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1 | INTRODUCTION

Semiglobal and global stabilization via output-feedback controllers is a longstanding problem. A commonly adopted strategy
(though not the only one) is to design a state-feedback controller and a state observer separately and then combine them into
an output-feedback controller using a certainty equivalence principle. The main technical challenges in accomplishing this task
are 1) the separate design of semiglobal or global state-feedback controllers and observers 2) the fact that the system may not
in general input-to-state stability properties, so that, when combining the state-feedback controller and the state observer, even
a bounded and converging state estimation error may not guarantee a bounded and convergent state. Locally these issues do
not arise and local output-feedback controllers can be readily designed based on the certainty equivalence principle, especially
when the system linearization is controllable and observable. In this paper, we study the problem of designing semiglobal and
global output feedback controllers, with asymptotic, finite or prescribed-time convergence, starting from the availability of a
local output feedback controller. We address this task by separately considering a local state-feedback controller and a local state
observer, and we show how these can be transformed into semiglobal or global ones via the inverse of a contracting symmetry.
Symmetries are ubiquitous in physical systems. A contracting symmetry is a one-parameter group of transformations that leaves
the system invariant and uniformly contracts its solutions into arbitrary small neighbourhoods of the origin. Although this class
of symmetries has already been introduced in the recent works” and® the results presented in this paper differs substantially
from the aforementioned references. The contributions of this paper with respect to” and® are threefold:

O Abbreviations: ODE, ordinary differential equations; LGT (GGT), local (global) one-parameter group of C*®-transformations; LS (GS) local (global) symmetry;
SI, state-input contracting symmetry.
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7' and? focus on observer design. Here, we address the control design problem by introducing control inputs and seeking
output-feedback controllers. This requires extending the domain over which the symmetry acts; in particular, the control
input space must be included.

« we reverse the perspective of 2 and” where the system is assumed to be detectable in the first approximation (i.e., a linear
observer can be designed for the linearization). Instead, we assume the existence of a local observer for the system, not
necessarily designed based on its linearization. A detailed technical comparison is provided in Section[6.1.1}

« The results of this paper go beyond a simple comparison with the existing literature, establishing a novel methodology for
transforming a local output-feedback controller (easier to design) into a semiglobal or global output-feedback controller
(more difficult to obtain). This kind of results are not even available in the literature.

In Sections we recall from!® and® the main notions and results on one-parameter groups, prolongations, and symmetries,
including contracting symmetries, i.e., symmetries with a contractive action on both the state and input spaces. We include
benchmark examples aimed at illustrating computational and constructive aspects, connections with classical notions (e.g.,
homogeneity), and the impact on problems related to time-scale transformations (asymptotic or finite-time convergence), as
well as state and input space transformations. We further develop several theoretical and computational aspects introduced in”
and present new ones. This is also instrumental in illustrating the different control design procedures studied in this paper and
comparing them with existing approaches.

The main contributions with respect to the existing literature can be summarized as follows:

« In Sections[5.T]and [6.1] we prove several results showing how to transform, via a contracting symmetry, a local controller/ob-
server into semiglobal controllers/observers (Theorems [I] and [3) with asymptotic convergence over an infinite time
horizon. In Section we establish the connections with?, by discussing the case of system’s observability in the first
approximation. by discussing the case of observability in the first approximation. On benchmark examples, we compare
our semiglobal symmetry-based controllers/observers —derived from local ones —with classical semiglobal high-gain
controllers/observers designed directly for the system (see, e.g., Theorem 12.1.1 and Corollary 12.1.2 of 1 or the pa-
per!® for state-feedback controllers and!,™# or! for state observers). For the class of triangular systems, we show that a
semiglobal feedback controller can always be constructed from a local one, since a contracting symmetry can always be
defined for this class (see Section4.2.3|and the examples following Theorems|[I]and[3). This also establishes connections
—within the feedback stabilization framework —with more recent approaches for triangular systems based on fuzzy meth-
ods (e.g.,%). However, such approaches typically require state trajectories to remain within a known compact set where
the nonlinearities are approximated by basis functions, hence they are not helpful with unbounded state trajectories.

« In Sections[5.2]and [6.2] for linear systems we prove several results showing how to transform, via a (not necessarily contract-
ing) symmetry, a controller/observer with asymptotic convergence into one with finite- or prescribed- time convergence
(Theorems [2] and [)). On benchmark examples, we compare our symmetry-based controllers/observers with discontinu-
ous sliding-mode controllers/observers (19 or smooth time-varying controllers/observers (?!') designed directly for the
system. More generally, for linear systems we show that it is always possible to construct a feedback controller with finite-
or prescribed-time convergence starting from one with asymptotic convergence. To the best of our knowledge, no result
of comparable generality exists in the literature for linear systems. Theorems [2] and [ can also be extended to nonlinear
triangular systems, at the cost of additional technical complexity (see, e.g.,® and!' for prescribed-time and? for finite-time
with fuzzy-based methods).

« In Section[6.3] we consider systems with unbounded solutions, which represent an even more challenging setting for output-
feedback stabilization. We study how to transform a local observer into a global one under an additional condition known as
unboundedness observability (UO:2%) | which is a well-known necessary condition for the existence of a global observer.
In this case, the symmetry group parameter must be time-varying to track the unbounded growth of the state norm. This
approach —based on tracking the state norm via a norm estimator —was previously explored in’/ but under stronger
assumptions such as output-to-state stability (0SS:%%). In Examplewe present cases where our global symmetry-based
controllers/observers can be successfully designed, while existing approaches based on high-gain observers, sliding-mode
observers or fuzzy methods are not applicable due to the unboundedness of the state trajectories.



We consider ODE systems of the form[ﬂ
D,s(r) = F(t,s(t), u(r), d(1)) ey

with states s() 2 (y(®),x(?)) € R", measured outputs y(t) € R?, unmeasured states x(t) € R"? control inputs u(t) € R™ and
exogenous (in general unknown) inputs d(¢) € R". We assume C* functions F : RXR" X R"” x R" - R".

Notational remark. We adopt the following notation with regard to (1) and its variables: t € R is the time variable,
z(1) £} (s(2), u(t), d(t)) denote the state, exogenous input, control input and output functions of t while z 2 (s,d,y) represent the
coordinates of the state, exogenous input, output space Z 2 R"x R" X R? in such a way that we write z = z(t) with the obvious
meaning. Moreover, M & R x Z is the overall coordinate space for time, states and control and exogenous inputs.

2 | NOTATION1I

> (vector spaces). Besides the standard notation R”, we denote by R™* the set of n X s real matrices. R?r (resp. R,) denotes
the set of non-negative (resp. positive) real numbers. For any vector v € R* and matrix A € R™* we denote by v, € R, resp.
(Av); € R, the i-th component of v, resp. Av. Moreover, 0,,, resp. I,,, denote the zero matrix in R™, resp. the identity matrix in
R™", and diag{v,, ..., v, } or simply diag,{v;} is the diagonal matrix with diagonal entries v, ..., v, € R. S (n) (resp. S_(n)) is
the set of symmetric positive (resp. negative) definite matrices .S € R™" and GL(n) is the set of nonsingular matrices S € R™".
> (norms). |v| denotes the absolute value of v € R, ||v|| 2 \/ﬁ denotes the euclidean (or 2-) norm of v € R” and the
induced norm of S € R™" is |.S]| o sup,er(ISVI[/IIvI)). We identify a vector v € R” with the r-uple (v,,...,v,) and by
[[(v{, ..., Vv,)|| we mean the norm of v € R". For a continuous function S : IR?r — R™" jts sup-norm (or co-norm) is defined as
151l = sup;s SO

> (monotone functions). Let K (resp. K, resp. K,) be the set of continuous strictly increasing functions f : Rg - R?r such
that f(0) > O (resp. f(0) = 0, resp. f(0) = O and lim,_,,  f(s) = +00). Let L be the set of continuous decreasing functions
f 1 RY - R, such that lim _, f(s) = 0. Finally, let L (resp. K, £) be the set of continuous functions f : R xR — RY
such that f(-,s) € K (resp. f(-,s) € K, ) foreach s > 0 and f(r,-) € L foreachr > 0.

> (saturation functions). A locally Lipschitz function (c,v) € R, X R" = sat(v) 2 (satc(v Do satc(vn)) € R" is a saturation
Sfunction if sat (v;) = v, forall v; € [-c,c],i =1,...,n, and [sat_(v;)| < cand [sat (v;) —sat (w;)| < |v; —w;| forall v;,w; € R,
i=1,...,n

3 | GROUP OF TRANSFORMATIONS AND PROLONGATIONS

The paper considers families of nonlinear transformations W(p, -) acting on a coordinate space M that includes time, states,
inputs, and outputs. These transformations are parametrized by p € R and are endowed with the structure a group, taking the
form

P(p.1.2) £ (P'(p. 1), W (. 1.y), P*(p. 1,5), P (p. 1.y, u), ¥4(p. 1.5, ), @)

where z £ (s,d,y). Here, ¥ transforms the time scale, ¥ transforms the measured variables, ¥* transforms the unmeasured
state variables, P! transforms the control input variables and ¥¢ transforms the exogenous input Variables.

3.1 | One-parameter group of transformations

To endow the family of transformations (2) with a group structure, we borrow from'™ the definition of one-parameter group of
transformations.

1D,x(r) denotes the derivative of the function x(f) w.r.t. # and it is used in place of the more classical notation x(f) for underlining the actual time scale with respect
to which we are differentiating the function x(1): if = = T(¢) is any other continuous time scale (i.e. a strictly increasing continuous function of ), D X(z) denotes the
derivative of X(7) 4 x(T~!(z)) (i.e. the function x(f) in the new time scale 7) w.r.t. the new time scale 7.

2This notation is extensively used in standard textbooks on symmetries such as%.

3More general time scales transformations of the form ¥ (p, ¢, x) can be considered, including for example Lorentz transformations and, more generally, Poincaré
groups of transformations on the time/space domain.
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Definition 1. (One-parameter group of transformations). A local one-parameter group of C*-transformations (LGT) ¥ acting
on M consists of an open subset V with {0} X M C VY C R X M and a C* mapping ¥ : ¥V — M such that

(i) (identity) ¥(0,t,z) = (t,z) for all (t,z) € M,

(ii) (inversion) if (p,t,z) € V then (—p, ¥(p,1,2)) € V and Y(-p, Y(p,t,2)) = (,2),

(iii) (composition) if (p;, ¥(p,.1,2)) € V, (p,,1,z) € V and also (p; + p,.1,z) € V then ¥(p,, ¥(p,,1,2)) = ¥(p, + .1, 2). <

The set V, the domain of the mapping P, is denoted by Dom(¥), and when Dom(¥) = R X M the group of transformations is
global (GGT). The underlying group of a LGT or GGT is always (R, +), i.e. the additive group R. E]A simple example of LGT
is the group of nonlinear (time) transformations

Y(p,t,z) = ,Z), 3
31,2 = ([ 3)

with Dom(¥) = {(p,?,z) € R X M : tp # 1}, while an example of GGT is the group of /inear transformations
W(p.1,2) = (1, "y, V' x, U, ?4°d) 4)

for AY € RPP, AX € RU=PX(=p) AU € R™™ and AY € R™.
For each p, W(p, -) represents a (local) diffeomorphism. Indeed, for each p let

Y(p) & {(Lz)EM : (p,1,2) € Dom(‘P)}.

The set V(p) is open and the mapping ¥, : V(p) — V(-p) with ¥,,(#,2) = ‘P(p t,z) is a C* transformation with C* inverse
‘Ppl = ¥_,, i.e. a diffeomorphism. The set V(p) (resp. V(—p)), the domain of the mapping ¥, (resp. ¥_,), is denoted by
Dom('¥,) (resp. Dom('¥_,)) for similarities with the notation Dom(¥). For the transformation (3) we have for each p € R

Dom(‘Pp) ={(t, 2 ERXM :t# %},Dom(‘l‘_p) ={(t, 2 ERXM : t# —%} (®)]

and ¥, : Dom(¥,) — Dom(¥_,) is a diffeomorphism for each p € R.

Notational remark. In what follows, we use interchangeably the notations ¥(p, ) and ¥ (-) to emphasize the action of
the transformation ¥(p, ) on M for each p. When no ambiguity arises, we will further simplify the notation by omitting the
parameter p and writing simply W(-).

For a vector field g on M we denote by g|; , the tangent vector assigned by gat(t,z) € M, ie. g|,, € TiZ)M ~ M. The

tangent vector g|, , is represented in the basis { |(, 2 o7 |(l 2 |(, ,} of the tangent space T, ,) M as I

n+m+r

glen 2 (u>mf+2g(u>|w,

with associated vector function
g(’? Z) = (gt(t7 Z)’ ng (t’ Z)’ ) gzn+m+r (t7 Z))
A LGT on M is the local flow generated by a suitable vector field on M, the infinitesimal generator of the group.

Definition 2. (Infinitesimal generator). The infinitesimal generator of a C* LGT ¥, on M is the C* vector field g on M such
that g(t,z) = %‘Pp(t, z)|,— at each point (#,z) € M. Moreover, for all (p, 7,z) € Dom('¥)

0
%‘I‘p(t’ Z) = g(le(tv Z))’ lI’O(l‘a Z) = (ts 2)4 (6)
The infinitesimal generator of (3] and, respectively, @) are
d
gmﬂ=*5 )
d
glus = me +2wn +wa—+2ma£a ®)

“In general, M can be replaced by any smooth manifold and the additive group (R, +) by any (local) Lie group G endowed with an identity element e € G, a smooth
composition law m : G X G — G and a smooth inversion law i : G — G.
SThis is a standard notation in differential geometry: see for instance'l? or'l®, Throughout the paper we omit the application point (¢, z) in each component of the basis
0 0 f)
{; lr.2)5 o l¢zys s mhm} € T, M.



