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Abstract

We present a component-based model order reduction procedure to efficiently and accurately solve parameter-
ized incompressible flows governed by the Navier-Stokes equations. Our approach leverages a non-overlapping
optimization-based domain decomposition technique to determine the control variable that minimizes jumps across
the interfaces between sub-domains. To solve the resulting constrained optimization problem, we propose both
Gauss-Newton and sequential quadratic programming methods, which effectively transform the constrained prob-
lem into an unconstrained formulation. Furthermore, we integrate model order reduction techniques into the
optimization framework, to speed up computations. In particular, we incorporate localized training and adaptive
enrichment to reduce the burden associated with the training of the local reduced-order models. Numerical results
are presented to demonstrate the validity and effectiveness of the overall methodology.

Keywords: component-based model order reduction; optimization-based domain decomposition; non-overlapping

methods; Navier-Stokes equations.

1. Introduction

Parameterized model order reduction (pMOR) techniques [1, 2, 3, 4] have gained widespread popularity in science
and engineering to reduce the computational cost in scenarios that involve repetitive computational tasks, such as
many-query and real-time applications. Given the parameter domain P and a parameterized partial differential
equation (PDE) of interest, pMOR strategies rely on an offline/online computational decomposition: in the offline
stage, which is computationally expensive and performed only once, a reduced basis (RB) approximation space is
generated by exploiting several high-fidelity (HF') solutions (e.g., finite element, finite volume) to the parameterized
PDE for properly chosen parameter values, and a reduced order model (ROM) is then devised; in the online stage,
for any new parameter value, the ROM can be solved with computational cost independent of the HF discretization
size Nyf, to ensure significant computational savings. Efficient training algorithms, such as proper orthogonal
decomposition (POD, [5, 6]) and the weak-Greedy algorithm [3]| are available to construct the reduced order basis
(ROB). Additionally, effective projection-based techniques [7, 8] can be employed to devise ROMs that are suitable

for online calculations.
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The combination of RB methods and domain decomposition (DD) methods offers further advantages [9, 10, 11].
First, localized pMOR techniques do not require global HF solutions over the whole domain: this feature has
the potential to dramatically reduce the offline computational burden for large-scale systems. Second, localization
simplifies the task of defining a parameterization of the problem and enables model reduction of systems with
parameter-induced topology changes (cf. section 2.2). Third, the DD framework offers the flexibility to seamlessly
integrate ROMs with full order models (FOMs, generated by the HF discretization) or to accommodate multi-physics
applications based on independent software.

Various approaches have been proposed to combine RB methods and DD methods which differ in the way local
ROMs are coupled at components’ interfaces. In the reduced basis element (RBE) method [12, 13, 14], local ROMs
are glued together using Lagrange multipliers. This method has been introduced in the context of the Laplace
equation [12, 13] and subsequently applied to the Stokes equations [14]. A more recent application of the RBE
method to the unsteady 3D Navier-Stokes equations can be found in [15], where a spectral Lagrange multiplier
on the 2D interfaces is employed to couple local solutions. Another approach is the static condensation RBE
(scRBE) method [9, 16, 17], which ensures the component coupling through a static condensation procedure [18].
Additionally, approximation spaces for the interfaces (ports) between the components are also constructed [16, 17]
to further reduce the computational complexity associated with the static condensation system. Another advantage
of the scRBE method is the interchangeability of the components, which enables the study of different systems
from a single library of parameterized archetype components. The RB-DD-finite-element (RDF) method [19] uses
parametric boundary conditions in the local problems to define versatile local RB spaces for handling of networks
composed of repetitive geometries characterized by different parameters. A detailed review of these methods can
be found in [19]. Recently, de Castro et al. [58] relied on the introduction of a Lagrange multiplier and a composite
reduced space for interface and interior degrees of freedom to devise a partitioned DD scheme for ROM-ROM and
ROM-FOM couplings.

Iterative techniques based on substructuring and the Schwarz alternating methods [20, 21] have been adapted to
the pMOR framework [22, 10, 11, 23, 24]. In [22], both a non-overlapping Dirichlet—~Neumann iterative scheme and a
Schwarz method for overlapping sub-domains are proposed to ensure coupling between the local FOM and the ROM.
The coupling is achieved by ensuring the solution compatibility between the FOM solution trace and ROM solution
trace at the interface; even if the formulation can cope with arbitrary local ROMs, the authors of [22] consider a
Galerkin-free approach. On the other hand, Barnett et al [11] proposed a versatile framework for both FOM-ROM
coupling and ROM-ROM coupling based on an alternating Schwartz method, which can cope with both overlapping
and non-overlapping domains. Similarly, in [10] Galerkin-based ROMs are employed to speed up Dirichlet-Neumann
DD iterations. In [23], Zappon et al. proposed a Dirichlet-Neumann DD-ROM to handle non-conforming interfaces:
in their work, the Dirichlet and Neumann interface data are transferred using the INTERNODES method [25].
In [24], the authors present a DD-ROM technique which is designed for heterogeneous systems: in this approach,
components are treated separately, and a parametrization of the interface data is used to generate HF snapshots.

Moreover, several authors have proposed to formulate the coupling problem as a minimization statement [26, 27].
In [26], the optimization problem is framed as the minimization of the difference between the ROM reconstruction

and the corresponding FOM solution within the overlapping region between the ROM and the FOM domain. This
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approach adopts Galerkin-free ROMs and is applied to approximating incompressible flows, such as the interaction
between an airfoil and a vortex, and the incompressible turbulent flow past a vehicle with varying geometry. The
one-shot overlapping Schwarz method [27] consists in a constrained optimization statement that penalizes the jump
at the interfaces of the components, while adhering to the approximate fulfillment of the PDE within each sub-
domain. This approach has been validated for a steady nonlinear mechanics problem and also applied to an unsteady
nonlinear mechanics problem with internal variables [28], in combination with overlapping partitions. The results
of [27] showed that the minimization framework, which enables the application of effective optimization solvers for
nonlinear least-squares problems, ensures rapid convergence to the solution and is also robust with respect to the
overlapping size.

In the present work, we aim to extend the method of [27] to incompressible flows in non-overlapping domains.
Non-overlapping techniques are of particular interest for heterogeneous DD [33, 34] tasks where the underlying
problem encompasses transmission, multi-material, or multi-physics phenomena: these classes of problem often
involve interfaces between different systems, which require distinct PDE models and possibly different numerical
methods to deal with different physical processes within sub-domains. Non-overlapping methods are also of interest
for interface problems with high-contrast coefficients [34] and for fluid flows in repetitive networks [15, 19, 17] such
as the vascular system.

Our point of departure is the variational formulation proposed in [29] and further developed in [30, 31, 32]. As
in [29], we formulate the DD problem as an optimal control problem where the control is given by the flux on the
components’ interfaces and the dependent variables are velocity and pressure in each subdomain; our formulation
reads as a constrained minimization problem where the objective functional measures the jump in the dependent
variables across the common boundaries between subdomains, while the constraints are the partial differential
equations in each subdomain. We modify the formulation of [29] to incorporate an auxiliary control variable for the
continuity equation, which weakly ensures continuity of the pressure across the interface; furthermore, we propose a
specialized sequential quadratic programming (SQP) method to efficiently solve the optimization problem without
resorting to Lagrange multipliers.

We here consider two-dimensional steady-state simulations at moderate Reynolds number; however, our ultimate
goal is to devise a flexible computational tool to simulate vascular flows in real, patient-specific geometries. We
interpret complex networks as the union of a small number of parameterized components. In order to avoid
computationally-demanding global solves during the training stage, we propose a combined localized training and
global enrichment strategy that exclusively uses local HF solves to create local approximations for the archetype
components.

Our work is related to several previous contributions to component-based (CB) pMOR. First, the variational
formulation is strongly related to the recent work by Prusak et al. [35]. The authors of [35] consider separate spaces
for velocity and pressure and rely on pressure supremizer enrichment in combination with Galerkin projection
to ensure stability of the local problems; furthermore, they resort to a Lagrange multiplier and gradient-based
methods as in [29] to solve the global optimization problem. Instead, we consider a single reduced space for velocity
and pressure; we rely on both Galerkin and Petrov-Galerkin projection for the local problems; and we rely on

the Gauss-Newton and SQP methods for optimization without resorting to Lagrange multipliers. Finally, the
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authors of [35] do not discuss the problem of localized training, which is of paramount importance for the success
of CB techniques. Second, we emphasize that several authors have previously developed CB-pMOR methods for
incompressible flows in repetitive geometries [19, 17]; in particular, the work by Pegolotti and coauthors [15] first
considered a CB-pMOR for the unsteady incompressible Navier-Stokes equations in realistic three-dimensional
geometries. Third, the localized training and global enrichment strategies are an extension of the method proposed
in [36]: localized training strategies have been previously proposed in [16, 17, 24]; similarly, enrichment techniques
have been considered in several efforts for linear elliptic PDEs in the framework of CB-pMOR (see, e.g., [37]), and
for a broad class of nonlinear unsteady PDEs in the monolithic pMOR framework [38, 39, 40, 41].

This paper is organized as follows. In section 2, we introduce the optimization-based domain decomposition
method and the model problem considered in this work. In section 3, we review the variational formulation
introduced in [29]; we present our new formulation; and we discuss the solution method based on Gauss-Newton
and sequential quadratic programming. Then in section 4 we discuss the integration of projection-based ROMs
into the proposed optimization framework and the hybrid solver that combines both the FOM solver and the ROM
solver. In sections 3 and 4 we illustrate the method for a simplified geometric configuration with two components.
Section 5 is dedicated to the presentation of the localized training and the adaptive enrichment techniques. Finally,

in section 6, we present numerical results that validate the effectiveness of our methodology.

2. Optimization-based domain decomposition method for the Navier-Stokes equations

In this work, we consider the incompressible Navier-Stokes equations:

—vAu+ (u-Vju+Vp=f in Q,

V-u=0 in €, (1)
ulr,, = Wn, ulpo =0, (*Vu-phnlr,, =0,

where v > 0 denotes the kinematic viscosity of the fluid, €2 is a bounded Lipschitz domain; the open sets
Fdir,ngr,Fneu constitute a partition of 92, which are associated to non-homogeneous Dirichlet boundary con-
ditions, homogeneous Dirichlet boundary conditions and Neumann boundary conditions, respectively. We consider
two-dimensional problems; the extension to the three-dimensional case and to unsteady problems is beyond the

scope of this paper.

2.1. Optimization-based domain decomposition

Ldir,0

— N

1—‘dir Q Fneu Ql : 1—‘0 QQ

ny <«

Figure 1: The domain 2 and a partition into two non-overlapping sub-domains.

