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Abstract

We study continuous dependence estimates for viscous Hamilton—Jacobi equations defined
on a network I'. Given two Hamilton—Jacobi equations, we prove an estimate of the C2-norm
of the difference between the corresponding solutions in terms of the distance among the
Hamiltonians. We also provide two applications of the previous estimate: the first one is
an existence and uniqueness result for a quasi-stationary Mean Field Games defined on the
network I'; the second one is an estimate of the rate of convergence for homogenization of
Hamilton—Jacobi equations defined on a periodic network, when the size of the cells vanishes
and the limit problem is defined in the whole Euclidean space.

Mathematics Subject Classification 35R02 - 49N70 - 91A16 - 35B27

1 Introduction

In the recent years, there has been an increasing interest in the study of dynamical system
on networks, in connection with problem such as vehicular traffic, data transmission, crowd
motion, supply chains, etc. As consequence, many results for linear and nonlinear PDEs in
the Euclidean case have been progressively extended to the network setting and also to more
general geometric structures. Here, we are interested in continuous dependence estimates for
viscous Hamilton—Jacobi (HJ for short) equations. Let us recall that such estimates play a
crucial role in many contexts, for example for regularity results, error estimate for numerical
schemes, rate of convergence in vanishing viscosity and homogenization [11, 17].
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Our analysis is inspired by the results in [20], where it is proved a continuous dependence
estimate in the C2-norm for solutions of a viscous HJ equations in the periodic setting with
an explicit dependence on the distance of the coefficients and an explicit characterization of
the constants. We prove an analogous result for viscous HJ equations defined on networks
with Kirchhoff conditions at the vertices. To this end, we use some results concerning the
study of these equations on networks [1, 2, 10] and suitably adapt the arguments in [20] to
this specific setting.

Then, the previous continuous dependence estimate is applied to two problems:

(i) The well-posedness of a quasi-stationary Mean Field Games system defined on a network;
(i) An estimate of the rate of convergence for homogenization of HJ equations defined on a
periodic networks.

Mean Field Games (MFG for short), introduced in [18], modelize the interaction among a
large number of agents. In this theory, the agents are assumed indistinguishable, infinitesi-
mal and completely rational and their behaviour is influenced by the statistical distribution
of the states of the other agents. In the classical formulation, MFG lead to the study of a
coupled system of two evolutive PDEs, a backward HJ equation for the value function of
the representative agent and a forward Fokker-Planck (FP for short) equation for the distri-
bution of the agents. Recently, a different strategy mechanisms from classical MFG theory
has been proposed in [22] (see also [12]): the agents are myopic and choose their strategy
only according to the information available at present time, without forecasting the future
evolution. In this case, the Nash equilibria for the distribution of the agents are characterized
by a quasi-stationary MFG system, which is composed of a stationary HJ equation and an
evolutive Fokker-Planck equation.

While classical MFG on networks have been studied in [1, 2, 9], here we consider
a quasi-stationary MFG defined on a network and we prove existence and uniqueness
of the corresponding solution. Existence is proved via a fixed point argument and the
continuous dependence estimate is crucial since in this case it is not possible to exploit
the regularizing effect of the parabolic HJ equation to show the continuity of the fixed
point map. The continuous dependence estimate is also exploited to prove uniqueness
of the solution, which, with respect to the classical case, requires no monotonicity
assumption.

The second application of the continuous dependence estimate is to a homogenization
problem. We show that the solution of a viscous HJ equation, defined on a periodic lat-
tice of size €, converges, as € — 0, to the solution of an effective problem defined in
all the Euclidean space and we also give an estimate of the rate of convergence. More-
over, we obtain a characterization of the corresponding effective operator in terms of
the Hamiltonians defined on the edges of the lattice. We note that a similar problem
was studied for first order HJ equations in [16] and for linear second order equations in
[8].

The paper is organized as follows: in Sect.2 we fix our setting and notations for the
network. Section 3 is devoted to the main result, the continuous dependence estimate for the
solution to an HJ equation on the network. In Sect. 4 we tackle quasi-stationary MFGs on the
network: in particular, we obtain existence and uniqueness of a solution without requiring
any monotonicity assumption. Section5 concerns the homogenization of HJ equations on a
lattice: the main result is a rate of convergence estimate.
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2 The network I': notations and definitions

We consider a bounded network I' ¢ RY composed by a finite collection of bounded straight
edges £ := {I'y, @ € A}, which connect a finite collection of vertices V := {v;,i € I}. We
assume that, foro, B € Awitha # 8,y NT'g is either empty or made of a single vertex. For
anedge Iy € £ connecting two vertices v; and v; withi < j, we consider the parametrization
7y - [0, £y] — Ty given by

e (y) = [yv; + (o — y)vile," fory €0, €],

where ¢, is the length of the edge. We denote with A4; = {« € A : v; € T'y} the set of indices
of edges that are adjacent to the vertex v;.

For a function v : ' — R, we denote with v, : (0, £,) — R the restriction of v to T’y \ V,
i.e.

v (y) :==vlr, oe(y), forally € (0, £y).

Moreover we define for x € I'y\V the derivative along the arc
dv 1
du(x) = d—y“(y) for y = ;' (x).

Remark 2.1 The function v, is defined only on (0, £,); nevertheless, when it is possible, we
denote v, also its extension by continuity on 0 and on ¢,,. Note that, in this way, v, may not
coincide with the original function v at the vertices when v is not continuous.

For x = v; € I'y, we define the outward derivative at the vertex

Ve (0) — vg ()

1 hlir& — if v; =y (0),
Qv (16 0) =" ) = vl —h)

lim , ifv =1y (Uy) .

h—0t h
Setting

o Lifv; = mo (L),

e = 1 if v = 74(0),

we have

dev (V) = nig e (5 ' (11)).