The general form of the infinitesimal generator of a one-parameter group @) is

0 0
ady; ou;

J J

p n—p m P
A ¢ d y; X 0 u. d. 0
= t — + J t’ —_— + J t’ —_— + J t’ , —_— + J t’ ’d _
gl(r.z) g'( )at j§=1 glity) j§=] g ( S)()Xj j§=1 gu(t,y,u) j§=l gui(t,s )ayj

3.2 | Time scales transformation

In this section and for later use, we recall from® several situations in which ‘I’p transforms the time variable ¢ or, more generally,
a continuous time scale’| In order to proceed rigorously, for each p > 0 and assuming the set {a > 0 : [0,a) C Dom(‘{‘;)}
non-empty, define

Dom“I’L =sup{a>0:[0,a) C Dom(‘P;)}. 9

Clearly Dom“I’; > 0 for all p > 0 and Dom“Pi) = +co when IRE C Dom(‘I’;). We set DomJ“‘P’.J 2 0 when the set {a > 0 :
[0,a) C Dom(‘P;)} is empty. If we apply the partial derivative % to both sides of the group generator equation (6)), interchange
the order of differentiation % and % each other and integrate over [0, p], we obtain

oV’ P dg'(9)
T = 5

foreach p > O and ¢ € [0, Dom“P’p). Hence, for each p > 0, ‘{"p is a monotonically increasing function of ¢t € [0, Dom“PL).
Equivalently, ‘P; transforms non-negative continuous time scales into continuous time scales for each p > 0. However, even
when Dom“I‘i’ = 400 for p > 0 it does not necessarily hold that lim, /Dom* ¥, lI‘;J(t) = +o0. For instance, consider the transfor-

mation lI’;@(t) = ﬁ In this case, although the domain is unbounded, the transformed time remains bounded. In other words,
unbounded (or bounded) nonnegative continuous time scales are not necessarily mapped into unbounded continuous time scales.

Definition 3. (Time scale transformations:). A LGT of the form (2)’s maps (continuous) non-negative time scales into
(continuous) time scales for each p > 0.
> Unbounded-to-unbounded (UU) transformations: If Dom“P; = +oco and lim,_, , ‘P;) (t) = +oo for each p > O then the LGT
transforms bounded non-negative time scales into unbounded time scales. Such transformations are called BU-transforming for
p>0.
> Bounded-to-unbounded (BU) transformations: 0 < Dom+‘P;J < o0 and lim, /7 Dom* ¥t ‘I‘;(t) = +oo0 for each p > O then the
LGT transforms bounded non-negative time scales into unbounded time scales. Such transformations are called BU-transforming
for p > 0.
> Contractively-bounded-to-unbounded (CBU) transformations: If the transformation is BU and, in addition, the sequence
Doer‘I”p N\ 0 as p — +oo we say that the LGT transforms contractively bounded non-negative time scales into unbounded
time scales or it is CBU-transforming for p > 0. <
If lI’;J(t) = et (or lI’;{’(t) = e 1) then is UU-transforming for p > 0. On the other hand, if ‘I’;)(t) = In % (with
generator g'|, = (¢’ + 1)%) then DomJ“‘{"p =0if p =In2, Doer‘I"p =1In ﬁ if0 < p <In2and Dom“I‘; =+ooif p>1In2.
lI”p(t) = L < +oofor p > In2 and lim i ‘P;(t) = +4oo for 0 < p < In2. Hence, the LGT is

e—P—1 t/In s
not BU-transforming for p > 0 (actually, it is BU-transforming only for 0 < p < In2). On the other hand, if ‘{’;(t) = %W
(with generator g'|, = ﬂ%) then D0m+\I‘; = i if p > 0. In this case, lim, lI‘;)(t) = 4oo for p > 0, hence the LGT is CBU-
»

Furthermore, lim,_, ,

transforming for p > 0. A final example is ‘I’;(t) = % (with generator g'|, = #* - 1)(%) for which Dom“I’; =

p > 0, hence the LGT is BU-transforming (but not CBU!) for p > 0.
We remark that either UU- or BU-transforming LGT’s may not guarantee that the transformed time scale ‘P;J(t) is non-negative

e+l f
e —1

forall p > Oand? € [0, Dom“I’;): for instance, consider the case lI"p(t) = t — p with infinitesimal generator g'|, = —%. For the

A continuous time scale T is a strictly increasing continuous function T : T — J, with Z, J C R intervals of the form [a, b) and [c, d), with b,d < +oo. The trivial
time scale is the identity function 1 on R (i.e. 1(#) = 7). A time scale T : [a, b) — [c, d) is non-negative if ¢ = 0, positive if ¢ > 0, it is bounded if lim, ,, T(t) < +oo (i.e.
d < +o0) and unbounded if lim, ,, T(t) = +oo (i.e. d = +00) .
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sake of simplicity, we assume ‘I‘;J(O) = 0forall p > 0, i.e. ¥, maps non-negative time scales into non-negative time scales for
p > 0 as for instance with lI’;)(t) = 1+w and ‘I’;(t) = e"pt.

3.3 | Prolongation of groups and generators

Notice that, with the postulated structure of ‘I‘p and g, the transformation ‘P;’s 2 CH ,‘P;) with ‘I‘; 2 (P, lI’;) is itself a LGT
acting on R x R" with infinitesimal generator g"*|, ) = g (t)% + Z;':l goi(t, s)aisj. We see how to “prolong” the action of ‘P;S
on the time derivatives of s(¢), in particular D,s(t). Consider the state and its time derivative functions and define the 1st-order
prolongation of the function s(¢) as
prls() & (s(0), D,s(t)).
Let sl £ (s, sD) denote the coordinates of the tangent bundle TR” = R" x R so that we write s!!! = pr{!ls(¢) with the obvious
meaning. There is an induced local action of ‘P;’s 2 v, ‘P;) on R X TR" called the 1st-order prolongation of the group ‘I‘;’s
and denoted by prm‘I‘;s. It is defined as the mapping
(1] prify” gt A 1
(,s!") € R X TR"+—— pr!'"Wi*(z, sty 2 CHAOR S sl')) e Rx TR”,

Sl

» is such that

where ¥
3" ¢, pris ()| = pr!5,(t,) £ G, (t,), D, 5,(t,))
. p &P =¥ty = PT O Sp(ty) = (Sp(Ly), Dy Sp (R,
with
5,,) 2 [W5o(1 X $)]o[ W, 17! (t,).
In other words, ‘I‘;m (, pr[‘]s(t))|,:[‘p; ity is the 1st-order prolongation of the function FP (t,) which is the transformed function

s(?) in the transformed time variable t, = ‘P;(t). The prolongation of ‘I‘;J’s is obtained from the following prolongation formula,
borrowed from'.

Proposition 1. (Prolongation formula for ‘I’;’s):
prite, st £ (), W 0,1, W s £ (0,9, W5 (1,51, (10)
o 0‘1’; | 0¥} oV} o
¥, =(—®O) | — @ 9)+—C, <
p (s =(—=0) 5 LS+ —=(ts)s
For example, the 1st-order prolongation of the group (@) is
t
1 —ypt’

where ‘I‘;(]) = (1 — p1)’sWV is the action of W’* on the coordinate space of time derivatives sV

pri (s, sty = ( z,(1 - p1y’s?) (n

Similarly, the 1st-order prolongation prt!lg"s of the generator g"* of the group ‘I’;’s is defined as the infinitesimal generator of
the prolonged group pr[”‘l’;x according to the following prolongation formula, borrowed from'.

Proposition 2. (Prolongation formula for g*):

(1] gt A im0 N s, 0 N Py _9
Prg g = 805 + _Zlg (”S)as,+ _Zlg -5 (12)
J= J= J

Oy 987 oy, 987 98 L
gv (t,s") = 3 (t,s)s" + or (t,s) o (t)sj <

As will be seen in the following sections, we will make extensive use of the prolongation formulas to construct one-parameter
groups and study system symmetries. For example, the 1st-order prolongation of (7)) is

n
[1] 1% _ 20 m, 0
pr'g I(,’sm) =t"— — 28 't——
ot ; J 6551)

which is also the infinitesimal generator of the prolonged group (TT).

7Needless to say, our case list is not exhaustive: for instance, if lI”P(t) = #P! than lim, _, | ‘I"P(t) = i < 4oo for each p > 0 and ‘Pp transforms unbounded positive
time scales into bounded time scales for p > 0.
8Here, o denotes composition of functions, 1 the identity function on R (i.e. 1(¢) = ) and X the Cartesian product of functions



4 | SYMMETRIES OF ODE SYSTEMS

One-parameter symmetries of a system are one-parameter groups of transformations that preserve the system’s structure. The
class of symmetries considered in this paper was introduced in the recent works” and® for semiglobal and global observer design.
For completeness, we begin by recalling from the notion of system map and how it is trasformed by the action of a LGT. For

F
each C* function (¢, s, u,d)+> F(t,s,u,d) € R" define the system map A &(t, s, u, d) (associated with F) as

(¢, x!" u,d) e Rx TR" x R™ x R+ (t, s u,d) £ s - F(t,5,u,d) € R". (13)

4.1 | Notation II

In this paragraph, for later use in the main definitions and proofs of the main results, we collect all the notations relative to
coordinates, functions, time scales and system maps transformed under the action of a LGT and which will be used in the
discussion and proof of the main results. We recall that sl'l £ (s, s(V) and prl!s(r) £ (s(r), D, s(t)).

> transformed coordinates (t, st u, d):
A
t, = ‘P;(t),

2, £ (5,,u,d,) £ (F(1,9), Wi,y 0), Wa(1, 5,d)), (14)
(1) A \ys® [1y [11 A M

s, =W, (st s) " = (sp8.0),

> transformed prolongations pr[l]s(t) and functions u(t), d(t) in time-scale t .

2,(1) 2 (5,0 1y (1), dy (1)) 2 (F2(1, 5(0)), Wi 1, y(0),u(0)), WE 2, 5(0), A1), (15)

(Dys5),(1) 2 %5 @, prl'ls(@),
(pr!!1s), (1) £ (5,(1). (D,5),(1),

> transformed prolongations prt''s(t) and functions u(t), d(t) in the transformed time-scale t, :
Zy(t) £ Gy(t). Bty () 2 2,0l e - (16)

[z A [1]
pr Sp(tp)—(Pf S)p(ﬂlx:[ly;]—l(tp),

> system map in time-scale t :

(1) & Ft. pr'ls(o), u(t). d(1)). 17)
> transformed system map in time-scale t :

5,(0) 2 G (1), (pri'ls), (1), uy, (1), dy (1)),

> transformed system map in the transformed time-scale t,,

Z,(ty) 2§ty P56, By (1), dy(t) = Ol 1 - (19)
With the system map and notation (I7), the system (I)) can be characterized in the following three equivalent ways
@ & =0 =0 & Ft.pr'x(0), u(r).d(®) = 0. (20)

Moreover, for helping the reader through the forthcoming definitions and examples, we highlight the following equivalences
and implications

=0 Frsud =0 sV =F,sud =3, =5 [0_rraug = Ft, Sy Updy) = Zylsop. (21)

We introduce also the vector field pri!lg on R x TR” x R™ X R" representing the infinitesimal generator of the prolonged group

o . 0 % 0
prUJgI(t,x[”,u,d) = Pflljgl’skt,sm) + Z gy, U)E + Z ghi(t,s, d)ﬂ (22)
j=1 j j=1 J

J J
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with pritlg™* as in (T2) and, finally, by L ,~ we denote the (Lie) derivative of the system map & along prillg (%), i.e.

prilg

(LpingZ)(g) = —%(q)g )+ Z 35, 08109+ Z T(q)g (st + Z %)g (1, y,w) + 2 —(q)g (1,5, d)

where for brevity we denoted the point (¢, s, u,d) by q.

4.2 | Recalls on symmetries and computational issues

A LGT transforms the system map X into Z (and correspondingly 2(¢) into X (t)) and any solution z(¢) of the system X(¢t) = 0
into a transformed function zp(tp) in transformed time scale t,,). However, zp(tp) is not necessarlly a solution of the transformed
system ) p(ty) = 0. ALGT is a symmetry of the system 2(r) = 0 if zp(tp) is a solution of & p(ty) = 0. For reader’s convenience
we recall from' the definition of symmetry.

Definition 4. (Symmetries). A LGT (resp. GGT) ¥, on M with infinitesimal generator g is a local (resp. global) C*® symmetry
(LS, resp. GS) of the system X(¢) = 0 if either of the following equivalent conditions holds:

1. (Transformation condition).

Vp € R,¥(1,2) € Dom(¥,) : T=0= %, =0, (23)

2. (Infinitesimal condition).

V(it,z2)EM :2=0= L_u,% = 0.< (24)

pritlg
While condition (24) embodies the constructive procedure for finding a symmetry for its generator, condition (23) provides a

geometric perspective. By the prolongation formula (T0) the vector s = F(t,s,u, d) is mapped by the group of transformations
through its prolonged action into

N o <0‘PX o >
w15, F(t,5,u,d)) £ (—(r))— 20+ —F(t s,u,d)

Condition (23)) amounts to
Wy (1,5, F(t,5,d)) = FOF,(0), W3 (1, 9), W1, 5. ) (25)

Hence, F is mapped into itself or it is left invariant under the action of ¥, and system’s solutions s(#) are mapped into
(parametrized) system’s solutions ?p (tp). In particular, the system with time scale ¢

Z(t) =0« D;s(t) = F(t,s(t),u(®),d(1))
is mapped by the symmetry into the system with time scale t,,
Z,(t,) = 0 & D 5,(t,) = Ft, 5,(t), By (t,), dy ().

