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Abstract

We propose a new method to estimate the ratio between the Young modulus of a healthy epithelial tissue and a cancerous
tissue. Our method is based on a mechanistic approach. We regard the epithelium as a thin layer made of a isotropic
hyperelastic material between two material surfaces endowed with surface tension. We derive a mechanical model which
takes into account thickness change through a kinematical descriptor whose value in the absence of mechanical loads is
determined by the competition between surface tension and bulk elasticity. Based on this model, we derive a relation
between equilibrium thickness, surface tension, and bulk energy, along with a formula for the ratio between the Young
modulus of the healthy and the cancerous tissue in terms of apico-basal pMLC2 intensity and tissue thickness, which
are accessible to direct observation at the tissue-wide level through recently-developed experimental techniques. When
assessed on the basis of our result, available experimental data confirm that cancerous epithelial tissues are softer than
healthy tissues.
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1. Introduction

Epithelial tissues are layers of cells that cover tissues and
organs, and perform several functions such as, for instance,
protection, absorption, and secretion. The surface of the
epithelium that is not in contact with other cells is called
apical side; the opposite surface, which is attached to the
underlying connective tissue, is called basal side. Epithe-
lial tissues whose function is absorption and secretion are
typically folded to maximize their area. The mechanisms
that underlie the development of folding pattern in ep-
ithelial tissues are still not completely understood. Nev-
ertheless, it is known that one of the forces that drives
epithelial folding is the imbalance between contractile ac-
tion of the meshwork of cross-linked actin filaments acting
in the proximity of the apical and basal sides.

The majority of human cancers originate from epithe-
lial tissues [1]. For this reason, substantial amount of work
has been dedicated to capture the biomechanical and bio-
physical parameters that underlie the transition from the
normal to the malignant state [2]. For example, as con-
cerning Pancreatic Ductal Adenocarcinoma (PDAC), the

principal biological and immunological hallmarks are re-
viewed in [3]. In particular, it is known that the transition
to the malignant state is marked by abnormal cytoskeletal
activity.

An immediate manifestation of altered cytoskeletal ac-
tivity is the fact that transformed cells are typically softer
than normal cells [4], [5], [6], [7], [8]. Such feature is of
particular importance, since cell stiffness is closely related
to cell motility, and hence to the ability of transformed
cells to invade the surrounding environment, which char-
acterizes the metastasis phenomenon associated to cancer
spreading [9], [10], [11].

To provide a measurement of stiffness, one should probe
the cell through a system of forces, record the associ-
ated deformation, and use this information to construct
a stress-strain diagram, whose slope should be regarded as
the “tangent stiffness” of the cell. Examples of the prin-
cipal methods available in probing cell stiffness are find-
able in [12, 13]: atomic force microscopy (AFM) indenta-
tion [14, 15, 16], micropipette aspiration [17], and optical
stretching [18].

Defining and measuring cell elasticity is however prob-
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lematic, since cells are very heterogeneous structures, not
completely elastic, nor passive. In particular, on the scale
of a single cell, or few cells, the hypothesis that the mate-
rial could be characterized by a single modulus seems to be
too strong. Thus, it is not surprising that different mea-
surement methods report different values. Be as it may,
the prevalent clinical literature states that the Young mod-
ulus of transformed pre-tumoral cells is lower than that of
healthy cells for several types of tumor [4], [5], [7], [8].

A major limitation of the available techniques is that
they can be performed only on individual cells or in cul-
tured cells. These experimental conditions do not repli-
cate the interaction of a cell with its chemo-mechanical
micro-environment, and do not take into account features
as mechanical properties and geometry of the environment.
To properly take into account the features of the micro-
environment, it would be desirable to perform in-vivo mea-
surements, or at least be able of probing cells properties in
situ, that is, at the organ level [6], [19], [20]. To the best
of our knowledge, a quantitative evaluation of the tissular
Young modulus, as a result of microscopic preneoplastic
modifications of the pancreatic parenchyma during PDAC
development, is substantially still missing, except in-vivo
evaluation through elastographic techniques [6].

In this respect, the paper [21] describes an imaging
method which allows the three-dimensional visualization
of entire organs, thus allowing the inspection of the tissues,
as well as a fine examination of the individual cell. Thanks
to this technique it is possible to detect alterations of ge-
ometry and cytoskeletal activity both at the level of the
entire tissue and at the level of the single cell. This opens
the way to exploring other biophysical parameters. For
example, an alteration of Phosphorylated Myosin Light
Chain (pMLC2) profile in transformed cells could be ob-
served in [21], which supports the argument that oncogenic
transformation in epithelial tissues can be associated to a
perturbation of the balance between the contractile ac-
tions on the apical and basal sides. Moreover, from the
direct examination of the images, it is possible to observe
a change in thickness of the epithelium.

