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ABSTRACT. In this paper we study the homogenization limits for the steady state
of a diffusion problem in a composite medium made up by two different materials:
a host material and the inclusion material which is disposed in a periodic array
and has a typical length scale . On the interface separating the two phases two
different sets of non-standard transmission conditions are assigned (thus originating
two different systems of partial differential equations). As ¢ tends to zero a hierarchy
of homogenization problem related to such interface conditions is studied and the
physical properties of the various limits are discussed.
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1. INTRODUCTION

The study of the transmission conditions through an interface separating two differ-
ent media plays a fundamental role in the modelling of a large number of physical
problems. As possible examples, we can refer to elasticity, electric conduction and
heat diffusion, when two media with different material properties are bonded together
and we have to investigate the evolution in time of the corresponding state variables
(i.e. displacement, electric potential, temperature) in such a composite. From a
mathematical point of view, we have to establish the interface conditions satisfied by
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the unknown on the surface separating the two phases. Clearly, these interface condi-
tions will depend on how the junction is realized. For instance, in [28, 29, 31, 32, 33],
several types of interface conditions are obtained, assuming that the two media are
separated by a third one of vanishing thickness. Hence, the various transmission
conditions are recovered in correspondence of the different physical properties of the
vanishing phase. Adopting an alternative perspective, in [7, 8|, new sets of interface
conditions, related to the ones in [29, 31, 33|, are derived via concentration, assum-
ing that the interface is the limit of a thick membrane, which in turn is a composite:
i.e. it is a wafer made up of two materials with different physical properties. These
two new sets of transmission conditions are investigated, in the present paper, from
the point of view of homogenization, following an approach perused, for instance,
in [3, 4, 5, 11, 15, 16, 22, 23, 24, 25, 26, 27]. Namely, having in mind the study of
heat diffusion (even though, for the sake of simplicity, in the time independent case),
we will produce the rigorous homogenization limit for a composite periodic material
made up of two different media on whose contact layer equations (3.1c¢)—(3.1d) or
(3.2¢)—(3.2d) are satisfied. We will study both the case in which the periodic inclu-
sion of the embedded material, as well as the host material are connected (to which
we refer as the connected/connected case) and the case in which the inclusion is made
of disconnected periodic cells (to which we refer as the connected /disconnected case).
As usual in this kind of problems, the interface conditions must be properly rescaled,
multiplying them by a suitable power of £ (¢ being the vanishing length scale of the
inclusions). It is worthwhile noting that homogeneity reasons dictate that different
power of € multiply the various terms in the interface conditions, in a way such that
the difference between the various powers matches the different orders of derivation
of the unknown. Hence, if the terms accounting for the jump and the average of the
state variable are multiplied by ™, the Beltrami Laplacian of the same quantities
will be multiplied by €™ (see (3.1d) and (3.2¢)—(3.2d)). As already pointed out
in the literature (see, for instance, [3, 4, 8, 9, 10, 12, 22, 23]), we recognize that
only three different regimes are relevant in the homogenization, corresponding to the
choice of m = 0;+£1. For this reason, in this paper, we will study a hierarchy of
problems corresponding to these three choices of m and this will be done for both
the two different sets of interface boundary conditions. It turns out that the case
m = —1 is the only one that preserves in the limit all the physical properties of the
interface. Consequently, in this situation, we also have that homogenizing the two
different sets of transmission conditions leads to two different limit problems. On
the contrary, in the case m = 0, 1, both sets of interface conditions lead to the same
limit problem. More precisely, for m = 0 we obtain an elliptic equation in which no
trace of the physical properties of the active interface is preserved; while, in the case
m = 1, we get a bidomain model where the transversal diffusivity of the interface,
represented by « (see equations (3.1d) and (3.2d) below), is the only physical prop-
erty still appearing in the homogenization limit. We recall that having a bidomain
problem in this homogenization procedure means that the unknown state variable in
the inclusions tends to a limit (as € tends to zero) which is different from the limit
of the same state variable restricted to the hosting material. Both these limits solve
different coupled partial differential equations. The previous results are in agreement
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with the literature cited above and the scalings used therein. We notice that an
attractive part of this paper is due to the unexpected result that, for m = 0 (see
Remark 6.5), as well as for m =1 (see Remark 6.8), homogenizing the two different
sets of boundary conditions (3.1¢)—(3.1d) and (3.2¢)—(3.2d) leads to the same limit
problem. Only for m = —1, the resulting homogenized problems are different and
maintain a strong affinity with the original microscopic models (see (5.8a)—(5.8¢) and
(6.2a)—(6.2e)). Moreover, only for such a scaling, the limits keep into account the
transversal as well as the tangential diffusion properties of the interface.

The paper is organized as follows. Section 2 is devoted to introduce our notations
and the geometrical, as well as the functional, settings. In Section 3, we introduce the
two differential problems studied in this paper. Section 4 recalls the main properties
of the unfolding operator. Finally, Sections 5 and 6 contain our main results, i.e. the
homogenization of the two differential problems, in both the geometries and for all
the scalings considered.

2. NOTATIONS AND PRELIMINARIES

2.1. Notations. In the following, we will assume that Q C RY (N > 3) is a bounded
open set with smooth boundary 9Q and Y = (0,1)" will denote the reference unit
cell in RV,

The set C°(92) will denote the subset of the functions belonging to the standard
space C(Q2) with compact support in 2, as well as C52.(Y) will denote the set of
the Y-periodic functions in C°°(RY).

Moreover, H'(Q2), H}(Q) and H} () will denote the usual Sobolev spaces; L2, (V)

per
will denote the set of the Y-periodic functions in Lj (RY) and H},,.(Y) is the set of
the Y-periodic functions in H} (RY).

Finally, C will be a strictly positive constant, which may vary from line to line.

2.2. Beltrami Differential Operators. Given a function ¢ € C*(2) and a smooth
surface S C Q C RY, we denote by VZ¢ the tangential gradient of ¢ on S, i.e. the
projection of V¢ on the tangent hyper-plane to S, defined by

VB¢ :=Vo—(n-Vo)n, (2.1)

where n is the normal unit vector to S and V is the classical gradient.

Taking into account the smoothness of S, the normal vector n can be naturally
defined in a small neighbourhood of S as %, where d is the signed distance from
S, so that, given a vector valued function ® € C'(Q), we can define the tangential
divergence of ® on S as

divP® = div(® — (n - ®)n) = div® — (n - V&;)n; — (divn)(n - ®). (2.2)

Moreover, from (2.1) and (2.2), for a given scalar function ¢ € C?(Q), we can define
the Laplace-Beltrami operator AP¢ as

APg = div? (VP¢) = Agp —n' Vpn — (n- Ve)divn

2.3
= (8;; — n;n;) 812]¢ — (n:0;9) (0jn;), 2%
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where V2¢ denotes the Hessian matrix of ¢, d;; is the Kronecker delta and, as usual,
we sum with respect to repeated indexes.

Finally, we recall that, if S is a regular surface with no boundary, i.e. 39S = (), we
have

/ divP® do = 0. (2.4)
S

2.3. Geometrical Settings. In this paper, we will consider two different geomet-
rical settings, according to the pictures displayed in Figure 1 and Figure 2. Let
E C RY be a periodic open set, i.e. F+ 2z = E for all z € Z". For the sake of
simplicity, we will assume that the boundaries 02 and JF are of class C*°. Following
the same notations as in [8], we set B := ENY, E°% == Y\E and I' := 0ENY,
so that Y = E™ U E°“ U I'; moreover, for the sake of simplicity, we will assume
that E™ is connected. Let ¢ € (0,1] be the small parameter accounting for the
ratio between the micro and the macro length-scale, which will be let converge to
zero. We denote the inner and the outer conductive phase by Q7 := QNe E and
Qout .= Q\eE = Q\Qint, respectively, and the interface by T, := 0Q"NQ = 902“NQ,
so that Q = QMU Qe UT..

