, s — o0 (5a)
gA(s) — +00, 35,4(5) — 0, s — 0, (5b)

which are necessary to include Definition 2.1 in the framework of the so-called general fractional calculus
(see [10], for details).

It seems difficult to find examples of functions ;5 4(s) (in addition to the limiting case s*~!) satisfying
(5a)-(5b) which are also Stieltjes. These three assumptions would be sufficient to ensure that the solution
to the following relaxation equation with fractional variable order

DYDy(t) = —xu(t),  u(0) =1, (6)

is completely monotone (CM), as happens in the constant-order fractional case. We recall that a function f :
[0, +00) — [0, +00) in C is CM if (—=1)" (™) (z) > 0, for any x > 0, n € N (where (") (z) := d"/da" f(x)).
However, we do not need the complete monotonicity of the solution to (6) and we will explore below the
consequences of its lack to our analysis.

We recall that when a(t) = «, for any ¢ > 0, the solution to

Du(t) = —Xu(t),  wu(0) =1, (7)
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coincides with u, (t) = Eq(—At%), where E,(x) := Z;io 27 /T (aj + 1) is the one-parameter Mittag-Leffler
function.

The so-called time-fractional Poisson process N, := {Nq(t)},~, can be defined as a renewal process with
inter-arrival times Z, ;, j = 1,2, ..., independent and identically distributed with P(Zo > t) = ua(t), t > 0,
i.e. No(t) := > 72 lre<s, where T := Z§:1 Za,j (see, for example, [2,17]).

It has also been proved in [19] that N, is equal in distribution to a standard Poisson process time-changed
by the inverse of an independent a-stable subordinator (we will denote it as L, (), t > 0, and its density
function as ly(x,t), z,t > 0). This result is a consequence of the complete monotonicity of the Mittag-Leffler

function, and thus of the solution to (7), since, in this case, we have that

ua(t) = [ e Mlu(2,t)dz, (8)

O\Jgr

(see [7]). In other words, it follows since the LT of (8), i.e. Ua(s) = s*71/(s% + \), is a Stieltjes function
and thus it coincides with the iterated LT of a spectral density.

Formula (8) shows that, for the fractional Poisson process N, the tail distribution function of the
interarrival times Z,, satisfies the following relationship:

P(Za > 1) = P(Z > La(t)), (9)

where Z ~ Exp() is the inter-arrival time of the standard Poisson process N := {N(t)},5,. From (9), by
considering that

{T <t} = {Nu(t) > k}, (10)

we have the following equality in the finite-dimensional distributions’ sense

Na(t) "=" N(La(t)), (11)

where L, (t) is assumed to be independent of N (t).

As we will see below, in the variable order case considered here, a subordinated representation of the
process (analogue to (11)) does not hold, providing an interesting example where the usual correspondence
between time-fractional equations and random time processes does not apply.

3. The variable-order fractional relaxation equation

Let us consider the solution to the fractional relaxation equation with variable order derivative (6). By
taking into account (2), it is easy to see that its LT reads
SsA(s)—l

ua(s)
In view of what follows, we prove that, under appropriate conditions on «f(-), the function (12) can
be expressed as the Laplace transform of a tail distribution function, i.e. its inverse can be written as
ua(t) = P(Za > t), for a positive r.v. Zy4.
We recall that a function g : (0,+00) — R is Bernstein if it is C*, g(x) > 0, for any x, and
(=1)"~Lgn(x) > 0, for any n € N, z > 0 (see [24, p. 21]).
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Theorem 3.1. Let a: [0,7] — (0,1), T € R*, be such that the following conditions hold

. _ / 1- — " 1
t£%1+ alt) =d, t_}glooa(t) o, (13)
for /,a” € (0,1), and that, for its LT A(s), the function s°*), s > 0, is Bernstein. Then the solu-
tion ua(t) to the relazation equation (6) is non-negative, non-increasing, right-continuous and such that
lim; o+ ua(t) = 1.

Proof. It is easy to check that, if (13) holds, the conditions (5a)-(5b) are satisfied, by applying the initial
and final value theorems, respectively (see [14, p. 373]). Indeed, we have that

. / . "
SEIJPOO sA(s) = o, sl_lgl+ sA(s) =« (14)
(where o/ and a” can coincide). Let now write stia(s) = g(f(s)), where f(s) := s*4() and g(z) := z/(A+z).
It is easy to check that g(-) is a Bernstein function, so that, under the assumption on s54(*) also st (s) is
Bernstein and w4 (s) is completely monotone (by applying Corollary 3.8 in [24]).

