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Abstract

The rapid growth of Artificial Intelligence (AI) has enabled unprecedented capabilities,
but it is also driving a computational and energy efficiency crisis that affects the
entire compute stack. This crisis is most acute at the edge, where over half of all new
AT workloads are expected to be deployed before 2030. Here, embedded systems must
sense, decide, and react to their environment under extreme power, memory, and
real-time constraints—requirements that are fundamentally incompatible with the
escalating resource demands of modern Al models. This dissertation addresses this
crisis in the context of online decision-making at the edge by adopting contextual
bandit algorithms as the central abstraction and pursuing algorithmic-hardware
co-design to enable efficient, adaptive intelligence on resource-constrained devices.

The thesis progresses through three parts: from arithmetic and algorithmic opti-
mization of linear models, to a neuro-inspired paradigm shift via hyperdimensional
computing, and finally, to the design of dedicated hardware accelerators.

Part I addresses the dominant bottlenecks in linear bandit algorithms for
embedded processors. Starting from the observation that integer division alone can
account for up to 70% of execution time on these platforms, we introduce a novel
data-dependent hardware division unit that reduces average latency by up to 20.65x.
By integrating this unit into a vector accelerator and reformulating learning updates
to avoid explicit matrix inversion, we achieve up to a 58 x speedup and a 50x energy
reduction, while reducing the computational complexity from cubic to quadratic.

Yet, even with these optimizations, the inherent limitations of dense linear
algebra remain. Recognizing this, Part II changes the nature of the computation
itself by adopting hyperdimensional computing (HDC), a neuro-inspired paradigm
based on high-dimensional distributed representations. We introduce HD-CB, the
first framework that models and solves contextual bandit problems directly in
high-dimensional space using simple, highly parallel element-wise operations, and
progressively develop a family of six variants spanning increasingly advanced learning
rules and compact representations. Extensive evaluation on synthetic datasets and
real-world benchmarks demonstrates that HD-CB is a strong candidate for hardware
acceleration and online decision-making at the edge: it achieves faster convergence,
exhibits linear complexity with problem size, and outperforms the 32-bit floating-
point linear baseline using just 4 bits per component.

Part III bridges algorithms and silicon by designing a family of hardware
accelerators for HDC. We first introduce a configurable coprocessor unit for binary
HDC, integrated into a RISC-V core; we then extend hardware support to modular
composite representations, demonstrating that this model achieves a unique balance
among information capacity, classification accuracy, and hardware efficiency for
embedded systems. Finally, we develop the first hardware-friendly accelerator for
the Fourier Holographic Reduced Representations model and introduce AeneasHDC,
an open-source framework that automates accelerator design-space exploration and
reduces deployment time from weeks to minutes.

Together, these contributions demonstrate that algorithmic-hardware co-design,
grounded in neuro-inspired representations, can make autonomous online decision-
making at the edge a practical reality.
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Chapter 1

Introduction

The real voyage of discovery consists
not in seeking new landscapes, but
in having new eyes.

Marcel Proust

For millennia, humans have been fascinated by the workings of the brain and
by the dream of replicating its abilities to perceive, remember, imagine, and decide.
Across cultures and eras, thinkers, writers, philosophers, and mathematicians have
imagined and described artificial beings endowed with human-like intelligence, plant-
ing the seeds for what would eventually become the scientific pursuit of Artificial
Intelligence (AI) [6-9]. Over the past two decades, Al has undergone a profound
renaissance, evolving from a scientific curiosity into a ubiquitous general-purpose
technology deployed across critical sectors and everyday services [10-15].

Yet, this success hides a stark reality: the AI revolution has come at a com-
putational and energy cost that today is becoming physically and economically
unsustainable. An emerging efficiency crisis now spans the entire computing spec-
trum, from massive foundation models in cloud data centers to lightweight classifiers
on battery-powered sensors [16, 17].

At one end of this spectrum, the computational demands of frontier models have
grown at an unprecedented pace, doubling roughly every 2 months since 2020 [18].
Flagship models now demand roughly ten billion times more computation than
their predecessors from a decade ago [19], driving ever-larger GPU clusters and
an unsustainable projected 2x increase in energy consumption between 2024 and
2030 [20], shifting the bottleneck in data centers from raw throughput to power
delivery and cooling.

At the opposite end of the spectrum, scaling hardware is not an option: compu-
tation must operate within tight budgets of power, memory, latency, and cost. This
is the domain of the Internet of Things (IoT): a global network of small, connected
devices equipped with sensors, actuators, and modest processing capabilities [21, 22].
These devices continuously collect data from the physical world, transmit it over
networks, and process it in real time. Over the past decade, the IoT has evolved into
a global-scale infrastructure where connected devices already outnumber the global
population and produce roughly 75 zettabytes of data annually as of 2025 [23], with
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a projected 39 billion endpoints by 2030 [24].

In this scenario, the traditional cloud-centric model, in which raw data are
streamed to centralized data centers for processing, is increasingly impractical [25].
Transmitting such massive volumes of data would overwhelm network infrastructure
and incur prohibitive costs in latency, bandwidth, and energy. Time-critical appli-
cations like autonomous driving require millisecond-scale responses, yet round-trip
latency to cloud servers can exceed 200 ms. Furthermore, transmitting sensitive
information—faces, voices, or biomedical signals—raises serious privacy and regula-
tory concerns [26]. Intel estimated that a single autonomous vehicle could generate
on the order of 4 TB of sensor data per day, making continuous upload and storage
in the cloud economically prohibitive [27].

In recent years, these constraints have driven an urgent paradigm shift toward
Edge AI, where intelligence is pushed directly to the data source [28]. Studies
consistently show that local Al processing can reduce total system energy by up
to 90% and reduce environmental footprints by more than 80% [29] compared to
cloud-based inference [30, 31]. By 2030, edge inference is projected to account for
approximately 50% of all enterprise Al inference workloads [32], with global spending
on edge computing solutions already estimated at $261 billion as of 2025 [33].

Edge Alis no longer a feature—it is a necessity to realize smart, autonomous units
capable of reacting to the environment and making decisions without relying on cloud
connectivity. However, this shift creates a fundamental tension between the growing
algorithmic demand and hardware reality: edge devices operate with constrained
processing power, kilobyte-scale memory, and strict battery budgets [34, 35]. Running
even modest Al algorithms on these platforms can exceed available resources or
drain batteries within hours [36].

Taken together, these trends define the core problem addressed by this thesis.
The exponential growth of Al capabilities is colliding with the physical limits of
current computing architectures across the entire stack; enabling the next generation
of pervasive intelligence requires a fundamental rethinking of how learning algorithms
are designed for—and with—hardware [35]. The primary levers for future AI progress
are no longer aggressive device scaling, but rather hardware-algorithm co-design
strategies that extract maximum computation per joule and per bit.

Evidence of this path is already visible in the roadmaps of industry leaders.
While NVIDIA [37] reports energy efficiency improvements of nearly three orders of
magnitude over the past decade, a decomposition of these gains reveals a striking
reality: traditional semiconductor scaling contributed only approximately 2.5x.
The remaining roughly 400x was achieved through architectural and algorithmic
innovation—domain-specific design, tight hardware—software co-optimization, and
the exploration of new computing paradigms.

1.1 Objectives and Research Questions

It is within this technological and conceptual landscape that the present thesis is
situated. This dissertation targets Edge Al systems that must be not only intelligent
but also autonomous and responsive, adopting Contextual Bandits (CB) as its
primary algorithmic case study for enabling agents to learn from local interactions
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and evolve continuously. CB are online sequential decision-making problems under
partial feedback that underpin many adaptive services and provide a lightweight
alternative to full reinforcement learning when future contexts are independent
of chosen actions. Their ability to update policies from logged interactions has
led to growing adoption in edge scenarios such as personalized recommendation,
adaptive resource allocation, and autonomous systems [38-40]. However, achieving
this real-time adaptability imposes a computational overhead that is frequently
overlooked in theoretical models but becomes the limiting factor in practice. Making
online decision-making viable on resource-constrained embedded platforms, therefore,
poses fundamental computational challenges, rendering contextual bandits an ideal
testbed for studying the Al efficiency crisis on the edge.

This dissertation addresses this challenge by exploring the intersection of algo-
rithmic theory and hardware implementation. Specifically, it posits that bridging the
gap between Al complexity and edge constraints requires moving beyond isolated
optimizations. Instead, this work advances three complementary directions:

1. Algorithmic Optimization: developing and implementing techniques to reduce
computational complexity and memory footprints without sacrificing accuracy.

2. Hardware Specialization: designing dedicated arithmetic units and accelerators
that target favorable area—latency—energy trade-offs.

3. Neuro-inspired Computing: reformulating learning algorithms through brain-
inspired paradigms to leverage inherently parallel and hardware-friendly repre-
sentations.

Crucially, this thesis contends that the largest efficiency gains arise not from
any single direction in isolation, but from their joint optimization: a principle of
full-stack co-design that runs throughout this work. Accordingly, the central research
problem is formulated not merely as an optimization task, but as an investigation
into the limits of embedded intelligence:

© Research Question

Can the computational bottlenecks of online decision-making algorithms on
embedded platforms be overcome through hardware-algorithm co-design and
neuro-inspired representations? More broadly, can this approach decouple
adaptive intelligence from brute-force hardware scaling?

To address this problem, the research trajectory follows a progressive narrowing
of the efficiency gap, structured into three parts corresponding to three distinct
levels of intervention. Contextual bandits serve as the common thread that connects
the three parts, providing a consistent and demanding workload against which each
layer of optimization is evaluated. However, each part also yields contributions of
independent value that extend well beyond the bandit domain. Each part addresses
a specific subsidiary research question:

e Part I: Optimization of Conventional Models. Starting from the obser-
vation that division and matrix inversion dominate the cost of standard linear
CB algorithms, this part investigates the limits of conventional optimization:
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©®© Research Question

RQ1: How far can arithmetic, algorithmic, and microarchitectural co-
design push the efficiency of classical linear bandit algorithms?

In response, it proposes cross-layer optimizations—including custom arithmetic
units and approximated inversions—that yield order-of-magnitude improve-
ments in latency and energy.

e Part II: The Neuro-inspired Shift. Yet, even with the optimizations
proposed in Part I, the inherent limitations and quadratic scaling of dense linear
algebra remain, hindering deployment on extreme edge devices. Recognizing
this barrier, Part IT marks a paradigm shift and asks:

©®© Research Question

RQ2: Instead of further optimizing the execution of classical kernels, can
we change the nature of the computation itself to bypass the quadratic
scaling limit?

