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Global Asymptotic Stability Certificates for Discrete-Time Lur’e
Systems under Incremental-like Restrictions

Gioia Montana†, Andrea Cristofaro†, Mattia Mattioni† and Giorgio Valmorbida⋆

Abstract— In this paper, we provide Lyapunov-based condi-
tions for assessing the global asymptotic stability of nonlinear
discrete-time Lur’e systems under incremental-like restrictions.
The proposed results invoke dissipation arguments for the
linear and nonlinear components of the dynamics and rely
on a Lyapunov function with a few parameters and integral
terms. The proof of the main result does not require any
approximations of the integral terms. The impact of the result
is highlighted through a comparison with the literature.

Index Terms— Stability of nonlinear systems; Lyapunov
methods; Lur’e systems; Discrete-time systems.

I. INTRODUCTION

Lur’e systems, given by the interconnection of linear
systems with static nonlinearities, appear in several practical
engineering problems. Typically, the methods for the analysis
of this interconnection consider classes of nonlinearities
described by sector or slope inequalities, leading to stability
conditions expressed in terms of the sector and slope bounds.
Such a simplified description allows to investigate stability
of this class of nonlinear systems for a broad set of nonlin-
earities. In the discrete-time setting, there is renewed interest
in this class of systems due to their involvement in a large
set of problems such as digital and neural network-based
control [1]–[3] – where the activation functions are static
nonlinearities – and the convergence analysis of first-order
optimization algorithms [4]–[6].

Classical results for the analysis of discrete-time Lur’e
systems – such as the Tsypkin criterion [7] and the conditions
proposed by Szegö [8] – were conceived as analogues of
the continuous-time Popov criterion [9]. However, there are
still gaps between the applicability of results in discrete
time and their counterparts in continuous time. Indeed,
counterexamples to the discrete-time Kalman conjecture
are available for second-order discrete-time systems [10],
whereas in continuous time, known examples are of higher
order [11]. Furthermore, while the use of Lur’e–Postnikov
functions stability analysis in continuous time assumes only
sector-bounded nonlinearities, in discrete time the use of
these functions requires slope-restricted nonlinearities [8].
More recent contributions have explored Input-to-State Sta-
bility [12], extensions of LaSalle’s invariance principle [13],
and passivity-based methods [14], [15].
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In this paper, we propose a new result for assessing
the global asymptotic stability of discrete-time Lur’e sys-
tems assuming monotone nonlinearities with incremental-
like bounds. In particular, we provide stability conditions
for a class of discrete-time Lur’e systems based on a class
of Lyapunov functions with a small number of parameters:
two quadratic terms (one in the state and one in the static
nonlinearity) and an integral term. Importantly, with the
proposed function structure, the stability conditions – namely
the positivity of the function and its decrease along solutions
– are obtained without approximations of the integral terms,
contrarily to in [16]–[18].

The main result applies to a broad class of nonlinearities
with incremental-like restrictions, without requiring direct
input-output, as typical in this framework [14]. Since the
proposed Lyapunov function depends only on a few pa-
rameters, and does not rely on bounding integral terms,
checking the conditions is apriori simpler than the methods
in [17]–[19]. To highlight this aspect, we also provide a
constructive method for checking the stability conditions by
computing the parameters of the Lyapunov function. We
apply the numerical method to a set of benchmark examples
from the literature. In these examples, we look for the class
of nonlinearities with the largest incremental bounds. The
numerical results outperform the bounds obtained in recent
results from the literature.
The remainder of the paper is organized as follows. In
Section II, the main result of the paper is presented, providing
the conditions under which a Lur’e system with nonlinear-
ities characterized by incremental bounds achieves global
asymptotic stability. The proof shows that, using a suitable
function, the system satisfies Lyapunov stability conditions,
ensuring global asymptotic stability of its equilibrium point.
In Section III, we compare the main result with the recent
literature on the topic, in particular with [17]. Finally, con-
clusions are drawn in Section IV.