We introduce some functional spaces defined on the network I'. The space C(I') is
composed of the continuous functions on I'; the space

PCT) ={v:T > R:vy € C(0, £y]), forall a € A}

is composed of the piece-wise continuous functions on I', i.e. functions which are continuous
inside the edges but not necessarily at the vertices. For m € N

c" () := {v € C(I):vy € C™ ([0, £y]) foralla € A},

is the space of m-times continuously differentiable functions on I endowed with the norm
k
Vllemry = 0" v H .
vliemr) ZaeAstm H "N o0 (0,60)
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Foro € (0,1]and w : A — R, we write

lw (y) — w ()]
[wlo,a = sup ——————— and |[w(coo4) = [Wlloo + [Ws,a-
V#2 ly —zl
v,ZEA

For o € (0, 1], the space C"™° (I") contains the functions v € C™ (I') such that "v, €
€% ([0, £4)) for all « € A with the norm

vl eme ry := Ivllemry + sup[8™velo, (0,641
acA

The integral of a function v on I is defined by
/ v(x)dx =y / ve () dy
acA

and we set ( fr v(x)dx. For p € [1, oo], we define the Lebesgue space
LP () = {v:vy € L7 ((0,£y)) forall o € A},

endowed with the standard norm. For any integer m € N, m > 1, and p € [1, oo] we define
the Sobolev space

WP () :={v e C(): vy € WP ((0, £y)) foralla € A},

endowed with the norm

m
lollwmry = (Z > |otve
k=lacA

We also set H™(I') = W™(T").

The geodesic distance dr (x, y) between two points x, y € I is the infimum of the length
taken over all continuous, piecewise continuously differentiable curves £ : [a, b] — " with
&(a) = x and £(b) = y. The couple (T, dr) is a metric space.

Denote with M the space of Borel probability measures on I'. For 1 < p < oo, the L?-
Wasserstein distance d, between o, T € M is defined by the Monge-Kantorovich transport
problem

1

»
p
Lo T ”v”LPm) :

d,(o,7) = _min {/ (dr(x, y))P dX(x, y)}
I'xIl’

Tell(o,7)

where I1(o, T) denotes the set of transport plans, i.e. Borel probability measures on I' x I’
with marginals o and t (see [7]). Since I" is compact, the Wasserstein distance d,, metrises
the topology of weak convergence of probability measures on I'. In particular, for p = 1, we
have

di (o, T)ZSUP{/Ff(X)d(O—f)i [T =R f0) = fOI Edr(x,y)}- 2.1

We shortly recall the definition of diffusion process on the network I" (see [14, 15] for details).
Consider the linear differential operator £ defined on the edges by

Loyu(x) = Muazu(x) 4+ By (x)ou(x), xe€ly,aec A
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with domain

DLy ={ueC*(T): > piadeu)=0,iel
a€A;

where p; o € (0, 1), Zae A; Pia = 1. Then, the operator L is the infinitesimal generator of
a Feller-Markov process (X;, ), with X; € I'y,, such that, for x; = Ty, 1(X,), we have

dx; = By, (x;)dt + po, dW; +dl; ; +dh; ;. 2.2)

In (2.2), W; is a one dimensional Wiener process; ¢; ; and h; ;, i € I, are continuous non-
decreasing and, respectively, non-increasing processes, measurable with respect to the o -field
generated by (X, ;) and satisfying

£;; increases only when X; = v; and x; =0,

h;; decreases only when X, = v; and x; = {,.
Moreover, the following It6 formula holds true: for every u € i),

w(x) =u(x0) + Y Y piadatt (v) (s +his)

iel acA;

t
+ 2 [ tier {000 + Boruso) ds + y2iagdutsdw, .

acA

3 The continuous dependence estimate

We consider the following ergodic HJ equation on "

v+ H(x,00) +p=0, xe (T \V),acA,

> Viakadav(vi) =0, vi €V,

acA; 3.1
vlr, (vi) = vlrg (vi), a,BeA,v eV,

(v) =0.

Let us notice that, when H is given by

Hy(x, p) = sup {—bo(x,a)p — fu(x,a)}  forx e To\V, (3.2)
acAy
problem (3.1) represents the dynamic programming equation for the optimal control problem
with long-run average cost functional

1 T
o = inf liminf —E, |:/ f(Xs, a,)dt]
a T—ooo T 0

where «; is a feedback control law of form a; = a(X;) and X; is a diffusion process on I
such that x; = my, (X;) satisfies (2.2) with By (x) = By (x, a(x)) (see [1, Section 1.3] for
more details). Connected with the optimal control interpretation of (3.1), the second equation
is a Kirchhoff transmission condition, where the quantity pis = Viatta O _4e A, Yia o) !
represents the probability that the trajectories of the diffusion process enter in edge Iy,
o € A;, from the vertex v;; it can be also interpreted as a Neumann boundary condition if
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fi(A;) = 1. The third equation implies continuity of the solution at the vertices and the last
one is a normalization condition.
We make the following assumptions

(H1) wq and y; o are positive constants and
> Vieta =1, Viel.
acA;

(H2) H: T xR - R, with H(x, p)~ = H,(x, p)ifx € Fa~\ V and there exist positive
constants K, L, 0 € (0, 1] and H, € C(I'y x R), with H, (x, 0) = 0 such that

sup |Hy(x,0)] = K

xely

Hy (-, p) € CON(I'y) with | Hy (-, p)llcor,) < L(1+ |p])

. (3.3)
Hy(x, ) € CHY(R) with |8, He ll cos (r, x) < L
Hy (x, ~
tim 2052 e )
£E—o00

forallx € Iy and @ € A.

For the study of the ergodic problem (3.1), it is expedient to introduce for A € (0, 1) the
discount approximation

—/,Laazv’\ + H (x, 81))‘) +ar=0, xe Te\V),x € A,

Z ViaMadav* (V) = 0, v €V, (3.4)
(XEA,'
vklra(vi)zvklrﬁ(vi), a,BeA,veV.

The following statement concerns existence, uniqueness and regularity of classical solutions
to the HJ Eqs. (3.1) and (3.4). The proof is an adaptation of previous papers ( [5, Theorem
11.2], [10] and [1, Proposition 3.2 and Theorem 3.7]); hence, we shall only sketch it in the
Appendix.

Proposition 3.1 There exists a unique classical solution v* to the Eq. (3.4). Moreover,
(i) there exists a positive constant C1, independent of A, such that
I20* | ooy < K, (3.5)
" — ") 2oy < C1(1+ K + L) =: K, (3.6)

where K, L and 0 as in (3.3);
(ii) for » — 0T, At — p, v* — (v*) — v and the couple (v, p) is the unique classical
solution to (3.1). Moreover

ol 2oy < K. (3.7)

Remark 3.2 The statement of Proposition 3.1 holds also when H is replaced by H + F and
F, € C%%(T',). Moreover, fori = 1, 2, let vf‘ be the unique bounded solution to (3.4) where
H,, is replaced by H,, + F;, with F; e CO9(I"), and set: p; := lim; _, o+ Av;\; then,

1A} = v))lloe < sup [F! = F2llso  and  |p— pi] < sup |F} — F?| .
acA ac A
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We give some preliminary results for Eqs. (3.1) and (3.4). The first result is a strong
maximum principle for the linear HJ equation (see [1, Lemma 2.8] or [10, Theorem 3.1]).

