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Abstract

We consider a system of three identical bosons in R3 with two-body zero-range
interactions and a three-body hard-core repulsion of a given radius a > 0. Using a
quadratic form approach, we prove that the corresponding Hamiltonian is self-adjoint
and bounded from below for any value of a. In particular, this means that the hard-core
repulsion is sufficient to prevent the fall to the center phenomenon found by Minlos
and Faddeev in their seminal work on the three-body problem in 1961. Furthermore, in
the case of infinite two-body scattering length, also known as unitary limit, we prove
the Efimov effect, i.e., we show that the Hamiltonian has an infinite sequence of neg-
ative eigenvalues E,, accumulating at zero and fulfilling the asymptotic geometrical

_on
law En4+1/En — e s for n — 400 holds, where sg =~ 1.00624.
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1 Introduction

The Efimov effect is an interesting physical phenomenon occurring in three-particle
quantum systems in dimension three ( [12, 13], see also [32]). It consists in the appear-
ing of an infinite sequence of negative eigenvalues E,,, withE;;, — Oforn — oo, of
the three-body Hamiltonian if the two-particle subsystems do not have bound states
and at least two of them exhibit a zero-energy resonance (or, equivalently, an infinite
two-body scattering length). A remarkable feature of the effect is that the distribution
of eigenvalues satisfies the universal geometrical law

E n
ntlo e_2T forn — oo, (1.1)
En

where the parameter s > 0 depends only on the mass ratios and, possibly, on the
statistics of the particles.

According to an intuitive physical picture, the three-particle bound states (or trimers)
associated with the eigenvalues are determined by a long range, attractive effective
interaction of kinetic origin, which is produced by the resonance condition and does
not depend on the details of the two-body potentials. Roughly speaking, in a trimer the
attraction between two particles is mediated by the third one, which is moving back
and forth between the two. It should also be stressed that the Efimov effect disappears
if the two-body potentials become more attractive causing the destruction of the zero-
energy resonance. For interesting experimental evidence of Efimov quantum states
see, e.g., [23].

It is worth recalling that just one year after the publication of Efimov’s seminal works,
Faddeev suggested an argument for the derivation of (1.1) based on the direct inspection
of the three-body resolvent operator in the low-energy regime (see [14], [15, §3.4.2]
and [2]).

The first mathematical result on the Efimov effect was obtained by Yafaeev in 1974
[40]. He studied a symmetrized form of the Faddeev equations for the bound states
of the three-particle Hamiltonian and proved the existence of an infinite number of
negative eigenvalues. In 1993, Sobolev [36] used a slightly different symmetrization
of the equations and proved the asymptotics

N(z) s
= 1.2
.0 Jloglzl] ~ 21 (1.2

where N(z) denotes the number of eigenvalues smaller than z < 0. Note that (1.2) is
consistent with the law (1.1). In the same year, Tamura [38] obtained the same result
under more general conditions on the two-body potentials. Other mathematical proofs
of the effect were obtained by Ovchinnikov and Sigal in 1979 [34] and Tamura in 1991
[37] using a variational approach based on the Born—Oppenheimer approximation. Let
us also mention that an infinite sequence of eigenvalues fulfilling a relation of the form
(1.2) was found by Lakaev [25] for a system of three quantum particles moving on the
lattice Z3 (see also [3]). For more recent results on the subject, see [7] and [28, 29] (for

@ Springer



Rigorous derivation of the Efimov effect in a simple model Page3of37 113

the case of two identical fermions and a different particle), [19] (for a two-dimensional
variant of the problem) and [20].

We notice that in the above-mentioned mathematical results a rigorous derivation of
the law (1.1) is lacking.

It is also worth observing that, before the seminal works of Efimov, Minlos and Fad-
deev [30, 31] studied the problem of constructing the Hamiltonian for a system of three
bosons with zero-range interactions in dimension three. It was known that such Hamil-
tonian cannot be defined considering only pairwise zero-range interactions. Minlos
and Faddeev showed that a self-adjoint Hamiltonian can be constructed by imposing
suitable two-body boundary conditions at the coincidence hyperplanes, i.e., when the
positions of two particles coincide, and also a three-body boundary condition at the
triple-coincidence point, when the positions of all the three particles coincide. They
also proved that the Hamiltonian is unbounded from below, due to the presence of an
infinite sequence of negative eigenvalues diverging to —oo. Such instability property
can be seen as a fall to the center phenomenon, and it is due to the fact that the interac-
tion becomes too strong and attractive when the three particles are very close to each
other. A further interesting result of the analysis of Minlos and Faddeeyv, even if it is not
explicitly emphasized, is the proof of the Efimov effect in the case of infinite two-body
scattering length (corresponding to the resonant case), with a rigorous derivation of
the law (1.1). This in particular shows that the occurrence of the Efimov effect can be
obtained also with zero-range interactions, the only crucial condition being the pres-
ence of an infinite two-body scattering length. Such a result is somewhat tainted by
the fact that the Hamiltonian in unbounded from below and therefore unsatisfactory
from the physical point of view.

Our aim is to present a mathematical proof of the Efimov effect and law (1.1) for a
bounded from below Hamiltonian obtained by a slight modification of the Minlos and
Faddeev Hamiltonian.

We mention that the problem of constructing a lower bounded Hamiltonian for a
three-body system with zero-range interactions has been recently approached in the
literature (see, e.g., [6, 16, 17, 27]). The idea is to introduce an effective three-body
force acting only when the three particles are close to each other, preventing the fall
to the center phenomenon.

In the present work, we consider a Hamiltonian with two-body zero-range interactions
and another type of three-body interaction. More precisely, the effective three-body
force is replaced by a three-body hard-core repulsion. We shall prove that such Hamil-
tonian is self-adjoint and bounded from below and then, prove the Efimov effect, i.e.,
the existence of an infinite sequence of negative eigenvalues satisfying (1.1) when the
two-body scattering length is infinite.

Our work can be viewed as an attempt to make rigorous the original physical argument
of Efimov. Indeed, Efimov takes into account three identical bosons and his approach
is based on the replacement of the two-body potential with a boundary condition,
which is essentially equivalent to consider a two-body zero-range interaction. Then,
he introduces hyper-spherical coordinates and shows that if the two-body scattering
length is infinite then the problem becomes separable and in the equation for the hyper-
radius R the long range, attractive effective potential —( S% + 1/4)/R? appears. The
behavior for small R of this potential is too singular and an extra boundary condition
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at short distance must be imposed. After this ad hoc procedure, he obtains the infinite
sequence of negative eigenvalues satisfying the law (1.1) as a consequence of the large
R behavior of the effective potential.

The self-adjoint and bounded from below Hamiltonian constructed in this paper can
be considered as the rigorous counterpart of the ad hoc regularization scheme men-
tioned above. Furthermore, we show that the eigenvalues and eigenvectors found in a
formal way in the physical literature are in fact eigenvalues and eigenvectors of our
Hamiltonian in a rigorous sense and, accordingly, we obtain a mathematical proof
of (1.1).

Let us introduce some notation. Here and in the sequel: x1,%X2,X3 € R? are the
coordinates of the three bosons in a fixed inertial reference frame; the units of measure
employed are such that h = m; = my = m3 = 1. It is convenient to introduce the
system of Jacobi coordinates T¢m, X, Y € R3 defined as

; X1 +X2+X3 X — X ‘_i X X1 tx2

cm -— 3 i = X2 1> y T \/g 3 2 .
Correspondingly, we have x; = T¢m — %x — z%/gy, X2 = Tem +
%x — ﬁy, X3 =  Tem + %y. The transpositions oy; (1,j €
{1,2,3)) exchanging the i"™ and the j™ particles are represented by
the following changes of coordinates o1 (TemsXY) — (Tems—X,Y),
023 ¢ (Tema % Y) — (Fem. 3 X+ *fy,f —ty), and 031 : (Fem.X,y) —
(Fem, 3x— Ly, —Lx—Ly).