We assume also that Q2 is connected at each step ¢ > 0, whereas Q" will be
connected or disconnected. Indeed, we will consider the following two different situ-
ations:

e connected-disconnected case: in this case, we assume that I' N 9Y = 0,
that is the boundary of E does not touch the boundary of the unit cell Y (see
Figure 1). Here, the domain € is the union of the connected domain Q2% the
disconnected domain Q" and the common boundary I'.. We also assume that
the cells intersecting the boundary 02 do not contain any inclusion, so that we
have dist(T'., 02) > Cye, for some suitable constant Cy > 0 independent of .

e connected-connected case: in this case, we assume that OE NY # (), but
|OE NY|y-1 = 0 (where | - |y_1 denotes the (N — 1)-dimensional Hausdorff
measure). In this situation, we stipulate that E™ E°ut Qit and Q% are con-
nected and, without any loss of generality, that they have Lipschitz continuous
boundary (at least for a suitable choice of a subsequence ¢,, — 0). In this case,
at each level € > 0, we have that both QN AN and 9NN ON are non empty.

Finally, let v be the normal unit vector to I' pointing into E°%, extended by period-
icity to the whole of RY, so that, v.(z) = v(%) denotes the normal unit vector to I’
pointing into Q2%

2.4. The spaces Hj,,(2) and ﬁgm(Q) In this subsection, we introduce the proper
functional settings needed for the well-posedness of the e-microscopic problems stud-
ied in this paper. Given a function u : Q — R, we denote by u™ and u°* its
restriction to Q" and Q2% respectively, and, with abuse of notation, the same sym-
bols will be used for the corresponding traces on I'.. Furthermore, we denote by [u]
the jump of u across the interface I';, i.e.

[u] — uout - uint’ (2.5)



int
2

FiGure 1. Macro and microscopic view of the periodic structure in
the connected-disconnected geometrical settings. The region bounded
by the polygonal will be denoted by €2..

Eout

FIGURE 2. Macro and microscopic view of the periodic structure in
the connected-connected geometrical settings.

and similarly, {u} denotes the sum of u and u°" at the interface T, i.e.
{u} = u™ + u™. (2.6)

The same notations will be used for other quantities. Notice that, from (2.5) and
(2.6), u®* and u'™ can be rewritten as

1 - 1
wt = Ly ), md = (- ).
Definition 2.1. Given ¢ € (0, 1] and recalling that the space H'(T.) is defined as
the set of functions v € L?(T'.) such that VBv € L*(T.), for m = 0; +1, we set
S,m(ﬂ) — {U — (uint,uout) . uint c Hl(Qint), uout c Hl(qut),

[u] € H'(.), u = 0 on 0} 27



and

~

S,m(Q> — {U — (uint7uout) . uint c ]_Il(gzémt)7 uout c Hl(qut)’

\ (2.8)
[u], {u} € H(I'.),u =0 on 00},
endowed, respectively, with the norms
lulli o) = VU™ || Taqumey + VU™ |72 (qouy + ™[] [u]][Z2r,) 29)
+e™ 2| VI u] |22 r,
and
877’1/
lullf: (o) = IVullaqumey + IVUlli2oeuey + 5 [ [u]l1Z2r,)
8.m () 2
| m+2 me2 (2.10)
€ B 2 € B 2
L2(T) L2(Te)
+ SN2 ey + S5 11V |
O

Notice that the space ﬁgm(Q) coincides with the space of the piecewise H'-functions
in Q" and Q2 with zero boundary value, whose traces on I'. from Q™ and Q2
belong to the space H*(T'.). Moreover, ﬁgm(Q) S H5,,(2). We recall also that, for
u € H§,,(2) the following Poincaré inequality holds (see [30, Lemma 6 complemented
with Lemma 4], for the connected/disconnected case, and [2, Lemma A.4], for the

connected /connected case):
Juliagey < C (I9ulaq@pny + IVlaapey +eltllo,) - (210)
where the constant C' is independent of €. Therefore, we have
lullZ2() < Cllulls @) i u € H,n () (2.12)

[ull720) < (J||u||%8m( if u € H;,, (). (2.13)

Q)
Clearly, the spaces Hg,(€2) and ﬁgm(Q) are Banach spaces (see [13, Lemmas 3.2
and 4.1] and [8, Lemma 2.2.]).
For later use, we also define the periodic version of the previous spaces in the nor-
malized unit cell by

Hper(Y) — {u — (umt,uOUt) . uint c Hl (Emt),

per

uout c Hl

per

(E™), [u] € Hpe, (D)}, (2.14)

and

ﬁper(y) = {U — (uint7uout) . uint c Hl (‘Evint)7

per

u™ e Hy, (E™), [u],{u} € H,,,.(I)}. (2.15)

per

Here and in the following H,,,.(E™) (H,,,(E®") and H,,,(T'), respectively) denotes
the space of the Y -periodic functions belonging to H. (E) (H. (R¥\E) and H} (OF),
respectively).

6



3. POSITION OF THE PROBLEMS A" AND B

The e-microscopic models, which we are interested in, are given by

(—div(A.Vu™) = f in QL (3.1a)
—div(A.Vu™) = f in QU (3.1b)

AT 9 [AcVue -] =0 on T, (3.1c)
™ [u] — Be™T AP ] = AVu -y, on T, (3.1d)

\u: =0 on 09, (3.1e)

and

(—div(A.Vul™) = f in Qi (3.2a)
—div(A.Vul™) = f in  Qout (3.2b)

B —ye™P2ABu} = [A V. - 1] on I, (3.2¢)
ae™u] — Be™?APu] = {AVu. -v.} on  T., (3.2d)

(U =0 on 08, (3.2¢)

where m = 0; +1 and «, 3, v are strictly positive constants, whose physical meaning is
referable to the tangential and the transversal diffusivities in the concentrated layer,
when we consider heat diffusion in multilayered media on which a concentration limit
has been performed (see [8, Section 4]).

The source term f € L?(Q2) and the diffusivity matrix A. is given by A.(z) = A (%)
where A is a measurable, Y-periodic symmetric matrix satisfying

MCP? < (A(W)C,C) < AP forae. y €Y and any ¢ € RY, (3.3)

for two suitable constants 0 < A < A < +o0.

More precisely, the mathematical description of our problems is given by an ellip-
tic equation in each phase Q™ and Q°“ complemented with homogenous Dirichlet
boundary conditions on 9. The thermal potentials v and u2“* of the two phases
are coupled by means of two interface conditions. In the first model the flux of the
solution u, is continuous across the interface and the jump [u.] is governed by an equa-
tion involving the Laplace-Beltrami operator with the flux of the solution as a source
term. In the second model the flux has a jump proportional to the Laplace-Beltrami
of {u.} and the jump [u.] is governed by an equation involving the Laplace-Beltrami
operator with a source term given by {AVu, - v.}.

In the following, we will consider the problems A" and B for different scalings of
the parameter ¢, by taking into account the exponent m = 0;£1. This is consistent
with what has been done in the literature (see, for instance, [3, 4, 9, 10, 12, 22, 23]).
As a consequence, the problems A and B will be split in three independent sub-
problems.



Definition 3.1. Given ¢ € (0, 1] and m = 0, &1, we say that u. € Hg,,(f2) is a weak
solution of the problem A given in (3.1), if

/ A VU™ . Ve dr + / A Vul™ - Vpdr

int out
Qin Q¢

sae [l lpldo+ 5n [ 92w )vPleldo = [ fods

I Ie

(3.4)

for every test function ¢ € Hg,, ().

We say that u. € ﬁgm(Q) is a weak solution of the problem B given in (3.2), if

/ A, Vuzsnt -Vodr + / A, Vugm -Vopdr + « % / [ua‘] [QD] do
Te

int out

+5

m+2

S [Pl Vo 2 S [V Vb a)

2
Te
- / Jodz,
Q

for every test function ¢ € ﬁgm(ﬂ) O

The well-posedness of the e-problems is an easy consequence of the Lax-Milgram
Lemma (see [13, Theorems 3.2 and 4.2] and [8, Theorem 3.4]).

By choosing ¢ = u. in the weak formulation (3.4) and (3.5) and using (2.12) and
(2.13), respectively, we get the two energy inequalities

e |Bes, ) = [IVuellZz o sagury + €™ [ el [1Z2qr,
e {135 [ V|| + ™ || [ue] | (36)
+e™2 || VP u [Ty < ClIfIT2)
and
|| ue ||2A(E)m(Q) = |Vue| 22 (qint ygoury + -5 || [ue] 72,
gmt? B 2 gmt? B 2 2 (3.7
+ V7 [ue] |72 + VP {ut 20y < Cl 2@

2 2

where C' is independent of ¢.