Lemma 3.3 For g € PC (I'), the solutions of

— e d%v + gdv =0, inTy\V,a € A,

Z YialaOxv(vi) =0, i €1,
acA;
vir, (Vi) = vlrg (vi), a,peAiel

are the constant functions on I.

The second result is a comparison principle for (3.4) (see [1, Lemma 3.6] and [10, Corollary
3.1]).

Lemma 3.4 Ifu,v € CZ () satisfy

—uaazv + H (x, 0v) + Av > —Maazu + H (x,0u) + Au, ifx e Fg\V,a € A,

> Viakadav i) = Y Viakadalt (V7). ifvi €V,
acA; acA;
then v > u.

We now give a continuous dependence estimate for the solution of (3.1) and (3.4) with
respect to the data of the problem.

Theorem 3.5 Fori = 1,2, consider H : T x R — Rand F! : T — R. Assume that

(i) H' and H? sat{s]‘}) (H2) with the same constants K, L and 6;
(ii) the functions F' : T — R, i = 1,2, fulfill: for some Kr > 0,

||FOI( ||C0,9(l’*w) < KF Ya € A.

Fori =1,2, let vi)‘ be the solution of (3.4) with Hamiltonian H (x, p) = H'(x, p) + F'(x)
and set wi)‘ = v? — (vi)‘). Then, there exists a positive constant Cy, independent of A, such

that

(x,p)ela x[-K,K]

||wf—w%||cz(r) < Cpmax max |HD} —H§|—|—max|F; —F§|
acA xely

(3.8)
1 2 1 2
+ ‘rxneac[Ha —Hy 1 r x-k.&1 T glea}[Fa — F2lor,,

where K is defined in (3.6). Estimate (3.8) also holds for v;, i = 1,2, solution to (3.1)
corresponding to H(x, p) = Hi(x, p)+ Fi(x).

Proof We shall proceed by contradiction. We assume that, for k — oo, there exist sequences
A — 0, Hbk FLk j — 1 2, satisfying (i) and (ii) with the same constants K, L, 6, K¢
and v, solution to (3.4) with discount A, Hamiltonian H*-* and term F*** such that

A A
ek =lwi* —wyllc2r)
zk max max [Hy* — Hpk|+ max [Fy* — PR
@€A \ (x,p)elyx[-K K] xelg
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1k 2k . Lk g2k
+£{1€aA{‘[Ha — Hy' )l rx -k R) +glea}1([F"‘ — Fy ler,

A A A . P .
where w;* = v;* — (v;*). The function w}*, i = 1, 2, solves the equation

—uaazwi)‘k + Hi’k(x, aw;”") + Fik(x) + Akw?"

+a () =0, xea\V),ac A,
ZaeA,- yiotﬂaaaw?k(vi) =0, vi €V,
w?k|ra(vi):w?k|rﬂ(vi)v (X,IBGAi’Ui cV.

Hence the function W* = ¢ (w}* — w}*) fulfills || W¥|| ez || < 1 and solves the equation

—pad W+ e (H Y (x, 8wt
—H" (x, 0w5)) + R¥ = 0, x € (T,\V), @ € A,

7 (3.9)
Zae.A,' VialaOa W5 (v;) =0, v €V,
WHIr, (i) = W¥[r, (w), o, €A, v €V,
where
RY = e ((01%) = (03%) + ¢ ' (H ¥ (x, dwsb) — HPF(x, awd*))
W e (M = P2 ).
By the third line in (3.3), we can rewrite (3.9) as
— g d* WK 4+ gkaWk 4 RF =0, x € (T4\V) ., € A,
Ywen, VialadaWEWi) =0, v €V, (3.10)

WH|r, (i) = W¥|r, (w), @ BeAivieV,

where
! A A
k) = /0 apHL* (x, tdw, (x) + (1 — t)8w2f‘a(x)) dt

and we aim to pass to the limit in (3.10) for k — oo.
We first recall from the bound (3.6) and the third line in (3.3) that w?k e C%9(I") with
lw}*llc20ry < K and respectively 8, Hi* € C(Ty x R) with |3, Hy* | coo (-, wgy < L-
Then, the functions g(’;, a € A, are uniformly bounded and uniformly Holder continuous
of exponent 6. Hence, there exists g : I' — R such that for any o € A

g]; — go for k - oo, uniformlyin T. (3.11)

On the other hand, we claim that the functions R(’)‘t are uniformly -Holder continuous, i.e.
[Rf; 1o, 1, are uniformly bounded. In order to prove this claim, we first observe that, by assump-

tions (3.3), for every x, y € [y, the function 2 (x) = H} K (x, ng" (x)) — H>*(x, 8w§“k (x))
fulfills

lh(x) — h(y)|/dr(x, y) < [HYF(, 0wik (x)) — H2X (-, 9w o)l r,
+llwd* ey [Hy ¥ (v ) = HE*. 91 iy
< (U w5 le2 ) [HY o) = HEECO ik
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where the first inequality is due to estimate (3.6). Hence, by (3.6) and the definition of ¢,
we have

i [HIRC oyt o) — HEE Cawlt (n)] = T,

1Ty
< (1 + ||u)2"||cz(r)) UH = BN p ki < 1+ b oo < 1+ K.

On the other hand, by our choice of ¢k, we have

A (plk _ p2k _ o1l 2.k )
[ck (F"‘ - F )]era_ck [F“ - F ]91"(151’

hence, our claim is proved, i.e. [R(]f(]e,ra are uniformly bounded.
We now claim that

IR || ooy = o (1) as k — o0 (3.12)
where limg_, » 0 (1) = 0, uniformly in x and may change from line to line. Indeed, we have
Ak Ak
k )
MW :Ak# = or(1). (3.13)
lwy® = wy lle2r
Moreover, we claim that, for K as in (3.6), there holds
)\k||v?"' — vékllLoo < max max |Ho}’k — H§’k| + max |F0%’k — F(f’k| .
a€A \ (x,p)ely x[—K,K] xely
(3.14)
Indeed, to prove (3.14), it is sufficient to observe that
ve(x) = v;"(x) + k;l max max  |HM — H2%| 4 max |FLE — F2K
a€A \ (x,p)ely x[-K,K] x€lg

are a subsolution and a supersolution of the equation satisfied by vi‘k and to apply Lemma 3.4.
By (3.14) and (H2), we have