To answer this, we reformulate contextual bandit learning using neuro-inspired
Hyperdimensional Computing (HDC), achieving linear complexity and hardware-
friendly operations while maintaining competitive decision quality.

e Part III: Dedicated Hardware Design. The final part closes the loop by
recognizing that the full potential of these new algorithms can only be realized
when the underlying hardware is tailored to their unique properties, such as
massive parallelism and low-precision arithmetic. Accordingly, this part asks:

© Research Question

RQ3: What efficiency gains can be unlocked by translating neuro-inspired
learning algorithms into dedicated hardware accelerators?

and designs dedicated accelerators and automated deployment tools, unlocking
the final tier of efficiency required for autonomous edge intelligence. Impor-
tantly, while the hardware accelerators developed in this part are motivated
by and benchmarked against contextual bandit tasks, their architectures are
deliberately general and can accelerate any HDC learning pipelines.

Each part is structured around these targeted research questions, making explicit
the bottleneck addressed, the methodology employed, and the contributions achieved.

Notably, while this thesis targets constrained embedded platforms, its core
principles generalize beyond the edge: they address the inefficiencies of CB and thus
extend naturally to applications in high-performance data centers, where energy
density is a primary bottleneck. Moreover, the novel arithmetic units and HDC
hardware accelerators presented in Parts I and III extend to a broader range of Al
tasks.
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1.2 Summary of Contributions

To address the research problem defined above, this dissertation makes the following
contributions, organized according to the three-part structure:

Part I: Arithmetic and Algorithmic Optimization

e Contribution 1: Data-Aware Arithmetic Optimization. We intro-
duce the Variable Latency Non-Performing Divider (VLNPD), a novel data-
dependent division algorithm that dynamically adjusts execution time by
exploiting relationships among input operands. Through early termination and
iteration skipping, VLNPD significantly reduces average latency and energy
consumption while maintaining a compact implementation suitable for Al ap-
plications on embedded platforms. We present four hardware variants offering
different trade-offs between latency, area, and energy efficiency (Chapter 3),
and demonstrate integration into a RISC-V vector coprocessor, proving that
exploiting operand statistics can significantly reduce the latency of division-
intensive workloads (Chapter 4). Together, these contributions reduce the
impact of the division bottleneck in linear bandit workloads from 70% of the
total execution time to approximately 12%.

o Contribution 2: Optimized Linear Contextual Bandits (Chapter 5).
We propose optimized implementations of Linear Bandits that replace standard
matrix inversions with incremental Sherman—Morrison-Woodbury updates,
reducing computational complexity scaling from cubic to quadratic with the
context size. We assess the impact of this optimization on different embedded
platforms, and analyze its impact on the algorithms’ stability. Combined with
vectorized kernels and the hardware optimizations of the preceding chapters,
this co-design achieves up to 58 x speedup and 50 energy reduction compared
to standard baselines.

Part II: Neuro-Inspired Contextual Bandits

¢ Contribution 3: Ablation of Covariance-Matrix Dependence in Lin-
ear Bandits (Chapter 6). We investigate what role the precision matrix
plays in the linear bandit estimator and whether it can be bypassed by encod-
ing contexts in a high-dimensional space. Controlled ablations across three
regimes—Ilow-dimensional features, dense Gaussian projection, and biologically-
inspired sparse projection with k-Winners-Take-All—show that dimensionality
expansion alone is insufficient, that nonlinearity is the critical ingredient, and
that under nonlinear encoding the covariance matrix reduces to a scaled re-
ward vector plus cross-talk noise, and can be omitted entirely. These findings
establish the theoretical foundation and empirical evidence for the transition
to hyperdimensional computing.

o Contribution 4: Hyperdimensional Contextual Bandits (HD-CB)
(Chapter 7). We introduce HD-CB, the first framework that models and solves
contextual bandit learning directly in high-dimensional space via lightweight
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component-wise operations. We detail this approach in four variants tailored
to different exploration strategies and resource constraints. This reformulation
achieves linear time complexity, faster convergence, and a smaller memory foot-
print compared to linear baselines, making the approach particularly suitable
for hardware acceleration and deployment on resource-constrained platforms.
We analyze its performance in terms of average reward, execution time, con-
vergence speed, and memory footprint, comparing all proposed schemes with
traditional CB algorithms using synthetic datasets and real benchmarks.

o Contribution 5: Binary Hyperdimensional Bandits (HD-CBgn)
(Chapter 8). We specialize the HD-CB framework for extreme efficiency with
HD-CBpgn, a binary variant that minimizes memory footprint for deployment
on low-end microcontrollers. By restricting hypervectors to binary representa-
tions, this variant enables lightweight bitwise operations that are particularly
efficient on resource-constrained hardware. When both HD-CBpgin and linear
bandits are accelerated on dedicated hardware, HD-CBgn achieves up to 141 x
speedup, with the advantage growing with the context dimensionality .

« Contribution 6: Hybrid Hyperdimensional Bandits (HD-CBtiybrid)
(Chapter 9). We extend the HD-CB paradigm to hybrid contextual bandit
settings, demonstrating how shared feature representations can be learned in
hyperspace to model complex context-action interactions. The linear scaling
of Hybrid HD-CB contrasts sharply with the O(d®f3) cost of standard Hybrid
LinUCB. When both algorithms are accelerated on hardware, Hybrid HD-CB
achieves up to 48.9x speedup, with the advantage growing as the action feature
dimension increases.

o Contribution 7: Memory-Optimized HD-CB Variants (Chapter 10)
We derive memory-optimized HD-CB formulations that reduce storage require-
ments from one hypervector per action to a single global memory vector by
exploiting permutation-based channel multiplexing and label-based superpo-
sition. This compression makes HD-CB deployment feasible on embedded
platforms where storing many separate hypervectors would exceed on-chip
memory.

o Contribution 8: Probabilistic Hyperdimensional Bandits (HD-CBp,p)
(Chapter 11). We develop HD-CBp,qp, a low-precision variant that addresses
the unbounded growth of action hypervectors in standard HD-CB without the
information loss of periodic binarization. This approach bounds the learning
by design to a predefined precision by introducing a probabilistic update rule.
At each time step, only a randomly selected subset of vector components is
updated, enabling the use of low-precision, saturated integer counters by con-
trolling the learning rate with time-decaying update probabilities. This allows
the agent to retain historical information with high-fidelity using low-precision
components. As a result, overflow is avoided, update costs decrease over time,
and learning no longer relies on periodic binarization steps that may severely
degrade the usefulness of learned representations.
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o Contribution 9: Loss-Based Hyperdimensional Bandits (HD-CBy,qss)
(Chapter 12). We first derive the implicit loss function that the baseline HD-
CB update rule minimizes, revealing a per-component linear loss and an implicit
ensemble structure where each hypervector position operates as an independent
weak learner at a distinct reward threshold. Diagnosing the limitations of
this implicit objective, we then formulate HD-CBy,.gs, a variant that replaces
heuristic prototype updates with explicit minimization of a differentiable
loss function over hyperdimensional representations, enabling gradient-based
learning while preserving the computational simplicity of HDC operations. We
further combine the loss-based update direction with the bounded stochastic
mechanics of Probabilistic HD-CB, yielding HD-CBy g5 .propb—=a variant that
retains error-driven learning within fixed-precision integer arithmetic suitable
for extreme edge deployment. Building on these formulations, we finally map
the entire HD-CB pipeline onto a Random Vector Functional Link network.

Part III: Hardware Realization

e Contribution 10: Hyperdimensional Coprocessor Unit for Binary
HDC (HDCU, Chapter 12). We introduce the Hyperdimensional Copro-
cessor Unit (HDCU), a highly flexible hardware accelerator for binary hyperdi-
mensional computing integrated into the execution stage of the Klessydra-T03
RISC-V core. The architecture features optimized functional units for bundling,
binding, permutation, and similarity, with dedicated scratchpad memories for
low-latency, high-bandwidth access. Crucially, the design is configurable at
synthesis time in data parallelism, supported operations, and memory size,
while allowing the hypervector dimension to be set at runtime. A custom
RISC-V Instruction Set Extension, fully integrated into the GCC toolchain, ex-
poses the accelerator to software via simple intrinsics, enabling programmers to
accelerate diverse learning tasks without hardware expertise. To broaden porta-
bility beyond the Klessydra ecosystem, we also developed an AXI4-compliant
standalone version that preserves the core functional units while replacing
the ISA-coupled interface with standard AXI4 datapaths, enabling seamless
integration into any AXI-capable SoC.

e Contribution 11: Hardware Acceleration for Modular Composite
Representations (MCR-HDCU, Chapter 13). Motivated by the rep-
resentational limits of binary hypervectors, we explored Modular Composite
Representations (MCR), a higher-capacity model within the hyperdimensional
computing family, analyzing its feasibility for resource-constrained platforms.
Our contribution is twofold: first, we reposition MCR in the literature, demon-
strating through large-scale experiments that it provides a more favorable
trade-off than binary HDC: higher information capacity and classification
accuracy, with reduced memory overhead. Second, we introduce MCR-HDCU,
the first dedicated accelerator for this model, showing that modular arithmetic
maps naturally to digital logic through implicit binary overflow, avoiding
the cost of explicit modulo operators. At equivalent accuracy, MCR-HDCU
achieves faster execution and lower energy consumption than binary models
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accelerated with the original HDCU.