Upon factorizing the center of mass coordinate 1., (i.e., adopting the center-of-
mass reference frame), the heuristic Hamiltonian describing our three-boson system
is expressed by

H=—Ay— Ay + VI(x,y) + 5(x )+5( x—iy)m( x+ 3 ) (13)

where, at a formal level, V(}fc indicates a hard-core potential corresponding to a
Dirichlet boundary condition on the hyper-sphere of radius a in R, centered at
(x,y) = (0,0) and the “d-potentials” represent the zero-range interactions between
the pair of particles (1,2), (2,3) and (3, 1), respectively. Notice that

2 2 3 2
(x1 —%2)? + (2 —x3)% + (x5 —x1)? = 3 (x[* + [y?),
therefore, the hard-core potential V}*® plays the role to prevent the three bosons from
reaching the triple-coincidence point x| = X = X3, avoiding the above-mentioned

fall to the center phenomenon.
The bosonic Hilbert space of states for our system is

9

£

b fx o)),

(1.4)

N\'—‘

12(0a) = {$e 2(Qa) [ wiey) = b(-xy) = (x+
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where
Qq ::{(x,y)eR6’|x|2+\y|2>a2}. (1.5)

Definition (1.4) encodes the symmetry by exchange given by oy, and o,3 which
clearly imply also the condition corresponding to the exchange performed by 03y, i.e.,

P(x,y) = 11)(% X — @ Y, —?x — %y) In the following, we shall construct the

rigorous counterpart of (1.3) as a self-adjoint and bounded from below operator in
L% (Qq). The first step is to interpret the formal unperturbed operator —Ay — Ay +
VQC (x,y) as the Dirichlet Laplacian in Q 4, namely

dom(Hp) = L2(Qa) NH)(Qa) NHA(Qq), Hpb = (—Ax —Ay)b. (1.6)

It is well known that (1.6) is the self-adjoint and positive operator uniquely defined by
the positive quadratic form

dom(Qp) == L3(0a) N H)(Oa).  Qoli] = | axdy (IVxbf +19y0F)

1.7
The second, and more relevant, step is to define a self-adjoint perturbation of the
Dirichlet Laplacian Hp supported by the coincidence hyperplanes

x=0}, n23={(x,y)eﬂa
SRV

mz={(x,y)eﬂa X=\@y},

31 :{(X,y)eﬂa

Following the analogy with the one particle case [1], a natural attempt is to construct
an operator which, roughly speaking, acts as the Dirichlet Laplacian Hp outside
the hyperplanes and it is characterized by a (singular) boundary condition on each
hyperplane. Specifically, given « € R, we demand that

w(x,y):%+o¢£(y)+o(l), for fixedy € B and|x| — 0.  (1.8)

where BS, := R*\Bq and B = {y €R?| [y[< a}. The above condition describes the
interaction between particles 1 and 2. Due to the bosonic symmetry requirements, it
also accounts for the interactions between the other two admissible pairs of particles.
We recall that —x ! has the physical meaning of two-body scattering length. The
strategy for the mathematical proof is based on a quadratic form approach, similar to
the one adopted for the construction of singular perturbations of a given self-adjoint
and positive operator in analogous contexts (see, e.g., [6, 10, 39]).

More precisely, starting from the formal Hamiltonian (1.3) characterized by the bound-
ary condition (1.8), we construct the corresponding quadratic form Qp 4 and we
formulate our main results (Sect. 2).

The main technical part of the paper is the proof that Qp « is closed and bounded
from below in Lﬁ (Qq) (Sect. 3).
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Then, we define the Hamiltonian Hp ,, of our system as the unique self-adjoint and
bounded from below operator associated with Qp o and we give an explicit char-
acterization of the domain and action of Hp «, providing also an expression for the
associated resolvent operator (Sect. 4).

Finally, we show that for « = 0 the Efimov effect occurs and the law (1.1) holds
(Sect. 5).

In Appendix A, we collect some useful representation formulas for the integral kernel
of the resolvent of the free Laplacian in R® and for the integral kernel of the resolvent
of the Dirichlet Laplacian in Q.

In Appendix B, we recall the solution of the eigenvalue problem in the case o« = 0
following the treatment usually given in the physical literature.

2 Formulation of the main results

In this section, we first give a heuristic argument to derive the quadratic form associated
with the formal Hamiltonian (1.3) and then, we formulate our main results.

Let us introduce the potentials G{‘j &ij (A > 0) produced by a suitable charge &;; with
support concentrated on the hyperplane 7ry;:

(GA&45)(X) =J aX! R (. X) £45(X") b, (X'). @1

Here, for the sake of brevity, we have introduced the notation
X=xvy), X =(x\y,
and we have denoted by R)l‘j (X, X’) the integral kernel associated with the resolvent

operator R{‘j = (Hp +A)~ L.
For later convenience, we write the kernel R}, (X, X') as

RY (X, X") =Ry (X, X') + g* (X, X'), 22)

where R())‘ (X, X’ ) is the integral kernel associated with the resolvent operator of the
free Laplacian in R® and the function g* (X, X/) is a reminder term, solving the
following elliptic problem for any fixed X’ € Q4 and A > 0:

(—Ax + M) g (X, X') =0 for X € Qq,
g™ (X.X') = =Ry (X, X') for X € 8Qq, 2.3)
g)‘(X,X’) —0 for [X| — +o00.

In Appendix A, we give explicit expressions for R} (X, X’), g* (X, X") and then, for
RY (X, X).
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Furthermore, the potentials G {‘j &4; fulfill the following equation in distributional sense

(Hp +A)GY&ij = &ij O, - (2.4)
By a slight abuse of notation, we set
GME = G + G + Ghi&ar . 2.5)

In order to ensure that G* & actually meets the bosonic symmetries encoded in Li (Qq),
we must require

E12(X) =E&(y), &3(X) = &31(X) = &(—2y). (2.6)

Taking this into account and noting that

/I RA r 0 1 du’ dh dk ih-(x—x")+ik-(y—y’)
dy’ Ry (x, usx’, - d
JR3 Y Ko ( yx.y ) (2m)6 JR3 Y JR3xR3 e T RE TN
I e (ex)  o VA

M2+A  dmlx—x/| °

from Eq. (2.1) we infer the following:

(GhéR)(X) = JBcdy’RAD (x,u:0,y") E(y")
~ &) | a'RY(eu0.w)
* JBcdy,R())\ (x.y:0.y") [£(y) — &(y)]

+ JBCdy’ g" (x.u:0.y") E(y")
e VAIX|

47tx|

+L dy' R (% u:0.y") [E(y") — &(y)]

—i(y)J dy’ R} (x,y:0,y’)

Ba

a0

(Gh&) 00 = | au'RY (euf vt~ 3u') elw).
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113 Page 80f 37 D. Fermi et al.

Notice that, due to the singularity for [x| — 0, the potential G 1‘2512 does not belong to
H! (Qq). Of course, the same is true for G§‘3 &>3 and G%‘l &1, due to the same kind of
singularities for [x — \@y\ — 0and for |x+ \/§y\ — 0, respectively. Moreover, such
a singular behavior is exactly of the same form appearing in (1.8). This fact suggests
to write a generic element of the operator domain as

Y=o+ G, withe € dom(Hp).

In view of the previous arguments, Eq. (1.8) is equivalent to

M0.y) = (w32 )elw) + 2w | au'RY (0,00,

_JB dy’R)(0,y:0.v") [E(y") — E(v)]

C
a

—J dy’gx(ﬂ,y;o,y’)é(y’)—J ay’ [RY (0.u:— Yui—1v')
B¢ B¢
+R%(0,y;§y’,—%y’)}£(y’)- 2.7)

We now proceed to compute the quadratic form associated with the formal Hamiltonian
H introduced in (1.3). For functions of the form 1\ = @? + GM&, taking into account
that (Hp + A)G?& = 0 outside the two-particle coincidence hyperplanes, a heuristic
computation yields

(O[(H+A)p) = lim J dX ¥ (Hp +A)p
e —0t Qqe

= lim J dX (> + GE) (Hp +A) (@ + GMe)
=07 )0,

e—07F

(¢ (Hp + )@y + lim JQdX(G%a) (Hp +A) o™,

(2.8)

where Qq.c = Qq N {x| > e} N {x —v3y| > e} N {{x +v/3y| > ¢}. By means of
Egs. (2.4), (2.5), (2.6) and of the bosonic symmetry of (p)‘, one has

lim JdX(GAa) (Hp +A)?
e — 0t Qac

- J dX (67'[12((-1712 + 67‘[23((-1723 + 67‘[31?31) (PA

a

=3 Lcdy E(y) M0, y). 2.9)

@ Springer



Rigorous derivation of the Efimov effect in a simple model Page 9 of 37

113

Moreover, using the boundary condition (2.7) we find

—~ dy dy’ R) (0,y:0,y") E(W) [E(y") — &()]

axB§

—J dy dy’ g*(0,y:0,y’) E(y) &(y)
B xBg

_ ZJB dy dy’ R (0.y:y" —3y’) By £y').