— 'y A —
ey (ot = (05*)] < ¢! max max __ |HM — H2K
€A " (x,p)elex[—K,K]
(3.15)

+ max |Fl* — F§»"|)/ dx = or(1).
xely r

Furthermore, taking into account (3.6) and (H2), we have

Y A
|H G ) — B2, ) HLE — 2K
< max max —x ¢
Ck €A (x,p)ely x[—K,K] Ck
= ox(1);

by our choice of ¢, we also have
et (Fi* e = F2¥w)| = ¢ max |Fik @) = P24 < 17k,

By these estimates, (3.13) and (3.15), we obtain the claim (3.12) and we conclude that for
anyox € A

R¥ -0 for k — oo, uniformly in T. (3.16)
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By definition, the functions W* satisfy || W*||c2(r-) = 1. On the other hand, by (3.10), they
are also uniformly bounded in C2?(I"). Hence, possibly passing to a subsequence that we
still denote W*, we have that, as k — oo, W¥ uniformly converges to a function W € ci(IN
along with all its derivatives up to order 2. Moreover, taking into account (3.11) and (3.16),
W is a solution to

— g d*W 4+ gdW =0, x € (Te\V),a € A,
ZaeA,- ViaﬂaaaW(Vi) =0,v, €V,
Wir, (i) = Wir, (vi), o, BeA,vieV.

By Lemma 3.3, it follows that W is constant and, since (W*) = 0 for all k, then also (W) = 0.
It follows that W = 0 which gives a contradiction to || wk lc2qry = 1forallk e N.

The estimate for the solutions of the ergodic problem (3.1) follows immediately from
Proposition 3.1-(ii) and since (3.8) is independent of A. ]

Remark 3.6 1t is also possible to prove a L*-continuous dependence estimate. More
precisely, there exists a constant Cy such that

lw — w) || Loy < Comax ( max  |H! — H2| 4+ max |F}! — F§|> . (3.17)
a€A \ (x,p)ely x[—K,K] xely
Estimate (3.17) also holds for v;, i = 1,2, solution to (3.1) corresponding to H(x, p) =
H'(x, p) + F'(x).
The proof is similar (and simpler) as the one of Theorem 3.5 so we shall omit it and we
refer the reader to [20, Theorem 2.1].

4 Quasi-stationary Mean Field Games on networks

Quasi-stationary Mean Field Games, introduced in [22] (see also [12]), modelize the case
when the agent cannot predict the evolution of the population in the future, as in the classical
MEFG theory, but, at each instant, it decides its behaviour only on the basis of the information
available at the current time. This feature leads to a system given by an evolutive Fokker-
Planck equation and a stationary HJ equation (which in fact depends on time through the
cost):

—;Lo,azv + H(x,dv) + p = F[m(t)](x), (x,1) € (Te\V) x (0, T),x € A,

dm — ped*m — 3 (mdpH(x, 8v)) = 0, (,1) € Tg\V) x (0, T), @ € A,

e d; Viakadav(vi, 1) =0, (i, 1) €V x(0,7),

ZaeAi Mo Oam(Vi, 1) +nigdp Hy (vi, dva (vi, 1))m|p, (vi, 1) =0, (v;,1) €V x(0,7T), 4.1)

. m|r, (vi,t)

Wiy (7. 0) = vl (), el D @ fe A i) eV x 0.1,
Yia YiB

(v) =0, m(x,0) =mp(x), xerl.

Here, H is as in (3.2), mp € M describes the initial distribution of the players and F is
the nonlocal coupling cost (see below for the precise assumptions and see the Appendix for
examples); moreover, at each time ¢ € [0, T'], given the distribution of the population m(t),
the representative agent assumes that it will not change in the future and solves an optimal
control problem with long-run average cost functional
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T
p(t) = inf liminf _E,, [ / (F (Vs a0) + F[m(t)]m»ds]
— 00 t

where Y is a “fictitious” dynamics on the network such ¥; = x and F is an additional cost term
which depends on the distribution of the agents. Note that Y; is “fictitious” because it is not
the trajectory really followed by the agent: is only the trajectory that they would follow if the
distribution m of the population does not change after time ¢. If the corresponding HJ equation
admits a smooth solution v(¢), then the optimal feedback law a; (x) = —d, H (x, dv()) gives
the vector field governing the evolution of the distribution of the population at time # and X
obeys to the stochastic Eq. (2.2) with By, = by, (X, a) (X;)).

In system (4.1), the first two lines are the standard differential equations for quasi-
stationary MFG systems, the second two relations are the vertex transition conditions and
the last two lines prescribe the behaviour of v and m at the vertices, the standard normaliza-
tion condition for v and the initial datum of m. Note that the well-posedness of differential
equations on networks relies on suitably chosen transition conditions; here these conditions
for the FP equation are obtained by duality with respect to the corresponding ones for the HJ
equation and express conservation of the flux and, respectively, a rule for the distribution of
the density. Clearly, dealing with such transition conditions is the main novelty in the study
of these equations on networks.

These quasi-stationary systems loss the standard forward-backward structure of MFG. In
order to establish the existence of a solution, it is crucial to have some regularity in time
for the value function v. In the classical approach for MFG, such a regularity follows from
the parabolicity of HJ equation; here, it will be retrieved using the continuous dependence
estimate of Sect. 3.

We first recall some basic results concerning the Fokker-Planck equation

dm — g d*m — 0 (bm) = 0, in (Te\V) x (0,T), a € A,
> wed; Hadam (i, 1) + nigbe (vi, Hmlr, (vi, 1) =0, 1€ (0,T), vi €V,
it m Vi, t
mir, (vi. 1) _ mir, (vi )’ O af e A v e VAT,
Yia YiB
m (x,0) = mo(x), xerl.

4.2)

We introduce suitable parabolic spaces for weak solution of the FP equation. We set V =
HY(I') and

Hbl(F) = {v ‘T - Rs.t.vg € H(0, £y) foralla € A},

(unlike V, continuity at the vertices is not required), endowed with the norm
1

2
ol oy = (Z 19va 17204, + ||v||izm> :

acA

By Remark 2.1, for v € Hb1 ("), we still denote v, the extension by continuity of v, on the
whole interval [0, £,]. We also define
: w V;
W= {w ‘T > R: we H} () and wiry (i) _ wlrg ) I,a,B eA,-},
Via Vip
PCT x[0,T]) :={v:I'x[0,T] > R: v(,t) e PC(I')forall r € [0, T] and
V|r,x0,7] € C(Te x [0, T]) forall o € A}.
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Definition 4.1 For mgy € L%(I"), a weak solution of (4.2) is a function m € L% (0, T; W) N
C([0, T1; L*(I")) such that 9m € L* (0, T; V') and
(0rm, v)yr vy +/ uomovdx +/ bmovdx =0 forallv e HI(F), ae.te€(0,7),
r r
m (-, 0) = my.