Remark 3.2. If u. € Hg,,(§2) is the solution of (3.4), by taking into account (3.6) and
the Poincaré inequalities (2.12), it follows that there exists a function uy € L*(),

such that, up to a subsequence, u. — uy weakly in L?(2).
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Moreover, there exists a constant C' > 0, independent of ¢, such that

| ™ |1 (uney < C,
(3.8)

m—+2

VP [ue] |2y < Cem 2

On the other hand, if u € ﬁgm(Q) is the solution of (3.5), due to (3.7) and (2.13),
we have that also in this case there exists a function uy € L*(€2), such that, up to a
subsequence, u. — ug weakly in L*(2) and, in addition to (3.8), we also have that

m+2

| VP {uct |2,y < Ce™ 72 (3.9)
The main purpose of this paper is to characterlze such a limit ug as the solution of a
suitable differential problem. O

4. THE UNFOLDING OPERATOR

In this section we recall the definitions and the main properties of the unfolding
operator 7 (see, for instance, [11, 17, 18, 19, 20, 21, 22, 23])

For each z € RY and any ¢ € (0, 1], we set z = 5([ ] + { } ) where [-]y denotes

x x

the unique integer combination of the periods such that {—}Y =—— [—]Y belongs
€ € €

to the unit cell Y. For later use, we set

= ={¢ceZ", e¢+Y)CQ} and Q. = interior{ U 5(6—1—7)} :
gezs
Definition 4.1 (Unfolding Operator 7;).

For a Lebesgue measurable function w defined in €2, the unfolding operator 7. is
defined as

To(w)(r.y) = {;”(g[ﬂy +ey) if @y)edoxy.

otherwise.

O

We recall that 7: is a linear and continuous operator and that, for any two Lebesgue
measurable functions wy, wy, we have Tc(wyws) = To(wq) Tz (ws).

In the following, for a general set O, Mo (-) will denote the integral average on O.

Proposition 4.2. Let w € L*(Q), then T:(w) — w strongly in L*(Q2xY). Moreover,
if we — w strongly in L*(Q), then T.(w.) — w strongly in L*(Q x Y). Finally, if
w. — w weakly in L*(Q), then there exists w € L*(Q x Y') such that T:(w.) — @
weakly in L*(Q x Y) and w = My ().

We recall that, for every w € H' (), it follows

Vy(Te(w))(z, y) = e To(Vw)(z, y) forae (z,y) € QxY, (4.1)
9



and 7. maps H'(Q) into L*(Q; H'(Y)). Moreover, the only classes for which the
strong convergence of the unfolding 7. (w.) is known to hold in L?(Q2 x Y'), with-
out assuming the strong convergence of the sequence w,, are sums of the following
cases: w.(r) = w(z,e 'z) Y-periodic in the second variable, such that w(z,e 'z) =
f1(z) f2(e ) with f1, f» suitable Lebesgue-measurable functions or w € L3(Y; C°(Q))
or w € L2(;CO(Y)) (see [1, 18, 19]).

Definition 4.3 (Boundary Unfolding Operator).

For a Lebesgue-measurable function w defined on I'., the boundary unfolding operator
is defined as

w(e[Zly +ey) if (z,y) € Q xT,

0 otherwise.

T2 (w)(z,y) = {

O

Clearly, also T2 is linear and continuous and 72 (w;w T2 (w1)T2(ws). Notice that

2) =
T2 (w) is the trace of the unfolding operator 7-(w) on Q. x I', when both the operators
are defined.

Proposition 4.4. For w € L*(T.), we have

1T @) lzz@nr) < VEl0llzor,, (12)
and
}/wda - é //ﬁb(w)dadx‘ < / |w| do. (4.3)
r. QT A0,

We remark that in the connected-disconnected case, I'. \ ﬁg = 0.
Proposition 4.5. (1) If w € C°(Q), then
T2(w) — w  strongly in  L*(Q x T).
(2) Ifw € HY(Q), then
T2(w) — w  strongly in  L*(Q x T).
(3) If w. — w weakly in H}(Q), then
TP(w.) — w  weakly in  L*(Q x T).

Proposition 4.6. Let ¢ : Y — R be a function extended by Y-periodicity to the
whole RY and define the sequence

0:(c) = 9(2),  weR" (44)

Clearly, R
rosen =1 LTn SV e

and N
GRS P I
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Then, ase — 0, if ¢ € L*(Y), we have

T-(¢.) — ¢ strongly in L*(Q xY), (4.7)
if € HY(Y), we have
V,T:(¢.) — V¢ strongly in L*(Q xY), (4.8)
and, if ¢ € L*(T'), we have
T2(p) — ¢ strongly in  L*(Q x T). (4.9)

Notice that, if w € H§,,(€2) (or w € ﬁgm(Q)), then
Vy () = T2(VPw))  (and V) TP({w}) = T(VP{w})).  (4.10)

4.1. Compactness results for the connected-connected geometry. In this
subsection we focus on some well-known results that we will use in the following
for the connected-connected geometrical structure of a periodic media.

Theorem 4.7. Let m = 0,1 and w. = (w™, w2) be a sequence in Hg,, ().
Assume that there exists C>0 (independent of €) such that
/\we\zdﬁc + / |Vw.|*dr < C, Ve > 0. (4.11)
Q Q

Then, there exist w™ w € HL(Q), ™ e L*(Q; HY,, (E™)) and w°"* € L*(Q; H!,.(E°"))

per per

such that, up to subsequence, as € —0, we have

T (Xaimwe) = Xpimw™ = w™ strongly in L*(€Y; H;GT(EW)) ;o (4.12)
T (Xaeuww:) — xgouw™ = w™" strongly in L*(Q; Hy,,.(E**));  (4.13)
T (xqine Vw.) = xgine (V'™ 4+ V,0™) | weakly in L*(Q x Y); (4.14)
T: (e Vwe) = xpout (V™ + V,0) | weakly in L*( x Y). (4.15)
Moreover, we also have
8/[w5]2 do < 26/ (Jw? + Jw2?) do < C, Ve >0, (4.16)
Te I
with C' independent of €, and
T2 ([we]) — [w], weakly in L*(Q x T'), (4.17)
where, with abuse of notation, we set [w] = w**—w™ and we have identified W™, w2
with their traces on I'.. Finally, assume that
w2y < Ce™™2, (4.18)
with C independent of . Then, if m = —1, 0, we have w™ = w™ and, if m = —1,
we have
7?(@) — [@]  weakly in  L*(Q x T). (4.19)

€
11



Theorem 4.8. Let m = 0,+1 and w. = (w™ w®) be a bounded sequence in

g 13

£, (). Then, there exist €™ £t € L*(Q), such that, up to a subsequence (still

0,m

denoted by ¢), we have
Te(xomw™) — Mr(T:(xazwi™))

£
T-(xaguw?") — Mr(T-(xamwl™))
5

— gy - V'™ 4™ + ¢ weakly in L*(Q x E™),

— gy - V™ 4+ 4 €7 weakly in L*(Q x E°),

where yr = y — Mr(y) and w™ w " o

Theorem 4.7.

are the same functions appearing in

4.2. Compactness results for the connected-disconnected geometry. In this
subsection, we recall and focus on some convergence results for the connected-disconnected
geometrical settings.

Theorem 4.9. Let m = 0,+1 and w. = (w™, w2) be a sequence in Hj,, ().
Assume that (4.11) holds. Then, there exist w™ € L*(Q),w € H}(Q), w™ €
L*(Q; H), (E™)) and w** € L*(Q; H,,,.(E®")) such that, up to subsequence, as e —0,

we have that (4.13),(4.15) and (4.17) hold, while in (4.12) the strong convergence
must be replaced with the weak convergence and, instead of (4.14), we have

T:(xqine Vw.) = xpine (V™ + V0™, weakly in L*(Q x Y); (4.20)

Moreover, assuming again (4.18), we obtain that, if m = —1, 0, w™ = w’ and, if
m = —1, (4.19) holds.

