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Abstract

In this paper we develop a mixed graphical model for identifying conditional indepen-
dence relations between continuous and discrete variables in a quantile framework using
Parzen’s definition of mid-quantile. To recover the graph structure and induce sparsity, we
consider the neighborhood selection approach in which conditional mid-quantiles of each
variable in the network are modeled as a sparse function of all others. Building on previous
work, we propose a two-step estimation procedure where, in the first step, conditional mid-
probabilities are obtained and, in the second step, the model parameters are estimated by
solving an implicit equation with a LASSO penalty. The empirical application investigates
the relationship between depression and inflammation on a sample of individuals from the
National Health and Nutrition Examination Survey 2017-2020.

Keywords: 1LLASSO, mixed random variables, mid-CDF, neighborhood selection, NHANES

1. Introduction

Graphical models have become a popular and effective framework for the statistical analysis of com-
plex dependence relations among variables. Within this literature, Gaussian Graphical Models (GGMs,
11) have received considerable attention as they provide a model for the pair-wise conditional correla-
tion structure of the variables of interest. Under the assumption of normality, the underlying conditional
dependence structure is completely characterized by the inverse of the covariance matrix of the corre-
sponding GGM. However, GGMs suffer from two limitations. First, they rely on the assumption of
normally distributed data. Despite its simplicity and mathematical tractability, this assumption is hardly
met in actual applications, and deviation from normality makes it harder to characterize conditional de-
pendence structures. To overcome this issue, semi-parametric Gaussian copula models (15; 22) or power
transformations of the data may be considered. Alternatively, one may forgo the normal distribution and
consider more robust alternatives such as the multivariate t-distribution (7). Such proposals, however,
have mainly relied on the use of symmetric distributions or on, more in general, location-shift models.
In contrast, a quantile-based approach (1; 5) allows one to infer the conditional dependence structure
without having to introduce assumptions on the form of the distributions.

Another, drawback of the GGMs is that they are confined to the modeling of continuous variables
only. In many applications of practical relevance, however, the dataset of interest consists of mixed vari-
ables (categorical, counts, and continuous). Unfortunately, the literature regarding graphical models in
which the variables are of different types is fairly limited. In parallel efforts, (23) and (3) introduced the
class of Mixed Graphical Models (MGMs), which specify the conditional distribution of each variable
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(continuous and discrete) given the rest as a member of the exponential family of distributions. Subse-
quently, in a related line of research, (14) and (4) proposed a generalization of the conditional Gaussian
model of (12) for mixed data.

The aim of this paper is to introduce a quantile-based graphical model for mixed variables that
tackles conditional dependency structures, without making assumptions on the functional form of the
distributions. We start from the work of (8) who developed a quantile regression method for discrete
responses by extending Parzen’s definition of marginal mid-quantiles (19). Intuitively, mid-quantiles
can be viewed as fractional order statistics and have been extensively studied by (16). In this context,
using mid-quantiles comes with desirable advantages as opposed to existing approaches, based on either
jittering or latent constructs. Most importantly, they offer a unifying theory for quantile estimation with
discrete or continuous variables, and are well-behaved asymptotically.

In our approach, to identify conditional independence relations and induce sparsity in the network,
we model the conditional mid-quantiles of each variable as a sparse function of all others and fit separate
regularized regressions using the neighborhood selection method of (17). For each variable, the param-
eters are estimated via a two-step procedure where conditional mid-probabilities are first obtained semi-
parametrically and then regression coefficients are estimated by solving a LASSO-penalized implicit
equation. The proposed method allows us to embed in a common graphical framework both continuous
(possibly, e.g., heavy-tailed, skewed, multimodals) and discrete (e.g., binary, ordinal, count) variables,
thus offering a much richer class of conditional distribution estimates than the conditional mean.

The relevance of this methodology is shown using observations from adult participants of the Na-
tional Health and Nutrition Examination Survey (NHANES) 2017-2020 to investigate the association
between C-Reactive Protein (CRP) and depression symptoms.