The following result concerns existence, uniqueness and stability for the solution of (4.2)
(see [2, Theorem 3.1 and Lemma 3.1]).

Proposition 4.2 We have

(i) Forb € L®( x (0,T)), mg € L2(), there exists a unique weak solution to (4.2).
Moreover, there exists C = C(||b||oo) such that

||m||L2(O,T;W) + ”m”LOO(O,T;LZ(F)) + ||atm||L2(o,T;v/) <C ||m()||Lz(1~) . 4.3)

Moreover, if mg € M, then m(t) € M forallt € [0, T].
(ii) Let b" be such that

b" — bin L* (T x (0,T)), |blrerx©.1), 16" lLoarx0.1y) < K

with K independent of n. Let m" (resp. m) be the solution of (4.2) corresponding to
the coefficient b" (resp. b). Then, the sequence (m") converges to m in L? (0, T; W) N
L (0, T; L2(F)), and the sequence (0;m") converges to d;m in L? (O, T; V/).

Proposition 4.3 Formg € L*(I')NM, let m be the solution of (4.2) found in Proposition 4.2.
Then there exists a constant Cy, depending only on ||b||p~ and ||mo|| 2, such that

dy(m(1), m(s)) < Cwlt — 5|7 (4.4)
Proof Let ¢ : T — R with [¢(x) — ¢ ()| < dr(x, y), hence ¢ € H'(T'). For s,z € [0, T]

with s < ¢, by Definition 4.1 and regularity of m, we have

t
/rtﬁ(X)(m(t)—m(S))dx Sf /r(ulamlI3¢|+m|b||3¢|)dxdr

t t
< IIMlloo/ /Iamldxdr+ ||b||L9°/ /mdxdr
s JT s JI
t 3 pt 3 t
< | tlloo |:/ f |8m|2dxdr:| |:/ / 1dxdr:| + ||b||Loo/ /mdxdr.
s JI s JI s JI

Exploiting fr m(r)dx = 1forany r € [0, T], (4.3) and (2.1), by the previous inequality we
get (4.4). O

We now prove the well posedness of system (4.1).

Theorem 4.4 Assume (HI), (H2) with 0 = 1 in the third line of (3.3), mg € LX) N M,
and F : M — L*(T') satisfying

(F) Fy: M — C%9(0,¢,), « € A, and there exist Cr > 0and 0 € (0, 1] s.1.
maxy || Fo[m]llcooe,) < CF,
maxy || Falmi] — Folmalllcosq ¢,y < Crdi(my, mo)

forallm, my, my, a € A (see Sect. 2 for the definition of || - || co.6 ).
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Then, the system (4.1) admits a unique solution (u, p, m), where (u, p) € C([0, T], C3(IN) x
C ([0, TY) is a classical solution to the HJ equation foranyt € [0, T1andm € L? (0, T; W)N
c(o,1]; LZ(F) N M) with o,m € L? (O, T; V’) is a weak solution to the FP equation.

Proof
Existence: We consider the convex, compact set

X = [m € C([0, T]: M) : dy(m(t), m(s)) < Cwlt —s|2, 5.1 € [0, T]],

where Cy as in (4.4), and we define amap 7 : X — X in the following way: givenm € X,
let (u(t), p(t)), t € [0, T], be the solution of the HJ equation

—uaa%{ + H(x,0u)+ p = Flm()](x), x € Tg\V),a € A,

Y wed; Vialadgu(vi) =0, vi €V, @5
ulr, (vi) = ulrg (vi), o, BeA,v eV,
(uy =0 xerl.

Then, m = 7 (m) solves the FP Eq. (4.2) with b = 9, H (x, du).

Note first that the map 7 is well defined. Indeed Proposition 3.1 ensures that, for each
t € [0, T], there exists a unique couple (u(t), p(t)) € C%(I") x R, solution to the HJ in (4.5).
Let us now prove: (u, p) € C([0, T], C2(I") x C([0, T1). To this end, we note that, by
definition of X and assumption (F'), there holds

max || Fy [m(1)] — Falm(s)1llcoeo,¢,) < CFCwIt — S|% Vt,s €[0,T],m e X.
o

Remark 3.2 and Theorem 3.5 entail respectively the continuity of p and of u w.r.t. time.
Moreover, by Proposition 4.2, there exists a unique solution 1z, in the sense of Definition 4.1,
to problem (4.2) with b = 3, H(du). Since m € C([0, T']; L2(I")) can be identified with the
corresponding Borel measure with density m2(¢) on I" at time ¢, by Proposition 4.3, we also
have that 7 maps X into itself.

We prove that 7 is continuous. Given m,, m € X, let (u"(t), p"(t)), (u(t), p(t)) be
the solutions, for any ¢+ € [0, T'], of the HJ Eq. (4.5) with right hand side F[m" ()]
and, respectively, F[m(t)] and let m" = T(m"), m = T(m). If m" — m in X, then
d{(m"(t), m(¢)) — O uniformly for ¢t € [(0, T]. Invoking again Theorem 3.5, by (3.8) and
(F), for any ¢ € [0, T] there holds

lu" (@) —u®llc2ry < Co max | Falm" (£)] = Falm(®)]ll coe

< Cmaxd(m) (1), my (1)),
acA

with C independent of m”, m. The previous estimate and Proposition 4.2.(ii) with 0" =
0pH(x,0u"),b = 0,H (x,du) imply that m" converges to m in X and therefore the map 7°
is continuous.

By Schauder fixed point theorem, we conclude that there exists a fixed point of 7 and
therefore a solution of (4.1).

Uniqueness: Suppose that there are two solutions (uy, p1, m1), (uz, p2, mz) of (4.1).

As in [2], we introduce the function ¢ : ' — R as

@q is affine on [0, £4],  @a (Vi) = yiq ifa € A;.

1

Note that ¢ € Hbl(F) is strictly positive and bounded. Hence the reciprocal ¢~ is well

defined, positive and bounded; this property will play a crucial role in our argument.