Motivated by the above considerations, and based on the
aforementioned developments, we propose in this paper a
method to estimate the ratio between the Young modulus
of healthy and cancerous epithelial tissue.

Following [22], the epithelium is modeled as a thin layer
comprised of an isotropic elastic material, bounded by two
material surfaces equipped with a surface strain energy
proportional to their area. These material surfaces model
the mechanical action of the meshwork of actin filaments
in the proximity of the apical and basal sides. The pro-
portionality constant between area and surface energy is
interpreted as surface tension, and it is assumed to depend
linearly on pMLC2 concentration.

According to our model, variations of surface tension
result into variations of the thickness of the epithelium.
Specifically, an increase/decrease of surface tension results
into an increase/decrease of thickness. In particular, our

model makes it possible to identify a relation between sur-
face tension, stiffness, and thickness variation. This for-
mula can be used to extrapolate, from the measurement of
pMLC2 concentration and thickness variation, an indirect
estimate of relative Young modulus of the pre-tumoral cell
with respect to the corresponding healthy one.

2. Model

We focus on the elasticity of an epithelial sheet, whose
referential domain Ω is a rectangle with base length l0 and
thickness h0. The axis along the length is denoted by x1
and that along the thickness by x2, thus Ω = (0, l0) ×
(0, h0).

Our analysis is local; for this reason we restrict our at-
tention to simple homogeneous deformations. Moreover,
we work within the plane-strain assumption. We denote
by λ and µ the stretching, respectively, in the x1 and
x2 directions. The deformed configuration is therefore
(0, λl0) × (0, µh0), and the strains are λ − 1 and µ − 1.
We assume the material to be hyperelastic and isotropic
and to depend quadratically on the strains. In particular,
we set the density energy per unit length to be

wb(λ, µ) = h0
[
α1

(
(λ− 1)2 + (µ− 1)2

)
+

α2 ((λ− 1) + (µ− 1))
2
]
, (1)

where α1 and α2 are two positive material constants. We
notice that the energy (1) is not symmetric in the vari-
ables λ and µ; the constants may be related to the stan-
dard Lamé coefficients of a Saint-Venant Kirchhoff mate-
rial. In particular, for Eij the components of the strain
tensor (with i, j ranging form 1 to 3), the energy density
of linearly elastic material may be written as

w = β1(E2
11 + 2E2

12 + 2E2
13 + 2E2

23 + E2
22 + E2

33)+

1

2
β2(E11 + E22 + E33)2, (2)

where β1 and β2 are the Lamé coefficients, such that β1
represents the shear modulus and β1+3/2β2 the bulk mod-
ulus. The constant α1 can be interpreted as the shear
modulus, while (α1 + 2α2) as the bulk modulus in the
case of plane strain, i.e., for E11 = λ − 1, E22 = µ − 1,
E33 = E12 = E13 = E23 = 0. The Young modulus and the
Poisson ratio of such a material turns out to be, respec-
tively:

Y =
2α1(α1 + 2α2)

α1 + α2
, ν =

α2

α1 + α2
. (3)

It is worth noticing that these parameters characterize the
constitutive response of the material and not the global re-
sponse of the body considered. In Section 3 we will provide
a proper definition of the Young modulus to be attributed
to an epithelial sheet.
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The energy (1) is non negative and it is equal to zero
if and only if λ = µ = 1, i.e., the reference configuration
is in equilibrium and stress free. The bulk energy can be
rewritten, up to an irrelevant constant, as

wb(λ, µ) = h0
[
α1(λ2 + µ2) + α2(λ+ µ)2

−2(α1 + 2α2)(λ+ µ)] . (4)

The energy stored due to axial contraction depends on
the actin network polymerization on the apical and basal
sides, which, as mentioned in the Introduction, is assumed
to be proportional to pMLC2 concentration. We model
the contractility strength through surface tensions σa, σb
in their respective sides; the surface tensions are assumed
to be non-negative. Since the deformation is homogeneous,
within our simplified kinematics, only the sum of σa and σb
is meaningful. The energy that accounts for the stretching
of the actin network along the x1 direction is taken to be
linear in the length of apical and basal sides:

ws(λ) = σλ, with σ = σa + σb. (5)

The total energy turns out to be

wt(λ, µ) = wb(λ, µ) + ws(λ). (6)

