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Mechanical and elastic properties of materials are among the most fundamental quantities for many
engineering and industrial applications. Here, we present a formulation that is efficient and accurate for
calculating the elastic and bending rigidity tensors of crystalline solids, leveraging interatomic force con-
stants and long-wavelength perturbation theory. Crucially, in the long-wavelength limit, lattice vibrations
induce macroscopic electric fields, which further couple with the propagation of elastic waves, and a
separate treatment on the long-range electrostatic interactions is thereby required to obtain elastic prop-
erties under the appropriate electrical boundary conditions. A cluster expansion of the charge-density
response and dielectric screening function in the long-wavelength limit has been developed to efficiently
extract multipole and dielectric tensors of arbitrarily high order. We implement the proposed method in
a first-principles framework and perform extensive validations on silicon, NaCl, GaAs and rhombohe-
dral BaTiOj; as well as monolayer graphene, hexagonal BN, MoS,, and InSe, obtaining good to excellent
agreement with other theoretical approaches and experimental measurements. Notably, we establish that
multipolar interactions up to at least octupoles are necessary to obtain the accurate short-circuit elastic
tensor of bulk materials, while higher orders beyond octupole interactions are required to converge the
bending rigidity tensor of two-dimensional crystals. The present approach greatly simplifies the calcula-
tions of bending rigidities and will enable the automated characterization of the mechanical properties of

novel functional materials.

DOI: 10.1103/hc53-g1p3

I. INTRODUCTION

Mechanical properties dictate almost every aspect
of daily, industrial, engineering, and scientific sectors.
A system can be mechanically deformed by applying
external loads, which originates from the microscopic
nature of interatomic bonding forming it. In 1678, Hooke
first obtained his empirical law to describe the force needed
to linearly extend or compress a mechanical spring from
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its equilibrium distance [1], which states the relationship
o = E¢ in a stress-strain language with the proportional
factor £ being the modulus of elasticity. The complete
theory of linear elasticity can be elegantly described by
the generalized Hooke’s law, where the constant of elas-
tic modulus is replaced by a fourth-rank elastic tensor [2].
With this elastic tensor, macroscopic mechanical proper-
ties, such as bulk, shear, and Young’s moduli, Poisson’s
ratio, and Lamé’s parameters, can be derived as well [3—
5]. Importantly, thermal transport and thermomechanical
properties are intimately linked with elastic tensors and
moduli, which enables their use in screening materials
for specific applications. For example, elastic constants
and the associated sound velocities are key descriptors for
identifying materials with high thermal conductivity for
efficient thermal management [6,7]. One can also have
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a rapid but approximate screening of candidate materials
for high-performance thermoelectrics and thermal barrier
coatings using the extended Debye model and minimum
thermal conductivity [8—10]. Furthermore, mechanical
properties play a critical role in the performance of lithium-
ion and solid-state batteries [11,12]. Particularly, the
design of cathode materials with high mechanical strength
is essential for enhancing battery lifespan and maintaining
energy capacity, as charging and discharging cycles cause
dimensional changes that can lead to fracture of cathodes.
In addition, elastic properties are crucial in the determi-
nation of the ductile-to-brittle behavior of solids [13—17],
elastic-energy-storage-based programmable soft machines
[18], molecular crystal engineering [19,20], and the analy-
sis of structure and composition of planets in geophysics
[21-23]. Therefore, it is of significant importance to
explore mechanical and elastic properties of novel mate-
rials for a wide range of applications.

Two-dimensional (2D) materials, particularly since the
first exfoliation of atomically thin graphene in 2004
[24,25], have been drawing sustained interest owing to
their intriguing physical properties, such as tunable elec-
tronic band gap [26,27], superior thermal conductivity
[28,29], wultrahigh Young’s modulus [30], quantum
(anomalous) Hall effect [31,32], and the emergence of
excitonic [33,34] and topological insulators [35]. Over the
past decade, both computational design [36—39] and exper-
imental synthesis [40] have greatly enriched the family
of 2D materials. Thanks to their reduced dimensional-
ity, 2D materials can also exhibit unique and anomalous
mechanical properties, including extraordinary strength
[30], outstanding flexibility [41,42], negative Poisson’s
ratio [43,44], and highly anisotropic elastic moduli [45].
As materials become atomically thin, they can be eas-
ily corrugated by mechanical and temperature stimuli,
where bending stiffness or rigidity is an essential phys-
ical parameter. For example, ripples (the thermal fluctu-
ations of membrane height) are found ubiquitous as an
intrinsic feature in ultrathin 2D crystals like graphene
[46—48], which play a crucial role in the thermodynamic
stability of free-standing samples [41] and the nega-
tive in-plane thermal expansion at low temperatures [49].
Besides, the out-of-plane bending properties are also of
great significance for the synthesis and preparation of
2D materials [50], which eventually drives their applica-
tions in highly flexible electronic devices [51]. However,
due to the challenge in performing in sifu nanomechan-
ics to measure mechanical properties of 2D materials
[52], only a few experimental data are available [53].
Especially for bending rigidities, the measurements were
only performed for graphene and a few 2D transition
metal dichalcogenides, including MoS,, WS,, and WSe;
[54-56]. Hence, developing precise and reliable compu-
tational tools for predicting the bending rigidities of 2D
materials is highly desirable.

First-principles calculations based on density-functional
theory (DFT) have been the workhorse to provide accu-
rate mechanical properties of crystalline solids at relatively
low cost [57-59]. There exist mainly two approaches to
determine the elastic tensor of crystalline solids: finite
differences [59—62] and linear response method within
density-functional perturbation theory (DFPT) [63—68]. In
the finite-difference method, several small deformations
(strains) are applied to the equilibrium lattice configu-
ration, and the stress tensors of strained structures are
obtained thanks to the introduction of the quantum the-
ory of stress [69], from which the elastic constants can
be calculated according to the stress-strain relation. Since
elastic constants are the second-order derivatives of strain
energy density with respect to strain [2,70], an alterna-
tive approach is to compute the variation of total energy
as a function of strain. The number of strains to be
applied in these methods depends on the crystal system
[2], where the Laue class for the centrosymmetric point
groups is used to analyze the independent components of
elastic tensors. While the energy-strain method requires
more distorted configurations than the stress-based one,
the latter is more sensitive to the convergence criteria and
requires stringent computational parameters [61,62]. Both
finite-difference schemes require a convergence study on
the magnitude of the applied strain, increasing the total
number of ground-state calculations for strained systems
by several times. Additionally, the structural optimization
under external strains becomes computationally expensive
for low-symmetry crystals and requires a high-precision
calculation to identify the correct minimum [71]. By con-
trast, DFPT adopts the analytic differentiation of the stress
under the strain perturbation in a linear-response region
and solves self-consistently the Sternheimer equation
[63—68]. For a given set of DFT parameters, DFPT calcu-
lations circumvent these difficulties and generally provide
numerically more accurate elastic tensors than finite differ-
ences [72]. Unfortunately, the implementation of DFPT is
complex and depends on the specific exchange-correlation
functional and pseudopotential classes.

Unlike elastic constants, bending rigidities are challeng-
ing to calculate because introducing curvature generally
induces a large deformation to atomic structures and small
curvatures require a large supercell with many atoms
[73]. The calculations of bending properties of monolay-
ers have thus far relied on the combination of continuum
medium models with atomistic simulations using empirical
interatomic potentials [74—77], lacking predictive abilities.
Furthermore, scaling down to nanometers, the usage of
continuum medium models is also questionable due to
the breakdown of the continuum approximation [77,78].
When it comes to first-principles calculations of bending
properties, a few approaches [79—84] have been proposed
to evaluate the bending rigidities of 2D materials, mostly
limited to the mean curvature modulus. One method is to
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compute the elastic configurational energy due to curva-
ture effect, which can be derived based on the Helfrich
Hamiltonian of a membrane: U = AD"r~2/2 [85,86] with
DP and A4 being the principal (mean curvature) bending
rigidity and the area of atoms per chemical formula. In
this case, one needs to obtain the elastic energy U/ of nan-
otubular configurations at different radii » and perform a
fit to extract D? [82,87]. The Gaussian curvature modulus
DS is also accessible through this method, where a series
of spheroidal fullerenelike structures with different radii
are built and DFT calculations are performed to obtain
the corresponding elastic energy due to Gaussian curva-
ture: U = A(2DP + DS)r~2 [82]. The main drawback of
such a method is the difficulty to study nanotubes with a
small curvature, where each configuration can contain hun-
dreds of atoms, while the simulation with a large curvature
may cause prominent local distortions due to significant in-
plane strains and the induced relaxation effects [88]. Kosk-
inen and Kit [79-81] introduced an approach to model the
spherical membrane system using revised periodic bound-
ary conditions (PBCs) and Bloch’s theorem, which are
compatible with spherical symmetry. However, it is not
straightforward to adopt such revised PBCs in plane-wave
DFT codes, and their applications are limited to calcu-
lations in the density-functional tight-binding formalism.
Besides, cyclic DFT [83,84] (that directly use the cyclic
symmetries in the Kohn-Sham equations) has been pro-
posed to study cylindrical systems and bending deforma-
tions. The advantage of cyclic DFT is that the calculations
are carried out within one unit cell with the correct cyclic
symmetries and PBCs, which is computationally efficient.
The developed computational framework has been applied
to study the low-curvature bending rigidities of 44 mono-
layer materials [89], and a caveat is that one should verify
the selected range of small curvatures yields the correct
low-curvature results. Recently, Shirazian and Sauer [90]
presented another first-principles approach to calculate the
bending rigidities of 2D materials, by adding directly the
curvature perturbation to atomic structures. They chose the
bending deformed configurations that minimize membrane
deformations, meanwhile preserving PBCs, and bending
rigidities are then obtained by comparing the calculated
bending energies to two classical models from structural
mechanics. Although the mentioned ab initio approaches
have been applied to study the bending deformation of 2D
materials, none of them are tensorial, giving only the mean
curvature bending rigidities and Gaussian modulus, which
limit the study of elastic anisotropy.

Here we present an efficient and accurate approach for
calculating simultaneously the elastic and bending rigid-
ity tensors of crystalline solids based on Huang’s atomic
theory of elasticity [70,91,92], valid equivalently in any
dimension. Huang [92] derived the expression for elas-
tic stiffness tensor from a long-wavelength equation for
lattice vibrations, and we extend here his method to

compute also the bending rigidity tensor via a higher-
order long-wavelength perturbation expansion. Crucially,
we provide practical guidelines for the implementation
in the framework of modern first-principles simulations,
and finally demonstrated its accuracy by validating exten-
sively against the results available in the literature. We
find that good agreements can only be achieved with the
subtraction of long-range multipolar electrostatics, ensur-
ing convergence of all the perturbative summations and
the correct electric boundary conditions. Therefore, we
develop a novel cluster-expansion approach which enables
an automated, accurate, and efficient extraction of multi-
pole and dielectric tensors up to an arbitrarily high order,
based on the charge density and dielectric responses in the
long-wavelength limit. Besides, our high-order extension
of Huang’s theory gives access to the complete fourth-rank
bending rigidity tensor, which is significant for anisotropic
nanoplates, otherwise inaccessible from existing methods.
This enables a direct evaluation of Gaussian curvature
modulus without extra cost, and our simulations also reveal
the pivotal role of lattice relaxation in 2D materials during
bending deformation, establishing a fundamental platform
for designing future flexible electronics.

This work is organized as follows. In Sec. II, we first
recall the classical continuum treatment of linear elasticity,
equations of motion for elastic waves and the electrome-
chanical coupling in dielectric medium. Then, Huang’s
results on the long-wavelength acoustic vibrations and his
expression for elastic stiffness tensor are derived, with
the exact treatment of long-range electrostatic interactions
that can be applied in the current DFT codes to cor-
rectly accounts for the electrical boundary conditions of
elastic constants. In Sec. III, using a higher-order pertur-
bation expansion, we extend Huang’s method to describe
the long-wavelength dynamics of flexural acoustic (ZA)
modes in 2D materials and obtain the corresponding
expression for calculating the full bending rigidity ten-
sor. In Sec. IV, we demonstrate the accuracy and wide
applicability of our method by showing example calcula-
tions on well-studied bulk and 2D materials, and compare
thoroughly with both the existing experimental and theo-
retical results. These include silicon (Si), sodium chloride
(NaCl), gallium arsenide (GaAs), and rhombohedral bar-
ium titanate (BaTiO3) for bulk solids, and monolayer
graphene, molybdenum disulfide (MoS;), hexagonal boron
nitride (2-BN), and indium selenide (InSe) as represen-
tative 2D materials. Finally, in Sec. V, we conclude and
briefly summarize our main results in this study.

I1. FIRST-PRINCIPLES THEORY OF ELASTICITY

When a solid is homogeneously deformed within the
elastic limit, the resulting second-rank stress tensor o, in
the system can be described by the generalized Hooke’s
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law [2,70]:
0ay = Cqy ps€ps, (D

where Cy,, gs is the fourth-rank elastic stiffness tensor, and
gps denotes the second-rank strain tensor, with the sub-
scripts «, B, v, and § labeling the Cartesian components.
Except when explicitly mentioned, we assume Einstein
summation on repeated atomic positions and Cartesian
directions. Apart from the induced stress field, the lattice
deformation also gives rise to a change in the total energy
£ [2,70]:

V
g(V, 6‘) - g(VO) = 5 ay,Bs€ay EBS + 0(83)9 (2)

in which ¥ and ¥, are the strained and equilibrium vol-
umes of the system, respectively. The linear term of
Eq. (2) is not present when the system is initially at the
equilibrium, and this gives the usual definition of the
strain energy density function U(e) = %Cay,ﬁgewem ina
quadratic form. Since the stress-strain tensors are symmet-
ric and the elastic constant is the second-order derivative
of strain energy density with respect to strain components
Cay.ps = 0°U(€) /ey, deps, these conditions imply that
the elastic tensor obeys the symmetry relationships

Coty,/% = Cya,ﬁ& = Cay,ﬁﬂ = Cﬂé,ay- (3)

As a result, the number of independent components in the
fourth-rank elastic tensor decreases from 81 to 21 and can
be further reduced, depending on the point group symme-
try of crystals. By calculating the tensor inverse of C,, gs,
one can introduce the elastic compliance tensor Sy, gs [93]:

1
Cay,ﬁSSﬂS,)Lu = 5 (Sax(syu + 50{;},8)&) 5 (4)
where 3,; denotes the Kronecker delta. The same elas-
tic tensor symmetry Eq. (3) also holds for S, gs, and the

stress-strain relation can be then written as

Eay = Say,B508s- (%)

The equations presented so far and the equations of motion
for elastic waves introduced in the following Sec. 11 A
constitute the basic continuum description of elasticity
in solids. While this work focuses on zero-temperature
results, finite-temperature effects can be taken into account
using a free energy formalism [94].

A. Equations of motion for elastic waves

In continuum mechanics, when a material is subjected
to a homogeneous elastic deformation, the deformation

parameter £,4 as a second-rank tensor can be defined as

0y
Eaf = —, 6
Eap 375 (6)

where u is the rigid displacement of a material point, and ©
is its initial position. It is noted that the deformation param-
eter £, itself is not a symmetric tensor, as it consists of a
symmetric strain with an antisymmetric pure rotation [2].
We indicate with a tilde the quantities that are not symmet-
ric and the strain tensor can be thus obtained by removing
such a rotational component as

gaﬁ +<§,3a _ l % dug
2 2 8‘[5 810, ’

()

8(,/3 =

which also stems from the symmetry of elastic tensor in
Eq. (3), and the strain energy density {/(¢) is only a func-
tion of the symmetrized tensors [70]. Although inhomo-
geneity may occur in special cases such as polycrystalline
samples or those with defects, Eq. (6) is still valid locally,
and the homogeneous assumption can be made in a small
neighborhood around any lattice position.

To derive the equations of motion for stress fields in the
dynamic theory, we use the divergence theorem for stress
tensor, which states that the divergence of the stress ten-
sor is equal to the force per unit volume. Accordingly, the
equations of motion for stress fields can be written as

9%u, _ 004y
P = Tt

®)

where p is the mass density of the crystal, ¢ is the time
variable. Applying the generalized Hooke’s law and sub-
stituting the strain tensor by Eq. (7) gives

9% uy _ d%ug
ar "‘V’“aryars’

o )

in which the symmetry Cqyp, 5 = Cyp s has been
used. Finally, using a plane-wave ansatz u(t,?) =
Uexp (iq - T — iwt), the equations of motion for displace-
ment fields or elastic waves are solved as
p&* Uy = Cay p54y95Us, (10)
where U is a vector of displacement amplitude (all overline
quantities are amplitudes), q is the wave vector, w is the
frequency of the elastic wave, and i is the imaginary unit.
However, the spontaneous macroscopic electric fields
induced by atomic vibrations can couple with stress fields,
contributing additionally to the stress tensor through the
piezoelectric effects. For any solid where piezoelectric-
ity is allowed by its group symmetry, such electrome-
chanical couplings between the dielectric polarization and
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homogeneous deformation are linked by the constitutive
equations [70]:

Oay = Cay ps€ps — €payEp, (11)
P, = €q.pyEpy GaﬂEﬂ, (12)

where Eg and P, are the macroscopic electric and dielec-
tric displacement fields along the corresponding Cartesian
direction, €44 is the dielectric permittivity tensor and e, gs
is the third-rank piezoelectric tensor. The second term
in Eq. (11) and the first term in Eq. (12) represent the
piezoelectric stress and polarization due to the electric and
strain fields, respectively. With the additional piezoelectric
contribution to the stress tensor, the equations of motion
Eq. (9) thus become

82ua 32Mﬂ 8Eﬁ
— = —_— = —. 13

02 T P an P e, (13)
Using a similar wave ansatz for the electric field E(z, ) =
Eexp (iq - T — iwt) and dielectric displacement field P =
Pexp (iq - T — iwt), we arrive at the propagation of elec-
tromechanical couplings as

pa’U, = a%lﬁﬁ%/qél_]ﬂ + ieﬁﬂy‘lyfﬁ’ (14)
1_30[ = iea’ﬂyqu,g + EaﬁFﬂ, (15)

where E and P are the vectors of electric field and dielec-
tric displacement amplitudes, respectively. The coupling
between the long-wavelength elastic waves and the macro-
scopic electric fields shows that the interatomic forces in
any type of crystals are inherently long-range, which leads
to a divergent lattice summation for an infinite crystal. In
particular for infrared-active solids, the long-wavelength
longitudinal optical (LO) phonons have a nonanalytic
behavior in the vicinity of the Brillouin-zone center and
should be treated separately [64,66]. In this sense, the
definition of elastic tensor actually depends on the electri-
cal boundary conditions, and a similar separate treatment
for the long-range electrostatic interactions will also be
needed for the calculations of elastic constants. The Cyy, s
discussed so far are the “short-circuit” ones, which are
under the boundary condition of zero electric field and
can be obtained by removing the macroscopic long-range
Coulomb interactions. In contrast, the “open-circuit” elas-
tic constants defined under the boundary condition of zero
electric displacement field can be obtained by consid-
ering the additional contributions from the macroscopic
electric-field effects [68,95],

(fl : e)ay(q ' e)ﬂ&
q-€-q

Cayps = Cayps + 47 . (16)

where the second term is the direction-dependent piezo-
electric contribution to elastic tensor with the unit vector

q pointing in the direction of the open-circuit and zero
electric displacement field. The separate treatment of the
long-range multipolar interactions to obtain the elastic
tensor under different electrical boundary conditions is
addressed in Sec. I D.