The rest of this paper is organized as follows. Sect. 2. formally describes the proposed model while
the estimation procedure is discussed in Sect. 3. Finally, the empirical application is presented in Sect. 4.

2. Methods

In this section we illustrate the proposed mid-quantile mixed graphical model. In order to introduce
our methods, we extend the mid-quantile regression of (8) to the graphical modeling framework with
both continuous and discrete variables. Subsequently, using the neighborhood selection approach of
(17), we show how to estimate a sparse mixed graphical model characterizing conditional independence
relations among variables via node-wise penalized mid-quantile regressions.

LetY = (Xi1,...,Xp,,Z1,...,Zp,) denote a p-dimensional random vector, where X1, ..., X,
are pi continuous variables and Z1, ..., Z,, are py discrete variables. Also, let G = (V, E') denote an
undirected graph where V' = {1,...,p} is the set of nodes such that each component of the random

variable Y corresponds to anode in V, and E C V' x V represents the set of undirected edges.
Following (8), we first introduce the conditional mid-cumulative distribution function (mid-CDF,
19; 20) of Y} given all other variables as

Gy iy_; (W5 | Y-3) = Fyypy_; (U5 [ y-5) — 05my; v (v | y—), (1
where Y ; denotes all variables except Yj, Fy,jy_;(- | -) is the conditional CDF of Y; and my;|y_; (y; |
yv-j) = Pr(Y; = y; | Y-; = y-;). The definition of conditional mid-CDF in eq. (1) applies to both
continuous and discrete variables. Indeed, if Yj is discrete, Gy, |y _ (yj | y—j) is a step function while it
reduces to Fy;jy_(y; | y-;) if Y; is continuous since Pr(Y; = y; | Y- = y-;) = 0.

Let Sy, be the set of s distinct values in the population that the random variable Y} can take on. Then,
the conditional mid-quantile function (mid-QF) of Y}, Hy |y, (1), is defined as the piecewise linear
function connecting the values G;;'Yﬁ (Tjn | ¥-5), where ;= Gy, ;y_;(y; | y-j). h =1,...,s, for
a given quantile level 7 € (0,1). We model the 7-th conditional mid-quantile of Y; given all the other
variables using the following mid-quantile regression model:

Hy vy, (1) = B(1) +y.;8;(r), ji=1,...,p, )
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where g;(-) is a known monotone and differentiable “link” function, and 3;(7) = (ﬁjl (1), s BY )y
is a vector of p — 1 unknown regression coefficients, with 5?(7‘) being an intercept term, for a given 7.

To study conditional independence relations between the components of Y through the graph G, we
establish a result that allows us to make inference on the edge structure E using mid-quantile regressions.
Following (1) and (5), the next proposition characterizes the relationship between the conditional mid-
quantile function in eq. (2) and the conditional independence between any pair of variables in Y given
the rest.

Proposition 1. Suppose that the conditional mid-QF of a random variable Y}, for some j = 1,...,p, is
defined by the mid-quantile regression model in eq. (2). Then, Y; is conditionally independent from Yy,
withk = 1,...,pand k # j, given all of the other variables if and only ifﬁjl?(T) =O0forallT € (0,1).

The proof of Proposition 1 follows from the relationship between the conditional mid-quantile and
CDF of each node given the others. Most importantly, from Proposition 1 follows that the zero elements
of the vector ﬁj’? (1) forall 7 € (0, 1) identify conditional independence relations between the components
of Y. Hence, the edge set E of the graph G is completely determined by the non-zero components in
the regression vector 3;(7), that is, (j, k) € E if and only if B]’?(T) # 0. Based on this result, we can
build a mixed quantile graphical model to characterize conditional independence relationships between
the elements of Y by inferring the sparsity pattern of 3, (7).