Since the epithelial cells are filled with fluid, we treat
them as incompressible [23, 24]. We therefore require that
the volume of the region occupied by the epithelial sheet
remains unchanged:

λµ = 1. (7)

This equation delivers one stretching in terms of the other.
By writing λ = 1/µ we can rewrite the energy densities in
terms of only µ:

wb(1/µ, µ) = h0

[
(α1 + α2)

(
µ2 +

1

µ2

)
−2(α1 + 2α2)

(
µ+

1

µ

)]
, (8)

up to an irrelevant constant, and

ws(1/µ) =
σ

µ
. (9)

Therefore, the total energy density w = ws + wb is

w(µ) =
σ

µ
+ h0

[
(α1 + α2)

(
µ2 +

1

µ2

)
−2(α1 + 2α2)

(
µ+

1

µ

)]
. (10)

Due to the contraction of the actin network, the reference
configuration is not equilibrated. The equilibrium config-
uration is found by imposing w′ = 0:

− σ

µ2
+ h0

[
2(α1 + α2)

(
µ− 1

µ3

)
−2(α1 + 2α2)

(
1− 1

µ2

)]
= 0. (11)

This is a quartic equation in µ, which has only one posi-
tive solution, hereafter denoted by µn, that represents the
stretching at equilibrium.

3. The Young modulus of an epithelial sheet

The estimation of the Young modulus is a delicate issue,
as anticipated in the Introduction, from both experimental
and theoretical point of view.

In our setting it is crucial to provide a proper defini-
tion of the Young modulus, evaluated in the transversal
direction. As in the previous section, we consider a thin
rectangular strip of epithelium, whose referential geome-
try is assigned by the length l0 and height h0. Due to the
deformation, the current length and height turn out to be
l = λl0 and h = µh0.

Let us assume that a traction τ per unit current orthog-
onal (with respect to the plane on which the strip lies)
length is applied to the strip. The current stress measure,
i.e., the Cauchy stress, has only one component:

T22 =
τ

l
=

τ

λl0
=
τµ

l0
, (12)

where the last equality follows from the incompressibility
constraint λµ = 1. The corresponding stress, measured
per referential length, is the Piola stress. Its component
in the transversal direction is then

P22 =
τ

l0
= λT22 =

T22
µ
. (13)

It is worth noticing that l0 and h0 do not coincide with
the length and the height of the strip in absence of loads:
indeed, the natural (stress-free) configuration has to sat-
isfy (11), which is equivalent to

− σµn + 2h0(µ2
n − 1)

[
(α1 + α2)(µ2

n + 1)

−(α1 + 2α2)µn

(
µ2
n − 1

)]
= 0, (14)

and hence to

2h0(µ2
n− 1)

(
α1 +α2(µn− 1)2 +α1µn(µn− 1)

)
−µnσ = 0.

(15)
From this equation we deduce that µn = 1 is not a solu-
tion, and hence the reference configuration is not a natural
configuration, unless σ = 0. This shows that the natural
length and thickness are

ln =
l0
µn
, hn = h0µn, (16)

respectively.
Therefore, we can also introduce a stress measure with

respect to the natural configuration, whose component in
the transversal direction is

S22 =
τ

ln
= µnP22 =

µn

µ
T22. (17)
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Figure 1: In the absence of surface tension and external load the strip
is in equilibrium in the reference configuration; it has length l0 and
height h0. The balanced contractile tension of the actin filaments
on the upper and lower side the strip induces lateral contraction;
it has length ln = λnl0 = l0/µn and height hn = µnh0 = h0/λn.
In a generic current configuration the dimensions of the strip are
l = λl0 = l0/µ and h = µh0 = h0/λ.

If the traction τ is sufficiently small, we are reasonably
allowed to assume that the current value of µ has a small
increment δ from µn:

µ = µn + δ. (18)

Then, we can expand the stress component S22 as follows:

S22(µ) = S22(µn) + δ
∂S22

∂µ
(µn). (19)

The coefficient multiplying δ is the tangent Young modulus
at µn. We denote this quantity by Yn. Since the material
is assumed to be hyperelastic,

P22 =
∂wt
∂µ

, (20)

with wt defined in (6). Therefore, the Young modulus can
be evaluated as

Yn =
∂S22

∂µ

∣∣∣
µ=µn

= µn
∂P22

∂µ

∣∣∣
µ=µn

= µn
∂2wt
∂µ2

∣∣∣
µ=µn

=

2h0µn(α1 + α2).