Theorem 4.10. Let m = 0,£1 and w. = (w2, w?™) be a bounded sequence in

cm(Q). Then, there exist £™ £ € L*(Q), such that, up to a subsequence (still

0,m

denoted by €), we have
Te(xamw™) — Mr(Te(xaum w™))

— yp - Vo 4™ 4 &M weakly in L*(Q x E™),

€
Te(xaguwe") — Mr(Te(xapmw™))
€

— yp - V™ % 4 €7 weakly in L*(Q x E°),
where yr = y — Mr(y) and w™, w @™ @0 are the same functions appearing in
Theorem 4.9.

It is worthwhile to remark that, in the connected-disconnected geometry, the space
H'(E™) coincides with H! (E™).

per

5. HOMOGENIZATION OF THE PROBLEM A"

In this section, we apply the unfolding technique to rigorously describe the asymptotic
behavior as e — 0 of the function u., solution of the elliptic problem A7 (3.1). We will
consider both the connected/connected and the connected/disconnected geometrical

settings.
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5.1. The case m = —1. In this section, we consider problem (3.1) for the scaling
m = —1.

Theorem 5.1. For any € > 0, let u. = (u™, u2"") € H5,,(Q) be the unique solution
of problem (3.1), for m = —1. Then, there exist uy € Hl(Q) and up = (ui™, ug") €
L2, Hper (V) with My (uy) = 0, such that, as € — 0, we have

To(us) — wyg, weakly in  L*(Q x Y); (5.1)
To(xqintus) — ug, weakly in  L*(Q; H,,,(E™)); (5.2)
T-(xqoutu:) — ug, strongly in  L*(Q; H,,,.(E™)); (5.3)

T Xaint Vue) = Vug + Vyui™, weakly in  L*(Q x E™);  (5.4)
Te( xaou Vus) — Vuy + V,ui", weakly in  L*(Q x E°"); (5.5)
( weakly in  L*(Q x T'); (5.6)
ab(VB[ug]) - VyB[ul] weakly in L*(Q x T). (5.7)

Moreover, the pair (ug,u1) is the unique weak solution of the following homogenized
two-scale problem

( —div( / A (Vug+ Vyu) dy) =f in Q, (5.8a)
Eintquut

—divy( A (Vg + V umt)> =0 in Qx B (5.8b)
- divy< A (Vg + V u""t)> —0 in Qx Eo, (5.8¢)
[A(Vug+ Vyur)-v] =0 on QxT, (5.8d)
o] — BAT )] = A(Vug+ Vyud™)-v on QxT. (5.8e)

Proof.
Taking into account (3.8) with m = —1, up to a subsequence, the convergences

n (5.1)-(5.6) are consequence of Theorem 4.7 and of Theorem 4.9 with u!™ €
L2(Q H)..(E™)) and u{" € L*(Q; H),,.(E°)). To prove that u; = (uﬁ”t,uj’“t) €

L*(Q, Hyer(Y)) and that the convergence (5.7) holds, let us take into account again
(3.8) in order to obtain

//|7?’ (VP[u))|” dodo < e / |V u.] [do < C, (5.9)

Q

where C' is a positive constant, independent of . This implies that, up to a subse-
quence (still denoted by ¢), there exists a vector function ¢* € L*(Q x I'), such that
as ¢ — 0, we have

T2 (VPu.]) — ¢ weakly in  L*(Q x T).
13



Let us choose a test vector function ¢(x,y) = ¢1(x) Uy(y) where the scalar function
1 € C(Q) and the vector function Wy € C (T'), and consider

per

/ ¢ Wy (y) ¢y (x) do da — / T2 (VB ue]) - Ua(y) ¢ (2) do dx

QxI QxI’
— / Vfﬁb([f])-\IJQ(y)qzﬁl(x)dadx:— / ’Tb([ ])d B\IIQ( ) ¢1(x) do dx
QxI QxI
- - / [ul]divflllg(y)gzﬁl(x)dadx

QxTI

where we have taken into account (4.10) and (5.6). This implies that ¢* = V[ [u4]
and, hence, [u] € L*(Q; HY(T)), i.e. up = (ui™, u™) € L*(Q, Hper (Y)).

In order to prove that the pair (ug,uy) is the solution of the two-scale problem (5.8)
we proceed as follow. First, we recall that, by Proposition 4.6, we get 7:(A.) — A
strongly in L?(2 x Y'). Moreover, let us choose in the weak formulation (3.4) the
test function ¢.(z) = ¢1(x) + € dpo(x, %), where ¢y € C(Q), ¢ = (#5", p3*") with
po € C (4 Hper (Y)), so that, by unfolding, we get

/7;(145)E(XgéntVui”t)ﬂg(V(bl)dxdy—l—a/ﬁ(AE)ﬁ(XQéntVui”t) TV 05" dydx

Qx Eint Qx Eint
+/T( ¢) Te(xaune Vul™) - T2(V y03™) dydx—l—/T ) Tz (Xaeu Vu™) - T2 (Vr) dyda
Qx Eint Qx Eout
—1—5/7'( o) Te(xaout Vul™) - To(V 05" dydm+/T ) Tz (X aeu Vu")- T2V, ¢3*) dyda
Qx Eout Qx Eout
+ 2 [Td) (0] doda 4 52 [THVP () THVE (6] dodo
QxI QxIT

+ / TV u]) - T2V [¢s]) doda

QxT

/T T-(01) dyd$+€/7 T-(¢2) dydx + R.

QXY QXY
14



where R. = o (1) for ¢ — 0.
Then, by passing to the limit € — 0, up to a subsequence, we arrive at

/ A (Vo + V™) - (Vo + V, i) dyda

Qx Eint
+ / A (V'LLO + VyU?Lt) . (V(bl + Vy gu'f) dydl’ + « / [Ul] [¢2] dodx (510)
Qx pout QxI’
5 [ Vi) VElosldode = [ fordyd
QxI’ QxY

By a standard localization procedure, taking first ¢3¢ = ¢ = 0, then ¢; = ¢i"* = 0

and, finally, ¢; = ¢5** = 0, respectively, we obtain
/ A(Vug+ Vyuy) - Vo dydx = / f &1 dydz, (5.11)

Qx (EintyEeut) QxYy

/ A (Vug + Vyud™) - V05" dydr + « / [u1] ¢35 dodx
Qx pout QxI

(5.12)
+ 8 / Vo ] - V)¢5 dodz = 0
QxI
and
/ A (Vug + V,ul™) - V" dyde — o / [uy] ¢S doda
Qx Eint QxI (513)
-p / Vf[ul] : VyB vt dodr = 0,
QxI

which lead to (5.8a) and (5.8b)—(5.8e).

In order to prove the uniqueness of (ug, u1), assume by contradiction that the problem
(5.8) has two distinct pairs of solutions (ug, u;) and (ug, u1). Let us set Uy = up — Uy
and Uy := (U™, UP) = (uf™ — 3™, ug"t — ug"). By following the idea presented in
(6, Remark 4.2], we choose Uj as a test function in (5.8a) written for ug, and U; as
a test function in (5.8b) and (5.8¢) written for u;. Next, we add the equations and
integrate them by parts keeping in view the interface conditions (5.8e) and (5.8d).
Then, we will repeat the same procedure for the pair (ug, u;). Precisely, take Uy as a
test function in (5.8a) written for ug, and U; as a test function in (5.8b) and (5.8¢);
written for u;, add the obtained equations and integrate them by parts by using

the interface conditions (5.8e) and (5.8d). By subtracting the resulting equality and
15



taking into account the coercivity of the matrix A (see (3.3)), we arrive at

/ \VUO+va1\2dxdy+a/|[U1H2dadx+5/ | VEIU] [* dodx

Qx (EintyEeut) QxT axr

< / A(VUy + V,Uy) - (VUy + V,Uy) dedy + o / | [U1] |2 dodx

Qx (EintyEeut) QxT
+p / | V2, | dodzx = 0,
QxT
(5.14)
which implies [U;] = 0. Moreover,
0> / VU + VUi | dydz
QX(EintuE‘out)
—//\VU0\2dydx+//}VyU1|2dydx+Z/VUO-(/VyUldy)dx
Qv Qv 0 Y
= /‘VUO|2dx + // }VyU1|2dyd$,
Q Qv

where, in the last term of the second line, we have taken into account the periodicity
of Uy and the fact that [U;] = 0. Clearly, from the obtained inequality, VUy = 0 =
V, Ui, which implies that U, is a constant in €2. Thus, Uy = 0, as Uy satisfy the
homogeneous boundary condition on 0€2. Also, U; = 0, since it is constant and has
null mean average over Y. Hence, the pair (ug,u;) is unique. Therefore, the whole
sequence, and not only a subsequence, converges. This concludes the proof. 0]