For the purpose of clarity, we introduce the optimization-based domain decomposition method in the case of two

sub-domains. Note that this approach can be readily extended to accommodate many sub-domains, as discussed
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in the subsequent sections. Consider a non-overlapping partition of 2 into two open sub-domains ; and Qs such
that Q = Oy UQy, as illustrated in Figure 1. The interface that separates the two sub-domains is denoted by I'y so
that o = Q1 N Qs. The vectors n;, i = 1,2, are the unit outward normals of €; on 'y (we thus have n; = —n5).

We define the local Dirichlet and Neumann conditions for each component €2;, i = 1,2 as

I gie = Lair N O, Fo,dir =TI, N0, Tinew = Lneu N Oy,

(2

and the spaces

X = {(v7q) e [HY Q)] x LX) : v

=0;p, Xjo:=1(v,q)eX; : v
b o= {vg)

F?,dir Tiair — 0} ) G:= [L2(F0)}2

The local solution (u;,p;) € X; is fully determined by the flux g at the interface T'g: as in [29], we thus refer to

and

g as the control. Given the control g € G, the velocity-pressure pair (u;, p;) satisfies wi|r, ,;, = Uin|r, 4,

Ri(ui7 Di,V, Q) + gl(gvv) = O V(V, q) € Xi,Ov (23‘)

where

Ri(ui7 Di, Vv, q) :/

A (qui Vv — pi(V-v) — ¢(V-u) — £ v) dr, &g, v)= (-1) /F g-vdzx, (2b)
0

for i = 1,2. Here, the orientation of the flux g is chosen to be the same as nj, i.e., from Q; to €5; the choice
of the orientation is completely arbitrary. Note that an arbitrary choice of the control g does not guarantee that
the local solutions (u;,p;) are solutions to (1); however, if (u; — uz)|r, = 0, we find that the field (u,p) such that
(ula,,pla,) and (ulq,, pla,) satisfy (2a) is a weak solution to the global problem (1). The optimal control g should
hence guarantee velocity equality at the interface I'y.

Gunzburger and coauthors [29, 32] proposed the following optimization-based domain-decomposition formulation

to compute the desired control and the local solutions:

Ri(ui7 PiyV, q) +87.(g7v) = 0 V(V, q) € Xi,O

1 1)
min f/ luy — uy|? dz + f/ lg|?dz  s.t. i=1,2.
(u1,p1)€Xy; 2 Ty 2 Ty
(uz2,p2) € Xa; ui|ri,dir = uin|ri,dir7
geg

(3)
The second term in the objective function of (3) is a regularizer that is designed to penalize controls of excessive
size; the positive constant § is chosen to control the relative importance of the two terms in the objective. The
proofs of the well-posedness of the optimization formulation, as well as the convergence of the optimal solution to

the solution to (1) as the regularization parameter § approaches 0, can be found in [32].

2.2. Model problem

As in [15], we assume that the geometry of interest can be effectively approximated through instantiations of
the elements of a library of archetype components; the instantiated components are obtained by low-rank geometric
transformations of the archetype components. As in [15], we counsider a library with two archetype components:
‘junction” and “channel”; the two archetype components are depicted in Figure 2, where a number is assigned to

each component edge. These edge numbers indicate boundary face groups that are associated with the ports and
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Figure 2: archetype components.

the different types of boundary conditions. Specifically, for the junction, edge numbers {1,4,7} denote the ports
and edge numbers {2,3,5,6,8,9} indicate homogeneous Dirichlet boundaries; while for the channel, edge numbers
{1, 2} represent the ports and edge numbers {3,4} correspond to homogeneuous Dirichlet boundaries.
A system can then be constructed by instantiating the two archetype components as follows:
Naa _
Q=J %, where Q=& Q" 1), i=1,...,Naa,
i=1
where L; € {1,2} denotes the label of the i-th component of the system, Ql, 02 represent the two archetype
components, L+ encompasses geometric transformations such as rotation, translation and non-rigid deformation
that are applied to the archetype component to obtain the corresponding instantiated component that appears in
the target system. The deformation of the i-th component is governed by the geometric parameter u;; the vector
1; includes a scaling factor «, the angle 6 and a shift xgpis that characterize the linear map that ensures the exact
fitting of consecutive elements at ports. For the junction component, the the vector p; also includes the angle «,
which represents the angle between the main vessel and the branch vessel, as shown in Figure 2(a); for the channel,
the vector p; includes the constant h., which is used in the parameterization of the bottom boundary of the channel
asy = —h. (4t (1 —t))%, with ¢t € [0,1] and a, = 4.
We prescribe a parabolic (Poiseuille) profile at the left boundary u;, and we prescribe homogeneous Neumann
conditions at the other boundary ports. In conclusion, the complete system configuration is uniquely prescribed

by (i) the component labels {L;}Y% and the geometric parameters p = vec(u1, .. . , finy, ), and (i) the Reynolds

Huo
v

number Re at the inlet. We define the Reynolds number as Re =

, where H = 1 denotes the diameter of the

vessel at the inlet, ug represents the centerline velocity imposed at the inlet, and v is the kinematic viscosity. In the

numerical implementation, we set v = Rel - in all the components of the network, and we consider the parametric

inflow condition ug(Re) = Riif'

Figure 3 illustrates two examples of target system, which consist of 3 and 4 components, respectively: the red
numbers indicate the indices of the components, while the blue numbers in parentheses indicate the internal ports.
Note that the two systems are not isomorphic to each other: parameter variations hence induce topology changes

that prevent the application of standard monolithic pMOR techniques.
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Figure 3: two example of target systems.

Remark 1. We here observe that each component includes mixzed Dirichlet-Neumann boundary conditions: the
presence of Neumann conditions prevents the problem of pressure indeterminacy (up to an additive constant), and
the existence of Dirichlet conditions eliminates the need for any additional compatibility condition [30] concerning

the control variable g.

Remark 2. We observe that the boundary face group 1 for the two archetype components either corresponds to an
internal interface or to the inlet Dirichlet condition (for the first component of the network). In order to handle this
scenario, we can either modify the objective function to include the extra-term deir lu — w2 dz or to distinguish
between inflow and internal channel and junction components. The latter option leads to a library with (N, = 4)

archetype components. We here opt for the second strategy.

3. High-fidelity discretization

3.1. Finite element spaces

We proceed to discretize the optimization statement (3). Towards this end, we introduce the HF spaces V' C
[Hol’F?,dir(Qi)]27 QM C L?(€;). We further define the tensor product spaces XM = VI x QB and the lifted space
XM = Vi x QY with VI = {v e VM : v|r, . = 0} for i = 1,2. We denote by {goi’j}jyjl a basis of V' and by
{i; };V:pl a basis of QM. We further define the trace spaces AM = {rr v : v € VM} and =M = {r ¢ : ¢ € Q"},
where e := e|p, indicates the trace of the field  on I'y. We here consider conforming meshes such that nodes
at the interface shared by the two sub-domains coincide, that is AM = AL = AP and =hf = =bf = =hf; this
assumption is exploited in the technical result of Appendix C; nevertheless, the formulation can be trivially
extended to non-conforming grids. We further define the global spaces X® = VB x QB and AM = VM x QM with
Vit = {v e VB . v|p,, =0}

In this work, we adopt a stabilized FE formulation that incorporates the Streamline Upwind/Petrov-Galerkin
(SUPG) [42, 43] and the Pressure-Stabilized Petrov—Galerkin (PSPG) [44] stabilizations. The PSPG technique

allows the use of the same polynomial degree for both pressure and velocity discretizations; the SUPG technique

enhances robustness for high Reynolds numbers. The detailed description of these stabilization formulas is given in
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Appendix B. In conclusion, we consider the following local problems, which are the counterpart of (2a):

’R’?f(uia Pi,V, q) + gz(gav) = 0 V(V, Q) € Xz},l(f)
i=1,2.

ui|Fi,dir = q)iﬂlin
where ®; ,, € Vihf is the interpolant of the nodal values of i, on T'; gir [20, p. 174]. In view of the discussion

below, we rewrite the HF residual as
R?f(uia Piy V, Q) = R?ﬁl(ul, PiaV) + szp(ula pz,q)v
the first term corresponds to the residual of the momentum equation (1);, while the second term corresponds to

the residual of the continuity equation (1)2 (cf. Appendix B for the detailed expressions of R and Rﬁ‘fp)

7,1

8.2. Variational formulation

Exploiting the previous notation, we can introduce the HF counterpart of the optimization formulation (3):

R?f(uh Pi, VvV, Q) + 51(g7v) =0 V(V7 Q) € sz,l(g

1 ]
min f/ luy — wp|® da + f/ lg|?dz  s.t. (4)
(u1,p1)eXp; 2 To 2 To .

(uz,p2) € XD, Wilr, g = Piwg 1=1,2
geAhf
This formulation coincides with the statement considered in [32] and also [35] — with the minor difference that

we here rely on a stabilized FE formulation for the local problems. In the remainder of this section, we discuss an
alternative HF formulation that will be used to define the reduced-order model.

Formulation (4) does not ensure the continuity of pressure across the internal interfaces: we prove this result
rigorously in Appendix C; here, we provide a sketch of the proof that justifies our new DD statement. If we denote
by (uhf, phf) € X1 the solution to the global problem such that RM (uhf, p"f. v, ¢) = 0 and we neglect for simplicity
the stabilization term, we obtain

Rgf(uhf,q) = A V-ufgde + A V-ulfgde =0 Vqe QM.
1 2

Since Q" is a space of continuous functions, it is in general false that R?fp(uhf

Q:,q) = sz V -utgdz = 0 for all

qE Q?f, i = 1,2; nevertheless, it is possible to show that there exists h* € Zf such that

R ol

Q“q)+(—1)i/ hqdez =0 Vqe QM.
To

Similarly, there exists g* € AP such that

R%(uhqgi,phfbi,v)+(71)i/ g vdr=0 YveVM i—12
o

We conclude that the tuple (u"|q,, p"|q,, u"|q,, p"f|0,, g*, h*) is a solution to the minimization problem

. 1 1
( m)lgth 5/F lu; — u2|2 dx + §/F (p1 *p2)2 dx
ui,p1 5
(U27p2)€X§‘f% ’ '

geAbf pezht

R?f(uh Pi,V, Q) + 52(g7v) + (71)1/ hqu =0 V(V, q) S XZ}:(fJ?
5.t ro i=1,2.

u;

Diair — cI)iyllnn
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This discussion suggests to consider a modified formulation that explicitly penalizes the jump of the pressure
field. We introduce the state w; := vec(u;,p;), ¢ = 1,2 and the control s := vec(g, h); we introduce the control

space SM = AM x =M equipped with the norm

2
lls = vee (g, W)|I? = / Vrogl® + g + 1 dr,
To

where Vr,g denotes the gradient of g in the tangential direction; we use notation w;(1 : 2) to indicate the first two

components of the vector-valued function w;. Then, we introduce the variational formulation:

R?f(wi,z) +51-}1f(s,z) =0 Vze Xf}é,

min  F5 (Wi, Wa,s) s.t. i=1,2; (5a)
W1€X1hf§
W2€X2hf; WZ(]' : 2)‘Fi,dir = (I)iﬂlim
seshf
where
1 9 1 9
F5 (W1, w2,8) = 5[|w1 = wallzzry) + S0llsll (5b)

and EM(s,v,q) = Ei(g, v) +(—1)! fFo hqdz. Note that we replaced the L? norm for the control g with the H' norm:
as discussed in section 6.1, we empirically observe that the use of the H' norm significantly reduces the oscillations
in the profile of g.