B. Long-wavelength acoustic vibrations

The secular equation for lattice dynamics from New-
ton’s second law of motion reads [70,96]

Mka)i (q) UU,KO( (q) = q)lca,lc’ﬂ (q) Uv,/(’ﬁ (q), (17)

where M, is the atomic mass of the xth atom within
the unit cell and ®,,,4(q) is the so-called dynami-
cal matrix. Such a lattice-dynamical problem is solved
by diagonalizing the mass-scaled dynamical matrix
Doy /MM, . 1If there is n, atoms in the unit
cell, one can obtain 3n, phonon modes labeled by the
momentum q and mode index v, with the corresponding
phonon frequencies w,(q) and mass-weighted eigenvec-
tors /M, U, o (q). Hereafter, the band index v is dropped
for clarity. With the knowledge of the second-order inter-
atomic force constants (IFCs) in real space, the dynamical
matrix at an arbitrary q in reciprocal space can be obtained
via a Fourier transform:

—ja- 1
q)mx,;(/ﬁ (q9 = Z q)l/ca,;c/ﬁe iq t,(,(,’ (18)
!

where r/’( o = Ti’ — Toc 1s introduced with 7 denoting

the equilibrium position of the «th atom within the unit
cell R;. Thanks to the translational invariance, the second-
order IFCs only depend on the relative position between
the two atoms. As a result, it is sufficient to consider only
the second-order IFCs CIDIK ' p that involve the atom «” in
the unit cell / and the other atom « in the reference unit cell
0. We note that the real-space IFCs discussed here include
macroscopic long-range effects that can be removed to
obtain the short-circuit elastic constants, see Sec. IID. In
addition, these IFCs need to satisfy the translational and
rotational invariances and the equilibrium conditions for
vanishing external stress, as summarized in Appendix A.
To derive the long-wavelength equations for acous-
tic vibrations, we follow the same perturbation approach
adopted by Born and Huang [70]. We perform a Tay-
lor expansion of the dynamical matrices ®,, ./g(q), mode
eigenvectors U,,(q), and the corresponding frequencies
w(q) in terms of the momentum q to the second order as

0 . 1), qv4qs . (2),ys
(Df(a,/(/ﬁ(q) ~ (I)( ) 5 + lqu)( )V/ﬁ 4 y_q)( )V/ﬂ (19)

KoK KoK 2 Ko K
Ueo(q) = US) +iUL)(q) + USL)(q) (20)
w(q) ~ 0 (q), (21)

013012-5



CHANGPENG LIN et al.

PRX ENERGY 5, 013012 (2026)

which gives the acoustic phonon dispersions up to a lin-
ear term and related elastic properties. It should be noted
that the imaginary unit 7 is separated from the derivatives
of those complex physical quantities to make the perturba-
tion series all real. Also, there is no zeroth-order term in
Eq. (21), because the frequencies of acoustic modes van-
ish at the Brillouin-zone center (q = 0), imposed by the
acoustic sum rules for translational invariance. By taking
the derivative of Eq. (18) with respect to q, we obtain the
detailed perturbation factors for dynamical matrix as

) 1

P = Z ' (22)
(1),

¢KD(I}(/ Z (D/(a K/,B kK'y? (23)
2).vé

q>KOt N = Z cDKot K’ﬁ kKk'y KK’(S’ (24)

where it should be noted that the Einstein summation is
not used here. By substituting Egs. (19) to (21) into the
secular equation, Eq. (17), keeping only the resulting terms
up the second order in q, and equating the terms involving
the same order in q, one obtains the following three linear
equations:

0=, Ul (25)
0= q}fq);((g,):’ﬂU(O) q’,E(BK/ﬂU(l/ﬁ(Q),
(26)
Mo @PUY = LoD U,
- qycpigf/ﬂlflﬂ(q) + cbffjk,ﬁlﬁ%ﬂ(q),

27

which represent the zeroth- to second-order long-
wavelength equations, respectively. These are a set
of coupled equations with the perturbation series of
phonon frequencies w(q) and eigenvectors U,,(q) as the
unknowns, which must be solved iteratively [70]. The
derivation of their solutions is presented in Appendix B.
When seeking the solutions of the second-order
equation, its solvability condition in Eq. (B16) gives rise
to the sound propagation equation and can be rewritten as

M0V @1 Us = 4,45 Tup 5 Up, (28)

where M =) M, is the total atomic mass of unit cell,
U, is the polarization vector related to the displacements
induced by the zeroth-order acoustic waves, and T, ,5 can

be expressed as

1
Tupys = Tofﬂ{y(S + - 5 (T{;yﬂa + M o) - (29)

In the above equation, Tgéy s is the clamped-ion contri-
bution to elastic deformation, representing the anisotropic
components of the stress tensor [70,97,98], while T(Ey 85
is the contribution associated with the relaxation of inter-
nal ionic coordinates in response to the external stress
fields [70]. These two tensors are defined using Eqgs. (B14)

and (B15), which yields

1

CI Clx __ 2),yé
Tasys =2 Tagys = 5 2 Pearirpy (30)
K KK’
1.M M
Tovss = D Tays = — Doy Tipo
K

AiayFK)»,K ;LA,L BS> (31)

where we have used the definitions given by Eq. (B7),
(B9), and (B10) for I', A, and Y which act as the
inverse of the zone-center IFC matrix, internal-strain
force-response tensor and internal-strain displacement-
response tensor, respectively. The antisymmetry relation
oM —% s also used to obtain Eq. (31). In

Kok’ T «' Bca

addition, 7 5 and T ;; follow the symmetry relations:

C C C C
Tas = Thays = Tapsy = Tysaps (32)
T{;;A/% T)'l;a»ﬁs - T'tl;)l}/[(?ﬂ - T{ggdayﬂ (33)

where Eq. (32) comes from its definition as a symmetrized
tensor by removing surface effects [97] and the equilib-
rium conditions Eq. (A3), and Eq. (33) is a result of the
rotational invariance Eq. (A2) and the fact that 'y g
is symmetric. The long-wavelength Eq. (28) for sound-
wave propagation is intimately linked with the equations
of motion for elastic waves Eq. (10), and it directly deter-
mines the first-order linear dispersion for acoustic modes
around the Brillouin-zone center,

Tupys— —
[0V (@ = ¢y95 22T, Ty, (34)

where U, can be chosen to be a real and orthonormal vec-
tor that diagonalizes the zone-center dynamical matrix. By
introducing q = ¢q, Eq. (28) can be further recast into
Christoffel’s equation for elastic waves [99]:

[Mv?80p — 35 Tapys) Us = 0, (35)

with the phase velocity v = w" (q)/|q|. Such an eigen-
value equation is central to the theory of elastic waves in
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crystals and can be solved by diagonalizing the positive-
definite tensor M~'G,§sTyp.s, Which gives rise to the
sound propagation velocity in crystals and the correspond-
ing displacement vector along the q direction. Finally, we
show in Appendix C that the coupled long-wavelength
Egs. (25)+27) are directly linked to the homogeneous
elastic deformation.

C. Huang formula for elastic stiffness tensor

The expression for the short-circuit elastic stiffness ten-
sor can be obtained by comparing the long-wavelength
equation for acoustic vibrations with the macroscopic
equation for elastic waves. By comparing Egs. (10)
and (28) divided by the unit cell volume €2, we have

o _
plo (@) Uy = o Taty3d,95Up, (36)

with p = M /2, which implies that the following identity
holds:

1
Coy psqyqs = o Lapysdyds- (37)

Since this identity is valid for any small value of q, we can
further have

1
Cay.ps + Caspy = 5 (25,5 + To'ps + Tii',) » (39)

where the symmetry of 7%), s 1s applied, and the unsym-
metrized elastic tensor [100] can be represented as

1

~ 1
Capiys = 5 [Tfé,ya + 5 (Tayps + Ttﬁ?ﬂy)] SNED)

This degree of freedom in defining the elastic tensor stems
from using a reciprocal-space formulation as in Eq. (10)
or (28) from the lattice-dynamical theory, which is often
referred to as dynamic elastic tensor in contrast to the static
one defined in real space [101,102]. When considering the
symmetry relations of Cay g5, Tgg,,5 and Ty given by
Egs. (3), (32), and (33), respectively, the symmetric elastic
tensor is defined as [70,92]

1 a
Cay.ps = Q (Taﬂ,y

3+ Thyas = Thsay + Tayps) - (40)
which is the Huang formula for the elastic stiffness ten-
sor and is the only solution to Eq. (38). It is important
to emphasize that the elastic tensor just defined is under
short-circuit boundary conditions, where the macroscopic
electrostatics must be correctly handled (see Sec. II D for
details). Thus, the elastic constants of crystals can be fully
determined from the two tensors, Ty 5 and T 45,

Due to mechanical stability, the results of TGg. s +
ﬁ}l,’a s T/%,ay must be a positive-definite matrix, which
always increases the total energy of crystals under elas-
tic deformations. By contrast, Tf;?’[ g5 1s In general negative
as the relaxation of internal ionic degrees of freedom low-
ers the total energy, if there is more than one atom in the
unit cell without enough site symmetries (e.g., inversion).
We note that the long-wavelength equation for acoustic
modes and the macroscopic equation of motion for elastic
waves are equivalent only if the system is initially free of
stress such that the equilibrium conditions 7G5 s = 775 .4
hold [see Eq. (A3)]. Nevertheless, the equilibrium con-
ditions for vanishing external stress can still hold under
isotropic and hydrostatic pressures, o, = —pdqsg, Where
p is a constant. This means that the Huang formula for
elastic constants can be still applied to crystals under any
symmetry-preserving hydrostatic pressure.

D. Separation of long-range electrostatic interactions

In semiconductors and insulators, lattice vibrations will
generate macroscopic fields described by a long-range
electrostatic potential [100,103], which leads to a slow spa-
tial decay of real-space IFCs with increasing interatomic
distances. To guarantee the real-space locality and smooth-
ness of the IFCs for an accurate Fourier interpolation of
the dynamical matrix in Eq. (18) near the Brillouin-zone
center, the dynamical matrix can be decomposed into a
short-ranged (S) and a long-range (£) parts as [64,66]

(q) = P°(q) + P“(q), (41)

where the latter is the nonanalytic electrostatic contribution
to lattice dynamics. For bulk materials, the long-range part
is given by [100]

[o(q) {p(q)]
£q

where |p(q)) is the unscreened charge density response to
a phonon perturbation q after removing the macroscopic
potential, and £(q) is the dielectric screening function.
They are both analytic in the long-wavelength limit (q —
0), which can be expanded as a Taylor series:

oL (q) = lim 472 (42)
q—)

_ e . qp49
Pra (‘I) = 5 (_lqﬂzfa - ﬂQf]x/

2
+ Do) v 0 @)
and
_lgP
§(q) = (@
=€ - q®q +€¥-qRqq®q + 0",
(44)
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where ZFP , By and 0P7° are the dynamical multipole
tensors due to the displacement of the atom « along the
Cartesian direction «, corresponding to the dynamical
Born effective charge, quadrupole and octupole tensors,
respectively, e "!(q) is the macroscopic inverse dielectric
function, €*° is the second-order high-frequency electronic
(clamped-ion) dielectric permittivity tensor, and €® is the
fourth-order dielectric dispersion tensor. We note that the
dielectric screening £(q) is an even function of q.

In practice, to numerically compute the multipole and
dielectric tensors, it is advantageous to rewrite Eqs. (43)
and (44) into a cluster expansion form with a least-
squares fit to obtain the irreducible tensor components.
This rewriting using a cluster-expansion model is detailed
in Appendix D and is the method we used in this work.
Then, by injecting Eqgs. (43) and (44) into Eq. (42), we have
to O(¢?) [95,100]:

dL(q) =~ d°P(q) + ©"%Uq) + 2N(q)

+ @"°(q) + 2" (q), (45)
2
oL (q) = 47;6 IZ(q)>OiZ(q)I 46)
q-€°-q
Q(q) = _1.47t62 1Z(@) {(Q(@)] — 19(q)) {Z(q)|
V=""g q-€°-q »
(47)
2
Q(q) = 4;15 10(@) oiQ(q)l, 48)
q-€°-q
®0(q) = _4me? |Z(q) (0(@)] +10(q)) (Z(q)| (49)
o 6Q q-€°-q ’
oD (q) = ~HTC 2@V @2 9893 9 (Z(@)
« (q-€*-q)7° ’
(50)

where the superscripts D, O, and O denote the dynamical
dipoles, quadrupoles, and octupoles, respectively, and we
have introduced the notations:

(ka|Z(q)) = qpZF,, (51)
(k| 0(Q) = qpq, 087, (52)
(ka|O(q)) = qpq,4;0°7°. (53)

Specifically, ®P<P(q) in Eq. (50) represents the dipole-
dipole interaction mediated by dielectric spacial disper-
sion [95,100]. For practical calculations of the long-range
dynamical matrix, the Ewald summation technique as
described in Ref. [64] is adopted, and the multipolar elec-
trostatic contributions to dynamical matrix can be rewritten

into a summation over reciprocal lattice G vectors as

Choop@= D (ka|®“(q+ G)|k'B)
G#—q

. _ (9+G)€®-(q+G)
x el @re Te=T)e o, (54)

where A is the range separation parameter. Therefore,
the long-range parts of dynamical matrix can be written
as [64,66]

chO{,K/ﬁ (q) = Cfa,f(’ﬂ (q) - SKK’ Z C;fa,,(//ﬁ (‘l = 0): (55)

and the second term is used to ensure the translational
invariance of crystals. In order to have a smooth and
accurate interpolation of dynamical matrix and phonon dis-
persions, the resulting short-range IFC matrix ®S(R;) are
required to be localized in real space. This can be achieved
by minimizing the summation of the absolute values of
@S (R;) with respect to A as [104,105]

(56)

%
dS(R) = arg min ||(I>S(R;)| -
A
where || - - - ||; represents the £;-norm (or Manhanttan dis-
tance) and the asterisk means the self-interaction terms are
excluded. We use the optimal A that minimizes Eq. (56)
to calculate the long-range part of dynamical matrix and
interpolate phonon dispersions shown in Sec. IV, whose
value depends on the material of interest and the included
multipolar terms. However, in the case of elastic tensor cal-
culations using short-circuit boundary conditions, A needs
to be small such that it only removes the macroscopic
G = 0 component of the long-range Coulomb interaction.
The optimal A obtained from Eq. (56) generally will be
too large, which removes a certain portion of short-range
components of Coulomb interactions as well. Therefore, to
obtain the short-circuit elastic tensor we minimize the sum
of short-range IFCs in Eq. (56) with the only G = 0 taken
into account to find the optimal value of A. We find and
show in Sec. IV that the elastic tensor is not very sensi-
tive to the choice of the range separation parameters. The
removal of such G = 0 component is also consistent with
the DFPT formulation of elastic tensor, which excludes
the macroscopic Hartree, local pseudopotential, and Ewald
terms [100].

Importantly, the multipole tensors of low-symmetry
solids are not guaranteed to be symmetric when permut-
ing the direction of phonon perturbation with the direction
of the induced multipolar response. For instance, the Born
effective charge tensor in low-symmetry crystals is not
always a symmetric matrix if their Wyckoff positions do
not respect certain site-symmetry constraints [106,107].
This will lead to the nonhermiticity of the long-range part
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of dynamical matrix. However, we insist that the total
dynamical matrix should always be hermitian [108—110]
but might not be in practice due to numerical reasons.
To guarantee hermiticity, the following permutation sym-
metry of total IFCs must be satisfied: CDgla = d>l°, B
which should always hold as a result of the commutativ-
ity of the derivatives of a crystal potential. Furthermore,
the on-site (self-interaction) term ®°_, that is determined
from the translation invariance Eq (Al) thus becomes
[109,110]
o, ﬁ + 0%

Kﬂfcoz _

Z O p (57)

where the asterisk indicates that the k¥’ = « term within
the reference unit cell / = 0 is excluded from the summa-
tion. As an example of a case where hermiticity is broken
due to numerical approximations, we have computed the
lattice-vibration properties of the low-symmetry rhombo-
hedral BaTiO3 with space group R3m using the QUANTUM
ESPRESSO [111,112] software and find that the interpo-
lated dynamical matrix is not hermitian when translational
invariance is imposed by correcting only the on-site IFCs,
even without the subtraction of the nonanalytic long-range
electrostatic part. In this particular case, the observed
nonhermitian behavior of the dynamical matrix is almost
negligible and left for future study.

Before going further, we would like to stress the sig-
nificance of the developed long-wavelength perturbation
framework. What we have achieved is an expression for
the elastic constants, which only requires the knowledge of
IFCs in real space, avoiding the finite difference of stress
tensor, and IFCs can be obtained via DFPT [64,66] or
small displacement method [113], making it amenable to
any atomistic code that provides forces. This, by itself,
has many advantages even if elastic constants are rou-
tinely computed by many ab initio codes. In particular,
the Huang formula is independent on the PBCs, which
are implicitly treated by constructing the optimal Wigner-
Seitz supercell in lattice dynamical calculations [97], and
this means Eq. (40) can be applied equivalently to any
dimension of systems. However, the benefit of our formu-
lation is that it also gives access to other quantities that are
otherwise almost impossible to compute, one such quan-
tity being the bending rigidity tensor. Furthermore, the
extracted high-order multipole tensors from our general-
ized cluster-expansion approach will enable the study of
piezoelectricity [114] and flexoelectricity [100], and pro-
vide an accurate description of long-range electron-phonon
coupling beyond Frohlich interactions.