¢ Contribution 12: Discretized Accelerator for Fourier Holographic
Reduced Representations (Chapter 14). We address the most expres-
sive model in the family of hyperdimensional computing: the Fourier Holo-
graphic Reduced Representations (FHRR). While FHRR’s complex-valued,
unit-modulus hypervectors offer superior representational capacity, their re-
liance on high-precision complex arithmetic has historically precluded efficient
hardware implementation and adoption on embedded platforms. We propose a
hardware-friendly discretization strategy that quantizes phases on the unit cir-
cle into uniformly spaced angles, enabling modular arithmetic without explicit
modulo operators—the same insight that enabled efficient MCR. Building on
this, we introduce the first dedicated FHRR accelerator, featuring functional
units for all primitive operations as well as the first hardware implementation
of a Resonator Network.

e Contribution 13: Vector-Symbolic Reasoning for NP-Complete Prob-
lems (Chapter 15). To validate HDC’s capacity for rigorous symbolic compu-
tation beyond learning tasks, we apply FHRR and Resonator Networks to solve
NP-complete 3-SAT problems. We exploit a classical polynomial-time reduc-
tion from 3-SAT to Subset Sum, encode the resulting integers using FHRR, and
leverage resonator dynamics to search for satisfying assignments. The results
demonstrate that resonator networks can model and solve combinatorial logic
problems, while also revealing fundamental capacity limits that inform future
algorithm and hardware design. This proof-of-concept validates the broader
applicability of the FHRR accelerator for symbolic reasoning workloads.

o Contribution 14: Automated Co-Design Framework (AeneasHDC,
Chapter 16). We present AeneasHDC, an open-source end-to-end framework
that bridges the gap between high-level HDC model specifications and low-level
FPGA implementations. The framework supports five VSA families, multiple
encoding techniques, configurable quantization strategies, and four learning
tasks providing a rich configurable workflow. Given user specifications through
an intuitive GUI, AeneasHDC automatically generates both high-level software
implementations and synthesizable hardware accelerators through HLS. To
navigate the vast design space, AeneasHDC incorporates a Bayesian-guided
design-space exploration engine that jointly optimizes accuracy and hardware
metrics under user-defined constraints. In area-constrained experiments, the
automated exploration discovered configurations that simultaneously improved
accuracy by +1.63 percentage points while reducing LUT usage by 63%, FF
usage by 58%, dynamic power by 75%, and increasing inference throughput
by 3.5x compared to manually selected baselines. By substantially reducing
accelerator development time from weeks to minutes, AeneasHDC enables rapid
design-space exploration for edge intelligence applications without requiring
expert hardware knowledge.
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1.3 Outline

The remainder of this dissertation is organized into three parts that correspond to
three distinct levels of intervention on the embedded AT stack.

Chapter 2 establishes the conceptual and technological foundations. It introduces
the main Al paradigms with a focus on contextual bandits, reviews the constraints of
embedded and edge platforms (with emphasis on RISC-V-based architectures), and
surveys key approaches to efficiency improvement across the stack, from arithmetic-
level optimizations to hardware acceleration and neuro-inspired computing.

Part I: Arithmetic and Algorithmic Optimizations of Linear Bandits
Starting from the observation that division and matrix inversion are the dominant
bottlenecks, this part proposes a set of cross-layer optimizations for the linear
bandits.

e Chapter 3 dismantles the arithmetic bottleneck of division operations in
linear bandits by introducing the VLNPD, a data-dependent division unit
that drastically reduces execution time and energy consumption by exploiting
operand statistics.

e Chapter 4 integrates the VLNPD into a RISC-V Vector Coprocessor, demon-
strating the advantages of variable latency division under SIMD execution.

e Chapter 5 shifts to the algorithmic level, presenting an optimized implementa-
tion of linear bandits that replaces explicit matrix inversion with incremental
Sherman-Morrison-Woodbury updates. Co-designed with the vector support
developed in the preceding chapters, this formulation significantly reduces
execution time, memory footprint, and energy consumption.

Part II: From Linear Algebra to Neuro-inspired Computing Despite the
optimizations in Part I, the inherent quadratic complexity of dense linear algebra
remains a limiting factor for extreme edge deployment. Part II marks a paradigm
shift: instead of further optimizing how fast we execute linear models, we change the
nature of the computation itself. This part replaces real-valued vectors and matrices
with the neuro-inspired hyperdimensional computing, leveraging high-dimensional,
distributed representations to achieve learning rules that are inherently parallel,
robust, and computationally lightweight.

e Chapter 6 asks whether the precision matrix in linear bandits can be by-
passed entirely by encoding contexts in a high-dimensional space. A systematic
ablation study shows that nonlinear high-dimensional encoding is the critical in-
gredient, providing theoretical motivation for the hyperdimensional framework
that follows.

e Chapter 7 establishes the theoretical framework by introducing HD-CB, the
first model to solve contextual bandit problems directly in high-dimensional
space using component-wise operations.

o Chapter 8 specializes the framework for extreme efficiency with HD-CBpg;y,
a binary variant that minimizes memory footprint and maximizes arithmetic
simplicity for low-end microcontrollers.
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Chapter 9 extends the paradigm to Hybrid HD-CB, demonstrating how shared
feature representations can be learned in hyperspace to model complex context-
action interactions.

Chapter 10 presents efficient implementations of HD-CB. A matrix-form refor-
mulation exposes data parallelism for BLAS-capable backends, and permutation-
based memory compression reduces storage from one or more per-action to a
single global memory vector, making HD-CB deployment feasible on memory-
constrained platforms.

Chapter 11 advances the learning foundations of HD-CB. First, probabilistic
updates with bounded integer counters replace unbounded accumulation,
enabling deployment at 3—4 bit precision. Second, the implicit loss function
underlying the baseline update rule is derived, and its limitations are identified.
Third, a loss-based formulation grounds HD-CB in explicit optimization,
improving accuracy by up to 3 percentage points. The loss and probabilistic
mechanisms are then combined into Loss-Probabilistic HD-CB. Finally, a formal
mapping onto Random Vector Functional Link networks connects HD-CB to
established neural network theory.

Part ITI: Hardware Acceleration and Co-Design While Part IT demonstrates
the algorithmic efficiency of HDC, fully exploiting its intrinsic parallelism requires
dedicated hardware support. Part III shifts the focus from algorithms to imple-
mentation, presenting a family of domain-specific accelerators and automated tools
designed to bridge the gap between algorithmic promise and practical deployment.

Chapter 12 presents the HDCU, a configurable RISC-V extension designed to
accelerate binary HDC operations and enable real-time learning.

Chapter 13 investigates MCR as a higher-capacity alternative to binary hy-
pervectors, repositioning this model through large-scale experiments on 123
classification datasets and introducing the first dedicated hardware accelerator
(MCR-HDCU).

Chapter 14 develops a discretized, hardware-friendly accelerator for FHRR,
enabling complex symbolic processing in hardware.

Chapter 15 demonstrates the symbolic reasoning capabilities of the proposed
hardware by applying FHRR and Resonator Networks to solve combinatorial
optimization problems (3-SAT).

Chapter 16 introduces AeneasHDC, an open-source framework that automates
the generation of synthesizable FPGA accelerators from high-level HDC model
specifications, streamlining the path from research to hardware realization.

Chapter 17 concludes the dissertation, summarizing the main findings and
outlining future research directions for efficient, autonomous edge intelligence.

To help the reader navigate the dissertation’s progressive arc—from optimizing
conventional models, through a neuro-inspired paradigm shift, to dedicated hardware
realization—Fig. 1.1 provides a high-level roadmap. The three parts correspond to
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Figure 1.1 High-level dissertation roadmap showing the three-part progression from
arithmetic and algorithmic optimization of linear models (Part I), through neuro-
inspired reformulation via Hyperdimensional Computing (Part II), to dedicated hardware
acceleration and automated co-design (Part IIT). The top axis indicates the escalating
scope of intervention; the bottom arrow represents the algorithmic-hardware co-design
principle that underpins the entire work.

three escalating levels of intervention, while the continuous co-design thread running
across the bottom reflects the unifying principle that the most substantial efficiency
gains emerge from the joint optimization of algorithms and hardware.

1.4 Publications

Most of the material presented in this dissertation is based on research published
during my PhD journey. This section lists the corresponding publications, organized
by status, and indicates the chapter(s) to which each manuscript is most closely
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Integer Division Scheme. M. Angioli, M. Barbirotta, A. Cheikh, A. Mastran-
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o Paper 2: Ezploring Variable Latency Dividers in Vector Hardware Accelerators.
M. Angioli, M. Barbirotta, A. Cheikh, A. Mastrandrea, M. Olivieri. PRIME
2024, pp- 1-4, 2024. Related: Chapter 4.

o Paper 3: Efficient implementation of LinearUCB through algorithmic improve-
ments and vector computing acceleration for embedded learning systems. M. An-
gioli, M. Barbirotta, A. Cheikh, A. Mastrandrea, F. Menichelli, M. Olivieri.
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Access, Vol. 12, pp. 95720-95735, 2024.

A Universal Hardware Emulator for Verification IPs on FPGA: A Novel and
Low-Cost Approach. S. Jamili, A. Mastrandrea, A. Cheikh, M. Barbirotta,
F. Menichelli, M. Angioli, M. Olivieri. International Conference on Applications
in Electronics Pervading Industry, Environment and Society (APPLEPIES
2023), Lecture Notes in Electrical Engineering, Springer, 2024.

Heterogeneous tightly-coupled dual core architecture against single event effects.
M. Barbirotta, F. Menichelli, A. Mastrandrea, A. Cheikh, M. Angioli, S. Jamili,
M. Olivieri. International Conference on Applications in Electronics Pervading
Industry, Environment and Society (APPLEPIES 2023), 2024.

Special Session: SE-UVM, an Integrated Simulation Environment for Single
Event Induced Failures Characterization and its Application to the CV32E/0P
Processor. M. Barbirotta, M. Angioli, A. Mastrandrea, F. Menichelli, A. Cheikh,
M. Olivieri. 2024 IEEFE International Symposium on Defect and Fault Tolerance
in VLSI and Nanotechnology Systems (DFT), Oct. 2024.

Alternative Implementations of Error Correcting Codes in Register Files of a
RISC-V Safety Critical Processor. M. Barbirotta, M. Angioli, A. Mastrandrea,
A. Cheikh, F. Menichelli, M. Olivieri. International Conference on Applications
in Electronics Pervading Industry, Environment and Society (APPLEPIES
2024 ). Published in Lecture Notes in Electrical Engineering, Springer, 2025,
pp- H6-64.

Fault tolerant voting circuits: A Dual-Modular- Redundancy approach for Single-
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Chapter 2

Background

"The joy of discovery is certainly the
liveliest that the mind of man can
ever feel."

Claude Bernard

Artificial Intelligence involves developing parametric mathematical models capa-
ble of learning from data, adapting to experience, and solving tasks across a vast
spectrum of applications. As discussed in the previous chapter, the exponential
growth in computational power and data availability has pushed AI to unprece-
dented capabilities, but also to increasingly unsustainable demands for computation,
energy, and memory—demands that are particularly acute for embedded platforms.
Understanding how to make AI more efficient, therefore, requires revisiting its
theoretical foundations, computational models, and hardware implementations, and
examining how these layers interact. Only by looking across the entire computing
stack—from learning algorithms and representations down to arithmetic units and
microarchitectures—it is possible to identify where efficiency can be gained.

This chapter provides the conceptual groundwork for the contributions presented
in this thesis. It is organized into three main sections, each addressing a different
aspect of the theoretical and technological background underlying this research.