Remark 5.2. We notice that the linear dependence of u; with respect to Vug in
(5.8b)—(5.8e) leads to the usual factorization of u; in terms of Vuy. O

Proposition 5.3. Let (ug,u1) be the unique weak solution of the two-scale problem
(5.8). Then the function u; can be uniquely factorized as

uy(7,y) = —&e(y) - Vuo (), (5.15)
where Xy = (X}, ..., XY) € Hper(Y) is the vector function with null mean average
over Y, whose Y-periodic components, for j = 1,..., N, satisfy the cell problem

( . '
—div, (A v, (& - yj)) =0 in  E™, (5.16a)
—div, (A v, (3 — yj)) =0 in B (5.16Db)
[A V(% —yj) - v] =0 on T, (5.16¢)
alxp = BAENL = AV, (2™ —y;) v on T (5.16d)



Moreover, ug € HL(Q) is the unique solution of the homogenized problem

—div( Az Vuy ) = f, (5.17)
where Ay is the constant homogenized matrix defined by
Ap = / AT =V, Xe(y)) dy. (5.18)
Erinty Fout

We remark that the well-posedness of problem (5.16) is a consequence of the Lax-
Milgram Lemma applied in this periodic framework, in analogy to what has been
done, for example, in [14, Lemma 2.1].

Proof.

It is not difficult to prove that the function u; given in (5.15) satisfies (5.8b) - (5.8¢);
moreover, since problems (5.8) and (5.16) are well-posed, it is the unique solution.
Now, let insert the factorization of u; given in (5.15) in (5.8a) so that

— div( / A (Vuy — VX Vuyg) dy)

Finty Eout

= —div ( / Al -V, X;) dy> Vug | = f in Q.
EintFout
Then, (5.17) follows, by taking into account (5.18).
The uniqueness of the solution of equation (5.17) in H} () is a standard consequence

of the symmetry and positive-definiteness of the matrix A., stated in the next propo-
sition. 0

Proposition 5.4. The matrix Az is symmetric and positive definite.

Proof.
The components of the matrix A, given in (5.18) can be written as
A== [ AV =w) Vs, (5.9
EintyFout

Using X2 and X7 as test function in (5.16a) and (5.16b), respectively, integrating
by parts, summing the resulting equations and using (5.16¢) and (5.16d), we get

0= / AV, (XL =) - Vy(Xz) dy + Oé/[xi] [\ do + 6/%3 Dxz] - VP IXE] do. (5.20)
Eint|yFout T T

By adding the equations (5.19) and (5.20), we obtain

(Ag)y = /Avy(xﬂ—yﬂ-Vy(xi—yi)dwa/[xi][x%] da+6/Vf[x2]-Vf[X2] do.

Frinty Fout T
17



Therefore, the symmetry of the matrix A, is achieved. In order to prove that A is

also positive definite, for every & = (&y,...,&y) € RY, consider

N N

S Uett= [ 30 AV 6de—6m) Vi 6k ~€u)dy-+a / ™[] o
1,j=1 Eintquutijzl i,j=1

dyZO.

. N
+5/Z Vi [&xc] - Vy [Gxg] do > A / |Z EXe—EiY)

)= 1 Einty Fout -7 1

To prove that the last inequality is actually strict for £ # 0, let us assume that, by

contradiction,
N
[ [ -gm)

EintFout -7:1
for some £ # 0. This implies, in particular, that £ - X2“* — £ - y is independent of y in
E°“t which is not possible, due to the Y-periodicity of the cell function. Hence, the
thesis. O

2

dy =0

5.2. The case m = 0. In this section, we consider problem (3.1) for the scaling
m = 0.
Theorem 5.5. For any ¢ > 0, let u. = (u™ u2") € H5, () be the unique solution

g E

of problem (3.1), for m = 0. Then, there exist uy € H! 0 () and uy = (ullm,u‘{“t),
with i € L*(Q; HY (E™)), ug" € L*(Q;H! (Eout)) and Mg (ui™) = 0 =

per per

Mpgout (u™), such that as ¢ — 0 we have that (5.1)~(5.5) hold and
T2 ([u]) — 0, weakly in  L*(Q x T'); (5.21)
eT2(VPu]) — 0, strongly in  L*(Q x T). (5.22)

Moreover, the pair (ug,u1) is the unique weak solution of the following homogenized
two-scale problem

( —div< / A (Vg + Vyur) dy) —f in Q (5.23a)
Fintly Fout

—divy (A (Vug + Vyuy)) =0 in Qx E™, (5.23b)

—divy (A (Vug + Vyui)) =0 in Qx Eout (5.23¢)

A(Vug + V,ul™)-v =0 on QxT, (5.23d)

)

(AVuy+ V,ud™) v =0 on QxT. (5.23e

Proof.

Taking into account (3.8) with m = 0, up to a subsequence, the convergences (5.1)—
(5.5) and (5.21) follow from Theorem 4.7, for the connected-connected geometrical
settings, and from Theorem 4.9, for the connected-disconnected geometrical settings.
In order to prove (5.22), still using (3.8) with m = 0, we have

IVETZ (VP [ueD 22y = ell T2 (V2 [ue) 72 @y < €IV P eIz, < €
18



where C is a constant independent of e. Thus, \/2T2(V?[u.]) is bounded in L*(Q x
I') uniformly with respect to ¢ and, therefore, \/2(/eT2(VZ[u.])) — 0 strongly in
L*(Q2 x T), as stated in (5.22).

In order to prove that the pair (ug,u;) solves problem (5.23), we proceed as in the
proof of Theorem 5.1 (with the same test function), arriving to

/T T: (xqune Vul™)- (qul)dxdy—i-e/T ) T= (Xau Vul™)- TV, 05™) dyda
Qx Eint Qx Eint
/T Tz (Xt VU™ ) - T2 (V y95™) dydx+/ T-(A:) To(x o Vul") - T (V1) dydx
Qx pint Qx Eout
+e / T-(A:) To(x oo Vul") - To(V 199" dydz+ / To(As) Te(xaou VU™ )TV, 93" dydx
) x Fout ) x Fout
o [T TH(oa) doda + 52 [THVP [uc) - T2V (o) dord
QxT QxT
+ Bef T2(VE[uc]) - T2 (V) [¢s]) dod
QxI
/ To(f)To(¢1) dydx + ¢ /T To(¢2) dy dr + R.
QxY QxY

where R. = o(1) for ¢ — 0. Then, passing to the limit, up to a subsequence, we
obtain

/ A (Vg + V,ui™) - (Ve + V,6i) dyda

Qx Eint
/ A (Vug + Vyui™) - (Vo + V3" dydz (5.24)
Qx Fout
QxyY

which is the weak formulation of the homogenized limit problem (5.23). For the
uniqueness, following the same idea as in the proof of Theorem 5.1, we get

/ VU + VUi dydz + / VU + V,U|* dydz < 0. (5.25)
Qx Eint Qx pout

This implies,
VU + V, U™ =0 — V, (y- VU, + U™ = 0.