III. EXTENSION TO BENDING RIGIDITIES

We begin the study of flexural properties of 2D materi-
als by briefly reviewing the classical Kirchhoff plate theory

[115—117]. For a plate of thickness #, it is common to
define an auxiliary midplane that bisects the plate into two
equal halves (i.e., —h/2 <z < h/2), and we shall only
study the case of such thin plate under small deflections.
The Kirchhoff plate theory relies on three assumptions
known as Kirchhoff hypotheses [115—117]: (i) the deflec-
tion is small compared to the thickness of plate and the
midplane remains unstrained; (ii) the plane cross section
remains normal to the midplane and to the surfaces before
and after bending deformations; and (iii) the plate behaves
like linear-elastic materials and Hooke’s law is valid.
Importantly, (ii) implies that the thickness direction is not
extensible and the strain components ¢.., €., and ¢, are
vanishing. Consequently, the out-of-plane displacement w
becomes independent of the position z as w(x,y), while
the in-plane displacement varies linearly in z as ull (x, y) =
—zVw(x,y). For the in-plane stress-strain fields, the con-
stitutive relation described by the generalized Hooke’s law
and the corresponding equations of motion for longitudi-
nal and transverse elastic waves in Sec. II A still hold for
2D materials, but with the additional flexural contributions
to strain tensor. According to the Kirchhoff plate theory,
the flexural in-plane strain tensor is given by e,5 = —2zkqg,
where kog = 3%w/(d 7,07g) is the curvature tensor (which
should not be confused with the one for atom sites in the
unit cell). We therefore focus here on the out-of-plane dis-
placements w, bending waves w, , (q), and their equations
of motion.

A. Equations of motion for bending waves

In the case of bending, the stress-strain relationship
of linear elasticity is replaced by the one between stress
resultants (force per unit length) and curvature [116,117]:

Mg = —Dug yskys, (58)
where Dqg .5 is the bending (flexural) rigidity tensor, and
Mg is the bending (o« = B) or twisting (¢ # ) moment.
By doing the tensor inverse of Dqg s, one can introduce
the flexural equivalence of the compliance tensor Dyg s,
and the curvature-moment relation can be then written as

Kap = —Daﬁjy,;/\/lyg. (59)
For a Kirchhoff plate, the bending rigidity tensor by its
definition can be calculated from the in-plane elastic stiff-
ness tensor as

h
Daﬂ,y& = / Z Caﬁ ) dZ (60)

TR

and if the elastic stiffness tensor Cg,s is homogeneous
over the plate thickness #, the above integral is then
reduced to Dyg s = h*Cyp,5/12. As discussed in the lit-
erature [77,78], the validity of using such continuum
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approximation to calculate bending rigidities can be ques-
tionable for nanoscale materials, due to the ambiguous
definition of the effective bending thickness, which can
be even direction dependent in elastic anisotropic mate-
rials. Therefore, we develop in Sec. III B a microscopic
theory of long-wavelength bending vibrations to predict
the flexural properties of 2D materials. We further note
that the bending rigidity tensor defined in this work is the
same as the one entering the expansion of the energy den-
sity in terms of curvatures, as explained in Eq. (S41) of
the Supplemental Material [118], allowing for the con-
nection between microscopic and macroscopic elasticity
theory (see Chapter 7 of Ref. [117] for further details and
derivations).

The equations of motion for bending waves can be
obtained via a similar divergence theorem for stress resul-
tant tensor or based on the local equilibrium of moments
loaded on an infinitesimal plate element [116,117]:

92w _ 32Ma,3
2 dt,dTs

(61)

By substituting Eq. (58) into Eq. (61) with k. =
3%w/(d T,d7g), we arrive at the following expression:

92 9%
e Y S Al — (62)
or 07407307, 075

also known as the fourth-order displacement partial differ-
ential equation obtained first by Lagrange in 1811 [116],
where p?P = ph is the 2D mass density. By applying a
wavelike ansatz w(t,?) = wexp(iq - T — iwt) to Eq. (62),
we can then obtain

020 = GaqpqyqsDagp.ys.

(63)
From such a macroscopic description of bending-wave
propagation, we see a quadratic dependence of frequen-
cies on the wave vectors, consistent with the prediction
from the microscopic lattice dynamical theory [97,119].
As already pointed out from the assumptions made in the
Kirchhoff plate theory, the deflection w is independent of
the plate thickness, all Cartesian components appearing
in the equations of motion should be limited to the in-
plane components. In Sec. 111 B, we will demonstrate that
the dynamic equations obtained here are actually identical
to the formulation from the lattice-dynamical approach of
long-wavelength acoustic bending waves, where the exact
formula of bending rigidity tensor is obtained.

Besides, it has been also shown that there can be a strong
electromechanical coupling between the strain gradient
(i.e., bending curvature) and macroscopic electric fields
due to flexoelectric effects in piezoelectric 2D nanoplates
[120—122], which may further alter their mechanical prop-
erties and depends on the electrical boundary conditions.

The first-principles calculations of flexoelectric coeffi-
cients in 2D materials have only recently appeared [123,
124] such that we restrict ourselves to the case of short-
circuit boundary conditions, which corresponds to the
removal of macroscopic long-range electrostatic interac-
tions in the 2D formalism (see Sec. III D for details). The
effect of flexoelectricity on bending rigidities is left for
future investigation.

B. Long-wavelength flexural acoustic vibrations

To obtain the equations of motion for the bending vibra-
tions in a system with a finite thickness, one needs to
further expand the dynamical matrices @4 ,/5(q), mode
eigenvectors U,,(q), and the corresponding frequencies
w(q) in terms of the momentum q — 0 up to the fourth
order:

Prawrs (@ = O,y +ig, LT, + L DT,
AT S N
(64)
Ua(@) = UL + iU (@) + UL (q)
+iUS) (@) + UL (q) (65)
w(q) ~ oV (q) + 0 (g), (66)

where the momentum derivatives of dynamical matrix
up to the second order have been already given by
Egs. (22)+24), and its third- and fourth-order derivatives
are

(3),7,8,1 1

q)lcot K'B Z CDKot K/ﬂ kK'y TKK/B Te'ns (67)
4).yérn / /

q)/(ot «'B Z q)KO{ K’/S kKk'y KK/5 2% TKK//L (68)

In LD materials, if the rotational invariance and vanish-
ing stress conditions are satisfied [97,119], the phonon
dispersion of ZA modes is always quadratic in the long-
wavelength limit, leading to the vanishing first-order term
»V(q) in the frequency expansion. Additionally, the dis-
placement eigenvector U,,(q) of ZA modes becomes
purely out-of-plane, fully decoupling from the in-plane
vibrations. Under these circumstances, the terms involving
oV (q) have been dropped in writing the third

0— dyqs59> o3 y/mwm 9y 4s 195 @1v8 1)
6 ko k' B 2 Kok’ B

+ay @ Ulh (@ + 00, Ush @, (69)

5 (@
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and fourth-order long-wavelength equations:

M,([a)(z)(q)]zU(O) _ Tr959.9r @ yMMU(O)

24 ka,k' B
dy4sqx (3) Sh g A1) Ayds o+ 2).y8 1 /2)
- 6 Ka,):’ﬁl](ﬁ(q)—i_ q)KOlI}(//IBl]( ﬁ(Q)
1
— g, P T USL@) + DL g cf‘fﬁ (@), (70)

which should be also solved iteratively to derive the
dispersion relation w®(q) of bending modes near the
Brillouin-zone center.

As demonstrated in Appendix B, the solvability condi-
tion given by Eq. (B36) for the fourth-order equation gives
rise to the equations of motion for acoustic bending modes
in LD materials as

M[o® (@1 Uy = 94,9599 Wapy55,Us,  (71)

where Weg .5, 1s the quantity related to the bending rigid-
ity tensor of LD materials. Using Eqs. (B30) and (B31),
the sixth-rank tensor Wyg 5, can be further decomposed
into the clamped-ion and lattice-mediated contributions to
bending rigidities as

Waﬁ,y&,k;}, = WS/I&)/S,AM + a;lf\fyé,)\uﬂ (72)
1
1 1, (4),y8rp
Wgﬁ YA T Z Wgﬂ% AT 24 Z q)m KB (73)
K Kk’
M M,
Wgﬁ Yo T Z W]o:ﬂ VKB AL (74)

K

where the lattice-mediated contribution W{;g[; o 18
lengthy and given by Egs. (B32)~«(B35). For 2D mate-
rials, considering the out-of-plane direction set to z, the
quadratic dispersion relation for ZA modes then reads

sz,aﬁ,y& (75)

[0 (@) M

= 4989y 9s

where we have used the fact that the bending acous-
tic modes have a pure out-of-plane polarization [97,119],
resulting in the displacement eigenvectors with U,, = 0
and U, = 1 if properly normalized.

C. Closed-form expression for bending rigidity tensor

The microscopic expression for the bending rigidity ten-
sor of 2D materials can be obtained by connecting the
equations of motion for bending waves derived from the
Kirchhoff plate theory and the lattice-dynamical theory,
i.e., Egs. (63) and (75). By introducing the 2D mass den-
sity p,, = M /A with the primitive unit cell area 4, we can

obtain

1 sz,aﬂ,yS
[wZA(q)] = q4aq89y9s o 1 .

(76)
In addition, using Eq. (72) we define the unsymmetrized
bending rigidity tensor as

Daﬂ,y& (WCIozﬁ y8 + Wgzaﬁ yzS) (77)

where z is assumed to be the out-of-plane direction. The
different formulations of bending rigidity tensor again
stem from its definition in reciprocal or real space, sim-
ilar to the case of strain-gradient elasticity tensor [101,
102]. In general, the dynamic bending rigidity tensor
from the reciprocal-space formulation is totally symmet-
ric with respect to any permutation of its four indices,
o, B, A, and 5. However, this is only true within the
clamped-ion approximation, since the pure electronic con-
tribution WC ~ap.ys 1s Inherently fully symmetric through its
definition as a fourth-order derivative of the zone-center
dynamical matrix. When the lattice-mediated part W2, fyd
is included, the resulting total tensor is only symmetric
upon exchanging indices within the two pairs o8 and y$,
if W5 is properly symmetrized [see Egs. (B32) to
(B35) and the related discussion in Appendix B]. This
can be further understood by noticing that Wszaﬁ 5 1sa
mixed derivative indicated by the internal strain effects.
On the other hand, using the real-space formulation, the
static bending rigidity tensor introduced in Eq. (60) must
adhere to the same symmetry relations as the elastic stiff-
ness tensor described in Eq. (3). Thus, by imposing the
additional symmetry a8 <> y 3§, the symmetrized bending
rigidity tensor can be further introduced as

Dap.ys = |:Wc1 WszaﬁV8+
(24 ’y

zz,af, }/8 2

WL
22,y 8, aB:| , (78)

which satisfies the symmetry relation of elastic stiffness
tensor and is consistent with the fact that only the sym-
metric parts contribute to strain-energy density. The appli-
cability of a dynamic theory to study the static response is
based on the establishment of mechanical equilibrium con-
ditions between the applied external load and the internal
strain response. Although individual atomic components
of the bending rigidity tensor are dynamic, their over-
all contribution becomes static, similar to the case of
strain-gradient elasticity [101]. The bending rigidity ten-
sor defined in Eq. (78) is expected to be general and
should also be applicable for one-dimensional (1D) mate-
rials, where the unit-cell area 4 is replaced by the unit-cell
length L along the 1D axis.
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Importantly, as a perturbative approach, our obtained
close-form expression for the fourth-rank bending rigid-
ity tensor in Eq. (78) adopts only the primitive unit cell
of 2D materials, which avoids adding an explicit bending
curvature to monolayer structures and allows the accu-
rate calculations of bending rigidities in the perturbative
limit. These advantages make our approach more favorable
to the supercell method [82] and cyclic DFT calculations
[83,84,89], which both fit the total energy of bent sys-
tems to curvature radii, requiring careful tests of radius
range and magnitude to ensure the accuracy and conver-
gence of bending rigidity in the small curvature limit.
Although an implementation of DFPT into cyclic DFT
would also allow for the calculation of bending rigidities,
the recent DFPT development of cyclic DFT is focused
only on phonon frequencies due to its complexity [125].
In addition, we note our bending rigidity formalism is
only exact in the linear asymptotic limit where nonlin-
ear effects are neglected, and the bending ZA modes
in 2D materials can only emerge when the rotational
invariance and vanishing stress conditions (also known
as the equilibrium conditions) introduced in Appendix A
are both satisfied [97,119]. This statement agrees with
a recent study [126], which shows that the rotational
invariance protects the quadratic ZA phonons in the long-
wavelength limit against the phonon-phonon interactions,
prohibiting the divergence of bending rigidity as well
as allowing the sound propagation in the 2D system.
Besides, our numerical simulations reveal nonzero com-
ponents of the elastic tensor involving the out-of-plane
direction in 2D materials when the aforementioned invari-
ance conditions are not met, further highlighting their
importance.

D. Separation of 2D long-range electrostatic
interactions

As already pointed out in Sec. I[I D for bulk materials,
the microscopic interatomic interactions in semiconduc-
tors and insulators are inherently long ranged [103]. The
extension to 2D materials was recently investigated for the
dynamical matrices [127—129] and electron-phonon cou-
pling [105,128—132]. In particular, Royo and Stengel [104]
developed an elegant 2D framework based on a range sep-
aration of 2D long-range kernel using the image-charge
construction and small-space representation. In addition,
for practical DFT calculations, 2D materials are simu-
lated with a vacuum in its out-of-plane direction that is
large enough to allow a sufficient decay of the electronic
wave function and avoid spurious interaction between peri-
odic images. However, due to the out-of-plane open-circuit
boundary condition, the existence of surface charges will
induce the long-range fields that can be addressed by a 2D
Coulomb truncation scheme [133].

In this work, we use Royo and Stengel’s formulation of
the 2D long-range Coulomb interactions [104]:

AN AW
d)fa,Krﬁ(q) = 2/ (@) [(q Dea (@ Z)0p

g | 1+20q.a.q
2 z \* =2z

_ |q| (Zl(a) ZK/ﬁ

1 - 277|‘llf(‘l)05zz

:| e—iq-(rk/—rk), (79)

where f(q) = 1 — tanh(|q|L/2) is the range separation
function with L denoting the characteristic length scale of
the range separation, and Z are the generalized effective
charge tensor that can be multipolarly expanded as

5 ZL] -~ ez
Zfa(q) = Zfa - TV (Qf(}x/ - 5/3)/ Ka) (80)

ZZ,(q) = 72, — iqg O, (81)

corresponding to the in-plane and out-of-plane polariza-
tion response, respectively. It should be noted that the
dynamical Born effective charge Z, and quadrupole ten-
sors QK entering the above two equations are calculated
at the mixed electrical boundary conditions [104], which
are different from those defined in Eq. (43), as indi-
cated by an additional hat symbol. Specifically, the short-
circuit boundary condition is set for the in-plane directions,
while the out-of-plane direction is set to be open circuit.
Furthermore, we have truncated the expansion of short-
range charge-density response and polarizability function
to the terms of quadrupole and macroscopic polarizabil-
ity, respectively. Given the ion-clamped dielectric per-
mittivity tensor € of the 2D system, the corresponding
macroscopic polarizability tensor can be calculated as

t o0
o= E(e -1, (82)

where ¢ is the vacuum thickness and [ is an identity ten-
sor. One can find that €™ is not a well-defined quantity in
2D materials, since it depends on the vacuum thickness ¢,
while « is thickness independent. Also, the definition of ¢,
here differs from the one o, = (¢/47)(1 — ezozo”l) that can
be found in the literature [104,134], which is due to the fact
that we impose the open-circuit boundary condition in the
out-of-plane direction through the 2D Coulomb truncation
technique [133], and this is equivalent to multiplying o,
by a factor of €°. As aresult, one can readily use the short-
circuit multipole tensors in Eq. (79) that are the standard
outputs of most DFT codes. For the practical calculation of
the long-range part of dynamical matrix in 2D crystals, one
can still apply the Ewald summation technique described
in Sec. IID, and the range-separation function f(q) =~
1 —|q|L/2 varies linearly for small momenta, unlike a
quadratic behavior of the three-dimensional (3D) counter-
part. We find that such a difference in the long-wavelength
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limit has a significant effect on choosing a suitable range-
separation parameter L in 2D materials for the accurate
calculation of elastic tensors. In contrast to bulk solids,
the short-circuit elastic constants of 2D materials become
very sensitive to L. In order to address this obstacle, we
utilize the same strategy as proposed for the bulk case
to determine the optimal L, which is achieved through a
minimization of real-space IFCs in Eq. (56) with only the
macroscopic G = 0 component removed. Rigorously, G =
0 is the only long-range component that induces the macro-
scopic electric-field effects, and any G # 0 corresponds to
the short-range local field effects [135]. Lastly, it should be
emphasized again that the implementation of Ewald sum-
mation with only G = 0 would lead to the real-space IFCs
having some imaginary parts as a signature of the break-
down of the Fourier transform of the resulting short-range
dynamical matrix. Such an issue is understood in the sense
that the nonanalytic correction to dynamical matrix is not
only limited to the vicinity of the Brillouin-zone center
if only G = 0 is included in the Ewald summation; the
nonanalytic correction on the zone boundary also becomes
unsymmetric with an even I'-centered q grid, which con-
sequently results in the presence of imaginary parts in the
real-space IFCs. Therefore, the calculation of short-circuit
elastic constants in 2D materials are performed with the
real-space IFCs where the long-range effects are removed
from a regular Ewald summation over a G-grid, but with
the range-separation parameter L obtained with only G =
0 removed.

IV. RESULTS AND DISCUSSION

To validate our new method for computing elastic con-
stants in Sec. 11, we benchmark eight representative solids,
which have been widely explored by both theoretical cal-
culations and experimental measurements: silicon, NaCl,
GaAs, and rhombohedral BaTiO5 are chosen as the bulk
materials, while monolayer graphene, #2-BN, MoS,, and
InSe are selected for 2D materials. We also compute and
validate the bending rigidities of graphene, #-BN, MoS,,
and InSe. Specifically, in the case of bulk system, sili-
con is chosen as an infrared-inactive material; NaCl is
selected as an infrared-active solid without quadrupoles,
while GaAs is infrared-active with also the contribution
from quadrupoles. Finally, BaTiO; is chosen as a repre-
sentative example of a low-symmetry system. Moreover,
graphene is chosen as a prototype of the 2D system, and
h-BN is an example for the infrared-active 2D materials;
MoS,; represents the well-known 2D family of transition
metal dichalcogenides, while InSe is selected for another
2D class of III-VI metal chalcogenides. The calculation
details of our first-principles simulations are summarized
in Appendix F, except for 2-BN, MoS,, and InSe where we
have used the computational parameters from Ref. [105].