(21)

The same evaluation is achieved if the Young modulus
is expressed in terms of the Cauchy stress:

T22(µ) = T22(µn) + δ
∂T22
∂µ

(µn); (22)

the coefficient multiplying the increment δ is again the
tangential Young modulus evaluated at µn:

Yn =
∂T22
∂µ

(µn) =
∂

∂µ
(µP22)

∣∣∣
µ=µn

= P22(µn) + µnP22 =

µn
∂2wt
∂µ2

(µn),

(23)
where we have considered that P22(µn) = 0, since the nat-
ural configuration is stress-free.

4. Ratio estimate between Young moduli of
healthy and cancerous epithelial tissues

In this section we propose a new protocol for estimat-
ing the ratio between the elastic properties (specifically,
the transversal Young modulus) of healthy and cancerous
epithelial cells. In what follows the symbols (·)h and (·)t
will be used to distinguish the healthy and transformed
(pre-tumoral) values of a quantity (·), respectively. By us-
ing (21) we define the ratio between the Young modulus
of healthy and transformed tissue:

% =
Y hn
Y tn

=
µhn
µtn

αh1 + αh2
αt1 + αt2

. (24)

We now propose a new way for obtaining %, based on
the following data, accessible through experiments:

1. the thickness of the healthy and the transformed tis-
sue,

2. the apical and basal tensions.

The ratio

χ =
µtn
µhn

(25)

between the thickness of healthy and transformed tissue is
assumed to be known.

In order to find an approximate expression of µn in terms
of σ, we rewrite (11), computed at µ = µn, as

− σ + 2h0µ
3
n

[
(α1 + α2)

(
1− 1

µ4
n

)
−(α1 + 2α2)

(
1

µn
− 1

µ3
n

)]
= 0, (26)

that for µ3
n � 1 simplifies to

−σ + 2h0µ
3
n

[
(α1 + α2)− (α1 + 2α2)

1

µn

]
' 0. (27)

On setting

σ̂ :=
σ

2h0(α1 + α2)
, α̂ :=

α1 + 2α2

α1 + α2
, (28)

equation (27) takes the compact form

−σ̂ + µ3
n(1− α̂ 1

µn
) ' 0. (29)

Since 1 < α̂ < 2 we have that 1/3 < α̂/3 < 2/3 and hence
the terms 3(α̂/3)2/µ2

n − (α̂/3)3/µ3
n are small compared to

unity. Thus (29) is equivalent to

−σ̂ + µ3
n

[
1− 3

α̂

3

1

µn
+ 3

(
α̂

3

)2
1

µ2
n

−
(
α̂

3

)3
1

µ3
n

]
' 0,

that is

−σ̂ + µ3
n

(
1− α̂

3µn

)3

' 0
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or (
µn −

α̂

3

)3

' σ̂. (30)

This approximation leads to the following estimate of µn:

µn '
α̂

3
+ σ̂

1
3 . (31)

Finally, thanks to (31), we can rewrite the ratio χ in (25)
as

χ =
α̂t

3 +
(
σ̂t
) 1

3

α̂h

3 +
(
σ̂h
) 1

3

=
α̂t(2h0)

1
3 + 3

(
σt

αt
1+α

t
2

) 1
3

α̂h(2h0)
1
3 + 3

(
σh

αh
1+α

h
2

) 1
3

'

(
σt

αt
1+α

t
2

) 1
3

(
σh

αh
1+α

h
2

) 1
3

,

(32)
where the terms σ̂(2h0) are assumed to be negligible with
respect to their companion in the latter term of the above
estimate, since h0 � 1 and 1 < α̂ < 2. This latter equa-
tion is instrumental to determine the ratio between α1+α2

of the healthy and transformed tissue:

αh1 + αh2
αt1 + αt2

=
σh

σt
χ3, (33)

where all the terms in the right hand side can be deter-
mined by estimates via imaging techniques [21]. Therefore,
by using (24), we are now in position to express the ratio
% between the Young moduli as:

% =
σh

σt
χ2, (34)

which represents the major result of this contribution.

5. A possible application of the protocol

In this section we propose an exemplary application
of our estimates concerning pancreatic ductal adenocarci-
noma (PDAC), by using experimental data found in [21],
where a technique for 3D imaging, named Fast Light-
microscopic analysis of Antibody-Stained wHole organ
(FLASH), is set to perform Immunofluorescence measures
on dissected pancreatic tissues of mice where Kras onco-
gene activation is induced.

The authors measure Phosphorylated Myosin Light
Chain (pMLC2) and find that after oncogene activation
ductal structures have the same pMLC2 distribution in
the apical and basal regions, which is consistent with the
observed distribution of F-actin. In Fig. (2) we reported
the data from [21], measured in approximately 70 healthy
cells and 70 transformed cells from 7 mice.