@ Springer



18  Page 14 of 22 F. Camilli, C. Marchi

Set M = ¢~ '(m| — m»). The transition condition of m; and the definition of ¢ ensure
that M (1) € HY(I") fora.e.t € (0, T). Hence, we can use Definition 4.1 for m; and m, with
M (¢) as a test function obtaining

1d _ -
5 2 10m = m)@@™H 2 )+ 180m1 = m2) O (e~ I,

_ fr 1D (my — ma) (D)1 — m) ()39~ dx
- / bi(m1 —m2)()IM (t)dx — / (b1 — ba)ma(t)dM (t)dx (4.6)
r r

where b; = 0, H (-, du; (-, 1)) fori = 1,2. We now estimate the three integrals in the right
hand side of equality (4.6). Since now on, C will denote a constant that may change from
line to line but is always independent of M. By Cauchy-Schwarz inequality, we get

- /F pd(my — ma)(0)(my — ma) ()3 (@~ Hdx

5/ |d(my —ma) (@) (my — ma) ()3~ ' P~ ? | dx
F 4.7)

A

1 _ 1 _
< Sl80m1 —m2) ) (e 1)‘/2||22(r)+5/u|m1—mz|2(t)|a<<p 2pdx
r

IA

1 _ _
N80 = m2) e~ 2Ty + Cllm = m) (0™ I,

where the last inequality is due to the boundedness of i and to the properties of ¢. Moreover,
by the boundedness of by and of 1, again using Cauchy-Schwarz inequality, we have

- / b1(m1 — ma)(1)dM (t)dx
r

= —/ bi(my — m)()[3(m1 — m2) ()™ + (my —m2)()d(p~"))dx
r 4.8)

< / |b1(my — m2)()d(my — m2) (g~ | dx +/ |bi(m1 —m2)*()d (@~ dx

r r

1 _ _
< Z180m1 = m) O e~ g2, + Cllemy —m) (6™ I -

Let us also assume for the moment the following estimate
o o l _ —151/22
(b1 = b)ma@IM (dx < 2110 0m1 = m2) (O (e~ ) I,
r

+Cllmy = m) @™ D172 4.9)

whose proof is postponed at the end.
Replacing relations (4.7), (4.8), (4.9) in (4.6), we get

d
S0 =m)@ @Dy = Cllom =m0 ™D s ).

Since m(0) = m»(0), by the previous inequality we get m () = mo(¢) forall ¢ € [0, T],
hence u; = up inI" x [0, T] and p; = p3.
It remains only to prove inequality (4.9). To this end, we first estimate

b1 — ballpeery = 10 H (-, duy (-, 1)) — 0, H (-, dua (-, 1)) || Loo(r)
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< Cllouy (-, 1) — duz (-, )|l Loo(ry-
Moreover, applying Theorem 3.5 on Hi(x, p) = H(x, p) — F[m;(t)],we get
10ur (-, 1) — ua (-, t)llLeery < Cdy(my(2), ma(2)).

By the last two inequalities, for § = d(m(¢), m2(t)), we get ||by — bzl ) < C§ and we
deduce

f [(b1 — b2)ma(1)OM (1)| dx < C/ 8 [ma(1)dM (1)| dx
r r

1 ) 8 ma (1)
<— | pldM@®)|*pdx +C | ———dx. (4.10)
I

8 r U

We denote /1 and I respectively the two integrals in the right hand side of the last inequality.
We have

I < 2/ [1180m1 — m) 2o~ + ulmy — mal?13(p~ ) Pg] dx
r
< 2019(m1 = m2) (e~ 2172y + Cllont = m2) (@™ 170 1y
Moreover, since my € C([0, T], L2(1")), we have
L=Cs? / Imaf?dx < €8 < Cllmy —mal 3y < Cllmy —m2) (@™ ) 21721
r

where we used the definition of § and the properties of ¢. Replacing these estimates for /;
and /> in (4.10), we accomplish the proof of inequality (4.9). ]

5 Homogenization of HJ equations defined on a lattice structure

In this section, we describe an application of the continuous dependence estimate in Sect.3
to the study of a homogenization problem for a HJ equation defined on a periodic network.

For ¢ € (0,1], let I'? be the periodic network generated by the lattice £Z". Hence
V& = ¢ZN and £ = {Fg,a 1S As}, where

Ly ={ym+@E—yn:yel0c]

for some m, n € ZN with |m — n| = 1. Since I'? is a lattice, there are 2N edges coming out
of each vertex v; € V%, in the directions of the vectors e; of the canonical basis of RY and
in the opposite directions e_.

For k € ZV, we define Iy +k={ym+k)+ (e —y)n+k):yel0,el]} and we say
that a function ¢ : I'! — R is I''-periodic if

¢p =¢a if Ty=T,+kkeZV
On the network I'“, we consider the problem

— o d%u® + Hy (x z 8148) +u®t=0, xe€ (Fg\V‘E),a e A%,

g

> Yiattadau® (i) =0, v € VE, 5.0
aceA;
uflr, (vi) = u®lr, (vi), a, B €A v €VE.

We assume H, : RV x F[}[ x R — R and
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(i) there exist positive constants K, L, 6 € (0, 1] and H, € CRYN x Tl x R), with
Hy(x,y,0) = 0 such that

sup sup |Hy(x,y,0)| <K
XERN )’€Fw
Hy (-, p) € C¥MRY x Tg) with [Hy (-, -, p)ly vxr, < L(1+1p))
Hy(x,y,-) € CY(R) with [|8, Hyllcos < L
Hy(x, v, ~
lim M = Hy(x, y, p);
&E—o00 .‘;:
(ii) forevery (x, p) € RN xR, H(x, -, p) is Fl—periodic;
(iii) fq and y; o only depend on the direction ey parallel to T'y, and y; 4 = Y4, for a € A and
i € I and fulfill (H1).

We denote with S" the space of the symmetric N x N matrices.
We consider the effective problem

u+H(x,Du,D’u) =0 xeR"Y, (5.2)

where the effective Hamiltonian H is defined as follows: forevery (x, P, X) € RV xRN xSV
fixed, the value H(x, P, X) is equal to —p, where p is the unique constant (see Lemma 5.1
below) for which there exists a couple (v, p), with v Fl—periodic and p € R, solution to

—1ad?(+ Xy y/2)+ Hx,y,3(P-y)+p =0, ye(TL\WV), aeAl,

> Viakadav(vi) =0, v e V1,

acA; (5.3)
vlr, (vi) = vlry (), a,Be Al v eV!
Jpv(x)dx = 1.