Some comments are in order. First, the addition of the pressure jump and of the control h ensures that the
optimal pressure is continuous in the limit § — 0: note that at the continuous level the test space @ = L?(Q) is
discontinuous; therefore, the control A is unnecessary; similarly, if we rely on a PO discretization for the pressure
field [45], the pressure jump is also unnecessary. Second, since velocity and pressure have different units and might
also have very different magnitudes, it might be necessary to rescale the objective function to avoid stability issues
(see, e.g., [46, 47]). In our numerical experiments, we solve the equations in non-dimensional form, and we do not

include any scaling factor.

3.8. Solution methods for (5)
As in [27] and also [32], we resort to a gradient-based optimization method to find local minima of (5). In
more detail, we consider the Gauss-Newton method (GNM) and sequential quadratic programming (SQP) [48]. As

discussed below, both methods rely on static condensation to devise a reduced system for the control s.

3.8.1. Gauss-Newton method

We define the local solution map H; : S' — X1 such that H;(s)(1: 2)[r, ., = ®iu,, and
RM(Hi(s),z) + £ (s,2) =0 VzeXf, i=1,2 (6)
Then, we rewrite (5) as an unconstrained optimization problem:
min F£(s) = F5(Hi(s), Ha(s),s). (7)

scSht
If we define the space X" = AP x SM equipped with the norm [[r = vec(w, g, h)|| % = IWlIZ2(rgy + 8% r,) +
Hh||2L2(F0) and the operator Fs : S™ — X such that Fj(s) = vec(rr, (H1(s) — Ha(s)),Vds), we can rewrite (7) as

a nonlinear least-squares problem, that is

min F£'(s) = %HFg(s)Hihf. (8a)

seShf
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The unconstrained problem (8a) can be solved efficiently using GNM: given the initial condition s~ we repeatedly

solve, for it =0,1,...,

) OFs (s )
s = arg Sl’él‘gllf *HF(; e % (s —s") ||2th. (8b)
with the termination condition _ _
flsr -l _ .
I (8¢)

where tol > 0 is a predefined tolerance.
We observe that GNM requires the explicit calculation of Fs and the gradient of F5 with respect to the control

at s: the former involves the solution to the local problems (6) for all components, while the latter is given by

‘ . IH1(s™)  OHa(s") .

oFs(s*) _ | ™ "o s Wmlam@>:_<mw%m®»> o

68 6s 8w1-
Véid

9)

and id is the identity map. We notice that the evaluation of aF%i(SS“j involves the solution to N*® linear systems
where N is the cardinality of the space S it is hence computationally feasible only if the dimension of the control
is moderate: this observation highlights the importance of port reduction [16] for optimization-based methods.
Conversely, we remark that the computation of H;(s'), Hz(s®) and their derivatives is embarrassingly parallel with
respect to the number of components: as discussed in [27], GNM enables effective parallelization of the solution
procedure if compared to standard multiplicative Schwartz iterative methods, provided that the computational cost
is dominated by the solution to the local problems (6). Finally, we remark that the least-squares problem in (8b)
can be solved by explicitly assembling the normal equations; alternatively, we might employ the QR factorization

[7]. We omit the details.

3.3.2. Sequential quadratic programming (SQP)

The SQP method solves a sequence of optimization subproblems, each of which optimizes a quadratic model of
the objective subject to a linearization of the constraints. Since the objective (cf. (5b)) is quadratic, we hence find
the iterative method

Rzzt( ) \Z,zt( _W§t7z)+€zhf(svz):0

=arg min Fs5 (Wi, wy,s) st (10)
exht; .
wactl Wil 2lr, = Bi, V2EXL, i=1.2

seShf

i1 it it
(Wi wi st =

where the linear forms {R},

}i; and the bilinear forms {jzhft}z are given by

ORM
R”t() Rhf( 7)), j“t( z) = %[W?](W,z), VWGXihf,ZGXlO, it=0,1,....

8Wi

In the numerical experiments, we consider the same termination condition (8c) used for GNM.

The optimization problem (10) is quadratic with linear constraints. The solution to (10) hence satisfies

gittl = = arg mm ||F5 + j” (s - s“) ||th,
(11a)

wittl = wit - (ZM) 7 (R, 4+ €MLY i =1,

10
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where

TFO (Wit — W%t)

[ () e () e
. Tt = . (11b)
\V3sit Véid

In our implementation, we rely on (11) to solve (10).

Fit —

As for GNM, we obtain a least-squares problem for the control by applying static condensation: while in
the previous section we first derived the unconstrained statement (cf. (7)) and then we applied the optimization
method, here we first optimize using SQP and then we apply static condensation at each iteration of the optimization
algorithm. We observe that (8b) and (11a); are formally equivalent, while (9) and (11b) share the same structure.
We conclude that the SQP and GNM approaches can be implemented using the same data structures and can be
parallelized in the same way. We omit the details.

For nonlinear PDE models, GNM requires to perform Newton subiterations to solve the local problems (see
the definition of the operator Fs in (8b)): local Newton iterations might fail to converge for poorly-chosen initial
conditions (wi=Y s"=0) and hence lead to the failure of the DD method, particularly at the very early stages of the
optimization loop. On the other hand, SQP does not require the solution to local nonlinear subproblems: for the
model problem considered in this work we find that SQP is much more robust to the choice of the initial condition.

We further observe that the cost per iteration of SQP is significantly lower than the cost of GNM.

Remark 3. For high-Reynolds number flows, it is important to enhance the robustness of our approach by resort-
ing to pseudo transient continuation (PTC) [49]. PTC introduces an additional pseudo-temporal integration with
adaptive time step, that is performed until convergence to a steady-state solution. If we resort to the backward Fuler

scheme for the discretization of the time derivative, at each PTC step we solve the relaxed problem:

1
E/ (wi(l 2) —wh(l: 2)) vdr + RM(wy,z) + EM(s,2) =0
min  Fs (w1, wa,s) s.t. kJa, (12)
e Wi1: 2|0, = Bin, Yz =(v,q) € Xig, i=1,2.
seshf

where the index k refers to the temporal loop and Aty is chosen adaptively based on the residual of the steady-state
equations. We refer to [49] and to the references therein for further details. Note that (12) is formally equivalent to
(5b): it can hence be solved using the same procedure outlined above. When the PTC formulation is employed, the
time derivative should also be incorporated into both the SUPG and PSPG stabilization terms, and the coefficients

associated with these stabilization terms should also be adjusted. We refer to Appendiz B for the details.

4. Projection-based reduced order formulation

We rely on the formulation (5a) to define the CB-ROM. Towards this end, first, we identify a low-rank ap-
proximation of the control s™ and the local states wh!, whf; second, we devise local ROMs for the approximation
of the solution maps (6); third, we devise specialized GNM and SQP methods for the formulation (5a) based on
approximate solution maps. We conclude the section by discussing the implementation of hybrid formulations that
combine full-order and reduced-order local solution maps. We remark that, in order to further enhance online

performance, we should also reduce the online costs associated with the computation of the || - ||xnt norm in (8b)

and (11a); (cf. [27]): we do not address this issue in the present work.

11
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4.1. Construction of the local basis

We denote by {u*) = vec(ugk)7 ué’“))}Z;;ﬂ" a set of ny i, global configurations; we further denote by {vv?gC 1=
1,2,k =1,..., Ntrain } and {s],gf ik =1,...,Nain} the corresponding HF state and control estimates based on (5a).

We resort to POD to devise a low-dimensional approximation space for the local solution manifolds and for the

control
k train
(25 = span{¢, ;1] = POD ({whf, — w1 1oy, |- v, tolpoa )
(13)
[W = span{n;}72,] = POD ({sp" }ro3™, |-l tolpoa) -
Here, the function POD (D, || - ||, tolpoa) returns the POD space associated with the snapshot dataset D and the norm

|| - || using the method of snapshots [50]. The size of the spaces is chosen according to the energy criterion

Ntrain

n:=min{ n’ : Z)\j > (1 —tolpoa) Z Xips (14)
j=1 i=1

where {\; }; are the eigenvalues in descending order of the POD covariance matrix, and tolp.q is a suitable tolerance.

The fields ©!*

Ly

\Ilékl)ln satisfy the boundary conditions in (5a); we refer to section 5 for the explicit expression;
this implies that the local space Z; is contained in &, for ¢ = 1,2. In the remainder, we further use notation
ZA = (W, () + ¢ ¢ € 25} to identify the affine approximation spaces that incorporate Dirichlet boundary
conditions. Furthermore, given w; € Zfir and s € W, we define the generalized coordinates a1, s € R™ and

B € R™ such that
m
Wil ) = Wi, (1) + Y (@) ¢y i=1,2 s(B)=) (8);n;
4.2. Construction of the local reduced-order models
We rely on (Petrov-)Galerkin projection to define the local ROMs.

Galerkin projection.

We consider the local solution maps ’;qu : W — ZdT such that
RI(HE(s),2) + E(s,2) =0 VzeZ, i=1,2 (15)

Tt is useful to rewrite (15) in fully algebraic form. Towards this end, we define the discrete residuals f{f :R™ — R™

and Elg € R™ ™ such that

(ﬁ‘zg(a))J :R?f (WZ(aZ)aC'L,j)? (Ezg) :5’th (T’kaz,])a 1= 1,2,]:17,717]{:: 1,,771/, (16&)

Jik

and the local algebraic solution maps ﬂf : R™ — R"™ such that

RE (H;(@) + BB =0, i=1.2. (16D)

12
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Least-squares Petrov-Galerkin (LSPG, [7, 51]) projection.

