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In this Supplementary Material, we briefly sketch a general formalism [I] to study the percolation critical behaviour
from the implicit knowledge of the generating function of the cluster size distribution. Then, we apply this formalism
to the equations derived in the main text for percolation in strongly clustered random graphs. These equations —
since they are obtained via a mapping to extended-range percolation on the backbone — are expressed in terms of the
degree exponent of the backbone 74. The connection between the exponent of the backbone and the exponent of the
STC graphs is given by v4 = 74 + 1. This allows us to compute all the percolation critical exponents in the strongly
clustered STC graphs as function of the degree heterogeneity ~g.

I. GENERAL FORMALISM FOR PERCOLATION CRITICAL BEHAVIOUR

In the main text, we have derived recursive equations for the generating function of the cluster size distribution
Hy(z) = > ,m(s)z®. We report these equations here for completeness, as they are the starting point of our analysis.
We have

Ho(z) = zgo(pH1(2) + (1 — ¢)Ha(2)), (1)
where H;(z) and Hs(2) satisfy the following recursive equations

Hi(2) = 291 (¢H1(2) + (1 — ¢)Hz(2)), (2)

Hj(2) = g1 (¢H1(2) +1— ¢). (3)

As shown in [I], the knowledge of Hy(z), even if via an implicit equation such as Eq. , is sufficient to solve for
most of the percolation critical properties. For instance, the order parameter P°° can be computed as

P>(¢) = ¢[1 — Ho(1)], (4)
and the average cluster size is given by
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Hence the quantity Hy(z) for ¢ — ¢. captures the critical behaviour we are interested in as

1 — Hy(1)]; ~ Bt?, (6)
HOE oy
HO(I)lt 1~ C’:i:|t| ) (7)

where |; indicates that the functions are evaluated at ¢ = ¢. + t. The other critical exponents « and d can be derived
in a similar manner from Hy(2), see [I].
A key quantity for understanding the percolation critical behaviour is the tail of the cluster size distribution [I]

m(s)]e ~ qos' T fr(qts?), (8)

for s > 1 and |t| < 1, where g, g1 are nonuniversal positive constants, fi(z) are universal scaling functions, while 7
and o are universal critical exponents. The scaling functions decay to zero quickly for large values of their argument:
f+(z) < 1 for || > 1. This naturally introduces the quantity

se = Bt 9)

which plays the role of a correlation size, where ¥ = ¢; 17 For s /se < 1, the cluster size distribution scales as
m(8)e ~ s177. This implies that, if o > 0 so that s¢ — 0o as t — 0, at criticality m(s) exhibits a pure power-law tail
for large s with exponent 1 — 7.


https://ror.org/02be6w209

From Eq. one can also work out explictly the exponents 7 and o. Here we focus on o, and we refer to [I] for
details about the exponent 7. The convergence radius of the power series Ho(z) = >, m(s)z®, which is defined as the

1/s |

closest singularity to the origin z*, is given by z* = lim,_, | [7(s)] . Assuming an exponential decay of the form

e~%/%¢  as it always happens, we simply have
1
 log(z*)’

At criticality, m(s) exhibits a pure power-law decay, which implies z* = 1. Then from the behaviour of 2*(¢) as t — 0
we can get the critical behaviour of s¢, i.e., the critical exponent o.

We have briefly sketched the formalism needed to extract the percolation critical exponents from Hy(z). We recall
that the argument developed here is valid for any graph, whether it be a regular lattice or a random network,, provided
that we know at least implicitly Ho(z). Of course, the practical difficulty is that in most cases we do not know Hy(z),
not even implicitly. In particular, no results are typically available for clustered networks. However, Eq. is exact
for the strongly clustered STC graphs.

s¢ (10)

II. CRITICAL EXPONENTS

In this section, we compute the percolation critical exponents 3, v, and o for percolation in strongly clustered STC
random graphs having a power-law tail with exponent ;. We stress again the strategy we are adopting. First, we
solve for the critical exponents of extended-range percolation for R = 2 in the backbone Gy with power-law exponent
~v4- Hence the expressions we obtain are in terms of 4. Then, we connect these results to standard site percolation in
G, having power-law exponent 74, via the relation v4 = 74 + 1.