This demonstrates how a symmetry transforms the system’s solutions while preserving its structural properties. This invariance
is a key feature that enables the construction of a (semi)global controller from a locally designed one which is the subject of this
paper.

In the following sections we develop in more details some theoretical and computational issues introduced in” and we intro-
duce new ones. This is also in some sense necessary to illustrate the different control design procedures we are going to introduce
in this paper.

In the following sections, we further elaborate on several theoretical and computational issues previously introduced inZ, while
also presenting new developments. This expanded discussion is intended to motivate, clarify and support the various control
design procedures that will be introduced throughout the paper.



4.2.1 | Computing symmetries from the prolongation formulas for generators

A first way of computing a LS of a system X(¢) = 0 is by solving the PDE resulting from the infinitesimal condition 24) with
unknown infinitesimal generator g. Consider the system map Z associated with

Flt,5,u,d) = <X2 2 d> (26)

with s & (y,x) € R? and u,d € R. Assuming an infinitesimal generator g of the form
A 4,0 y 0 X 0 u 0 d 0
S2gO—+&ty)— + gt s)— +g'(t.y,u)— + gty d)—
glun = &0 g(y)ay gts)— + gty u) - + gt y. &)=

and using the prolongation formula (T2) for computing pri!lg in 22), the symmetry condition (24) reads as

Gy Tt T8
0g*  ogt 0 0g*
E ot (B B0 rurd+ B =g gt 4 g @7
ay ox ot t
A first type of solution for is
0 0 0 0 d 0
==t (l-e)= —(I+)x— -2+ eu— +(1 —)— — 2+ ')d—. 28
gl at+( e)ay (+e)xax (+e)uau+( e)ay (+e)acl (28)
By solving ”;;”Z) = gl With Wy(t,2) = (1,2) we obtain the LS W, (t,2) = (t,,z,) with
1 e—ZP—y e_3p_y e—3p—y
t, =ePr,s, = (1 , uy=——  uyd=—"d. 29
p=¢hSy < M T evd—ev) T—eP(1- e—Y)X> b T T el =) P T T el =) &

Notice that Dom(¥,) = M if p > Oand = {(1,z2) € M : y < —In(1l — e?)} if p < 0. Moreover, since lI’;@(t) = eb1, ¥, is
UU-transforming for p > 0.

A far simpler solution for (27) is

o 0 P P
=19 9 % 49
Bloa) =15, ~%55 250 ~ 254

from which we get the GS ‘Pp(t, z) = (tp, zp) with
t, = ert, sp = (¥ e Px), u, = e 2Py, d, = e 2d. (30)

Also in this case, ¥, is UU-transforming for all p € R.

4.2.2 | Time scale transformation for performances in prescribed time

Consider the system map X associated with F(¢,s,w) = A(t)s + B(f)w, where w 2 (u, d), and assume a candidate infinitesimal

generator g of the form
m+r

0 - P P
=g (0 + Y (G W9~ + (G (W), .
gle2) g()at j=1( ()S)Jasj jzl( ()W),awj

where G5(¢) € R™" and G¥(f) € R+ We seek a function g'(¢) in such a way that the solution (1) of

t
O‘I’p(t)
op
satisfies Dom*‘I”p < +oo and lim, /Doyt = +00 forall p > 0, i.e. ¥, is a BU-transforming LGT for p > 0. For instance,

1) — 12 wi tpy — 1 g _ 1 1) — 12 _ : tp — —ePE=2)+2(-1) g _ 261
g'(t) = t= with lI’p(t) = T and Dom ‘I’p =,0rg (t) = t= — 3t + 2 with lI‘p(t) = D) and Dom ‘I“D = > When

‘P;(t) = 1_;}”, ¥, is also CBU-transforming for p > 0 (since lim,,_, , Dom“P;, = i). Using the prolongation formula (I2)) for
computing pri!lg in (22)), the symmetry condition (24) for £(r) = 0 boils down to

0G*

ot

G5(1)B(t) = B(?) (Gw(t) + aa—it(t)lmH) + %(r)tz. (33)

= g'(¥,(), ¥y() =1, 31

a t
0 = ADG®) - G HAQW) + A(t)a—i(T) + aa—?(t)g’(t), (32)
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The unique solution of @ which is a differential Sylvester equation, is

t

s s ag' 0A,
G () =01, 1)G(0)P(r, )+ [ D, r)(A(r)Eltﬂ + o =& (MD(r, )dr, (34)

T

G*(r) € R™" and 7 € R, where ®(z, 7) is the state transition matrix of the system D,s(t) = A(t)s(t), unique solution of
D,®(t,7) = AP, 1), P(7,7) = 1, (35)

The remaining is a (algebraic) Sylvester equation. Once we find the matrix G5(r) in satisfying for some 7 € R
and G (¢) € R+)Xm+9) e solve

0‘Pp(t, z)
T = gl‘l’p(t,z)’ Yo(1,2) = (1,2),
and we get the LS of X(¢) = 0 in the form
P, (t,z) = (\P;(t), D3(p, 1)s, DV (p, Hw), (36)

where @(p, ) € R™" and ®¥(p, ) € R"+X0m+1_ For instance, if

F(t,s,w) = (ﬁ) , (37)

oo (12)eo=(3 )

(with arbitrary function g9) as solution of (32)-(33) (by selecting 7 = 0 and G*(0) =
compute the matrices ®*(p, 7) and ®¥(p, t) in (36) and finally obtain a LS ‘P, with

with g/(t) = 1> we get

00

{ O> in (34)). From these matrices, we

1
t (D O 3y, oI &G0
(tp,sp,up,dp)=(1_pt’<1;' l_pt)s,(l—pt) u, el €m0 ). (38)

po>-too Dom“l’; =0theLS is more specifically CBU-transforming for p > 0.
On the other hand, with g’(t) = 1> — 3t + 2 we get

- _
G¥(t) = ( A ¢22> LGY(1) = < ’JS gf;t)>

1

Notice that since Dom*‘l’; = i and lim

-2
(with arbitrary function g9) (by selecting 7 = 0 and G*(0) = ( ) ) in (34)). From these matrices, we compute the matrices

@5(p, 1) and ¥ (p, ) in (36). Notice that since Dom“PL = 25)__11 and lim,,_, Dom“I’i’ = 2 the resulting LS is no more than
BU-transforming (i.e. not CBU-transforming) for p > 0.
The above result can be directly generalized to
F(t,s,w) =Js+ Bu, 39)

with (J, B) in Brunovski form with J € R™", n > 2. In this case, with g'(¢) = 1%, we select 7 = 0, G*(0) in (34) and G¥(¢) in
(33) such that

(G%(0) + Jt>)e ™' B = e B(GY (1) + 21). (40)

The above type of time scale transformation can be used to impose additional control performances on the system such as control
in prescribed time. Indeed, if the time scale transformation is, for instance, lP;D(t) = 1—;m then designing the controller in the
transformed time scale 7, automatically defines a controller with prescribed time Dom“P; = ;7 in the original time scale ¢ since

t 1
‘I’p(t) — +o0ast / %



4.2.3 | Constructive step-by-step procedures for symmetries of triangular systems

Symmetries can be computed as well by exploiting the system’s structure. Consider the lower triangular system map X associated
with

(41)

F(t,s,w) = ( At y) + Py(t, y)x >

Ay(t,s) + By(t,y)u + B(t,s)d

with s £ (y,x), y,x,u,d € R", P,(t,y), B,(t,y), P,(t,x) € GL(n). We compute a symmetry of X(¢) = 0 according to a two-steps
procedure. The first step consists of computing, with the help of the prolongation formula (I2)) and the symmetry condition (24),
the infinitesimal generator g, of a LS of the system X, (¢) = 0, with system map X, associated with

F\(t,s,u;,d) = A[(t,y)) + P(t,y))d;.

The system X, (¢) = 0 is obtained from 2(#) = 0 by considering the first block of equations D,y(¢) = A, (¢, y(¥)) + P, (¢, y())x(t)
in 2(¢) = 0 and taking s, (¢) = y(¢) as state, d,(t) = x(¢) as exogenous input and y,(t) = y(¢) as measured variable. Relying once
more on the prolongation formula (T2)) and the symmetry condition (24)), the second step consists of extending the infinitesimal
generator g; (on the (¢, s, u;, d;)-space) to the infinitesimal generator g (on the (¢, z)-space) of a LS of X(¢) = 0 by setting d, Ay
andy, £ y. For instance, the generator g, iz = g’(t)% +ghi(t, y1)£ +g% (1,5, dl)ﬁ of aLS of £,(¢) = 0 must satisfy by (24)
1 1
_i[(9g"  og' dgh  0dA,  OJP 04,  JP
d=p 1[ —— - = (A +Pd)+ — - (—+—d)g' - (— + —d YJ].
£ =0 <ay, or ) At R+ =5m = (Gr 4+ g — (G + 5o ds
The infinitesimal generator g of a LS of 2(f) = 0 is obtained by extending the definition of g; on the (¢, z)-space with d, 2 x
and y, - y:
d d d 7} d d d
=g (= + g (t,y)— +gU(t,y, ) — + g'(t,y,u)— + g%(t,2)— = e+ gy, u)— + g%t s, d)—
8l g()at g’ ( y)ay g ( yX)ax gty u)du g%( Z)ad gl e gty u)()u g(t,s )6d

(dq.y)=(x.y)

with g¥ and g9 satisfying the symmetry condition (24) for Z(r) = 0

L[ (98" og 0B,

o[ g OBy, "
& 2<ax o )2 o 811 “2)
_,[0g% = ag% dgd  ag' 04, 0P, 0A, 0P, 0A, 0P,

d 1 t X d
=P |[=—+—=—(A,+P — - = | (Ay+ Pd) - (— + —d)g' — (—= + —d)g" — (—= + —=d)g“|.
8 > | o1 + ay( 1+ P+ o Y (Ay + P,d) (dt + Y )8 (6y + dy )8 (6x + o )8

For instance, for the system map X associated with
X
F(t,x,u,d) = , 43
% u.d) (xyk+(1+y2)(u+d)> “3)
k > 1, we obtain the infinitesimal generator
o 0 0 2y° 0, .0
=kt L —y L (xS 4 (=1 +2k) + (—+d—) 44
Blun = k15 —y5o — L+ loxas < (1+26) 1+y2> Y90 T %%d “4)
and, by integration of dl{ld"g’z) = gl‘{’p(t,z)’ Yo(t,z) =(t,z), the GSof Z(r) =0
W (1.7) = (t.z.) = [ e*P1. diagle?, e (1H0P1g o= (2k=Dp I+y’ 45
p(12) = (t,,2,) = | e™r, diag{e™, e }s,e mw . 45)

The GGT ¥, is UU-transforming for p > 0.

The reader can extract from above a recursive symmetry-computing method for higher-dimensional lower triangular systems.
As well we can outline a recursive step-by-step method for upper triangular systems. Consider the upper triangular system map
X associated with

(46)

_ (A, x)+ B{(t,u) + P (t,d)
F(”S’”’d)‘< By(1,u) + Py(z,d) >

with s £ (y,X), ¥,x,u,d € R". The first step consists of computing, with the help of the prolongation formula (I12) and the
symmetry condition (24), the infinitesimal generator g, of a LS of the system X, (¢) = 0, with system map %, associated with

Fi(t,s;,u,d)) = A,(1,d, ) + B, (t,u) + P (1,d, ).
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The system X, (¢) = 0 is obtained from Z() = 0 by considering the first block of equations D,y(t) = A,(, x(t)) + B, (t, u(t)) +
Py(1,d(?)) in Z(r) = 0 and taking s,(¢) = y(¢) as state, d,(t) = (d; (1), d (1)) = (x(?), d(?)) as exogenous input and y, () = y(?)
as measured variable. Relying once more on the prolongation formula (T2)) and the symmetry condition ([24)), the second step
consists of extending the infinitesimal generator g; (on the (,s;,u;, d;)-space) to the infinitesimal generator g (on the (z, z)-
space) of a LS of Z(t) 0 by setting d; = (dy;,d;,) 2 (x,d), u; 2y and Yi 2 y. For instance, the generator g, |, , =
g (t)— + gYi(t, yl)— + gui(t, yl,ul)— + g, y1.dg, 1)— + g%2(t,y,,d, ) ofaLS of ¥,(t) = 0 must satisfy by (24)

“ _ 0B, _[ g 6g 031 t]
£ =\ oy, 9y, or or ¢

-1 -1
gh = ﬂ [ @_6_5 A1+E_%gt]’gdl.2= ﬁ [ @_a_g’ P, _@gf] 47
ad; 4 ay, ot ot ot od; , 2y, ot 0

The infinitesimal generator gl(,,z) of a LS of 2(f) = 0 is obtained by extending the definition of g, on the (¢, z)-space with
(dl,l’dl,Z) é (X, d)7 u; é u and Y1 é y:

Blun = €05 + & )T LY 0T+ SOy Fe s DT =l e
and satisfying the symmetry condition (24) for the overall system X(f) = 0. For instance, for the system map ¥ associated with
F(t.x,u,d) = <X t”2> , (48)
we obtain the infinitesimal generator
glyy =12 —3yL —ox L _y L _ el (49)

ot ay 0x du od

p(l z)

with arbitrary g9 and, by integration of = g|q,p(,’z), Wo(,z) = (t,z), the GSof Z(r) =0
¥,(1,2) = (tp, z,) = (71, diag{e™, e P}s, ePu, e 5P d). (50)

The GGT ¥, is UU-transforming for p > 0.