Given the reduced space ); C X o, we introduce the local solution maps ﬁ?g : W — Z3 such that

RI(¢ 2) + £ (s, 2)

HPE(s) = arg min sup (17)
ez ey, 1] x:
For Y, = X0, (17) is referred to as minimum residual projection. In view of the derivation of the algebraic

counterpart of (17), we denote by {’Ui,k}iil an orthonormal basis of );; then, we define the algebraic residuals

(RF(@), = RI (wila)vie) . (BFF) =&y vi0), (18a)

withi=1,2/=1,...,jes, k =1,...,m; and the local algebraic solution maps ﬂ?g : R™ — R”™ such that

5Pg

7;"(8) = arg min [RY* (o) + B2A|, i=1,2. (18b)

We observe that (18b) reads as a nonlinear least-squares problem that can be solved efficiently using GNM; the
combination of LSPG ROMs within the DD formulation (5a) is challenging: we address this issue in the next
section.

The ROM (17) depends on the choice of the test space };. Following [51, 52|, we propose to construct the

test space V; using POD. Given the snapshots {W?i}k and the ROB {(; ;}}—;, we compute the Riesz elements
Y, ;1 € XP§ such that
IR} [ e hf
(Yijw2)a, = G Vi) (Cijo2), Yz X, (192)

?

fori=1,2,7=1,...,n, k=1,... Ngain- Then, we apply POD to find the low-dimensional bases }; and Vs,
D;z = span{vm ;C;l] = POD ({¢i,j,k cJj=1...,n, k= 1,..., Nerain, }’ || : ”XujeS) , =12 (19b)

As in [51, 52|, we choose jes = 2n; we refer to [51, Appendix C] for a rigorous justification of the choice of the test
space for linear inf-sup stable problems.

In the remainder of this manuscript, the LSPG ROM (18b) with ); = X} ¢ is dubbed “minimum residual ROM”,
while the LSPG ROM (18b) with ); C &; o given by (19b) is dubbed “Petrov-Galerkin ROM”.

Remark 4. We rely on the HF residual R™ to construct the residuals of the ROMs (see equations (16a) and (18a)).
Thus, the SUPG and PSPG stabilization terms that we use in the HF discretization are also incorporated into the
ROMs. The same expressions of the stabilization terms, as well as the stabilization parameters (cf. Appendiz B),

are used for both the HF model and the ROM.

Remark 5. The solution to (15) and (17) is expensive due to the need to evaluate the HF residual and its Jacobian
at each iteration. To reduce the computational burden, several authors have proposed to resort to hyper-reduction
strategies [53] to speed up assembly costs at prediction stage. We refer to the recent review [54] for a detailed
presentation of the subject. Since the local problems (15) and (17) fit in the framework of monolithic pMOR,
standard hyper-reduction techniques can be employed. We refer to a future work for the development and the
assessment of hyper-reduction techniques for the DD formulation of this work. We comment on the computational

cost associated with our current implementation in section 6.2.

13
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4.3. Global formulation

We first introduce the algebraic counterpart of the objective (5b). We denote by {(xg, w};)}év:rl the FE quadrature

rule of fFo [8] dz and we define the matrices A1, Ay € R3N X" and the vector b € R3M such that

(A g mes = Vol (€D, (0)geiing = y/F (%1, (5) = T, (1)), (20)

withg=1,...,Np, £=1,2,3, j=1,...,n; then, we rewrite the objective function as
1 2 0.2
Fs (o, az,8) = Fs (Wi(ar), wa(az),s(8)) = §’A10£1 - Asa|" + §|5| .

For the Galerkin local ROMs, the DD ROM can be obtained by simply projecting (5b) onto the reduced spaces,
that is
min  F5 (w1, wa,s)  s.t. RM(w;,2) + EM(s,2) =0 VzeZ i=12 (21a)
wi1€Z;

W2€Z§‘r§

seW
Note that non-homogeneous Dirichlet conditions are encoded in the choice of the ansatz. Exploiting the previous

notation, we obtain the algebraic counterpart of (21a).

min - Fs (e, 00,8) st RE (o) +EEB=0, i=1,2 (21b)
a,a€R™;
BER™

Problem (21b) can be solved using either GNM or SQP; as for the HF model, the methods require the computation

of the derivatives of the local solution maps (16b), which satisfy

O, ORE [ T
o5 B = - ( o [Hf(ﬂ)}) Ef. (21¢)

Note that (21c) can be computed using standard FE routines that are readily available for the full-order model.

The combination of (5a) with the LSPG ROM (18b) is more involved since the resulting component-based
ROM cannot be interpreted as the projection of (5a) onto suitable low-dimensional spaces. We here rely on an

approximate SQP procedure. At each iteration, given the triplet (aif, o, it), we compute

Al .. ORP® .
RS~ Rp(alf) e R, 300 = O (o) e i (222)
(&%)
then, we solve the minimization problem
e oNT , ~
min  Fs(ay,00,8) st (Jg’g’”) (ng“%Jfg’“ (ai—a?)—s-Efgﬁ):O, i=1,2. (22b)

a0 €R™;
BER™

We observe that for n = jes the constraints imply that ﬁ?g’it + jgg’“ (o — al?) + E?g,@ =0 for i = 1,2. We hence
recover the standard SQP procedure.
A thorough convergence analysis of the SQP procedure (22) is beyond the scope of the present work. Here, we

observe that if ot — af for i = 1,2 and B — B*, the constraints in (22b) reduce to

—~ T
pg —~ ~
(?i (a:)> (RP#(ap) + BY%6") =0, i=1,2.
(&%)

Given i € {1,2}, the latter implies that o is a stationary point of the function a; — |f{$g(ai) —|—Efgﬁ*|2; provided

that (18b) admits a unique solution, we hence find that o = ﬂ?g(ﬁ*).

14



345

350

355

360

4.4. Enrichment of the trial space

In (13), we construct the state and control spaces independently. We might hence obtain that the matrices

778 77Pg
3(9%7" (B) and 88%3 (B) are rank-deficient: as empirically shown in the numerical examples, poor conditioning of the
sensitivity matrices leads to instabilities of the ROM and to poor approximations of the control s. To address this

issue, we propose to enrich the trial spaces Zi, Z, with the perturbed snapshots {w; j 1 }i .«

IR - he i~ hf hf
ow, [Wi,k] (Wm}k , 2) + & (nj ,2)=0 Vze Xi,07 (23)
3
fori=1,2, k = 1,...,Nain, J = 1,...,m. The set {wi‘ﬁ¢ 2= 1,2,k = 1,...,Nrain} contains the available

snapshots (cf. section 4.1), while ny,...,n,, are the POD modes of the control s (cf. equation (13)). Problem
(23) corresponds to the linearization of the i-th local problem for the k-th parameter in the training set along the

direction 7;: we have indeed
RI(W + Wi j,2) + E () +em; , 2)

hf

= R?f(w?’fk,z) + 5ihf(s};f , 2)te (8“: [Wiﬁk] (Wijk, 2)+ Eihf(nj , z)) + 0(52).

=0

Given the snapshots {w%c :0=1,2,k =1,...,Ntrain} and the reduced spaces Z1, Z5, W, we rely on equation (23)
to compute the perturbations {w; ; x};r C Xi‘é for « = 1,2, and then we update the reduced spaces Z; and Z; as

follows:

ZrV = 2,@ 2], with [2]] = POD ({nz;vvi,j,k j=1,. . mk=1,. .. nuainh | - | Xn) , (24)

where II zL® denotes the projection of e onto the orthogonal complement of the space Z; and n’ is a given integer.

Some comments are in order. We emphasize that the enrichment procedure is performed in the offline phase.
The hierarchical construction of the state approximation space (24) has been proposed in a similar context in [55].
The integer n’ should be sufficiently large to ensure stability of the DD formulation; we further comment on the
selection of n’ in the numerical experiments. Finally, in Appendix D, we provide a formal justification of the

enrichment strategy for a linear problem.

4.5. Hybrid solver

In the introduction, we anticipated the importance of developing a DD formulation that enables the seamless
coupling of local, independently generated models. We here illustrate how to combine the HF model introduced
in section 3 with the local ROM introduced in section 4. To provide a concrete reference, we assume that the HF
model (6) is solved in € and that the LSPG ROM (17) is solved in 5.

We set NW¥ = NJ* + NV and we define the basis (cf. section 3.1)

NW
{51,_/}]:11 = {VeC(Lle, 0)7 s ,VGC(QDLNF, O)a VeC(O, Oa ¢1,1)7 s ,VeC(O, 07 wl,Nf)} .

We use notation e to indicate the FE vector associated with the FE field e. We introduce the vector-valued
representation of the lifted state field w;, = w;, — ¥, € RV 1", Then, we introduce the matrices (see (18a) and

(20)) A € R3NT XN and ]/*j}ff € RM"™™ guch that

(A}llf)q-i-(é—l)Np,j =\/wq (£1,500)),» (Elllf) _— & (4 615) -

7>

15



365

370

375

380

385

390

Then, we can state the SQP method for the hybrid coupled problem:
1 - RIS 24 (s, — i) + BB = 0
min i\A};fﬁl —Asas + Db+ 5|6|2 s.t. . (25)
w, eRMY; =pg,i Spe.it | Fpei i &
S (T557) (RS + 355 (2 — o) + EE2B) = 0.
BER™

where

7 1 3 7 8Rhf . .
(™) =Ri(wite,), (31) = Fom W] (€bay). Gk =1 N

with wit = Wit + ¥y .

Problem (25) can be solved using the static condensation procedure outlined in (11a) and (11b). Note that
for (25) the least-squares problem (11a); is of size m: the computational cost is hence independent of N¥. On
the other hand, the cost to assemble the least-squares problem in (11a); is dominated by the cost of computing
J i’f’it)’lﬁ?f, which requires the solution to m linear systems of size N}¥. We emphasize that the local models in
(25) only communicate through the vehicle of the control s (or equivalently through the generalized coordinates 3)
and the matrices A, A, in the objective function: the implementation of the local models is hence agnostic to the

discretization that is employed in the neighboring subdomain.

5. Localized training and adaptive enrichment

In section 4 we devised the CB-ROM based on the DD formulation (5a). The major limitation of the approach
is the need for global HF solves to generate the reduced spaces (cf. (13)). In this section, we propose a general
strategy to adaptively construct the reduced space for state and control, for the model problem of section 2.2. First,
in section 5.1, we present the general multi-component DD formulation and relevant quantities that are employed
in the adaptive procedure. Then, in sections 5.2 and 5.3, we present the localized training strategies for the control
s and for the local states. Finally, in section 5.4 we present the adaptive enrichment strategy that allows the

correction of the local approximations based on global reduced-order solves.