We exploit the neighborhood selection approach of (17) by running separate mid-quantile regres-
sions of each component in Y on all the others. Specifically, let 7 = (7,...,7r) be a grid of L ordered
quantile levels with 7; € (0,1),1 =1,..., L. Large values of L allow us to investigate conditional inde-
pendence more accurately, but they also increase the computational cost of estimating the model. To infer
the graph structure, we consider the linear model in eq. (2) for the conditional mid-QF, H, 9 (Y)Y (11),
over all variables j = 1,...,pandlevels [ = 1,..., L. Consequently, the corresponding edge set £ of
conditional dependencies is defined as

B ={(G.h) : max fmax{| () || Bm) [} >0, for 1<j#k<p} @)

In the next section, we describe a procedure to estimate the proposed graphical model G and induce
sparsity in the regression coefficients.

3. Estimation

Consider a sample Y;,¢ = 1,...,n, with corresponding observations y;. For each variable Y},
j=1,...,pandlevel 7, = 1,..., L, estimation of the model in eq. (2), and in turn, of the set F in eq.
(3), proceeds in two steps.

Let zj,, h = 1,..., k, be the h-th distinct observation of Y that occurs in the sample, with z;, <

Zjp1 for all ﬁ = 1,...,k — 1. In the first step we estimate the mid-CDF in eq. (1), éleYﬁ (y; |
Y-j), Where Fy,y_, is obtained by fitting h separate logistic regressions, one for each value of zj,
h =1,...,k. In the second step, we define @%Yﬂj (yj | y—-;) as the function interpolating the points
(zjns Gy,y_,;(zjn | ¥-5)), where the ordinates have been obtained in the first step. The goal now is to
estimate (8%(7), B;(m)) in eq. (2) by solving the implicit equation 7; = @%IYﬁj (n(m) | y-j), where
n(m) = gj_l{ﬁo(n) +y.;8,(7)}, and, at the same time, capture the most relevant interconnections
between the variables, which motivates us to use a sparse estimator that automatically shrink the elements

of B;(). Following (8), we thus obtain an estimate of 3;(7;), denoted Bj(n), by minimizing the
following objective function

n

1 - 2 .
argmin 3~ (1= Gy, ([ y=)) -+ A diag(w)B;(7) [ @
=1
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where we consider the linear interpolation function

~

G%\yﬁj i | y=5) = b, (i — Zjny) + Tjhys Zjhe < M < Zjhg41, )

with by, = H and 7, = éyﬂyﬁ (2jn; | ¥-j). The penalization in eq. (4) is given by a
Lasso-type penalty on 3,(7;) where we allow a different weight for each coefficient by using the vector
w to avoid that variables of different types are on different scales, and where A > 0 is the overall tuning
parameter of the model. The parameter A controls the strength of the penalization and determines the
sparsity of the graph: a higher (lower) value is responsible for a lower (higher) number of edges; when
A=0, ,@ (1) reduces to the closed-form estimator in (8, see eq. 2.9). Finally, to infer the graph structure
we solve the minimization problem ineq. (4) forallY;, j =1,...,pand 7,1 = 1,..., L, and estimate

the edge set E as follows:

B={(k): max fmax{| Bi(n) || Bl(n) [} >0, for 1<j#k<ph  ©

-----

To select the optimal value of the penalty parameter A, we adopt the following BIC-type criteria (5):

BICKY) = Y lln (3 ortoss = B3 — viyBi() ) + m%ﬂf‘”uﬂ] G
=1

I=1j i=1

where p-(u) = u(7 — I(u < 0)) is the quantile loss function (9), with I(-) being the indicator function,
and v is the number of estimated non-zero components in ,@j (7;) for node j at quantile level 7. Specif-
ically, we fit the model for a grid of candidate values of A and then select the optimal tuning parameter
as that corresponding to the lowest BIC value in eq. (7).

