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Abstract

Understanding the link between structure and function in proteins is fundamental in molecular
biology and proteomics. A central question in this context is whether allostery—where the binding
of a molecule at one site affects the activity of a distant site—emerges as a further manifestation of
the intricate interplay between structure, function, and intrinsic dynamics. This study explores
how allosteric regulation is modified when intrinsic protein dynamics operates under
out-of-equilibrium conditions. To this purpose, we introduce a simple non-equilibrium model of
protein dynamics, inspired by active matter systems, by generalizing the widely employed Gaussian
network model to incorporate non-thermal effects. Our approach underscores the advantage of
framing allostery as a causal process by using, as a benchmark system, the second PDZ domain of
the human phosphatase human Protein Tyrosine Phosphatase 1E that mediates protein—protein
interactions. We employ causal indicators, such as response functions and transfer entropy, to
identify the network of PDZ2 residues through which the allosteric signal propagates across the
protein structure. These indicators reveal specific regions that align well with experimental
observations. Furthermore, our results suggest that deviations from purely thermal fluctuations
can significantly influence allosteric communication by introducing distinct timescales and
memory effects. This influence is particularly relevant when the allosteric response unfolds on
timescales incompatible with relaxation to equilibrium. Accordingly, non-thermal fluctuations
may become essential for accurately describing protein responses to ligand binding and developing
a comprehensive understanding of allosteric regulation.

1. Introduction

Many proteins to perform their functions undergo
conformational changes or dynamical shifts involving
structural fluctuations and alterations in flexibil-
ity [1]. These transitions, often driven by non-
equilibrium processes under physiological condi-
tions, are crucial for regulating protein activity and
signaling [2]. Increasing evidence and a certain
consensus [3] agree that protein function is not
merely assisted but may be directly mediated by
structural fluctuations. Rather than being random,
these fluctuations are dictated and organized by the

© 2025 The Author(s). Published by IOP Publishing Ltd

geometry and topology of the native fold, highlight-
ing the deep interdependence of

(1)

Structure — Dynamics — Function.

This perspective extends the classical structure-
function paradigm [4, 5] into a more general frame-
work that also incorporates protein dynamics [2, 6].
Therefore, proteins are not acknowledged as rigid
scaffolds but as complex ‘machines’ that, through
their dynamics, process information from the envir-
onment to sample an ensemble of conformations
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that facilitate their function [7, 8]. In theoret-
ical approaches, the relationship (1) is frequently
invoked to infer function through normal mode ana-
lysis (NMA) or principal component analysis (PCA)
through the notion of functional modes [3, 9, 10].
Such modes correspond to low-frequency and large-
scale conformational changes able to facilitate or
mediate key biological activity by modulating the
intrinsic dynamics of the protein.

The open question remains whether the
structure-dynamics-function  relationship  also
underlies one of the most intriguing biological pro-
cesses, referred to as allosterism [11-13]. Allostery
is a chemical regulation process [14] that occurs in
several enzymes and proteins where binding of a
ligand to a site (referred to as the regulation site)
enables activation of a distal site (active site), so that
the macromolecule becomes ‘ready’ to perform its
biological function. It is a sort of long-range commu-
nication established between the ligand-binding site
and the active region [15, 16]. In the traditional view,
allosteric processes are mainly attributed to conform-
ational changes however, Cooper and Dryden [17],
proposed the allostery as a result of conformational
dynamics, summarized by the well-known proposi-
tion ‘allostery without conformational changes’ In
this alternative view, allosteric communication is
governed or modulated by intrinsic dynamical fluc-
tuations, positioning allosteric regulation in proteins
as a further manifestation of the paradigm 1.

As already mentioned, a popular approach to
exploring allostery involves NMA and PCA within
covariance analysis to identify the coordinated
motions of different residues, potentially revealing
allosteric association among residues [18] mediated
and modulated by functional modes [19]. The altern-
ative to expensive full-atomistic NMA is the coarse-
grained surrogate Elastic Network Model [20-22]
that replaces the complexity of the aminoacids with
nodes connected by springs (replacing real interac-
tions) according to a simple proximity or geometrical
criterion. This drastic reduction of the protein to a
simplified system remains realistic as long as it cor-
rectly embodies the topology and structural proper-
ties of the native fold [23, 24]. The isotropic version
of the ENM is known as the Gaussian network model
(GNM), because it treats fluctuations as scalar devi-
ations rather than full 3D displacement vector [25].
The main advantage of these models lies in their
straightforward numerical implementation and exact
solvability via matrix diagonalization.

In this study, we introduce a modified version
of the traditional GNM, referred to as the act-
ive GNM (aGNM), by analogy with active systems.
In the aGNM, the thermal bath is replaced by a
colored-noise bath that captures out-of-equilibrium
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fluctuations with memory effects while retaining ana-
Iytical tractability. Through this minimal and solv-
able model, we try to address the role of intrinsic
and forced out-of-equilibrium dynamics in allos-
teric mechanisms [26—33]. As a test system, we focus
on the PDZ2 domain, which is known for its well-
characterized allosteric properties. In this context,
our approach seeks to understand how deviations
from thermal fluctuations influence allosteric reg-
ulation, taking into account that several allosteric
responses are incompatible with pure thermody-
namic models [34].

Deviations from pure thermal behavior can be
expected at a molecular level, because a protein,
during its allosteric response, does not necessar-
ily undergo a fast-enough reorganization to explore
its entire ensemble of accessible conformations. In
practice, allosteric communication often occurs on
timescales where conformational dynamics cannot be
expected to be fully equilibrated [35-37]. This con-
dition challenges traditional equilibrium models and
supports the growing evidence that non-equilibrium
dynamics play a crucial role in allosteric regulation.

Moreover, proteins and enzymes frequently oper-
ate in energy-driven environments (e.g. ATP hydro-
lysis) or under chemical gradients, conditions that
cannot be reduced to a thermal bath alone but neces-
sitate other sources of fluctuation characterized by an
intrinsic memory [38]. As an example, proteins inter-
act with a structured hydration layer, in which water
molecules display collective dynamics and a relaxa-
tion slower than bulk water. These interactions may
introduce long-lived correlations that lead to devi-
ations from the assumptions of a simple thermal bath.
In this respect, the aGNM, by incorporating non-
equilibrium effects, provides a minimal framework
for generalizing protein dynamical fluctuations bey-
ond thermal equilibrium.

In our approach to PDZ2 allostery, we adopt a
causal perspective, where the binding of the effector
at the controlling site is considered the ‘cause’, and
the resulting allosteric response at the active site is the
‘effect.” This interpretation allows us to employ causal
indicators as tools to identify and quantify relation-
ships among PDZ2 residues, providing a systematic
way to study allosteric communication.

The paper is organized as follows. In section 2, we
briefly review PDZ allostery as reported in the liter-
ature to establish the biological context of the prob-
lem. Section 3 describes the classical coarse-grained
approach to protein thermal fluctuations to which we
added active-like effects, to define aGNM, emulat-
ing non-equilibrium condition without spoiling the
solvability of the model. In section 4, we validate the
aGNM by comparing the correlation patterns pre-
dicted by our model with experimental data. Section 5
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presents the aGNM results for PDZ2 allostery, ana-
lyzed through a causality-based approach using
causal indicators specifically developed for the aGNM
framework. Finally, section 6 is devoted to discussion
and conclusions.