5.1. Multi-component formulation

Given the archetype components {Qk}gil and the reference port f, we introduce the instantiated system Q C R?

such that Q = va_df Q; with Q; = dL ((NZLi7MZ-) for i =1,..., Ngq and ports {Fj}j-vzfl such that I'; = ‘Ifj(f), where

M1, ..., [N, are geometric parameters associated with the elemental mapping and Wy, ..., ¥y,, are the mappings
associated with the ports; we further introduce the union of all ports I' := Ujvzfl I';. Fori=1,..., Nqq, we denote by
Z! C {1,..., Nt} the set of the indices of the ports that belong to 9Q;. We further denote by nj+ the positive normal
to the port I';. We denote by ‘ik,uix, the HF solution to the Navier-Stokes equations in €, with inflow condition
ug(Rerer) for some Reyer > 0 and Neumann boundary conditions on the remaining ports; then, we introduce the
parametric field ‘I’k,uin (Re) = p2e {Ivlk’uin.

Rerer

We introduce the FE spaces /'?,?f and )?,i‘fo associated with the domain Q¥ (cf. section 3.1) for k = 1,..., N;

furthermore, we introduce the reduced spaces Zj, C /’?é‘fo and the affine spaces g,‘jir(Re) = CI}ka (Re) + Zi —to

shorten notation, we omit the dependence of égir on the Reynolds number. The choice fk = )?,?% corresponds to
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considering the HF discretization in all components of type k. Then, we define the global discontinuous approxi-

mation space over
x4 = {W € [L2Q)® : wlo, 0 " (-, ) € 287, i = 1,~~,Ndd}~
We denote by [w] € [L?(T)]? the jump of the field w on the interfaces of the partition

[wl(x) =wh(x) —w (x) VxeT;, wh(x):= El_i)r(r)lJr w(x F en}"(x))7 j=1,..., Nt

Given the port reduced space W C [L2(f)]3, we also introduce the global port space over I'
wid = {s €[LXT)P : slr, 0 U, €W, j= 1,...,Nf}.

We handle geometry deformations using the discretize-then-map approach (cf. [52]). Given the FE field w € A1,

f

we denote by w € X i‘l the corresponding field in the reference configuration; the two fields share the same FE vector.

We introduce norms in the reference components
|lw = vec (u, p) ”fﬁ = /~k Vu:Vu+|uf +p’de, ||s=vec(g, h)|} = /~ ‘Vfg|2 + |g|® + h*dz,  (26)
Q r

for k =1,..., N.. Then, we define the corresponding norms for the instantiated components that are obtained by

applying the prescribed deformation

[wl

Nt
w0 i= Wl 0 O (il + 0= Lo Naay ISP =3 [lsle, o 5| (21)
j=1

Note that the algebraic norms associated with (27) are independent of the geometric parameters that enter in
the mappings {® (-, 11;)};: there exist indeed N, matrices Xy,..., Xy, such that |w|lx, = /w ' X,w for i =
1,..., Ngqq. This observation simplifies the implementation of the dual residual norm used in the adaptive strategy
(cf. (31)). Similarly, the variational forms associated with the PDE problem are defined for each archetype
component and then mapped to obtain the variational forms for each instantiated component. We define the forms

R P % XM % Py, x Ry — R such that
RY (W,Z; pi, Re) = R (w,z), Vwe M, zeal. (28)
We further define the boundary form

SNGEAD / oW, ' zo®;  dx where ®; := &% (), Vi€ LXT;RY), ze€ X[, (29)
Fji,l
where j; 0 € {1,..., Nt} is the index (in the global numbering) of the ¢-th port of the i-th component of the system.
We have now the elements to present the DD Galerkin formulation (see equations (26) and (27) for the definition
of the norm |||-|||):

. 1
min

o
2 2 hf hf . - .
oI 3 /1“ [[w]|* dz + 72|||s||| st. R (w,z)+E&Y(s,z) =0 VzeZ;, i=1,...,Naa; (30)

where Z; = {¢ € [H(Q)]? : ¢Co®Li(-, u;) € Z1,} and

EM(s,z) = Z/F s-zdx,

JEIT
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fori =1,..., Ngq. Formulation (30) can be adapted to cope with Petrov-Galerkin ROMs using the strategy outlined
in section 4.5: we omit the details.
Given the estimate (w*,s*) of the solution to (30), we devise two error indicators to assess its accuracy; the

indicators are employed in section 5.4 to drive the enrichment strategy. First, we define the local errors

Rhf *’ ghf *’
b RMW2) +EN (s )

. i=1,...,Nau. (31)
zEXik:f) ||Z||Xz

The quantity e; measures the performance of the i-th ROM to approximate the solution to the Navier-Stokes

equations for the control s*. We further introduce the jump errors:

P = /F|[[wﬂ|2dx, j=1,...,Np. (32)
J

jump

The indicator (32) controls the jump of the state estimate at the interfaces: the value of e J can thus be interpreted

as the measure of the ability of the control to nullify the jump at the j-th interface of the domain.

Remark 6. In order to enhance the compressibility of the local state and control manifolds, following [56], in the

numerical experiments, we consider the approximation spaces

xdd .= {w € L*(R®) : A(0;)wlg, o ®Li(, ;) € 28 i =1,.. .,Ndd};
(33a)

wid .— {s € LX(T5R%) : A(w)sr, oWy € W, j= 1,...,Nf};

where 0; (resp., w;) is the angle between the inlet port of the i-th deformed component Q; (resp., the j-th port T';)

and the x1 axis, and

cos(f) —sin(d) 0
A0) = | sin(f) cos(§) 0 |- (33b)
0 0 1

We remark that several authors have considered more sophisticated (Piola) transformations to improve the com-
pressibility of solution manifolds in internal flows, (e.g. [14]): in this respect, our choice is a compromise between

accuracy and simplicity of implementation.

5.2. Puairwise training for the control variables

Following [16, 17], we pursue a pairwise-training approach to generate the port space W. We perform HF sim-
ulations for systems of two components that represent all possible connections (channel-channel, channel-junction,
junction-junction, junction-channel) based on random Dirichlet boundary conditions at the inflow, random Neu-
mann conditions at the outflow, and a random selection of the Reynolds number and the geometric parameters in
prescribed parameter ranges (cf. Figure 4). The HF data for the ports are retrieved and stored, and finally the
port space W is constructed using POD. Recalling (33), the HF data are rotated using (33b) before applying the
compression technique.

Similarly to [16, 57], we consider the inlet velocity

Re Boc
uin(y) = <uo(y) +6u Y k—ZPk(—l + 2y)> n, (34)

1{eref
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where Re ~ Uniform(Repin, Reémax), { Pk} are zero-flowrate weighted polynomials (cf. [17, section 3.1.1])

(1-9%)y, if k=1,
Pi(y) =3 (1—-4*)(59% 1), ifk=2,
(1-9*)Lely),  if3<k<R,

and {£y}, are the Legendre polynomials. The coeflicients of the expansion are sampled from a standard Gaussian
distribution, ci,...,cr A N(0,1), n denotes the outward normal to © on the inlet boundary, y € (0,1) is the
curvilinear coordinate, ug(y) = 4y(1 — y) is the Poiseuille velocity profile, the coefficient d,, is selected a posteriori

to ensure that the inflow velocity is positive for all y € (0,1). Similarly, we prescribe the outward flux as
R -
Zout (y) = (90 +0g ) QU Lk(-1+ 2y)> n, gt N N(0, 1), (35)
k=1

where go ~ Uniform(go,in, Jomax), a1d we choose the coefficient §, to prevent reverse flow.

Remark 7. For the test cases considered in this work, we observe that the use of homogeneous Neumann conditions
in lieu of (35) leads to approximation spaces of comparable accuracy. In the future, we plan to further investigate
the impact of the choice of the outflow conditions on the performance of localized training for a broad range of

operating conditions and for larger-scale problems.

Neumann outflow

Dirichlet inflow

1 2

Figure 4: channel-junction connection for the training of s.

5.83. Localized training for the state variables

After having built the reduced space for the control, we repeatedly solve (30) for several random configurations
and several parameter values to acquire datasets of simulations for each archetype component. Thanks to port
reduction, the computational cost of the global problem is significantly reduced if compared with the full HF model;
nevertheless, we choose to consider systems with a moderate number of components (up to four) to further reduce
offline costs. The HF data for components of the same type are mapped in the reference configurations, rotated
through (33b), and are then used to build the local reduced spaces 517 ey ZNNC.

We observe that the training strategy is not fully local since it requires to assemble systems with up to four
components. In our experience, the practical implementation of a fully localized training strategy for incompressible
flows is extremely challenging due to the need to ensure that the fluid flows from left to right and that the prescribed
Neumann conditions lead to physical velocities. The choice of considering global training based on a reduced control
space for systems of moderate dimension represents a trade-off between offline efficiency and accuracy. The adaptive

strategy presented in the next section provides a systematic way to improve the quality of the local reduced spaces.
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5.4. Adaptive enrichment

In Algorithm 1, we present the full adaptive strategy for the construction of the reduced spaces. The procedure
extends the method introduced in [36]; to clarify the presentation, we postpone two steps of the algorithm to sections

5.4.1 and 5.4.2.

Algorithm 1 Adaptive enrichment procedure.

1: Generate the reduced space W for the control through pairwise training (cf. section 5.2).
2: Generate the local spaces {gk}]kvél for the state through global training (cf. section 5.3).

3: Enrich the reduced spaces {gk}ggl based on the port space W (cf. section 5.4.2).

Terain

Jj=1

glo

glo
train .

4: Sample n global configurations, P ain := {p’}

5: (if LSPG projection is employed) Build the empirical test space (cf. section 4.2)

6: for it =1,...,maxit do

7: Initialize the datasets Z1) = ... = Z(n,) = 0 and Zs = 0.

8: for p1 € Pirain do

9: Compute the reduced solution using the CB-ROM solver (cf. (30)).

10: Compute local residuals {ei}fv::‘% (cf. (31)) and the jumps {e?ort};\fl (cf. (32))

11: Mark the m., instantiated components with the largest residuals of each type {Ii;fﬁ}iv;l
12: Mark the mg instantiated ports with the largest port jumps of each type If'P .

13: Update the datasets 21y, ..., Z(n,) and s (cf. section 5.4.1)

14: end for

15: Update the port POD space W = W & POD ({HWLfSV :5€ D} Iy, n#).
16: Update the reduced spaces Zj, = Z; & POD ({H§¢W TWE Q(k)} Al ||5(vk7ng1°), k=1,...,N..
17: (Optional) Enrich the reduced spaces {Z~k}£];1 based on the port space (cf. section 5.4.2).