axB§

| cwET oMo = (ar Bttt | cuau'RYO.u0.u) ()P
B¢ BS xBg
B

(2.10)

By (2.8), (2.9) and (2.10), we obtain the expression for the quadratic form associ-
ated with H. In order to give a precise mathematical definition, we first consider the

quadratic form in L?(B¢ ) appearing in (2.10):

O}e) = (o Y2 ) €], + O} (E) + @R [e) + @R [e) + @R[e), (211

dom (@) = H1/2(B°) nL%(BS),

with
O :Jde (Jde'Ré(o Yo,y )) £(y)
1
@%[&}:EJ dy dy’ R) (0,y:0,y") |£ o
B&xB§
O[] = — dy dy’ ¢*(0,1:0,y") £(v) E(y),
BS xBE

DL[E] :=—2JB dy dy’Rp (O,y;§yif%y’) (Y &Y.

axBg
In (2.12), we have introduced the weighted L2 space
L3,(BS) := L*(BE, wdx),
where for any b > a, the continuous function w is given by

b—a
x| —a

w(x) =

Ig,npg(x) +1pe(x), forx € Bg,

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

and H'/2(B¢) denotes the Sobolev—Slobodeckif space of fractional order 1/2 given

by
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H'/2(BS)
= {6 € L*(BY) ‘ 1€l /2 = &N T +J dy dy’
B xBg

a

Ey) — E(y)]?
| ly—y'1* | <Oo}'
(2.18)

Notice that the choice of the parameter b > a is irrelevant and, since w > 1, we have

€]l < [|Elly2,,  forallg € L*(B). (2.19)

We remark that the reason for the choice of (2.12) as the form domain of ®% will
be clear in the course of the proofs reported in Sect. 3. We also point out that the
form domain (2.12) is isomorphic (as a Hilbert space) to the Lions—Magenes space
1/2
Hy)2 (BS) 126, p. 66].
We are now in position to define the quadratic form in L% (Qq)

Q. := Qp [@] +All@MT2 = AW + 3 OFIE], (2.20)

dom(QD,“)

= {w =+ 6 ‘ " €12(Qa) NH}(Qq), E€dom (@), A0},
2.21)

where Qp is the Dirichlet quadratic form defined in (1.7).
We stress that the definition of the quadratic forms (2.11), (2.12) and (2.20), (2.21) is
the starting point of our rigorous analysis.

Before proceeding, let us mention an equivalent characterization of the potential
GM&. This will play a role in some of the proofs presented in the following sections.
Let Ty : dom(Hp) € H3(Qq) — H!'/2(m;) be the Sobolev trace operator defined
as the unique bounded extension of the evaluation map Ti;¢ = @ [ 71;; acting on
smooth functions @ € C(Q4). We set

Ti=1Ty ®To3 ® 131 :dom(Hp) — L(m12) @ L2 (m3) @ L2 (7m31) .

It is crucial to notice that the range of T actually keeps track of the bosonic sym-
metry encoded in dom(HD) C Lg(Qa). Taking this into account, noting that

R} :12(Qq) — dom(Hp ) and using the natural embedding H!/2 (7r;;) < L2 (),
it is easy to check that
G = (TRY)" : dom(GY) C L2 (mp2) @ L2 (ma3) @ L (m31) — L3(Qa), (2.22)
where, in compliance with (2.6) and (2.12), we put
dom(G*) := {E. = (&12, €23, &31) ‘
L2(y) = E(y), &3(y) = &31(y) = &(—2y), aedom(cpg)}.
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Accordingly, with a slight abuse of notation we can rephrase Eq. (2.5) as
G}\E,E GAE, forall&edom(GA).
In the sequel, we shall refer especially to the bounded operator
T=1y:dom(Hp) — L*(mpp) = L*(BS). (2.23)
In the rest of this section, we formulate the main results of the paper.
Theorem 2.1 (Closedness and lower-boundedness of Qp, ) (i) The quadratic form

(Dz,‘c in LZ(BE) defined by (2.11), (2.12) is closed and bounded from below for any
A > 0. More precisely, there exists a constant B > 0 such that

@XM <B (VAEIR: +1IElfs +lIEl ) foraA >0, @24)

Furthermore, there exist Ag > 0, Ay > 0 and A(N) > 0, with A(A) = o(1) for
A — +oo, such that

Q€M = AgVALIEIR + AN (€7, +11EI3 ), foramA>No. (225)

(ii) The quadratic form Qp « in L% (Qq) defined by (2.20), (2.21) is independent of
A, closed and lower-bounded.

Let us define I}, A > 0, as the unique self-adjoint and lower-bounded operator in
12(B¢) associated with the quadratic form @7, Notice that I'} is positive and has a
bounded inverse whenever A > Ag (with Ag as in Theorem 2.1). We also recall that T
is the Sobolev trace operator on the coincidence hyperplane 715, see (2.23).

Theorem 2.2 (Characterization of the Hamiltonian) The self-adjoint and bounded from

below operator Hp « in L% (Qq) uniquely associated with the quadratic form Qp
is characterized as follows:

dom(Hp &) = {11) = @M+ G € dom(Qp ) | @™ €dom(Hp),
£ € dom(r}), T* = The, A>0},
(Hp.o + M = (Hp + Ao (2.26)

Forany\ > Ay (with Ao as in Theorem 2.1), the associated resolvent operator R)I\D o« =
(Hp.« + A)~Lis given by the Krein formula

RY o = RY + G (M2) " aRY. (2.27)
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113 Page 12 of 37 D. Fermietal.

Remark 2.3 As a consequence of the previous Theorem, one immediately sees that
Y, e dom(HD,(x) is an eigenvector of Hp « associated with the negative eigenvalue
—u, with p > 0, if and only if

W, =GHEy, &y cdom(TY), TEE, =0. (2.28)

The last result concerns the proof of the Efimov effect in the case of infinite two-body
scattering length, i.e., when o« = 0, also known as the unitary limit.

Theorem 2.4 (Efimov effect) The Hamiltonian Hp o has an infinite sequence of
negative eigenvalues By accumulating at zero and fulfilling

4 2.9
En:fgeso(e nTt)(l-l—o(l)), forn — 400, (2.29)

where 8 = argT'(1 4 isg) and so ~ 1.00624 is the unique positive solution of the
equation

—scosh (5 s) + = sinh (§ s) =0. (2.30)

In particular, the geometrical law (1.1) holds. Furthermore, the eigenvector associated
with Eq is given by

Y (x,y) = Pn(Ixl, \yl)+1bn(‘ I+ Byl [Lx y‘)
+wn(’%>c+§y Lx wD (2.31)

where

~ Cyp sinh(sparctan £) (AT
Yn(rp) = 4mtrp  sinh(% so) Kisy <? e ) ’ (2:32)

T = x|, p = [yl, Cn is a normalization constant, Ky, is the modified Bessel function
of the second kind with imaginary order and tr, is the n-th positive simple root of the
equation Kig (t) = 0.

3 Analysis of the quadratic form

As a first step, we derive upper and lower bounds for the quadratic form CDZ,‘c [€] defined
in (2.11), (2.12). The estimates reported in the forthcoming Lemma 3.1 ultimately

account for the main results stated in Theorem 2.1.

Lemma 3.1 For any A > 0, there holds
OME >0, fori=1,2,3. (3.1)

@ Springer



Rigorous derivation of the Efimov effect in a simple model Page130f37 113

Moreover, there exist positive constants A;(A) (1 = 1,2) and By (i = 1,2,3,4) such
that:

N1, < @Ml + ([ < By &)1 s (3.2)
MIENT 2 < QFE+ 1E]IT2 < BallEl05 (3.3)
0 < & < B3 |32 (3.4)

|02 E]| < By ||E]3 (3.5)

In particular, the constants A1(N) and Ay () fulfill
Ai(A) =o0(1), AzA)=o0(1), for A — 4o0. (3.6)

Proof We discuss separately the terms d){‘ [£] 1 =1,2,3,4) defined in (2.13)—(2.16).
1) Estimates for (D{‘ [€]. Making reference to the definition (2.13), we first consider
the decomposition

cDi‘[a]=J dy <J dy’Ré‘(O,y;ﬂ,y’)> 1E(y)I?
B Ba

bNBG

+J dy <JB dy’Rg(o,y;o,y’)) E(y)P.