The first section introduces the field of Artificial Intelligence in its broadest
sense, encompassing perception, reasoning, learning, and action as the fundamental
capabilities of intelligent systems. It distinguishes between the two main histor-
ical paradigms of Al—symbolic, based on explicit rule manipulation and logical
inference, and connectionist, which relies on data-driven models that learn directly
from examples. Within this context, the section discusses the three major learn-
ing paradigms in AI—supervised, unsupervised, and reinforcement learning—with
particular emphasis on the latter, which formalizes how agents can learn to make
optimal decisions through interaction with their environment. Special attention
is given to the contexrtual bandit framework, a simplified yet powerful subclass of
reinforcement learning that captures the essential trade-off between exploration and
exploitation and constitutes one of the central algorithmic foundations of this thesis.

The second section shifts the focus toward the hardware substrate on which Al
algorithms are deployed, with particular emphasis on resource-constrained embedded
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and edge systems, outlining the main characteristics and limitations of these devices
that make the execution of modern Al models particularly challenging. The discussion
also introduces the RISC-V instruction set architecture, an open, modular, and
extensible platform that serves as the hardware testbed for many of the experimental
developments in this work.

Subsequently, the third section focuses on the key methodologies for improving
computational efficiency in AI, which represent the main thematic axes of this thesis.
It first examines arithmetic-level optimizations, aimed at accelerating fundamental
operations that dominate the computational cost of many learning algorithms. The
discussion then moves to algorithmic optimizations, which reformulate mathematical
models, learning processes, and data representations to reduce computational com-
plexity, energy consumption, and memory footprint, while preserving accuracy and
stability. Next, it reviews the principles of hardware acceleration, describing how
the design of specialized architectures can drastically improve performance-per-watt
by exploiting the regularity and parallelism of Al workloads. Finally, it introduces
neuro-inspired paradigms, including hyperdimensional computing, which draws in-
spiration from the structure and operation of biological neural systems to achieve
extreme energy efficiency through distributed, low-precision, and massively parallel
computation.

Together, these perspectives define the multidimensional optimization space
in which this thesis is situated. They provide the theoretical and technological
background for understanding how algorithmic innovation, architectural design, and
neuro-inspired computation can converge toward a new generation of energy-efficient,
high-performance Al systems capable of operating not only in powerful data centers
but also on resource-constrained embedded and edge devices.

2.1 Artificial Intelligence

Among the many questions that have accompanied scientific thought, one of the
most persistent is whether the ability to think can be understood, formalized, and
ultimately reproduced in artificial systems. Intelligence, in this sense, is not a
single faculty but an ensemble of capabilities: sensing the world, forming internal
models, learning from interaction, and using these models to guide action toward
desired outcomes. Al studies how to design computational systems that exhibit such
behaviors. As noted in historical surveys of the field [41], AI has been characterized
through multiple, partially overlapping lenses over the years. Early definitions
emphasized the replication of tasks requiring human intelligence [42], while others
framed AI as an engineering discipline focused on building intelligent machines and
programs [43]. A widely adopted formulation is the agent-centric view of Russell
and Norvig, which defines Al as the study of agents that perceive their environment
and take actions to achieve goals [8].

These definitions emphasize different aspects, but regardless of which is preferred,
any complete Al system must integrate several fundamental functional components:
perception, reasoning, learning, and action. Perception refers to the ability to sense
and interpret the environment (e.g., through computer vision or speech recognition).
Reasoning encompasses the use of internal models to infer new information and
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make decisions. Learning allows the system to improve its performance over time by
adapting parameters or representations based on data and feedback, rather than
relying solely on hand-crafted rules. Action denotes the capacity to affect the external
world, either through physical actuators (as in robotics) or through virtual outputs
such as recommendations, control signals, or decisions. These components form
a closed loop: perception provides input, reasoning and learning determine what
should be done, and action modifies the environment, which in turn generates new
perceptual input. Implementing this continuous closed loop under strict resource
constraints is the primary challenge addressed in edge Al and this thesis.

Over the decades, different answers have been proposed to the question of how
these capabilities should be realized in concrete models. Some approaches treat
intelligence as rule-based symbolic manipulation over explicit structures; others view
it as an emergent property of large networks of simple units learning from data.
The remainder of this section traces this evolution, from classical symbolic Al to
modern connectionist approaches, and sets the stage for the neuro-inspired and
hybrid paradigms that play a central role in this thesis.

2.1.1 From Symbolic to Connectionist Al

Historically, the AT field has been characterized by two dominant methodological
paradigms: symbolic Al and connectionist Al

Symbolic AI. The symbolic (or “classical”) approach, which dominated the early
decades of research, assumes that intelligence arises from manipulating symbols
(objects, logical expressions, rules, ontologies) [44, 45]. In this paradigm, an intelligent
system reasons by applying explicitly defined rules to symbol structures, deriving
conclusions in a way analogous to formal logic. Individual symbols can stand for
features, relations, physical objects, scenes, or abstract classes, and more complex
expressions are constructed by combining simpler ones. Symbolic representations
thus have a rich combinatorial structure: a finite alphabet of basic symbols and
composition rules can generate an unbounded number of expressions. A vivid
example is natural language, where a large number of words is composed from a
small alphabet of letters, and in turn a finite vocabulary can be arranged into an
effectively infinite number of meaningful sentences [45]. The theoretical foundation
of symbolic Al can be traced to the Physical Symbol System Hypothesis proposed
by Newell and Simon (1976) [44], which claims: “A physical symbol system has the
necessary and sufficient means for general intelligent action”. This implies two things:
first, that human cognition itself is a form of symbol manipulation (necessity); and
second, that any physical system capable of manipulating symbols appropriately
can, in principle, exhibit intelligent behavior (sufficiency). The philosophical roots
of this view extend back centuries. Thomas Hobbes argued that reasoning was
“nothing more than reckoning” [46], Leibniz envisioned a universal logical calculus to
represent and manipulate all human knowledge [47], David Hume attempted to reduce
perception to “impressions” and “ideas” as the atomic elements of experience [48],
and Immanuel Kant proposed that human experience is structured by a priori forms
and concepts that the mind imposes on sensory input [49]. These thinkers anticipated
many of the key assumptions of symbolic Al: that knowledge can be represented
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in structured form and manipulated through rule-governed operations on symbols.
Early Al research in the 1950s-1980s was dominated by symbolic methods, leading
to expert systems that encoded human knowledge as explicit if-then rules (e.g., for
medical diagnostics or algebraic solving). While Symbolic AI achieved some success
in these domains, its limitations soon became apparent. Similarity between symbols
is typically all-or-none: two identical symbols are maximally similar, whereas distinct
symbols are treated as completely dissimilar, even if they are semantically related [45].
To compare or combine symbolic structures one must follow pointers, traverse trees or
graphs, and match elements explicitly, which leads to complex and largely sequential
algorithms for search, pattern matching, and reasoning [44]. As the number of
symbols and relations grows, these operations quickly become computationally
expensive and scale poorly. In practice, symbolic Al required extensive manual
knowledge engineering and remained brittle in the face of uncertainty, noise, and the
combinatorial explosion of real-world complexity (a tension often summarized as the
symbol grounding problem [45]). Moreover, conventional symbolic implementations
assume highly reliable hardware, since even a small error in a symbolic data structure
can corrupt an entire proof or plan—an assumption [50], that sits uneasily with the
noisy, unreliable components found in biological brains [51]. By the 1980s, these
conceptual and practical challenges contributed to the so-called “Al winter” and
motivated the search for alternative, more robust and brain-plausible approaches,
paving the way for connectionist Al

Connectionist AI. The connectionist approach draws inspiration from the struc-
ture of the brain and seeks to model intelligence using large networks of simple,
neuron-like processing units connected by weighted links, i.e., artificial neural net-
works [52]. Instead of relying on explicitly encoded rules, these systems learn from
data by adjusting connection weights, so that intelligent behavior emerges from the
collective dynamics of many simple units rather than from hand-crafted symbolic
programs. Within this paradigm, different representational schemes have been
explored. Localist representations assign a single dedicated unit to each concept,
much like the so-called "grandmother cells" in the brain [53, 54]. This makes them
easy to interpret but closely mirrors the drawbacks of symbolic representations:
first, constructing complex computationally structured objects requires introducing
new units and connections for every combination; second, distinct concepts are
typically represented by disjoint units (neurons), so there is no immediate notion
of graded similarity between them [53, 55]. To address these issues, modern neural
networks rely on distributed representations [52, 56|, related to the idea of holo-
graphic [53, 55-57]. In these representations, information is modeled as distributed
over many neurons: each object is encoded as a pattern of activity over many units,
and each unit participates in the representation of many objects. Mathematically,
the state of a set of neurons (of finite size) is modeled as a vector whose components
correspond to neuron activations (each element represents the state of a particular
neuron). This supports fully distributed representations of objects at many levels
of complexity, from simple features or single items to complex scenes built from
many parts [52, 57]. Crucially, in distributed representations, a single component
of the vector has no clear meaning on its own; it only makes sense as part of the
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full activity pattern. In other words, individual units in a distributed representation
do not correspond to specific, easily interpretable concepts [56]. Similar objects
give rise to similar activation patterns and can be compared efficiently via vector
operations such as dot products or cosine similarity [52, 56]. Distributed codes enjoy
several appealing properties: they can store a very large number of distinct concepts
in a fixed-dimensional space; they provide a rich semantic basis because features are
shared across many concepts; they are robust to noise and hardware unreliability; and
they allow a unified processing pipeline in which both simple and composite entities
are manipulated as vectors using well-understood linear-algebraic tools [53, 55, 57].
Historically, the connectionist paradigm has deep roots in neuroscience and cognitive
psychology. Foundational models include the McCulloch—Pitts neuron (1943) [58],
which proposed a binary computational abstraction of a neuron, and Rosenblatt’s
perceptron (1958) [59], an early learning system for binary classification. After an
initial wave of enthusiasm, the limitations of simple perceptrons—most notably their
inability to solve non-linearly separable problems—contributed to a decline of interest
in the 1970s [60]. The field was revived in the 1980s with the rediscovery of back-
propagation and the rise of parallel distributed processing, which explicitly embraced
distributed, subsymbolic representations and learning from experience [61, 62]. At
the same time, a number of conceptual challenges were articulated. Critics such
as Fodor and Pylyshyn [63] argued that early connectionist models struggled with
compositionality, productivity, and systematicity—that is, with representing complex
structures built from simpler parts and with explaining why certain patterns of
generalization (e.g., understanding a new sentence built from familiar words) come
so naturally to humans. Jackendoff [1, 64] later reformulated these concerns as the
binding problem (how to link features to the correct objects), the "problem of two"
(how to represent multiple instances of the same type), and the problem of variables
(how to represent roles in relational structures) [65]. For example, a model should
distinguish between "the little star above the big star" and "the big star above the
little star," even though both descriptions involve the same words and objects; or, if
it understands "the dog chased the cat," it should systematically generalize to "the
cat chased the dog" by swapping the roles of the same entities. The superposition of
distributed representations further complicates these issues, since encoding multiple
items in overlapping patterns can make it difficult to recover individual components,
such as when combining patterns for "a—b" and "b—c" yields an activation that no
longer cleanly distinguishes which pairings were originally present [66, 67]. Despite
these issues, the connectionist approach underwent a decisive resurgence in the
2010s, driven by massive computational resources, large datasets, and advances
in architecture design. Deep learning demonstrated that large networks can auto-
matically learn hierarchical distributed representations, powering breakthroughs in
perception, language, and decision-making—while still leaving open questions about
how to reconcile their strengths with the structured, compositional aspects of human
cognition [68, 69].