4.2.4 | Symmetries of linear systems with locally linear input nonlinearities

Consider the system map Z associated with
F(t,s,u,d) = As + By(u) + Pd,

withu € Rand y : R — R strictly increasing (C*) function such that y(0) = 0. Consider a LGT ‘Pp of the form lI“{,(t, z) =
(e*Pt, e Ps, (), ¢9'Pd), where k € R, G° € R™" and G¢ € R are such that

AG* —G°A+kA=0, PG~ G°P+kP =0, (51)
G°’B=3%g"B (52)

for some g € R. Using the prolongation formula (T0) for computing pri!lg in 22), the symmetry condition (23)) for X(f) = 0
boils down to

P (As + By(u) + Pd) = Ae%Ps + By(¥y(u) + Pt (53)
which on account of (51)-(32) is satisfied with Ph(u) = y~1(e® =Py (u)). Notice that ¥, is a LGT with Dom(¥,) = {(1,2) €
M : e@® Py (y) € Dom(y~!)}. The infinitesimal generator is

n -1
0 0 | —u dy 0
=kt— + G’s),—+(@E -k | — —
8l = ki 121( ), %) @ -k < au> rw-
(54)

For instance, if

X
F(t,x,w) = <arctg(u)> s (55)
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we get the LS ¥, with

t,=ePrs, = diag{e™?, e ?P}s, u, = tg(e Parctg(u))

(56)
and arbitrary d,, with Dom(¥,) = M for p > 0 and Dom(¥,) = {(1,z) € M : |arctg(u)| < ePr/2} for p < 0.
4.2.5 | Symmetries of systems with locally linear state nonlinearities
Consider the system map Z associated with
F(t.s.u.d) = (S“‘u(x)> 57)

with s = (y, x) € R2. Assuming a candidate infinitesimal generator g of the form g2 EN t(% + gy(y):—y + gx(s)i + g“(u)(% and
using the prolongation formula (T2)) for computing pri!!g in (22), the symmetry condition (24) reads as

og¥ og'
(a_gy - a—i) sin(x) = cos(x)g”,
agx ) agx agt
+(— — — = u, 58
Oy sin(x) + ( X 9 u=g (38)

We get the simple solution g|, ,) 2 ta% - tg(x);—x —(1+—)2, Ix| < /2, and the LS ¥, with

cos2(x)” du

e_p
\/ e — sin?(x)
(59

Moreover, Dom(¥,) = {(t,z) € M : [x| < z/2} for p > 0 and Dom(¥,) = {(t,2) € M : [sin(x)| < el x| < z/2} for
p <O0.

t, = eft,s, = (y,arcsin(e ¥ sin(x))) ,u, =

4.3 | Contracting symmetries

As already noted, a LS transforms () = 0 into fp(tp) = 0. If the norm of (sp(O), dp(t)) can be made sufficiently small by
sufficiently large values of p > 0 (i.e. the norm of (s(0), d(#)) can be made sufficiently small via the action of the symmetry by
sufficiently large values of its parameter) then a controller/observer which is designed locally on ip (t,) = 0 can be pulled back by
the inverse group transformation [‘Pp]‘1 = ¥_, so that to obtain a semiglobal/global controller/observer for (r) = 0. Obviously,
for all of this to happen, the symmetry ¥, must possess certain contraction properties on the (s, d)-space. This motivates the
following definition, which we borrow from” under a simplified version but retaining at the same time the key property of
contracting the (s, d)-space. We recall that Sp and d‘D denote the functions ‘I‘;(t, s) and, respectively, ‘Pg(t, s, d) (see (Def. (14))).

Definition S. (SI-contraction). A LGT (resp. GGT) ¥, on M is state contracting (SI-contracting) with contracting maps (o, u)
if there exist 6 € K, and u € L such that for all (p, ¢, z) € Dom(¥) for which o(||s||) < p we have

(s Il < ()< (60)

The above definition of SI-contracting symmetry has been introduced in a slightly weaker form in. Definition [5] actually
captures the claimed contracting action of a symmetry ‘Pp on the (s, d)-space. Indeed, for a LGT ‘Pp with Dom(‘I‘p) = M for
each p > 0 and Sl-contracting with contracting maps (o, u), if we pick any (t,z) € M then there exists p, > 0 such that
o(|[(s,d)|]) < p for p > p,, hence (60) hold for p > p,. Since u € L we get limy_, , lI(sy,dy)ll = 0. In conclusion, ¥, acts
contractively on the (s, d)-space as p — +oo.

Below we provide some examples.

For the GGT (@3) we have ||s, || < e P|y| + e™!*PP|x| < e P||s|| and |d,| < e"*~D?|d| for all p,7 > 0 and (s,d) € R* X R.
Hence, ({@3)) is SI-contracting with contracting maps

1

3 In(r + 1),e7%") (61)

(o, 1) =(
for any 6 € (0, 1).
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For the GGT (36) with d,, = e—3Pd (recall that d, is arbitrary) we have [|s, || < e 2||s|| and ldy| < e 2?|d| for all p, > 0 and
(s,d) € R? x R. Hence, (56) is SI-contracting with contracting maps

1
1-¢6

(o, 1) = ( In(r + 1), e~ 1+ (62)

for any 6 € (0, 1).
For the LGT (29) we have Dom(‘Y,,) = M for each p > 0

lIsll < p& = lIs, |l < In(1 +7P172) 4 77072, (63)
d| < pé = [d,| < eP!17,

with any 6 € (0,1). Indeed, |y| < ps = |y,| = |lnl_e_;ﬁ| < In(1 + eP(e? — 1)) < In(1 + e P1-9). Hence is
SI-contracting with contracting maps

(o, 1) = (g, In(1 + e (" = 1)) + e (64)

for any 6 € (0, 1). For the GGT (30) we have for any 6 € (0, 1)
In(1 +[Isll) < ps = [|x,[| < e7#172, (65)
In(1 + |d]) < pé = |d,| < e7#177. (66)

However, (30) is not SI-contracting since |y,| = |y|.

4.4 | From local controller/observers to semiglobal/global controller/observers

The design of semiglobal or global controllers from local controllers follows the idea outlined below. This approach shares
similarities with the frameworks in” and® where the discussion was restricted to observer design for systems with detectable
linearization. However, the methodology pursued here is fundamentally different. In the observer design considered in [7, 9],
an observer is constructed for the transformed system, assuming that the original system has a detectable linearization. Since
detectability of the linearization is preserved under the symmetry, the observer can be designed based on the linearization of the
transformed system. In contrast, in this paper we do not assume detectability of the linearization for the original system. We only
require that a local observer is available. Using this local observer, and exploiting the fact that the system structure is preserved
under the symmetry, we construct a semiglobal observer for the original system via the inverse group transformation. Finally,
the convergence and stability analysis in this framework is significantly more involved than in® motivating more technical and
careful proofs.

Let us discuss the key points of the idea. Let d() be some exogenous input and ¥, a LS of 2(r) = 0 with Dom(%¥)) = M for
p > 0, SI-contracting with contracting maps (o, #) and UU-transforming for p > 0. Similar considerations apply (with proper
modifications) for LS that are BU- or CBU-transforming. Pick any ¢ > 0. Since ¢ € K, and y € L hence poc € L. Assume
that the initial conditions s(0) and exogenous inputs d(¢) satisfy for all # > 0 and for some p > 0

o(ll(s(0), d@)ll + @) < p (67)
where w > 0 is sufficiently large so that
(noo)w) <o (68)

On account of the SI-contraction property (60) of ¥, and since p, pos € L it follows that the transformed initial conditions
sP(O) and exogenous inputs dP () in time scale ¢ satisfy for all > 0

ll(s,(0), dy ()l < u(p) < (Hoo)(w) < o, (69)

hence in time scale t,,

G, (0), d, &)l < 0 (70)

for all t, > 0. If a controller ﬁp (t,) is available for the transformed system ip(tp) = 0 such that

lim sup [[5,,(t,)I| < F(sup [ld,,(t,)I)
t,—+o0 t,20
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for initial conditions Fp(O) and exogenous inputs Jp(tp) satisfying (70), i.e. in a “small” ball of radius ¢, by inverse group
transformation ‘{‘;1 we get a controller u(?) for the original system X(¢) = O such that

t—>+o00 t

limsup ||s@)]| < V(Sug d®Il)

for all the initial conditions s(0) and exogenous inputs d(¢) satisfying (67), i.e. in a “large” ball of radius o~'(p). This ball can
be taken larger and larger as p — +oo0. Moreover, asymptotic convergence in both time scales 7 and 7, is guaranteed by the
symmetry ¥, being U U -transforming.

A similar principle can be applied to observer design as long as the solutions s(#) and exogenous inputs d(f) satisfy for all
t > 0 and for some p > 0

o(ll(s@,dO)ll + w) < p (71)

where @ > 0 is as in (68)): from a local observer for the transformed system E(tp) = Q for all its solutions E'p (7,) and exogenous
inputs d~p(tp) remaining in a “small” ball of radius ¢ we obtain a semiglobal observer for the origin system Z(¢) = 0 for all
its solutions s(z) and exogenous inputs d(¢) remaining in a “large” ball of radius o' (p). Following a similar philosophy but
using a state-norm estimator it is possible to extend this type of observer design to the case of unbounded solutions s(¢), i.e. not
remaining in a compact set, with initial conditions s(0) and exogenous inputs d(¢) satisfying (71).

S | SYMMETRY-BASED CONTROLLERS

5.1 | Semiglobal symmetry-based controllers with asymptotic convergence

In this section we consider the problem of transforming a local state-feedback controller, local in the sense of tolerating only
sufficiently small initial state conditions and exogenous inputs, into a semiglobal controller, semiglobal in the sense of tolerating
initial state conditions and exogenous inputs in a priori given compact set: ||(s(0), d(#))|| < N for some a priori given N > 0
and for all # > 0. We consider the case of infinite control horizon, i.e. the system time scale is [0, +o0). To begin with, we assume
the existence of a SI-contracting symmetry transforming infinite time scales into infinite time scales.

Assumption S.1: ¥, is a LS of £(r) = 0 with Dom(¥,) = M for p > 0, Sl-contracting with contracting maps (o, u) and
UU-transforming for p > 0. <

As announced, we assume to have at hand a local state-feedback controller of the form u(t) = @(t, s(¢)) for X(r) = 0. We
formulate this assumption in terms of a local dissipational inequality involving energy (or Lyapunov) functions.

Assumption S.2: There exist open neighbourhoods B C S and B¢ C R* of the origin, a, ﬂ,ﬁ, y € K, and a C! function
V RO xB - R%and @ : Rx B° — R” such that for all (1,s,d) € RO x B° x 3 h

Blllslh < V@, 5) < BlllslD), o
v, v (t,
;; s) + ;Z s) F(,s,p(t,s),d) < —a(V(t,9) + y(|d|).< (73)

Some (mild) extra conditions are required on the state transformation ‘I‘; and the inverse input transformation map ‘P“_p for ob-

taining a converging state s(¢) with control input u(¢) (in time scale ¢) from a converging transformed state E'p (tp) with transformed

control input ’Jp(tp) (in time scale t,,). We remind the reader of the notational meaning of the functions t,, s, d,, (Def. (T4)).
Assumption S.3: There exist p, > 0 and 7, € K, such that if y(r) £ (' ofof oa~)(2y(s)) and for all p > p,

lisyll < 2max{(F~"op)(u(p)), ¥ (1(P))}

lbis) o

7,(p)

The way we formulate Assumption S.3 is motivated by the fact that, even if Dom(¥) = M, it may as well happen that
(tp, ¥y @(ty.5,)) & Dom(‘I‘“_p) for some p > 0, while by definition of one-parameter group always (t,, y,, u,) € Dom(‘I’ip) for
all p > O and (¢,s,u) € R X R" X R” with ‘P“_p(tp, YpsUp) = u. Also, by definition of one-parameter group we always have
(ty.sp) € Dom(‘}‘s_p) and lI’S_p(tp, sp) = s. With Assumption S.3 we ask that for s, in a sufficiently small neighbourhood B° we
have (t,,y,, @(t,.s,)) € Dom(‘P”_p).

= (s, € B°) A <(tp,yp,qo(tp, sp)) € Dom(‘I‘“_p)> A <||‘I‘S_p(tp, spll <
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Assumption S.4: There exist 7; € K and 7, € L such that

20lldy [1) < m(P)73(lldID
for all p > O and (¢,z) € M. <«

Theorem 1. Under Assumptions S.1-S.4 and for each N > 0 consider the solutions (%, z(¢)) of Z(¢) = 0 with
u(t) £ W2 (1,0). 3, (0). @1, (1), 5,(D)). (75)
and sup,.q [|(s(0), d())|| £ N. There exists p > 0 such that

lim sup ||s(®)]| < 7, (sup ||S||)ﬂ3(su(1§> ld@®1D).< (76)

t—+o00 SEBS >
In other words, the local controller u(t) = ¢(t, s(t)) (here, “local” means specifically that ¢(t, s) satisfies for (s,d) in a
“small” neighbourhood B° x B¢ of the origin) is transformed by the symmetry ¥, into the semiglobal controller (here,
“semiglobal” means that satisfies for (s5(0), d(1)) in a pre-assigned ball of radius N).