NOTATION

The sets C, R, and N denote the set of complex, real, and
natural numbers (including 0), respectively. S1 denotes the
closed unit sphere. The symbols > 0 and < 0 denote positive
and negative definite functions, while ≻ and ≺ (⪰ and ⪯)
positive and negative (semi-)definite matrices. In denotes the
identity matrix of dimension n ≥ 1, while the zero-matrix
of suitable dimensions is denoted by 0. For a square matrix
A ∈ Rn×n, σ(A) ⊂ C denotes its spectrum, while λmin(A)
and λmax(A) are the smallest and largest eigenvalues, respec-
tively. We denote by He(A) =

(
A+A⊤). Given m scalars

gj ∈ R, with j ∈ {1, . . . ,m}, diag{g1, . . . , gm} ∈ Rm×m

denotes the diagonal matrix whose main diagonal elements
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are gj . Given a time-dependent vector-valued function x :
N → Rn, we denote for brevity x+ = xk+1 and x = xk
with k ∈ N. Given a differentiable real-valued function
φ : Rn → Rm we denote by ∂φ(x) := ∂φ

∂x (x) its Jacobian
evaluated at x.

II. MAIN RESULT

Consider the discrete-time system{
x+ = Ax−Bφ(y)

y = Cx−Dφ(y)
(1)

with x = xk ∈ Rn, y = yk ∈ Rm, A ∈ Rn×n, B ∈ Rn×m,
C ∈ Rm×n, D ∈ Rm×m and the nonlinearity

φ(y) =
[
φ1(y1) . . . φm(ym)

]⊤
(2)

for φi : R → R and i = 1, . . . ,m. The following standing
assumptions on (1) and (2) are introduced:
A1. {A,B,C,D} is minimal;
A2. σ(A) ⊂ S1 \ {1};
A3. for all i = 1, . . . ,m, the nonlinearity φi(·) is time-

invariant, memoryless, satisfying φi(0) = 0, and is
such that for all ν, ω ∈ R, ν ̸= ω the incremental-like
restriction holds

φi(ν)− φi(ω)=

∫ 1

0

ψi(ω + s(ν − ω))ds(ν − ω) (3a)

with ψi an integrable function satisfying

ψi(ρ) ∈ (0, γ̄i) for almost all ρ ∈ R (3b)

for some positive constant γ̄i ∈ R;
A4 for all i = 1, . . . ,m lim|yi|→∞

∫ yi
0
ψi(ρ)ρdρ = ∞.

Note that the integral in A4 can be rewritten as∫ yi

0

ψi(ρ)ρdρ =

(∫ 1

0

ψi(syi)sds

)
y2i . (4)

Remark 1. From the bounds of ψi, hence from Assumption
A3, we have 0 <

∫ 1

0
ψi(ω+s(ν−ω))ds < γ̄i. Hence, the fol-

lowing incremental restriction holds for all i ∈ {1, . . . ,m}

0 <
φi(ν)− φi(ω)

ν − ω
< γ̄i. (5)

By taking ω = 0 we note that (5) implies a sector bound
as φi(ν)

ν ∈ (0, γ̄i), for ν ̸= 0, for all i ∈ {1, . . . ,m}, hence
satisfying sector inequalities as

φi(ν)(γ̄
−1
i φi(ν)− ν) < 0, ∀ν ̸= 0. (6)

In this paper, we do not consider sector bounds to be different
than the bounds (0, γ̄i). △

Remark 2. Note that Assumption A3 (also (5)) does not
imply Assumption A4. In fact, it is possible to define a
function φ(·) such that it satisfies Assumption A3 but not
Assumption A4. An example is obtained by considering

ψi(ρ) =

{
ψ0, |ρ| ≤ 1
ψ0

|ρ|3 , |ρ| > 1

where 0 < ψ0 < γ̄i. Using the expression in (4) have that
lim|yi|→∞

∫ yi
0
ψi(ρ)ρdρ = ψ0

2 + ψ0 ̸= ∞. △

Remark 3. Similarly to [20], the strict inequalities in (5)
will be fundamental to the proof of our main results. This
is in contrast to some results in the literature assuming (5)
with non-strict inequalities [18]. △

Remark 4. Assumption A3 does not imply that φi is dif-
ferentiable since ψi can be discontinuous. For the case of a
differentiable φi then ψi(ρ) = ∂φi(ρ) ∈ (0, γ̄i) for almost
all ρ ∈ R. Thus, it is possible to have φi verifying A4 and (5)
such that ∂φi(ρ) = 0 and/or ∂φi(ρ) = γ̄i in a set of zero
measure. △

Hereafter, we denote Γ̄ = diag{γ̄1, . . . , γ̄m}. Accordingly,
the next result proves global asymptotic stability of (1) at
the origin provided Assumptions A1 to A4 hold, along with
suitably defined dissipativity conditions on the involved LTI
dynamics with input-output link u = −φ(y) 7→ y.