A. Dipole-free materials

Our first example is silicon, which is a simple covalent
and infrared-inactive solid. The optimized lattice con-
stant of its diamondlike structure from DFT is 5.469 A,
in close agreement with the experimental value 5.431 A
[141]. Figure 1(a) shows the phonon dispersion of silicon
with increasing supercell size of IFCs from 4 x 4 x 4 to
14 x 14 x 14. Although there is no LO-TO splitting due
to its infrared-inactive nature and vanishing Born effec-
tive charges, the phonon dispersion only converges from a
supercell size of 8 x 8 x 8. As demonstrated in the inset of
Fig. 1(a), this situation is more severe for long-wavelength
acoustic branches around the Brillouin-zone center, which
is closely linked to the macroscopic elastic properties. The
lowest order in the multipole expansion is the quadrupole

(a) 0.05K r 0.05L
16 0.6
\ P
12 4 J0.3
. e \/
N g
I
= — 103
a — 143
c 8 0.0
35
o
9 /
w
4 -
OF X UK r L
(b)
160r o
& 120
e
]
c
8
n
c 80f
S O\
Y] ~—
i
©
“ a0t
-+ Cu1
—O0— Cp2
Cas
0 . . . . . .
4 6 8 10 12 14
Supercell size (N3)
FIG. 1. (a) Phonon dispersion and (b) independent compo-

nents of the elastic tensor for silicon as a function of supercell
size. The inset of panel (a) shows the enlarged acoustic branches
around the T" point along the K and L directions. The dotted
lines in (b) are the reference values of elastic constants from the
finite-difference calculations using the THERMO_PW code [59].
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term, and the QQ term is the only long-range contribu-
tion to the dynamical matrix up to the second order in q in
the expansion of Eq. (42). The dynamical quadrupole ten-
sor of silicon can be expressed as 0F} = (=1 Qleqgpy |
with g44, being the Levi-Civita symbol, so it only has
one independent component when o # 8 # y. Our fitting
procedure based on the Taylor expansion of unscreened
charge-density response in Eq. (43) gives a value of 13.76
e bohr for |Q)°|, which agrees well with the previous cal-
culations either from DFPT (13.67 e bohr [136]) or a fit to
the analytic long-range electron-phonon matrix elements
(13.66 e bohr [142]). However, our further interpolation
of dynamical matrix with the QQ term taken into account
shows an almost unchanged phonon dispersion for silicon,
except for the case using a 4 x 4 x 4 supercell, which is
too small to ensure the good decay of IFCs in real space.
Therefore, the inclusion of the quadrupole term does not
help to improve the convergence rate of lattice-dynamical
properties for silicon, and only the phonon dispersion
based on the standard interpolation scheme is illustrated
in Fig. 1(a). We report the dynamical multipole tensors
and dielectric properties of silicon in Table I, although the
octupole tensor is not used here due to the vanishing DO
interactions in silicon.

Silicon has the highest cubic symmetry and there is only
three independent components (C1, Ci,, and Cyy) for its
elastic tensor (see Sec. II of the Supplemental Material
[118] for a brief introduction of Voigt notation). The cal-
culated elastic stiffness tensor based on the real-space IFCs
and long-wavelength expansion as a function of super-
cell size is shown in Fig. 1(b). Similar to the results of
phonon dispersion, the elastic constants of silicon also
begin to converge after a supercell of 8 x 8 x 8 with the
relative error of 4.3% and 2.9% to the reference values
from finite-difference calculations for C; and Cyq4, respec-
tively, while the C;; component has already converged
after a 6 x 6 x 6 phonon grid. The results displayed here
are calculated based on the total IFCs as silicon is infrared
inactive, without the removal of any high-order multipo-
lar interaction. A further subtraction of the QQ term in
the dynamical matrix of silicon does not modify its elastic
tensor, which implies that the quadrupole will not couple
with the mechanical field therein; this observation is in
agreement with the fact that silicon is not a piezoelectric
crystal because of the cubic symmetry and the existence of
spatial inversion. Using the obtained quadrupole values,
the calculated piezoelectric tensor via Martin’s formula
[114] is indeed zero. In addition, the detailed compari-
son of the elastic constants, moduli and sound velocities
of silicon calculated from our method based on a super-
cell of 14 x 14 x 14 and the finite difference implemented
in the THERMO_PW code [59] as well as the experimental
values [137,138] are listed in Table II. The Voigt-Reuss-
Hill (VRH) scheme of polycrystalline average is adopted
to calculate the bulk (K) and shear (G) moduli, from which

TABLE 1. The dynamical Born effective charge Z [e],
quadrupole O [e bohr], octupole O [e bohr?], clamped-ion dielec-
tric permittivity €, and dielectric dispersion tensors €® [bohr?]
tensors of Si, NaCl, and GaAs. The values in the column this
work are obtained via a least-squares fit to the Taylor expan-
sion of unscreened charge-density response in Eq. (43) and
dielectric screening function in Eq. (44), compared with those
calculated from DFPT. Only symmetry-independent components
are shown. The DFPT quadrupole values for silicon and GaAs
are taken from Ref. [136].

Elements This work DFPT
Si - 13.762 13.67
or= —338.035 —
0" —123.629 -
€X 13.087 13.114
b —172.780 -
et —90.933 —
Na zx 1.107 1.107
o —16.069 —
0" —14.562 —
Cl zx —1.107 —1.107
o —74.762 —
0" —28.066 —
NaCl €® 2.484 2.485
W —2.353 —
eh, —1.184 —
Ga zx 2.112 2.115
or 17.469 16.54
oX —356.233 -
0" —86.146 -
As z -2.112 —-2.115
or —8.880 —8.57
orX —726.922 -
o0y —305.694 -
GaAs € 14.274 14.282
e —241.495 —
e® —202.947 —

Xy

Young’s modulus (£) and Poisson’s ratio (v) are further
obtained under the isotropic approximation (see Sec. Il A
of the Supplemental Material [118] for more details). In
solids, sound waves can be generated by either compres-
sional (volumetric) or shear deformation, and two such
deformation modes correspond to the pressure (longitu-
dinal) and shear (transverse) waves, respectively. As a
consequence, the speed of sound in the same solid mate-
rial can be different, depending on the specific deformation
mode. With the knowledge of elastic moduli, we also cal-
culate the longitudinal (v;) and transverse velocities (v;),
where the detailed formula can be found in Sec. III A of
the Supplemental Material [118]. Overall, our results for
the mechanical and elastic properties of silicon are in good
agreement with both the finite-difference calculations and
experimental measurements.
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TABLE II. Theoretical and experimental elastic constants (Cj;), bulk (K), shear (G), and Young’s (£) moduli [GPa], Poisson’s
ratio (v) and longitudinal (v;) and transverse (v;) sound velocities [m/s] of silicon, NaCl, and GaAs. For this work, a 14 x 14 x 14
supercell is adopted to obtain the elastic tensor of silicon and GaAs, while a 12 x 12 x 12 supercell is used for NaCl. The results of
THERMO_PW are from the finite-difference of strain-stress relation. The superscript “CI” denotes the clamped-ion approximation, and
the relaxation of internal atomic positions is only allowed in silicon and GaAs for their Cs4 component. To obtain the elastic moduli, the
polycrystalline average based on the Voigt-Reuss-Hill scheme is utilized. The experiment data for Si and NaCl were measured at 298
and 300 K, respectively, while those for GaAs were extrapolated to zero temperature. The experimental Young’s modulus, Poisson’s

ratio, and speed of sound for GaAs are single-crystal results, along the [100] crystallographic direction.

Compounds Ch Cia Cu S K G E v v v
Si This work 152.70 56.56 74.66 99.64 88.60 62.58 151.97 0.21 8685 5238
THERMO_PW 152.55 56.26 74.75 99.83 88.36 61.21 149.20 0.21 8681 5241
Experiment [137,138] 165.64 63.94 79.51 — 97.8 65 160 0.22 8434 5843
NaCl This work 48.08 11.69 12.77 12.77 23.82 14.72 36.61 0.24 4550 2648
THERMO_PW 47.29 11.87 12.34 12.34 23.67 14.27 35.64 0.25 4511 2607
Experiment [139] 48.50 10.42 12.50 — 23.11 14.81 36.61 0.24 4456 2620
GaAs This work 109.38 49 88 54.04 74.62 69.71 42.53 106.04 0.25 4886 2834
THERMO_PW 109.30 49.13 54.64 74.78 69.19 43.00 106.83 0.24 4888 2850
Experiment [140] 112.6 57.1 60.0 — 78.9 32.8 86.3 0.32 4784 3350

B. Quadrupole-free materials

We then focus on the phonon spectra and elastic prop-
erties of NaCl, as depicted in Fig. 2, and our DFT cal-
culation yields a lattice constant of 5.698 A, close to the
experimentally measured value of 5.628 A [143]. Unlike
silicon, NaCl is an infrared-active solid where the nonzero
Born effective charges give rise to the nonanalytic LO-
TO splitting at the Brillouin-zone center; however, it has
a vanishing dynamical quadrupole tensor due to spacial
inversion symmetry. The calculated dipole, octupole, and
dielectric tensors of NaCl can be found in Table I. As
can be seen from Fig. 2(a), where the solid and dotted
lines represent the phonon dispersions using the standard
DD and the advanced multipolar interpolation, Eq. (45),
the phonon spectra have already converged on a relatively
small 4 x 4 x 4 supercell, except for the dispersions of TO
modes. While this convergence of TO branches could be
solved using a larger supercell, the inclusion of high-order
multipolar interactions (DO+DeD) in the Fourier interpo-
lation can already capture its correct dispersion based on
a 4 x 4 x 4 supercell, see Fig. S1 of the Supplemental
Material [118].

Our calculated elastic constants are validated against
those obtained by finite-difference using THERMO_PW in
Fig. 2(b). If the long-range interactions are not subtracted,
we see in the inset of Fig. 2(b) that the elastic constants
oscillates. To guarantee convergence, the IFCs must decay
faster than 1/d° with increasing interatomic distance d
[95]. A subtraction of long-range multipolar interactions
up to O(qg?) is then required, which corresponds to the
short-range IFCs decaying at least as 1/d°. In practice, for
the case of NaCl, we find that removing DD only is suf-
ficient to reach convergence for a 6 x 6 x 6 supercell and
that further removing the higher order DO and DeD terms

only have a negligible impact. This observation implies
that the long-range multipolar interactions in NaCl are
weak due to inversion symmetry, which eliminates the odd
quadrupole tensor. Overall, our results for the elastic con-
stants of NaCl are in excellent agreement with the finite-
difference calculations and the experiment measurements,
as shown in Table II.

C. High-symmetry materials

We now study the elastic tensor of GaAs, which is
also an infrared-active material. Although it has a similar
cubic structure as silicon and NaCl, the lack of inversion
symmetry in GaAs makes it piezoelectric with a larger
electromechanical coupling effect [144,145]. In particular,
the calculated dielectric function is very sensitive to the
change of lattice constant, and our optimized lattice con-
stant from the PBEsol functional yields a value of 5.661 A,
in excellent agreement with the measured 5.653 A [140] in
experiments (0.14% error). We have compared the phonon
dispersion of GaAs obtained with the standard dipole and
advanced multipole interpolations, where the additional
DQ and QQ interactions are considered, see Fig. S1 of
the Supplemental Material [118]. It can be noticed that the
inclusion of such multipolar interactions have improved
the quality of the interpolated optical branches, especially
the two TO modes near the Brillouin-zone center. When
it comes to acoustic phonons, we find that the long-range
multipole interactions (i.e., DQ and QQ) have almost no
influence on their dispersions, and there is only a slight
change in the slope in the long-wavelength limit (see the
inset of those two plots). For both cases, the acoustic
branches reach convergence after a 6 x 6 x 6 supercell. In
addition, the further introduction of DO and DeD interac-
tions plays a negligible role in improving the convergence
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FIG. 2. (a)Phonon dispersion with enlarged inset around the I

point and (b) independent components of elastic tensor for NaCl
as a function of supercell size where the standard (DD) long-
range has been removed. In the panel (b), the elastic constants
of NaCl obtained without the long-range removal are shown in
the inset, and the dotted lines are the reference values from the
THERMO_PW finite-difference calculations.

efficiency of the phonon dispersion of GaAs, although they
are at the same (O(g?) order as the QQ term. Last but not
least, the calculated dynamical quadrupole tensor of GaAs
is 0FY = Oy |qpy | with values of 17.47 and —8.88 e bohr
for Ga and As, respectively, in line with the previous
DFPT prediction, that is 16.54 and —8.57 e bohr [136],
respectively. The full multipolar and dielectric properties
of GaAs are summarized in Table .

We proceed to analyze the elasticity of GaAs and the
influence of long-range multipolar interactions on its elas-
tic tensor, also shown in Fig. S1 of the Supplemental
Material [118]. The elastic constants are calculated based
on the short-range IFCs after removing the DD, DQ, and
QQ terms, since the IFCs must decay faster than 1/d°
in order to guarantee the convergence with respect to
supercell size. Importantly, this treatment can lead to the

appropriate short-circuit electric boundary conditions that
we are interested in, ensuring the correct values of elas-
tic constants, i.e., without the macroscopic electric-field
effect. Indeed, the C;; component converges to the cor-
rect value with a supercell of 8 x 8 x 8, while Cj, and
Cy4 need a larger 10 x 10 x 10 supercell. All of these
three independent components of the elastic tensor are in
good agreement with the reference values obtained from
the finite-difference calculations of strain-stress relation
(the dotted lines in the plot), and the detailed compari-
son among them and the measured experiment data are
listed in Table II. Crucially, the Cj, and Cy4 coefficient
converge to incorrect values if dipoles only are subtracted,
and deviate from the finite-difference reference by 11.38%
and 5.13%, respectively. We insist that this is a qualita-
tively different result. While for our first two cases, the
addition of higher multipoles speeds up the convergence,
here quadrupoles are required to obtain the correct result.
Indeed, in general, convergence may never be reached,
even for infinite supercell size, if not all nonanalyticies
have been removed [95,136]. However, for the case of
GaAs, we find that instead the DO and DeD removal in
IFCs have no influence on the calculated elastic tensor of
GaAs, which is consistent with the similar observation in
its phonon dispersion.

D. Low-symmetry materials

Now we apply our approach to study the elasticity of
the ferroelectric rhombohedral barium titanate (BaTiOs3)
and the related lattice-dynamical properties. Upon cool-
ing, BaTiOj3 displays three consecutive ferroelectric phase
transitions: it has the perovskite cubic structure in the
high-temperature paraclectric phase, and first undergoes
a cubic-to-tetragonal transition around 393 K; the tetrag-
onal ferroelectric phase is then stable until 278 K, where
it further transforms into the orthorhombic phase, and
below 183 K, BaTiO; is finally stablized in the rhom-
bohedral phase [146,147]. In this work, we focus on the
low-temperature rhombohedral phase of BaTiO3, with the
space group of R3m. Our optimized lattice constant and
angle of rhombohedral cell at the LDA level are 3.948
Aand 89.935°, respectively, which are close to the mea-
sured lattice parameters, 4.004 A and 89.839° [147]. The
phonon dispersions of BaTiO3 are shown in Fig. 3 as a
function of the supercell size with increasing level of treat-
ment for the long-range multipolar interactions. As can
be seen in Fig. 3(a), the lowest acoustic branch exhibits
an imaginary frequency (about —0.1 THz) in the vicin-
ity of the I' point if the standard interpolation is used
with only the DD interaction removed. This issue has been
attributed to the strong effect of high-order multipole inter-
actions in BaTiOj3 [95], such as quadrupole- and octupole-
related terms in the expansion of macroscopic electric-field
effects. Hence, we have performed a Taylor expansion fit
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FIG. 3. Phonon dispersions of BaTiO; as a function of super-
cell size using (a) the standard (DD) interpolation and the mul-
tipolar interpolation with (b) DD+ DQ +QQ + DO + DeD where
the inset shows an enlarged version of the acoustic branches.

to the unscreened charge-density response and the dielec-
tric screening function due to a phonon perturbation up to
O(g?) accuracy, and the obtained dynamical multipole ten-
sors and dielectric tensors are summarized in Table VI.
Due to the relatively low symmetry of the rhombohe-
dral BaTiO3, the number of independent components for
quadrupole are 4, 4, and 10, respectively, for Ba, Ti, and O
atoms, while their corresponding octupole tensors have 6,
6, and 16 symmetry-distinct components. It should be reit-
erated that the dynamical matrix of BaTiO3 has been found
to be nonhermitian because of the unsymmetric multipole
tensor regarding to the permutation involving the direction
of phonon perturbation, which is a known issue of low-
symmetry infrared-active solids [106—110]. For instance,
the second-rank Born effective charge tensor of the O atom
is not a symmetric matrix, i.e., Z; # Z7.

To illustrate the subtlety of high-order multipoles on
the lattice dynamics of BaTiOs, we start by taking into
account the long-range interactions related up to dynam-
ical quadrupoles order, see Fig. S2 of the Supplemental
Material [118], which produces a positive definite phonon

dispersion. However, the convergence of the phonon dis-
persion with respect to supercell sizes is still poor, espe-
cially the low-energy acoustic modes near the zone center
where there is a change in their slopes even using a large
14 x 14 x 14 supercell. This means that BaTiO; has a pro-
nounced long-range Coulomb interactions which makes
the general DD interpolation fail, since the removal of DD
term can only ensure IFCs decay faster than 1/d> [64,148],
which is not enough to guarantee the locality of IFCs in
real space. Although the additional elimination of DQ and
QQ terms in the dynamical matrix makes real-space IFCs
decay faster than 1/d* and improve the situation, one needs
to remove DO and DeD as well to have fast convergence
(6 x 6 x 6), as shown in Fig. 3(b) for both the low-energy
acoustic and high-energy optical modes.