To display the dependence of v with respect to (x, P, X), we will denote with v(-; x, P, X)
the solution to (5.3).

We need some preliminary results whose proof are postponed to the Appendix; note that
the bound (5.6) relies on the continuous dependence estimates of Sect. 3.

Lemma5.1 Forany (x, P, X) € RN x RN x SV, there is a unique p € R for which there
exists a Fl-periodic solution to (5.3). Moreover

P )’k[ — Xex e+ [, H(x,y, P- ek)dy]

p= Z,]{vzl ” 5.4
and there exists a constant Cy such that
lvC; x1, P, XD llczory < Ci(1 + | P1])
lv(s x1, P, X1) — v(; x2, P2, X2)|lzory < C1| Py — P2 (5.5)
+Cilx1 — x2|(1 + | P1| A | P2)) (5.6)

for every (x1, P1, X1), (x2, P2, X2) € RN x RN x SN, where 0 € (0, 1] as in (3.7).

Remark 5.2 The formula (5.4) entails that the effective operator H is convex and uniformly
elliptic in X and there exists a constant C such that

|H(x1, P1, X1) — H(x2, P2, X2)| < C1(|P1 — P2| + | X1 — Xa|)
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+Cilx1 — x2|(1 + [Pi| A |P2))

for every (x1, P1, X1), (x2, P2, X2) € RN x RN x SV.

Lemma 5.3 The problems (5.1) and (5.2) admit a unique bounded solution u® and,
respectively, u. Moreover, there exists a constant Cqy such that

llu® |l c2.6 ey < Co, lullc2smny < Co (5.7

for some 0, & € (0, 1].

Lemma5.4 Ifg : RN — Ris a smooth function, then it satisfies the Kirchhoff condition at
v €V¥in(5.1), ie.

Z yiotﬂaa(xg(vi) =0.
acA;

Theorem 5.5 Let u® and u be respectively the solution of (5.1) and (5.2). Then, there exists
a constant M such that for ¢ sufficiently small

lluf — ulloorey < Me®,
where § as in (5.7).
Proof Given ¢ € (0, 1), for n € (0, 00) define the function
$0) = u" (1) —u(x) = &2 (Z: W) = Jx? Vx e,

where v (y; [u](x)) = v(y; x, Du(x), D?u(x)) is the solution of (5.3) with (x, P, X) =
(x, Du(x), D*u(x)). Since u, u® and v are bounded, there exists £ € ' where the function
¢ attains its maximum.

Set ¢ := 4C; (1 4+ 2Cp)&® (where Cy, Cy and 8 are the constants introduced respectively
in Lemma 5.1 and Lemma 5.3) and introduce the function

Bx) = ut () — u(x) — e%v (g ) - gm2 —clx — 22

where |x — %| is the standard Euclidean distance between x and £. We have ¢ (%) = ¢ (%)
and also, by the definition of X,

F@) — () = [6E) — d)] + [D(x) — p(X)] = $(x) — (x)
> g2 [v(% [u](x)) — v(E; (]G | + ce?

\Y

for every x € dB(%, &) NI, where B(X, &) = {x € RY : |x — £| < &}. Using the estimates
in (5.6), Lemma 5.3 and recalling the definition of ¢, we get

d(X) — ¢(x) = — C1[2C0e® + (1 + | Dullso + [|1D?ullo0)e]e?
+4C;(1 +2C)e* >0

forevery x € dB(x, ¢)NI'é. Therefore, & attains a maximum at some point ¥ € B(x, e)NIe.
Let us prove that there exists a constant M > 0 (independent of ¢ and 7) such that

n?lE| < M. (5.8)
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By Lemma 5.1, Lemma 5.3 and the inequality ¢ (X) > ¢(0), we obtain
g|)e|2 < 4Co +2C1 (1 +2Co)e2.

We deduce that, for M sufficiently large, we have nt/ 21 < My /2 and therefore

1 1, L. 1M 1 1
n2E < 2 X[+ 92X - X < - +nle < nMi,
hence (5.8).
We claim that there exists a constant M (independent of ¢ and n) such that
ut(¥) —u(®) < M [ +n'?]. (5.9)

We first show that ¥ ¢ V°. Indeed, assume by contradiction that X = v; € V°. By adding
the term —dr (x, )%, where dr is the geodesic distance on the network, it is not restrictive
to assume that X is a strict maximum point for g?) and therefore Baqg(v,-) > Oforalla € A7
(recall the definition of d, as the outward derivative at the vertex). Since u® and v solve
respectively (5.1) and (5.2), by Lemma 5.4 we have

Ui A
0< Z YiaMaOaP (Vi) = Z Via Mo O <u + §|x|2 +clx — x|2) =0,

x=v;
acA; a€A; !

a contradiction and therefore ¥ € (B(x,¢) N T¥)\V°. Let @ € A be such that ¥ € '}
and e, a unit vector parallel to I';. Since «® satisfies (5.1) and X is a maximum point for
uf (x) — [u(x) + e2v(x/e; [ul(®)) + nlx[>/2 + c|x — £|*], we have

02 u*(®) = 1gd [u() + 20 @) + 2P +elx —#7]  +
] € 2 = (5.10)
. X 2 X s T — 3P .
H(x,g,a[u(x)-i-g O(Z5 l(E) + S el + clx — £ ]z)
We compute
ux) + 521)(%; [u](¥)) + gmz +elx - )e'z]x:x
=Du(x) - eq + 83}")(%; [u](X)) +nX - eq +2¢(¥ — %) - ea,
and
3% [u(x) + szvé? [u](®)) + g|x|2 +ele =3P ;=

=Du(®)eq - e+ 030(: (W) +n + 2c.

Replacing the previous identities in (5.10) and using Lemma 5.1, Lemma 5.3, (5.8) and
X € B(x,e) NI, we get

0> (¥) — pta(D2u(®eq - eq + 020 /65 WI(E))) + H()E, g Du(x) - ea)
— Ma(eCa(1 +2Co) + 02 My + 2ce + 1 + 2c) > u® (%)
— 1o (D u(R)eq - eq + 05v(E/e; WI(F)) + H()e, g Du(%) - ea)
— My(e® + ') = u* () + HR, Du(®), D*u(®)) — Ma(e® +n'"?)