2. Short summary of PDZ2 allostery

Before proceeding with modeling and results, it is
convenient to discuss some key features of alloster-
ism in the PDZ family [39]. Here, we consider the
second PDZ domain (PDZ2) from human Protein
Tyrosine Phosphatase 1E, a well-studied member of
the PDZ family [39]. The name PDZ refers to a
domain found in certain proteins, whose name comes
from the first initials of the three proteins where this
domain was first identified: Postsynaptic density pro-
tein (PSD95), Drosophila tumor suppressor protein
(DlgA) and Zonula occludens-1 protein (ZO-1).

PDZ domains are important for protein-protein
interactions and are involved in organizing signal-
ing complexes at cell membranes. While the PDZ
family exhibits a relatively low sequence identity, it
maintains a strong affinity for its characteristic sec-
ondary structure, strongly suggesting that native state
topology may play a role in determining the allos-
teric behavior. Lockless and Ranganathan [40], by
using statistical coupling analysis, revealed coevolving
residue networks in the PDZ domain, highlighting
structural and functional connectivity in proteins.

The PDZ structure we analyze is represented in
panel (a) of figure 1 and it is extracted from the
PDB-file 3LNX; it is composed of 5 3-strands, two
a-helices and a 3-10 helix, precisely: 51 (residues
6-12), B2 (20-24), H1 (30-33), 33 (35-40), H2
(44-50), PB4 (57-65), H3 (70-80), and (5 (84—
90), see figure 1(b). Notice that, in contrast to
3LNX PDB classification, we consider as a unique
B strand, the segment 57 —65 to simplify the
analysis.

Allosteric behavior is known to be triggered by
a ligand binding motif into the hydrophobic bind-
ing groove hosted between the H3-helix and the 52-
strand [41]. The final three to five C-terminal residues
of PDZ domains interact with target proteins through
the carboxylate-binding loop. This loop facilitates
binding to the C-terminal carboxylate group of the
target protein, and it is characterized by a conserved
X-P-Gly—® sequence, where X is a generic amino
acid and @ indicates a hydrophobic residue [42].

In summary, the PDZ2 (3LNX) allosteric network
is primarily defined by a network of dynamically com-
municating residues rather than distinct structural
sites. Based on computational and experimental stud-
ies [43, 44], key structural elements involved in allos-
teric regulation include [39]:
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e binding groove limited by 32 and helix H3;

e loop region 52—(33 including the small 3-10 helix
H1. This loop closes the ligand-binding groove
from above in figure 1(a);

e H2 helix, important for intramolecular signaling;

e The carboxylate-binding loop 81-32, which sta-
bilizes the C-terminal carboxylate of target pep-
tides through hydrogen bonding and electrostatic
interactions, ensuring high-affinity and specificity
in PDZ-target interactions.

Therefore, the residues involved in PDZ2 allostery
are typically located within and around its bind-
ing groove and neighboring secondary structural ele-
ments, which allow for conformational fluctuations.
In summary, key residues often include those in the
H2 helix, 82 strand, and the binding groove, as these
areas contribute to ligand binding and can transmit
allosteric signals.

3. A simple model for protein fluctuations
in non-equilibrium environments

We introduce a new model, the aGNM, to describe the
fluctuation dynamics of proteins in non-equilibrium
environments. The model includes, in the standard
framework of GNM [25, 45], the intrinsic activity that
governs the dynamics of active matter systems [46—
48]. Although proteins cannot be considered self-
propelled objects, their fundamental units experience
non-equilibrium fluctuations, particularly in the cell
environment, where continuous energy consump-
tion, crowding, and chemical gradients produce fluc-
tuations expected to deviate from thermal fluctu-
ations. Here, this deviation, which we call ‘activ-
ity’ in analogy with active systems, is exemplified
through a noise term with memory, by employing
the active Ornstein—Uhlenbeck dynamics [49-51]. In
our description, activity does not lead to structural
changes in the protein, but rather generates non-
equilibrium fluctuations that affect properties and
statistics of observables.

In our coarse-grained approach, individual
aminoacids of the PDZ2 are identified with their
«-carbon atoms, C,, in the native fold, as obtained
from PDBid: 3LNX. The protein is then portrayed
as a mechanical network where nodes correspond to
the C,, positions and inter-residue interactions are
replaced by Hookean springs. The system’s potential
energy is given by:

g
Venm = 3 ZKij Ar; - Arj, (2)
ij

where, as explained below, Kj; encodes the connectiv-
ity of the network, and Ar; are the displacements



10P Publishing

Phys. Biol. 22 (2025) 056005

G Costantini et al

a) B2—pB3 loop

from hPTP1E

PDZ2 domain (3NLX) oo~ R ey
TR

carboxylate-binding
loop

binding groove

direct correspondence between interactions and structure.

Figure 1. Structure and topology of the PDZ2 analyzed in this work (PDBid: 3NLX). Panel (a): Cartoon representation of the
PDZ2, highlighting in red balls the carboxylate-binding loop (81-/32) and in blue the loop between (32—/33) comprising the
small 3-10 helix H2. Panel (b): Topology plot of PDZ2 showing the secondary structure content with five beta sheets and three
helices. Panel (c): Contact map defined by the heavy-atom contacts using a cutoff of R. = 54; the cutoff identifies 371
non-bonded native contacts, i.e. such that |i — j| > 2. The secondary-structure motives are reported at the borders to spot the
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from the native positions of C, taken as equilib-
rium positions. In the following, we will redefine
the displacements Ar; — r; to simplify the nota-
tion. This GNM-based framework provides a sim-
plified yet nontrivial description of PDZ2 as long
as the network of harmonic interactions correctly
encodes the topology of its native fold. Specifically,
the factor g (dimension of Energy/Length?) is a scale
factor of the harmonic potential that can be set by
matching the predicted mean-square-displacement
of C,’s from their native positions with the experi-
mental crystallographic B-factors [52—54]. The coef-
ficients Kj; are the elements of the coupling matrix K,
often termed Kirchhoff’s matrix, defined through the
weighted contact matrix elements, A;; (weighted adja-
cency matrix of the C, network) via the relation

—Ay i—jl=1
K,‘j = —Ai]' ‘l —]| >1 (3)
lel,NAil i :] 5

where Ay is the strength of the harmonic interaction
along the chain (backbone). To distinguish the role of
the backbone links from the rest of the network, we
set Ag ~ IOAI']' and Aij =1 [55].

We consider the GNM based on a ‘heavy-atom
contact-map’ (briefly heavy-map) [56], such that a
couple of residues 7 — j is connected by a spring (thus
Aj; > 0), if in the native state of PDZ2 (3LNX), the
aminoacids i and j have at least a couple of heavy
atoms al, a2 in contact, i.e. if their distance ry; 5, <

r. = 5A. The obtained heavy-map, representing the
native interactions, is displayed in figure 1(c).

3.1. The aGNM

Activity in the above GNM is introduced via an active
velocity, w;, evolving as an Ornstein—Uhlenbeck pro-
cess with typical autocorrelation time 7, and variance
v2 = kT, /m. This model for activity is well-known
in active matter [46, 49-51] and has the advantage of
allowing analytical treatments for liquids consisting
of active particles as well as active matter collective
phenomena [47, 48, 57-59]. The autocorrelation time
T, of the OU process can be identified as the leading
timescale characterizing the memory induced by the
non-equilibrium environment.