A. The exponent
We begin computing the critical exponents 8. The key ingredient for this scope is the behavior of Egs. , for
|t =|¢ — | < 1 at z=1. Setting my; =1 — Hy(1) and mo = 1 — Ha(1), we get from Eq. (2),(3) as
my=1—g1(1—(¢m1 + (1 — ¢)ma)), (11)
mo =1—g1(1—¢my). (12)

These equations correspond to Egs (10),(11) in the main with vy =1 —m; and us = 1 — mgy. As already discussed in
the main text, these equation have a trivial solution m; = ms = 0 corresponding to a non-percolating phase, and the
percolation transition takes place at the threshold

1+ b— /(1 +b)2 -4

1—[bde+ (1 — @) = o0 2% , (13)
where b = (k(k — 1))/(k) is the networks branching factor. From Eq. (I)), we can expand using
P /¢ =1—Ho(1) = (k) [pm1 + (1 — ¢)ma], (14)

where we neglected the singular terms with exponent v4 — 1 as they are subleading for the case 4 > 2 considered here.
The critical exponent (8 is determined by the behaviour of m; and ms for ¢t < 1.

From Eq. and (12), using Eq. (A2) we get
m 2 bomy + (1~ §)ms] — Sdidmy + (1~ G)mal® — caldmy + (1~ $)ma] =2, (15)

2
ma =~ bgpmy — %qﬁzdm% — oM I, (16)

Now we need to study the solution of these equations for ¢ ~ ¢, i.e., t < 1. Such a solution depends on the value of
4. In particular, as will be clarified below, there is a difference between the cases 74 > 3 and 2 < 4 < 3. Since my
depends only on mj, we can substitute the second equation into the first, and keep only the lowest orders in m;. In

2
the first equation, the term miwﬁ) is subleading in the for 74 > 3 and dominant instead for 2 < 4 < 3. For 4 > 3,
for which b is finite and ¢, > 0, we get at the leading orders

my = [bp + (1 — @) pblmy + kod®m3 + ks >m]* ™2, (17)



where ko and k3 are constants. In the following, as there will be many different constant and we are not interested
in their explicit values, we adopt the notation k; to denote them. Setting ¢ = ¢. + ¢t and using the equation of the
critical threshold Eq. we finally get

Kitmy + kom3 + Hgm’lyd_Q ~ 0. (18)

Note that m; = 0 is always a solution of these equations. This corresponds to m; = ms = 0 and u; = us = 1, i.e.
P> = 0. A nontrivial solution appears only for ¢ > 0. Using Eq. we then get

t, Ya >4
mi ~ Mo ~ {tl/('Yd—3) 3<rYd <4’ (19)
from which we can conclude, using Eq. , that
]-7 Ya > 4,
B= (20)
’Yd1—3’ 3 < yq <4

For the more interesting case 2 < 4 < 3, when the branching factor is infinite and the threshold vanishes, we have
¢ =t and at lowest order

myp = /{4t(7d72)2m(1’“_2)2, (21)

from which we get, using again Eq. with ¢ replaced by ¢t and keeping only the lowest order,

(vg=2)2
my ~ ti-0a=D7 (22)
Ny —2
Mg ~ 4T Ca D7 (23)

Note that mj; > msg, but in all the expressions it always appear with a multiplicative factor ¢ = ¢, while msy is
multiplied by (1 — ¢) ~ 1. Hence tm; < my. With this in mind, using Eq. with ¢ =t we get

Y4—2
P/t ~ (kymg ~ Kkgt1=(a=2% (24)
from which it follows that(ll
Ya — 2
- Jd—2 25
i —E (25)

This exponent, already found in [2] is different from the value for R =1, 8 =1/(3 — v4) [1], suggesting that extended-
range percolation on strongly heterogeneous networks present R-dependent critical features and no longer belongs to
the universality class of standard percolation.