As a consequence, by the Bernstein theorem, there exists a non-negative, finite measure p (-) on [0, +00)
such that w4(s) = O+°° e tu(dt), for any s.

In order to prove that the inverse LT of u(s) is a non-increasing and right continuous function (i.e.
monotone of order 1), we apply Theorem 10 in [29, p. 29]: it is enough to check that lims_, o wa(s) = 0,
that the limg_,o+ stia(s) exists and that the first derivative of su4(s) is CM and summable. The latter holds
since stig(s) is Bernstein, while the limiting conditions are satisfied by (14). Thus %(s) is the Laplace
transform of a non-negative, non-increasing, right-continuous function, which coincides with the solution to
(6). Finally, since w4(s) ~ 1/s, for s — +o00, we can apply the Tauberian theorem (see [3]) in order to check
that limy 0+ ua(t) =1. O

We now provide some explanatory examples of functions «(-) for which the previous result holds, in
addition to the constant-order case. Obviously, when a(t) = o € (0,1), Vt, we have that s54() = s is a
Bernstein function and

SsA(s)fl ga—1

T A+ 546 T A g s

17,4(8)

Its inverse LT is the Mittag-Leffler function u, (t) = E4(—At®), which is completely monotone for 0 < o < 1
[7,25].

8.1. Exponential transition from oy to as

A special case is obtained by means of the function
at) =ar + (a1 —az)e ™, aj,as € (0,1), ¢>0, (15)

describing the order transition from a; to as according to an exponential law with rate —c [4,5]. It is

A

immediate to compute its LT, A(s), and the corresponding function s°4(*), as

QoC+ (18 agetars
—_— s540) = ¢ .

Als) = s(c+s) o

Finding all possible choices of parameters oy, as and ¢ in order to guarantee that s34(*) is Bernstein
remains an open problem. Numerical inversion of the LT (according to the procedure outlined in [5]) allows
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—®a, =07a;=09¢c=10 e -, =07, =09c—10

-@-a; =060, =08c=05 5L/ -@-a; =06, =08c=05

40 =050,=06c=10 ~4-01=050,=06c=10
102 10° 102 102 10° 102

t t

Fig. 1. Solution w4 (t) (left plot), and its first-order derivative u/; (t) (right plot), of the variable-order relaxation equation with
a(t) = ay + (a1 — az)e” ¢t and different parameters oy, oz and c. Here \ = 1.

however to observe the existence of some sets of parameters for which the solution to the renewal equation
(6) displays the properties ensured by Theorem 3.1. Indeed, as we show in Fig. 1, for the considered sets
of parameters, we obtain non-negative solutions of the relaxation equation (left plot) which are also non-
increasing, as one can argue by observing the non-positive character of their first-order derivatives (right
plot).

3.2. Ezponential transition with return

A further transition, recently introduced in [6], is obtained by means of the function

e—Clt _ e—Czt

aft) = ag + (ag — al)m,

ar,az € (0,1), e¢1,c2 > 0. (16)
Unlike the previous one, this function describes an order transition which starts from «q, increases (or
decreases) to as and hence returns back to a; as ¢ — oo. Thus, in this case, the condition (13) holds for

o/ = a” = ayq. The constant F, is chosen so that «(t) has maximum or minimum value asq, and hence it is
given by

1 o
o 1 C1\ ca—c1 C1\ ca—c1
F. = - -\ s
Co — C1 C2 C2

and as is achieved at time t = (¢g — cl)_l log ca/c1. Moreover, it is simple to evaluate

A(s) = 1041 + Q2”4 , st = 51 g TG e
F.(s4c1)(s+¢2)

Also in this case a precise characterization of the whole set of possible choices for aq, s, ¢1 and ¢y
to ensure that s%4(*) is Bernstein does not seem possible. Again, numerical inversion of the LT is used to
guarantee that there exist some sets of parameters such that the solution to the renewal equation (6) has
the properties required in Theorem 3.1. From Fig. 2 we observe the non-negativity of these solutions (left

plot) and its non-increasing character expressed as non-positivity of the corresponding first-order derivatives
(right plot).