In biological terms, activity can model certain
reconfiguration processes [60] of proteins as illus-
trated in figure 2. Panel (a) shows the slow conforma-
tional rearrangements of certain molecular motors or
enzymes after the energy stroke following ATP hydro-
lysis. Panel (b) refers to possible non-thermal protein
fluctuations arising from the transient influence of
solvent molecules that have not yet reached equilib-
rium. Panel (c) sketches non-bulk fluid states such as
the hydration shell structure near the protein surface.

In this context, 7, may capture biologically rel-
evant relaxation times that can significantly influ-
ence molecular dynamics and correlation decay pro-
files in single-molecule time-resolved spectroscopy
[61-63].

The system we propose, which we call the
aGNM, 1is governed by a set of overdamped

4
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Reconfiguration process over time-scale 7,

a) b) Non-equilibrated C)
Environment {:ﬁ? Bulk Water
ATP - ®
.
“ Energy
Stroke
Slow
Relaxation

Figure 2. Cartoon sketching three representative reconfiguration processes, each characterized by non-equilibrium relaxation
dynamics, that can be approximately described by the aGNM. Panel (a) Slow relaxation of a motor protein or enzyme following
the energy stroke triggered by ATP hydrolysis. (b) Non-thermal protein fluctuations arising from the presence of solvent
molecules that have not yet equilibrated. (c) A structured and clustered hydration shell near the protein surface may induce
fluctuation patterns distinct from those observed in bulk water.

stochastic equations for the displacement x; and
active velocity w;:

. 2~kg T,
VX = —gZKijxj—f—“YWi + ’ymB SACIEO)
j
. wW; 2kg T,
W =——+ 5 Si(t) . (5)
Ta mty

Here, T\ represents the heat-bath temperature, kg
denotes the Boltzmann constant, while  represents
the friction coefficient in units of mass—thus = is
an inverse of time. The mass m is taken to be the
average mass of the residues in the 3LNX struc-
ture: m = 10.685kDa/94 ~ 1.89 x 10~ *°kg. Despite
the notation, T, does not represent the system tem-
perature but quantifies the strength of the non-
equilibrium fluctuations, while 7, corresponds to the
typical memory time, also termed persistence time.
Finally, &;,7; are two independent zero-average and
time delta-correlated Gaussian processes.

The aGNM dynamics is fully solvable as it defines
a multivariate Ornstein—Uhlenbeck process, requir-
ing only numerical diagonalization of the sparse mat-
rix K that can be expressed as:

K = UAU!

where A is a diagonal matrix containing eigen-
values {\; =0,)\;,...,\v}, and U is the matrix
with orthogonal eigenvectors as columns, such that
UUT =1, being 1 the identity matrix. To solve

equations (4) and (5), we expand positions x, activit-
ies w, and thermal noise & in the base of eigenmodes
{u(1),...,u(N)} of K, as

x(t) = ZQk (t) u(k) (6a)
k

w(t) =Y Pc(t)u(k) (6b)
k

£(0)=>_de()u(k) . (6¢)
k

By substituting these expressions in the dynam-
ics (4) and (5), we obtain an equivalent equation for
Qx> Prand ¢

2’)/ kB To

Qi (1) = —g A Qe (1) + 7 P () + — — %)
(7)
The stationary solution of equation (7) reads
t
= [ e o BB ]
(8)

where px = g\x /7. The solution for the coordinate x;
can be obtained by combining equation (6a) with the
solution equation (8)

x,‘(t) = ZQk (t) u,‘(k) . (9)
k

The above equation allows us to obtain analytical
expressions for stationary quantities, such as mean
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square displacements (B-factors) and other observ-
ables, including correlations, response functions, and
entropy production, the latter quantifying the dis-
tance from equilibrium in a physical or biological sys-
tem. In addition, our model allows us to explicitly
evaluate the transfer entropy (TE), which measures
causal relationships among protein regions. The first
step to validate the model is verifying that the aGNM
represents a non-equilibrium stationary system, as
indicated by a non-vanishing entropy production rate
(EPR).

3.2. Entropy production
Given that the PDZ2 domain is influenced by an act-
ive bath, which maintains the molecule in a fluctu-
ating, out-of-equilibrium state, it is natural to exam-
ine the entropy production. As customary, this quant-
ity measures the entropy generated by irreversible
processes and serves to identify the key paramet-
ers responsible for driving the system away from
equilibrium.

For our aGNM approach to PDZ2 fluctuations,
the EPR is given by the product of active noises and
residue displacements (see appendix A)

S= %ZK’J (wi (1) xi (1))
ij

As shown in appendices A and B, the solutions for
the normal modes, Qi(f) and Py(t), allow us to
obtain the following explicit formula for the entropy
production:

. T, T,
= kp— E - E (k) Kiu; (k 10
S BTOg k 1+ pxma ij ! ( ) Ju]( ) 1o

and finally

= 3kyy LT M0
To X 1+ pta
The factor 3 stems from the well-known degeneracy
due to the isotropy of the GNM. As expected for an
effective description of a protein in a non-equilibrium
environment, the entropy production is positive.

The rate § depends linearly on the ratio T,/Tp,
active-bath over the thermal-bath temperature, as
well as the active time scale 7, consistently with previ-
ous studies on entropy production calculated in act-
ive crystals, i.e. ordered networks with a first neigh-
boring connectivity [64]. The factor T, /Ty indicates
that EPR increases with higher active temperature T,,
as expected, because a stronger active bath drives the
system farther from equilibrium, leading to greater
dissipation.

The memory time scale, 7,, appears both in the
numerator and the denominator of the summation
terms, coupled to the mode relaxation timescales A~ 1

G Costantini et al

This suggests that as 7, vanishes, the entropy produc-
tion also vanishes since the active bath becomes an
equilibrium heat bath.

In summary, T, controls the strength of active
fluctuations, while 7, controls their persistence, and
their interplay determines the extent to which the
system remains out of equilibrium, with a balance
between rapid dissipation (small 7,) and more sus-
tained non-equilibrium effects (large T,).

3.3. Correlation functions

We are interested in the correlated displacements of
PDZ2 residues for two reasons: (i) the correlations
identify concerted or coordinated fluctuations among
protein regions that are a first step to assess the valid-
ity of the relationship (1); (ii) correlations fully char-
acterize the statistics of Gaussian processes, as they
are the fundamental building blocks for construct-
ing all statistical observables. In our aGNM, these are
given by

(xi (02 (£) = D (Qu() Qp(¢')) i (k) i (p) (11)

k,p

which can be conveniently split into two components
to clarify the computation, the active (indicated by
the subscript A) involving Pi(t) and the thermal one
(subscript T) involving ¢ (t), see equation (8),

(Qe()Qp (1)) = (Qe () Qp (1))a + {(Qu (1) Qp (1)) -

This is possible since active and thermal noises are
considered independent. Here we report the result,
referring to appendix B for the explicit derivation.
The active contribution reads

’ k a Taz
(xi(£)x; (t'))a = 3;?; i (k) u; (k) e (22— 1)

% (MkTae—It—t’I/n _ e—uklt—t/l)

(12)

The thermal contribution has the following
expression

e—uk|f—f/|

B To § (k5 (k)

k

(i (1) (£)) 7

Hk
(13)

Again, the factor 3 is due to the degeneracy of the
GNM, which identifies the x,y,z directions and, for
this reason, can be considered a sort of topological
approach to protein structures. From equation (12),
we can deduce that activity slows down the relaxation
of the system; in fact, if 7, is large, then p7, > 1 and
the second exponential term dominates the first one.