Hence, the function y - VUy + UP* is a constant with respect to y and, exploiting
the Y-periodicity of Uy, this leads to VUy = 0 and U independent of y. By

recalling the homogeneous boundary condition, we arrive to Uy = 0 and, by taking
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into account that UP* has null mean average over E°* it follows that also U7** = 0.
Now, using the fact that Uy = 0, from (5.25) and taking into account that U;™ has

null mean average over E, we have that also Uj™ = 0. Hence, the pair (ug,u;) is
unique. Therefore, the whole sequence, and not only a subsequence, converges. This
concludes the thesis. O

Proposition 5.6. Let (ug,u1) be the unique weak solution of the two-scale problem
(5.23), then the function uy can be uniquely factorize as

ur(z,y) = =xm(y) - Vuo(), (5.26)
where xp = (XX, X)) = Y — RN, with X% € H.(E™) and x5 € H), (E™),

is the vector function with null mean average over E™ and E°“, separately, whose
Y-periodic components satisfy the cell problem

—div, (A v, (gt - yj)) =0 in E™, (5.27a)
{ —div, (A v, (g — yj)) =0 in E° (5.27Db)
AV, (0" =) v =0 on T, (5.27c)
LAV, (X" =) v =0 on T. (5.27d)
Moreover, ug is the unique solution of the homogenized problem
—div(Apm Vaug) = f, (5.28)

where Anq is the constant homogenized matrix, defined by

Ay = A + A = / A(I =V xTi(y)dy+ / A(I=Vyx3(y)dy. (5.29)
Eint Fout

Notice that (5.27) is a system of two decoupled Neumann problems in £ and E°“,
respectively; therefore, the well-posedness is a classical matter. Moreover, it is well-
known that the homogenized matrix Ay, can be rewritten in the more meaningful
form

Apm = / AV, (xm(y) —y) Vy(xm(y) —y) dy.-

EintFout
Proof.
It is not difficult to prove that the function u; given in (5.26) satisfies (5.23b)—(5.23e);
moreover, since problems (5.23) and (5.27) are well-posed, it is the unique solution.
Now, let insert the factorization of u; given in (5.26) in (5.23a), so that

—div ( / Al —Vyxm) dy)Vuo = f,
EintFout
which corresponds to (5.28), once we take into account (5.29). The uniqueness of the

solution of equation (5.28) is a consequence of the symmetry and positive definiteness

of the matrix A, which is a standard matter (see, for instance, [9, Remark 4.8]). O
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Remark 5.7.

We notice that, in the connected-disconnected geometrical setting, from (5.27a) and
(5.27c), it is not difficult to prove that y% " = y; (up to an additive constant), so
that we obtain A% = 0 and the homogenized matrix reduces to

AMz/A(I— Vit ) dy = / AV, (G (W) — ) Vi (X () — ) dy = AL
[Eout Fout

U
5.3. The case m = 1. In this section, we consider problem (3.1) for m = 1.

Theorem 5.8. Assume to be in the connected-connected geometrical setting. For
everyg >0, let u. = (u™ u) € H5 . () be the unique solution of problem (3.1), for

= 1. Then, there exist ug = (ul™, "“t) € H}(Q)x H}(Q) and uy = (ul™, ug"), with
mt e L*(; H;er(Emt)), u™ € L*(Q; H), (E®)) and Mg (u1) = 0 = Mpou (uy),

such that as € — 0 we h,ave that

Tz (xaine uZ™) — uf™ strongly in L*(Q; H,,.(E™)),  (5.30)
T (xoou uZ™) — ud™ strongly in L*(Q; H), (E™")),  (5.31)
T (xome Vul™ ) = Vui™ + Vyu™ weakly in  L*(Q x E™),  (5.32)
T: (xaou VuZ®) — Vud" + Vyui" weakly in  L*(Q x E°*),  (5.33)
T2 ([ue]) — [uo] weakly in L*(Q xT), (5.34)

T (VPu]) — 0 strongly in  L*(Q xT).  (5.35)

Moreover, the pair (ug, uy) is the unique weak solution of the following homogenized
two-scale problem

(—div< / AVl + v, umt)dy) —all|[ug) = fIE™| in Q, (5.36)
~div( / A(Vug +V,ug)dy) + alT|[u] = FIE™| in €, (5.36b)
~div, (A(Vumt v umt)> —0 in Qx Em(5.360)
—div, (A(Vu"“t +V u°“t)> ~0 in Qx B, (5.36d)
A(Vuy™ + V,ui™) v =0 on QxT, (5.36e)
| A(Vud" + Vui™) - v =0 on QxT. (5.36f)

Proof.

Taking into account (3.8) with m = 1, up to a subsequence, the convergences (5.30)—
(5.34) follow from Theorem 4.7. For the convergence (5.35), we still take into account
(3.8), obtaining

T2 (VE[ueD 22 @xry = €I T2 (V2 [u) 72 @y < VP eI,y < €,
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where C is independent of €. Thus, eT?(V¥[u.]) is bounded in L*(Q x T') uniformly
with respect to € and, therefore, £ (T (VZ[u.])) — 0 strongly in L*(Q xT'), as stated
n (5.35).

In order to prove that the pair (ug, u1) solves problem (5.36), we choose in the weak
formulation (3.4) the test function . (z) = ¢1(x)+e ¢o(x, £), where ¢y = (7™, ¢3*),
with ¢ @9 € C°(Q) and ¢ = (¢4, ¢5*'), with ¢o € C(Q; Hper(Y)). By un-
folding, we get

/T T (Xt VU™ ) TV @) dyda+e / To(A) Te(Xaint VU™ ) To (V105" dyda

QOx pint O x pint

/’T T (Xt VU™ ) To(V y03™) dyd:v—{—/ To(Ao) Te(Xaeu Vul)- To(V ™) dyda
Qx Eint Qx Bout
—1—5/ T-(A)T- (XQoutvuOUt) TV o5™) dydx—l—/ ﬁ(AE)KOUt(XquzVug“t).’];(v 9" dydax
Qx Bout O x Bout

+0z/Tb u)T2([p1]) dodx + as [ T2 ([u]) T2 ([¢o])dodx
QxT QxI

+ﬂ§/ﬁwﬁmbWﬂVﬂmmwm+ﬂ§/?W£MDWﬂvﬂ%www

QxT QxT’
+ Be? / T2(VP ) - T2 (VD [¢e]) dods = / T-(/)T-(¢") dydx
QxD Ox Bint
+ € / T-())T-(65) dyda + / T-(f) T (5" dydx
Qx Eint Qx Eout

e/ﬂmﬁw%@m+&

) x Fout

where R. = o (1) for e — 0.
By passing to the limit, up to a subsequence, we arrive at

/ A(Vug + Vyui™) - (Vo' + V5" dydz

Qx Eint
/ A(Vug"™ + Vyui™) - (Ve + V65" dyda (5.37)
Qx Eout
o [lwlloddode= [ fortayts + [ for dys
QxT Qx Bt Qx
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which is the weak formulation of the homogenized limit problem (5.36). For the
uniqueness, following the same idea as in the proof of Theorems 5.1 and 5.5, we get

/ VU +V,U™? dydz + / |VU5’“t+VyUf“t|2dydx+/ U] |? do dx < 0.
QOx Eint Qx Eout QxI

This leads to [Up] = 0, i.e. U™ = U™, and then, as in the proof of Theorem 5.5,
we obtain Uy = 0 = U;. Therefore, the whole sequence, and not only a subsequence,
converges and, hence, the proof is accomplished. 0

Proposition 5.9.
Let (ug,uy) be the unique weak solution of the two-scale problem (5.36), then the
function uy can be uniquely factorize as

__~int . vuint T n Eintj
U (I’, y) - X;\”L/th(y) [())ut( ) ; out (538)
XM () - Vug(z) an BT,

wnt out

where xpm = (X X)) Y — RY is the same vector function appearing in Proposi-
tion 5.6. Moreover, uy satisfy the homogenized problem
{ —div( Amvuint) — o [T|[ug) = FIE™|  in Q

5.39
—div(AYVug" ) + o|T| [uo) = f|E™] in €, (5.39)

where the homogenized matrices AYf and ASY, are defined in (5.29).

Proof.