Taking into account that the integral kernel R(})‘ (X, X’) can be written explicitly in
terms of the modified Bessel function of second kind K, (a.k.a. Macdonald function),
see (A.2) in Appendix A, by direct evaluation we get

A K(VAly—v'l) .

ROO.Y0Y) = o — = yp

Since t € Ry — K, (t) is a positive definite function for any fixed v > 0
[33, §10. 37] it is evident that CD)‘[E] is non-negative. Moreover, from the basic
relation ¢ (t"KV( )) = —tYKy_1(t) < 0 [33, Eq. 10.29.4], we deduce that
t € Ry — tYKy(t) is a continuous and decreasing function. In particular,
we have infycg 2Ky (t) = c¢*Ka(c) for any ¢ > 0 and supteIR+t2 Ko (t) =
limy _, o+ t> Ko (t) = 2, see [33, Eq. 10.30.2].

On one side, these arguments suffice to infer that

Ma+b)?2 Ky (VA(a+b)) _ 2
oy g SROV0Y) < s

for ally € By, MBS, y’ € B,.
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For any y € B¢, a direct computation yields

, 1 a 1 p2
d 7:271J d J du
J.Ba Yiy—vr o P P+ 07— 2lylpw)?

o {1 PRI <t—1)]
T yl—a [t 2t B t=lyl/a

It is easy to check that the expression between square brackets appearing above is a

positive and decreasing function of t € [1,4-00). As aconsequence, forally € B, NBS
we obtain

21 {1 —l—t_llo (t—l)} <J dy’ 1 c T
wl—a ettt 2t S\t 1))y Jee D -y S y—a

In view of the previous considerations, this implies

22 2
41? [a+b 2ba 1og<b aﬂ 7\(a+b)Kz(ﬁ(a+b))J dy &y)l

b+ BynBS Yl —a

LAl s E(y)P
< JB dy (hy R} (0,:0,y )>|a(y)| < 4—2JB dy

pNB§ pNBS ‘y|_a

On the other side, noting that

Ab —a)®’K2 (VA (b —a))

A .
0 <R} (0,1:0,y") < (23 fy —y'P*

, forallyeB§,y'eBg,

by computation similar to those outlined above (recall, in particular, that 2K (t1) €2
for all t > 0), we infer

'R) ; ! 2 ; 2
0 <J %dy (JBady Ro (0.y:0.y )) IE(Y)I” < 2200 —a) L%dy 1E(y)R.

Summing up, we obtain

2 2
ﬁ [a+b 2ba log( )} (a+Db) Kz(ﬁ(a+b))J dy W

By,nBg Ul—a
1 1E(y )| 1
<OME < — J d Jd 2.
1] 4712(31,0130 ‘y‘_a chlé(y)l

From here, we readily deduce (3.2), recalling the basic relations (2.17) (2.19) and
noting that
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2
J dy LW :J dy w(y)l&(y)\zfl[ dy [E(y)? > &)}, —IIE]13
By,nBs Yl—a g
E(y)I? 1 J
d — | d b—a
JBbﬂByg |y\—a+b—a y e’ ||5H

The claim in (3.6) regarding the constant A (A) follows by elementary considerations,
noting that the map t — t? K, (t) vanishes with exponential rate in the limitt — +o0
[33, Eq. 10.40.2].

2) Estimates for CD;‘ [€]. Recall the explicit expression (2.14). By arguments similar
to those described before, it is easy to see that d)%‘ [£] > 0. Next, let us fix arbitrarily
¢ > 0 and consider the set

Age={(y.y") €BExB | ly—y'l<e}.

We re-write the definition (2.14) accordingly as

1 ! ! !
oM[E = EJ dy dy' R)(0,y:0.y") |£(y) — E(u")]

a,e

1
+§J dy dy’ R (0.:0.y") [E(y) — E(y")|".
(B&XB&)\ A

On one side, considerations analogous to those reported in part 1) of this proof
yield

Ae2 K (V)
2n)3ly—y'* S

2

RIO-09') < gy —y

forall (y,y’) € Aq.e,

which implies, in turn,

Ae2 Ky (VAAe) &8y — e
WJ dydy

gJ dy dy’ R} (0,y:0.y") |&(y) — S 13 y—y'[*

On the other side, since

2
(Oy()y ) W, fOrall(y,y/)E(BEXB(&)\AQ’E,
we readily get
2
0<J dy dy’ R (0.y:0.y") |£(y) — £(y")|
(BGXBG)\Aqe
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2
1 Ely)—&(y")
470 J(BExBE)\ Aqe ly—vy’l

The above arguments imply

Ae2 Ky (VAe) &) — e
WLi Wy
Jetw) — &)

1
A /
<®2[E]<8?J30x3§ydy y—y’|*

This in turn accounts for (3.3), recalling the definition of the regional Gagliardo—
Slobodeckii semi-norm for the Sobolev space H!/2 (Bfl), see (2.18), and noting that

2
E(y) — &(y))|
dud /’—
Jwy Yy
2 2
&(y) — &y |&(y) — &(y")]
= dyd ’|_J dydy' ——————-L
JngBgy Y ly—y’# (BCng)\Aa,Ey Y ly—y’|*
2
&y
> ||E|17 Ellf — J ay ay’ W
€302 — €N 2 oy WAy T

2 [, 1
=&} — ||a||%2—16nj dy |&(y)] J dr —
B¢ € T

16
— IR, (1 ”) TN

Also in this case, the statement about A;(A) in (3.6) follows from the exponential
vanishing of the function t — t2 K (t) in the limit t — 4-o0.

3) Estimates for CD;‘ [&]. Let (r,w) € Ry x S? be a set of polar coordinates in R3,
and let Yy = Yom(w) € L2(S?) (¢ € {0,1,2,...}, m € Z with [m| < ¢) be the
associated family of normalized spherical harmonics (see, e.g., [4]). In the sequel, for
any & € L2(B¢) we consider the representation

(o e]
E(r,w) = E(y(r,w)) = Z W) & m(r),
where the coefficients &; i, are determined by

£umlr) = || deo Vi) (r. ).
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It is worth noting that

||a||%2fj wiEwE=Y Y | ar e eemnf’.

£=0 |m|<¢

To proceed, we refer to the explicit expression (2.15) for CD%‘ [€] and consider the
series expansion for g* (X, X’) reported in (A.8) of Appendix A. Let us mention that
the Gegenbauer polynomials C% appearing therein enjoy the following identity, for
any pair of angular coordinates w, w’ € S? and any £ € {0, 1,2,...} [4, Eq. (66)]:

Cz(w w’

Z Yém YE m( ) 3.7

23+
m|<¢

On account of the above considerations and of the orthogonality of the spherical
harmonics Yy 1, [4, Eq. (56)], by direct calculations we deduce

2 [ Z 0+2 Iga(VAa ,
R[] = WZJ J ZZK—I—I Kiizz(ﬁa)) Kz+2(\f7\r) KHQ(\f?\T)x

X Z Egm E'Em( )

Im|<¢

Z Z £+2 Iz+2(ﬁa)

© 2
£+1 Keya(VAa) J dr Koo (VAT) (1) | -

a

=0 |m \<e

From here and from the positivity of the Bessel functions K, [33, §10.37], it readily
follows that (Dé‘ [£] > 0. On the other hand, by Cauchy—Schwarz inequality and the
already mentioned monotonicity of the map t € R +— tYK (t) for any fixed v > 0,
we get

2

rodf Ke2 (VAT) &g m(T)

< (5 300 (0 k2 VAn) [Car i ) ([[ar leemo?)

< z+2(ﬁ ‘1)
a(2¢45)

J dr 7 [Eg.m (1)

Taking also into account that, for any fixed v > 0, the map t € R4 — I, (t) Ky (t)
is continuous, positive and strictly decreasing with limy _, o+ L (t) Ky (t) = % (see
[5] and [33, Eq. 10.29.2 and §10.37, together with §10.30(i)]), we finally obtain

P 0+2
7o 2 T npers (VA KealVha)x
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oo

dr 2 &g m (1)

a
0 00
2 2
Z Z< 20+ 1)( 2e+5) Ld” [Eem (7]l

=0 |
g Z J ar (P = 5= IR,

X

—

Ky \

which proves the upper bound in Eq. (3.4).