Theorem II.1. Consider the discrete-time system (1) verify-
ing Assumptions A1 to A4. Assume, in addition, there exist
P = P⊤ ≻ 0, P ∈ Rn×n, L ∈ Rm×n, W ∈ Rn×m,
Q ∈ Rm×m and R ∆

= diag{r1, . . . , rm} ≻ 0, such that

A⊤PA− P =− L⊤L (7a)

B⊤PA =C −RC(I −A)−1A−W⊤L (7b)

B⊤PB =2Γ̄−1+He(D +RD −RK)−W⊤W (7c)

He(RK) =Q⊤Q (7d)

with K = C (I −A)
−1
B + D. Then, the system (1) is

globally asymptotically stable at the origin.

Proof: Let us denote x̃ = x+ − x, ỹ = y+ − y and
φ̃(y) = φ(y+)− φ(y), we have

x̃+ = Ax̃−Bφ̃(y) (8a)
ỹ = Cx̃−Dφ̃(y) (8b)

and the function

V (x̃, y) = V0(x̃, y) + V1(y) + V2(y), (9a)

with

V0(x̃) = x̃⊤Px̃, V1(y) =
1

2
φ⊤(y)Q⊤Qφ(y),

V2(y) = 2

m∑
i=1

ri

∫ 1

0

ψi(syi)sdsy
2
i .

(9b)

From A3 and A4, P,R ≻ 0 and Q⊤Q ⪰ 0 we have

α1(∥x̃∥, ∥y∥) ≤ V (x̃, y) ≤ α2 (∥x̃∥, ∥y∥) (10)

with

α1(s1, s2) = λmin(P )s
2
1 + ᾱ1(s2)

α2(s1, s2) = c
(
s21 + s22

)
c = max{λmax(P ),

1
2λmax(Q

⊤Q)maxi{γ̄2i },maxi{γ̄iri}}

and ᾱ1 : R≥0 → R≥0 of class K∞ due to Assumption
A4. Thus, (9a) is radially unbounded. The upper bound
α2(s1, s2) results from the bound of each term in V (x̃, y),
exploiting the incremental restriction in (5) and the fact that
V2(y) <

∑m
i=1 riγ̄i

y2i
2 , which is obtained through (5). To
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prove the global asymptotic stability of (1) at the origin, we
compute

∆V (x̃, y) : = V (x̃+, y+)− V (x̃, y)

= ∆V0(x̃) + ∆V1(y) + ∆V2(y)

and first show that ∆V (x̃, y) ≤ 0; then, we show that
∆V (x̃) = 0 only if ỹ = φ̃(y) = 0. Then, based on the
LaSalle invariance principle, we establish that this neces-
sarily implies that y = φ(y), and that x asymptotically
converges to zero.
Proceeding with the analysis of ∆V0(x̃), we get

∆V0(x̃) = x̃⊤(A⊤PA− P )x̃− 2φ̃⊤(y)B⊤PAx̃
+φ̃⊤(y)B⊤PBφ̃(y)

so that the conditions in (7) yield

∆V0(x̃) = −∥Lx̃+Wφ̃(y)∥2

−2φ̃⊤(y)
(
C −RC (I −A)

−1
A
)
x̃

+2φ̃⊤(y)(Γ̄−1 +D +RD − 1
2Q

⊤Q)φ̃(y)
= −∥Lx̃+Wφ̃(y)∥2 − 2φ̃⊤(y)(Cx̃−Dφ̃(y))

+2φ̃⊤(y)RC (I −A)
−1
Ax̃

+2φ̃⊤(y)(Γ̄−1 +RD − 1
2Q

⊤Q)φ̃(y)

Accordingly, we remark that: x̃ = (A− I)x−Bφ(y), hence
x = (A − I)−1(x̃ + Bφ(y)), which implies y = −C(I −
A)−1(x̃+Bφ(y))−Dφ(y); (A−I)−1 exists by Assumption
A2; as (I−A)−1 = (I+(I−A)−1A) and by the definition
of K, we obtain C(I−A)−1Ax̃ = −y−Kφ(y)−Cx̃. Using
the latter observations in the third term of ∆V0(x̃) above and
regrouping terms yield

∆V0(x̃) = −∥Lx̃+Wφ̃(y)∥2 − 2φ̃⊤(y)(Cx̃−Dφ̃(y))
−2φ̃⊤(y)R(y + Cx̃−Dφ̃(y))
−2φ̃⊤(y)RKφ(y)
+2φ̃⊤(y)(Γ̄−1 − 1

2Q
⊤Q)φ̃(y).