=u* (%) —u(®) — Ma(® +n'/?)
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for some M>, which may change from line to line but is always independent of ¢ and y;
hence (5.9). For every x € I'?, by ¢(¥) > ¢(x) = ¢(X) > ¢(x), we get by (5.9), Lemma
5.3 and Lemma 5.1

~ N a ~ 2 ~ ~
u®(x) —u(x) < W@ —u@®]+ W@ —u@]+ & [vix/e; [wlx)) — v(E/e; [ul(X))]
n .2
+ —|x
Sl
= n
< My [e% +n'/2] + Coe +2C2(1 +2C)e* + E|x|2.
Letting n — 07, we deduce
ut(x) —u(x) < Mpe®  Vx eIe.

Reversing the role of u and u®, we get the statement. m]
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A Appendix

Proof of Proposition 3.1 We just sketch this proof because it is an adaptation of the previous
results [5, Theorem I1.2], [10] and [1, Proposition 3.2 and Theorem 3.7].

The result in [1, Proposition 3.2] ensures that problem (3.4) admits a solution v* €
c29(I).
(i). The comparison principle yields: || Av* |loo < K. The function w* := v* — (v*) solves
—ped?wt + H (x, dw*) + Aw* + A(0*) =0, x € (Te\V),a € A,
> Vieladow™ (i) =0, vi €V, (A1)
OtEAi
w*r, (1) = wklrﬂ(vi), a,BeA,veV.

We claim that there exists K, € R such that |[w*||cc < K«(1 + K). Indeed, in order to
prove this claim, we proceed by contradiction assuming that there exist A, with Az — 0 as
k — oo, such that ||w*|lso > k(1 + K). Then, the function Wy = w™ /||w™ |« is zero
somewhere, fulfills ||Wi|lcc = 1 and, for x € (I',\V) and o € A,

H (x,0) + A (™)
lw* Jlo

1
— Wi + BWk/ 3, H (x, tdw™)dt + + Wy =0
0

with the same transition conditions as in (A.1). We observe that

H (x,0) + A (v™*)
k=00 [l w || o

+ MW =0

uniformly in x and that, by standard arguments, the Wy, are uniformly bounded in C2. Hence,
eventually passing to a subsequence, W) converges to some function W such that it is zero
somewhere and || W|o, = 1. On the other hand, dividing the differential equation in (A.1)
and letting k — o0, by stability, we get

—Ugd*W + Hy(x, dW) =0
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with the same transition conditions as in (A.1). The maximum principle entails that W is
constant; the desired contradiction is achieved. In conclusion, arguing as before, we have
that —Mazw,\ + dwy, fol 0pH (x, tdw*)dt are uniformly bounded in co-? uniformly in A.
By standard arguments we achieve the proof.

(ii). It is an easy consequence of point (i). ]

Proof of Lemma 5.1 The proofs of existence and uniqueness of such a p and of relation (5.5)
rely on an easy adaptation of standard techniques; we refer the reader to [4, 5, 13].
Relation (5.6) is due to (3.17) and (5.5).

We prove an explicit formula for p. Recall that, by the assumptions, there are N different
Hamiltonians Hj and N viscosity coefficients g,k = 1, ..., N, corresponding to the vectors
ei. Integrating the HJ equation in (5.3) along the N arcs 'y parallel to e exiting from v; and
denoting with i, yx the corresponding coefficients in the Kirchhoff condition, we have

[
ek

N
0=3 1 f 2 0 Xy /2 4 H v, B (P ) + pldy. (A2)
k=1
By periodicity of v, we have
/ 83kv(y)dy = 0, V(1) — 0, v(0) = —0_,, v(0) — 9, v(0).
ek

Replacing the previous identity in (A.2), we have

N N

0= Yestkld—e,v(0) + 8, v(O)] + Yyl Xex - e
k=1 k=1

N
+/ H(x,y, P-edyl+p Yy v
ek k=1

Therefore, taking into account the Kirchhoff condition in (5.3) at v; = 0 and observing that
Yk = Y-k, where y_y is the coefficient y, for the arc —ej, we get (5.4).
[}

Proof of Lemma 5.3 The statement is obtained by standard arguments. For problem (5.1), we
refer the reader to [6, Theorem 14.5.1], [19] and [21] (note that these papers tackle infinite
networks). For problem (5.2) we refer to [4, 5]. m]

Proof of Lemma 5.4 Let g : RY — R be a smooth function. Since yiq = Yy and yu, ta only
depend on the direction ey, parallel to I'y,, we have

N
D Viakadug(vi) =Dg(vi) - D _(Veikex + Viike—i)
OIE.AI' k=1
N
=Dg(vi) - ) _(veker — visuker) = 0.
k=1

m}

Example A.1 [Example of coupling F'] We provide an example of coupling for the MFG
system (4.1) which fulfills the assumption (F') of Theorem 4.4. To this end, we shall borrow
some ideas of [3, Example 3.4] and of [18, pag.238].

@ Springer



A continuous dependence estimate for viscous... Page210f22 18

Consider the coupling F defined by: for any m € M,

F[m](x) :/ K(x,y)ym(dy) VxeTl
r

where the function K : I' x I' — R fulfills, for some positive constants ko, k1, k2,
Kx,y)=K(,x), 0<K(x,y) <k
K(x,-) € C'(T) with [ K (x, Ve < ki
K(x,)— K/, - .
Rle D= KOG ¢ o ry with 1K (x, ) = K, o ey < kidr (r, 3
dr(x, x")

for every x,x’,y € I'.
Then, the coupling F' satisfies assumption (F) with 8 = 1 and Cr = ko + k1 + k.

Example A.2 [Example of Hamiltonian H] We provide an example of Hamiltonian A which
fulfills the assumptions of Theorem 4.4 (in particular, assumption (H2)). Consider H, as
in (3.2) with
Ay ={a €R’: |a] < Ro)
la|?
2 fu (x) .

where R, > 0 and Ea, f(; e CchO(Ty), f, > 0. By standard calculations, the Hamiltonian
H, reads

bo(x,a) =by(x) —a and  fy(x,a) =

~ 2 ~ R,

fa(x)% — by (x)p for |p| < ﬁ
Ha(X,p)Z R2 B c;ex

Ra|p|_%_ba(3€)]’ fOI‘ |p|>%.

and fulfills the assumptions of Theorem 4.4. Moreover, in this case, we also have an explicit
formula for the optimal feedback operator: for x € I'y,

- - R
fa(X)p —bo(x) for |p| < ——

* fol(x)
a*(x, p) = » N R

Ry— — by fy —.

) (x) for |p|> 70
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