Last but not least, we compute the six independent
components of the clamped-ion elastic constants of rhom-
bohedral BaTiO; and present their convergence rate and
values in Fig. 4 with increasing level of treatment for the
long-range multipolar interactions. We can see that per-
fect agreement and fast convergence (10 x 10 x 10) when
subtracting all the long-range between our result and the
reference finite-difference results using THERMO_PW. We
also find that the QQ term has little impact in that mate-
rial, which is in sharp contrast to the results in GaAs
where the long-range QQ term plays a vital role in the
determination of the correct short-circuit elastic tensor.
The lattice-mediated part, Eq. (31), can also be computed
with both methods and is reported in Table III where
some difference can be observed. Indeed, when estimating
the contribution of lattice relaxation to the elastic tensor,
the structure optimization under a small strain perturba-
tion in DFT simulations does not always reach the global
minimum of the Born-Oppenheimer potential energy sur-
face, which gives rise to a difference in the calculated
elastic tensor within the finite-difference implementation.
Such an issue is a limitation of studying elastic proper-
ties with finite difference of strain-stress or strain-energy
relation [71], while our approach is able to include the
lattice-mediated contributions exactly by using the analytic
expression in Eq. (31). Nonetheless, the converged results
from the 14 x 14 x 14 supercell are in relative agree-
ment with the finite-difference elastic constants, where the
largest absolute difference is 0.69 GPa and the largest rela-
tive difference is 1.24%, as listed in Table III. The effective
elastic moduli and sound velocities of BaTiO; are also
given in Table III, and to our best knowledge, the exper-
imental measurements of its elastic properties are still
unavailable.

E. Elastic tensor and bending rigidity in semimetallic
graphene

Building on the success of our approach for predict-
ing the elastic tensor of bulk solids, we extend it for 2D
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FIG. 4. (a)Hf) Independent components of the clamped-ion elastic tensor of BaTiO3 as a function of supercell size. The elastic
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using the THERMO_PW code.

solids and also compute their bending rigidities. We start
with graphene as the prototype 2D material, whose lattice
constant is 2.466 A from our DFT simulation. The cal-
culated phonon dispersion and independent components
(Cy1 and Cpp) of the elastic tensor as a function of the
supercell size are shown in Fig. 5. Since graphene is a
semimetal with a Fermi surface formed by six Dirac points,
the long-range effect has been suppressed by the metalli-
clike screening, and the separate treatment for multipolar
interactions is thus not needed. The phonon dispersions
and elastic constants of graphene both converge from a
6 x 6 x 1 supercell. However, the uppermost two optical
branches are still slightly changing for a larger super-
cell size due to the well-known Kohn anomalies observed
at I' — E; and K — 4] modes [149,150]. For our largest
16 x 16 x 1 supercell, we find that C;; = 352.42 N/m and

TABLE III.

C1; = 64.15N/m, in good agreement with finite-difference
calculations from Ref. [151] and with experiment, see
Table IV. We also note that lattice relaxation induced by
the internal strain field only has a small effect and the
clamped-ion results for Cy; and Cy; are found to be 360.19
and 56.38 N/m, respectively.

We then proceed to investigate the bending rigidities of
graphene, which are also calculated based on the real-space
IFCs but using the higher-order perturbation expansion
presented in Sec. IIIB. As shown in Fig. 5(b), using
the same Voigt notation, the fourth-rank bending rigidity
tensor of graphene only has two independent compo-
nents, D, and D,. Unlike the elastic tensor entering the
second-order long-wavelength equation of acoustic vibra-
tions, the bending rigidity tensor describes the fourth-order
equations of motion for flexural modes, which is more

The calculated elastic constants (C;;), bulk (X), shear (G) and Young’s (£) moduli [GPa], Poisson’s ratio (v) and

longitudinal (v;) and transverse (v;) sound velocities [m/s] of BaTiO3 from the IFCs of a 14 x 14 x 14 supercell (this work) and the
finite difference of strain-stress relation in THERMO_PW. Both the clamped-ion and relaxed-ion results are shown. The elastic moduli
are estimated using the Voigt-Reuss-Hill scheme of polycrystalline average.

Methods C] 1 C12 C] 3 C14 C33 C44 K G E Vv vy Uy

Clamped  Thiswork  364.72 113.12 104.23 7.37 35478 117.31 191.87 122.64 303.31 0.24 7518 4416
THERMO_PW 364.14 113.29 104.77 7.28 35432 116.62 192.03 12238 302.82 0.24 7511 4406

Relaxed This work ~ 300.63 93.72 5644 44.14 293.61 5486 145.05 71.16 183.49 0.29 6177 3364
THERMO_PW  299.99  93.07 56.77 4339 29280 54.19 14485 71.03 18190 0.28 6172 3361
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FIG. 5. (a) Phonon dispersion and (b) independent compo-

nents of the elastic and bending rigidity tensors in graphene as
a function of supercell size. The inset of panel (a) shows the
enlarged acoustic branches. The dotted lines in (b) represent the
theoretical elastic constants C;;/Cj, and bending rigidity Dy,
taken from Ref. [151] and Ref. [89], respectively.

sensitive to the accuracy of IFCs. Furthermore, the bend-
ing rigidities of 2D materials can be inferred from the
quadratic coefficients of the long-wavelength dispersion
of ZA modes, which have a parabolic behavior near the
zone center. As can be seen from the inset of Fig. 5(a), the
parabolic shape of ZA phonon remains unchanged when
varying the supercell size from 4 x 4 x 1to 16 x 16 x 1,
which is consistent with the observation of a nearly con-
stant bending rigidities of graphene throughout the entire
region of supercell size. The obtained D,; and D, based
ona 16 x 16 x 1 supercell are 1.53 and 0.51 eV, respec-
tively. The principal bending rigidity of graphene DF =
Dy = Dy was computed previously using the Helfrich
Hamiltonian model for membranes [85,86], which gave a
value of 1.44 eV [82], in good agreement with our result.
In addition, using the Helfrich Hamiltonian method within
the cyclic DFT formalism [83,84], the authors of Ref. [§9]

obtained a principal bending rigidity of 1.50eV. Besides,
experimental measurement yielded a bending stiffness of
monolayer graphene between 1.2 and 1.7 eV [55], further
corroborating the accuracy and reliability of our long-
wavelength perturbation method.

The tensorial nature of our bending rigidity formalism
also allows for a direct evaluation of the Gaussian bending
rigidity or Gaussian modulus D¢, This quantity describes
nonpure bending, such as twisting, which is dominated
by the Gaussian curvature defined as the product of two
principal curvatures. In the case of an isotropic system,
DS = —2Dg as derived in Sec. III B of the Supple-
mental Material [118] is used to calculate the Gaussian
modulus. We obtain a Gaussian modulus of —1.02¢V, in
reasonable agreement with the value of —0.70eV [79]
from the Helfrich Hamiltonian method within the density-
functional tight-binding calculation, while another DFT
calculation using the same Helfrich Hamiltonian method
gave a value of —1.52eV [82]. We also notice that a
direct measurement of Gaussian modulus is challenging
and was only available a few years ago, where atomic
force microscopy was used to extract the bending rigidities
from a quadratic relationship of adhesion energy between
the rolled and unrolled monolayer graphene [153], which
gave —1.82 and —1.93 eV for a roll-up nanotube and a
bent nanoribbon, respectively. This experimental result is
rather different from our computed value. Interestingly,
we find that there is no lattice relaxation effect on the
bending rigidities of graphene, which results in an addi-
tional symmetry relation Dy, = Dgs. Since Dy} — Dyp =
2Dg¢s holds in hexagonal lattices [164], this means D, =
3D¢s and hence DS = —2DP/3 in the case of graphene.
In our computational case, such relationship is verified
exactly but this is not the situation for the current exper-
imental values, therefore awaiting further experimental
verification in the future. One possibility for the observed
discrepancy in the Gaussian modulus of graphene com-
pared to those from the Helfrich Hamiltonian method
is the existence of local geometric distortions due to
the use of a relatively large curvature in their calcula-
tions, i.e., not in the linear response region. In addition,
the calculations using fullerenelike structures require an
additional energy correction due to the existence of 12
pentagon rings, which causes a poor fitting performance
for the Gaussian modulus [82]. Instead, our perturbative
approach uses only a single unit cell and is exact in
the infinitely small curvature limit. Moreover, the probe-
induced topological defects and their attractive interac-
tions could explain the more negative Gaussian modulus
obtained in experiments [153]. Importantly, the obtained
complete bending rigidity tensor of a general monolayer
can enable the exploration of bending anisotropy as well
as building authentic microscopic to macroscopic mod-
els to understand the bending of nanoplates and biological
membranes.
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TABLE1V. Theoretical and experimental elastic constants (Cj; ), layer (K), shear (G) and Young’s (£) moduli [N/m], Poisson’s ratio
(v) and bending rigidities (D;; ) [eV] of 2D graphene (C), 2-BN, MoS,, and InSe. We used a 16 x 16 x 1 supercell to obtain the elastic
and bending rigidity tensors of graphene and A-BN, a 12 x 12 x 1 supercell is used for MoS,, and a 10 x 10 x 1 supercell is used
for InSe. To obtain the elastic moduli, the 2D polycrystalline average based on the Voigt-Reuss-Hill scheme is utilized. For isotropic
2D materials, the principal bending rigidity is D® = D|; = D5, and the Gaussian bending rigidity is calculated as D¢ = —2Dy¢. We
note that the layer modulus is the 2D equivalent of the bulk modulus and the experiment data are all assumed to be obtained at room

temperature including those specifically reported as such.

Compounds Ci Ci Dy, D> DS K G E v
C This work 352.42 64.15 1.53 0.51 —1.02 208.28 144.13 340.74 0.18
Theory 352.7[151] 60.9 [151]  1.44 [82] —1.52[82] 206.8[151] 1459[151] 342.2[151] 0.17[151]
1.50 [89] ~0.70 [79]
Experiment 372+ 5 47 + 12 1.2-1.7 —1.82 [153] 116 & 12 [154] 340 £ 50[30] 0.19[155]
[152] [152] [55]
—1.93[153] 342 [155]
h-BN This work  295.36 65.69 1.06 028 —0.79 180.53 114.83 280.76 0.22
Theory  293.2 [156] 66.1 [156]  1.02 [90] 179.6 [156] 113.6[156]  278.3[156] 0.22 [156]
0.95 [157]
Experiment 281 £ 10 [158]
289 + 24 [159]
MoS, This work 131.88 32.28 9.06 4.35 —4.71 82.08 49.80 123.98 0.24
Theory 132.3[160] 32.8 [160]  9.10 [87] 82.5[160] 49.5[160] 124.1[160] 0.25[160]
9.01 [89]
Experiment 10.2 + 0.6 [54] 160 + 40 [161]
10.5 + 3.8 [56] 180 + 60 [162]
InSe This work 49.27 13.38 22.60 834 —14.25 31.33 17.95 45.64 0.27
Theory 49 .38 13.72 15.3,17.5 31.55 17.83 45.57 0.28
[163] [163] [89] [163] [163] [163] [163]

F. Elastic tensor and bending rigidity in
semiconducting monolayers

To wvalidate the generality of our bending rigidity
approach, we also tested semiconducting monolayers,
where long-range fields couple with lattice vibrations.
We start with #2-BN but remark that the calculation of
quadrupole tensor in DFPT is not implemented in QUAN-
TUM ESPRESSO [111,112] and the recent generalization
of charge density response to 2D systems is limited to
in-plane atomic displacements [129]. Therefore, we use
the quadrupole tensors of 4-BN, MoS,, and InSe com-
puted by some of us [105] using the DFPT implemen-
tation in the ABINIT package [104,165—167] and reported
in Table S1 of the Supplemental Material [118]. To guar-
antee result consistency, we therefore use the same com-
putational parameters as Ref. [105]. As a side remark,
we find that the use of 2D Fourier interpolation with
the long-range presented in Sec. IIID combined with
the rotational invariance and equilibrium conditions [97]
gives small imaginary or linear ZA modes in the long-
wavelength limit, due to out-of-plane dynamical dipoles,
i.e., the second term in square parentheses in Eq. (79).
We find that these out-of-plane dipoles have negligible
contributions to both the phonon dispersions and elas-
tic properties in the studied materials and leave this
limitation for further studies. We give additional details

on the rotational invariance and equilibrium conditions in
Appendix A.

As shown in Fig. 6(a), the phonon dispersion of #-BN
converges with a 4 x 4 x 1 supercell when the multipo-
lar interactions up to dynamical quadrupoles are taken into
account. In contrast, if the standard Fourier interpolation
with only DD interactions is adopted, we find that there is a
slight modification in the slope of the long-wavelength TA
phonon modes (not shown). The short-circuit elastic con-
stants are more sensitive and converge with a 12 x 12 x 1
supercell, but only the one with DD+DQ+QQ recovers
previous DFT calculations [156]. Based ona 16 x 16 x 1
supercell, the two symmetry-independent components Cy;
and Cj, calculated by removing only the DD interactions
are 298.37 and 76.52 N/m, respectively, while the respec-
tive reference data are 293.2 and 66.1 N/m [156]. The
deviation in Cj, is large with a relative error of 15.77%,
which implies the important role of dynamical quadrupole
interactions in the electromechanical coupling in 2D A#-BN.
Indeed with DD+DQ+QQ removed, we obtain a value of
295.36 and 65.69 N/m for the C;; and C;, components of
h-BN. The detailed comparison of our calculated elastic
constants and moduli for 2-BN with those from previous
simulations as well as experimental measurements can be
found in Table IV. Importantly, the convergence rate of
elastic constants in 2D materials is different from their
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FIG. 6. (a) Phonon dispersion and (b) independent compo-

nents of the elastic and bending rigidity tensors in #-BN as a
function of supercell size. The multipolar interactions up to the
quadrupole terms are considered for the long-range effect in the
phonon dispersion of #-BN, and the inset of panel (a) shows the
enlarged acoustic branches around the I' point along the K and
M directions. In (b), the short-circuit elastic constants and bend-
ing rigidities of #-BN are calculated at the levels of removing
DD and DD +DQ+QQ interactions; the dotted lines represent
the theoretical elastic constants C;;/Cj, and bending rigidity Dy,
taken from Ref. [156] and Ref. [90], respectively.

bulk counterpart due to 1/|q| decay for the Coulomb ker-
nel instead of 1/|q|* for the 3D case. As a result, the
lowest-order DD interactions is first-order such that the
LO-TO splitting is vanishing at the zone center of 2D
materials and the DQ and QQ interactions are thus second-
and third-order, respectively. Meanwhile, we are left with
a dipole-dipole interaction mediated by the macroscopic
polarizability (similar to the DeD term for bulk systems),
which is also second-order and can be included directly
into the DD term if one does not truncate the denominator
in Eq. (79). As the 2D elastic tensor is still determined from
the second-order long-wavelength equation, the removal of
multipolar interactions up to the second order is necessary
to converge it with respect to the supercell size. However,

our simulation reveals that the third-order QQ term still has
a nontrivial influence on the calculated short-circuit elastic
tensor in ~-BN. This further suggests the higher-order QQ
interactions are important to keep the obtained IFCs short-
ranged with a sufficient decay in real space, which is not
a direct effect on the 2D elastic tensor. We believe that
only the DD and DQ interactions are necessary to con-
verge the elastic constants of 2D crystals, but the further
separation of an additional QQ term is required to guaran-
tee the IFCs decay in the desired manner; in other words,
the range separation using the Ewald summation technique
in reciprocal space may not be exact. As the elastic ten-
sor is determined from the second-order long-wavelength
equation, the removal of multipolar interactions up to at
least second order is necessary to converge it with respect
to the supercell size.

When it comes to the bending rigidities of #-BN shown
in Fig. 6(b), the convergence is faster than for elastic
constants and reached for a 6 x 6 x 1 supercell, which is
connected to fast convergence of the long-wavelength dis-
persion of ZA modes as shown in the inset of Fig. 6(a).
However, we notice a small drift at higher supercell sizes
for the bending rigidities because in monolayers the neces-
sary condition of an n-order moment of IFCs to converge
is that the IFCs themselves decay faster than 1/d"*2, as
the integral in Eq. (73) is performed over the in-plane area
of a supercell. This implies that the decay of short-range
IFCs in real space must be faster than 1/d° in order to
converge the fourth-order moment of IFCs in 2D mate-
rials, which is equivalent to the requirement that all the
multipolar interactions at O(g*) should be be removed;
these include the first-order DD, the second-order DQ,
the third-order QQ and DO, and the fourth-order QO and
DH interactions, where H denotes the hexadecapoles. We
leave the calculations of multipoles moments higher than
quadrupoles in 2D for further studies but notice that our
results range within 1.01—1.06 eV, which are still in good
agreement with the existing theoretical results, 1.02 [90]
and 0.95eV [157]. Also, interestingly, the effects of DQ
and QQ interactions on bending rigidities are negligible,
as shown in Fig. 6(b). Besides, we predict for the first
time D, = 0.28 ¢V and a Gaussian modulus of —0.79 eV
in A-BN. Lastly, unlike graphene, the lattice relaxation
does contribute to the bending rigidities of 4-BN, that is,
—0.11 eV for both Dy, and D,,, which is negative and thus
lowers the energy of the system upon bending.

We continue to study the case of 2D MoS, mono-
layer, whose detailed results are shown in Fig. S4 of
the Supplemental Material [118]. We find that conver-
gence for that material is easier because the macroscopic
long-range effects are weak, which we attribute to the
relatively large in-plane dielectric permittivity but accom-
panied with small effective charges. Based on the IFCs of a
12 x 12 x 1 supercell, we obtain the C;; and Cj, of mono-
layer MoS, as 131.88 and 32.28 N/m, respectively, while
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the previous DFT values are 132.3 and 32.8 N/m [160].
The detailed mechanical and elastic properties of 2D MoS,
are summarized in Table IV, in excellent agreement with
experiment. In addition, the converged principal bending
rigidity D;; based on a 12 x 12 x 1 supercell is 9.06 eV,
consistent with a value of 9.01 [89] and 9.10eV [87],
which both relies on the Helfrich Hamiltonian method.
Notably, we find that the lattice-mediated contribution
due to relaxation effects significantly impacts the bend-
ing rigidities of MoS,, which is a crucial difference from
the behavior observed in graphene and #-BN. Without the
lattice-mediated contribution, both Dy; and D;, become
negative (i.e., —1.53 and —0.51 eV), which indicates that
such a material is not stable under a bending perturba-
tion due to the failure of the clamped-ion approximation.
It further suggests that the motions of bending waves in
MoS, can be only stabilized by the renormalization effect
of the lattice, a phenomenon that has not been discussed
before. Finally, we here report for the first time the values
of Dy, and Gaussian modulus DS of MoS, are 4.35 and
—4.71 eV, respectively, awaiting the future experimental
verifications.