Substituting now (8b) in the second and third terms of
∆V0(x̃) and (7d) in the fourth term, we get

∆V0(x̃) = −∥Lx̃+Wφ̃(y)∥2 − 2φ̃⊤(y)ỹ
−2φ̃⊤(y)R(y + ỹ)− φ̃⊤(y)Q⊤Qφ(y)
+2φ̃⊤(y)(Γ̄−1 − 1

2Q
⊤Q)φ̃(y).

At this point, after rearranging terms, we get

∆V0(x̃) = −∥Lx̃+Wφ̃(y)∥2
−2φ̃⊤(y)(ỹ − Γ̄−1φ̃(y))− 2φ̃⊤(y)Ry+

−φ̃⊤(y)Q⊤Qφ(y+)

where we have exploited y+ ỹ = y+ and, similarly, φ(y) +
φ̃(y) = φ(y+). From (3a), we have φ̃i(yi) =

∫ 1

0
ψi(yi +

sỹi)dsỹi which, substituted into the third addend of ∆V0(x̃)
yields

∆V0(x̃) = −∥Lx̃+Wφ̃(y)∥2
−2φ̃⊤(y)(ỹ − Γ̄−1φ̃(y))

−2
∑m
i=1 ri

∫ 1

0
ψi(yi + sỹi)dsy

+
i ỹi

−φ̃⊤(y)Q⊤Qφ(y+)

(11)

We now proceed with ∆V1(y), which is given by

∆V1(y) = 1
2

(
φ⊤(y+)Q⊤Qφ(y+)− φ⊤(y)Q⊤Qφ(y)

)
= 1

2 φ̃
⊤(y)Q⊤Q(2φ(y+)− φ̃(y))

= φ̃⊤(y)Q⊤Qφ(y+)− 1
2∥Qφ̃(y)∥

2.
(12)

Finally, from (4), we have V2(y) = 2
∑m
i=1 ri

∫ yi
0
ψi(ρ)ρdρ,

and we compute

∆V2(y) = 2
∑m
i=1 ri

∫ y+i
yi

ψi(ρ)ρdρ

= 2
∑m
i=1 ri

∫ 1

0
ψi(yi + sỹi) [yi + sỹi] ỹids

= 2
∑m
i=1 ri

∫ 1

0
ψi(yi + sỹi)dsyiỹi

+2
∑m
i=1 ri

∫ 1

0
ψi(yi + sỹi)sdsỹi

2.
(13)

Let us now consider ∆V (x̃) as the sum of (11), (12) and
(13). Adding terms that are similar and regrouping the third
and first terms of (11) and (13), respectively, yields

∆V (x̃, y) = −∥Lx̃+Wφ̃(y)∥2
−2φ̃⊤(y)(ỹ − Γ̄−1φ̃(y))− 1

2∥Qφ̃(y)∥
2

−2
∑m
i=1 ri

∫ 1

0
ψi(yi + sỹi)dsỹi(y

+
i − yi)

+2
∑m
i=1 ri

∫ 1

0
ψi(yi + sỹi)sdsỹi

2

and, finally,

∆V (x̃, y) = −∥Lx̃+Wφ̃(y)∥2
−2φ̃⊤(y)(ỹ − Γ̄−1φ̃(y))− 1

2∥Qφ̃(y)∥
2

−2
∑m
i=1 ri

∫ 1

0
ψi(yi + sỹi)(1− s)dsỹi

2.
(14)

At this point, the following properties hold. for (14).
(i) −∥Lx̃+Wφ̃(y)∥2 ≤ 0.
(ii) The sector inequality (6) implies that

φ̃⊤(y)(ỹ−Γ̄−1φ̃(y)) =

m∑
i=1

φ̃2(yi)

(
ỹi

φ̃(yi)
− 1

γ̄i

)
≥ 0,

and φ̃⊤(y)(ỹ − Γ̄−1φ̃(y)) = 0 if and only if φ̃(y) =
φ(y+)− φ(y) = 0, which, in turn, implies y+ = y.