The reported pMLC2 intensities values are:

Iha = 5.34, Ita = 2.96, Ihb = 1.80, Itb = 2.96,

where the superscripts h and t denote healthy (be-
fore transformation) and transformed (pre-tumoral) cells,
while the subscripts a and b indicate the apical and basal

0.0 0.2 0.4 0.6 0.8 1.0

1

2

3

4

5

0.0 0.2 0.4 0.6 0.8 1.0

1

2

3

4

5

Figure 2: Concentration of Phospho-Myosin Light Chain 2 (pMLC2)
in mice pancreatic epithelial tissue, healthy (left), transformed
(right). Data from [21].

side, respectively. As in [21], the crucial assumption is
that apical and basal surface tensions are proportional to
pMLC2 intensities:

σha = 5.34κ, σta = 2.96κ σhb = 1.80κ, σtb = 2.96κ,
(35)

where κ is a proportionality constant. We then obtain:

σh = 7.14κ σt = 5.92κ. (36)

Moreover, from Fig. 2l of [21] we deduce that the ratio
mean between the thickness of transformed ducts, µt, and
healthy ducts, µh, is

χ =
µtn
µhn

= 1.30.

With these data, and using the ratio between the Young
modulus of healthy and transformed species the ratio (34)
can be estimated as

% =
σh

σt
χ2 =

7.14

5.92
1.302 = 2.04. (37)

The latter ratio shows that the transformed tissue is softer
than the healthy one, in accordance with the claims of the
prevalent clinical literature. It is useful to compare the re-
sults obtained from our calculations with those from an in
situ measurements carried out in [6]. In that work the au-
thors developed preclinical imaging protocol using ultra-
sonography and shear wave technique, performing mea-
sures on mice to which tumor was induced by mutated
Kras oncogene (KPC mice). Though high heterogeneity of
pancreatic tissue elasticity has been observed, depending

5
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on the sampled regions; nevertheless they find that pro-
tumorigenic mutations increase pancreatic elasticity and
precede the tissue stiffening of detected tumors. In Fig. 3
we extrapolated data from [6] comparing the Young mod-
ulus of 8 Ctrl mice (without detected tumor) with that of
10 KPC mice. The ratio between the mean values is

%meas =
YCtrl

YKPC
= 1.2. (38)
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15

Figure 3: Mean values of pancreatic Young modulus in kPa. Data
from [6].

Though our Young moduli ratio estimate in (37) is qual-
itatively comparable with that obtained via shear wave ul-
trasound elastography (SWE) [6], the discrepancy between
the two values is not negligible. This would be mainly im-
putable to the spatial macroscopic scales of SWE, which
works at the organ-size field of view, having a typical res-
olution of the order of hundred micrometers [25]. Thus,
to better state the reliability of our indirect estimation
method, an higher resolution technique (at the scale of few
nanometers) would be needed to detect elastic properties
of pre-tumoral tissue.

6. Conclusions

We have modeled epithelial tissue as an elastic layer
made of isotropic material endowed with surface energy
on its top and bottom sides. Surface energy accounts for
cytoskeletal activity at the apical and basal sides, which is
one of the control mechanisms for shape change of epithe-
lial tissues. A feature of our model is that the thickness
µnh0 of the epithelium is determined by the competition
between surface energy and bulk energy through a partic-
ular combination of the two Lamé moduli α1 and α2 of
the elastic layer and the cumulative surface energy σ, i.e.,
the sum of the the surface energies at the apical and basal
sides.

Starting from this model, we have deduced a formula for
the tangent Young modulus Yn relative to the transversal
direction. Remarkably, the Young modulus depends on
the same combination of parameters that determines the
thickness of the epithelium. Based on this formula, we

show that the ratio Y hn /Y
t
n between the Young modulus

of the healthy and (pre)tumoral tissue depends essentially
on two parameters only: the ratio σh/σt between their cu-
mulative surface tensions and on the ratio µtn/µ

h
n between

their thicknesses.
Our result is particularly important in view of the recent

availability of a novel high-resolution imaging technique
which makes these parameters accessible through in situ
observation of thickness and pMLC2 concentration with
a resolution at the level of the individual cell. Based on
the available data extrapolated from imaging via FLASH
technique [21], our formula confirms that healthy epithelial
tissues are stiffer than their pre-tumoral counterpart for
PDAC disease.

Summing up, our proposed method, based on pMLC2
concentration and thickness variation measurements, may
provide a supporting tool at the microscopic scale, beside
the available direct techniques for early tumor detection.
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