B. The exponent v

Now we turn our attention to (s), defined in Eq. , whose singular behavior is given in Eq. . We take the
derivatives with respect to z of Egs. (T, and (3], evaluating them in z = 1. Using gj(z) = (k)g1(x) and the
expression for m; in Eq. , from Eq. we get

o(k)ur [pwr + (1 — ¢)w,]

= G + (= o) 20
wy =1—my+g; (1= (pm1 + (1 — ¢)my)) [pw1 + (1 — ¢)ws], (27)
wy = gy (1 — ¢m) pwy, (28)

!In Ref. [2] the exponent associated to P> rather than the one associated to P> /¢ has been computed. This is the reason of the
additional factor 1 appearing in Eq.(9) of [2].
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where we set wy = H{(1) and we = Hj(1). Note that the equations for w; and wy are linear equations. They can be
easily solved to get

G(k)(1—m1)?[1+ (1 — ¢)gi (1 — ¢my)]

1= 29
w) a0~ (omi + (L ma))Od) 29

where my and msy are the solution of Egs. and , respectively, and we defined
0(¢) =1 — gy (1 — (dm1 + (1 = ¢)m2)) [1 + (1 — ¢)g1 (1 — ¢ma)]. (30)

The explicit dependence on m; and my has been omitted for the sake of simplicity. Note that ©(¢.) = 0, because of
the criticality condition. Since the other term in the denominator is finite for any ¢, we can expand O(¢) for ¢ = ¢+t
and t small to get the singular behaviour of the mean cluster size [I]. First of all, note that if ¢ < 0, m; = mg =0 and
O(¢p) =1 — ¢b[1 + (1 — ¢)b], from which we simply get

O(0) = O(dc) + ©'(9e)t = [26.6° — b(1 + b)]t, (31)

hence from Eq. we get that v = 1 from the ¢ < 0 side of the transition. This result is valid only for 4 > 3, since
for 2 < 4 < 3 the threshold vanishes and ¢ > 0 always. We will compute now ~ for ¢ > 0. To do this, a bit more effort
is required, since we need the expansion of gj(1 — €) for small €, given by Eq. Note that gj(1 —€) — oo as € — 0
for 4 < 3 since the branching factor is infinite. Furthermore, the linear term is the leading one for v4 > 4, while the
term proportional to €7¢~3 dominates the small € behaviour for 74 < 4. With this in mind, we can now expand O(¢).
If v4 > 4, we can expand in Eq. and get

O(¢) ~ 1 — ¢b[l + (1 — ¢)b] + Kemy + Krma
>~ ®(¢c)t + KgMm1 + Kymg ~ t, (32)

where in the last asymptotics we have used Eq. and kg and k7 are constants. Again, from Eq. we get v = 1.
For 3 < 74 < 4, we must consider the term in €42 rather than the linear one in Eq. (A3)). After a bit of algebra, we
get

®(¢) = @(¢c)t + "QS[(bcml + (1 - ¢c)m2]ﬁyd_3 + KQm’le_zga (33)

where kg and kg are constants. Using again Eq. , we finally get ©(¢) ~ t, from which we conclude that v = 1.

Finally, we turn to the case 2 < 4 < 3. As anticipated, in this regime the branching factor is infinite and no ¢t < 0
phase exists. The expansion in Eq. diverges as € — 0. However, we can expand ©(¢) for ¢ =t ~ 0 to get at
leading orders

O(p) =1+ clth‘i_?’ + kgt (tmy) 73 + kst (tmymg)743. (34)

For t — 0, the first three terms tend to 1, because the presence of the multiplicative factor ¢ cures the divergence of the
terms with the negative exponent 4 — 3. The last term must be considered carefully. Using Eq. and , we have

. (vg—D(vg—3)
ttmamg) Vi3 ~ T I Ga DT ], (35)

from which it follows that ©(¢) — const. for ¢ — 0. No divergence is present in the denominator of Eq. . The
singular behaviour in ¢ must be extracted then from the numerator. Using Eq. (A3]) we get

Ya—3 _ [w]

(s) —1~cit+ /{2t1+1—(’vd—2)2 ~t Lo (36)

from which we finally get

3 — -2
”:_&—tgﬁmJ' o

Similarly to the case R = 1, at the percolation threshold ¢. = 0 the susceptibility does not diverge, since v < 0.
However, the critical exponent v # —1, as it happens for R = 1, but takes instead, surprisingly, v4-dependent values.