(iii) − 1
2∥Qφ̃(y)∥

2 ≤ 0.
(iv) Note that

∫ 1

0
ψi(yi + sỹi)(1 − s)ds =

∫ 1

0
ψi(sy

+
i +

(1−s)yi)(1−s)ds =
∫ 1

0
ψi(y

+
i +ρ(−ỹi))ρdρ. Hence,

using (3b) and since ri > 0, the last term in (14) is
non-negative. It is zero if and only if ỹi = 0, that is,
if y+ = y.

The properties above yield ∆V (x̃, y) ≤ 0 which, together
with (10), allow us to conclude that x̃ and y are bounded.
To conclude on the asymptotic stability of the origin of (8)
and invoke LaSalle’s theorem [13], we first characterize the
largest invariant set contained in

{(x̃, y) | ∆V (x̃, y) = 0}. (15)

By (ii), φ̃(y) = ỹ = 0 holds in the set (15). Therefore, (8b)
yields Cx̃ = 0. Since {A,C} is observable by A1, ỹ ≡ 0
implies x̃ ≡ 0 and x+ = x =: x⋆. At such a stationary point,
one gets from (1) (A− I)x⋆ −Bφ(y) = 0, and thus

y = −C(I −A)−1Bφ(y)−Dφ(y) = −Kφ(y).

Since both ỹ and φ̃(y) are zero, y and φ(y) are constant.
By (6), each nonlinearity φi has the same sign of its
argument, then there exists Γ1

∆
= diag(γ11, . . . , γm1) such

that as x = x⋆, φ(y) = Γ1y, 0 ≤ γi1 < γ̄i, yielding

(I +KΓ1)y = 0. (16)

Now, one has to prove that the equality above implies y = 0.
This holds if I +KΓ1 is invertible. To prove the latter, we
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note that R ≻ 0 yields I +KΓ1 = R−1[I + RKΓ1R
−1]R.

Moreover, since the determinant is invariant under similarity
transformations, we can assert that

det
(
I +RKΓ1R

−1
)
= det

(
M

(
I +RKM2

)
M−1

)
= det(I +MRKM)

with Γ1R
−1 = M2. Since RK + K⊤R ⪰ 0, I + KΓ1 is

nonsingular. This implies that the only stationary point being
compatible with (16) is y ≡ 0, for all admissible Γ1 ∈ (0, Γ̄).
Thus, the largest invariant set for (1) that is contained
in (15) is the point (x̃, y) = (0, 0). Therefore, by LaSalle’s
theorem [13], x asymptotically converges to x⋆ and y asymp-
totically converges to zero.
Finally, by A3, y = 0 implies φ(y) = 0, and since {A,C}
is observable, x⋆ = 0 concluding the proof. ■

A fundamental difference between the above theorem and the
existing results on Lyapunov analysis of discrete-time Lur’e
systems is that the integral term in ∆V is not replaced by
any bound as in [17]–[19]. This allows us to obtain (14). and
then directly use (3), to conclude that the remaining integral
term in (14) is not positive. A more detailed discussion and
a comparison with the literature are provided in the next
section.
The following proposition can be used to compute solutions
to (7) based on the solution to a semidefinite program.

Proposition II.1. If there exist P = P⊤ ≻ 0, P ∈ Rn×n,
and R ∆

= diag{r1, . . . , rm} ≻ 0 such that

M1=−
[
M11 M⊤

21

M21 M22

]
⪰ 0, M2=He(RK) ⪰ 0, (17)

with

M11 = A⊤PA− P, M22 = B⊤PB − (He(D̄) + 2Γ̄−1)

M21 = B⊤PA− (C −RC(I −A)−1A)

and D̄ = D+RD−RK, then (7) holds with L, W , and Q
satisfying

[
L W

]⊤ [
L W

]
=M1 and Q⊤Q =M2.

Remark 5. In the above inequalities, the term Γ̄−1 does not
multiply unknowns P and K. Replacing Γ̄−1 by a diagonal
variable Γ̂, and minimizing its elements subject to the above
constraints allows us to search for the optimal values of the
slope nonlinearities such that the feedback with the linear
system defined by (A,B,C,D) is asymptotically stable. △

III. DISCUSSION

In this section, we relate our results to the literature on
the analysis of discrete-time Lur’e systems. We discuss the
relation between the Lyapunov function structures and the
main assumptions considered in selected papers on the topic.