18: (if LSPG projection is employed) Update the empirical test space (cf. section 4.2)

19: end for

As in [36], we add my, (resp., ms) snapshots to the state (resp., control) datasets for each element of p € Pirain,
instead of selecting the marked elements after having computed the local indicators for all configurations: this choice
avoids the storage of all reduced global solutions and ultimately simplifies the implementation. In our experience,
the enrichment of the state spaces is only needed for localized training (Line 3 of the Algorithm) but not after
each update of the control space w (Line 17 of the Algorithm): a possible explanation is that the enrichment step
inherently couples the construction of the two spaces. Further numerical investigations are necessary to investigate

this aspect.

Remark 8. Ezxploiting the definition of the projection operator, the snapshots {HWLASV 'S € @S} are orthogonal to
the space W; therefore, provided that the dimension of {HWL'SV 'S € @S} is greater than n®'°, the enriched modes

at Line 15 of Algorithm 1 are linearly independent of the current modes. The same applies to the enriched modes
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at Line 16. We recall that in practice the number of modes n8'° might be chosen adaptively using (possibly variants

of ) the energy criterion (14).

Algorithm 1 depends on several user-defined parameters. The localized training of the control space depends
on (i) the sampling distributions for the Dirichlet inflow boundary condition (34) and for the Neumann outflow
condition (35); (ii) the number nj . of samples; and (iii) the number mg of retained POD modes. The localized
training for the state variables depends on (i) the number Ngq components of the networks considered; (ii) the
number n¥. of samples; and (iii) the number ny of retained POD modes for each archetype component. The

enrichment strategy depends on (i) the number n’ of added modes (cf. section 5.4.2). The adaptive loop depends

glo

tain Of global configurations; (iii) the numbers

on (i) the number maxit of outlet loop iterations; (ii) the number n
myw and mg of marked components and ports; (iv) the number n8° mele of modes added at each iteration for state
and control variables. We envision that the selection of several parameters can be automated: to provide a concrete
reference, the parameters n8'°, me'°® can be updated based on a energy/projection criterion. Nevertheless, further

investigations are necessary to provide actionable guidelines to select all the parameters.

5.4.1. Computation of the local solutions

Given the sampled port I';, we solve the HF model with flux boundary conditions given by the control s* on
the remaining port (cf. Figure 5) in the domain Q* = Q;L U €2 where Qj, Q2 are the elements of the network that
share I';. Given the sampled component €2;, we consider two separate strategies: (i) we solve the global hybrid
model in which we replace the local ROM with the local HF model in the sampled component, or (ii) we solve the
HF model in the sampled component with boundary conditions prescribed by the control estimate s*. The first
option is significantly less computationally expensive; however, we experienced some convergence issues for very
inaccurate controls s*. For this reason, in the numerical experiments, we rely on global hybrid solves for the first

iteration of the algorithm and to fully local solves for the subsequent iterations.

Figure 5: computation of local solution. Port update: if I'; is the sampled port, we solve the HF model in the components 1 U Q2
with Neumann boundary conditions on the ports I's and I's given by the predicted control s* (cf. Line 9, Algorithm 1). State update:
if Qo is the sampled component, we either solve the global problem using the HF discretization in 22 and the ROM discretization in
Q1, Q3 and Q4 (option 1), or we solve the HF model in Q2 with Neumann boundary conditions on the ports I';, I's and I's given by

s* (option 2).
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5.4.2. Enrichment of the state spaces

It suffices to generalize the procedure of section 4.4. We denote by {Wf}?ﬁrf‘“ a dataset of snapshots associated
with the k-th archetype component and the local parameters {u% Zﬁrf‘“ and {Reg}zg'i““. The dataset {w5 Zﬁrf‘“ is
extracted by the global simulations performed in the internal loop (cf. Lines 8 — 14) of Algorithm 1 or from the
simulations performed to generate the initial local space Zi (cf. Line 2). We denote by {17; }7L, the newly-added
modes of the port space; we further recall the definitions of the local residuals and (28) boundary forms (29). Then,

we define Vvé?’j)q such that (compare with (23))

arféhf B B N _
TRL kot R (W, %) + 825 2) =0 o€ B,
for £ =1,... ,n,’frain, j=1,....m,and ¢ =1,.. .,leort (leort = 2 for the channel component, and Nllfort = 3 for

the junction component). After having computed the snapshots {VT/'? j.qtt.4.» We update the reduced space 2, with

n' modes using POD (cf. (24)).

6. Numerical results

We present numerical results of the proposed method for the parameterized incompressible flow of section 2.2.
Numerical results are performed in Matlab 2021a on a commodity laptop. The parameters are the Reynolds
number and the geometric parameters o and h. introduced for each instantiated component. We consider a P2
FE discretization with 1281 degrees of freedom for the channel, and 3329 degrees of freedom for the junction. The
regularization constant d is set equal to 1078, The SQP tolerance is selected to be tol = 10~8. We employ the SUPG
and PSPG stabilization terms (cf. sections 3.1 and 4.2) for both the HF model and the ROM. The same stabilization
terms and parameters values are used across both models. We refer to Appendix B for the detailed expressions of

these terms and for the choice of the stabilization parameters considered in the numerical experiments.

6.1. HF solver

We present the HF results for the Reynolds number Re = 100 and the geometric configuration shown in Figure
3(b). In Figure 6(a)-(b)-(c), we show the solution to the global HF problem (i.e., without domain decomposition)
for the x-direction velocity, y-direction velocity, and the pressure, respectively. Figures 6(d)-(e)-(f) illustrate the
difference between the solution to the global problem and the solution to the (multi-component generalization of
the) DD formulation (5a), where the pair (g, h) acts as the control. Our new formulation with (g, h) as the control
exhibits high accuracy, with a pointwise error of the order of 107% for the three variables. Here, we employ the
SQP method introduced in section 3.3.2; GNM (cf. section 3.3.1) does not converge for this value of the Reynolds
number. For the solution to the DD problem, the global prediction at the interfaces is obtained by averaging the

solution in the two neighboring sub-domains.
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Figure 6: HF formulation. (a)-(b)-(c) Behavior of the solution to the monolithic FE problem. (d)-(e)-(f) difference between the
monolithic FE solution and the DD solution based on (5a) (i.e., (g, h) as the control).

In Figure 7, we compare the monolithic FE solution and the solution to the DD formulation (4), where we
consider the control g in the momentum equation. The results of Figure 7 show much larger pointwise errors for
both velocity and pressure — the error for the pressure is O(1072) as opposed to O(107°). This result justifies the
addition of the control h for the continuity equation and the use of (g, h) as the control in our proposed formulation
in contrast to the original formulation where only g is used as the control..

In Figure 8, we present the variable jump across the interfaces for the new formulation (5a) and the standard
formulation (4). For (4), the jump of the velocity field is modest, but it is significant (O(1072)) for the pressure. In
contrast, for (5a), the jump of both velocity and pressure is extremely modest. These results further corroborate

the introduction of the control h for the continuity equation.
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Figure 8: HF formulation. (a)-(b)-(c) interface jump of the solution to (5a) with (g, h) as the control. (d)-(e)-(f) interface jump of the

solution to (4) with g as the control.

Figure 9 shows the difference between the HF predictions of V - u obtained using the monolithic FE solver and
the DD FE solver; to provide a concrete reference, Figure 10 shows the behavior of logy, |V - u| obtained using
the monolithic solver. We notice that the difference between monolithic and DD predictions is several orders of

magnitude lower than the FE discretization error.
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530 Figure 11 investigates the effect of the choice of the penalization norm for the control. In more detail, we
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compare the behavior of the horizontal control g, for the first port I'; in Figure 3(b) for both L? regularization and
H' regularization. We observe that the use of the H' regularization dramatically reduces the spurious oscillations
in the proximity of the boundaries of the domain. We further observe that, since n = vec(1, 0), the control g,

should equal the viscous flux —p + 1/687?; provided that p > |1/%7;I ’, we hence find that g, ~ —p.

0

-5 | | | ]
0 0.2 0.4 0.6 0.8 1

Y

Figure 11: Comparison of the H' norm —&—, and the L? norm for the regularization term, with —p —#&— as a reference.

6.2. MOR procedure for networks of moderate size

We now evaluate the performance of the ROM introduced in section 4 for the system configuration shown in
Figure 3(b). Since the total number of degrees of freedom is relatively modest, we can afford to solve the multi-
component generalization of (5a) with HF local models and HF control. This enables a rigorous assessment of the
results. For the test cases presented in this section and in section 6.3, we illustrate the performance of the ROMs
as the number of modes increases. To ease the presentation, we choose the dimension of the original ROB (i.e.,
without ROB enrichment) for the state n to be equal to the dimension of the ROB for the control m. In practical
applications, the dimensions n and m should be determined based on the energy criterion (14). In a related work

58], the dimension of the interface base is selected to be 2 of that of the interior base.

6.2.1. Performance for a fized geometry

We freeze the value of the geometric parameters and we let the Reynolds number vary in the domain P = [50, 150].
We train the local ROMs based on nain = 60 snapshots with equi-spaced parameters in P, and we assess the
performance of the resulting CB-ROM based on nist = 10 randomly-selected out-of-sample parameters. We

measure performance of the ROMs in terms of the average out-of-sample relative prediction error for the four

components:
’ 1 Wi (1) — W) ||,
Eavgi:: s =, t=1,--+,Naa =4, (36)
T Mhest W (1) x,
E Prest ? o
and the three ports:
1 |85 () =85 ()|l .
port  __ J X - - =
Eavg,j = H|shf’|| , j=1, , Ny = 3. (37)
/”‘eptest J Fi
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Figure 12 shows the prediction error E,,, ; for the state w associated with three different local ROMs, Galerkin,
Petrov-Galerkin, and minimum residual, for the four components of the network. The Galerkin ROM is introduced
in (16b). Both the minimum residual ROM and the Petrov-Galerkin ROM are based on (18b): we recall that
the former employs ); = X as test space, while the latter uses an empirical test space constructed via POD
(cf. section 4.2, Eq. (19b)). This terminology and distinction are consistently applied in subsequent figures and
discussions throughout this work. Figure 13 shows the prediction error E;’fgrt ; for the control on the three ports for
the same choice of the local ROM. In this test, we do not perform the enrichment of the state spaces described in
section 4.4. The Galerkin method exhibits stability issues, while both the minimal residual and the Petrov-Galerkin
methods perform equally well in terms of accuracy with a relative error of the order of 107° for n = m = 20. The
prediction of the control variables is far less accurate: for n = m = 20, the relative error is O(10~!) for port 3 and
O(1072) for the other two ports. Nevertheless, we envision that the results can still be considered satisfactory, as

illustrated by the profiles of the control g at port 3 shown in Figure 14, where £ is the local coordinate along the
port 3.
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<
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Figure 12: performance for a fixed geometry. Behavior of the error (36): projection =, Galerkin === minimum residual ,

Petrov-Galerkin —#&—, for the subdomains (no enrichment).
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Figure 14: performance for a fixed geometry. Profile of the two components of the control g for one representative parameter value

along the port 3 (no enrichment): HF results = ., minimum residual =—&—, Petrov-Galerkin —+—.