4) Estimates for CDZ{ [&]. Let us refer to the definition (2.16) and recall that R{\D (X, X"
is the integral kernel associated with the resolvent operator of the Dirichlet Laplacian
Hp on Q4 C R®. The corresponding heat kernel Kp (t;X, X’) is known to fulfill
the following Gaussian upper bound, for all t > 0, X, X’ € Qg and some suitable
c1,c2 > 0 (see, e.g., [9, p. 89, Corollary 3.2.8] and [21, 41]):

XX’

0<Kp(tX.X') < %e 16t

Taking this into account and using a well-known integral representation for the Bessel
function K, [33, Eq. 10.32.10], by classical arguments [9, p. 101, Lemma 3.4.3], we
deduce

00 © 4t _ X—Xx'2
IR} (X, X)) gJ dt e M [Kp (X, X")| gcj R
0

1 0 13
8C1C2)\
<IX X7 Ko (v/A/ea X = X)). (3.8)

Then, using the elementary inequality y - y’ > —(\yl2 +ly ’\2) /2 and recalling
that the map t € R — t? Ky (t) is decreasing with limy _, o+ t> K5 (t) = 2, we infer

V3 1
R}\ 0’ ’7 ,’_7 !
D( Yy ) Y 2y
8cieoA(lyP+y -y +ly'f <
K Acea(ly? + "+ ly')?
et QUG LRSI
- 32cicaAa? Ky (y/A/cz a) - 64 ¢ c3
2 ~ 2
(lul>+1y’)?) (lyl> +y’;?)

On account of the above arguments, by Cauchy-Schwarz inequality and basic
symmetry considerations, from (2.16), we infer

/ 3 !/ 1
2J dy dy’ R} (O,U;—{y ,—fy’) E(y) E(y")
B

A _
|0 (E)] = 4y 5
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< 6de cgj dy dy’ gyl

y — |
BexBs (Yl +ly’P)’

1
2 2
S oterces (fﬁ% J'B dy/(r2+ly’2)2> Il

This in turn implies the thesis (3.4), in view of the fact that

C
a

1 :
supJ dylizj dy' ——
rea g (R+ly'P)’ Jee s (@+yR)?
(%} 2
p m(7+2)
=4 d = .
WL " a2+ 22 2a %

O

Building on the estimates derived in Lemma 3.1, we can now proceed to prove
Theorem 2.1.

Proof of Theorem 2.1 Let us first remark that, recalling the definition (2.11) of @2‘([&],
the claims (2.24) and (2.24) are direct consequences of the upper and lower bounds
reported in Lemma 3.1.

To proceed, we refer to the definition (2.20) of Qp «[W]. From (2.5), (2.6)
and (2.22), we readily infer |G &2 < c||&] (2, where ¢ > O is a suitable con-
stant. We further notice that Qp[@a] + ||(p;\||2L2 is a norm on H!(Q,) equivalent
to the standard one. Then, using the upper bound (2.24) for ’(I)f,‘([i] , by elementary
estimates we deduce that for any A > 0 there exists a positive constant C; > 0 such
that

|Qo.wlb]] = Qb [0*] ~ 2A%(0*|GMe) A IGME R, +3 DL€
< Qo [0Y] + 27 [0} G el 12 + AIGMEIR, +3 |@hle]
< Qo[ + A [0 +2¢A ]I
+3B (VAL + &I, + E]3,.)

< Ci ([l + 1€z + 11, )

This suffices to prove the well-posedness of Qp «[1] on the domain (2.21) for any
A>0.

Let us now show that the form does not depend on A. To this purpose, we fix
A1 > Az > 0 and consider the alternative representations \ = (p)‘1 + GME and
P = @™ + GM&. From the first resolvent identity and from Eq. (2.22), we deduce
GME — GME = (A — A2) RY GME, which entails GME — GM& € dom(Hp)
for any & € H]/Z(Bg) N 12,(BS) (see (2.12)). In particular, we can write @2 =
M +GME—GME € H(])(Qa).Takingthisinto account and using the definition (2.20)
of Qp.«[WP], by a few integration by parts we get
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Qp.o [0 + GME] = Qp o [0 + GM2E],

which proves that the form Qp  is independent of A > 0.
Finally, from the lower bound (2.25) for d)f,‘([é,] and from the asymptotic relations
reported in (3.6), for any A > Ao we infer

Qo] > Qo [0™] + A M2 + 3 AgVA|IE|I72
+3AM) (IlEllE;, + 1€l ) = Al

This shows that, for any fixed A > 0 large enough there exist two positive constants
v2, C2 > 0 such that

Qo172 [ W2 > C2(Qo [0 Al [Fa+ VA€ +El12 2 +IENR: )

(3.9)
which proves that the form Qp _ is coercive. From here, closedness follows as well
by standard arguments [39]. To say more, since the right-hand side of (3.9) is clearly
positive, we readily get that Qp  is lower-bounded. O

4 The Hamiltonian

Proof of Theorem 2.2 Let us first introduce the sesquilinear form defined by the
polarization identity, starting from Eq. (2.20). With respect to the decompositions
Py = @} + GM&; and Py = @) + GM&,, this is given by

Qo [V1. 2] = %(QD,ocm)l + 2] — Qo [W1 — 2]
—1QD.a[W1 +ith2] +1Qp o [01 — ith2] )
= Qp[ot. 2] + N (@9 ) — A (Wi[h2) + 3 DY [E1. &2 .

where we have set

Qo (¢}, ¥3]
— | axay (Vxolbeu) Vxodteu) + Vyolleu) - Vyodix.))
A
O [E1. 8] = (06-1- :{;) (&11&2)
+OM[E1, &2 + DY [E1, &) + DY [E1, &) + DY [E1, &)
and

OMELL &) = JBcdy <JB dy’ R} (O,U;O,y’)> &i(y)&aly),
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O} [E1, &) = lL dy dy’R) (0,y:0,y") (&1(y) — &1(y")) (E2(y) — &2(y"))

2 JBexBg
O} [£1.55)] ::—JB dydy’ o (0.0, y") il Ea(y).
§XBS,
O}fenta] = —2]  duau'RY (095 v\ bu) BT,
X B

Since we have already proved that the form Qp 4 is closed and lower bounded, there
exists a unique associated self-adjoint and lower bounded operator Hp . Moreover,
if gy € dom(HD,o‘), then there exists an element w := Hp 4\, € [2(Qq) such
that Q[1, 2] = (Py|w) for any Py € dom(Qp «)-

For &) =0,ie, P = @) € dom(Qp), we have

Qp.« [0}, W2] = Qoo @3] + A (@ @2) = A (@} [b2) = (@} |w).

Thus, @2 € dom(Hp) and w = Hp 93 — A G*&;, which entails the identity

(HD,oc + 7\)1])2 = (HD + ?\)(p

For £ # 0, demanding that Qp o[, 2] = (Y1lw) withw = Hp @) —A G &,
as before, we obtain

(GM&y|(Hp + M) @?) =3 0% [&1. 8] .

On account of the bosonic exchange symmetries (see (2.4) and (2.6)), from the basic
identity (2.22) we readily deduce the following, for all & € dom(®}) and @} €
dom(Hp):

(GMe1|(Hp +N) @) 15, =3 (&1 lT0)12pe) = SJBCdy E1(y) (t93) ().

“4.1)
where T is the Sobolev trace operator introduced in (2.23). Let us also remark that, since
R} (0,y';0,y) =R} (0,y:0,y’), the definition (2.14) can be conveniently rephrased
as

OMEy, £ — L dy dy’ R} (0, y:0,y") E1(0) (E2(y) — E2(u")).

axBg

Summing up, we obtain

— A
ngdy E1ly) (te3)(y) = <a+ LQJ dy &1(y) &2(y)
# oy ([ awRu0) Eluieaty

B¢ Ba
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4 L dy dy’ R (0.y:0.y") E179) (£2(y) — E2(u"))

C C
CIXBCI.