Since the stationary state implies that correlations
depend only on the time difference, |t —t'|, in the
following, we can safely focus on the case t’ = 0, for
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notation simplicity. It is convenient to rewrite the full
expression of the correlation in a more compact form

3kg T
Ci (1) = (i) (0)) = S =2 > i (k) G (k)15 (K),
k
(14)
by defining
e Mt T, T2
G(k,t) = + — 2
(k1) e Towera (1372 —1)

X (ukrae_t/n —e_“kt) . (15)

Equal time correlation (x;(0)xj(0)) is directly related
to the fluctuations of the PDZ2,

60 = L)+ 20T s @ uE _ om

mg Ak 14 gha/y
(16)

where Cg (0) denotes the pure thermal correlation:
equation (13) evaluated at t =¢'. This form clearly
shows how activity corrects the thermal correlations
with a term modulated by the factor T, and depend-
ing on both 7, and Ay.

4, Validation of the aGNM

In this section, the aGNM for PDZ2 is validated
against experimental data by computing the predicted
B-factors and comparing them with experimental
B-factors reported in the 3LNX PDB-file.

To understand the impact of the activity on the
fluctuations of PDZ molecule, it is natural to start
from the computation of mean-square-displacement
(theoretical B-factors), obtained as the diagonal ele-
ments of the equal time correlation matrix, C;(0) =

(r2(1)
3kgT,
mg

ui (k) 7
E ! . 17
% A 1 +g/\k7'a/'y (17)

=Gi(0)+

The correction to the thermal B-factors, C%(0), due
to the activity is proportional to T,, and the thermal
behavior is recovered when 7, — 0 or T, — 0. This
expression represents a generalization for the position
fluctuations obtained for an active crystal [64] to a
network with a more complex connectivity.

A technical advantage of the aGNM over the
standard GNM relies on its greater variability, due to
the three parameters g, T,, 7, that can be adjusted to
capture the experimental B-factors more accurately.
The parameter g, as in standard GNM, sets the energy
scale and influences the amplitude of fluctuations;
T, can be varied to tune the weight of non-thermal
contributions. Lastly, 7, represents an extra correl-
ation time controlling the memory of residue dis-
placements. By refining these parameters, the model
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can be calibrated to reproduce the dynamic behavior
observed in experiments. Since this study focuses on
qualitative aspects, we do not adjust the parameters of
the aGNM to match experimental B-factors, rather,
we apply a simple rescaling with the mean

BF;

S/ BE/N”

This normalization automatically aligns the curves,
facilitating direct comparison between predicted and
experimental B-factors.

To simplify the analysis, we vary only 7, in the
B-factor comparison, as T, results in a simple amp-
lification. Figure 3(a) displays the profile derived by
equation (17), for different 7,, clearly indicating that
the aGNM retains the essential characteristics of the
B-factor profile observed in the thermal GNM.

It reasonably captures the intrinsic, protein-like
dynamics of the PDZ2 domain, thereby avoiding the
introduction of any spurious or artificial patterns
due to arbitrary coupling of modes. Therefore, the
aGNM offers the significant advantage to magnify
the peak-valley patterns, particularly in regions asso-
ciated with structural flexibility. This result can be
explicitly derived by expanding equation (16) in a
Taylor series for small 7,, yielding

C;(0) = (o) + 22T 57 B0
k

> ()
gl
=cl(o <1+m) _ Ty 7255
mg

2, f: <g7> K",

m=1
(18)

As aresult, in the small persistence time, 7,, the model
primarily reflects equilibrium behavior, where fluctu-
ations are largely thermal, except for the amplification
depending on T, and 7,.

The red regions in the correlation color maps
of figures 3(b) and (c), indicating positive correla-
tions, localize around the points of the contact map;
this suggests that residues with direct (native) inter-
actions tend to exhibit positive correlations. This
occurs because mechanical and structural constraints
enforce cooperative motion between these residues.
By contrast, as 7, increases, the model approaches a
non-equilibrium (active) regime, where fluctuations
grow in amplitude, especially in more flexible or
‘floppy’ protein regions.

In conclusion, these non-equilibrium dynamics
accentuate protein flexibility without disrupting the
fundamental protein-like patterns of the system.
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4.1. Equal-time correlation analysis
In this section, we analyze the correlation matrix of
PDZ2 residue displacements, equation (16), to bet-
ter assess the impact of activity on protein dynam-
ics. In particular, we compare the correlation aGNM
with the correlation computed with a purely thermal
GNM, as shown in figure 4. Equal-time correlation
analysis can reveal residue pairs that ‘co-move’ and is
essential in understanding the concerted or coordin-
ated motion of protein regions at the same time, sug-
gesting how residues may organize or participate in
collective behavior for biological functions [65]. In
particular, correlated movements can identify net-
works of residues that transmit signals or motions
across the structure, revealing potential allosteric
pathways and communication networks within the
protein [9].

To assess how aGNM corrects the thermal GNM,
we present in panels (a), (b), and (c) of figure 4
the color map of the deviation, C;(0)— CX(0),
i.e. the pure activity contribution to equal-time
correlations. These maps show that, as the activ-
ity 7, increases, C;j(0)— Cg (0) becomes larger
(brighter red) and extends over wider regions, still
characterized by the widespread presence of native

contacts (spring links), as seen in the contact map in
figure 1(c). Interestingly, a more intense red region
in maps (b) and (c), roughly corresponding to 22 <
i <35 and 65 <j < 78, reveals a mutual coordina-
tion between 2 and H3, suggesting a cooperative
dynamic within the binding groove and highlighting
its role in allosteric regulation. The same happens in
region 10 <7 < 20 and 40 < j < 50 corresponding to
a cooperative fluctuation of the carboxylate binding
loop, B1-/32, with H2 helix.

We now compute the equal-time correlation pro-
file for the PDZ2 domain by selecting a reference
residue ‘i = a’ and evaluating its correlation function
Ci—a,j(0) with every residuej = 1,...,94 in the PDZ2
structure. We focus on two specific residues, a =21
(placed in 52) and a = 76 (placed in H3), which have
been identified in several experimental and simula-
tion studies [29, 66—68] as reference sites for monitor-
ing changes in the binding-groove width of the PDZ2
structure (3LNX). Indeed, such residues are stra-
tegically positioned on opposite sides of the binding
groove, perpendicular to its axis, making them per-
fect for capturing the dynamics of the groove deform-
ation upon ligand binding. This analysis reveals how
fluctuations at the chosen reference site are correlated
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with those across the entire protein, thereby provid-
ing insight into the spatial distribution of correlations
along the PDZ2 domain.