Historically, researchers often viewed connectionist methods as fundamentally
opposed to older symbolic methods, with the two camps debating whether neural
networks would supersede symbolic reasoning or vice versa. For example, proponents
of connectionism questioned whether high-level symbolic manipulation was necessary
to achieve intelligence, while advocates of symbolic Al criticized neural networks
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for lacking clear interpretability or logical guarantees [63]. This dichotomy led to
periods where one approach dominated and the other receded. Today, however, it
is widely accepted that symbolic and connectionist approaches are complementary
rather than mutually exclusive. Symbolic Al provides tools for logical reasoning,
structured knowledge representation, and interpretability, whereas connectionist
AT offers scalable learning from raw data, robustness to noise, and the ability to
generalize from examples [53, 55]. Modern Al systems increasingly blend both
paradigms—for instance, integrating neural modules for perception with symbolic
components for reasoning, planning, or rule-following—giving rise to neuro-symbolic
architectures that combine the strengths of both views [57, 65].

Importantly, this thesis builds on this hybrid philosophy by exploring hyperdimen-
sional computing, a brain-inspired paradigm introduced in Section 2.3.4 and itself a
fusion of symbolic and connectionist principles. HDC operates on high-dimensional
distributed representations that encode information as patterns across many compo-
nents, akin to neural networks [56, 57]. Yet, it also supports symbolic-like arithmetic,
enabling structured reasoning in a connectionist substrate [65]. This dual nature
allows HDC to capture structure and flexibility simultaneously, offering a promising
path toward efficient, interpretable, and hardware-friendly learning models.

2.1.2 Learning Paradigms

Within the broader field of AI, the subfield devoted to designing systems that can
automatically improve their performance through experience is known as Machine
Learning (ML). As formally defined by Mitchell (1997) [70], “a computer program is
said to learn from experience E with respect to some class of tasks T" and performance
measure P, if its performance at tasks in T, as measured by P, improves with
experience F.” ML systems adapt by detecting statistical regularities in data and
tuning internal parameters through optimization.

Broadly speaking, three major learning paradigms are recognized in ML: super-
vised learning, unsupervised learning, and reinforcement learning, each defined by a
distinct type of feedback and learning objective.

Supervised learning. In supervised learning, the model is provided with a
dataset of input-output pairs, where each input x; € R¢ is associated with a
corresponding target output or label y;. The objective is to learn a function f :
R? — Y that generalizes well to new, unseen data. This paradigm is applicable to
both classification problems, where ) is a finite set of discrete classes (e.g., recognizing
handwritten digits), and regression problems, where )} C R represents continuous
quantities (e.g., predicting housing prices). Learning proceeds by minimizing a loss
function L£(f(x;),y;) over the dataset, typically via gradient-based optimization.
Supervised learning powers many of the most successful Al systems in production
today, including those used in image recognition, speech transcription, language
translation, and medical diagnosis. Its effectiveness, however, depends on the
availability of large and well-labeled datasets, which are often expensive or difficult
to obtain.
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Unsupervised learning. In unsupervised learning, the system is presented only
with input data, without any associated labels or outputs. The goal is to infer
structure or regularity within the data itself, such as identifying groups of similar
samples (clustering), discovering latent variables (dimensionality reduction), or
detecting anomalies. Algorithms such as k-means clustering, principal component
analysis (PCA), autoencoders, and Gaussian mixture models exemplify this setting.
Because it does not rely on labeled data, unsupervised learning is particularly
valuable in domains where manual annotation is infeasible or subjective. Furthermore,
unsupervised representations often serve as useful initialization or pretraining for
downstream supervised tasks.

Reinforcement learning. Reinforcement learning (RL) deals with sequential
decision-making in interactive environments. In contrast to supervised learning,
where correct input—output pairs are explicitly provided, an RL agent must learn from
evaluative feedback obtained through trial-and-error interaction with its environment
[40]. At each time step ¢, the agent observes a state s; € S, selects an action a; € A
according to a policy m(a | s), receives a scalar reward 41 € R, and transitions to a
new state sy1. The objective is to find a policy that maximizes the expected return,
typically defined as the discounted sum of future rewards

oo
k
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where v € [0,1] is a discount factor trading off immediate and delayed consequences.
Problems of this kind are commonly formalized as Markov decision processes (MDPs),
specified by the tuple (S, A, P, R, ), where P encodes the transition dynamics and
R the expected one-step reward. In this framework, learning proceeds by improving
the policy 7(a | s)—for example, by estimating value functions that predict expected
return and updating the policy to favor actions with higher value. A central challenge
is the exploration—exploitation tradeoff: the agent must explore the environment to
discover new rewarding strategies while exploiting its current knowledge to maximize
long-term returns. RL has been successfully applied to complex domains such as
robotics, resource management, game playing, and recommendation systems.

In this thesis, all three learning paradigms will appear both in algorithmic analysis
and in empirical evaluation. Specifically, the hardware architectures developed in this
work will be benchmarked across classification, clustering, and sequential decision
tasks. However, the specific learning rules adopted for each case are beyond the
scope of this conceptual chapter and will be introduced in detail in the corresponding
technical sections.

From an algorithmic standpoint, this work concentrates particularly on a subclass
of reinforcement learning problems known as contextual bandits (CB). CB captures
the exploration—exploitation trade-off and is widely used when reinforcement learning
is impractical due to the absence of dependence between future contexts and chosen
actions. This class of problems will be introduced in the next section.
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2.1.3 Contextual Bandit Problems

Contextual Multi-Armed Bandits, or simply Contextual Bandits, are a class of
sequential decision-making problems where an agent interacts with the environment
to learn and adapt in real-time through a reward-driven process [38]. Given a finite
set of N possible actions (or "arms"), at each time step t, the agent interacts with
the environment observing a context vector z;, € R? for each action a, selects an
action a;, and receives a reward (or payoff) r;,,, as depicted in Figure 2.1. This
reward is then used to update the model parameters, enabling it to adapt and gather
information to predict the relationship between the observed context and the reward
associated with each action [71]. When the context is shared across actions, we use
the notation z; (i.e., x4, = x; for all a).

Differently from RL scenarios, where actions influence subsequent states and the
objective is to maximize cumulative rewards over multiple state transitions, in CB
problems, the selected action does not affect the next state, and the algorithm aims
to maximize the immediate rewards at each iteration [38, 71-73].

Action

Figure 2.1 Schematic representation of contextual bandits problems. At each iteration,
the algorithms observe a context, pick an action and receive a reward related to the
chosen option.

Linear Hypothesis A widely studied branch of algorithms for modeling CB
problems, which will be considered in this work, assumes a linear relationship
between the reward and the context [74, 75]. Under this linear hypothesis, the
agent maintains ridge-regression statistics to estimate, at each round ¢, the expected
reward of each action a given its context vector x;, € R? These algorithms can be
broadly categorized by how they model this relationship (the Disjoint vs. Hybrid
formulation) and by the adopted exploration strategy.

Modeling Formulations Mathematically, these algorithms can model actions
independently or assume they share common underlying features.

The Disjoint formulation represents the simplest approach. Here, each action a
is associated with an unknown weight vector 8, € R? such that Elriq | xt0] = X;— uBas
assuming sub-Gaussian noise. The parameter 6, is estimated online via ridge
regression by maintaining per-action statistics: a covariance matrix A, € R?*¢ and
a bias vector b, € R%. At each time step, the agent observes the context X¢,q and
estimates the expected reward 7, for each arm:

A

0. =A by, Pra=x] .0, (2.1)
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Upon taking the selected action a; (chosen by the exploration strategy) and observing
reward 7¢ q,, the statistics for a; are updated:

T
Ag, = Ag, + Xt,at Xt a4 be, = bg, + T't,a1Xt,at - (2‘2)

The Hybrid formulation is more complex but powerful when actions share
similarities. Here, each action a is associated with an action feature vector u, € Rf ,
and the system utilizes a shared feature vector z;, € R* (typically the outer product
of context and action features) to model interactions. The model assumes that the
expected reward decomposes into two linear components: a global effect shared
across the entire action space, and a local effect specific to the individual arm:

Elrtq | xt,0] = z;—aﬂ + X;I:QHG . (2.3)
~—~— S~——
Global Term  Local Term

where 8 is a shared unknown parameter vector common to all arms, and 8, is the
unknown parameter vector specific to action a.

At each time step, 8, and 8 are estimated via ridge regression by maintaining
global shared ridge-regression statistics Ay € R¥** and by € R¥, as well as action-
specific statistics A, € R B, € R™* and b, € R%.

At each time step, the agent estimates the expected reward using;:

B=A;'by, 0.=A.'(by—Bu.p), Pia=2/,8+x/,0 (2.4)

After selecting an action a;, both the shared and specific matrices are updated,
as per (2.5), (2.6) and (2.7). Equations (2.5) and (2.7) handle the updating of shared
matrices, while (2.6) is specifically dedicated to updating the matrices associated
with the selected action.

Ag=Ao+B/A;'B,, (25)
by = by + B/}, A_ b, ‘
Aat = Allt + Xt,atxz;rat

Bo, = Bo, + Xt.0,%14, (2.6)
bat - bat + Tt7atxt,at
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The Hybrid algorithm imposes considerably higher memory requirements and
computational demands, potentially presenting challenges for its direct deployment
in resource-constrained embedded environments. However, including shared matrices
in the Hybrid model allows it to generalize information across actions, significantly
accelerating convergence in scenarios with correlated arms [74].