_JB dy dy’ ¢ (0,4:0,y") &1 (y) E2(y”)

axBg

—2J dydy'R{‘j(O,y;éyﬁ—l )E.l( ) &2(y').
BE X BY

Then, the thesis follows by the arbitrariness of &, recalling the definition of F& (see
the comments reported after Theorem 2.1). Finally, the representation (2.27) for the
resolvent operator Rz,‘( follows by general resolvent identities, noting that FZ,‘C has a
bounded inverse for A > 0 large enough (see, e.g., [8, 35]). O

In view of the arguments reported in the above proof, it appears that the action of
the operator '} on any & € dom(T%) is given by

(Te)(y) = <a+ ﬁ) E(y) + a(y)J dy’ Ry (0.y:0.y")

+JBcdy’R6‘(0,y;0,y/) (&(y) — E(W")
_j Ay’ g (0.y0.y") E(y")

—2JB ay’RY 0.y y'—3u’) £y 4.2)

Lemma4.1 For any X > 0, there holds dom(T}) = H}(BS).

Proof We refer to the explicit expression (4.2) for Fg“ &, regarding it as a sum of five
distinct terms. The first linear addendum s trivially defined on the whole space L2 (BS,).
Hereafter, we discuss separately the remaining terms.

1) On the second term in (4.2). By arguments analogous to those described in the
proof of Lemma 3.1, we get

1&(y)?
W < 16rc4J W =

J dy H dy’Ré(O,y;ﬂ,y’)
g Bq

Recalling that, for any &€ H!(BS ), one has & € H1 (B¢) if and only if M S € L%(BS)
[24, p. 74, Example 9.12], the above estimate proves that the second term in (4.2)is a
bounded operator from H}(B¢) into L2(B¢).

2) On the third term in (4.2). Let us consider the decomposition

|, av Ry0.u0.u" (W)~ efu)
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(Z€)(y)

1 , , .
- g [, ) (E e @)

where we have set

1
(Z&)(y) = 7T2J38dy Tlw_u*
AMy) = b [1—%t21<2(t)

lyl* t=vAlyl’

On one side, for any given & € H(l)(Bg) we consider the extension & € H!(R?) such
that & = & a.e. in BS and & = 0 a.e. in B [26, Thm. 11.4]. Then, by an explicit
calculation reported in the proof of Lemma 3.1, for a.e. y € BS we obtain

i) = o [aw SEZET (L] ey ) )
[ a2z 201 t—1 (t—1 &(y)
_{( A) ‘E] (v) n[t+1+ 2t ln(t+1>Ly/a y—a’

where (—A)!/2 : HY(R?®) — [2(R3) is the square root of the Laplacian [11, §3].
Keeping in mind that the function between square brackets is upper and lower bounded,
and recalling again that & € L*(Bg) for & € H'(BG) if and only if & € Hj(B§),
we see that . is a bounded operator from H(l)(B ¢)to L%(BS). On the other side, noting
that the function h(t) :== 1 — %tz K> (t) (t > 0) is strictly increasing with h/(t) =
% t2 Ky (), limg _, o+ h(t)/t = 0 and lim¢ _, 4 o h(t) = 0 [33, Egs. 10.29.4, 10.30.2
and 10.25.3], we infer by direct inspection that 7> € L' (R3),! As a consequence, by
elementary estimates and Young’s convolution inequality [22, Thm. 4.5.1], we infer

J
B

C
a

2

J, aw o =y ) — i)
2

|&(y)]

<2J dy 2
B

C
a

J dy’ My —y’)
BS

' More precisely, integrating by parts and using a known integral identity for the Bessel function [18, p.
676, Eq. 6.561.16] we obtain

(B :Jd i{l—ltZK(t)] :zmﬁrodt@
B N VL S PR/ NI 02

= 47:ﬁrodt hiy) _ 2mﬁrodt K (t) = 2VA.
0

t 0
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2

2| ayl] aw'orhu—wew| <ala R ek

C
a

Summing up, the previous results allow us to infer that the third term in (4.2) defines
a bounded operator from H}(BS ) to L2(B).

3) On the fourth term in (4.2). Retracing the arguments described in step 3) of
the proof of Lemma 3.1, it can be shown that the term under analysis is a bounded
operator in L2(BS ). More precisely, decomposing & into spherical harmonics Yeom
and exploiting the explicit representation (A.8) for g*(X, X’), from the summation
formula (3.7) and the orthonormality of the spherical harmonics we deduce

Juv
BC

J‘%y’gA(O,y;O,y/)E(y/)

2 42 Lo (VAa) Ko (VAT)
J J ‘ZzeﬂKHz(ﬁ) v
2

X Z Ye,m(w)J dr’ Koo (VAT) Egm (7

4 & (£+2)? 17 ,(VAa) Ki,(VAT)
dr X
L go(zu D*K2,,(VXa) 77

2

x>

Im[< ¢

J dr’ Kz+2(\f7\T/) Eom(T))

Then, recalling that the function t — t¥ Ky (t) (t € Ry, v > 0) is decreasing and
noting that the map t — I, (t) Ky (t) (t € R4, v > 0) is decreasing as well with
limy o+ Iy () Ky (1) = % (see [5] and [33, Eq. 10.29.2 and §10.37, together with
§10.30(1)]), we obtain

2
de’g}‘(O,y;O,y’)E(y’)

o0

4 [ (£+2) 17,,(VAa) K7, (VAT)
I e PR

L
00 20+4 K2 A 00
. Oﬁw()(wifw>dmwvmmwﬁ
lm|<e \’@ “

4 (o & (€ +2) Ko (VAT)
s J ar Z Grr s e (VAe) =

y JMWVWMHF
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4 (o X (€4 2)? I%+2(ﬁa) ()\az)HzK%H(ﬁa)
s %Ldr ; (2¢ +1)2(2¢ +5) (Ar2)e+2 42 %
< ) rodf’ (Ve m ()P
Im|<e” @

1 00 1 2€+3 [e9) , o o
?J er BETTRRITS) s 2 JdT () eem ()

—0 Im|<e” @

1
7'(4(12Z (2¢ 4 1)2 (zg+52 Z J )& m (1)

m|<e

1
S Y X[ (P = s e

£=0|m|<¢

4) On the fifth term in (4.2). This term identifies a bounded operator in L?(BS ). We
proceed to justify this claim using arguments analogous to those reported in step 4)
of the proof of Lemma 3.1. More precisely, exploiting the upper bound (3.8) for the
off-diagonal resolvent kernel, we deduce

Vi, ol ’
A2
chy JBcdy/R]() )<0,y;2y’,—2y’)£(y’)

2
/ y’')|
=P Ldy (Jde |y2+|y'|2)>
N? 2k RN
], (L = e 7 ) o™ TEr e
/ 1
( de \y|2+a2) > (J ﬁdz M) IEIIT

2(7:2

- el

5 Efimov effect in the unitary limit

Let us consider the eigenvalue problem in the case o« = 0, corresponding to the case
of infinite two-body scattering length, also known as the unitary limit. In this section,
we show that the Hamiltonian Hp ¢ has an infinite sequence of negative eigenvalues
accumulating at zero and satisfying the Efimov geometrical law (1.1).
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The first step is the construction of a sequence of eigenvectors and eigenvalues at a
formal level, following the standard procedure used in the physical literature (see, e.g.,
[32]).

We write a generic eigenvector associated with the negative eigenvalue —p (1 > 0)

in the form
Y (xy) =du(xy) +bu (- U)

+1bu(*%><* U,%X*%y), (5.1)

o
(=

V3
T2 X~

N—

X+

)

B—

/N

S

where 1, = Gﬁ&u, for some suitable &, € Lz(Bg), so that ¥, is decomposed in
terms of the so-called Faddeev components. To simplify the notation, from now on
we drop the dependence on . We look for 1 depending only on the radial variables
T = x| and p = |y|, so with an abuse of notation we set { = {(r, p). Hence, we have

(—AX—A9+H)¢:—ii <r28¢)—18 <p2 M)%—ul})—o, inDg,

12 97 or p? dp 0p
5.2)
where
Do ={(r.p) eRy xRy | 7?4 p* > a’}. (5.3)
Moreover, we impose the Dirichlet boundary condition
P(r,p) =0 in {(r,p) € dDq|1* +p* = a’}, (5.4)

and the (singular) boundary condition ¥ = tlo) +o(1) forr — 0, see (1.8). Taking

T 4nr
into account that &(p) = 47t (r)(0, p), in view of (5.1) the boundary condition reads

lim Ib(T’ p) -

r—0

W]+2¢<\/2§p’;p>0, forp > a. (5.5

It turns out that the function 1 can be explicitly determined as a solution in L2(R®)
to the boundary value problem (5.2), (5.4), (5.5). We outline the construction in
appendix B for convenience of the reader. Here, we simply state the result. Let
Kiso : R4 — R be the modified Bessel function of the second kind with imaginary
order, where s is the unique positive solution of (2.30).