A. Relaxing the zero relative degree requirement
A recurring assumption in the literature concerns the direct

input–output term D. In several works – including [14],
[21], [22]– zero relative degree (i.e., D ̸= 0) is required to
establish conditions for asymptotic stability. In these works,
it is necessary to enforce a direct input–output term to invoke
passivity-based arguments. However, such an assumption not

only restricts the applicability of the results but can also make
the control design task more difficult. Indeed, for D ̸= 0, the
stabilizing control law is defined by the nonlinear algebraic
equation u = −φ(Cx + Du), which, in general, does not
have a closed-form solution, thus requiring approximations
in its implementation. By approximating the control without
direct feedthrough terms, the computation of the control
input becomes explicit, but the global stability conditions can
no longer be satisfied since discrete-time systems with D = 0
cannot be studied with the above-mentioned approaches.
In contrast, the approach developed in this paper removes this
obstruction. By exploiting incremental-like restriction condi-
tions and an exact treatment of the nonlinear integral terms,
our Lyapunov certificate ensures GAS without requiring a
non-zero direct feedthrough D. This generalization signif-
icantly broadens the class of admissible systems, covering
both the D ̸= 0 cases traditionally studied in the literature
and the case D = 0, which is practically relevant for control
design and implementation.

B. Lyapunov function parametrization and bounds on inte-
gral terms

To highlight the main differences with the literature, we
compare our Lyapunov function structure with previous
works considering slope restrictions.

In [16], the authors proposed a variation of the Lur’e-
Postnikov Lyapunov function

V (x) = x⊤Px+ 2
∫ y(x)
0

φ(ρ)N+dρ

+2
∫ y(x)
0

(
Γ̄ρ− φ(ρ)

)⊤
N−dρ,

where P ≻ 0, N ⪰ 0, N = N+ − N− to obtain a
generalized multivariable discrete-time Popov criterion, for
systems with coupled nonlinearities (hence a more general
setting than the one addressed in this paper). The nonlinearity
considered is sector bounded as −φ(y)⊤(y− S̄−1φ(y)) ≤ 0,
with S̄ ≻ 0, and it is also monotonic incremental restric-
tions as (ϕ(ŷ)− ϕ(y))

T (
Γ̄−1(ϕ(ŷ)− ϕ(y))− (ŷ − y)

)
≤

0, ∀ŷ ̸= y, Γ̄ ≻ 0, possibly with Γ̄ ̸= S̄ (see Remark 1
above). Hence, the same class of systems studied in this
paper is obtained for decentralized nonlinearities and diag-
onal matrices Γ̄ and S̄ matrices (with the exception that
[16] considers only systems with D = 0). This construction
provides a discrete-time Popov-type criterion but still relies
on bounds for the integral terms (see [16, Lemmas 1,2]).

In [17], the authors introduced Lyapunov functions param-
eterized with the nonlinearity evaluated up to N steps ahead

V (x) = ξ⊤N (x)PξN (x) +

N∑
j=0

rj

∫ νj(x)

0

φ(ρ)dρ, (18)

with, ξN (χ) =
[
χ⊤, φ(ν0(χ)), . . . , φ(νN (χ))

]⊤
,

νj(χ) =

{
Cχ, j = 0,

CAjχ+
∑j
i=1 CA

j−iBφ(νi−1), 1 ≤ j ≤ N,

and rj ≥ 0, thus introducing an extended quadratic-plus-
integral structure. The obtained conditions lead to LMI tests
to assess the exponential stability of the system, assuming
that the nonlinearity is both slope-restricted and sector-
bounded. This richer class enlarges the stability certificates
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at the cost of higher complexity. In fact, at an increasing
value of N it may be possible to enlarge the sector for
which a system is certified stable. Compared to previous
works the Lyapunov function in [17] requires less parameters
but still requires bounds on integral terms. The novelty of
Theorem II.1 lies in the exact treatment of the integral term,
rather than bounding it conservatively as in earlier works.
This reduces conservatism and requires fewer parameters
(only P and R, as matrix Q in V1 depend on R).