4. Application

To evaluate the performance of the proposed methods, we illustrate an application to depression
symptoms and inflammatory proteins from the NHANES 2017-2020. There is mounting evidence that
inflammatory proteins adversely affect functional ability, quality of life, and well-being of individuals
(18; 13). Among these proteins, C-Reactive Protein (CRP) is arguably the most extensively studied
inflammatory index in depression research. CRP is a protein synthesized by the liver during the acute
phase of an inflammatory/infectious process in response to stimulation from other pro-inflammatory
proteins (e.g., elevated cytokine levels (6)). Research suggests that the presence, size, and direction of
the association between CRP level and depression vary. One possible explanation for this might be the
heterogeneity in the population due to, e.g., age and race/ethnicity. Another explanation may be that
CREP is also associated with numerous factors (confounders), such as socio-demographic variables and
the overall health status of the individual. As potential reasons for these inconsistencies, (21) also pointed
out differences in population settings (e.g., inpatient, outpatient, or community), depression assessment
(e.g., sum-scores or diagnoses), or adjustment for important chronic conditions.

Graphical models represent the ideal tool to help disentangling the intricate dependencies between
CRP, depression symptoms and individual characteristics. Following (8), before carrying out the analysis
we remove the effect of NHANES oversampling and then restrict the dataset to individuals aged 20-70
years. The final sample size for analysis is n = 3690, composed of about 59.4% of white persons
and 50.1% females. In this network, we include the concentration of CRP (mg/L), nine depression
symptoms measured via the Patient Health Questionnaire-9 (PHQ-9, 10) scored on a 4-point Likert
scale and 17 socio-demographic, clinical, and lifestyle variables collected among the survey participants,
resulting in a total of p = 17 nodes. Specifically, the PHQ-9 is a nine-item self-report questionnaire that
was administered to assess the frequency of nine major depression criteria listed in the Diagnostic and
Statistical Manual of Mental Disorders (2). The questionnaire is a well-established, validated tool that
evaluates how often individuals had been bothered by any of the nine items in the previous 2 weeks, on
a scale ranging from 0 (“not at all”’) to 3 (“nearly every day”).
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We fit the proposed model using a grid of L = 7 quantile levels, 7 = (1/8,...,7/8), across an
equispaced sequence of 100 values of the tuning parameter A\ on the log scale from 0.001 to 5. Prior to
fitting, continuous variables have been centered around zero and divided by their standard deviation. For
continuous and count variables, we take g(-) to be, respectively, the identity and the logarithmic function,
while we use the logistic mid-quantile model for binary nodes. Finally, the edge set E is estimated as
described in eq. (6). To reduce model uncertainty and improve reliability of the inferred interactions, we
adopt a model averaging approach. Specifically, 500 bootstrap datasets are created by resampling from
the original one. Then, we fit the proposed model on the 500 bootstrap re-samples and estimate the edge
structure for each bootstrap dataset. Eventually, in the final network we retain only those edges that are
present in at least 85% (18) of the learned graphs.

Fig. 1 provides a graphical representation of the estimated network, where the width of the edges is
proportional to the absolute value of the strength of the interaction and the edge colors specify the sign
of the corresponding interaction (green = positive, red = negative, grey = undefined). The colors of the
nodes map to the three different domains, Inflammation Marker, Depression Criteria, and Covariates.

Results indicate that CRP is associated with greater changes in appetite, presenting a non-zero edge
in 90% of bootstrap re-samples. CRP also shows noteworthy connections with other variables: it is
positively associated with BMI and gender but negatively with recent smoking and alcohol consump-
tion. Finally, smoking and gender are proximal to several symptom criteria including fatigue, appetite
problems, psychomotor changes and thoughts of death, suggesting that there may be gender differences
underlying these relationships.

Figure 1: Estimated graph structure. Edges represent interactions that was found to be non-zero
in at least 85% of the 500 bootstrap re-samples. Green edges in the networks depict positive as-
sociations, red edges represent negative associations, and grey ones signify interactions wherein
no sign is defined. Thicker edges depict stronger associations.
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