A first inspection of figures 4(d) and (e) sug-
gests that correlation profiles become more pro-
nounced as 7, increases. In particular, panel (d)
shows that high activity enhances the correlations
between residue 21 in 2 and those in $2-H1-83
loop, suggesting a strong cooperative motion in this
region. While residue 21 is anti-correlated with the
strand (84 and tail-terminals. Residue 76 in panel
(e) also establishes correlations with the 52-H1-33
loop and anti-correlations with the region involving
helix H2 and the elements 33 and (4. Therefore,
the aGNM correlations highlight some role of /52-
H1-33 within the allosteric network described in
section 2.

We conclude this section by observing that B-
factor results and equal-time correlation analysis con-
firm that aGNM is a reasonable extension of the
thermal GNM: although it preserves the structural
properties of the standard GNM modes, it modi-
fies their statistical properties. This means that the
spatial patterns of fluctuations remain unchanged,
but their relative magnitudes and impact on molecu-
lar dynamics are different. As a result, aGNM offers
a generalized representation of the system’s fluctu-
ations, which could be more effective in captur-
ing PDZ2 allosteric effects compared to the con-
ventional GNM. A more detailed correlation ana-
lysis will be presented in the following section where
dynamical impact of activity on fluctuations will be
discussed.

5. Causal approach to PDZ2 allosteric
dynamics

In this section, we interpret the allosteric regulation
of the PDZ2 domain in the general framework of
causality [69], wherein ligand binding between strand
B2 and H3 helix acts as the ‘causal event’ triggering
specific fluctuations of the PDZ2 structure facilitat-
ing its interaction with other target molecules. As we
shall see below, this causal approach to allostery will
be explored using response functions and TE.

Unlike response functions and TE, which are
genuine causal indicators, correlations only meas-
ure association and not causation. Nonetheless, it
is convenient to start from correlation analysis as it
provides useful preliminary information for identify-
ing coordinated residue movements that are poten-
tially involved in allosteric behavior.

5.1. Correlation analysis

The time-dependent correlation profiles C;—, ()
characterize how fluctuations at a reference site a
evolve with respect to fluctuations of the other sites,
capturing at once the ‘spatial and temporal’ patterns
in the PDZ2 collective motion.

The profiles, Ci—, j(t), for the aGNM model, with
T,=20T, and 7, =0.1, are plotted in panels (a)
and (b) of figure 5, corresponding to the reference
sites a=21 and a=76 of PDZ2, respectively. By
sampling the profiles at different times, we can assess
the robustness of these patterns as the correlation
structure remains relatively unchanged over a suit-
able time window. At short timescales, of course, the
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Figure 5. The correlation profiles, C;—,,j(t), for the aGNM model are shown in panels (a) and (b), with reference sites a =21 and
a =76, respectively. These profiles correspond to T, = 20Ty (T =1) and 7, = 0.1. For comparison, panels (c) and (d) present
the corresponding correlation profiles for the thermal GNM. In each panel, the profiles are sampled at the times indicated in the
legend, demonstrating that their patterns remain consistent over a meaningful time window.

scenario remains similar to that observed for static
correlations Cj;(0) reported in panels (d) and (e) of
figure 4. As time progresses, the main peaks gradually
decay; however, the overall pattern remains preserved
due to the memory effects introduced by the activ-
ity. For completeness and comparison, in figures 5(c)
and (d), we also present the corresponding thermal
profiles that appear less resolved in structure.

5.2. Response analysis

We compute the response dynamics of PDZ2
aminoacids to understand whether the normal mode
decomposition can elucidate its allosteric regula-
tion and correct the correlation analyses reported in
section 4.1. Indeed, through the response functions,
one can infer true causal relationships not always
detected by simple correlations.

In our PDZ2 analysis, we use the response to
quantify how a perturbation at the binding groove,
simulating the stress induced by the ligand bind-
ing, propagates throughout the protein structure.
The response induced on the average evolution of
xj(t) by the infinitesimal initial perturbation dx;(0) is
defined as

R;i (1) = 6;;] (((?; )

where 0(x;(t)) is the difference between the average
of perturbed and unperturbed trajectories taken over
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the unperturbed stationary distribution [70]. For lin-
ear stochastic systems like the aGNM, the response
functions between residues can be obtained from the
knowledge of correlations via the simplified formula
[55, 71]

R(t) = C(t)C" (0)

with C(#) being the time-dependent covariance mat-
rix restricted to residues only, C() = (x(£)x"(0)),
and C*(0) is its pseudo-inverse at time, t=0. It
is important to note that this response is restric-
ted to the residue displacements x(t), excluding the
active-noise variables w(#) introduced in the aGNM
dynamics (5).

Similar approaches of manipulating correlation
functions to quantify directionality and causal rela-
tionships in allosteric proteins have been previously
introduced in a series of insightful studies [31-33],
which explored synchronous and asynchronous com-
ponents of correlations between residues in proteins
under periodic perturbations.

Using equations (14) and (15) provides the expli-
cit formula for the response functions between each
couple of PDZ aminoacids

Ry = () S
k )

wi(k) .  (19)

~—
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Figure 6. Time courses of responses R;;(t) between residues: 4-55, 21-22, 22-23, 21-38 and 21-76. There are several behaviors of
the response depending on the length of the path of springs (links) connecting two residues response curves associated with
native contacts (i.e. in direct harmonic links), like 21-38, display a peaked structure that decays to a characteristic value of 1/N.
Whereas, pairs of residues that are not in contact, but connected by a short path (21-38) of links, are characterized by a response
that gets a lower peak and later. Finally, pairs of residues connected by a longer path (21-76) increase monotonically from 0 to
1/N, they can be considered inactive in terms of response analysis. The inset shows the non-exponential decay of the
self-responses Rj;(1) for selected residues presented in the main panel.

Figure 6 reports response curves in time for some
pairs od PDZ2 residues obtained by implement-
ing numerically equation (19). The time behavior
of Rj(t) critically depends on the length of the
spring pathway connecting residues i and j. Maximal
responses are observed between consecutive back-
bone residues, such as i—(i+ 1), e.g. 21-22 and 22—
23. For residue pairs in direct native contact, like 21—
38, the response function exhibits a pronounced peak
at short times, followed by a relaxation toward the
baseline value of 1/N.

In contrast, residue pairs, such as 4-55, that are
not directly linked but are connected by a relat-
ively short chain of springs, display a response with
a lower, delayed peak. Finally, pairs connected by a
long chain of links (21-76) show a monotonically
increasing response from 0 to 1/N, indicating a neg-
ligible response activity. The inset of figure 6 illus-
trates the decay of self-responses, R;;(¢), for selected
residues shown in the main panel, highlighting the
non-exponential behavior induced by memory effects
from the active bath.

By selecting the same reference residues a =21
and a = 76 in the binding groove, we derive response
profiles R;—, j(t) that describe how perturbations at
these sites (i.e. from the binding groove) are trans-
mitted throughout the PDZ2 structure. Unlike cor-
relation profiles, the analysis of these profiles allows
us to exclude regions that are not in a true causal rela-
tionship, thereby selecting only residues involved in
the allosteric behavior exhibited by PDZ2. Panels (a)

11

and (b) of figure 7 plot the response profiles for a =21
and a =76, respectively. Panel (a) shows that a per-
turbation at site 21 rapidly propagates to neighboring
residues in the 82 strand, as seen by the sharp and
spreading peak around 21. The peak on /33 reveals
that the perturbation at 21 also affects residues in
that strand. In contrast, the loop 82-H1-(33, belong-
ing to the allosteric network, exhibits a modest and
retarded response. Finally, the start of helix H3 is
slightly affected by the perturbation in 21, suggest-
ing minimal evidence of binding groove deformation.
The response profile R,—7¢ ; in panel (b) reveals that
a perturbation at residue 76 rapidly extends over the
H3 helix, as seen by the spreading of the sharp peak
in H3. Remarkably, the impact of residue 76 on other
regions of PDZ2 remains negligible, as its profile falls
below the 1/N baseline, except for a minor effect on
the 32 strand, again suggesting a deformation of the
binding groove.