Exploration Strategies Regardless of the modeling formulation, an explo-
ration strategy is required to select the action a; based on the estimated rewards
t.a- This balances exploring less-known options with exploiting previously gathered
information, ensuring the model can adapt and improve over time while avoiding
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premature convergence to suboptimal solutions. Two widely used strategies in CB
algorithms are the epsilon-greedy and the Upper Confidence Bound (UCB), which,
when integrated into linear algorithms, are referred to as LinEPS and LinUCB,
respectively [38, 74, 76, 77].

In the epsilon-greedy technique (LinEPS), at each time step, with probability
1 — ¢, the model selects the action with the highest estimated reward (argmax, 7 ),
while in the remaining cases, it selects a random action. This strategy ensures
continuous exploration over time but does not account for the model’s confidence,
potentially leading to inefficient choices.

The UCB exploration strategy [74] (LinUCB), on the other hand, incorporates
a confidence interval to each estimate, favoring actions with either high payoff or
high uncertainty. This results in a principled trade-off between exploration and
exploitation that adapts dynamically over time. For the Disjoint case, the uncertainty
term is sy 4 = XZ aA(;lxt,a and the expected reward becomes:

Pra = (A 'ba) "xp0 + ay/x/) AT X0 (2.8)

For the Hybrid case, the uncertainty term accounts for shared correlations:

T A—1 T A-1RpT A-1 T A-1 T A-1 —1pTA-1
St,azzt,aAo Zt,a_2zt,aA0 Ba Aa Xt,a—i_xt,aAa Xt7a+Xt,aAa B(IAO Ba Aa Xt,a
(2.9)
and the expected reward becomes:

Pra =2{ B +%/ 00+ a\/51a. (2.10)

Numerous other exploration strategies have been proposed in the literature,
including Thompson Sampling, posterior-sampling methods, and neural-network-
based approaches [78-81]. However, these are beyond the scope of this work, and
the interested reader is referred to [38] for a comprehensive survey.

Notably, unlike RL algorithms such as Q-learning [38, 72], which update state-
action values with scalar adjustments, linear CB algorithms heavily rely on compu-
tationally intensive matrix operations—particularly the inversion of large matrices,
whose complexity scales cubically with the problem size. These requirements create
a significant bottleneck for deployment on embedded systems. The matrix updates
involve non-trivial data dependencies that are difficult to parallelize [82], resulting in
high memory bandwidth consumption and energy overhead. These challenges often
conflict with the strict resource constraints of edge devices, directly motivating the
architectural optimizations and hardware-aware strategies introduced in this thesis.

Performance Metrics The performance of contextual bandit algorithms is typi-
cally evaluated using two key metrics: average reward and cumulative regret. The
average reward reflects the model’s ability to consistently select high-reward actions
over time. In contrast, cumulative regret quantifies the total difference between the
rewards the algorithm actually obtained and the rewards it could have obtained by
always selecting the best possible action for each context. Formally, the regret over
T rounds is defined as:

T
RT - Z <rt,a;‘ - 7nt,at) .
t=1
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Figure 2.2 Representative application domains of contextual bandit algorithms. Examples
span healthcare and biology (e.g., treatment allocation, adaptive clinical trials), recom-
mendation systems (content selection, ad allocation, personalized recommendations),
industrial and hardware settings (dynamic channel selection, accelerator optimization,
real-time model updates), and edge computing and networks (mobile health, task alloca-
tion, service placement, vehicular and distributed edge networks).

where af is the optimal action in hindsight for context x;, and a; is the action selected
by the algorithm. A well-designed contextual bandit algorithm aims to minimize this
regret over time, converging toward optimal behavior as it gathers more information.
Throughout this thesis, these metrics will serve as the primary criteria for assessing
the efficiency and learning performance of the proposed algorithms and hardware
implementations.

Applications CB algorithms have demonstrated their versatility across a wide
range of applications, as summarized in Figure 2.2. In healthcare and biology,
these algorithms have been applied to improve treatment allocation in clinical trials
[83] and propose personalized dosing strategies [84]. In recommendation systems,
they found notable applications in personalizing article selection or tailoring movie
recommendations. A canonical example is click-through rate prediction and content
selection in web banners: each time a user visits a page, the algorithm observes
contextual features (e.g., user demographics, time of day, device type) and selects
one among multiple candidate ads to display. The reward is binary—whether
the user clicks the ad or not—and only feedback for the chosen ad is observed.
Another impactful use case is in budget-constrained ad allocation, where CBs select
ads to maximize engagement while respecting per-campaign or per-user budget
constraints. For instance, in real-time bidding environments, advertisers must
decide which ad to show and how much to bid, given budget constraints and
uncertain user behavior. Here, the contextual bandit framework enables adaptive
exploration while ensuring efficient use of advertising resources [38, 85]. From
a practical viewpoint, in Microsoft [86], The New York Times [87] and Yahoo
[74] recommendation systems, CB algorithms have been widely utilized to enhance
personalized content and news article delivery while Netflix [88] uses them to improve
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movie recommendations, demonstrating the ability to learn user preferences over
time, enhancing the experience and engagement.

In industrial environments, they have been successfully employed for dynamic
channel selection in Industry 4.0 wireless networks [89], as well as for efficient
data annotation and real-time model updates in Industrial Cyber-Physical Systems
[90]. Furthermore, recent advancements have shown the potential of CB algorithms
in enhancing hardware efficiency. The study in [71] employs these algorithms
to automatically select the optimal configuration of a general-purpose hardware
accelerator according to the workload and reconfigure the architecture at run-time.

Recently, CB algorithms have also emerged in edge computing environments for
localized data processing and real-time decision-making. The work in [85] proposes
using CB algorithms directly executed on mobile phones or wearable devices for
mobile health, personalizing interventions based on user context such as GPS
location, calendar busyness, and heart rate. This approach ensures interventions
can occur even in network issues or failures, providing robust and timely support.
It also addresses privacy concerns by keeping sensitive health data localized on
the user’s device. In [39], authors employ CB algorithms on resource-constrained
nanodrones to dynamically allocate inference tasks between edge and cloud, based
on predicted network delays. This approach demonstrates improved adaptability
in task allocation, enabling efficient computation offloading and optimized edge
computing in fluctuating network conditions. The work in [91] proposes a CB
approach to optimize the placement of services on edge nodes, enhancing response
times and service quality for users. Their algorithm runs directly on edge devices
and dynamically rents computing resources based on spatial and temporal demand
patterns, adapting to changes in user needs across different times and places. [92]
proposes a CB algorithm to split tasks across multiple edge devices, selecting the
most reliable ones in real-time. This ensures stable, deadline-driven performance
even in fluctuating network conditions, making it ideal for large-scale, distributed
edge applications. In the context of emerging networks, authors in [93] utilize
CB to optimize intelligent and secure radio environments in 6G vehicular-aided
heterogeneous networks, demonstrating their potential to enhance the efficiency
and security of these advanced networks. In the domain of assistive robotics,
human-in-the-loop CB-based approaches have been proposed to personalize robot-
assisted feeding, achieving the trade-off between acquisition success and the querying
workload [94].

The diverse challenges and application domains of CB algorithms highlight
the critical need to develop new approaches that enhance accuracy, reduce execu-
tion and convergence times, minimize computational complexity, and lower energy
consumption [82, 85].

In this thesis, contextual bandits play a central role as a theoretical and experimen-
tal testbed for studying the trade-off between algorithmic accuracy, computational
cost, and energy efficiency. They provide a controlled yet expressive framework to
evaluate how algorithmic reformulations, arithmetic optimizations, and hardware
acceleration can jointly enable intelligent decision-making under strict resource
constraints.
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Figure 2.3 From cloud-centric Al to edge intelligence and embedded constraints. (a)
Traditional cloud computing model, where sensor data are streamed to a remote server
for processing, incurring high bandwidth usage and latency and requiring continuous
connectivity. (b) Edge-Al paradigm shift, in which inference is performed near the
data source, reducing latency and bandwidth, improving privacy, and enabling more
autonomous operation. (c¢) Key constraints and challenges of embedded microcontroller-
class platforms targeted for on-device Al, including tight memory and compute budgets,
stringent energy-efficiency requirements, real-time operation, reliability and robustness,
cost and form-factor limitations, and intermittent or expensive connectivity.

2.2 Embedded AI Systems and Hardware Devices

The previous sections introduced the basic concepts of Al and the main learning
paradigms. Yet, abstract algorithms ultimately run on concrete hardware substrates.
In the context of edge AI considered in this thesis—characterized by resource-
constrained, real-time, and low-power scenarios—the properties of the hardware
backend are as critical as the choice of the learning algorithm itself.

In these environments, the relevant design question is no longer just "What is the
most performant model?", but rather: "What is the best compromise between accuracy,
resource utilization, and energy efficiency under tight constraints?" Understanding
where and how Al workloads are executed is therefore essential to designing practical,
efficient solutions.

An embedded system is defined as a specialized computing platform designed
to perform a dedicated function, often as part of a larger electrical or mechanical
system [95]. This thesis specifically targets the class of resource-scarce edge devices,
which Branco et al. [4] characterize as operating below roughly 200 MHz, with
less than 3 MB of on-chip Flash, under 500 KB of (S)RAM, and average current
consumption below 20 mA. As illustrated in Table 2.1, these specifications reflect
the vast majority of microcontrollers deployed as IoT end-nodes, including wearable
medical devices, wireless sensor nodes, and low-cost industrial controllers.

Deploying Al on such constrained substrates presents a set of specific challenges,
summarized in Figure 2.3:

e Resource constraints: Unlike cloud servers, these platforms typically rely
on low-power microcontrollers with very simple microarchitectures: in-order
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pipelines, narrow datapaths, and frequently no hardware floating-point unit
(FPU) or vector extensions, forcing ML workloads to rely on fixed-point arith-
metic or software-emulated floating point. These tight bounds fundamentally
restrict the size, precision, and architectural complexity of Al models that can
be executed locally.

e Energy efficiency: With current budgets often limited to a few milliamps
(or relying on harvesting), energy efficiency is the primary design objective.
Since data movement often dominates the energy cost of computation, this
strongly favors computation near the sensor, compact models, and memory
access patterns that minimize both on-chip traffic and wireless transmissions.