3.8. On the necessity of the assumptions of Theorem 3.1

The condition that s%4(%) is a Bernstein function was proved to be sufficient in order to ensure that u(t)
is non-negative and non-increasing. An interesting question is whether this condition is necessary as well.

Beyond the constant-order case, a precise characterization of a(t) such that s*4(%) is Bernstein does not
seem possible; useful information to check the assumptions may be however obtained numerically.
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3 / —a—a; =08, =09¢, =12 =14
-15 i -@-a; =06 =08¢; =02¢c =20
-4-01=05a,=06¢;=01¢c=1.0
102 10° 102 10" 10° 102
t t

[0 =08a,=09¢=12¢=14
-@-a; =06 =08¢; =02¢; =20
-4-01=05a,=06¢;=01¢c,=1.0

Fig. 2. Solution w4 (¢) (left plot), and its first-order derivative u/; (¢) (right plot), of the variable-order relaxation equation with
a(t) = a1 + (as — al)% and different parameters a1, az, ¢1 and co. Here A = 1.

|
0.04 - I
max £ (540 ;) !
0.02 - 1<0.7] ‘
|
0= —i —i ‘

L L L L L L L I
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
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-3
4 x10 I
|
!’ t |
2 | ) ;
|
|
1)= | . — 7' t I ]
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
Qo

Fig. 3. Identification of threshold values of as for a(t) = a; + (a1 — ag)e™ " (with a; = 0.3 and ¢ = 2) such that s°4(*) ceases to
be Bernstein and the solution w4 (t) of the relaxation equation (with A = 5) ceases to be non-negative and non-increasing.

By virtue of [24, Remark 3.3], the inverse LT of s*4(*) must be non-positive to ensure that s54(*) is
Bernstein. We can therefore perform the numerical inversion of s°4(®) on some sufficiently large interval
[0,7] and check its maximum value: whenever it is positive, 5%4() is no longer Bernstein. Similarly, by
numerical inversion of the LT of %4(s) and its derivative, we can identify when w4(t) is no longer non-
negative and/or non-increasing.

To this aim, we describe, in Fig. 3, some results for the exponential transition (15), with a; = 0.3, ¢ = 2,
and increasing values of as (on the abscissa axis). In particular, for each choice of aq, we have plotted
the maximum value of the inverse LT of s54(*) the minimum value of the solution u(t) of the relaxation
equation and the maximum value of v/, (¢). The interval ¢ € [0, 40] has been used here.

Although s°4(*) ceases to be Bernstein for (approximately) as > 0.741, we observe that 4 (t) continues to
be non-increasing for as < 0.7965 and non-negative for oy < 0.8575. Thus, in the interval ap € [0.741,0.7965]

A(

the solution of the relaxation equation is non-negative and non-increasing even if s54(*) is no longer Bern-

stein.

It is therefore possible to state that the assumption in Theorem 3.1 on the Bernstein character of s54(5)
is only sufficient, but not strictly necessary.

Finding a more precise characterization in terms of shape and parameters of «(t), to ensure that the
solution of the relaxation equation is non-negative and non-increasing, appears however to be an open

problem.
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4. The variable-order fractional renewal process

By resorting to the results obtained so far, we can define a renewal process by assuming that its inter-
arrival times have tail distribution function equal to the solution of the relaxation equation (6).

Definition 4.1. Let N4(t) := {NA(t>}t20 be a renewal process with inter-arrival times Z4 ;, j = 1,2,...,
independent and identically distributed with P(Z4 > t) = ua(t), where ua(t), t > 0, coincides with the

solution of (6).

The density function of Z4 ; can be written in Laplace domain as

Fu®) = sy an)
while the LT of the k-th renewal time density reads
~ P\

kaA(s) = m, k=1,2,.., (18)

where T/ := Zle Z4,j. Thus the probability mass function (in Laplace domain) of N4 can be obtained

as follows
A )\k )\k+1
Pk (8) == L{P (Na(t) = k);s} = - (19)
s ()\ + SsA(s))k s ()\ + SsA(s))IH_1
)\k sA(s)—1
A . k=01, t>0,
()\ + SSA(S))

and pi}(t) satisfies the following Cauchy problem

Dy Ypi(t) = =Mpx(t) — o1 (1)), pi(0) = 1oy (k) (20)

for k=0,1,2,... and ¢t > 0.