Remark 1. (Design parameters). The proof of Theorem [T} reported in the Appendix, points out the procedure for tuning the
parameter p > O of the controller (73) which is readily obtained from the local controller u(¥) = @(z, s(¢)). Notice that if
d(t) = 0 we have exact convergence x(¢) — 0 as t — +oo. Also on account of (67), notice that by increasing p > 0 we extend
automatically the set of initial conditions s(0) and bounded exogenous inputs d(¢) for which holds.

Remark 2. (Robustness). Robustness and sensitivity of the resulting semiglobal controller are inherited from the local
controller u(t) = ¢(t, s(t)) and quantitatively evaluated by the input-to-output inequality (76)).

5.1.1 | The case of stabilizability in the first approximation

The search for functions V, a, E, p,y satisfying Assumption S.2 is, say, canonical when the linear approximation of X(#) = 0 is
stabilizable. Let

A(n) & oF@,s,w) B() & 9F(t,s,w) G A dF(t,5,W)
ds (S,W)=O’ Jdu (s’w)=0’ ad (S,W)=0’

(AZ,)(, s, W) 2 F(t,s,w)— (A(®)s + B(Hu + G(1)d) (78)

(77)

The following set of “stabilizability in the first approximation” assumptions are considered for £(#) = 0 in place of Assumption
S.2.

Assumption S.2.1: sup,, || B(t)|| < 400, sup,5 [|G()|| < +oo and there exist F : R} - R™", P : R} — S,(n) and
p,p > 0 such that sup, || F(?)|| < +co and forall # > 0

D,P(t) + P(t)(A(t) + BO)F()) + (A@®) + B()F)) (1)P(t) + 2P(t) € S_(n)

with
pl, < P(t) <pl,<

Assumption S.2.2: There exist & € K such that ||AZ, (f,s, w)|| < &(]I(s, w)|DII(s, w)|| for all £ > 0 and (s, w) € R X W. <
We prove that Assumptions S.2.1-S.2.2 imply Assumption S.2.

Proposition 3. (5.2.1) +(S5.2.2) = (S.2). <
The proof is as follows. Define V (, s) 2 s' P(t)s and @(t, s) 2 F(t)s and B° C R and B¢ C R® be open neighbourhoods of
the origin such that
P

(t,5,d) € RO X B* X B = £(lI(s, WID o s € —————
0 u=F(t)s 2p(1 + sup,so I F(I))

(79
Hence,

(t,5,d) € R, X B° X BY = [128T PO)AZ (1,5, W)l = (s < P (IISII2 + (Sug IISII)IIIIdII> <V, x) +g(sug IsIDIHIAIl. - (80)
SEBS SEBS
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In conclusion, we have for all (z,s,d) € R} x B° x /3

plisli> < V(t,s) < |IslI*p, (81)
aV,s aV,s _
) 4 WS by s oit.0).d) <~V 1,5) + (0 + 2B sup [GOIN(sup sl (82)
ot 0s - >0 sEBs

Hence, Assumption S.2 is satisfied with (r) = ps, B(r) = ps, a(r) = r and y(r) = (p + 2p sup,g |G |)(supge s lIs|)r, which
is the claim of our Proposition. B - B

In conclusion, under Assumptions S.2.1-S.2.2 we have at hand a local linear controller u(t) = F(t)s(t) for Z(t) = 0 (i.e. the
controller for the linearization of X(#) = 0) which can be transformed by a symmetry into a semiglobal nonlinear controller for
>(t) = 0, according to Theorem

Example (Triangular systems). Consider the system map X associated with (@3)) and the GS of Z(r) = 0 in @3). As
already seen, (@3) is Sl-contracting with contracting maps (62) and UU-transforming (Assumption S.1). Let’s see how it is
possible to meet the remaining Assumptions S.2-S.4. Since

1
(A0), B(1), G(1)) = <<8 O) , (?) : (?)) 5 (A,B.G)

with controllable (A, B), Assumption S.2 can be satisfied by showing that Assumptions S.2.1-S.2.2 are met. Using the
controllability of (A, B), find p,p > 0, F € R™? and P € S, (2) such that

P(A+BF)+(A+BF)'P+2P€S_(2)

and
pl < P <pl.

Assumptions S.2.1-S.2.2 are satisfied with F as above, 3° C R? and B¢ C R neighbourhoods of the origin, such that

p
(s,d) € B*x B = |xy* + y*(Fs + d)| < —————(({Is|| + |d]). (83)
2p(1 + || Fl)

On account of Proposition , Assumption S.2 is satisfied with ¢(t,s) = Fs, V(s) = s Ps, f(r) = pr, B(r) = pr, a(r) = r and
y(r) = (p + 2p)(sup,cp |Is|])r. Furthermore, there exists p, > 0 such that for all p > p, and any § € (0, 1)

2(£ + 2§)ﬁ —op S u X (1+k)p
Ispll < = sup lsl] = (x, € 5°) A ((tyo vy Fxy) € DomP ) ) A (195, xIl < 49k, 11) - (84)
seBs
i.e. Assumption S.3 with
(p+2p)p
x(NE = 5 (sup IslDr, u(r) & e € L, (N 2 1+r€ Ky, my(r) 2 e e L (85)
seBs

Finally, since k > 2 then |dp| < my(p)|d| for all p > 0 and (¢, z) € M and Assumption S.4 is met with 7;(r) 2 x ().
Theorem [T]applies to X(¢) = 0 providing the asymptotic bound (76) with the (semiglobal) symmetry-based controller (73] for
(1) =0

u(f) & e2k=bp MFdiag{ 1, e ) s(7). (86)
1+ ()
where p should be selected as detailed in the proof of Theorem([I] The local controller u(r) = Fs(t) (for a set of initial conditions
5(0) and disturbances d(¢) in the “small” ball B, X BB,) has been transformed by the symmetry of X(¢) = 0 into the semiglobal
controller (86) (for any set of initial conditions s(0) and disturbances d(¢) in a pre-assigned ball of radius N).
We should compare the semiglobal controller (86), which is obtained by inverse-transforming via symmetry a local controller
of 2(¢) = 0, with a semiglobal controller directly designed on Z(#) = 0 of the form

u(t) & Fs(r) (87)

where the design of the matrix F takes directly into account the arbitrarily large set of initial conditions s(0) and disturbances
d(¢) such that ||(5(0),d(®)|| < N (see for instance Theorem 12.1.1 and Corollary 12.1.2 of 1 or the paper'®). <
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Example (Triangular systems with locally linear input nonlinearities). Consider the system map X associated with (53))
and the GS of Z(¢) = 0 (36) which is SI-contracting with contracting maps (62). Since

0 01 0
(A(®), B(1), G(1)) = <<1> ; (0 0) ; <0>> £(A,B.G)

with controllable (A, B), Assumption S.2 is satisfied also in this case by showing that Assumptions S.2.1-S.2.2 are met. Using
the controllability of (A, B) find F € R™2, p,p > 0 and P € S, (2) such that

P(A+ BF)+(A+BF)"P+2I,€S_(2)

and
pl < P <pl.

Find B° C R?, neighbourhood of the origin, such that

p
s € B° > |arctg(Fs) — Fs)| < —————||s|| (88)
2p(L+[IF1D
and define ¢(t,s) = Fs, B(r) = pr, B(r) = pr, a(r) = r and y(r) = 2p(supgep lIsl)r. These choices secure Assumptions
S.2.1-S.2.2, hence Assumption S.2.
Furthermore, since Dom(‘P“_p) = {(t,y,u) : |eParctg(u)| < %)}, there exists p, > 0 such that for all p > p,andany 6 € (0, 1)

45
syl < =270 sup ls] = (5, € ) A (& ¥y F5y) € Dome,) ) A (I, 55,01 < ™l ) (89)

seBs

i.e. Assumption S.3 with
)52
202 L sup sl u) 2 e e LN 2 14rek, mr 2 el (90)
pP° seBs
Finally, |d,| < 7,(p)|d| for all p > 0 and (7,z) € M and Assumption S.4 is met with 75(r) 2 x(r).
Theorem [I] applies to Z(¢) = 0 providing the asymptotic bound with the symmetry-based controller

u(t) & tg(eParctg(e ? Fdiag{1, e }s(1))), 91)

where p should be selected as detailed in the proof of Theorem|[I] The local controller u(r) = Fs(t) has been transformed by the
symmetry of %(r) = 0 into the semiglobal controller (6.

We should compare the semiglobal controller (91), which is obtained by inverse-transforming via symmetry a local controller
of Z(¢) = 0, with a semiglobal controller directly designed on Z(¢) = 0 of the form

u(t) & Fs(r) (92)

where the design of the matrix F takes directly into account the arbitrarily large set of initial conditions and disturbances
I(s(0), d@®)]| £ N (see for instance Proposition 14.1.5 ofl3), <

5.2 | Symmetry-based controllers with finite- or prescribed-time convergence

In this section we consider the problem of transforming a state-feedback controller with asymptotic-time convergence (i.e.
infinite time scale) into a state-feedback controller with finite- or prescribed-time convergence (i.e. finite time scale). To this
aim, we focus our attention on linear systems X(¢) = 0, i.e.

F(t,s,w) = A()s + B(t)u + G(1)d 93)

and we assume the existence of a (not necessarily SI-contracting) symmetry which is non-expanding on time scales, i.e. a
BU-transforming symmetry.
Assumption PT.S.1: ¥, is aLS of (1) = 0 with Dom(¥,) = {(r,.zeM : 1 € Dom(‘P;)} and BU-transforming for p > 0. <
The next assumption asserts, through a dissipation inequality, the existence of a controller u(t) = F(#)s(¢) for Z(t) = 0 with
asymptotic time convergence.
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Assumption PT.S.2: There exist «, /3,5, y > 0 and a C! function P : Rg - S,(n)and F : [R(}r — R™ " guch that for all
(t,s,d) € Rg X R" x RS and with V' (z, s) 4 sTP(t)s

Blisl* < V(t.s) < Blisl*. 94)
aV;;’ s aV(t )((A(t) + B)F(t))s + G(t)d) < —aV (t,s) + ;/||d||2 95)

Assumption PT.S.3: There exist y € £, 7; > 0 and 7, : R xR} — R, such that for all p > 0 and (1,z) € M for which
te [‘I"_p(r), Dom“I‘L), with 7 € [0, ‘I’;J(Domﬂl"p)), there holds that

1P (65l < sl (96)
AR ”2(";;»]3)’
ol 8
S R ©7)
r r=t'J
ld I < (¢, pld]l.< (98)

Notice that since X(¢) = 0 is linear we are not requiring the symmetry to be SI-contracting (see Assumption PT.S.1 and compare
with Assumption S.1).

Assumption PT.S.4: (tp, Yps F(tp)sp) € Dom(‘P”_p) for all p > 0 and (¢,z) € M such that ¢ € [0, Dom“P;D). <
Theorem 2. Under Assumptions PT.S.1-PT.S.4 and for all the solutions (¢, z(7)) of () = 0, with
u(t) & P (2,(0). y,(0). F(1,(0)s5, (1)), (99)
and supq [|d(®)|| £ N, for any p > 0 we have
. 2y
limsup ||x()|| < 74/ —=sup[ld@®l. (100)
1/ Dom* ! L
If in addition ¥, is CBU-transforming, for each 7* > 0 there exists p > 0 such that (I00) holds with Dom"‘I’L <T*. <

Hence, if the symmetry is BU-transforming the global controller u(f) = Fs(¢) with asymptotic time convergence is trans-
formed by the symmetry into the global controller (99) with finite-time convergence, while if in addition the symmetry is
CBU-transforming then the global controller u(¢#) = Fs(¢) with asymptotic time convergence is transformed by the symmetry
into the global controller (99) with prescribed-time convergence < T*. The characterization of Theorem [2]is, at this level of
generality and as far as we know, not existing in the literature. Moreover, the resulting controllers are not of the sliding-mode
type (1), rather smooth time-varying (25).

Example (Triangular linear systems). Consider the system map X associated with (37) and the CBU-transforming LS
W, of £(1) = 0 in (38) with Dom* ¥, = % Since

(A, B(1), G(1)) = <<?> , (8 é) , (g)) 2 (A,B.G)

with controllable (A, B), Assumption PT.S.2 is satisfied with p,p > Oand P € S (2) such that P(A+ BF)+(A+ BF)"P+2I, €

S_(2) for some F € R>2. Furthermore, forall p > 0,s € R>and ¢ € [, (), D0m+‘{”) [m ;) (pick 7 £ 1), there holds
that (t,,y,, F's,) € Dom(‘P”_p) and

e = 1 (T 0 o< (1o1)
9 = P —
AL p 1+tp/) T T mt.p)
with 7, (r, p) a_L_ (1+ Ty satisfying
dlnmy(r, p) P A 6
_— <wy(t,) = ——. 102
or r=t, 1+t,p <wity) 1+t, (102)

By setting g(¢) = —3t (recall that g is arbitrary) we also get ldy| < m,(t,, p)ld| forall p > 0,1 € [0 Dom“I”) andd € R,
hence Assumption PT.S.3 is satisfied. Also Assumption PT.S.4 is satisfied for p > O and ¢ € [0, ) Theorem I apphes to
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2(t) = 0 providing the asymptotic bound (T00) with the symmetry-based controller (99)

1
A 1 — ()
HNE ——F 1-pt 103
O T <py(r>+(1 - pt)x(t)) (o

and prescribed-time convergence Dom*‘I’; = i less than any a priori given positive number < T* (simply pick p > %). The
global controller u(f) = Fs(r) with asymptotic time convergence is transformed by the symmetry ¥, into the global controller
with prescribed-time convergence in any a priori given prescribed time < T*.