To compare our results with [17], in terms of conservative-
ness of the proposed stability conditions, for the special case
m = 1 (i.e., Γ̄ = γ̄1), we assess the maximum admissible
value of Γ̄ for which stability can be certified based on the
solution of the conditions in Proposition II.1. We compare
the numerical results with the values obtained in [17]. To this
end, we consider the seven discrete-time plants in Table I.

Plant
G1(z) =

0.1z
z2−1.8z+0.81

G2(z) =
z3−1.95z2+0.9z+0.05

z4−2.8z3+3.5z2−2.412z+0.7209

G3(z) = − z3−1.95z2+0.9z+0.05
z4−2.8z3+3.5z2−2.412z+0.7209

G4(z) =
z4−1.5z3+0.5z2−0.5z+0.5

4.4z5−8.957z4+9.893z3−5.671z2+2.207z−0.5

G5(z) =
−0.5z+0.1

z3−0.9z2+0.79z+0.089

G6(z) =
2z+0.092
z2−0.5z

G7(z) =
1.341z4−1.221z3+0.6285z2−0.5618z+0.1993

z5−0.935z4+0.7697z3−1.118z2+0.6917z−0.1352

TABLE I: System plants

Table II reports, for each plant, the maximum Γ̄ obtained
by solving the conditions in Theorem II.1, alongside the
corresponding results from [17] for the case with the best
choice of N reported and the Zames–Falb multipliers method
of [23]. In addition, we report the Nyquist value (see [10,
Def. 1]) for these systems.

Example Theorem II.1 [17] (N∗) [23] Nyquist value
G1(z) 28.4485 12.9960 (1) 13.0283 36.1000
G2(z) 2.7107 0.7935 (7) 0.8027 2.7455
G3(z) 0.3126 0.3119 (8) 0.3120 0.3126
G4(z) 7.2164 3.2663 (3) 3.8240 7.9070
G5(z) 2.4475 2.4475 (1) 2.4475 2.4475
G6(z) 1.0870 0.9108 (1) 0.9115 1.0870
G7(z) 1.1286 0.1696 (19) 0.4922 1.1766

TABLE II: Maximum admissible value for Γ̄

The results highlight a clear advantage of the proposed
method. For most plants, the admissible values Γ̄ obtained
here outperform those in [17] as they lie between the results
in [17] and the bounds of the Nyquist value. The main
contrast between the methods is that here there is no need to
bound integral terms to impose the positivity of V and −∆V .
Furthermore, in case φ is differentiable and ψi = ∂φi, we
note that∫ yi

0

∂φi(ρ)ρdρ = φi(yi)ζ −
∫ yi

0

φi(ρ)dρ.

Hence, the function (9a) can be written as a function of the
state x as

V (x)=

[
x

φ(y(x))

]⊤
P̄

[
x

φ(y(x))

]
+2

m∑
i=1

r̄i

∫ yi(x)

0

φi(ρ)dρ

where P̄ = P0 + P1, r̄i = −ri and

P0 =
[
(A− I) −B

]⊤
P
[
(A− I) −B

]
P1 =

[
0n×n C⊤R
RC ( 12K −D)⊤R+R( 12K −D)

]
.

yields the same structure as (18) with N = 1 (note that
in [17], the studied class of system considers D = 0). Even
though our parametrization does not include steps ahead, the
fact that our conditions are obtained without bounds on the
integral terms allows us to improve the results over all values
of N considered in [17].

IV. CONCLUSION

A global asymptotic stability certificate for discrete-time
Lur’e systems has been proposed based on the construction
of a class of Lyapunov functions. The latter incorporates
an exact treatment of the integral term associated with
the nonlinearity and thereby avoids conservative bounding
techniques, often used in the literature. Prospective work
includes the case of coupled nonlinearities – i.e., where
each of them may depend on a combination of all outputs
(e.g., [24]) – typically arising in the analysis of iterative
optimization schemes. In addition, the connections between
the proposed Lyapunov function and the parametrizations of
Zames-Falb multipliers [25] are under investigation.
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[21] L. Grujić, Z. Bučevac, and Z. Ribar, “On necessary and sufficient
conditions for absolute stability of discrete-time systems,” IFAC Pro-
ceedings Volumes, vol. 17, no. 2, pp. 201–205, 1984, 9th IFAC
World Congress: A Bridge Between Control Science and Technology,
Budapest, Hungary, 2-6 July 1984.