It is proved in [5], by some counterexamples, that, in the variable order case, 5 A(8) is not in general a
Stieltjes function; as a consequence, also the function (12) is not Stieltjes. Thus, in our case, the solution
of the relaxation equations u4(t) can not be expressed as integral of the exponential tail distribution (as in
(8)) and a time-change representation (analogue to that given in (11)) does not hold for the renewal process
Ny.

We give in Fig. 4 the probability mass function p(t), for small values of k, in the first explanatory special
case introduced above (i.e. for a(t) = a1 + (a1 — az)e™"). One can observe that, with the exponential
transition from o1 to as, the variable-order probability mass functions have a similar behavior to the
corresponding functions of order a; for ¢ — 07 and of order ay as t — 0.

On the other side, as one can observe from Fig. 5, with the variable-order transition (16), the behavior
is similar to the behavior of the probability mass functions of constant order a; both as ¢ — 07 and as
t — 0o, while the behavior with the constant order «s is replicated just on short intervals at intermediate
times.

We are now interested in the properties of the above defined process, starting from its factorial moments
and the moments of its inter-arrival times.
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10°
,2 <
102 10
—a—a(t) = a1 + (a1 —ag)e ™ —m—(t) = a; + (1 — az)e @ N
-@-aft)=m -@-at) = o
-4-a(t) =ay -4-ot) =
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t t

Fig. 4. Comparison of probability mass functions pf (t), k = 0,1,2,3 between exponential variable-order a(t) = a1 + (a1 — az)e™ "
and constant orders a; and ag (here oy = 0.7, a2 = 0.9 and ¢ = 1.0).

10°

10'2'+a(1):a1+(a2—m)%
e .
102 107 10° 10’ 102 108
t t
pa(t)

102 S o

et — . 7 ool oot

—a—a(t) = + (0 —a) —— | S| malt) = o+ (0 — ) ——
Fleo—c)| ¢ 1048 Fe—a)

-@-a(t) = oy S /- -@-a(t) =a

~4-a(t) = i ~4-a(t) = a

102 10 10° 10! 102 103 102 10 10° 10° 102 103
t t
Fig. 5. Comparison of probability mass functions pi (t), k = 0,1,2,3 between exponential variable-order a(t) = a; + (g —

al)% and constant order a; (here oy = 0.6, a2 = 0.8, ¢; = 0.2 and ¢z = 2.0).

Theorem 4.1. The r-th factorial moment of Na, r € N, has LT

rIAT

LAE [Na(t) -~ (Na(t) =+ D]s s} = —ryig

Moreover, the r-th moment of its inter-arrival time Z,4 is infinite for any r € N.

Proof. In order to prove formula (21) we derive the expression of the probability generating function of N4
(in the Laplace domain), as follows, for |u| < 1,

G, (uss) = L{Gn, (uit); s} =Y uFpi(s) (22)

k=0
= [by (19)]
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sA(s

= A+ §SA(s) Z

SSA(S)*

A1 — u) + s54()”

)\JrsSA )

Now, by taking the r-th order derivative of (22), for u = 1, formula (21) easily follows.
As far as the moments of the inter-arrival times are concerned, we first prove that the expected value is
infinite: indeed we have that

—+oo
EZ4 = lim / e S'P(Z4 > t)dt
s—0t
0
ssA(s)fl
= S eam T o

where the interchange between limit and integral is justified by the monotone convergence theorem. The
last step follows by applying the conditions (13), which imply (14), and by considering that o/, " € (0, 1),
so that lim,_,+ s°4(*)~1 = 400 and lim,_,o+ s°*4(*) = 0. Finally, by applying the Holder’s inequality to Z,
and taking into account that it is a non-negative random variable, we can conclude that the moments are

infinite for any r = 2,3,.. O

In order to evaluate the first moments and auto-covariance of N4 (at least in the Laplace domain), we
recall the following results by [28], which hold for any renewal process M(t) := {M ()}, with density
function of the inter-arrival times f(-):

“+ o0 ~
/e_StEM(t)dt = L‘? (23)
) s [1 — f(s)]

+oo ~ 2~ 9

/ e SEM?(t)dt = ! “Z P (‘i) (24)

for s > 0, and

+o00 +oo
/ / e =2to [N (1) M (t3)] dbydty =
0 0 o . (25)
(1= F(s1)F(s2)] Fls1 4 52)
susa [1= F(s0)] [1 = Fls2)] [1 = Fls1 +52)
for s1,s2 > 0. By considering (17), we immediately obtain from (23), (24) and (25) that
+oo \
/ e_StENA(t)dt = m, (26)
0
' A 222
—st 2 —
/ e "EN;(t)dt = GSA(s) 1 + $2ZsA(s)+1 (27)