Our last example for demonstrating the accuracy of the
proposed method is monolayer InSe, which serves as a pro-
totype for the 2D family of III-VI metal chalcogenides.
The calculated phonon dispersions with the increasing
supercell size are shown in Figs. 7(a) and 7(b), where the
long-range Coulomb electrostatics is treated at the lev-
els of DD and DD +DQ+QQ interactions, respectively.
In the case of DD interaction only, the slope of the lin-
ear TA modes around the I" point changes slowly as the
supercell size increases. As can be seen from Fig. 7(b)
and the inset therein, when the DD+ DQ+ QQ interpo-
lation scheme is used, the resulting phonon spectra can
be readily converged using only a small 6 x 6 x 1 super-
cell. In particular, the long-wavelength behaviors of all
three acoustic modes remain constant with the increas-
ing supercell size from 4 x 4 x 1 to 14 x 14 x 1. For the
short-circuit elastic constants, as illustrated in Fig. 7(c), the
values of Cy; and Cj, are 49.60 and 20.43 N/m, respec-
tively. While C;; agrees well with the reference result
of 49.38 N/m from the previous DFT calculations [163],
C1, shows a large error around 48.91% with respect to
the reference value of 13.72 N/m. Such an inconsistency
can be remedied by further taking into account the con-
tributions from DQ and QQ interactions, as shown by the
red dotted lines in Fig. 7(c). When the multipolar interac-
tions up to the quadrupole terms are considered, values of
49.27 and 13.38 N/m are obtained, respectively, in excel-
lent agreement with the previous reported values. Also,
if the clamped-ion approximation is adopted, the respec-
tive Cy; and Cyp are 73.38 and 23.39 N/m. The detailed
results of elastic constants and moduli for 2D InSe are
summarized in Table IV.
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FIG. 7. Phonon dispersions and independent components of
the elastic and bending rigidity tensors in InSe as a function
of supercell size. The phonon spectra in the panels (a) and (b)
are obtained based on a Fourier interpolation with the DD and
DD+DQ+QQ interactions taken into account, respectively, and
their insets show the enlarged acoustic branches around the I'
point along the K and M directions. In (c), the short-circuit elas-
tic constants and bending rigidities of InSe are also calculated
at the levels of removing DD and DD+DQ+QQ interactions; the
dotted lines represent the theoretical elastic constants C;; and C;
taken from Ref. [163].
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Similarly to the cases of 4#-BN and MoS;, the bend-
ing rigidities of InSe in Fig. 7(c) suffer from the issue
of divergence when using a large supercell, due to the
existence of high-order mutipolar interactions beyond the
quadrupole terms. Although the removal of DQ and QQ
interactions only results in a small positive shift in the D,
component compared to the case with only DD interac-
tions subtracted, the bending rigidities are still diverging,
especially from the supercell size of 12 x 12 x 1. We
note that the impact of DD term itself is also relatively
small, see Fig. S5 of the Supplemental Material [118],
which suggests that the octupole tensor will be important
in this material. However, owing to the technical diffi-
culty of computing higher-order multipolar interactions,
we will leave this point for the future investigation. Using
a moderate 10 x 10 supercell, our approximated princi-
pal bending rigidity D;;, Gaussian modulus D, and the
Dy, component of InSe monolayer are 22.60, —14.25,
and 8.34eV, respectively. By comparison, the principal
bending rigidities of InSe from the Helfrich Hamiltonian
method within the cyclic DFT calculations are 15.3 and
17.5 eV, respectively, using the roll-up nanotubes along
the zigzag and armchair directions [89]. Such discrepancy
could be attributed to many factors, including unconverged
DFT parameters and numerical instability in extracting
bending rigidities from the energy-curvature relation. The
latter is a drawback of the Helfrich Hamiltonian method,
which can be corroborated by the observed symmetry
breaking in the calculated bending rigidities along the two
principal axes. Furthermore, our simulation also reveals
a significant renormalization effect from the lattice relax-
ation on bending rigidities of InSe, where the clamped-ion
Dq; and Dy, are found to be 0.32 and 0.11¢V. Interest-
ingly, for 2D materials containing only a single layer such
as h-BN the lattice relaxation induced by a bending defor-
mation tends to lower the bending rigidity, while it can
significantly stiffen the bending modulus of multilayer 2D
materials. This finding will provide practical guidelines for
designing future flexible electronics.

V. CONCLUSIONS

In this work, we propose a novel method to simultane-
ously compute the elastic constants and bending rigidities
of bulk and LD materials. Compared to existing methods,
the approach is based on the long-wavelength perturba-
tion theory and uses only the real-space IFCs, dynamical
charges and dielectric tensors as input. This provides the
direct benefit to work for any dimensions unlike the finite-
difference method based on the strain-stress and strain-
energy relations where the elastic constants involving the
out-of-plane Cartesian component should be removed in
the constitutive equations for 2D materials. Second, the
electromechanical coupling is treated on the same foot-
ing through the calculated multipole and dielectric tensors.

One can readily obtain the open-circuit elastic constants
via the piezoelectric tensor calculated directly from the
quadrupole tensor, with the lattice-mediated contribution
fully included. Third, the bending rigidities of 2D materials
can be easily obtained based on a higher-order long-
wavelength perturbation expansion in the same manner.
Notably, the calculated bending rigidity is inherently ten-
sorial, which further allows us to explore the elastic
anisotropy of 2D plates, and currently this is the only
way to obtain the complete fourth-rank bending rigidity
tensor, to the best of our knowledge. Fourth, temperature-
dependent elastic constants and bending rigidities beyond
the quasiharmonic approximation can be readily achieved
via the self-consistent harmonic approximation [94] by
taking into account the full quantum anharmonicity, as
our approach takes the real-space IFCs as the input. Last,
if phonon calculations have been already performed, the
calculations of elastic constants and bending rigidities
with the present approach can be performed at virtually
no additional computational cost. This enables the auto-
mated high-throughput calculations of elastic properties
directly through existing phonon workflows that have been
already implemented in most of high-throughput workflow
managers [168—170].

In summary, we present an efficient and accurate
approach for calculating both the elastic and bending rigid-
ity tensors of crystalline solids, which is rigorously for-
mulated based on the secular equation of lattice dynamics
and the long-wavelength perturbation theory. In particu-
lar, we have provided a practical recipe in the framework
of modern electronic-structure calculations for imple-
menting the Huang formula of elastic stiffness tensor
that dates back to the atomic theory of elasticity intro-
duced in 1950. Besides, we extend Huang’s theory to
describe also the equations of motion of bending wave
in 2D materials and obtain the corresponding bending
rigidity tensor, through the fourth-order long-wavelength
expansion. Significantly, in semiconductors and insula-
tors, the induced macroscopic electric fields couple with
the lattice vibrations in the long-wavelength limit, which
must be treated separately in order to recover the elas-
tic constants and bending rigidities at the correct elec-
trical boundary conditions. To obtain the short-circuit
one, it is found that the multipolar interactions up to the
octupole terms are necessary to remove the macroscopic
electric-field effects in elastic constants at O(g?), while
the higher-order terms such as the dipole-hexadecapole
and quadrupole-octupole interactions are required to con-
verge the bending rigidity tensor. For this purpose, we
have further developed a reliable cluster-expansion model
to efficiently extract the high-order multipole and dielec-
tric tensors. We then validate the effectiveness and accu-
racy of our methodology by demonstrating the exam-
ple calculations on four bulk solids: Si, NaCl, GaAs,
and BaTiO;, and four 2D materials: graphene, A-BN,
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MoS;, and InSe, where an overall good agreement has
been achieved among other theoretical methods as well
as the experimental measurements. Interestingly, we dis-
cover that the lattice-mediated contributions due to the
relaxation of internal atomic positions under bending
deformation play a crucial role in stabilizing bent 2D
materials and flexural modes, which has not yet been
reported. While the lattice-relaxation effect tends to lower
the bending rigidities of the single-layer 2D materi-
als, it can stiffen the bending modulus of multilayer
2D materials. Our findings will deepen the understand-
ing of bending deformation of nanoplates and mem-
branes, complementing the microscopic theory of flexural
nanomechanics.

Last but not least, the computational framework pre-
sented here serves as a robust foundation for iden-
tifying and characterizing promising energy materials.
For instance, the accurate determination of mechanical
descriptors, combined with high-throughput phonon calcu-
lations, can enable the efficient screening of high thermal
conductivity materials or the rational design of strain-
tolerant cathode materials for long-lifespan batteries. Fur-
thermore, our automated extraction of high-order multi-
poles (particularly quadrupoles and octupoles) provides
an atom-resolved pathway to optimize piezoelectric and
flexoelectric materials. By bridging the gap between fun-
damental material properties and device-level engineering,
these developments are crucial for the practical realization
of next-generation energy harvesting and electromechani-
cal devices.
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APPENDIX A: INVARIANCE AND EQUILIBRIUM
CONDITIONS ON SECOND-ORDER
INTERATOMIC FORCE CONSTANTS

The conservation of the global crystal and angular
momenta requires the IFCs to satisfy additional acoustic
sum rules (ASRs), and these constraints on the second-
order IFCs read [70,97,98]:

Z%K (A1)
Z(Dl(a /(//3 KK! Zq)K()tK]/ I(K’ﬂ’ (Az)
ZCDK(YK/ﬂ Ter’y KK/S Zq)/cyk/éi Tek'a KK/,B’ (A3)

Ick’ Ik’

where Eq. (A1) denotes the translational invariance, and
Eq. (A2) is the rotational invariance. If the system is at the
equilibrium, the IFCs needs to further fulfill the so-called
equilibrium conditions for vanishing external stress, given
by Eq. (A3). This set of constraint equations provide the
complete description of the invariance conditions of a har-
monic lattice at the equilibrium. Particularly, the rotational
invariance and the equilibrium conditions are found to be
important for recovering the physical quadratic dispersions
of ZA phonons in LD materials [97,119]. Besides, another
useful identity derived from translational invariance is

Zq)/(a /(//3 kK'y 0’

Ik’

(A4)

which suggests that the lattice remains perfect under any
homogeneous deformation, and the resulting forces vanish
[70]. This new identity can be derived by starting from

Z Z q),l((lx’,(/ﬂ (tll(/)/ - tl,K)/) = O,

'l ki’

(AS)

which is valid by considering the translational invariance
Eq. (Al). One can notice that the summation ),/ is the
same for choosing an arbitrary reference unit cell 7, since
the lattice is infinite without any surface effect. Hence, we
can set // = 0 and obtain Eq. (A4).

APPENDIX B: SOLUTION OF THE
LONG-WAVELENGTH EQUATIONS FOR
ACOUSTIC VIBRATIONS

As discussed in the main text, the resulting five coupled
equations in terms of phonon momentum q up to the fourth

013012-24



ELASTIC CONSTANTS AND BENDING RIGIDITIES FROM. ..

PRX ENERGY 5, 013012 (2026)

order, Egs. (25) to (27), (69) and (70), need to be solved
iteratively, where the unknowns are the perturbation series
of phonon frequencies w(q) and eigenvectors U, (q) for
each phonon mode v.

The zeroth-order Eq. (25) is independent of q, which
contains only the zone-center dynamical matrix <I>I(C(2 ny
given by Eq. (22). Owing to the translation invariance, the
general solution ansatz is readily obtained as

Ui =U. (B1)
where U, is an arbitrary polarization vector for each acous-
tic mode, independent of «. It describes the rigid trans-
lations of the whole crystal in three Cartesian directions.
The homogeneous zeroth-order equation has an infinite

number of solutions, since d>,(m) B is singular caused by
the constraints of the translational invariance. Although
the zeroth-order solution currently remains arbitrary, it can
be further determined in the second-order equation where
the linear phonon dispersion is obtained, Eq. (34). Using

Egs. (22) and (B1), the zeroth-order equation then becomes

T7 /
Uﬂ Z q)mx,/(/ﬂ =0,

I’

(B2)

which holds given the translational invariance Eq. (A1)
and thus verifies the zeroth-order solutions.

For the first-order equation, we substitute Eq. (B1)
into Eq. (26) and arrive at the following inhomogeneous
equation:

(0) 1) (1),
¢K0t K’ﬂlj(/ﬁ(q) = —qy Uﬁ Z (I)Kou)(/ (B3)
«!

By setting the right-hand side of the above equation to
zero, it can be noticed that the homogeneous part of
Eq. (B3) has the same form as the zeroth-order equation.
Since the zeroth-order solution U is the orthogonal com-
plement space of the subspace spanned by <I>,(((2 P the
sufficient and necessary condition of solvability is that
the right-hand side of Eq. (B3) orthogonalizes to the
zeroth-order solution:

qVUOtUﬂ Z CDI((B:I)(//,B =0.

4

(B4)

KK

This solvability condition is fulfilled by substituting
<I>(1) v w1th Eq. (23) and taking into account the identity
Eq (A4)

4y UaUp Y @y pTher, =0. (B5)

Ik’

Since CD( ) B is not full rank due to the translational invari-
ance, there are only 3n, — 3 linearly independent first-
order equations, and their solutions also become arbitrary.

Without loss of generality, we remove this arbitrariness
by imposing the condition of zero displacement for the
first atom (x = 1) in the unit cell: Uf(lz)l,a(q) = 0. The

remaining (3n, — 3) x (3n, — 3) matrix @ffg s
and «’ both greater than one, is in general nonsingular,
and the solution of the first-order equation can be obtained

by inverting QD(O) . We introduce the inverse matrix of
CID(O)

I(Oll(

with «

A

FKO(,K/ﬂv K’K/7é 19

. (B6)
0, otherwise,

Flcoz,l(’ﬁ =

where f’m,,(/ﬁ is the inverse of the remaining @i(g,(,ﬂ
matrix, and I, .4 satisfies the following orthogonal rela-

tionship [70]:

cha,/(/ﬁ q),((q)ﬁ’,(//y = 80{)/8106”- (B7)

Since dD() «/p 18 @ symmetric matrix, its inverse should
be symmetrlc as well, Ty g = T co. We now multi-
ply Eq. (26) by I'y7s e, and sum over the indices « and «,
arriving at the first-order solution by applying Eq. (B7):

U,((Q(Q) _QSFKa K’ﬂq)(l)8 l]f{g/)ya

e (B3)

with the subscripts relabelled. It is convenient to introduce
the following two notations:

_ D,y
Aoy =D Py (B9)
K/
YE 5, = Cears Al gs (B10)

which serve as the internal-strain force-response tensor and
internal-strain displacement-response tensor, respectively
[68,100]. The first-order solution Eq. (B8) can be then
rewritten as

U(l)(q) = Us. (B11)

aﬂy

Specifically, Al apy captures the force acting on the xth
atom in the unit cell along the direction o due to the
internal strain eg,,, and Y 4 is the corresponding atomic
relaxation induced by the stram deformation.

With the obtained zeroth-order solution Eq. (B1) and the
first-order solution Eq. (B11), the second-order equation
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(27) can be recast into

o) UL (@) = Mc[o" (@) T

_ qrz%vﬁ Y o

cax'p — drds U/ﬁq) " T,'\(ﬁa (B12)

Kotk A

To further simplify the above expression, we introduce the
type-I strain-gradient force-response tensor [100]

Clx M,«
To(tﬂyé_T y5+ (T‘oLzyﬁs‘FTiaﬂy) (B13)

with the clamped-ion and lattice-mediated contributions
defined as

CI 2),y8

Tugys = —Z%,Kfﬁ, (B14)
M, M,y
Ty = P, h s (BI5)

The symmetrization is performed on the parentheses in
Eq. (B13) with respect to Cartesian components y and &
: M,k - . . .
(i.e., type-I), because Tgy, ps itself is a type-1I quantity (i.e.,
invariant under exchange of B8 and §). Microscopically,
Tg;;; s describes the force induced by a type-I strain gradi-
ent V&g, on the unit-cell atom « along « direction, while
o
ing from the relaxation of internal coordinates if allowed
by point group symmetry. Following a similar procedure
for the first-order solution, the solvability condition for the
second-order equation can be obtained as

T 3455 accounts for the additional force response result-

(Z mk[w(l)(q)] 50!/3 —4y4qs Z aff, yS) Uﬂ =0.

(B16)

This solvability condition can be further rearranged into
the equation for sound-wave propagation and yields
Eq. (28). Finally, the solution of the second-order equation
is obtained by multiplying both sides of Eq. (B12) by
I3 xa» Summing over the indices « and o, and substitut-
ing [0V (q)]? with Eq. (34):

M,

U,((%.E(Q) = QJ/qSFKa,K’A <_K

oy Dbrs = TS, y&) Ug, (B17)

with the subscripts relabelled and the normalization con-
dition of zeroth-order mode eigenvectors U,. By further

introducing the mass-compensated strain-gradient force-
response tensor [100]

R M,

T, =T, _VTaﬂ,ySa

aB,ys af,ys (BIS)

and the mass-compensated strain-gradient displacement-
response tensor (type-I)

HKﬂ ys = La K/ATA(ﬂ y8s (B19)
Eq. (B17) can be rewritten as
U2(Q) = —qy4sTTy, 5 Up. (B20)

In particular, for the ZA modes in LD materials, the
linear dispersion " (q) always vanishes, and we can read-
ily drop the mass-compensated part and use the tensors
without a hat:

HK,{; ys — an K’)\T)iﬁ ZE (B21)

which in other words implies the elastic constants T,g s
involving the out-of-plane component are completely zero.
In a nutshell, together with Egs. (B1), (B11), and (B20) for
v, Ul (q), and U2)(q), respectively, we complete the
solutions of the coupled long-wavelength Eqs. (25)+27),
which are used for investigating the elastic constants of
crystals in this work.