Figures 15 and 16 illustrate the performance of the CB-ROM when the enrichment strategy of section 4.4 is
employed; to facilitate the comparison with the results shown in Figures 12 and 13, we also include the results
obtained without enrichment (dashed lines). We here set the number of additional modes n’ equal to m. We
observe that the enrichment strategy is key to improve the accuracy of the control estimate. It also has a beneficial
effect on the estimate of the state, which achieves prediction errors in the order of 10~7, which are comparable with
the tolerance of the SQP procedure (tol = 1078, cf. (8c¢)).

We conclude this section by discussing the computational costs: we achieve an average speed-up of approximately
5 with respect to the HF component-based model, for n = 5, 10, 15, 20. Lack of dependence on n can be explained
by observing that the dominant cost of the CB-ROM is associated with the computation of the local residuals and
local Jacobians in each component: this cost is independent of the size of the reduced space, which only enters in the

assembly of the reduced residuals and Jacobians (see, e.g., [52, Eq. (44)]). We hence expect much larger speedups
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sis  for hyper-reduced ROMs and for more complex problems that require higher-dimensional FE discretizations. Figure
17 shows the average number of SQP iterations as a function of the dimension of the reduced space n. We notice
that the iteration count is roughly independent of n and is comparable with the number of iterations required by

the HF solver. The results of Figure 17 correspond to the ROM without enrichment of the state space; similar
results are obtained for the ROM with enriched bases.
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Figure 15: performance for a fixed geometry. Behavior of the error (37): projection , Galerkin == minimum residual ,

Petrov-Galerkin —#—_ for the three ports (with enrichment). To facilitate comparison, the results obtained without employing ROB

enrichment, previously shown in Figure 13, are now depicted with dashed lines, yet the markers remain unchanged.
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6.2.2. Performance for a parametric geometry
We incorporate the geometric parameters described in section 2.2, along with the Reynolds number. For each

junction component in the network, we set a € [Z, Z];

%> 5l; for each channel component, we set h. € [0.1, 0.3]; finally,
we consider Re € [50,150] with Reyr = 100. We train the ROMs based on npa, = 120 snapshots and assess
performance based on nyesy = 10 randomly-selected out-of-sample parameters. As for the previous test, we analyze
the prediction error for both w and s associated with the different ROMs. Figure 18 illustrates the prediction error
E,vg, i for the four components, while Figure 19 shows the prediction error nggrt ,, for the three ports. Interestingly,
the Galerkin method is as effective as the minimal residual and the Petrov-Galerkin methods. All three ROMs yield
a state prediction relative error of approximately O(10~%) for n = 20; on the other hand, the control prediction error
is roughly O(1071) for the third port, and O(1072) for the other two ports, for n = 20. In Figure 20, we perform a
comparison of ROM errors associated to the three ports, with and without the ROB enrichment strategy outlined
in section 4.4. The dashed lines represent the results obtained in the absence of ROB enrichment, which correspond
to the data shown in Figure 19. As for the previous test, the ROB enrichment strategy significantly improves the
accuracy of the control prediction. Here, the number of additional modes n’ (cf. section 4.4) is chosen to be twice

as large as the dimension of the ROB for the ports m. The state prediction achieved with ROB enrichment is

comparable to the case without ROB enrichment and is not provided below.
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, Petrov-Galerkin —#&— for the three ports (with enrichment). To facilitate comparison, the results obtained without employing

ROB enrichment, previously shown in Figure 19, are now depicted with dashed lines, yet the markers remain unchanged.

6.3. Localized training and adaptive enrichment

In the previous test cases, a distinct reduced space is employed for each instantiated component: the same
configuration is used for both training and assessment. This approach is computationally demanding when dealing
with systems that comprise a large number of components; it is also unfeasible in the presence of topology changes.

To address this issue, we apply the localized training and adaptive enrichment algorithms developed in section 5.

6.3.1. Application to networks with four components

We apply the localized training strategy of sections 5.2 and 5.3, for the same test set of section 6.2.2. In order to
build the reduced space for the control, we consider 60 randomly selected boundary conditions for each connection
described in section 5.2; on the other hand, we generate the reduced space for the state using 20 randomly-sampled
networks with four components and the reduced space for the control.

Figure 21 presents the prediction error E,,s ; for the four components, while Figure 22 shows the prediction

port

error B ok

for the three ports; we do not rely on the enrichment of the state space (cf. section 4.4). The results
are comparable to those obtained in section 6.2.2 with slight deterioration in accuracy. Figure 23 displays the
ROM errors for the three ports using ROB enrichment (n’ = 2m), as represented by the solid line. The results
exhibit significant improvement when compared to those obtained without the use of the state space enrichment,

as illustrated by the dashed lines, which correspond to the data shown in Figure 22.
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Figure 21: localized training for networks with four components. State prediction error: projection = ., Galerkin =, minimum
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enrichment, previously shown in Figure 22, are now depicted with dashed lines, yet the markers remain unchanged.

6.3.2. Application to networks with ten components

We apply the full training procedure described in Algorithm 1 to nyes; = 10 randomly selected configurations with

ten components. As for the previous test case, we consider independent geometric variations for each instantiated

component and we consider Re € [50,150]. We only present results for local Galerkin ROMs: the results obtained

using minimum residual projection are comparable and are hence omitted.

Figure 24 shows the local relative error for the state and for the control, over the test set for the CB-ROM based

on localized training: we use the same dataset considered in section 6.3.1 with port-based enrichment (cf. section

4.4). We observe that the error is roughly 10% for both state and control and does not decrease as we increase the

number of modes.

Figure 25 shows the results for the full application of Algorithm 1. We initialize the algorithm with a ROB of

size my = 10 for the control using localized training; we apply the strategy of section 5.3, together with port-based

enrichment, to find reduced spaces for the state of size ng = 10 4+ 10 for each component. Then, we apply adaptive

. . 1
enrichment: we consider n

= 50 global randomly-selected configurations with ten components; we mark mg = 1

port, and my, = 1—3 components of each type (specifically, we mark 1 component with the largest error of each type,

along with the 2 adjacent components of the marked port). Then, we augment the bases for state and control with

n#l° = m#l° = 10 modes. We do not apply the port-based enrichment strategy after each iteration of the adaptive

loop (cf. Line 17). If Figure 25, iteration it corresponds to local ROBs of size m = 10(it + 1) and n = 10(it + 2).

We observe that the enrichment strategy clearly enhances the performance of the CB-ROM. This result empir-

ically demonstrates the importance of adaptive enrichment when dealing with nonlinear PDEs.
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Figure 24: application to networks with ten components. Boxplots of the out-of-sample error for reduced spaces of several sizes obtained

using localized training (without adaptive enrichment).

Relative error
Relative error
>
n

10-3 L

103 F

0 1 2
Iteration number Iteration number

-
B
IH

(a) Components. (b) Ports

Figure 25: application to networks with ten components. Boxplots of the out-of-sample error for several iterations of Algorithm 1.

7. Conclusions

We developed and numerically validated a component-based model order reduction procedure for incompressible
flows governed by the Navier-Stokes equations. Our point of departure is the optimization-based formulation of
[29]: we included an additional control variable h for the continuity equation that weakly enforces the continuity
of pressure at the interfaces; furthermore, we modified the regularization term to damp spurious oscillations of
the control. We relied on sequential quadratic programming to solve the nonlinear optimization problem: at each

iteration of the procedure, we relied on static condensation of the local degrees of freedom to enable trivial parallelism
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of the local solves and avoid the introduction of Lagrange multipliers. We relied on projection-based (Galerkin and
Petrov-Galerkin) ROMs to speed up the solution to the local subproblems and we exploited port reduction to reduce
the cost of the global problem. Finally, we adapted the localized training and adaptive enrichment strategy of [36]
to build the local approximation spaces without the need for expensive global HF solves.

We illustrated the many pieces of our methodology for a parametric steady Navier-Stokes problem at moderate
(O(10%)) Reynolds number. The new DD formulation enables much tighter control of the discrepancy between the
FE monolithic solver and the DD solution. LSPG projection is superior to Galerkin projection in the absence of
geometric variability; interestingly, Galerkin and LSPG projection show comparable performance for all the test
cases that involve varying geometries. The port-based enrichment of the state space (cf. section 4.4) is key to
adequately approximate the control variables. The localized training strategy discussed in this paper leads to poor
reconstructions of the state; adaptive enrichment driven by local error indicators is hence necessary to achieve
accurate reconstructions.

In the future, we plan to extend our method to a broader class of problems including multi-physics (fluid-
structure interaction) and unsteady problems, and to more challenging (higher-Reynolds, three-dimensional) test
cases with complex geometric parameterizations. Towards this end, it is of paramount importance to devise effective
hyper-reduction techniques to speed up local solves and also the assembly of the objective function. We also plan

to combine first-principles models with data-fitted models to enhance the flexibility of the method.
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Appendix A. General notation and key equations
For enhanced understanding, we provide a summary of the notation used throughout this work:

e A variable in bold a indicates a vector, while a variable a in regular font refers to a scalar quantity. Specifically,
u represents the velocity, p denotes the pressure, g is the control variable for the momentum equation, and h

is the control variable for the continuity equation.

e The variable w indicates the state variables of the N-S equations, comprising both velocity and pressure

w := vec(u, p); while s encapsulates the control variables s := vec(g, h).

e Notation w(1 : k) indicates the first k£ components of the vector w: for instance, since w = vec(u, p), w(1l : 2)

indicates the two-dimensional velocity field.

e Notation (-) is used to indicate the FE vector that is associated with the FE field (+).

e The superscript (-)'f indicates quantities related to high-fidelity finite element discretization. The symbol (/3
is employed to indicate quantities which pertain to the ROM. When necessary, the superscript (-)¢ is used for

the Galerkin ROM, while (-)P® is used for the Petrov-Galerkin ROM.

37



675

680

685

690

695

e In section 5.1, notation () denotes quantities associated with archetype components; regular font is used for

quantities corresponding to instantiated components.

Summary of key equations.

(3) = infinite dimensional variational formulation of the optimization-based domain-docomposition approach pro-
posed in [29, 32].

(4) = HF FE formulation of (3).

(5) = proposed HF FE formulation with augmented control (g, h).
(8)-(9) = Gauss-Newton method for (5).