We should compare the controller (I03)) with finite-time convergence, which is obtained by inverse-transforming via a sym-
metry a controller of X(r) = 0 with asymptotic time convergence, with a sliding-mode controller directly designed on %(¢) = 0
taking directly into account initial conditions and disturbances such that sup,s [|(s(0), d(1))|]| £ N (see for instance''®, ). More-
over, a sliding mode controller is a time-invariant discontinuous function of the state s(¢), while our controller is a time-varying
continuous (actually smooth) function of the state s(¢). Our controllers are more resemblant to the ones used in?L. As also noticed
in“!, the time-varying gain-based finite-time control is built upon regular state feedback, not on fractional-power or discontinu-
ous state feedback, thus resulting in smooth control action everywhere during the entire operation of the system. Moreover, the
finite-time control is characterized with uniformly pre-specifiable convergence time that is independent of initial condition and
any other design parameters and can be preassigned as needed within the physically allowable range. <

6 | SYMMETRY-BASED OBSERVERS

6.1 | Semiglobal symmetry-based observers with asymptotic convergence

In this section we consider the problem of transforming a local state-observer, local in the sense of tolerating only sufficiently
small state and exogenous inputs, into a semiglobal controller, semiglobal in the sense of tolerating state and exogenous inputs
in a priori given compact set: ||(s(t), d(¢))|| < N for some a priori given N > 0 and for all # > 0. We consider the case of infinite
control horizon, i.e. the system time scale is [0, +0). To begin with, we assume the existence of a SI-contracting symmetry for
the system.

Assumption O.1: ‘Pp is a LS of Z(¢) = 0 with Dom(‘I’p) = M for p > 0, SI-contracting with contracting maps (o, ) and
UU-transforming for p > 0. <

As already mentioned, we assume the existence of a local observer for () = 0 of the form

D,L(1) = F(t,£(0),u®),0) + w(t, y(1), y(t) — £ (1))

with & = (£, &%).
Assumption 0.2: There exist open neighbourhoods C £ €Y x C* C S, C° & ¢ x ¢ > ¢, ¢ C R’ of the origin,
5,0,6,n € K, and a C' function W : R% X C® - R and y : R x ¥ X C¥ — R™ such that

o(llell) < W (t,e) < 6(llell), (104)
oW(te) W
a(: ® . a(e ©) (F(t, s,u,d)— F(t,s —e,u,0) — w(t,y, ey)) < —5(W (1) +n(ldl)) (105)
for all (z,s,e,u,d) € RY X C* x C* x R™ x C? with e 2 (&, e"). <

As in the context of state-feedback controllers, some (mild) conditions are required on ‘Ps_p for obtaining a converging estimate
3(¢) of s(¢) (in time scale ¢) from a converging estimate E(tp) of the transformed state FP(tp) (in time scale tp).
Assumption O.3: There exist p, > 0 and z; € K such that if y(r) 2 (Q‘loaog‘loé")(Zn(s)) and for all p > p,

€11 < 2max{(0~" 0B)(u(p)), ¥ (u(P))} + u(p)
0‘1‘ip(tp,yp,Cx)| < 7 (lI(yy- 91D -
o m(p)

= ((tp,yp,m e Dom(wip)> A <|| (106)

Assumption O.4: There exist 7; € K and 7, € L such that

2(lldy 1) < 7 (p)75(lldI])
for all p > O and (¢,z) € M. <



Theorem 3. Under Assumptions O.1-O.4 and for each N > 0 consider the solutions (¢, z(¢)) of Z(¢) = 0, with observer

A~y A (@) A oy X
ot (1)
DLW = = ((F(ty(.£0.1,(0).0) + w(t, 0. 3,0 3,0) = (1)) £©) =0, (107)

and sup,q [|(s(), d())|| < N. There exists p > 0 such that

limsup [|s(r) — 50| < 7,2 sup [Is]| + sup llelz3(sup |d()]]).< (108)
seCs ecCe >0

t—>+00
Remark 3. The proof of Theorem 3] reported in the Appendix, points out the procedure for tuning the parameter p > 0 of the
observer which is obtained via symmetry from the local observer D,{(t) = F(t, {(t), u(t), 0)+w (t, y(t), y(t)—{¥(1)). Notice
that if d(f) = 0 we have exact asymptotic convergence s(f) — 5(tf) — 0 as t — +o0. Also in this case by increasing p we enlarge
the set of bounded solutions s() and exogenous inputs d(¢) for which (TO8)) holds. Robustness and sensitivity properties of the
observer are ineherited from the local observer.

Remark 4. (Robustness). Robustness and sensitivity of the resulting semiglobal observer are inherited from the local
observer and quantitatively evaluated by the input-to-output inequality (TO8).

6.1.1 | The case of detectability in the first approximation
The search for functions 6, 8, 0,nand W satisfying Assumption O.2 is, say, canonical when the linear approximation of X(¢) = 0

is detectable. This is exactly the context in which the semiglobal results ofZ must be considered and compared with the one
given in Theorem 3] Let

Ax(t)é J0F(t, s,w)i GO A 0F(t,s,W) ’
ox (s,w)=0 od (s,w)=0
(AXZ))(t,s,w) & F(1,5,wW) — (A*()x + G(1)d), (109)

At) 2 (0,,, A1) and C(t) £ (1, 0
S.2.2 and imply Assumption O.2.

Assumption 0.2.1: sup,,, [|G(?)|| < +oo and there exist K : Rg - R™P QO : R?r — S_(n) and Q’E > 0 such that
sup,»o IK(@®)|| < +o0 and

pX,,). We introduce two simpler assumptions which are dual of Assumptions S.2.1. and

D,0(1) + Q(M)(A() — K(NC (1)) + (At) = K()C )T ()0(1) +20(t) € S_(n)

with g1, < Q(t) < g1, forallt > 0. <
Assumption 0.2.2: There exist £ € K such that
0AZ, (1,5, W)
L ) < .d
I 30.d) I < &li¢s, DD
forallz > 0and (s,w) € S X W. <

We prove below that Assumptions O.2.1 and O.2.2 imply Assumption O.2.
Proposition 4. (0.2.1)+(0.2.2) =(0.2). <

The proof is as follows. Define W (¢, e) 2 e'O(t)e, e A (e7,€*) and w(t,y,e) A K(®eY = Kt)C(t)eand C* C S, C® D C*
and C? C R be open neighbourhoods of the origin such that

I8

seCheeC,de = &s,e.d)) < (110

2

S]]

Hence,
(t,s.e,u,d) € RI X C*x C°xR" x C

= (126" Q)(AZ, (1, y,x,u,d) = AT, (1,y, x — €%, u,0))|| < ¢ <|Iell2 + (Sug llelDI] IIdI|> SW(x) + g(sug) llelDIl1Id]].
eeCe eeCe
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In conclusion, we have for all (z,s,e,u,d) € R? X C* x C* x R™ x (¢

qalixII> < W, % < |IxI1%g, (111)

oW (t, x oW (t, x _
a(t ), a(x )(F(t,5,u,d) = F(t,s — 0,0,0) = w(t,y, ")) < W (6, ) + (g + 27 sup [GIsup eIl (112)
- 1> ecCe

and Assumption O.2 is satisfied with 8(r) = gs, E(r) = gqr, 6(r) = r and 5(r) = (g +2q sup,» [|G(®)|)(supecc- ll€ll)r. Hence, the
claim of the Proposition. B B

Under Assumptions 0.2.1-0.2.2 we have at hand a local observer D,{(t) = F(t,{ (1), u(t),0) + K()(y(t) — {¥(¢)) for Z(r) = 0
which can be transformed by a symmetry into a semiglobal observer for X(¢) = 0.

Example (Triangular systems). Consider the system map X associated with (@3)) and the GS of Z(r) = 0 in @3). As
already seen, (@3) is SI-contracting with contracting maps (62) and UU-transforming (Assumption O.1). Let’s see how it is
possible to meet the remaining Assumptions 0.2-O.4. Since

(AX(1), G(1) = <<(1)> , <?>> 2(A44,G), A= (0 A") = <8 é) ,C2(10) (113)

with observable (C, A), Assumption O.2 is satisfied once we show that Assumptions O.2.1 and O.2.2 are met. Using the ob-
servability of (C, A), find ¢,g > 0 and Q € S_(2) such that O(A — KC) + (A — KC)"Q + 20 € S_(2) for some K € R?*!.
Assumptions O.2.1 and 0.2.2 are satisfied with K as above and C*, C® and C? such that (see inequality (TT0))

q
s€CeeCdeC > |s.e.d| +l(s,e,d)I* < 2 (114)
q
Correspondingly, Assumption O.2 is satisfied with w(1,y,e¥) = Ke¥, W(e) = e'Qe, 0(r) = gr, 0(r) = gr, 5(r) = r and

n(r) = (g + 2G(5upyec llel)r-
Furthermore, there exists p, > 0 such that for all p > p, and any 6 € (0, 1)

2q+297 WX, (8, Yys )
11 < (-T(es:cg lell) + 1) e = ((t, ¥y £ € Dom(¥:,) ) A (n%u < e<k+‘>v> (115)

i.e. Assumption O.3 with u, 7, and , as in and

(g +2q9)q
x(r) = ——=——(sup llelDr
g eeCe
Finally, since k > 2, |d, | < 7, (p)|d| for all p > 0 and (7,z) € M, i.e. Assumption O.4 with 75(r) 2 x(r). Theoremapplies to
2(t) = 0 providing the asymptotic bound (T08) with the symmetry-based observer

~ (1)
s(0) = <e(1+{)pgx(t)>

DIC(Z‘) — ekp ( é‘x(t)

YD) + eGR4+ y2(1))u(r)
where ¢ = (£Y,¢*) and p should be selected as detailed in the proof of Theorem 3] We should compare the semiglobal observer
(I16), which is obtained by inverse-transforming via symmetry a local observer of £(z) = 0, with a semiglobal observer directly
designed on (1) = 0 by taking into account that sup,s ||s(1), d(t)|| < N (see for instance™,'* and"#). In general, our symmetry-
based semiglobal observers are much less sensitive to the peaking phenomenon: as it can be seen from (T16)), while in classical

high-gain observers the observer gain peaks as (e?k,, e?1*2k,)T, in our observers the observer gain peaks as (e?*k, eP*k,)T .

> + Ke®P (e Py() - (1), (116)

6.2 | Semiglobal symmetry-based observers with prescribed- or finite-time convergence

In this section we consider the problem of transforming an observer with asymptotic-time convergence (i.e. infinite time scale)
into an observer with finite- or prescribed-time convergence (i.e. finite time scale). We still focus our attention on linear systems
(©3)) and we assume the existence of a (not necessarily SI-contracting) symmetry which is non-expanding on time scales, i.e. a
BU-transforming symmetry.

Assumption PT.0.1: ‘I’p isaLS of X(r) = 0 with Dom(‘I’p) ={(t,eM :te Dom(‘{’;)} and BU-transforming for p > 0.<
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Let C(t) = ( pxp Oan) The next assumption asserts the existence of an observer of the form

D, £(t) = A(NE(@) + BOu(t) + K()(y(1) — C(HE(@)) 17

for (93) with asymptotic error convergence.
Assumption PT.0.2: There exist 6,0,60,n > 0, P : Rg — S,(n)and K : R — R™? such that for all > 0, e € R” and with
Wi(t,s)=¢e' P(t)e

olle’ll < W (r,e) < Ollell?, (118)
oW (t, oW (t,
()(t ° d(e ®) <(A(t) — K(®C(t)e + G(t)d) < —sW(t.e) + yld]>.< (119)
Assumption PT.0.3: (t,,y,,(") € Dom(‘l’fp) forall p > 0, {* € R" and (t,z) € M such that ¢ € [0, Dom“I‘;’). <

Assumption PT.0.4: There exist y € L, r; > O and x, : Rg X IRO+ — R, such that for all p > 0 and (t,z) € M with
te [‘P’_p(r), Dom“PL) and 7 € [0, ‘I‘;(Domﬂl’;)), there holds that

WX (b, y,. %)
ey <0 (120)
aé:x ﬂz(tp,P)

’—a In ’;2(” L2 ) (121)
r r=tp

ld I < 73(t,. pld]l< (122)

Theorem 4. Under Assumptions PT.O.1-PT.0.4 and for all the solutions (7, z(#)) of X(f) = 0 for which sup,, |[d®)|| < +oo,
there exists p > 0 such that

litr/nTS(I;P ls() =5 < = \/g sup Nd@l| (123)
where
S0 = <‘P (1,0, (y?a) c*a») :
D) = i (A6, 0) = Kty @)CH 0060 + Kty 00 ), €0) = 0. (124)
If in addition Tp is CBU-transforming for each T* > 0 there exists p > O such that @ holds with DomﬂP; <T*. <

Finite-time sliding mode-based observers for linear systems have been preliminarly studied in*® (only to cite one). Sliding
mode-based observers are discontinuous in the output innovation, while ours are continuous (actually smooth) with time-varying
gains. This type of observers is more resemblant to the ones discussed in? , in which there is also a quite detailed study of the
different performances of the two types of observers.