¢ Real-time operation: Embedded systems often close control loops with
the physical environment (e.g., automotive, robotics, medical monitoring),
requiring fast and responsive algorithms.

e Cost and form-factor constraints: Large-scale deployments impose strin-
gent limits on bill-of-materials cost and packaging area. This pushes designs
toward simple microcontrollers, minimal external memory, and limited 1/0,
often precluding the use of high-end processors or large off-chip DRAM and
further constraining the feasible AI workload.

e Reliability and robustness: Deployed in harsh or uncontrolled environments
(such as industrial plants, vehicles, outdoor infrastructure, or on-body/in-body
medical devices) embedded systems must guarantee long-term stability and
tolerance to noise, temperature variations, interference, and partial failures.
AT components must operate reliably under such conditions, with limited
possibilities for frequent retraining, recalibration, or manual intervention in
the field.

e Limited connectivity and bandwidth: Many edge nodes experience inter-
mittent, low-bandwidth, or energy-expensive connectivity. In scenarios such as
remote sensing, agricultural monitoring, or battery-powered and duty-cycled
devices, continuous offloading to the cloud is infeasible. This reinforces the
need for local, stand-alone inference capable of operating correctly even when
back-end connectivity is unavailable, and encourages designs in which models
can be autonomous and adaptable to changing environments.

By 2026, edge inference is projected to account for approximately 70% of all Al
inference deployments [96], with over 50% of new enterprise Al deployments in the
United States already involving edge processing as of 2025 [33]. In this landscape,
moving computation closer to the data source is not merely an optimization but
a necessity. This strongly motivates the algorithm—-hardware co-design approach
adopted in this thesis, which explicitly embraces device-level constraints rather than
treating the hardware as an afterthought.

2.2.1 The Role of FPGAs in Embedded Al

Field-Programmable Gate Arrays (FPGAs) are increasingly emerging as a key
enabler for flexible and energy-efficient intelligent embedded computing.
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Table 2.1 Microcontroller units (MCUs) comparison, ordered by clock frequency [4].

Name Clock Frequency Flash (S)RAM Power
Arduino Uno (ATMegal28P) 16 MHz 32KB 2KB 12mA [97]
Arduino Mega (ATMega2560) 16 MHz 256 KB 8KB 6 mA [98]
Arduino Nano (ATMega2560) 16 MHz 26-32KB  1-2KB 6 mA [98]
STM32L0 (Cortex-M0) 32MHz 192KB 20KB 7mA [99]
Arduino MKR1000 (Cortex-MO) 48 MHz 256 KB 32KB 4mA [100]
Arduino Due (Cortex-M3) 84 MHz 512KB 96 KB 50mA [101]
STM32F2 (Cortex-M3) 120 MHz 1MB 128 KB 21 mA [102]
STM32F4 (Cortex-M4) 180 MHz 2MB 384 KB 50mA [103]
Raspberry Pi A+ 700 MHz SD Card 256 MB 80mA [104]
Raspberry Pi Zero 1GHz SD Card  512MB 80mA [104]
Raspberry Pi 3B 1.2GHz SD Card 1GB 260 mA [104]

An FPGA is a reconfigurable integrated circuit composed of an array of pro-
grammable logic blocks (implementing Boolean operations via Lookup Tables (LUTs)
and Flip-Flops) interconnected by a configurable routing fabric. Modern devices aug-
ment this fabric with heterogeneous hard macros, such as Digital Signal Processors
(DSP) and block RAM (BRAM). This architecture allows developers to tailor the
hardware datapath precisely to the computational characteristics of Al workloads by
describing the hardware logic using Hardware Description Languages (HDLs), which
is then synthesized and deployed as a bitstream to configure the FPGA’s underlying
fabric. Unlike CPUs or GPUs, which rely on fixed instruction sets and standard
data types, FPGAs enable bit-level customization, achieving high performance and
energy efficiency [105, 106].

This combination of flexibility and fine-grained parallelism makes FPGAs partic-
ularly attractive for edge Al where real-time responsiveness and strict power budgets
must coexist. They support massive concurrency for mapping computational kernels
(e.g., matrix multiplications, distance metrics) while leveraging distributed on-chip
memory to minimize energy-expensive off-chip data movement [4, 105].

FPGA-based implementations can achieve 10x-100x improvements in through-
put and energy efficiency compared to microcontroller-based systems, enabling
real-time execution of tasks ranging from computer vision to radar-based activ-
ity recognition [4]. Despite these advantages, FPGAs face limitations, including
lower clock frequencies than standard processors and a complex development cycle
requiring expertise in hardware description languages and timing closure [105].

In the context of this thesis, FPGAs serve a dual role: first, as a flexible validation
platform where algorithmic and architectural choices can be iteratively optimized
before ASIC commitment; and second, as a target architecture for the custom
accelerators and hybrid systems proposed in the following chapters.

2.2.2 The RISC-V Instruction Set Architecture

The growing demand for efficient and application-tailored embedded intelligence
has accelerated the adoption of open and extensible microprocessor architectures.
Among these, the RISC-V instruction set architecture (ISA) has emerged as a natural
foundation for domain-specific system-on-chip designs in edge and IoT scenarios.
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Originating at the University of California, Berkeley, in 2010, RISC-V follows
the Reduced Instruction Set Computing (RISC) philosophy but is modular, ex-
tensible, and open by design [107]. Technically, it consists of a small base integer
set (e.g., RV32I for 32-bit embedded cores, or RV64I for 64-bit systems) that can
be combined with standardized optional extensions for integer multiplication and
division (M), atomic instructions (A), compressed encoding (C), single- and double-
precision floating point (F/D), vector operations (V), and others. This modularity
allows implementers to tailor cores to specific application domains, balancing cost,
performance, and energy efficiency.

Crucially, unlike proprietary ISAs (e.g., ARM), which typically require licensing
agreements and vendor-specific support for instruction customization, RISC-V is
specified as an open standard under permissive licenses, allowing anyone to implement,
modify, or extend the architecture without royalties. The ISA explicitly reserves
opcode space for non-standard, user-defined Instruction Set Extensions (ISEs),
enabling designers to introduce custom instructions and tightly coupled accelerators
while remaining compliant with the base architecture.

This mechanism enables low-latency coupling between the core and domain-
specific accelerators, as will be discussed in Section 12, resulting as a perfect candidate
for edge AI and specialized embedded workloads. User-defined instructions can
act as specialized arithmetic or logical operations that control accelerators, directly
accessing registers and control signals and thereby reducing instruction overhead and
memory traffic compared to external coprocessor or memory-mapped interfaces [107—
109]. Several works have demonstrated RISC-V-based accelerators and ISEs for
neural networks and machine learning, achieving significant reductions in latency
and energy consumption with relatively small architectural modifications [108-111].

This openness has had a profound impact on both academia and industry. By
eliminating licensing barriers, RISC-V has become a catalyst for innovation in
custom processors, hardware—software co-design, and domain-specific computing,
fundamentally changing how embedded and Al-oriented processors are developed.
Instead of designing monolithic, fixed-function chips, engineers can adopt a modular
and iterative approach: starting from a simple baseline RISC-V core and progressively
enhancing it with custom instructions or accelerators optimized for specific workloads
(e.g., convolutions, vector similarity, cryptography, etc.). Because RISC-V cores
are open and standardized, these extensions can be shared, reused, and validated
across different implementations. As a result, a vibrant ecosystem of open-source
cores, tools, and development frameworks has emerged, making RISC-V one of the
fastest-growing computing standards in history [112].

The combination of open hardware and customizable instructions provides a fer-
tile ground for research in energy-efficient and domain-specific architectures, which is
central to this thesis. In the following, we examine one such architecture: the Klessy-
dra family of RISC-V processors, designed at Sapienza University of Rome, which
embodies these principles through a lightweight, multi-threaded microarchitecture
optimized for embedded and real-time systems.
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Figure 2.4 Architectural schematics: (a) Internal microarchitecture of the Klessydra-
T03 core; (b) The PULPino SoC platform. Klessydra is designed to be pin- and
bus-compatible with PULPino, serving as a drop-in replacement for the default core.

2.2.3 Klessydra Core Family

The Klessydra family constitutes a suite of open-source, RISC-V-compliant pro-
cessing cores tailored for low-power IoT environments [113, 114]. Implemented as
softcores—i.e., synthesizable RTL descriptions mapped to FPGAs. This extensi-
bility makes Klessydra an ideal platform for rapid prototyping, hardware—software
co-design, and the tight integration of custom accelerators.

Architecturally, Klessydra cores are fully compatible with the RISC-V RV321
base integer ISA, and selected configurations also support standard extensions such
as integer multiplication/division (M) and atomic primitives (A) for synchroniza-
tion [113]. They are designed to be pin- and bus-compatible with the PULPino
[115] open-source SoC platform, enabling straightforward integration with existing
open-source peripherals, memory subsystems, and toolchains.

The design philosophy of Klessydra is intentionally lightweight: the cores avoid
complex features such as deep pipelines, branch prediction, speculative execution, or
large cache hierarchies, favoring instead deterministic behavior, low area, and low
power consumption. This aligns with the constraints outlined in the previous sections,
where predictable latency, robustness, and tight energy budgets are prioritized over
peak single-thread performance.

The Klessydra-T03 is the baseline member of the family: a parametric, interleaved
multi-threaded (IMT) core specifically targeting computation- and control-intensive
embedded workloads. Its microarchitecture is organized around a simple four-stage
in-order pipeline that fetches and executes instructions from multiple hardware
threads in a round-robin fashion. By interleaving independent threads cycle-by-
cycle, the core effectively hides control and memory latencies without resorting to
speculation or out-of-order execution. With three hardware threads scheduled in an
interleaved manner, the pipeline can operate stall-free for many workloads, achieving
high utilization with minimal control overhead [113]. To guarantee correctness,
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each hardware thread is associated with its own register file and control and status
registers (CSRs).

A defining feature of the Klessydra architecture is its suitability for tight coupling
with domain-specific accelerators. Leveraging the extensibility of the RISC-V ISA
and the structured microarchitecture of the T03, custom ISEs and co-processors
can be integrated directly into the execution pipeline. This enables the low-latency
offloading of compute-intensive kernels while preserving a compact control core.
Previous studies have leveraged this capability to implement vector accelerators
for convolutional filters [114] and fault-tolerant variants for safety-critical applica-
tions [116].

In the context of this thesis, Klessydra-T03 (Figure 2.4) is adopted as the reference
core for implementing and evaluating custom hardware accelerators. However, the
proposed architectures and co-design methodologies are not limited to this specific
instance; they are intrinsically portable to any RISC-V-compliant processor.