These observations seem to indicate that helix
H3 plays a rather limited role compared to 52 in
mediating allosteric communication within PDZ2.
To support this claim, it is essential to go beyond
the responses generated by pointwise perturbations
and instead examine the collective response from the
whole 52 and H3 regions. We thus define the block
response as the mean of response profiles R;; over a
generic secondary structure X of interest

1
Ryj= N ZRﬁ, (20)

ieX
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Figure 7. Response profiles R; —, j for a =21 panel (a) and a = 76 panel (b) at different sampling times, listed in the legend. Panel
(c) and (d) report the block-response profile in equation (20) for the blocks 52 and H3 respectively, both flanking the binding
groove. Data are obtained with an aGNM with 7, = 0.1 and T, = 20 Tj,.

where N denotes the number of residues contained
in X. This procedure yields a collective response that
characterizes the overall dynamical impact of the
structure X, rather than focusing on the response at
individual sites.

The profiles, Rx j, help in comparing how 32 dif-
fers from helix H3 in terms of their influence on the
rest of the PDZ2; see figure 7. Panel (c) refers to
B2, the first edge of the binding groove, and shows
that the collective perturbation of this strand mainly
extends on the loop f2-H1-/33 and also impacts the
region across §4 and helix H3. Therefore, one can
deduce that a deformation of the binding groove due
to 2 mainly affects the loop $2-H1-33 and par-
tially the opposite side of the binding groove, H3.
This result is different from the analysis of figure 7(a)
obtained by the single-site response that cannot rep-
resent the behavior of an entire secondary structure
element. Finally, figure 7(d) shows that the response
to the perturbation in X = H3 is primarily observed in
the loop structure 52-H1-/33, underscoring the sens-
itivity of this loop. Interestingly, the finding that the
(52-H1-33 loop responds to perturbations in both 52
and H3 suggests that its allosteric role is driven by the
opening of the binding groove, in agreement with ref-
erences [43, 44].

In the next section, we complement response ana-
lysis with TE results to refine our proposal of inter-
preting PDZ2 allostery in the framework of causality.
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5.3. Transfer-Entropy analysis

TE, introduced by Schreiber in reference [72] in the
context of dynamical systems and in information the-
ory by Palus et al [73], is a causal indicator quantify-
ing how much the past behavior of a variable X helps
to predict the future behavior of another variable
Y beyond what can be predicted by only observing
the past of Y. In other words, TE characterizes how
information flows from the time evolution of X(¢) to
the evolution of Y(¢) indicating a directional influ-
ence. This concept is useful for analyzing protein
dynamics [55, 74, 75], as it provides directional influ-
ence between different regions or residues in a protein
molecule.

In our study, TE analysis complements the cor-
relation and response results, as it might detect
causal and complex interdependencies among PDZ2
residues during their organized fluctuations, which
is crucial information to explain PDZ2 allosteric
behavior. Moreover, the non-reciprocal nature of
TE provides a directional view of information flow
in PDZ2 dynamics, distinguishing ‘driving’ from
‘driven’ residues. In this classification, a driving
residue or region is generally a donor of entropy,
meaning that its motion determines an informa-
tion flow toward other residues (regions) that are
instead considered driven or acceptors. The concept
can also be reformulated in terms of uncertainty
because knowledge of the dynamical state of residue,
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7, can reduce uncertainty about the dynamical state
of residue ‘7.

According to the definition given in reference
[72], the explicit TE expression from residue j — i, is
the quantity

TEj_>i(t) = <10gp[xi(t) |xi (0)7xj <0)] > 5 (21)

Plx; (1) |x; (0)]

where the angular brackets indicate the average
over the joint probability density Plx;(t),x;(0),x;(0)],
while and P[x;(t)|xi(0),x;(0)] and Plx;(t)|xi(0)] are
the probability densities of x;(¢) conditioned to the
previous values x;(0) and/or x;(0). Due to the pres-
ence of conditional probabilities, TE is not symmet-
ric, TE;,; # TE;_,: the conditioning and conditioned
events cannot be exchanged because they do not play
equivalent roles. Moreover, TE;_,; identically van-
ishes for i =j as P[x;(t) |xi(0),x;(0)] = Plx;(t) | xi(0)].

For Gaussian systems like both aGNM and GNM,
there is a simple way to evaluate the TE among
residues by using the correlations [55, 74, 76],

equation (11),
_ g (t)> 2
mw)

TEj_>i(t) = 7%11‘1 (l

where

a; () = [Ci (0) G (1) — i (0) G (1], (23)

and

Bi (1) = [Cii (0) G (0) = G5 (0)] [C(0) = G (1)] -
(24)

A sketch of the derivation is contained in refer-
ence [55, 76] and formula (22) is a more compact
notation of the expression reported in reference [75].

The asymmetry «;i(t) # oi(t) and S3;(t) # Bii(t)
is a straightforward consequence of the TE asym-
metry emerging also in the Gaussian formulation. In
addition, it is immediate to show that TE,_,;(c0) =
0, either by definition, equation (21), invoking the
independence of events far away in time, or using
the correlation decay at large times in equation (22).
Analogously, one expects TE;_,;(0) = 0.

Like for the response analysis, we restrict our
investigation of TE profiles to reference sites a =21,
a =176 and to the binding groove elements 32 and H3.
Assuggested in reference [74], it is preferable to define
the net entropy transfer (NET) between residue i and
7 as the difference between the entropy transfer from
i— j (i donor and j acceptor) and the entropy transfer
from j — i (j donor and i acceptor)

OTE; j = TE;i; — TE;; . (25)
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If 0TE;; > 0, residue i primarily gives entropy, mean-
ing its fluctuations influence the future dynamics
of j. In this case, j acts as a driver in the system.
Conversely, if dTE; ; < 0, residue i is more influenced
by the motion of j than vice-versa, indicating that 7 is
conditioned by j.

For the reference residues 21 and 76, the NET pro-
files 0TE;—5; ; and 6TE;—y j, obtained by varying j,
are presented in figures 8(a) and (b). In panel (a),
residue 21 seems to act like a source of information,
as its NET profile to other residues j is mainly posit-
ive. Peaks in this graph identify those residues j most
driven by residue i = 21, highlighting potential allos-
teric pathways emerging from 21. In particular, the
residue 21 appears to mainly control the fluctuating
behavior of far structures 33 and 34 and partly of H2.
Moreover, residue 21 affects the C-terminal and N-
terminal tails, including modest control on loop 52—
Hi-33.