To further obtain the second-order dispersion relation
»? (q) of the bending modes in LD materials, we continue
to solve the third-order and fourth-order long-wavelength
equations given by Egs. (69) and (70) in the main text. The
terms involving " (q) are dropped due to the vanishing
linear dispersion of ZA phonons in LD materials [97,119].
Analogous to the low-order equations just solved, the
solvability condition for the third-order long-wavelength
equation is that its inhomogenous part orthogonalizes to
the zeroth-order solution, which reads

U(o)q)ﬂ) VﬂU(z) (q) + % qua U(O)cD(Z) 38 U(]ﬁ(q)

Ko ko k! ﬂ Kok’ B

4 959, qy4qs595. U(())(D(3) R27 U(O) _

6 Kok’ B (B22)

with the zero-, first-, and second-order solutions given
by Egs. (B1), (B11), and (B20), respectively. To simplify
the third-order solution, we can introduce the type-I in-
plane strain-gradient force-response tensor due to a small
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deflective perturbation as

JCI,K LMI1,« JLMZ,K

Jgﬁ,ym = Joplysr T Jay g T Jasrpys (B23)

with the corresponding clamped-ion and lattice-mediated
contributions as

1
CLk _ 3),y8x
ey = ¢ 2 Pty (B24)
K./
LMI, ), /
Tay . = =P Mg o (B25)
1 ,
LM2i )82
Jm”uﬁ)’ - _Eq)Ka,K,MTZ,/SV' (B26)

The physical meaning of those high-order response tensors
is that JO%:K s 1s the force acting on the atom « in the unit
cell along the Cartesian direction « caused by the type-I in-
plane strain gradient V,&,s from the displacements of the

atoms «’ in the out-of-plane direction 8, while JaL;VI ;5'; and

JOI; ;\fzﬁ'; represent the additional force induced by the relax-

ation effects of lattice under such strain-gradient perturba-
tion. Assuming the out-of-plane direction 8 = z with the
origin of coordinate system placed at the midsurface of the
plate, as discussed in Sec. III and according to the Kirch-
hoff plate theory [115-117], the in-plane displacements
vary linearly in the distance z as ul(x, y,2) = —zVw(x, ),
from which the in-plane strain field is obtained. In addition,
in order to make Eq. (B22) valid and the third-order long-
wavelength equation solvable, we find that the following
additional ASRs on the second-order IFCs should hold:

1 / 1 /
Z (Dl(ol,lc/ﬁtl(l(/y T8 Tieln — O’ (B27)

Ik’

which act as the new constraints on harmonic IFCs along
with the invariance conditions in Appendix A. Since the
left-hand side of Eq. (B27) is a fifth-rank tensor, these
additional ASRs contribute 60 constraint equations after
considering the tensor symmetry. More generally, it is
noted that the expressions involving a sublattice summa-
tion of the odd perturbation term of dynamical matrix
should be always vanishing, which gives rise to such ASRs
in Egs. (A4) and (B27). We verify numerically in all
the studied 2D materials that the violation of these extra
ASRs is small and that their imposition leads to negligible
changes in the values of bending rigidities. Therefore, the
solution of the third-order equation can be readily obtained
by inverting the matrix CIDSB,K, 5 i.e., multiplying Eq. (69)
by I'c7, o With a summation over « and a:

U,(j.? (Q) = —4y4sqx FKQ,K,MJﬁﬂ’ySAU,B

= —qy4s9xr EZﬂ,ySAUﬁ’ (B28)

where Egﬁ,ym = Taxu ;f;/s,ysx is the type-lI in-plane
strain-gradient displacement-response tensor from a small
deflective perturbation to the crystalline plate.

Finally, the solvability condition for the fourth-order
long-wavelength equation is

kak'p

@ (12770 _ Dr9s9rdn 4,y 81 7 /0)
D Mo @PUQ = 0 Y T U,
K K
My 743 qv4s ).78 142
— 4y Z q)l(ﬂt,l(/ﬁ Uf((’ﬂ (q) + 2 Z CI)KO(,K/ﬁ Uf(’ﬂ (q)
K K

_ 49y9595 Z (D(3),y8)\l](1/;(q)’

6 kak'B Tk (B29)

K

which yields the equations of motion for ZA modes in LD
materials with the known quadratic dispersion relation in
the long-wavelength limit. For convenience, we define the
following sixth-rank response tensors:

WS M,k
W’(;ﬂ,y(s,)uu = WS/S,)/B,)LM + th;ﬂ,yS,Au’ (B30)
1
Lk _ (4),y6Ap
Wgﬂ,yﬁ,xu - ﬁ Z (Dkoz,f(’ﬂ ’ (B31)
K/
M2,k M2,k
VVLM,K _ WLM],K + W(I;ﬂ,)/,(”»p. + WIt;ﬁ,S,yAM
aByd.iuw T T aByd.au 2
WLMS,K + WLM3,K
O, YA,
+ af. A,y 5 af,y A ’ (B32)
1 /
M1,k _ 2),y8 i
Wabyain =~ Pranrs Top (B33)
M2k 5Dy i
VV{;/‘}:%MIL - q)Ka,K/u“Uﬂ,SAM’ (B34)
1 /
M3 (3),80
WEB,MM,V - gcblcot,/(’u Ts,ﬁy’ (B35)

«
Laplacian of curvature as a sum of the corresponding
clamped-ion and lattice-mediated contributions, respec-
tively. The symmetrization is performed for the two lattice-
mediated tensors, Wig/lf,'gw and WEX;;’L’V', since they are
not invariant by swapping y and 8, while the bending
rigidity tensor has such symmetry. Therefore, using the
above-defined sixth-rank tensors, the solvability condition

in Eq. (B29) can be recast into

where Wi, s, 18 the force-response tensor due to the

> M [P @ Us = q,959201 Y Wep.ys.2, Up-

(B36)

By multiplying Iy, .o on both sides of Eq. (70), sum-
ming over the indices x and «, and using Eq. (75) to
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replace [wgi(q)]z, the solution of the fourth-order long-
wavelength equation is obtained as

UD(Q) = 4,950:9,Teax'n

M ’ / J—
X (VK Wag.yson — W;g,w,w) Ug, (B37)

with the subscripts relabelled. By further defining the
mass-compensated force-response tensor

R M,

W’(;ﬂ,)/(s,)\p. = Wapysau — M Waﬁ,y&/\w

(B38)

and the corresponding mass-compensated displacement-
response tensor due to the Laplacian of curvature

Opysan = LeawnWip a0 (B39)
Eq. (B37) can be rewritten as
U@ = —4,950:9: %555, Up- (B40)

It is worth mentioning that Stengel [101] formulated the
theory of strain-gradient elasticity using a similar vari-
ational method of lattice dynamics, where the derived
strain-gradient elasticity tensor thereof for bulk solids
shares many similarities with the bending rigidity tensor
of this study. Our results in Egs. (B30) to (B35) are fully
equivalent term-by-term with Eq. (51) of Ref. [101] by
summing over x and the symmetrization in Eq. (B32).
However, Stengel only considered the purely electronic
and lattice-mediated terms in his real calculations, which
are Egs. (B31) and (B33) plus (B34) with only (B25)
in Efy 4, respectively. For the bending rigidities of 2D
materials, we find those remaining mixed terms (i.e.,
both electronic and lattice-mediated in the language of
Ref. [101]) are non-negligible and crucial to recover the
results of the Helfrich Hamiltonian method.

In short, Eqs. (B28) and (B40) constitute the solutions
of the third- and fourth-order long-wavelength equations,
useful for studying the motion of bending acoustic modes
in LD materials. As demonstrated in the main text, the
displacement eigenvectors of ZA modes in 2D materi-
als decouple from the in-plane vibrations in the long-
wavelength limit, polarizing purely in the out-of-plane
directions. One can readily set « and B in all of those
solutions to z with U, = 1.

APPENDIX C: RELATIONS OF THE
LONG-WAVELENGTH EQUATIONS TO ELASTIC
DEFORMATION

We show here how the derived long-wavelength acous-
tic vibrations in Egs. (25)~27) are closely related to the
locally homogeneous elastic deformation of a crystal, and

a similar discussion can be found in Ref. [70]. Suppose a
sample whose size is smaller than the wavelength of a long
acoustic wave. If one stimulates such a long wave in the
sample, it will result in a homogeneous deformation with a
uniform stress field and the crystal lattice will remain per-
fect. In this situation, the deformation can be obtained as
the atomic displacements owing to the zeroth-order waves
U9 () = U,e™7 [70] with its derivative to position as the
deformation parameter:

3 AUD (1)

Eap = afﬁ = iqﬁUaeiq'T.

(CD)

Since we focus on a long acoustic wave (q — 0), the
exponential can be regarded as a constant and so do &g,
which indicates that the deformation is indeed homoge-
neous within the considered situation of sample. Moreover,
by substituting Egs. (22), (23), and (C1) into Eq. (B3), the
first-order equation can be rewritten as

l 1) l ~ /
Sl U@ =Y L, sEsy Tl (C2)
l ZK/

where Uf(l,l)g (r) = sz(l,L (q)e’®7 is the first-order wave. Par-
ticularly, the right-hand side of Eq. (C2) represents the
force acting on the xth atom in the unit cell due to the
homogeneous strain on the crystal given by Eq. (C1). Such
interatomic forces resulted from the homogeneous elas-
tic deformation create the first-order waves U,((B (1), which
further displace atoms to yield the internal strain that com-
pensates the external strain fields through the left-hand
side of Eq. (C2), ultimately reaching a balanced strained
state. Moreover, in order to further analyze the second-
order waves Uff(j(t), which is closely related to the strain
gradient field

82 U((xO)(.L.)

C3
07801, ©3)

Vygozﬂ = = _Qﬂqu_]aeiq.ra

one can rewrite the second-order long-wavelength
equation by substituting Egs. (B18) and (C3) into
Eq. (B12):

l 2) A ~
Z Pran'p Ui'ﬂ(r) = Topy5Vslpy, (C4)
l

with Uf(z,g(r) = Uf(z,;} (q)e™" defined as the second-order
waves. It is easy to notice that the above equation also
has the unit of forces, which corresponds to the internal
force response due to the induced strain gradient field.
Particularly, f’;ﬁ’y s in Eq. (B18) can be decomposed into
the clamped-ion and lattice-mediated contributions to the
internal force response due to the strain gradient and strain
fields created by the zeroth-order and first-order waves,
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respectively. In the case of a long-wavelength deforma-
tion, the induced strain gradient field can be also assumed
to be homogeneous, indicating the strain field varies lin-
early throughout the sample material. As can be seem
from Eq. (C4), the atomic displacements perturbed by such
a constant strain gradient field generate the second-order
waves U2) (7). When it comes to the bending waves in 2D
crystals, one needs to further solve the third- and fourth-
order long-wavelength equations, as shown in Appendix B.
In a nutshell, the zeroth-order waves first subject the whole
crystal to a homogeneous deformation and generate the
external strain field. This leads to the creation of the first-
order waves through a rigid displacement of all atoms in
the crystal, and the induced forces acting on the atoms
due to the external stress must be balanced by the forces
of the internal stress arising from the first-order waves,
as shown in Eq. (C2). In the same manner, the variation
of the strain field from the zeroth-order waves and the
atomic displacements from the first-order waves together
generate the second-order waves as described by Eq. (C4),
and the induced forces are further compensated by the
atomic displacements from the second-order waves. The
dispersions of longitudinal and transverse elastic waves
are then given by the solvability condition of second-order
Eq. (28). Therefore, the long-wavelength equations for
acoustic waves are intimately linked to the homogeneous
elastic deformation, and can be utilized to determine the
elastic tensor of crystals.

APPENDIX D: CLUSTER EXPANSION MODEL
FOR MULTIPOLE AND DIELECTRIC TENSORS

The dynamical multipole and dielectric tensors of crys-
talline solids should respect the fundamental symmetry
relations indicated by the underlying space group sym-
metry as well as the derivative commutativity. To explic-
itly consider the symmetry requirements on multipole
and dielectric tensors, one can use the cluster expansion
model to represent the Taylor expansions of charge-density
response and dielectric screening function in Egs. (43)
and (44) as

_ i\l
ety = & ;), 9l (@)q,, (D1
£(@) = ¢4, (D2)

where k = {k, i} is a composite index for both the atom site
k and the corresponding Cartesian direction i, Q{C () isa
flattened vector of the generalized multipole tensor of each
cluster used in the expansion, ¢, = 9,9, " 4, is a com-
bined wave vector, and we have used the multi-index nota-
tion introduced in Ref. [172] for cluster expansion: « is the
so-called cluster comprised of n lattice sites {1, k2, ..., k,}
of the primitive unit cell and / = {iy,i3,...,i,} is a collec-
tion of Cartesian components. The order of a cluster is also

the number of atom sites within it. For each cluster «, its
absolute value and factorial are defined as

ol =) e,
K

al = 1_[01,(!,
K

(D3)

(D4)

where «, is the number of the atom site x in the clus-
ter. It should be noted that a cluster can contain duplicate
atom sites, and such a cluster is called an improper clus-
ter, otherwise being a proper cluster. As can be seen
from the left-hand side of Eq. (D1), the cluster expan-
sion for charge-density response to a phonon perturbation
only contains a single atom site «, and such an expan-
sion is thus just an on-site cluster expansion with only the
improper clusters at different orders, i.e., the cluster &« com-
prising only the repeated atom sites k in the charge-density
response. For a given atom site «, we should also stress that
the cluster o only defines the superscript components / of
a multipole tensor, which actually represent the electric-
field response, and the order of multipole tensor is hence
n + 1 given an n-order cluster. Besides, for the expansion
of dielectric screening function in Eq. (D2), it is actually
not a cluster expansion since no atom site is involved,
and we also use the introduced multi-index notation for
simplicity.

The symmetry-independent irreducible components of
the multipole tensors at each order can be obtained by ana-
lyzing the symmetries of the corresponding clusters. The
symmetries of each cluster consist of two parts: space-
group symmetry and permutation symmetry, where the
permutation only exists for an improper cluster as the per-
mutation of a proper cluster is included already in the
space-group symmetry. In addition, a sum rule should be
further imposed on the lowest-order clusters with the non-
vanishing tensor components to fulfill the charge neutrality
conditions of the system.

Space-group symmetry. The charge-density response
0k (q) to a phonon perturbation transforms covariantly in
its atom site k under the operations in the crystal space
group Gs. As a result, for each symmetry operation § €
Gg, one can have the following transformation:

(o) = Ry (5) QL (), (D5)

where Ry (5) = vy, -t 1S A 37+ % 37+ matrix,
which corresponds to an operation § consisting of an
orthogonal transformation with a 3 x 3 rotation matrix
t followed by a translation t, i.e., 5T, =t- 7, +t, and
n is the order of cluster «. It is important to mention
that the order of atom sites in a cluster may be changed
by the symmetry operation S. However, the clusters for
representing multipole tensors are all improper and the
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order of atom sites within the cluster thus becomes triv-
ial. Furthermore, with the help of space-group symmetry,
all the clusters of lattice sites used in the expansion can
be grouped into the so-called orbits, which only include
the symmetry-equivalent clusters of & under the operations
of space group, denoted as Gg, = {Sa|s € Gg}. In other
words, the symmetry operations within a space group can
be divided into two subgroups: one for mapping a clus-
ter o to all possible clusters in its orbit (g, and the other
for building symmetry constraints on the cluster « itself.
The latter is further defined as the isotropy group G, of a
cluster o, which represents a set of transformations making
a invariant: G, = {§ € Gg|sa = a}. Therefore, the cluster
expansion of charge-density response can be recast using
only the representative clusters of the symmetry-distinct
atom sites as

_\lel
pe@ =20 Y WO @y (06)

o!
Sa€Ggy

Then, the symmetry constraints from the space group
of a crystal on the multipole tensors can be built using
those operations in the isotropy group of the corresponding
clusters as

QL(a) = Ry (3) QL (), Vs € Gg. (D7)

Permutation symmetry. Since the multipole tensors are
defined as the partial derivatives of the charge density
response of each atom to the phonon momentum, they
should be commutative with respect to the order of doing
the partial derivatives, which reads

O (@) = Py (@) (@), (D8)

where Py (o) is a 3"*! x 3"+ permutation matrix for a n-
order cluster «. One should be careful that the permutation
is only allowed for the superscripted Cartesian components
1, but not the one in the composite index « which denotes
the direction of phonon perturbation.

Charge neutrality conditions. The summation of the
effective charge of each atom in the unit cell should
vanishing [64,173]. Such a sum rule is imposed on the
second-rank Born effective charge tensor as )., Zf, =
0. In the case of systems with vanishing Born effective
charges, the charge neutrality condition should be ful-
filled on the first non-vanishing multipole tensors (i.e.,
quadrupole tensors) for infrared-inactive solids [174] as
ZK Qfgf = 0. For dielectric materials, the Born effective
charge and quadrupole tensors will never vanish together.
Finally, using only the representative clusters, the above
two charge neutrality conditions can be merged into a

single formula as

> D Ru® Q@) =0,

a€A/Gg SaeGyy,

(D9)

where A stands for a set of all possible clusters, and A/Gg
is the orbit space that the representative clusters live in.
Unlike the DFPT or finite-difference scheme adopted in
most ab initio codes where the sum rule of charge neu-
trality conditions is fulfilled as a post-processing step [64,
173], we explicitly consider it as an additional set of lin-
ear constraints when determining the number of irreducible
parameters of multipole tensors. We expect this can further
improve the accuracy of our fitted multipole tensors which
will automatically satisfy the charge neutrality conditions.

In the same manner, the symmetry-independent compo-
nents of dielectric tensors can be found by imposing the
space-group (or point-group) and permutation symmetries:
Vs € Gs,

e =Ry ey, (D10)

€1 =Pues, (DI1)
where P, now is simply a 3” x 3" permutation matrix
independent of clusters for each even n-order dielectric
tensor. Once all symmetry constraints on the multipole and
dielectric tensors are built, we calculate the corresponding
null space N by performing a maximal-pivot Gauss-Jordan
elimination, which is used as a basis set to expand the
irreducible components. Finally, the cluster expansion of
multipole in Eq. (D6) can be rewritten into a matrix-vector
form as a linear regression problem:

p=B-9=B-N.Q =B.9, (D12)
where B’ =B - N is the correlation matrix, and Q' =
N-!. @ is a vector of unknown parameters to be solved
which denotes the irreducible parameters of all multi-
pole tensors. Explicitly, the matrix elements of B take the
following form

, e (=il
Bk, al) = o al

Z Riu$)q,,

S‘OtEGSa

(D13)

where the composite row index «’ is contained in the clus-
ter S on the right-hand side, i.e., the first atom of each
cluster. Also, the null space N has the shape of Ng x Ng/,
where Ng and Ng' are the number of total and irreducible
parameters of multipole tensors, respectively. Then, an
efficient least-squares regression can be adopted to solve
the linear problem in Eq. (D12), and the solvability condi-
tion is that B’ needs to be full-rank, i.e., an overdetermined
linear system. A simple estimation of the minimum num-
ber of configurations of phonon perturbation can be done
via Ng"™ = Ng//(6n,), where the factor of 6 comes from
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TABLE V. The dynamical Born effective charge Z [e], quadrupole O [ebohr] and octupole O [ebohr?], clamped-ion dielectric
permittivity € and dielectric dispersion tensors €® [bohr?] of BaTiO5 calculated with the same lattice structure and computational
parameters as in Ref. [95], via a least-squares fit to the Taylor expansion of unscreened charge density response in Eq. (43) and
dielectric screening function in Eq. (44). In the parentheses, the components of Born effective charge and dielectric permittivity from
a DFPT calculation and quadrupole, octupole and dielectric dispersion tensors from Ref. [95] are listed out for comparison. Only

symmetry-independent components are shown.