Example“( [4.2.2)(cont’ed). Consider the system map X associated with (35)). The LGT (56) is a LS of X(r) = 0, with Dom(®,, ) =
{(t, z) S M t# p} and CBU- transformlng for p > 0 (Assumption PT.O.1). Assumptions PT.0.2-PT.0.3 are met with = = 1

w( ) - 1+t » (s P) (1+pz)3
is provided by (124) with p > —

and m = £1. By Theoremlan observer for X(¢) = 0 with prescribed finite-time convergence < T*

S = ¥(@®)
W\ 0+ 200 )

D, x(t) = Pt)2< <C (t)> y(t) gy(t))>

with ¢ = (¢Y,¢*) and K € R% such that A — KC = < ) K 1s Hurwitz.
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6.3 | Symmetry-based observers with asymptotic convergence and unbounded state solutions

Theorem (3)) gives a procedure for transforming a local observer for (z) = 0 into a semiglobal observer, where “semiglobal”
means that the observer tolerates only the state solutions and disturbances which remain for all times in a prescribed compact
set: sup ||(s(#), d(@®))|| < N. Hence, unbounded state solutions are not tolerated by the observer and hinder or undermine its
convergence. Moreover, Theorem [3]is a bit out of the paradigm provided by Theorem [I]in which only s(0) and the exogenous
inputs d(f) are bound to a prescribed compact set: sup, [|(s(0),d(?))|| < N. With this motivation, we want to study how to
transform a local observer for Z(¢) = 0 into a semiglobal observer when only s(0) and the exogenous inputs d(¢) are bound to a
prescribed compact set (in this sense, our observer may be considered global). To this aim and since a known and constant bound
N on the state solutions is not available in this context, we introduce an assumption which is also necessary for the existence of
an observer and provides a time-varying bound N (t) for the state solutions of Z(¢) = 0.

Assumption OU.1: (Unboundedness observability®). There exist y, 15, 13,61, 0, € K, such that the solutions (¢, z(r)) of
X(t) = O satisfy for all > 0

t t

1sO1 < 720 + 2a(lIsOID + 73 / o (1), d(P))dr + / ox(yDdn | < (125)

0 0

Equivalent conditions for Assumption OU.1 can be stated in term of Lyapunov functions (). The systems (26)), (3) or (@6))
have the above unboundedness observability property. In particular, for a system X(#) = O of the form

D,s(r) = f(y()s(®) + g (y()u + g((1))d (1)
we always have the existence of 6, 0, € K, such that the solutions (¢, z(t)) of Z(t) = 0 satisfy forall > 0
sl < 1 + [|s(O)]| + o rI@DdEDdr+ [ oxlyldr (126)

i.e. Assumption OU.1 with any y,(r) =r, y,(r) =r, y3(r) =€’

If the state solutions are unbounded, the parameter p of the symmetry must be time-varying to keep track of ||s(z)|| for all
t > 0, taking advantage of the upper bound (T23)) postulated by Assumption OU.1. This type of approach consisting of tracking
the state norm ||s(r)|| with a norm estimator has been pursued for global observer design in the recent paper’, however with
more stringent assumptions than Assumption OU.1 such as output-to-state-stability (*%).

One technical problem which arises when p is time-varying is that ‘I’;(z) is no more guaranteed to be increasing as a function

o
of time (as when p is constant) even if 0 > 0 for each p and r € Dom(‘I‘;’) which is the case of a UU-transforming ¥,

for each p > 0. Even worse, lim,_, ‘P; () < +o0 and the UU-transforming property of ¥, is lost. The following example is
clarifying: ‘I‘;(t) = e Ptand p = In(1 + 2). Our next assumption OU.2 takes care exactly of this aspect. Let

t t

Luy) 20+ 10+ 1@+ 15| [ ol +oxir+ [ oyl far
0 0
with @ > 0 . Notice that L [u, y](¥) > O forall 7 > 0.
Assumption OU.2: For each N > 0, the following inequality holds for all the solutions (¢, z(¢)) of X(f) = 0 such that

t
1(»0). uO)Il < N, > 0 and 7 > 0 such that g'lys ¢y, "<
o, (1) 4
do(r)
D,L,[uy)t) < —5 < ) [— (127)
o L=glye \ dr "t
0¥, ()
do(r)
ot t
<y — it i < (128)
D,L,[u, yl(r) BO gy [retaino

Remark 5. Assumption OU.2 is a bit tricky one but eventually much easier to be satisfied than one might think. If for instance
‘P;(t) = kPt with generator g'|, = kt% and SI-contracting map o(r) = 11_5 In(1 + r) with any & € (0, 1) (see for example (#3)),
Assumption OU.2 boils down to the single condition

(1+ L [u, yl(1) "
1+ kt(1+ L, [u, y(1) 75

D,L,[u,yl(®) < 129)
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for all # > O such that k7(1 + L, [u, y](t))% < 1 and with [|(3(0), u(0))|| < N for some given N > 0. Since L [u, y](t) > w for
all # > 0, the above condition holds true if more simply

D, L, u. y)(t) < %(1 + )it (130)

for all non-negative t < %(1 + a))_ﬁ and with ||(y(0), u(0))|| < N. Since

A d y5(r)
D,L,[u,yl(t) = D, y,(t) + 0 =7 (Ll i-0- 1, (f)—lz(w))(o-l(”u(t)” + )+ Gz(lly(t)ll) (131)

there clearly exists 6* € (0, 1) such that (I30) holds true for all § > §* and non-negative t < i(H—a))_ﬁ with ||(»(0), u(0)|| < N.
<

Next, we introduce our assumptions for the existence of a local observer. More specifically, for a modified system Z,,(¢) = 0
obtained from X(¢) = 0 and defined as

D,s(t) = (1 = AOg'| ) F(t, s@), u(t), d(®) + ADE’| 1.5y
with A(:) a known function such that |A(¢)| < 1 for all # > 0, we assume the existence of a local observer of the form
Dim=(1- A(l)gtlt)<F(t, @), u(),0) +y(t, y@), y(1) - Cy(t))) +AML ¢ (132)

with § = (&7, ).
Assumption OU.3: There exist open neighbourhoods C* £ €Y x C* € S, C® & ¥ x € > %, €4 c R’ of the origin,
6,0,0,n € K and a C! function W : R(J’r X C® — Rg andy : R X CY X C¥ — R" such that

o(lell) < W(t.e) < 0(llelD. (133)

TS (1= AO1E,u.d) = Flts = 0,0.0) = p(0.7,60) + ADE o = Llace)) + 2o

< —6(W (t,e)) + n(lldl) (134)
for (1,x,e,u,d) € RY X C* x C* x R™ X C? with e 2 (e¥,e) and A(Y) € [-1, 1]. <

The following result is proved as Theorem 3 with the only difference that now the parameter p is time-varying.

Theorem 5. Under Assumptions O.1, 0.3, 0.4 and OU.1-OU.3 and for each N > 0 consider the solutions (¢, z(#)) of X(¢) = 0,
with sup, ||(s(0), u(0), d(1))|| < N and observer

A y(1) A oy X
SO (lpip(tpm’ 0,0 (t))> RIOENEIONSO)]
oY’ (1)
P s
MO (D, S0, 1, (1), p(0, yp (1) = & 0.0y PP, €(0) =0,
D) = —— (F(t,0. 80,1, (1).0) + Y10 30, 3,(0) = 1) ) + €L 0,660 PP £O0) =0 (135)
(r) dy3(r)
D y@) = O-d_r r=a-l(p(t))(D’}(l 1+ %I,%—l(0-1(p(,))_a,_;,l<,>_h(w>)>(61(Ilu(l)ll + )+ 0'2(”)’(’)”))7 P0) = o(w + p(w)).

There exists w > 0 such that

lim sup [|s(r) — S| < 7y (sup [Isl] + sup [lel)73(sup [[d(0)II).< (136)
seCs ecCe >0

t—>+00
Remark 6. The burdensome expression for D, p(¢) in (I33) is nothing but a real-time implementation of the time-varying variable
p(1) = o(L,,[u, yI(t)) which depends on the input and output segments over [0, 7] (see (I23))). Hence, p(¢) is defined for all ¢ > 0.

Example 6.1. (Global symmetry-based observers versus others). Consider the system map X associated with
A (y) + x
F(t,s,u= : X ) 137
(t.su <<A2(s)+d . (137)

r+ry r+ry r+ry

A(y)=a1y n L Ay(s) =ap Yy 1 Fagx (138)

yl,x,d € R, and

for some a;,a,,,a,, € R, ry > 0,y > 0 with r, 2 ry + v. Hence, F and H are homogeneous with weights (r;,r,) and
degrees y and r,, respectively. It is possible to design a global homogeneous observer for Z(¢) = 0 (see for instance® for chains
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of integrators) if

yiry

[4,(x) = Al(yb)l <eoly’ - Y,

74 s

|45 = Ay (") S ex(ly? =y’ I + X = x| ) (139)
for all x?, x> € R? and for some ¢;,c, > 0, which holds only if y = 0 (the case y < 0 may be considered but this would imply
F ¢ C"). It is not even possible to design a sliding-mode observer for X(t) = 0 if Sups [1(s(®), d(®)|| = +o0. On the other
hand, as already discussed in the case of (#T)) in Example , we find that W, (1,2) = (e¥"1,e7P1x, e7P2x,, e Py, ePy)
is a GS of X(f) = 0, SI-contracting with contracting maps (; In(1 + s), e~U-9) for any § € (0, 1). Furthermore, from* we

dy=ry Ko dy
r

borrow a C' function V' : R" — RY of the form V(x) = [ iix‘(s —Xx,"” )ds + x| such that D,V (x(1)|g(=o <

Iz
X22
dy+y

dyty dy+y
—flVZ’_Z(x(t)) + f2|y(t)|2’_1 + Z3(supg ||rd(t)||)’2_+y for t > 0 and for some 7,¢,, 5 > 0 and sufficiently large d; > 0 and
d, > max{r,r,}. Moreover, ||x(t)|| < blVﬁ + b, for all t > 0 and for some b, b, > 0. Hence, Z(¢) = 0 has the unboundedness
observability property (Assumption OU.1) and we can easily find 6* € (0, 1) such that Assumption OU.2 is satisfied for all
6 € [6*, 1) (see the short discussion in (I30) -(I31)). The remaining assumptions of Theorem 5|can be satisfied with a symmetry
designed as in Example and a simple local observer for (t) = 0. In conclusion, while for a system X(f) = 0 with F in
(I37)-(138) we can design a global symmetry-based observer, we cannot use any other existing observer unless X(¢) = 0 satisfies
either (I39) with y = 0 or sup, [|(s(t), d(1)]| < +oo.

Similar considerations can be brought in for the system map X associated to and the GS of 2(#) = 0in (29). Notice that
does not fall in the class (I37)-(I38) for any choice of r; > 0 and y > 0. As already seen, (29) is SI-contracting. Moreover, it is
a well-known fact that X(¢) = 0 has the unboundedness observability property (Assumption OU.1). The remaining assumptions
of Theorem [5| can be satisfied with the symmetry (29) and a simple local observer for Z(r) = 0. To the best of our knowledge,
this is the first type of global observer proposed for a system () = 0 associated with (26). <

7 | OUTPUT FEEDBACK CONTROLLERS

The results and methodologies of Sections [5] and [6] can be put together to give a symmetry-based procedure for transforming
local output feedback controller with infinite-time convergence into semiglobal/global output feedback controller with infinite-
time/prescribed-time convergence. No additional technicality or adjustment is needed.

8 | CONCLUSIONS

One-parameter groups and (contracting) symmetries of ODE systems have been recalled from®. Adopting a symmetry-based
approach, the problem of transforming a local output-feedback controller with infinite-time convergence into a semiglobal or
global output-feedback controller with either infinite-time or prescribed-time convergence has been thoroughly investigated. In
particular, the state-feedback control problem and the observer design problem have been addressed separately. While some
nonlinear generalizations for prescribed-time control have been proposed in®® and with delays in”, future research will focus on
extending these methodologies to more general classes of systems like PDE (partial differential equation) systems.

[

APPENDIX

A PROOFS OF MAIN RESULTS

Lemma 1. Consider the system

D,s(t) = F(t, s(t), d(t)) (A1)
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and assume that for some open neighbourhoods 3° C R” and B¢ C R* of the origin

s(t) € B°,d(t) € B (A2)
for all t € [0, t*) with some * > 0 and
sup [ld(®)|l = N. (A3)
1€[0,1%)
Moreover,
Blllslh < Ve s) < AlsD. (A4)
aV(t,s aV(t,s
029 4 3 1,5,d) < ~a(V (6 5) + (el (AS)
t ox
forall t € [0,¢*), s € B° and d € B¢ and for some a, B, B.y € K, and C! function V' : RY x B° — RY. Forall 7 € [0,1%)
sl < E_' <maX {E(IIS(O)II) —y(N)L, B ( S[lép) IId(t)II))}> (A6)
te(0,r*

where y(r) £ (B~ oBop oa™)(2y(s)) € K.
Proof. Letc & (Box)(N). We have using (A3), (A4) and (AS)

Vit s) = et € 0,6 = sl 2§ (©) = @ 2r(N)) = aV (1, s()) = 27 (ldD))

= D,V (t,5() <0 = V(r,5(1)) < ¢, V1 € [t,17). (A7)
Hence, for any ¢ € (0, t*)
V(i s@) <c=Vt,s@) <c, Vi€ 1) = sl < () = x(N) < x(sup [[d@®)I]). Vi € [1,1%). (A8)
- te[0,1*)

On the other hand, if (0, s(0)) > ¢ then there exists 7 € (0, #*] such that either V (¢, s(r)) = ¢ with f < * or V (¢, s(t)) > ¢ for all
t €10,7) with 7 = r*. In either < t* or t = t* cases, using (A3), (A4) and (A3) one more time

V. x(t) > eVt € [0.1) = x> F (c) = B @' Qr(NY) = a(V (1, x(1)) > 2y(N), Vi € [0,7)

= D,V (1,5(1) < —y(N),Vt € [0,1). (A9)
Hence,
Il < g (max { BIsO)ID) - ¥ (N fN) ) (A10)
for all t € [0,7). If f < t* then V (¢, s(7)) = ¢ and on account of (AB)
Ix®Il < )((,:;E*) @I = x(N) (ALD)
forallz € [z, t*), otherwise 1 =t* and (]M_U[) holds for all ¢ € [0, t*). From these inequalities it readily follows (]E[) O
Theorem[ll