0
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and

+

o0 +00

/ e S1ti—s2t2 (70, [NA(t1)7 NA(tQ)] dt1dty =
0

o

A2 [s‘;lA(Sl) + 83214(82) — (s1+ 32)(51+52)A(51+sz) + )\s‘ilA(sl)s?A(‘”)

= — 0 (28)
SilA(él)-FlS;zA(éz)'i-l(Sl +32)(51+32)A(s1+s2).

It is possible to check that, in the fixed order case, i.e. for sA(s) = a, formula (28) reduces to the LT of
the well-known auto-covariance of the fractional Poisson process, which is equal to:

At Ata)®
Cov [Na(1), Nt2)] = {122
)\2 (29)
2a
T rap2 [ (ta A 82)** Blaa41) 4+ Flast Aoty Vta)]

where B(a, ) := fol "Y1 — x)#~1dx is the Beta function, a, 8 > 0, F(; z;y) := ay®**B(a, a + 1;2/y) —
z®y® and B(a, f;2) := [, y* (1 — y)?~dy is the incomplete Beta function, for z € (0,1], o, 8 > 0 (see
[13]). By taking the double LT of (29) we have that

“+00 400
/ / o121 oy [N (1), Ny (t2)] it
0 0
\ +oo to +oo
= fita) /e*Sm /e*mlt?dtﬁ /e’sltlt‘f‘dtl dty +
0 0 to

+oo to +o0

)\2
+m /6752t2 /efsltlt%adt1+t§a/efS1t1dt1 dt2+

0 to

+oo t2 ta/tz
Jr/\2704 / efs2t2t2adt2/efslt1 dt; / zafl(l — z)o‘dz +
(1 + )? ’
0 0 0

+o00 +oo ta/t1

A2 ,
+7F(1 +aa)2 /e_”t?dtg/e_éltlt%adtl / 2271 = 2)%dz +
0 t2 0

“+o0 +oo
)\2
0 0
—. II +III _|_IIII +IIII —|—IIV

S1,52 51,82 $1,52 $2,81 S1,82°

By some calculations we easily obtain the following results:

A
o= 30
F%2 0 5159(s1 + 52)° (30)
/\2
II
81,82 = (31)

s152(s1 + s2)2@
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v >‘2
= (32)
51,82 S}—&-a + Sé—i—a’

while for the terms of the third type, we must take into account the following formula (see (1.6.15) together
with (1.6.14) and (1.9.3) in [9]):

01 (1 — )0 d = T(c — a) BY,(2),

O\H

for 0 < Re(a) < Re(c), where E_ ;(-) is the Mittag-Leffler function with three parameters (also called
Prabhakar function), for any = € C,

pd
Bl (x) = Zﬂ@%, a, 8,7 € C, Re(a) > 0,
i=0 7

for (7); :=T'(v+ 7)/T (7). We also recall the well-known formula (see [9, p. 47])

B—1 Y @ soc’y—,B —«
E{t Ea75(at );S} = W, |as | < 1. (33)
Thus we can write
400 1 ta
117 )\20Z —saoto2cx a—1 « —s1tq
I, = T+ a) e t5%lty | 27 (1—2)%z [ e dty (34)
0 0 zto
Na 1 [ /
_ o —S8oto 2 a—1 «@ —81toz —s1t
_mg/e b2 dtg/z (1—2)* [e7"1f2% —e*12] dz
0 0
+oo
A’ —s a o 1
= g / e 2t2t§ E1,2a+1 (—S]_tQ) dtg — W
0

Bt [ 1 1 ]
= 51 Sg+1(81 4 52)(1 (Sl + 82)2a+1

and, analogously, for IZ/L . In view of (30), (31), (32) and (34), we obtain that

52,81°

+

00 400

b\ )\2 [ a o
/ 6*51t1*52t200v [Na(t1)7 N(,(tg)] dtldtg _ sl 82 + [Sl + 59 (31 + 32) ]
0

Té-‘rlsg—i-l(sl +$2)o¢ ’

o

which coincides with (28), when sA(s) = a.