Ba Ti (0]

zx 2.786 (2.786) 6.500 (6.500) —2.043 (—2.043)

z —0.106 (—0.106) —0.226 (—0.226) —0.006 (—0.006)

z —0.106 (—0.106) —0.226 (—0.226) 0.168 (0.168)

zx —0.106 (—0.106) —0.226 (—0.226) 0.074 (0.074)

z 2.786 (2.786) 6.500 (6.500) —5.200 (—5.200)
o —1.060 (—1.060) 1.561 (1.560) —0.843 (—0.843)
) 0.468 (0.468) —0.316 (—0.317) 0.020 (0.020)

e 0.468 (0.468) —0.316 (—0.317) —0.120 (—0.120)

) —0.102 (—0.102) 1.565 (1.566) —0.069 (—0.069)
o7 0.004 (0.004) —0.060 (—0.059) —0.044 (—0.044)

—0.102 (—0.102) 1.565 (1.566) 1.166 (1.167)

o —0.102 (—0.102) 1.565 (1.566) —1.559 (—1.561)

4 0.004 (0.004) —0.060 (—0.059) 0.011 (0.010)

e 0.468 (0.468) —0.316 (—0.317) 1.419 (1.420)

-2 —1.060 (—1.060) 1.561 (1.560) ~2.176 (—2.175)
oX —283.510 (—285.161) 91.416 (94.437) —106.071 (—106.134)
o;” 3.739 (3.699) —2.481 (—2.380) 0.858 (0.849)
o= 3.739 (3.699) —2.481 (—2.380) 2.278 (2.294)
o —84.392 (—84.574) —39.283 (—38.987) —35.358 (—35.231)
oy* 1.284 (1.273) 1.661 (1.720) 0.146 (0.165)
0 —84.392 (—84.574) —39.283 (—38.987) —38.334 (—38.317)
o> —0.668 (—0.650) —8.291 (—8.638) —0.036 (—0.106)
oy* —0.113 (0.006) —0.720 (—0.848) 0.715 (0.718)
oF —0.113 (0.006) —0.720 (—0.848) —0.001 (0.004)
0 —0.668 (—0.650) —8.291 (—8.638) 4.244 (4.220)
o —0.668 (—0.650) —8.291 (—8.638) 7.943 (8.095)
oXv —0.113 (0.006) —0.720 (—0.848) 0.587 (0.755)
oxe —84.392 (—84.574) —39.283 (—38.987) —69.926 (—70.265)
0~ 1.284 (1.273) 1.661 (1.720) 0.690 (0.642)
0= 3.739 (3.699) —2.481 (—2.380) 5.943 (5.982)
0 —283.510 (—285.161) 91.416 (94.437) —325.458 (—328.941)
€ 6.083 (6.083)
€ —0.111 (—0.111)
e® —29.705 (—30.159)
€@, 0.567 (0.561)

e? ~7.066 (—7.104)

e, 0.075 (0.088)

the fact that each atom has three Cartesian components and
the charge density response is a complex number. Even
though we are using a set of random small q — 0 pertur-
bations, it is still possible that some rows of B’ are linearly
correlated, and hence we recommend to generate the num-
ber of q perturbations that is of 2 to 3 folds of N(;“i“, in order
to obtain the reliable and accurate solution of multipole
tensors. Last but not least, the linear regression problem of
dielectric screening function can be regarded as a special
case of charge density response (i.e., for a single atom

along one specific direction), and here we are not going
to discuss it further.

To validate our approach for extracting multipole and
dielectric tensors from a least-squares linear regression of
the cluster expansion model proposed here, we take the
rhombohedral BaTiOs as an example since it is the only
material for which octupole interactions were reported
in the literature [95]. For this comparison, we use their
structure for BaTiO3 and keep every computational param-
eter the same as reported in Ref. [95]. A set of 20 q
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TABLE VI. The dynamical Born effective charge Z [¢], quadrupole O [e bohr], octupole O [e bohr?], clamped-ion dielectric per-
mittivity € and dielectric dispersion tensors €® [bohr?] of BaTiOs, calculated by a least-squares fit to the Taylor expansion of
unscreened (or transverse) charge-density response and dielectric screening function in Egs. (43) and (44), respectively. We report
without parentheses the results obtained with the PC prescription, while the corresponding LOC ones are provided in parentheses.
Only symmetry-independent components are shown. Evidently, the relevant differences that cannot be attributed to numerical error

arise only in the case of octupoles.

Ba Ti O
z 2.785 (2.785) 6.836 (6.836) —2.056 (—2.056)
zZ 2.785 (2.785) 6.836 (6.836) —4.358 (—4.358)
z: 2.759 (2.759) 6.249 (6.249) —3.003 (—3.003)
Z — - —1.530 (—1.530)
z - - —1.416 (—1.416)

x 0.716 (0.716) —0.242 (—0.242) 0.258 (0.258)

= —0.261 (—0.262) —0.197 (—0.196) —0.478 (—0.477)

e 0.716 (0.716) —0.242 (—0.242) —0.893 (—0.892)

) —0.716 (—0.716) 0.242 (0.242) —3.530 (—3.529)
oy —0.261 (—0.262) —0.197 (—0.196) —0.217 (=0.217)

2 - - 0.079 (0.079)
o —1.207 (—1.206) 3.078 (3.074) —1.423 (—1.424)

Y —1.207 (—1.206) 3.078 (3.074) —1.343 (—1.343)

)z — - 0.994 (0.994)

2 0.315 (0.315) 1.771 (1.771) 0.039 (0.040)
O —278.832 (—201.308) 1.749 (46.030) —108.226 (—89.640)
(ol 7.469 (7.444) —52.598 (—52.648) —1.146 (—1.170)
oy —92.944 (—67.103) 0.583 (15.343) —39.549 (—33.355)
0= —93.259 (—68.748) 35.030 (49.666) —36.715 (—30.661)
o0,” —92.944 (—67.103) 0.583 (15.343) —64.445 (—58.171)
o= 7.469 (7.444) —52.598 (—52.648) —14.674 (—14.725)
0" —278.832 (—201.308) 1.749 (46.030) —248.156 (—229.579)
0y” —7.469 (—7.444) 52.598 (—52.648) —54.832 (—54.874)
(054 - - —85.060 (—79.210)
o - - —63.598 (—64.204)
ox 8.704 (8.707) —52.083 (—52.280) —17.457 (—17.436)
or< —98.099 (—72.369) 27.880 (42.800) —46.312 (—40.126)
0* —98.099 (—72.369) 27.880 (42.800) ~73.016 (—66.854)
o —8.704 (8.707) 52.083 (52.280) —89.099 (—89.051)
o= - - —36.250 (—36.401)
0= —261.776 (—188.048) —53.260 (—8.289) —151.880 (—134.310)
€ 6.295 (6.295)

X 6.001 (6.001)
€W —27.855 (—27.859)
W —24.082 (—24.081)
e® —2.142 (=2.142)

yyyz
@

XXZZ

—10.183 (—10.181)

perturbations is randomly sampled over a small region
around the zone center in arbitrary directions, with the
magnitude of q ranging from 0.01 to 0.05 in recipro-
cal lattice unit. Then, the calculations of charge density
response and dielectric function for those q points are then
performed based on a recent implementation within the
DFPT framework [175,176], with the unscreened charge
response obtained by switching off the macroscopic poten-
tial. Our results for the multipole and dielectric tensors

of BaTiO; are summarized in Table V and are in excel-
lent agreement with Ref. [95]. Also, we note that the
choice of the rhombohedral cell in Ref. [95] is not standard
and gives rise to different symmetry-independent compo-
nents, compared to the results shown in Table VI (i.e., the
one used in our elastic constant calculations). In general,
when any linear-regression technique is applied to get the
expansion coefficient of a Taylor series, it is difficult to
remove the crosstalk among different orders, even if the
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system-dependent magnitude of correlation matrix is care-
fully chosen. There is a renormalization effect on the fitted
quadrupole and octupole tensors from the higher-order
terms that are not included in the expansion. Since a higher
even order can only affect the lower even order (similarly
for odd order), the obtained quadrupoles and octupoles
should inherently contain the influence from hexade-
capoles (n = 4) and triacontadipoles (n = 5), respectively.
In order to obtain the unscreened and exact quadrupole
and octupole tensors without those higher-order effects,
we recommend to include those next-leading terms in the
expansion, although this increases the number of DFPT
calculations. Nevertheless, the exact values of multipole
tensors are not necessary for accurate phonon dispersion
or short-circuit elastic constant calculations. In Table V,
we have performed the multipole expansion up to the hex-
adecapole term to ensure the obtained quadrupole tensor
is unscreened and exact, which can be readily compared
with those values from a direct linear response calculation
in Ref. [95].

APPENDIX E: INFLUENCE OF THE CHOICE OF
IONIC CHARGE REPRESENTATION IN
PSEUDOPOTENTIALS

Within an all-electron formulation, the displacement of
an atom « corresponds to the movement of a point charge,
with a charge equal to the atomic number Z,. When deal-
ing with pseudopotential (PP) calculations, the choice of
the representation of the ionic charge is not unique. As a
matter of fact, one possible choice is to describe the motion
of the ion as a point charge with the pseudo charge ZP,
where ZPP is determined by how many electrons have
been used as valence electrons in the construction of the
pseudopotential, and we refer to this choice as “PC”:

ion,PC le| da ZEP. (E1)

Peo (@) = —i o)
Another possibility, for example, is to describe the dis-
placement of the ion as the motion of the pseudo-charge
cloud distribution associated to the local part of the pseu-
dopotential, and we refer to this choice as “LOC”:

pIomLOC () = —— oo (g), (E2)
v(q)
where v(q) = 4e?/|q|* and V°LOC(q) is the local part
of the pseudopotential. Clearly, the PC and LOC represen-
tations of ionic charges are inequivalent choices, having an
impact on the determination of the multipolar expansion of
charge-density response. This problem has been discussed
in Appendix B3 of Ref. [176], where Eqgs. (E1) and (E2) are
Egs. (B29) and (B28), respectively. We report here, follow-
ing the arguments of the cited reference, the proof that in
semiconductors the choice of PC or LOC leads to different

values for octupole tensors, while dipoles and quadrupoles
should not be affected by the choice of the description of
the ionic displacement.

According to Eq. (B34) of Ref. [176], the bare and
screened total charge-density responses are linked by the
relationship

eLop(@hie (@) = Py (@), (E3)
where € 15(q) is the inverse dielectric function computed
in presence of a pseudopotential, and the subscript “L” is
used to distinguish it from the response function, which
relates the external to the full self-consistent potential. We
indicate with 5°PPC(q) and pFELOC(q) the unscreened total
charge-density variations, where the bare atomic displace-
ment is added to the self-consistently determined induced
density via Egs. (E1) and (E2), respectively, and the same
notation is used for the screened responses. For simplicity,
we consider the case of a cubic semiconductor, where the
following relation holds:

eLpp(@) =7+ 0, (E4)
and the demonstration here can be easily extended to any
crystal symmetry. The difference between the two choices
of ionic charge representation can be then calculated as

PP,PC PP,LOC
= = Prd (q) — Pra’ (‘I)
peetC(@) — A% (q) = —

€Lpr(@
=[P @ = p G @] [ + O]

— %}l) [V}(O;’Pc(q) _ Vl]’(o(;l,LOC(q)] [600’_1 + 0(6]2)] ,
(E5)

where we have defined p/oFC(q) = el°PC(q)/v(q).
As discussed in Appendix C of Ref. [165], one can
demonstrate

VienPe(q) — VierO%q) = O(g), (E6)
and we then have
PerTC(q) — prrO%(q) = O(), (E7)

meaning that differences between the Taylor expansions
of the two densities starts to arise at the octupolar level.
The dependence of the values of the dynamical octupoles
on the choice of the pseudopotential is also discussed in
the context of flexoelectricity [100,177,178]. We show the
numerical evidence of the above theoretical argument in
Table VI, where the multipole expansion for BaTiO3 with
the crystal structure adopted in this work are presented.
It can be noticed that the dipole and quadrupole values
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TABLE VIL

The contribution of dipole-octupole interactions to the elastic constants of BaTiO; at different levels of multipolar

treatment based on the real-space IFCs of a 14 x 14 x 14 supercell. For each component of the elastic tensor, left and right columns
correspond to the results using the multipole and dielectric tensors fitted from the response functions with the PC and LOC represen-
tations of ionic charges, respectively. It is evident that the PC and LOC prescriptions give rise to the equal contribution to the elastic

constants.
Ch Cn Ci3 Cuy Cs3 Cy
Levels PC LOC PC LOC PC LOC PC LOC PC LOC PC LOC
DD 24290 24290 81.37 81.37 4829 4829 70.87 70.87 293.84 293.84 2543 2543
DD+ DO 251.16 251.23 94.66 94.76 4138 41.48 7045 7047 284.21 28432 2380 23.76
DO contribution 8.26 8.33 1329 1339 -691 -681 —-042 —-040 —-9.63 —-952 -—-1.63 -—1.67
DD+DQ 29542 29540 86.02 86.01 60.53 6055 4432 4431 299.67 299.70 56.87 56.88
DD+DQ+DO 303.73 303.79 99.27 99.37 53.64 53.75 43.87 43.89 290.06 290.19 5526 5524
DO contribution 8.31 8.39 1325 1336 -—-689 —-680 —-045 -042 -961 -—-951 -—-1.61 -—-1.64
DD+DQ+QQ 294.68 294.67 86.31 86.31 60.79 60.80 44.72 4472 299.96 29998 56.67 56.69
DD+DQ+QQ+DO 303.00 303.06 99.57 99.67 53.89 54.00 4428 4430 290.34 29048 55.06 55.04
DO contribution 8.32 8.39 1326 1336 —-690 —-680 —-044 —-043 -962 —-950 -—-1.61 -—1.65
DD +DQ+QQ+DeD 29231 29230 80.44 80.44 63.38 63.39 4459 4458 303.27 303.29 5645 5646
DD+DQ+QQ+ 300.63 300.71 93.72 93.81 56.44 5659 44.14 44.14 293.61 293.76 54.86 54.84
DO+DeD
DO contribution 8.32 8.41 1328 1337 —-694 —-680 —-045 —-044 —-9.66 —-953 —-1.59 -—-1.62

in the PC and LOC prescriptions are equal up to numer-
ical error, while the octupoles show large differences. The
choice implemented in this work is PC, which is consistent
with the one in the ABINIT [104,165—167], as demonstrated
in Table V. We now investigate if the PC and LOC pre-
scriptions would lead to different values for the elastic
constants. To achieve our goal, we first report in Table VII
the values of the elastic constants obtained for a given trun-
cation level of the multipole expansion of the long-range
dynamical matrix as in Eq. (45). Immediately below, we
report the DO contribution to a given truncation level, as
the choice of PC or LOC results in different octupole val-
ues. Since all the operations that we perform to obtain the
elastic constants depend linearly on the terms appearing
in Eq. (45), we expect the DO contribution to the elastic
constants to be independent of the truncation level. This is
respected to a very high precision for both the PC and LOC
calculations. Importantly, we notice that the difference
between the PC and LOC cases in the DO contribution to
elastic constants is much lower than the contribution itself.
This is a strong hint that the choice between PC and LOC
has low or no impact on the evaluation of elastic constants.

APPENDIX F: COMPUTATIONAL DETAILS

First-principles calculations are performed using the
QUANTUM ESPRESSO package [111,112], with the norm-
conserving pseudopotentials from PSEUDODOJO [179]. We
employ Perdew, Burke, and Ernzerhof’s (PBE) [180]
parametrization of the generalized gradient approximation
(GGA) for silicon, NaCl and graphene, and Perdew-Wang’s
parametrization of the local density approximation (LDA)

[181] for BaTiOs, to describe the exchange-correlation
effect of electrons. In the case of GaAs, the revision of
PBE functional for solid (PBEsol) [182] is adopted to
overcome the infamous problem of metalliclike screening
with the standard PBE and have better lattice parame-
ters compared to experimental values. For silicon, NaCl,
and GaAs, the electronic k grid is chosen to be 12 x
12 x 12, while a smaller 10 x 10 x 10 grid is used for
BaTiOs, and their plane-wave energy cutoffs are 40, 160,
90, and 100 Ry, respectively. To simulate graphene as a
2D system, the Coulomb cutoff technique [133] is used to
remove the long-range electrostatic interactions along the
vacuum direction, using the Marzari-Vanderbilt smearing
[183] with a smearing of 0.02 Ry, where the electronic k
grid and plane-wave energy cutoff are set to 48 x 48 x 1
and 100 Ry, respectively. For other 2D materials includ-
ing A-BN, MoS,, and InSe, we use the same primitive
cell structure and computational parameters as described in
Ref. [105]. All of structural optimizations are carried out
based on the convergence thresholds as the pressure and
forces smaller than 103 kbar and 10~* Ry/bohr. Then, the
DFPT simulations are performed to calculate the dynam-
ical matrices on a set of phonon grids, from which the
IFCs used in this work are obtained by taking the inverse
Fourier transform. We modified the MATDYN code of the
QUANTUM ESPRESSO software [111,112] and implemented
Eq. (40) to obtain the elastic constants and Eq. (78) for
the bending rigidities, where the macroscopic long-range
electrostatics has been removed. For the bulk materials
considered in this study, we perform a least-squares fit
to the Taylor expansion of the unscreened (or transverse)
charge-density response and dielectric screening function
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to a phonon perturbation, to extract the multipole and
dielectric tensors up to the third and fourth orders as
in Eqgs. (43) and (44), respectively (see Appendix D for
details). We generate a list of q points (five to ten depend-
ing on crystal symmetry) along random directions with
the magnitude ranging from 0.01 to 0.05 of the recip-
rocal lattice constant, and the unscreened charge density
response after removing the macroscopic potential as well
as the dielectric function for those q points are calculated
within the DFPT framework based on recent developments
[129,175,176,184]. The electronic grid for GaAs is further
increased to 30 x 30 x 30 to accurately predict the dielec-
tric properties of the system. The dynamical quadrupole
tensors of 2D A#-BN, MoS,, and InSe are directly taken
from Ref. [105] which were computed using the ABINIT
software [166,167].

For the finite-difference calculations of elastic constants
of bulk solids, we use the strain-stress relation in Eq. (1) as
implemented in the THERMO_PW [59] code, which exter-
nally relies on QUANTUM ESPRESSO subroutines. A few
independent strains with a magnitude of 0.005 are applied
to deform the system through the specific directions,
according to its Laue class and crystal symmetry. Then,
several self-consistent field calculations are performed to
obtain the corresponding stress tensor of those deforma-
tions, with the allowed relaxation of ionic positions to the
strain perturbation. The elastic stiffness tensor as the first-
order derivative of stress with respect to strain is calculated
numerically by finite difference.
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