[22] P. Park and S. W. Kim, “A revisited Tsypkin criterion for discrete-
time nonlinear Lur’e systems with monotonic sector-restrictions,”
Automatica, vol. 34, no. 11, pp. 1417–1420, 1998.

[23] J. Carrasco, W. P. Heath, J. Zhang, N. S. Ahmad, and S. Wang,
“Convex searches for discrete-time zames–falb multipliers,” IEEE
Transactions on Automatic Control, vol. 65, no. 11, pp. 4538–4553,
2020.

[24] N. S. Ahmad, J. Carrasco, and W. P. Heath, “A less conservative LMI
condition for stability of discrete-time systems with slope-restricted
nonlinearities,” IEEE Transactions on Automatic Control, vol. 60,
no. 6, pp. 1692–1697, 2015.

[25] J. Zhang and J. Carrasco, “A Lyapunov-Lurye functional parametriza-
tion of discrete-time Zames-Falb multipliers,” IEEE Control Systems
Letters, vol. 6, pp. 259–264, 2021.

[26] W. Lin and C. Byrnes, “KYP lemma, state feedback and dynamic
output feedback in discrete-time bilinear systems,” Systems & Control
Letters, vol. 23, no. 2, pp. 127–136, 1994.

APPENDIX
ON THE KYP DERIVATION FOR NONSINGULAR GAINS

For the sake of completeness, we provide here further details
to interpret conditions (7) based on passivity arguments.
In particular, their definition is inspired by the loop trans-
formation proposed in continuous time based on the so-
called Popov multiplier in [20]. In this sense, we introduce
a revisited form of the Popov-like multiplier

M(z)
∆
=G(z) + z

z−1R (G(z) +K)−RK + Γ̄
−1 (19)

with G(z) ∆
= C(zI−A)−1B+D and illustrated in Fig. 1. As

in [20], we let K = G(1) be nonsingular1. The state space

Fig. 1: Loop transformation on G(z)

1This assumption is only made for the purpose of providing one inter-
pretation of conditions (7), without disrupting the validity of Theorem II.1,
which may hold in the more general case of K possibly singular.

representation of (19) is given by

ξ+ = Aξ + Bu, ν = Cξ +Du (20)

where ξ =
[
x⊤ξ⊤1

]⊤
and

A =

[
A 0
RC I

]
, B =

[
B

R(K +D)

]
,

C =
[
C +RC I

]
, D = D +RD + Γ̄−1.

We now show that if the system with transfer function G(z)
is dissipative, then system (20) is dissipative as well. To this
end, we consider a quadratic storage function of the form
V(ξ) = ξ⊤Pξ, for which

∆V(ξ) = ξ⊤(A⊤PA− P)ξ + 2u⊤B⊤PAξ + u⊤B⊤PBu.

The KYP lemma in discrete time [26] gives the following
set of equations

A⊤PA− P = −L⊤L, B⊤PA = C −W⊤L
B⊤PB = He(D)−W⊤W.

(21)

We note that if (7) holds, then the above equations hold with

L =
[
L 0

]
, W =W, P =

[
P1 P12

P⊤
12 P2

]
,

where P1, P2 and P12 verify

He(RK)P2 = I, P⊤
12=P2RC(I−A)−1, P1=P+P12P

−1
2 P⊤

12.

The structure and dynamics of the transformed system are
preserved if and only if the loop transformation in Fig. 2 is
applied to the nonlinearity φ(·).

Fig. 2: Loop transformation on φ(·)

The dynamics in Fig. 2 is realized by

ζ+ = −R−1ω, ϑζ = ζ +R−1ω

with ω = ν−ϑ+
(
Γ̄−1 −RK

)
φ(ϑ) and ϑ = ϑζ+Kφ(ϑ) =

y. The system is passive with the storage function

Vφ(ϑ)=2
m∑
i=1

ri

∫ 1

0

ψi(sϑi)sdsϑ
2
i +

1

2
φ⊤(ϑ)RKφ(ϑ). (22)

From this, since ϑ = y, ∆V̄(x, ξ1, ϑ) = ∆V (x̃, y) with the
latter term as in (14).

The Lyapunov function in equation (9) is obtained from
the above arguments. To this end, we add the storage function
associated with the loop transformation shown in Fig. 2 to
the storage function of the linear part of the loop V(ξ). We
thus obtain the Lyapunov function

V̄(x, ξ1, ϑ)
∆
= V(ξ) + Vφ(ϑ).
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