Proof. Pick N > 0 and consider initial conditions s(0) and exogenous inputs d(t) for which

sup 1(s(0), d@®)|l < N. (A12)
1>

Define
p £ 6(w) where @ > max{s~"(py), N} (A13)

and p, introduced in Assumption S.3. By Assumption S.1 ¥, is SI-contracting with contracting maps (o, ). Since ¢ € K, and

from (AT2) and (AT3) it follows

Sup o(ll(s(0), d@)I) < o(N) < p.
1>
Hence, by the SI-contracting property of ¥,
sy Ol sup 1, O < 1ep) (A14)
>
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Using this and the fact that all the functions y, f~! oﬁo u and yopu are in L, pick w; > max{c~'(p,), N} be such that for all
® > w; (recall that p = o(w))

5p(0) € B°,d, (1) € B, Vi >0, (A15)
and
N £ (seR": [Is]| < 2max{(F~ o) (u(P), x(u(P)}} C B (Al6)
with §, B, y introduced in Assumption S.2 and S.3. Clearly,
5,(0) € N'(p)

by (AT4) and since (B~'op)(s) > s forall s > 0. Let r* < +oo be the first time for which s,(1%) € ON (p), the boundary of
N(p). We claim that * = +oo whatever is @ > ®,. Indeed, assume that for at least one value of @ > w, we have 1* < +o0.
Recalling (AT3), this means that for some finite ¢*

sy(t) € N'(p) C B, d,(1) € B, t € [0,1%), (A17)
then
(1), y, (1), @(1,(1). 5,(1))) € Dom(¥" ), € [0,1°),
by Assumption S.3 and the control input function u(¢) in is well-defined. Moreover, by the group properties of ¥,
(1) = (1, y(0), u(D)) = PP (1, (0), B, (1, 00, 3y (0), W (1,0, 3,0, (1, (1), 5,(10))) = @1, (1), 5,(1)). (A18)

But ‘I’;(r) is a monotonically increasing function of ¢ € [0, 1*) with ‘I‘;(O) = 0 (in general ‘I‘;(O) # 0 but we assume ‘I’;(O) =0
for simplicity) and lim,_, , ‘{‘;(t) = +o0, since ¥, is UU-transforming by Assumption S.1. Set t; = ‘{‘;(t*) and consider the
variables (7, z()) in the new unbounded positive time scale t, = ‘I‘;’(t), ie. St"’ Zp(tp)) = (‘P;J(t), zpo[‘I’;]‘l(tp)), witht, € [0, t;;).
By Assumption S.1 ‘Pp is a LS of Z(¢r) = 0, hence ‘I‘p maps 2(¢) = 0 into Zp(tp) = 0 which on account of reads as

D, 5,(t,) = F(ty, 5,(t,), 0ty 5,(t,)), dy(t,)) (A19)
On account of
5,(t) € N(p) C B dy(t,) € B t, € [0,€), (A20)
and on account of (AT4)
||Fp<0>||,tspg% lldy(t Il < u(P). (A21)
By Assumption S.2 and (A20)
BT, E)ID < V(ty,5,(t) < BT, ID. (A22)
D,V (t,,5,(t,) < —a(V (8,5, (t,)) + (lld, )], t, € [0,£)), (A23)

for some a, 8, B,y € K, and a C! function V' : R) x B° - RY and ¢ : R X B° — R". From lemmait follows that
15, < 1_3_1 <max {E(HFP(O)H) - Y(N)tp,é()((sug ||d~p(tp)||))}> (A24)
£,
with y(s) A (E" OEOE_'oa_l)(Zy(s)) € K. Using (AZ1)

I5, )l < g~ <max {E(lm(mu) ~ 7Nty Bl Gup ||c?p<tp)||>)}> < max { (§ D). xu®)) | (A25)
t,>

from which it follows that E'p (t;) € N (p), i.e. a contradiction on account of the definition of t;. Hence, t* = 400 (and t; = +0o0)
whatever is @ > ;. Pick any @ > w, then, using lemmaone more time,

%,(t,) € N'(p) C B, dy(t,) € B vt, > 0, (A26)



and
tim sup 5,41 < x(sup &) 1D (A27)
oo
Furthermore, by Assumption S.4
){(tsup lld, )l < ﬂz(P)ﬂ3(SUP d@®ID. (A28)
20

By the group properties of ¥,

(t,,5,(t)) € Dom(‘Ps_p)
for all t, > 0, hence ‘I‘S_p(tp, 's“p(tp)) is well-defined for t, > 0. Moreover, since p > p,, on account of Assumption S.3 and (A26)
we have

o o~ o (15, &) IDIS, DI 7y (supseps IsIDIS,E)II
%2, (&, 5, DI < =P < o) : (A29)

On account of (A27), (A28) and (A29) and since ¥, is UU-transforming by Assumption S.1
limsup [|s()|| = limsup [['¥* (¥, (), ¥} (¢, s = limsup ¥ (t,.. 5t < ﬂ1(SllI£) ||S||)”3(SU(I)) ld@1D).
seBs 1>

=+ t—+oc0 tv—>+oo

Theorem[2

Proof. Let p > 0. By Assumption PT.S.2 (2,(2), y,(2), F(1,(1))s, (1)) € Dom(‘P“_p) for all ¢ € [0, Dom“P;) and u(r) in @9) is
well-defined. Moreover, by the properties of ¥,

1y (1) = WA Y1), u(0) = POV (1, (00). W2 (1, (1), Y, (). W2 (1, (1), 3, 1), F(2,1)s,(1)) = F(t,(0)s,,(0). (A30)
But ‘I’;(t) is a monotonically increasing function of ¢ € [0, Dom“I‘L) with ‘P;(O) = 0 and Dom“I’; < 4oo (¥, is BU-
transforming by Assumption PT.S.1). Consider the variables (7, z(#)) in the new unbounded positive time scale t,, = ‘I’;(t), ie.
(~tp, Ep(tp)) = (‘I‘;(t), zpo[‘I‘;’]‘l(tp)), with t, > 0. By Assumption PT.S.1 ¥, is a LS of Z(#) = 0, hence ¥, maps Z(#) = 0 into
Z,(t,) = 0 which reads as on account of (A30)

D, 5,(t,) = F(t,,5,(t,), F(t,)5,(t,), dy(t,) (A31)

By Assumption PT.S.2 with V' (t,,5,) = EIP(tp)Fp and for all t, > 0

BIS, I < V(. 5,(1,)) < BIIS, ()11 (A32)
DV (t,,5,(t,) < —aV (¢, 5,(t,) + 7 lldy (¢, (A33)
for some a, ﬂ,E, y > 0. On the other hand, with W(tp,Fp) = VZ(Z’E;))
- 7 (ty,
N d1nzy(r, p) - Iyt
D, Wi(t,,s,(t,)) < — a—Z‘— wit,,s,(t,)+y———— (A34)
ty P> Uprp ( or r=t, P> UpLp ”g(tp» p)
Using (97) and (@8) of Assumption PT.S.3, for t, > t7 2 Wi (7)
D, W (t,,5,(t,) < —(@ = 2w (t, )W (t,,5,(t,) + 7 sup ld@)I* (A35)

where y € L. By integrating (A36) and using Gronwall’s inequality, for t, > t = max{q/‘l(mm{ S w0, t’} we find
Wt 5.(t,) < e S W @R, 5.E)) + 2L d()|?
(p»sp(p))—e (p’sp(p))'i';SIEOPH ()” .
(A36)

Hence, for t,, >t and on account of (94) in Assumption PT.S.2

_ RN S
I3, < (\J%e T ﬂzftp, whi 1/ﬂ—y sup [EIOTPEXCNY) (A37)
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By the properties of ¥\, (tp,?p(tp)) S Dom(‘I‘s_p) for all t, > 0, hence lI‘S_p(tp,Fp(tlL,)) is well-defined for t, > 0. Moreover, on
account of (96) of Assumption PT.S.3 we have for t, > t*

P="p
431 ”?p(tp)”
S ~ < .
9,5, < Wy (A38)
On account of (A37) and (A38) and since ¥, is BU-transforming (Assumption PT.S.1)
~ 2
limsup [l = Timsup %5, (¥ (1), Y31, sl = limsup 5, (¢, 5, < 7,1/ =2 sup ld@I]).
t/Dom™*\¥, t/Dom™* W, ty—+oo Ba >0
If ¥, is in addition CBU-transforming, for each 7 > 0 we can select p > 0 in such a way that Dom*‘P; <T*. [
Theorem/[3l
Proof. Pick N > 0 and consider solutions (#, z(¢)) such that
sup I(s(®),d@®I < N (A39)
>

Define p 4 o(w) with @ > max{c~!(p,), N} and p, introduced in Assumption O.3. By Assumption O.1 ¥, is Sl-contracting
with contracting maps (o, u). Since ¢ € K, it follows sup,q o(|[(s(2), d@)||) < o(IN) < p. Hence, by the SI-contracting
property of ¥,

sup (@), d@DI < u(p). (A40)
Using this and the fact that 4 € L, pick w; > max_{a‘l(po), N} such that for all w > w,
sup |(5y(1), Ay < (B) = 5,(1) € C*.dy(1) € €, ¥ 2 0 (A41)
and -
Op) £ {e € R" : le]l < 2max{ (0" oO)(u(P)), x(u(P)}} C C° (A42)

with 6, 6, y introduced in Assumptions O.2 and O.3. By (A40) and since ¢(0) = 0 and (Q_loa)(s) > sforall s > 0, e(0) € O(p)
for all # > 0 with estimation error

e(t) £ (1), (1)) 1= (@) = &(1), x), (1) = (1))
Let t* < +oo be the first time for which e(t*) € dO(p) (the boundary of O(p)). We claim that t* = +co whatever is ® > ®;.
Indeed, assume that for at least one value of @ > w,; we have t* < +oo. In what follows we consider ¢ € [0, *). But ‘I‘;(t)
is a monotonically increasing function of ¢ € [0, #*) with lim,_,, ‘I’;(t) = +oo (by Assumption O.1 ¥, is UU-transforming).
Set t; = ‘P;(t*) and consider the variables (7, z(r)) in the new unbounded positive time scale t, = lI‘;)(t), ie. (tp,Zp(tp)) =
(‘P;(t), zPO[‘P;]‘l(tp)), with t, € [0, t;). By Assumption O.1 ¥, is a LS of Z(r) = 0, hence ¥\, maps X(#) = 0 into ip(tp) =0
which reads as

D, 5,(t,) = F(t,,5,(t,), 0)(t,)) (A43)
with
5,(t,) € €. d,(t,) € C° (A44)
on account of (A4T)) and
sup 15yt dy(t,)ll < u(p) (A45)

P
on account of (A40). Furjhermore, by considering {(#) and e() in the new time scale t,,, i.e. Z?(tp) =¢ o[‘I’;]‘l(tp)) and e(t,) =
e'O[‘I‘;{’]‘l (t,) =5,(t,) — {(t,) with e(t,) = (e¥(t,), €*(t,)), the observer’s equations result to be
D, £(t,) = F(t,, £(t,), Ty(t,), 0) + w(ty, ¥, (1) (A46)
with

lle, Ol < u(p) (A47)



| =

on account of (A40) and since ¢(0) = 0. By Assumption O.2 and (A44)

811 < W (2, &lt,) < B(IE,ID, (A48)
D W(t,. 2, (t,)) < ~6(W (t,,3,(t,)) + n(lldy(t,) 1) (A49)

for some 6, 0, 6.n € K, and a C' function W : RIXC*xC® = RY andy : R xCYxC¥ - R™. From lemmait follows that

llett,)l < 07! ( max{6(]|2,(0)I) — n(N)t,, 6o x( sup. ||Jp<tp>||>}) (AS50)
te ,t;

with 7 £ 6710608~ 05710(217) € K. Using this and
l[e(t,) 1| < max{(@~"o0)(u(P)). x(u(p))} (AS1)

from which it follows that ?(t;) € O(p), i.e. a contradiction on account of the definition of t;. Hence, if we choose any o > o,
then, using Lemma |l once more,

&t,) € Op) C €2, dy(t,) € C°,Vt, >0, (A52)
lmsup () < x(sup 1, ). (AS3)
,—+oo
In particular, from (A45) and (A52)
IZ(t,)Il < 2max{(@~"o0)(u(p)) + u(p), Vt, > 0. (A54)
Furthermore, by Assumption O.4
x(sup [l (t,)1) < 7, (p)7s(sup [ld)]]) (AS55)
tPZO >0

and by Assumption O.3 and (A54) we have (tp,ip(tp)f"(tp)) € Dom(¥* p) with E(tp) 2 (Ey(tp), Ex(tp)), hence

‘I"ip(tp, Vp(ty), Ex(tp))) is well-defined. On account of (A53) and (A53)), Assumption O.3 and since ¥, is UU-transforming

lim sup [|s(r) — SO = lim sup [¥* (¢, 7, (6,), Fp(t,)) = W2, (&, T (t,), S8,

t—>+o0 t —+00

< | lim sup

X=r% (t, )+ (¢
ty+oo b ) +EX ()

P (t,,,ypm) X) . _
/ I dr |limsup [|e(ty)]| < 7 ;(sup |Is|| + sup |[e[)z3(sup [d(D)]]).<
ty—+oo seCs eeCe >0
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