C. The exponent o

We want to find the position of z*, the closest singularity to the origin of Hy(z). To do so, we look at the closest
singularity of Hj(z). The reason is related to the singular behavior of go(z) and g¢1(z): since Hy(z) is defined via go,
and for 2 < 4 the singular behavior of gy has an exponent larger then 1, at leading order the singular behaviour of Hy
is given by the linear term of gg, and it is the same as the singular behaviour of H;. Details can be found in [I]. To
study the singularity of Hy, we can write, from Eq. and , solving for z = H| L¢ ), the equation

Ty _ ¢
Z_Hl (C)—WC)— g1(<7g1(c71))7 (38)
where Gi(z,y) = g1 ((bx +(1- czS)y) Note that (1 — ¢)0,G1(x,y) = ¢0yG1(z,y), hence
2 61 (o101, 01¢)) = 29OV (3 1 (1 - oy (o). (39)

¢

The inversion of ¥ works until we reach its first stationary point. This defines the characteristic equation ¢'(¢*) = 0,
which writes then as

G1(¢.G1(C.1)) — cd%gl CGaG)| =0, (40)
¢=¢*

where

d%gl (¢*.G1(C* 1)) = bgh (6 + (1 — 0)gn (6C* +1— ) [L+ (1 — d)g} (6C* +1— ¢)].

The solution of Eq. gives us the point (* at which we can no longer invert the function ¥ to get Hy. This is
reflected in a singularity at z* = ¢ (¢*). This singularity is such that z* — 1 as ¢t — 0, and we can write z* ~ 1+ 6(t),
were 0(t) — 0 as t — 0. The correlation size is given by
1 1
55 = ~

log(z*)  log(1+ 6(¢))
In principle, one can solve Eq. at leading orders for ¢t < 1, plug the corresponding ¢* into z = 1(¢*), and expand
again at leading order to get the exponent o. Here, we follow a simpler strategy. First, we use the scaling relation

o=1/(8+~) to get

~ 0t

3 Ya > 4,

g = 33:33 3 < ’Yd < 47 (41)
_ _9\2
%7 2< Yd < 37

Then we just solve numerically Eq. for small ¢ and compare 1/log(z*) with our predictions in Eq. , showing
perfect agreement (see Fig.[[(a)) and proving that scaling relations hold.

D. Critical exponents for the STC networks

The last step is to map our results for extended-range percolation on the backbone Gy to standard site percolation
on the STC graph G;. Setting v4 = Y4 + 1, we have

1, ?d > 3,

8= 7%:2, 2 <Fy <3, (42)
ey, l1<qa<2
1, Ya > 2,
i, Ya > 3,

o= %Ej - 2 <y < 3, (44)
el 1<qu<,
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FIG. 1. (a) Results for 1/log(z") for small ¢ = ¢ — ¢. from the numerical solution of Eq. (symbols), and comparison with
the predictions for the exponent o in Eq. (dashed lines). (b) Plot of the critical exponents 3, v, and o for STC random
graphs with power-law exponent 74, from Eq. (42))-(44). The symbols indicate the values of o relative to panel (a).

which are reported in Table 1 of the main text. See also Fig. [I(b).

Appendix A: The generating functions of power-law distributions

As it is needed in all the computations developed here, we report for completeness the singular behaviour for z — 1T,
i.e., for e =1 — z < 1, of the generating function go(z) =), prz® of power-law degree distributions pi ~ k7. Such
singular behaviour is given by [I]

(1 = ) = 1= (K)e-+ L (kybe + 147, (A1)

and similarly for ¢1(z) = g{(2)/g5(1) and its derivative

1
g1(l—€)~1—be+ §d62 + o2 (A2)
gy(1 —€) ~ b —de + c3e7 73, (A3)

where (k) is the average degree, b = (k(k — 1)/(k) is the network branching factor if 74 > 3, and a negative constant if
2<v3<3,d=(k(k—=1)/(k) if v4 > 4, and a constant whose value and sign depend on 7,4 otherwise, and ¢, ¢2, and
c3 are constant which depend on 4 and on the details of the degree distributions.
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