(10)-(11) = Sequential quadratic programming method for (5).

(21) = Galerkin ROM of (5).
(
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Appendix B. Stabilized FE formulation

For completeness, we review the stabilized finite element formulation employed in the numerical results; we refer
to [42, 43| for a thorough review of stabilized FE methods for incompressible flows.

We consider the residual:
R?f(u’h Di, V, q) = Rl(uzv Dbi, V, q) + R?upg(uiv p“V) + Rfspg(uiv Di, q) + R'ILSiC(ui7V)7 v(V7 q) € Xi,o‘ (Bla)

The form R; corresponds to the local residual introduced in (2b), while the other three terms are designed to improve
the stability of the discrete problem. The form R;""® corresponds to the Streamline upwind Petrov-Galerkin (SUPG,

[59]) stabilization, which is designed to handle advection-dominated flows,
R:"PE(u, p,v) = Z/ (u-V)u+ Vp —vAu —f) (Teupeu - Vv) dz, (B.1b)
% YDk

where we denote by {D} }; the elements of the mesh of 2;; the form RY*P® is the Pressure-Stabilized Petrov-Galerkin
(PSPG) term [44] that is added to the mass conservation equation to eliminate spurious modes in the pressure

solution when considering the same polynomial order for pressure and velocity,
RYPE(u, p,q) = — Z / Tpspg (W- V)u+ Vp — vAu —f) - Vgduz; (B.1c)
k YDk

finally, RI is the least-squares incompressibility constraint (LSIC) stabilization term that is added to the momen-

tum equation to improve accuracy and conditioning of the discrete problem [60, 61, 62],

REC(u,v) = Z / (V-u)ngicV - vdx. (B.1d)
k YDk
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The HF residual can be decomposed into two parts, which corresponds to the momentum equation (1);, and the

continuity equation (1)a, respectively:
R}L‘lf(uia Pi, Vv, q) = R?i(ulv pivv) + R?,l;)(ulv pivq)a

where

REL(w p,v) = [o, (VVu Vv —p(V-v) — f- v) de+ >, ﬁ)}i (u-V)u+ Vp — vAu —f) (tsupgu - Vv) dz
+> % fDi (V-u)ng.V - vdr,
Rﬁfp(u, pq) = — qu: q(V-u)de -3, fDi Tpspg (W- V)u+ Vp —vAu —f) - Vg dz.

When considering time-dependent problems or using pseudo transient continuation (PTC) (cf. section 3.3.2) to
improve the robustness for high-Reynolds number flows, the time derivative should also be included in the SUPG

and PSPG stabilization terms, which now take the following form:

R;"PE(u, p,v) =>4 fDi (22 + (u-V)u+ Vp—vAu—f) (rypgu - VV) dz,

N (B.1le)
RIPE(, p,a) = = Sy fy Towps (2 + (- V)u+ Vp— vAu~1) - Vy o,

and the coefficients Tyupg, Tpspe should also be adjusted, as detailed subsequently.

In the numerical experiments, following [63], we select the element-wise parameters Tsupg, Tpspgs; and Tisic as

2 2173 2
_ _ 2|up,q| v _ hgs 1
Tsupg = Tpspg = Osupg {(hm +9 B2 ) Tisic = 7 where ogupe = 1 is a constant that enables the

adjustment of 7yupe for higher-order elements, hy ; denotes the size of the k-th element of the mesh, uy ; is the flow

velocity at the k-th element, and r is the degree of the FE polynomials. In the PTC formulation (cf. (12)), we modify
1

2 2172
i i — - 2 )2 2|ug,il dy
the coefficients Tqypg and Tpepe to account for the time step Tsupe = Tpspe = supg {( =)+ ( T +9 R .

Appendix C. Justification of the pressure jump in the minimization formulation

We consider the configuration depicted in Figure 1 and we assume that the meshes of 2; and 2 are conforming
on I'y. We denote by {¢i}fvzwl the Lagrangian basis associated with the global space XM: we denote by Z;,Z»
the degrees of freedom associated with the domains €7 and 5, respectively. We further denote by Zo = 73 N 71y
the nodes on the interface I'g; we introduce the local and global Dirichlet nodes Zy gir, Z2,air C {1,..., Nw} and
Zair = T1,air N Zoair- By construction, Zgiy N Zg = § (cf. Figure 1). Finally, we recall the definition of the global
problem

wh(1:2)|r,, = @y, RMW'Y 2)=0 Vzeal (C.1)

and the two local problems

wlf(1:2)|r

i,dir

— .., RM(wWM )+ (71)1‘/ szdr=0 Yze XM =12 (C.2)
To

which depend on the control s.

Since the meshes are conforming, it is possible to verify that

X = span{yla, :j €T}, =12,
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Furthermore, the global residual can be expressed as'
R¥ (W, 2) = RY (wh|q,, 2la,) + R (Wo,, 2l0,) Yz € &G (C.3)

Identity (C.3) implies that
RY(WM @) =0 VjieT\Ty, i=12; (C.4)

therefore, since the bilinear form a(w,z) = fFo W -z dx is coercive in Y 1= Span{q_’)j : j € Iy}, there exists a unique
s* = vec(g*, h*) € ) such that

RY (wht ) 4 (-1)2’/ s zde=0 Vze X, (C.5)
o

fori=1,2.

Exploiting the previous discussion, we can prove the following result.

Lemma 1. Let w™ be a solution to (C.1). The following hold.

1. The triplet (wh|q,, whf|q,,s*) where s* satisfies (C.5) is a global minimum of (5b) for 6 = 0.
2. Any global minimum of (5b) for 6 = 0 solves (C.1); in particular, if the solution w"f to (C.1) is unique, the

optimization problem (5a) admits a unique solution for § = 0.

Proof. Equation (C.5) implies that the triplet (whf|q,, wht|q,,s*) satisfies the constraints of (5a) (cf. (C.2)); since
whf is continuous, the objective function of (5a) (cf. (5b)) is equal to zero for 6 = 0. Since the function (5b) is
non-negative, we conclude that (whf|g,, wif|q,,s*) is a global minimum of (5a).

Exploiting the first part of the proof, we find that any global minimum (w1, wa, s) of (5a) satisfies Fs—o (W1, Wa, s)
Fs—o(wht|q,,wht|q,,s*) = 0. This implies that the function w :  — R3 such that w|g, = wy and w|g, = wy is

continuous and belongs to A, Recalling (C.2), we have that w satisfies w(1 : 2)

Laiw = Pu;,. Furthermore, since

zlq, € X for any z € th, we have that

R (w,z) ‘Z R (wi.zla,) + RY (wa,2l0,) = — / s zde + / s zde =0,
To Ty

which is (C.1). We conclude that w solves (C.1). If the solution to (C.1) is unique, exploiting the previous argument,
any solution (w1, ws,s) should satisfy w; = w"f|q, and wy = w"f|o,. Furthermore, since the solution to (C.5) is

unique, we also find s = s*. In conclusion, (5a) has a unique global minimum. O

Lemma 1 illustrates the connection between the monolithic problem and the solution to the optimization problem
(5a); the well-posedness analysis in [32] shows that in the continuous limit (i.e., Ny — 00) h* = 0; nevertheless, in
general h* # 0 for finite-dimensional discretizations. To illustrate this fact, we consider the solution to the Stokes

problem (see Figure 1 for the definitions of the boundary subdomains)

—Au + Vp = vec(z1, cos(z3)) in Q= (0,1)?,
Vou=0 in Q,

ulr,, = vec((1 —z2)z2,0), ulpo =0, (Vu-pIl)n|r,, =0,

IThe proof of (C.3) exploits the expressions of the residuals (B.1) and (2b). We omit the details. We further emphasize that at the

right hand side of (C.3) we should use notation R (whf|q,, z|q,) for i = 1,2.

40



735

740

745

based on a P3-P2 Taylor-Hood discretization for three meshes of increasing size. Figure C.26(a) shows the final
mesh used for computations whereas the blue dots indicate the interface I'; Figure C.26(b) shows the behavior of
h* for three meshes with 42,82, 162 global elements: as expected, as we increase the size of the mesh, the magnitude

of h* decreases.
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Figure C.26: justification of the pressure jump; Stokes model problem.

Appendix D. Justification of the enrichment strategy

We consider the algebraic problem:

min ‘Cw—b‘ s.t. Aw+ Bs =T, (D.1)

weRN seRM
with A € RVN B e RVXM_ C e RM*N b e RM fe RN and N > M. If A is full rank, any solution (w*,s*)
to (D.1) satisfies w* = A~!(f — Bs*) and s* = argmingegum |Ds — ¢|, with D = CA7!B and ¢ = b — A7!f.
Therefore, provided that C is full rank, (D.1) is well-posed if and only if A~'B is full rank.

Let Z=[¢y,..-,¢,) € RV W = [ny,...,7n,,] € RM*™ and Y € RV*" be orthogonal matrices with n < N

and m < M; exploiting these definitions, we define the projected problem

min ‘éa - b‘ st. Aa+Bg=f, (D.2)
acR™ BeR™

withC=CZ, A=Y"AZ, B=Y BW and f = Y'f. It is straightforward to prove the following result: here,
col(X) denotes the linear space spanned by the columns of the matrix X, while orth(X) is the orthogonal matrix

that is obtained by orthogonalizing the columns of X.
Lemma 2. Let col(A"'BW) C col(Z) and let Y = orth(AZ). Then, A 'Bis full rank, and (D.2) is well-posed.

Proof. We first prove that A € R™*" is invertible. By contradiction, there exists o € R™ such that Aa = 0. Since
Y = orth(AZ), there exists 8 € R™ such that AZa = Y3. We hence find

0=8"Aa=(YB) AZa = |AZa|?.
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The latter implies that Za is a non-trivial element of the kernel of A: this is in contradiction with the hypothesis
that A is invertible.

Exploiting the same argument, we prove that B is full rank. By contradiction, there exists 8 € R™ such that
B = 0. Since col(Y) = col(AZ) and col(A~'BW) C col(Z), there exist a, @’ € R™ such that BWB = AZa' =
Y . We hence find

0=a'BB=(Ya) BW3 = |BWg|°.

The latter implies that W3 is a non-trivial element of the kernel sof B: this is in contradiction with the hypothesis

that B is full-rank. O
Lemma 2 provides a rigorous justification of the enrichment strategy in section 4.4. The matrix W =-A"1BW
corresponds to the derivative of the state w with respect to the control 8 = W(3; the columns w1, ..., w,, of the

matrix W satisfy

Aw,+Bn, =0, k=1,...,m,

which corresponds to (23). Similarly, as discussed in [51, 52], the choice of the test space in Lemma 2 is consistent

with (19a).
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