It is not difficult to prove that the function wu; defined in (5.38) is the unique solution
of problem (5.36¢)—(5.36f). Moreover, inserting the factorization of u; given in (5.38)
in (5.36a) and (5.36b), we easily obtain (5.39). O

Remark 5.10. In the connected/disconnected geometrical setting, following Theorem
4.9, we have that the convergences stated in Theorem 5.8 remain true, except for
(5.32), which is replaced by

T: (X Vul™) = Vud" + V,ui™  weakly in  L*(Q x E™). (5.40)

&

and the fact that now u{" € L?(Q) (instead of u{™ € H}(2)). Thus, we obtain the
homogenized two-scale limit problem (5.36), with u* replaced by u$**. Moreover, as
above, we have that u!" = —y - Vud", up to a normalization function independent

of y, which implies that (5.36a) becomes

int
—afue]|T| = fI[E™| or, equivalently, u{" = %f + ud™. (5.41)
a

Hence, the bidomain limit problem (5.39) reduces to

—div(ASY - Vug™ ) =f  in Q, (5.42)

with A4 given in (5.29).
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6. HOMOGENIZATION OF THE PROBLEM B!

This section is devoted to analyze problem B! (3.2), introduced in Section 3. We will
consider both the connected/connected and the connected/disconnected geometrical
settings, and we prove in a rigorous way what we formally obtained in the previous

paper [8].

6.1. The case m = —1. In this section, we consider the problem (3.2) for the scaling
m = —1.

e e

of problem (3.2), for m = —1. Then, there exist ug € H}(Q) and vy = (u'™,ug") €
L2(%; Hper (V) with My (uy) = 0, such that, as e — 0, we have that (5.1)~(5.7) hold.
Moreover,

Theorem 6.1. For everye > 0, let u. = (u™ u2") € ﬁgm(Q) be the unique solution

T2 (VP{u.}) = VP{uo} + VyB{ul} weakly in  L*(Q x T). (6.1)

Finally, the pair (ug, ui) is the unique weak solution of the following homogenized
two-scale problem

Remark 6.2. We recall that
VP{ug} =21 —v @ v)Vuy = Vf{y}Vuo.
O

Proof.
Taking into account (3.8) with m = —1, the convergences in (5.1)—(5.6) are conse-
quence of Theorem 4.7 in the connected/connected case and of Theorem 4.9 in the

connected/disconnected case, while (5.7) is proven in Theorem 5.1. In order to prove
(6.1), again by (3.8) jointly with (3.9), we get

// 72 (VP [u) | dodz < 6/|VB[us] ?do < C,
I T,

Q

and

[ [ 12 ot < < [ 195u} a0 <c.

Ie
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(
—div( / A(Vug + Vyur)dy + /(VB{UO} + Vf{ul}) da> =f in{, (6.2a)
EintFout T
- divy< A (Vg + vyuint)) —0 in Q x B, (6.2b)
— divy( A (Vu + Vyuiut)) =0 in Q x B (6.2¢)
— ’ydivf(VB{uo} + VI {ur}) = [(Vuo + Vyuy) - v] on QxT, (6.2d)
[ o fud] — 5A5 [w] = {A(Vuy+ Vyu) - v} on Q2 xT. (6.2¢)



which implies
// |72 (VPul™) ‘Qdyda; <C and // |72 (VPu2") |2dydx <C,
QT QT

where C'is a constant independent of €. Hence, up to a subsequence (still denoted
by €), there exist two vector functions ¢f™, (¢** € L*(Q2 x T), such that, as e — 0,
we have

TAVBuY —~ ¢t TA (VB — ¢ weakly in L*(Q x T).

out

In order to identify (", we consider a test function ¢(z,y) = ¢1(x)Us(y), where
¢1 € C°(2) and the vector functon W, € C5g (V). Hence, by Theorem 4.8 in the
connected/connected case and Theorem 4.10 in the connected/disconnected case, we

get

/ G W () r (2)dord — / THVPu2) - Wa(y)n(2) doda

QxIr QxI
. out out _M . out out
_ / VyB (T(XQE Uz ) gF(T(XQE U, ))) \Pg(y)¢1($)d0d1'
QxT
- out out _M . out out
£
QxT

N / (yr - Vug + us" 4 £7) divflllg(y)gzﬁl(x) dodzx
QxT

= / Vf(yr Vg + u™ + €7 - Wy (y)é1 (7) dodx

QxTI

- / <VBUO * Vfu‘lmt) WUy (y)py1(z) dodx.

QxT

This implies ¢ = VPuo + Vug™. Similarly, we get ¢ = VPug + Vui™; hence,
from the linearity of T2, (6.1) follows and uy = (uf™, ug") € L2(€%; Hyper(Y)).

In order to prove that the pair (ug,u;) is the solution of the two-scale problem (6.2),
let us choose, in the weak formulation (3.5), the test function . (x) = ¢1(z) + € ¢o(z, g),

where ¢y € C2(Q) and ¢y = (¢, $3) with ¢y € C(Q: Hyper(Y)). By unfolding,
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we get

//7?“(/45)7?“( u™) - TV by )dy d

Q Fint

iy / / ﬁznt(As)z]?n%vuznt) X Klnt(vx¢12nt)dy dr

Q Eint

+ / / Zznt(Aa)a];mt(Vuznt) . ﬁ’"t(vygbé”t) dy dr
Eint

s [ ] TN T T T (90 dyda

Q  Eout
+ 5/ / Tout )Tout(vuout) Tout(v gbout) dyde
Q) [out
/ / Tout(AE)r];out(vugut) A Zout(v out) dy dl’
Eout
o / () T &2 dado + = [ [ 07 w)) - TV (0a) do d
Q

/
/

/
%/ / 2(VPu)) TV G dodat 3 [ [ THVPu}) TV {n}) do da
e [ [P T o dodos ) [ [ T0 ) O 02} dor d

- / / TU) (T(n) + £ To() ) dodie + R.,
QT

where R. = o(1) for ¢ — 0.

Then, by passing to the limit ¢ — 0 and taking into account (5.1)-(5.7) and (6.1),
26



we arrive at

/ A(Vup + Vyul™) - (Voy + V65 dy da

O x Eint

+ / A(Vug + V,u) - (Véy + V05" dy dx

) x Fout

+5 [ wloldeds + 5 [ 90w VEios]dods (63)

QxD QxT

23 [ () + TR ) (VP6) + V(o)) do do

QxT

- / fé1 do da.

QXY

Clearly, (6.3) is the weak formulation of the homogenized limit problem (6.2). Indeed,
by taking ¢y := (5, ¢3*) = 0, it easily follows (6.2a). On the other hand, by taking
first, ¢, = 0 with ¢3* = 0, and then ¢; = 0 with ¢5" = 0 in (6.3), we obtain

/ A (Vug + Vi) - V¢t dy da

O x Eint
a ’intd d 6 vB VB ’intd d
-5 [ lwlgydedo — y lu1] -V 05" do dx (6.4)
QxTI QxI
Y in
+5 /(VB{uo} + VI{ui}) - VI3t doda =0,
QxI
/ A (Vg + V,ul™) - V65" dy da
Qx pout
+g [U] Outdde'—i-é VB[U]VB OUtdO'dI
9 1] ¥9 D) y 141 y 72 (65)
QxT QxT
v ou
—1-5 / (VP {up} —i—Vf{ul}) . Vf S do dz = 0.
QxTI’

Clearly, (6.4) and (6.5) are the weak formulation of (6.2b)—(6.2¢). Finally, the unique-
ness of the pair ug, u; can be obtained as in the proof of Theorem 5.1, so that the
whole sequence, and not only a subsequence, converges. O

Proposition 6.3.
Let (ug,u1) be the unique weak solution of the two-scale problem (6.2). Then the
function uy can be uniquely factorize as

ui(r,y) = —xa(y) - Vuo() (6.6)
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where xo = (X&---:X3) € ’;il\per(Y) is the vector function with null mean average
over Y, whose Y-periodic components satisfy the cell problem

( —div, <A v, (x5 - ;) > =0 in  E™, (6.7a)
—div, <A vV, (X5 —y;) ) =0 in E, (6.7b)
00 {xo -y} = [AV,(xb—y;) -v]  on T, (6.7¢)
Lalxo] = BA)Ixol ={AV,(xg —v;) v} on T (6.7d)
Moreover, ug € HL(Q) is the unique solution of the homogenized problem
—div(AgVuy) = f in Q, (6.8)

where Ag is the symmetric and positive definite constant homogenized matriz, defined
by

Ag = / A(I—VyXQ(y))dy+7/Vf{y—XQ} do . (6.9)
Erint|yFout T

We remark that the well-posedness of problem (6.7) is a consequence of the Lax-
Milgram Lemma, applied in the periodic framework as in Section 5.1.