Let {tn Jnen be the sequence of positive simple roots of the equation Ky, (t) = 0,
where t, — 0 forn — +oo. Taking into account that the asymptotic expansion of
Kis,(t) for t — 0is given by [33, Eq. 10.45.7]

Kis (1) = —, /msin (solog$—0)+0(t*), 0 =argl(1+isg), (5.6)

one also has the following asymptotic behavior
0—nm
th =2e 0 (14 ¢€n), withe, — 0 forn — +oo. 5.7
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Then, we have that, for each

a

2
= = (“‘) , (5.8)

the boundary value problem (5.2), (5.4), (5.5) has a solution in L2 (Ré) given by (2.32),

ie.,
C,, sinh (sgarctan 2
Pn(r,p) = — ( 0) Kiso(%‘\/r“rfﬂ),

47tTp sinh (SO%)

where C;, is an arbitrary constant. We define the charge distribution associated with

P as
Cn
En(p)i=dm lim Tn(rp) == Kigy('@p) (p>al. (59

Let us stress that &, actually keeps track of the Dirichlet boundary condition (5.4) for
VPn; in fact, we have &, (a) = % Kis,(tn) = 0. With a slight abuse of notation, in
the sequel we refer to the function

Enly) = En(lyl) € L3(BS).

The next step is to show that the function 1, can be written as the potential
generated by the charge (5.9) distributed on the hyperplane 7y, i.e., to prove the
following lemma.

Lemma5.1 For any fixed n € {1,2,3,...}, let Y, and & be as in Egs. (2.31)
and (5.9), respectively. Then, &, Edom(rou“) and

Y, =GHnE, . (5.10)

Proof Many of the arguments presented in this proof rely on direct inspection of
the explicit expressions (2.31), (2.32) and (5.9). In particular, we shall often refer to
a well-known integral representation of the Bessel function Ky, namely [33, Eq.
10.32.9]

Kig, (1) = J dz cos(spz)e TNz (£ >0). (5.11)
0

Firstly, using (5.11) it is easy to check that Kjs, is smooth on the (open) positive
real semi-axis and that it vanishes with exponential rate at infinity, together with all
its derivatives. This ensures, in particular, that &, € H! (Bfl) To say more, given that
all the zeros of Ky are simple [33, §10.21(i)], we have ‘2%(%) € L2(BS). In view of
[24, Example 9.12] and of the previous considerations, we deduce that &, € H(l) (BS),
which implies in turn &, € dom(T}') C dom(®})) by Lemma 4.1. Incidentally, we
remark that GHn &, is well defined since &y, € dom(®@)), see (2.5) and (2.22).

Let us now proceed to prove (5.10), to be regarded as an identity of elements in
L% (Q4). To this avail it suffices to show that, for all ¢ € dom(HD), there holds

(Yn|(Hp + pn)e) = (G*&n|(Hp + pn)e).
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Noting that p, < 0 belongs to the resolvent set of Hp, from (2.22), we deduce
(GHEn|(Hp 4 mn)@) = 3(&n|Te), where T is the Sobolev trace on 7y,
(see (2.23)). Then, the thesis follows as soon as we prove that, for all ¢ € dom(HD),

(Yn|(Hp + pn)e) =3 (Enlte).

Equivalently, due to the bosonic symmetry (see (2.31)), we must show that

(Un|(Hp + pn)@) = (Enlte). (5.12)

As an intermediate step, we henceforth derive (5.12) for all ¢ € D(Q ), where
D(Qq) = {(p €C®(Qa) ‘ @9Qq =0, withsuppe compact} .

Using Green’s second identity, we infer

($n|(Hp + pn)@) = lim J dx dy P (—Ax — Ay + tin )

e —0t Qa\ 7,

= lim
e— 0t

Jde dy (—Ax — Ay + tn)bn @ + Ldz (m@ %av@)] s

1 €
a\ 7, T

where 75, = {(x,y) € Qq| [x| > €}, while dZ and v denote, respectively, the
natural surface measure and the outer unit normal in the boundary integral.

The remaining integral over Qg\rty, is zero for all ¢ > 0, given that Py, solves
the eigenvalue equation associated with p, outside of the coincidence hyperplane
712. We shall now examine the integral over d7tf,. On one hand, using the explicit
expression (2.32) for 1\, together with the identity (5.11), we get

jdzwiavcp
d

&
T

<& ay | do [on (e )| [Tolew.u)
Bg  Js?

(o 0)
< 16m%e? ||(p||C1J dp p* [bn (e p)]
a

0 sinh(sg arctan £) [ tn
<47‘[Cn£||(p||C1J dppWJ dze” a\/mcoshz
a sinh (so §) 0

o0 h (ee] tﬁn h S*)0+
<A4AnCrell@| e <J dp pe_2ap> (J dz e 2 o8 Z) =0t
a 0

On the other hand, by an elementary telescopic argument we obtain
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J A5 Ty @
0

T
_ 2
= —e JB dy Jszdw [rbn(r.p) ], _ oy @lew.y)

Enlp)

_ 2

S R L AR R
&n(y)

#], v d0 S plew.y) — o0y

+JBcdy En(y) @(0,y). (5.13)

By direct computations and simple estimates,” for all r > 0 and p > a, we deduce

r O Pn (T, p) + 4

én(p)’

_ G
4

sinh (sg arctan 2
Kiso(%p)_ l (0 T) Kiso(%VrZerz)

sinh(sp )

sorp cosh(sgarctan £) Kie, (L“\/m>
a

1242 sinh(sog)

tn > sinh(sparctan &) . ’
K! (7111 /2 2)
* ay/12+p2  sinh(sp%) tso\a VITHP

Cnr [p

sinh (s arctan £)

—1
sinh(so J)

dze a
0

00
< P tn 124+p2coshz
< 5

4mps | T

2 In particular, we point out that
KiSO (tTn V Tz + p2> - KiSo(% p)‘
tn (" t ro(tn fi2 4 52
< ﬂo‘“ﬁ Kiso\ @V te

t T o0 _tn 22
g—“J dttJ dz coshze  a Vi tpicoshz
ap o 0

1 sinh(so arctan %)
s |1
Zi% z sinh(sg %)
sinh (so arctan %) ) }

and further notice that

sinh(so g)

I
N
IE
2
| — |
N =
S
[
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th [T o _tn o0
+£J dttJ dz coshz e~ a VU Hpicoshz

ar Jo 0
n S0 COSh(SO%) dez e—%‘mcoshz
Sil‘lh(S()%) 0
+ ! rodz coshze™ SV cosh 2
a Jo
Cnr e~ %P 20 COSh(SO%) J'Oodz e” tTT‘czoshz
= 4mp? sinh(so%)  Jo
3t * tn o
+ nTJ' dz coshze 2 CO““] ,
2a 0
which in turn implies
Enlp)
[, au [ aw [P ocbatror+ 5 olew, )
BG J§? T Jr=c p=lyl

2sg cosh(so%) = 3tne ol cox
sinh(s()%) 2a @lico

o0 tn o0 tn 0t
X (J dz coshz eZCOShZ> (J dp eZap> =0y,
0 a

Similar arguments yield

<4nCh e (

En(y) _
JdeJSde yp [o(ew,y) — @(0,y)]

c
a

o0 o0 tn
<anCoclolcr| dpp azem i peon:
a 0

© _tn o0 _in h e—0t
<4ncns||<p||cl(j dppe zap) (J az e oo Z)—>o.
a 0

Finally, we remark that the last term in (5.13) coincides with (&, | T¢) for any smooth

©®.
The above results prove (5.12) for all @ € D(Qq). Now, the thesis follows by plain

density arguments. In fact, for any given ¢ € dom(Hp) = H}(Qq)N H2(Q ) there

exists an approximating sequence {@;}jcy C D(Qq), converging to @ in the natural

topology on dom(Hp ) induced by the graph norm, such that

[(Wn|(Hp + 1n) @) — (&n|Te))|
< |<11’n‘(HD +Hn)((9_(pj)>‘
+ [(n|(Hp + 1n) ;) — (En|T0;5)]
+ [{En|T(0; — @)
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< nlli2 (Ho (@ — ©)[I12 + lunl | — @jl12)

j—
Fl&nll2 lo; = @le ——— 0.

We are now ready to prove Theorem 2.4.