The oscillation of NET profile 76 between posit-
ive and negative values suggests that residue 76 act
as both a donor and an acceptor of information: this
residue donates to the tail regions and the preced-
ing segment of H3 (residues 69-75) while receives
from the following segment of H3 (residues 77-82).
Additionally, it serves as an acceptor in interactions
with 82 and /34. However, according to TE, the allos-
teric role of residue 76 remains ambiguous as no clear
pattern emerges to characterize its influence; appar-
ently, it seems to act as an intermediate hub facilitat-
ing the redistribution of entropy.

In analogy to response analysis, it is also useful to
complement the point wise information provided by
0TE;; with a block NET

1
OTEy; = N Z OTE;; , (26)

icX

representing the straightforward generalization of
equation (25) to a specific region X of the PDZ, and
accounts for the overall driver/driven propensity of an
entire secondary structure element. This block NET
analysis is summarized in figures 8(c) and (d) that
refer to the binding groove components (52, H3).
Figure 8(c) reports the §TE g, ; profile measuring how
(2 controls the rest of the PDZ2 residues. It shows
that 82 acts as a driving element for the loop 52-H1-
£33, meaning it significantly influences the fluctuat-
ing dynamics of this structural element. Additionally,
B2 transfers entropy to the H3 helix, suggesting that
B2 plays a crucial role in the fluctuations of the bind-
ing groove, behaving as a ‘leader’ This might indic-
ate that 32 is essential for the peptide binding process
and contributes to the overall allosteric behavior of
the PDZ. Finally, panel (d) confirms the role of H3
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Figure 8. Net entropy transfer (NET) profiles referring to residue 21, panel (a) and residue 76 panel (b). NET of residue 21 is

generally positive; thus, 21 appears to be mainly a donor of entropy, it drives or controls the motion of regions /33, 34, N and

C-terminal tails. Moreover 21 shows a modest impact on the loop 52-H1-33. There is no well-defined sign of NET associated
with residue 76 in panel (b), which seems to indicate a more ambiguous role of that residue in the allosteric control of PDZ2.

Panels (c) and (d) report block NET profile, equation (26), over the secondary structures 52 and H3.

as a simple hub of entropy transfer already seen in
panel (b).

6. Conclusions

We proposed a generalization of the GNM to incor-
porate non-equilibrium effects induced by the pres-
ence of a non-thermal behavior of physiological
environments. With slight flexibility in terminology,
this approach has been termed aGNM by analogy to
active matter systems, even though proteins are not
self-propelling objects.

The goal of this study was to explore, within
an idealized theoretical framework, whether allostery
can emerge from non-equilibrium dynamics, as sug-
gested in reference [28]. To test this idea, we employed
the aGNM to model fluctuations in the PDZ2
domain—a well-known protein for its allosteric
behavior. This approach allows us to investigate how
non-equilibrium protein states might alter allosteric
responses. In this respect, we assumed that allostery
itself can be framed within the structure-function-
dynamics paradigm, ensuring that the intrinsic topo-
logy of the native fold remains the key determinant of
the fluctuation patterns involved in PDZ2 allostery.
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We have tested that the aGNM reproduces exper-
imental B-factors of PDZ2 and highlights amplified
fluctuation patterns, emphasizing the delicate inter-
play between thermal and non-thermal effects in the
protein dynamics. As expected, the non-equilibrium
activity retains the original structure of the GNM,
i.e. the normal mode scenario, but alters the statist-
ical properties of individual modes. In this way, the
relative weight of the modes can dramatically change
in the allosteric communication, generally enhancing
fluctuations.

In our approach to PDZ2 allostery, we adop-
ted the hypotheses that: (i) within the structure—
function—dynamics paradigm, simple structure-
informed models like aGNM can capture the essential
allosteric dynamics; (ii) allostery can be interpreted
as a causal process for which the binding of a lig-
and acts as the cause that triggers changes in the
protein’s fluctuations (effect) mediating allosteric
communication. In the PDZ2 case, the binding site
controlling the protein activity is the binding-groove
region flanked by that strand 82 and the helix H3,
we consider this region as a source of the allosteric
behavior throughout the molecule.

Within the aGNM, we initially used correlation
analysis to identify PDZ regions involved in allostery,
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Causation in the allosteric PDZ2 network

Groove

D
Binding >(

Groove

‘ Binding X
N

Figure 9. Causal networks emerging from the analysis of causal indicators (a) block response (b) net entropy transfer (NET). The
arrows indicate the direction of the binding groove influence on other protein elements, and their thickness qualitatively
represents the ‘intensity’ of this influence as measured by the peaks in the profile of the causal indicators.

then, we resorted to response function and TE ana-
lyses to identify the regions in ‘true causation’ and
elucidate the directional flow of information from the
binding groove to the rest of PDZ2 structure.

The response profiles reveal that perturbations at
key sites—such as residues in the 52 strand—rapidly
affect adjacent regions, while TE quantifies how spe-
cific residues act as dominant drivers or acceptors of
dynamic information. These findings not only rein-
force the view of proteins as complex, information-
processing systems but also propose the potential
of aGNM as a computational low-cost model to be
used as a lens magnifying possible allosteric pathways.
Notably, the 52-H1-33 loop emerges as a central hub
in mediating responses to perturbations, indicating
its crucial role in the allosteric regulation triggered by
binding groove deformations. Conversely, the relat-
ively marginal response observed in helix H3 suggests
that not all structural elements contribute equally to
allosteric signal propagation.

The causation scenario can be summarized by the
oriented network reported in figure 9 that arises from
causal-indicator analysis. In this picture, the binding
groove represents the source and the arrows its influ-
ence on other PDZ2 elements.

Our results suggest an out-of-equilibrium
description of protein allostery by combining simple
coarse-grained models, implementing the inter-
play of structure—function—dynamics with basic non-
equilibrium elements. In this context, the aGNM
approach represents a simple attempt to develop an
analytically tractable tool for exploring functional
modes in allosteric proteins.
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Moreover, this model, for its simplicity, applies
to a broader class of systems, including other allos-
teric and multi-domain proteins, where it provides
a framework for introducing spatial heterogeneity in
the active noise when experimental data support dis-
tinctions across molecular regions. With aGNM, the
noise profile can be selectively modulated or localized
in specific regions, such as functional domains, loops,
or interdomain interfaces. This is particularly rel-
evant in quaternary structures, where inter-domain
dynamics often play a key role in functional regula-
tion and allosteric communication.

Regarding the structural topology of the protein,
the applicability of aGNM is limited only by the
general constraints of the standard GNM, primarily
its coarse-grained representation. Within these lim-
its, however, aGNM—Ilike GNM—offers a frame-
work for probing region-specific dynamic variability
and non-equilibrium behavior in large biomolecular
assemblies.
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Appendix A. Derivation of the entropy
production formula

Since the PDZ domain is in contact with an active
bath that drives the molecule into a fluctuating, out-
of-equilibrium state, it is important to quantify this
behavior by calculating the EPR. The EPR measures
the amount of entropy generated per unit time in a
system undergoing irreversible processes. It serves as
an indicator to quantify the distance from thermody-
namic equilibrium of a system, i.e. the PDZ domain:
the higher the EPR, the greater the irreversibility of
the underlying dynamics.