Proof.

It is not difficult to see that the function u; given in (6.6) satisfies (6.2b)—(6.2e);
moreover, since problems (6.2) and (6.7) are well-posed, it is the unique solution.
Now, let us insert the factorization of u; given in (6.6) in (6.2a), so that

_diV< / A(VUO - Vy)(g VU/O) dy + Y /(VB{UO} - vyB{XQ} VUO)CZO'> = f m Q,
Erint|yFout T
Then, (6.8) follows, by taking into account (6.9). The uniqueness of the solution of

equation (6.8) is a consequence of the symmetry and the positive-definiteness of the
matrix Ag (see [8, Theorem 5.1]). O

For the reader convenience, we recall that, as proven in [8, Theorem 5.1], the matrix
Ag can be written in the more meaningful form

Uoi= [ AV =) Vlxe—mdy+ 5 [ [¥b] [xe] do

E'Lntquut T
5 . . ., . . (6.10)
+5 [ VI - VEbdddo+ ] [ 98 - u) - Ve~ i} do
I I

6.2. The case m = 0. In this section, we consider problem (3.2) for the scaling
m = 0.

int ,,out

Theorem 6.4. For any € > 0, let u. = (ul™,u™) € QSM(Q) be the unique solution

e 17

of problem (3.2), for m = 0. Then, there exist ug € H}(Q) and u; = (ui™, u*),
with " € L HY (E™)), u € LX(Q: HL (E™)) and Mpm(ui™) = 0 =

per per
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Mpout (ug™), such that as e — 0 (5.1)~(5.5) and (5.21), (5.22) hold. Moreover, we
have

eT2(VP{u}) — 0 strongly in L*(Q x T). (6.11)
Finally, the pair (ug,uy) is the unique solution of the homogenized two-scale problem
(5.23).

Proof.

Taking into account (3.8) with m = 0, up to a subsequence, the convergences (5.1)—
(5.5) and (5.21) follow from Theorem 4.7, for the connected-connected geometrical
settings, and from Theorem 4.9, for the connected-disconnected geometrical settings,
while (5.22) has been proven in Theorem 5.5. Moreover, by (3.9), we obtain

1eT2 (V2 {u}) 2 ury = 2T (V{72 ury < €IV {utliar, < Ce,
which immediately implies (6.11).
In order to prove that the pair (ug, u1) is the solution of the two-scale problem (5.23),
let us choose, in the weak formulation (3.5) the test function ¢.(x) = ¢1(x) + € ¢o(x, g),

where ¢, € C°(Q) and ¢y = (@i, p3) with ¢y € C°(; ’Hper( )), so that, by un-
folding, we get

/ To(AL) To(ape V™) T2 (V) dardy+e / Te(A) T (X V™) To(V 1 5) dydz
Qx Eint QO x Bint
/’T XerVumt) TV yqﬁmt dydx+/T ﬁ(XQoutVum”) Te(V o) dydx
Qx pint Qx Fout
e / T2 (A T (s Va2 )T (V65 dyda+ / T2 (A To (e Va2 T2V, 63 dydz
Qx pout QO x pout
/ T2 ([us]) ¢2])dadx+—e / T2(VB ) - T2 (VE[¢po]) dodx
Q><F QxT
ég / T2(VE[u.])- (VB[ngg])dader £ / T2VE{u ) T2 (VE{ ¢ +epy}) dodx
QxTI QOxT
+ = &?/Tb (VP{u}) T2 (VI{¢e}) doda = /T To(¢1) +eTo(¢2)) dydz + R..,
QxT QxY

where R. = o(1) for e — 0.

Then, by passing to the limit e — 0, up to a subsequence, we arrive at (5.24), which
is the weak formulation of two-scale homogenized problem (5.23), whose uniqueness
(proven in Theorem 5.5) guarantees the convergence of the whole sequence. O

Remark 6.5. 1t is worthwhile noting that, when m = 0, the physical quantities keep-
ing into account the interface diffusivities disappear. In particular, the tangential
diffusivity represented by v does not affect the limit problem, so that, at the end, the

two different microscopic problems (3.1) and (3.2), for m = 0, give rise to the same
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homogenized model. Therefore, the factorization (5.26) is still in force and, then,
the limit problem can be written as in (5.28), with the matrix A, defined in (5.29).
Moreover, Remark 5.7 still holds. U

6.3. The case m = 1. In this section, we consider the problem (3.2) for the scaling
m = 1.

Theorem 6.6. Assume to be in the connected-connected geometrical setting. For
everye > 0, let u. = (ul™ u2") € ﬁgm(Q) be the unique solution of problem (3.2), for
m = 1. Then, there exist ug = (u™, ug™) € HH(Q)x H}(Q) and uy = (ui™, ugt), with
u™ € L*(Q; Hp,, (E™)), u{" € L*(Q; H,,,.(E®")) and Mgin(u1) = 0 = Mpgou (uy),

such that, as ¢ — 0, we have that (5.30)—(5.35) are in force. Moreover, we have

T (VP{u}) = 0 strongly in L*(Q x T). (6.12)

Finally, the pair (ug, uy) is the unique weak solution of the homogenized two-scale
problem (5.36) with « replaced by /2.

Proof.
Taking into account (3.8) with m = 1, the convergences (5.30)-(5.34) follow from
Theorem 4.8, while (5.35) is proven in Theorem 5.8. Moreover, by (3.9), we obtain

||527;b(vB{Ua})H%2(QxF) = 54”7?(VB{UE})H%2(QX1,)
< €5HVB{u6}H%2(rE < 082,

which immediately implies (6.12).

Now, in order to prove that the pair (ug, u;) solves problem (5.36), we choose, in the

weak formulation (3.5) the test function . (z,y) = ¢1(z) + € da(x, E), where ¢, =
€

(¢int, g2t € C() x C(Q) and ¢y = (¢, $5™) with ¢y € C°(Q; Hper(Y)). By
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unfolding, we get

/ To(Ao) To(Xawe VU™ ) To (Vo) dady-+e / To(Ao) To(Xawe VU™ ) To(Vapy™) dydz
Qx Eint Qx gint
/ To(AL) To(xaine Vul™)- TV yd5™) dyda+ / To(A:) T (xaeu Vu") - TA(V o) dydx
QOx pint Qx Bout
+e / T-(A:) T-(x o Vul")- TV 405" dydz+ / To(A:) T (xaeu Vu")- T2V, $3*) dyda
Qx Eout QO x Fout
+2 / Tou) 2o dodot e [ T2(ud) T dodos 5 2 [ TG 0]} THVP o) drd
QxTI QxI QxI
52 [ T ) TV ea) dode + S [ T TV P o) dord
QxI QxTI’
—e /Tb (VE{u ) - T2(VE{1}) dadx+7 3 / T2(VE{u}) - T2(VE{¢s}) dodx
QxTI QxT
+22 [ THVH ) TV doda
QxT

/ To ()T 4 egpi™) dyda + / T-(F)TA(7" + edg™) dydx + R.
QxEint Qx Fout

where R. = o (1) for e — 0.
By passing to the limit ¢ — 0, up to a subsequence, we arrive at

/ A (VU + V,ui™) - (Vo + V,685) dyda

Qx Eint
+ / A (Vg™ + V) - (Vo + V08 dyde (.13
Qx pout
« .
25 [wdloddods = [ gortaar+ [ rortaga.
axT Qx Eint Qx Eout

which gives the weak formulation of two-scale problem (5.36). Again, the uniqueness
for such a problem, proved in Theorem 5.8, guarantees the convergence of the whole
sequence. [

Remark 6.7. Notice that, due to the previous result, the factorization given in (5.38)
is still in force, so that we can obtain the same bidomain problem (5.39), with «
replaced by a/2. O

Remark 6.8. As in Section 5.3, in the connected-disconnected geometrical setting,

following Theorem 4.9, we have that the convergences stated in Theorem 6.6 remain
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true, except for (5.32), which should be replaced by (5.40) and the fact that u{" €
L*(Q) (instead of ui™ € H}(2)). Therefore, we still arrive to the bidomain limit
problem (5.42), with « replaced by a/2. O
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