Proof of Theorem 2.4 Recall that, for all n € N, the function ¥,, given by (2.31),
(2.32) is a formal eigenfunction of Hp o by construction. Lemma 5.10 further ensures
that ¥;, = GHnE,, where py, is fixed according to (5.8) and we are employing
the slightly abusive notation (2.5). Since &, € dom(rg‘), this suffices to infer that
Y, € dom(HD,o). Moreover, making reference to Remark 2.3, let us stress that
the boundary condition for ¥;, = 0 + GH*n§&,, encoded in dom(HD,o) reduces to

e = 0. O
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Appendix A. On the integral kernel for the Dirichlet resolvent

. . . . )\
In this appendix, we collect some results regarding the integral kernel Rp (X,X’)

associated with the Dirichlet resolvent R{‘) = (Hp +A)~! (A > 0). We recall that
throughout the paper we refer to the decomposition (2.2), namely,

RY (X, X') =R} (X, X') + g™ (X, X'),
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where R(’)‘ (X, X’) is the resolvent kernel associated with the free Laplacian in RO and,
for fixed X" € Qq, g* (X, X’) is the solution of the elliptic problem (2.3), i.e.,

(—Ax +A) g™ (X, X') =0 for X € Qq,
gM (X, X') = =Ry (X, X') for X € 8Qq,
g (X.X") -0 for [X| — +o0.

We first remark that by elementary spectral arguments it follows that
RY (X, X') =Ry (X, X),  RY(X.X') =Ry (X, X), (A1)

which entails, in turn,
oM (X, X') = g™ (X’ X).

Regarding Ré‘ (X, X’ ) a well-known computation yields

1 J et XX K (VX = X))
RO

R (X.X') = (2m)6 KZ+x — (2n) X-=-X]2

(A2)

where K5 is the modified Bessel function of second kind, a.k.a. Macdonald function.
Then, using a noteworthy summation theorem for Bessel functions [18, p. 940, Eq.
8.532 1], for [X| # [X'| we obtain?

_ 1 ¢ 2 XX Lo (VAIX]) Kega (VAIX))
ROX) = g 2 (0216 () i xp A

where C% are the Gegenbauer (ultraspherical) polynomials defined by the identity [18,
§8.930]

I — Ci(s)ut, f —1,1], —1,1). A4
(1—23u-i—u2 Z ors € | Luel ) (A4

In the last part of this appendix, we derive a series representation for the remainder
function gA(X,X’ ). Without loss of generality, we shall henceforth assume X' =
(x’,y’) to lie on the 6™ axis, namely X' = v} es with eg = (0,0,0,0,0,1). To
simplify the notation, in the sequel we drop the dependence on X’ and put

gMX) = g™ (X, X'). (A.5)

To proceed, we refer to the classical representation of the Laplace operator in hyper-
spherical coordinates [4]. More precisely, let us introduce the set of coordinates

3 The identity (A.3) holds, in principle, only for | X| < |X’|. Yet, it can be readily extended to the whole
set | X| # |X’] using the basic symmetry relation for R())‘ (X, X/) in (A.1).
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(l, (.U) S R+ X S” and recall that
1 5
AX - 3 31‘( Or - ) - ASS > (A6)

where Ags is the Laplace—Beltrami operator on S°. The latter operator is essentially
self-adjoint in L2(S?) and has pure point spectrum consisting of degenerate eigenvalues
0(—Ags) ={€(£+4)|£=0,1,2, ...}. Correspondingly, a complete orthonormal set
of eigenfunctions is given by the hyper-spherical harmonics YV, i, with £ € Np and
m = (mg,...,m4) € Z2suchthat £ = mg > m; > my > m3 > |mul > 0
Taking this into account, we make the following ansatz for the generic solution of the
differential equation (—Ax + A)g? =

gMr, w) =g me m(w).

Using the basic identity (A.6), we obtain an ODE for Rz‘,m. The solutions are of the
form

A M La(VAT) (k) Kega (VAT)
Rl,m(r) = o‘e,m T2 + o‘e,m 12
for some constants 0‘2,1121’ cng& cR.

Considering the asymptotic behavior of the Bessel functions I, K with large argu-

ments [33, §10.30(ii)], it is necessary to fix océlr)n = 0 to fulfill the condition g}‘ — 0

for r — +o0. Furthermore, let us point out that the solution g7‘ has to be invariant
under rotations around the fixed vector X’. Keeping in mind that we chose X' to lie

on the 6! axis, this means that we have to fix océ];l = 0 for all m # (£,0,0,0,0)
(€ € Np). The previous arguments, together with a sum rule for the hyper-spherical

harmonics YV, m [4, p. 1372, Eq. 66], entail

“+o00 K \f)\T‘
w) =) oceC%(wes)#,
=0

or, equivalently,

Kesa (VAIX])
ZWQQXXJ XP (A7

Here, C% are the Gegenbauer polynomials defined by (A.4) and (otg)¢ —0,12... C Rare
suitable coefficients. We now fix these coefficients so as to fulfill the non-homogeneous
Dirichlet boundary condition in the second line of (2.3). In view of the identity (A.3),
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the said boundary condition for |X| = a becomes
+
3 (X X > Kesa(yAa)
= XIXT) @

Ly e (XX Ley2 (VA @) Kega (VAIX])
27 XX a2 X'[2 '

=0

Upon varying X € 9Q q, this implies

RS (1) L2 (VA @) Kepa (VAIX))
270 Ke2 (VA Q) Xz

Xy =

which, together with Eq. (A.7), ultimately yields

AXX) = - b 3 c2<X'X/> Li12(VAa)

XK2+2(ﬁ\X|) K2 (VAIX'))
X[? X2 '

(A.8)

Let us mention the following asymptotic expansions, for any fixed s € [—1, 1] and
t > 0[33, p. 256, Egs. 10.41.1-2 and p.450, Eq. 18.14.4, together with p.136, Eq.
5.2.5 and p.140, Eq. 5.11.3]:

1 t\V t\
Iv(t)g\/ﬁ(;> , Kv(t)g,/% (;) ., C2(s) <3, forv — 0.

Taking these into account it is easy to see that, for any fixed X, X’ € Q, the series

in Eq. (A.8) behaves as
00 ¢ 14
> (%) (1)
/ 9
=" \x) X

which suffices to infer that (A.8) makes sense as a pointwise convergent series.

Appendix B. Derivation of i1, and y,,

Let 1 be the solution of the boundary value problem (5.2), (5.4), (5.5). If we define
the function ((r, p) = r pW(r, p), then the corresponding problem for ( reads

3%C  9%¢ .
,ﬁ,W+HC:0 in Dg, (B.1)
{(r,p) =0 forr?+p*=a®, ¢(r,0)=0 forr>a, (B.2)
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ag
g(Op)Jrfc(zp,zp):o forp>a. (B.3)

Using polar coordinates (1, w) € Ry x (0,7t/2), the above problem can be solved by
separation of variables. Indeed, defining (R, w) = (R sin w, R cos w), one finds

Pn 1on 1 9™y

—w—ﬁﬁ—ﬁaw2+un—o fOI‘R>a,(U€(O,%), (B4)
n(R,%)=0 forR>a, nla,w) =0 forwe (0,%), (B.S)
3 8

%(R,O)—i—ﬁn(&%):o forR > a. (B.6)

Let us now look for solutions in the product form n(R, w) = f(R) g(w). Then,

8
9" —vg=0, g(F) =0, g'(0)+%g(%):o, (B.7)
and
v
£ 4 —f’ + (g —n)f=0. fla)=0, (B8)

where v is a real separation constant. We are interested in the case v > 0, and it
turns out that in this case the only solution (apart from a multiplicative factor) of
problem (B.7) is

go(w) = sinh [so (w — F)] , (B.9)

where v = s(% and sp > 0 is the only positive solution of Eq. (2.30). Next, one solves
problem (B.8) with v = s%. The only solution (apart from a multiplicative factor) of
the differential equation going to zero for R — oo is the modified Bessel function of
imaginary order Ky, (/L R). It remains to impose the Dirichlet boundary condition
Kis, (\/ﬁ a) = 0, which dictates the choice @ = pn as in (5.8). Accordingly, the
problem (B.8) for 1 = p, has a solution going to zero for R — oo given by

fn(R) = Kis, (t:l‘ R> . (B.10)

By (B.9) and (B.10), we reconstruct the solution (2.32) for the boundary value problem
(5.2), (5.4), (5.5).
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