To derive the expression for the total EPR S within
the aGNM, we use a path-integral method based on
the following formula, where the entropy production
is evaluated as the logarithm of the ratio between
the probabilities of forward and backward trajector-

ies [77]:
s P

where Pr is the probability of the forward traject-
ory and P, the probability of the time-reversed one
and the average is performed using the distribution
‘Pr. To obtain an explicit formula we use the fact that
the particles’ trajectories are fully determined by the
noise path. The noise probability distribution has a
Gaussian form for each noise governing the dynam-
ics at each time, £(¢) and n(#). By using curly bracket
to denote a noise trajectory from an initial time #, to a
final time t; for every particle of the system, i.e. (§,7),
the path probability of the noise reads

Prob (€,71) x exp (_; Z/ffdtgf (l‘)>
X exp <;Z/tfdtni2 (t)) . (A2)

By expressing each noise as a function of the dynam-
ical variables x;, and 7; by using the equations of
motion (4) and (5), one can easily switch from the
probability of the noise Prob(&,7) to the probab-
ility of the temporal trajectory Pr(x,w) by apply-
ing a change of variables. Since the Jacobian of this
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transformation does not affect the entropy produc-
tion [77], we can explicitly write

i
Pr (x,w) o exp [— 4k:;“0'y Z / dt
i

2

X | v +gz K{jx]‘ —YW; ]
j

2
mr, f 1
X exp | — de| w; + —w; .

(A.3)

To evaluate the time-reversed counterpart, we have
to specify the behavior of the active fluctuation w;(t)
under inversion of the direction of time. For a particle
suspended in an active bath, the active fluctuation
w;(#) is an random velocity and therefore should be
considered odd under time reversal [78] In fact, the
weight for the reverse path is found by setting t —
—t, X; — Xj, X; — —X;, w;j — —w; and w; — w; in this
expression because the time derivative is negated for
the reverse path while the x; variables are not, while
we assumed that w; is odd under time-reversal. The
assumption of even position and odd velocity under
time-reversal transformation (TRT) appears natural.
In contrast, assuming an odd active force under TRT
is less straightforward and has recently sparked debate
within the active matter community [77, 79-81]. The
probability of the reversed path, Py, reads:

i
Pr (x,w) x exp [— 4k:71"0’y Z / dt
i
2

x| —vxi —I—gz Kijxj + yw; ]
i

2
mr, i 1

—— dr| wi— —w;
xexp[ 4kBTaZ/tU i

By taking logarithm of the ratio of the probabilities,
log(Pr/Pr) and applying the average, we obtain the
entropy production as:

<log (77;2)> = <kr:§0 %:Kij/:df[(wi —Xi)xj]>

(A4)

The log ratio of the path probabilities shows that each
noise source contributes a term. The total entropy
production is the sum of the entropy production
arising from the thermal noise &;, governing the
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coordinate dynamics, and the noise 7);, controlling the
active dynamics.

Finally, by dividing by the duration of the time
interval, (ff—t;) and taking the limit of an infin-
ite interval, and discarding the boundary terms pro-
portional to f dtz Kijx;x; and f dry"; wiw;, we
obtain the EPR:

S ! <lo (E)>
ks (—t:) oo Tf— i 8 Pr
- (tf h)—)oo tfi t; <kBTO ZK’]/ dtWI ( )> .

Using the ergodicity, i.e. the equivalence of the time
average and the average over the realization of the
noise we conclude that

S = %g ZKij <Wi (t) X; (t)> . (A.5)
ij

To evaluate <Wix]‘>, we use the expansion in
eigenmodes, equations (6a), and the correlation
(Qk() Py(1)) that can be derived from the solution (8)

(Qu(t) Py (1)) = et / ds "5 (Py (5) P, (1))

where we exploited the independence between the
noises Pi(t) and ¢y (#) in equation (8). The explicit
expression of (Px(s) Py(t)) is given by the stationary
statistical properties of w; (i),

(Pe(t) Py (5)) = 25,

e lt=sl/m, (A.6)

After substituting equation (A.6) into the above
expression and performing the simple integration, we
obtain the final formula

kBT Ta
m 1+,

(Qu(1) Py (1)) = Okq » (A7)

Using equation (A.7), we have
1
L+ pta
(A.8)

(05 (1)) = T2 5 ) 5 8)

k

leading to the following formula for the entropy
production

¢ T, Ta
= kg— E E i K;iu; . (Al
S=ks Tog P 1+ s p “ <k) i <k) (&)

The properties of the matrix Kj; and the normaliza-
tion of the eigenvectors Y, u?(k) = 1, yield

Z u; (k) ZK,']'LIJ‘ (k) - 3)\k Z Uj (k) u (k)
i j i

=3\
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where the factor 3 stems from the degeneracy of the
eigenvalues. Finally, we can write:

g)\kTa Ta HkTa
= 3k = 3kpy ot .
* T, ZH—MU To L+ pkTa
(A.10)

Since the eigenvalues are all positive, the EPR is pos-
itive as expected.

Appendix B. Correlation functions
derivation

This appendix shows the derivation of formulas (14)
and (15) needed to compute the residue-residue cor-
relation matrix of the aGNM. The central quantity
is the correlator (Q(t) Q,(¢')) among the modes,
which, by using the solution (8), can be written as

, t 4
(Qe() Qp (1)) = e~ et )/ dt1/ dry ettt

BTO

(Pe () By (1) + <¢k<n>¢p<tz>>} ,

we defined for shortness py = gAg /7. It is convenient
to proceed by splitting the calculus in the active and
thermal components. The active component of cor-
relation is

(Qe(0) Qp (')
[ an [ anen e 0),

— o (mttugt’)

where, in turn, the correlator of Py(t) can be derived
directly from the stationary properties of the active
noise, equation (5),

(Px (1) Py (1)) = (Skq% exp{—|t—t'|/m}. (B.1)

Thanks to the presence of dy,, this correlator becomes
diagonal

kg T, qe*#k(f‘H/)
m

t 4
X / du / de, e#k(t1+12)e*|f1*fz‘/7'a .
—oo J—oc0

The double integral can be easily solved, leading to the
expression

(Qe() Q (t))a=

Q) Q)a= 0T, T
o m e, (12— 1)

|t=t'| /7 _e—uk\r—tw) .
(B.2)

X (ukTae_

Likewise, the expression of the correlations between
thermal modes reads
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QO Q=22

e~ (Hit+ppt’)

x / dt, / dty et mt) (6 (1), (1))

and taking into account that the delta-correlation of
Brownian noise £ also implies the delta-correlation of

7S <¢k(5)¢p(5/)> = 51(71,5(5 —s'), we have

2kg T, n !
(@0 Q=205 [ an

/

t
X / dtz e“k(tlthz)(S(tl — tz) .

The presence of the Dirac-delta simplifies the integral
into

(@) @ (1) =22

min(t,t')
X / ds e

—00

5kp e_”k(t'“/)

leading to the following result for thermal modes cor-
relation
e Mk =t

T
_ Ty Stp . (B3)
mry Hk

(Qe() Q(¢)r
Finally, combining expressions (B.3) and (B.2),

we obtain the full expression for the mode-mode
correlator

(Qe()Q (t)) = by

ok To

2 ’ ’
% WZTaz — (ume‘“‘t /70 _ o= malt—t |)
WkTa (/,LkTa 1)

that is needed to compute the residue-residue correl-
ation matrix (11). The diagonal structure of the cor-
relator in the mode indices confirms that mode inde-
pendence is preserved, while their individual statist-
ical or dynamical properties are altered.
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