As far as the variance is concerned, we remark that the latter can not be obtained as special case of
formula (28); thus we can, at least, derive its asymptotic behavior, as t — 400, from that of its LT for
s — 0%, by applying the Tauberian theory to (26) and (27) (see Theorem 4, p. 446, in [3]). Recall that
lim, o+ sA(s) = ', by assumption (13), so that we get

)\ta//

ENA(t) ~ m

and
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oo X}’ 1 1
'UCLTNA(t) - F(O{H + 1) + a// F(2a//) - O{HF(OKN)Q ’

for t — o0o. Thus, in the limit, the mean and variance of N4 coincide to those of the fractional Poisson
process with constant order o (see [2]), as could be expected, since o’ is the limiting value of a(¢), when
t — oo.

5. The related continuous-time random walk and its limiting process

Based on the previous results, we consider the continuous-time random walk (hereafter CTRW) defined by
means of the counting process Na: let X;,i = 1,2, ..., be real, independent random variables, with common
characteristic function Hx (&) := Ee®¥; let us denote the Fourier transform as (k) := [p € g(x)dz, for
% € R and for a function g : R — R, for which the integral converges. We define, for any ¢ > 0, the CTRW
with driving counting process N4 and jumps X; (under the assumption that N4 and X; are independent
each other) as

NA(t)

Ya(t) =Y Xi (35)

and denote its characteristic function as HyA(t)(~)7 for any t. Then it is well-known that the LT of Hy, )(x)
reads

1- fZA(S)

L\ Hy,4)(k);s; = 7
{Hy.(5); s} 5[1_fZA(s)Hx(ff)

, s>0, kK eR,

where fy . (8) is the LT of the inter-arrivals’ density. By considering (17), we get

SsA(s)fl

$9AG) + \[1 - Hy (k)]

L{Hy, @ (k);s} = (36)
We are now able to study the limiting behavior of the CTRW under an appropriate rescaling. To this aim,
we recall the definition of the time-space fractional diffusion Yo’i 5(t),t > 0 as the process whose density is
the Green function of the following equation, for « € (0,1], 5 € (0,2], |¢¥| = min{j3,2 — 5},

CDfu(x,t) = ’Dg’ﬁu(x,t), rzeR, t>0, (37)

where D?7 is the Riesz-Feller fractional derivative with Fourier transform

L —

DI u(k) = =g o (k)U(K), Kk €R,

and 1.9(k) = |k|Pel s99n(K)IT/2 (see [16], for details).
We also recall the definition of a stable random variable Sz with stability index 8 € (0, 2] and symmetry
parameter |¢| = min{s3,2 — §}, which is defined by the following characteristic function

IEei"“sf* _ e*"/’ﬁ,ﬁ(“) _ e*"ﬂﬂei sign(n)197r/2. (38)
We will consider hereafter Sg in the symmetric case, i.e. we assume that ¢ = 0.

We recall that a (centered) random variable X is said to be “in the domain of attraction of Sg” (and we
write X € DoA(Sg)), if the following convergence in law (by the extended central limit theorem) holds for

the rescaled sum of independent copies X;, i = 1,2, ...,
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an Y Xi = S, (39)

i=1
where {a,}, -, is a sequence such that lim, | a, = 0.
Theorem 5.1. Let stlc)(t), t > 0, be the renewal process with (rescaled) k-th remewal time T,:"C =
c! Zle Za,j, for ¢ > 0, where Za; are i.i.d. random variables with density defined by (18), and let

us consider the r.v’s X;, i = 1,2,..., independent copies of the centered r.v. X € DoA(Sg). Then the
following convergence of the one-dimensional distribution holds, as ¢ — +o0,

N (¢
NP
N Xy = Yarp(t), >0, (40)

i=1

where Yo g(t) is the space-time fractional diffusion process, whose transition density satisfies equation (37),
with time-derivative of order o = lim;_, o a(t), 8 € (0,2] and ¥ = 0.

Proof. The characteristic function of (40) can be written, for any ¢ > 0, as

N )

g EE S () [t )
n=0

where p2-¢(t) ;= P (ngf) (t) = n), t>0,n=0,1,.... We note that

() = P(T;1 < t) = P(T5 < 1)

n n+1
=P ZZA,j<ct -P ZZA’j<ct = p2(ct),
j=1 j=1

so that, by (19), we have

+o0 B
—st, A,c 1 An(S/C)EA(S/C)_l

(§] pn’ (t)dt = §A( / ) ntl
J c()\—l—(s/c)c Sc)

and

L {]Eei’“_a”/ﬁ EZV:%C)(” X S} _1 _ (5/c)cAls/e)—1 |
¢ (5/c)eAG/) 4+ N1 — Hy (rc=o"/5)]

S%A(s/c)—l

T SEAG/O AL — Hy(re—a"1B)|ciAG/)

We observe that lim,_,o+ srA(sr) = o’ and thus lim._, ;o s¢ 4/ = s by (14).
Moreover, we can prove that the hypothesis X € DoA(Sg) is equivalent to assuming the following
behavior of the characteristic function

Hyx (ke ') ~ 1= (|g|/c)?, ¢ — +00 (41)

(where we denote that a, ~ b,, for the sequences {an}n21 and {bn}n21 such that limy, oo @n /by = 1,
n — +00). Indeed, on one hand, the convergence in (39), for a. = ¢~ /#, follows from (41) and (38), since
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Beire /X6l Xi (HX (Iic_1/5>) ~ (1= k), e too. (42)

On the other hand, if, for a X € DoA(Sg), the asymptotics in (41) were not satisfied, then ‘%

be infinitely often less than 1+ § or greater than 1 —§, for some § > 0, and this contradicts the assumption.

could

Therefore, we have that

o N( )(t) o' 1
lim £JEene ™ P Ux Lo S~
c—+o00 s )\|/{‘5

and, inverting the LT by means of (33), we can write

—a’ N( )(t) "
lim Eeire ® /7L X Eon (=M |k|?), (43)
c—+00
for any fixed ¢ > 0. Formula (43) coincides with the Fourier transform of the Green function of (37) (see
[16], for details). O

The previous result reduces, in the fixed order case, to Theorem IV.2 in [22], if a(t) = ", for any t; thus
we can conclude that, in the limit, the influence of the initial parameter o’ vanishes.

Theorem 5.2. Let ch) (t) := vaz“l(d) X, then, under the assumptions of Theorem 5.1,

{e" Py 0w}

J
>0 = {Ya”ﬁ (t)}tzo ) c— +00,

on D([0,400)).

Proof. Under the assumptions on «(-) and A(-) given in Theorem 3.1, we can easily see that Tfitj =

ZLCtJ Za,; behaves asymptotically, for ¢ — +o00, as in the special case (of the fractional Poisson process)
where Z4 is distributed as A, (Z), where A, (t), ¢ > 0, is an a-stable subordinator (with o = &) and Z
is an independent, exponential r.v. with parameter \. Indeed, since, by (14), lim,_,o+ sA(s) = o, we have
that

"
s™ —1

s— 0T,
by considering (12).

Thus we can derive the following asymptotic behavior of the inter-arrivals’ tail distribution P (Z4 > t) ~
Eau(—)\t(’”), for ¢ — +o00, which proves that Z4 € DoA(Ay~), by considering the well-known power law
behavior of the Mittag-Leffler function (i.e. Eo(—At*) =~ t~%), together with Theorem 4.5 (b) in [18].

Then, by applying Proposition 4.16 (a) and Remark 4.17 in [18] to the special stable case, we obtain that
(T, }20 2 {Aar (t)}i20, as ¢ — +o0, in D([0,+00)).

By the independence of Z4 ; and Xj, for any j = 1,2,... and by the generalized functional central limit
theorem proved by Skorokhod in [26], we have that

[ef]
_1/ﬁZX ¢ Na(ct) = {Sp(t), Lar (D} 19, €= +00,
t>0

in the J; topology on the product space D([0,+o0)) x D([0,400)). Therefore the following convergence
holds
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—a” c Jy
{0 L ASs(Lar ) ings e 00,

t>

as proved in [27] (see also [18] p. 104, for more details). Finally, the desired result is obtained by considering
the well-known equality in distribution Sg(La~(t)) 4 Yo p(t) (see [16]). O

Remark 5.1. As a special case of the previous result, when 5 = 2 and A = 1/2, we obtain the convergence of
the process Yf(‘c), for ¢ — 00, to the so-called generalized grey Brownian motion B, (t),t > 0, (with a = &),
which can be defined by means of its characteristic function Ee**B~() = E (—t*x2/2) [20,21].
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