2.3 Optimization Strategies

As the previous sections outlined, the increasing computational demands of modern
AT algorithms are leading to an AI efficiency crisis, in which performance require-
ments are colliding with the physical and economic limits of current hardware. This
challenge spans the entire computing spectrum: from massive foundation models that
consume megawatts of power in centralized data centers, to lightweight classifiers
deployed on embedded and battery-powered devices where every operation counts.

Addressing this growing disparity requires a comprehensive, cross-layer optimiza-
tion strategy that spans the entire computing stack. From the low-level arithmetic
operations at the heart of learning algorithms to algorithmic simplifications, spe-
cialized hardware architectures, and even paradigm-level reformulations inspired
by biological computation, each layer offers a distinct set of levers for improving
execution time and reducing computational complexity, energy consumption, and
memory overhead. Crucially, these levers are not independent: for instance, algo-
rithmic quantization schemes constrain the required numerical precision, which in
turn shapes the design of arithmetic units and custom accelerators, while hardware
capabilities feed back into which algorithmic approximations are practical in deployed
systems.

This section introduces the four main axes of optimization that underpin the
methodology of this thesis. Section 2.3.1 explores arithmetic-level optimizations,
focusing on how approximating or accelerating core operations such as division
can significantly reduce computational bottlenecks without sacrificing accuracy.
Section 2.3.2 presents algorithmic optimizations, in which learning rules and model
structures are reformulated to cut down the number of required operations, reduce
precision, lower memory accesses, and improve numerical stability under resource
constraints. Section 2.3.3 discusses hardware acceleration, highlighting how domain-
specific architectures, instruction-set extensions, and co-processors can be co-designed
with algorithms to exploit parallelism and data reuse for faster execution time and
lower energy consumption. Finally, Section 2.3.4 introduces neuro-inspired paradigms,
with a focus on hyperdimensional computing, which takes inspiration from the
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robustness, parallelism, and efficiency of the brain to design learning systems that
are both efficient and scalable.

These optimization directions are not mutually exclusive; rather, their synergy
offers a path toward scalable, sustainable Al, from cloud to edge.

2.3.1 Arithmetic-level Optimizations

At the foundation of every Al algorithm lies numerical arithmetic. From classical
statistical models to modern deep neural networks, large language models, and
emerging neuro-inspired approaches, Al workloads ultimately reduce to long se-
quences of additions, multiplications, and divisions. While high-level algorithmic
design determines which operations are required, the efficiency of these low-level
primitives has a profound impact on overall execution time, silicon area, and energy
consumption, especially in resource-constrained settings. In this subsection, we
therefore focus on how the choice of datatypes and precision, the type of operations,
and the hardware backbone on which they run jointly determine the practical cost of
computation.

Datatypes and precision. The first ingredient is how numerical quantities are
represented in memory and along the datapath. Several families of data types are
commonly used in AI workloads, each inducing a different trade-off between dynamic
range, precision, hardware complexity, and energy consumption. We adopt the
conventional notation where integer formats are denoted as, e.g., INT32 or INTS to
indicate signed integers with 32 or 8 bits, respectively, and floating-point formats are
denoted as FP32, FP16, and so on, to indicate IEEE 754 single precision (32 bits)
and half precision (16 bits).

The simplest representation is provided by signed integer types, which encode
whole numbers on a uniform grid: each bit pattern corresponds to an exact integer
value, and there is no notion of fractional part. We denote INTFPbit as the number
of bits used to represent these integer values (e.g., INT8, INT32). Integer arithmetic
units are simple and fast, and integer addition and multiplication are typically
among the least expensive arithmetic operations in a processor’s datapath. However,
pure integer precision is insufficient for many AI models, where parameters such as
neural network weights, activations, or reinforcement learning value estimates must
represent real-valued quantities and evolve through small incremental updates.

Floating-point formats defined by the IEEE 754 standard address this limitation
by introducing a normalized mantissa and an exponent. A real number x is encoded
as

x=(—1)% xm x 2°

where s is the sign bit, m is a normalized mantissa in a fixed range, and e is
a biased exponent. The bitfields (s,e,m) are laid out contiguously in the word.
We denote FPbit as the total number of bits comprising the floating-point format
(e.g., FP32, FP16). This representation provides a very large dynamic range,
since scaling by powers of two is absorbed by the exponent, and it offers roughly
uniform relative precision across several orders of magnitude. At the same time,
supporting normalization, exponent alignment, rounding, and special values (NaNs,
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+00, subnormals) requires complex FPUs with long datapaths and nontrivial control
logic. These units occupy significant silicon area and incur higher latency and energy
per operation compared to their integer counterparts.

Fixed-point formats emerge as a middle ground: they allow the representation
of fractional quantities while retaining much of the simplicity of integer formats.
Fixed-point representations store real numbers as signed integers with an implicit
binary point. A fixed-point number in Qm.n format uses one bit for the sign, m
integer bits, and n fractional bits. Internally, the hardware simply stores a two’s-
complement integer I; the associated real value is obtained by placing the binary
point after the n least significant bits, i.e.

z=1-27".

For example, in a 16-bit Q7.8 format (n = 8), the integer I = 256 encodes the real
value x = 256-27% = 1.0, while I = 384 encodes x = 1.5. Fixed-point arithmetic can
be implemented using standard integer adders and multipliers, plus simple shifts to
adjust the scale, without any need for normalization or exponent handling. This
yields units that are smaller, faster, and more energy-efficient than FPUs, at the cost
of a limited dynamic range and the need to manage scaling carefully. Plain signed
integers correspond to the special case n = 0, where no fractional bits are available.

As will be discussed in detail in the next subsection on algorithmic optimizations,
in many cases the real-valued elements of Al models can be quantized into low-
precision integer formats, such as INT8 or INT4, with negligible impact on accuracy.
These quantized formats can be viewed as a generalization of fixed point tailored
to learned models. At the extreme end of this spectrum, binary {0, 1}, bipolar
{—1,+1}, and ternary {—1,0,+41} representations can be employed, drastically
simplifying arithmetic operations and reducing memory footprint. In such regimes,
expensive operations can be replaced by bitwise logic, sign flips, and small lookup
tables, improving hardware efficiency.

The choice of datatype therefore maps directly to distinct hardware structures
with different cost profiles. Table 2.2 substantiates this point by reporting latency,
maximum operating frequency (fmax), and hardware resource usage on FPGA for
three fundamental arithmetic operations in representative INT32, 32-bit fixed-point,
and FP32 formats. The INT32 results confirm the expected efficiency of integer
arithmetic: the adder achieves single-cycle latency with minimal logic cost (32 LUTS)
and an fiax of 810 MHz, while the multiplier also completes in one cycle at 800 MHz
by exploiting dedicated DSP slices in modern FPGAs. The 32-bit fixed-point results
closely track the INT32 baseline for addition and multiplication, consistent with the
fact that fixed-point arithmetic largely reuses the same underlying integer datapath.
The slight increase in LUT size reported for fixed-point multiplication reflects minor
scale-management logic rather than a fundamentally different multiplier structure.
By contrast, FP32 arithmetic is intrinsically more complex. In Table 2.2, the FP32
data refer to the mazimum-latency configurations available in the Xilinx/AMD
Floating-Point IP [117]; lower latencies can be obtained for these operations, but at
the cost of reduced operating frequency and increased hardware requirements. Under
these settings, the FP32 adder requires 12 clock cycles to achieve an fiax of 620 MHz
and uses 198 LUTS, reflecting the additional control and datapath structures needed
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Table 2.2 Latency (clock cycles), maximum operating frequency fiax (MHz), and FPGA
resource usage for addition, multiplication, and division in INT32, 32-bit fixed-point,
and FP32 on the Xilinx Zynq UltraScale+ ZCU106 (EK-U1-ZCU106-G) device. INT32
and 32-bit fixed-point values are from synthesis results. For FP32, the latency values
(ADD=12, MUL=9, DIV=29) refer to the mazimum-latency configurations available in
the Xilinx/AMD Floating-Point IP [117]; lower latencies can be achieved for these oper-
ations at the cost of reduced operating frequency and increased hardware requirements.

o L INT32 | Fixed-Point 32 | Float32 (IEEE 754)
peration

| Lat  fmax (MHz) LUT DSP | Lat  fua (MHz) LUT DSP | Lat fu. (MHz) LUT DSP
ADD 1 810 32 0 1 800 32 0 12 620 198 2
MUL 1 800 47 4 1 780-800 50-60 4 9 635 111 2
DIV 32 600 136 0 | 3264 550-600 136-259 0 29 524 187 0

for exponent alignment, normalization, rounding, and special-case handling. A
similar trend is observed for multiplication: the FP32 multiplier requires 9 cycles
and more than doubles the LUT usage compared to the integer implementation (111
vs. 47), due to separate management of sign, exponent, and mantissa components.

The energy footprint of arithmetic operations varies accordingly: a FP32 addition
consumes roughly an order of magnitude more energy than a fixed-point addition,
and a floating-point multiplication or division may cost 20-100x more [118]. Moving
from 32-bit floating point to 16-bit floating point or 8-bit fixed-point arithmetic,
thanks to algorithmic optimizations, often yields per-operation energy savings of
5-20x [119, 120].

Operation types and their latency. Beyond the datatype, the nature of the
operations themselves dictates their hardware cost. Adders and multipliers admit
highly parallel implementations that decompose computation into concurrent sub-
operations, enabling short critical paths and high clock frequencies. Division, in
contrast, is fundamentally sequential. Lacking the associativity and commutativity
that facilitate parallelization [121, 122], hardware dividers typically generate the
quotient digit-by-digit via iterative refinement. This inherent data dependency
prevents fine-grained parallelism, making division significantly slower and leads
either to expensive hardware implementations or to severe performance bottlenecks
[123, 124].

This structural asymmetry is evident in Table 2.2: while INT32 addition and
multiplication complete in a single cycle, division requires tens of cycles. Conse-
quently, the cost of an algorithm is not determined merely by the count of operations,
but by the miz: an implementation rich in divisions will be disproportionately slower
and more energy-consuming. The same reasoning extends to other cost asymmetries:
for FP32, addition is cheaper than multiplication, which in turn is cheaper than
division.

From general-purpose units to application-aware arithmetic. The discus-
sion above highlights that both datatypes and operation types crucially affect the
concrete cost of arithmetic. It is therefore important to clearly understand and
analyze the hardware backbone on which the algorithms are executed.

High-end CPUs and GPUs typically feature dedicated FPUs and vector extensions
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that mask the complexity of floating-point arithmetic operations, together with large
off-chip DRAM to store model parameters and activations. At the other end of
the spectrum, many microcontrollers and embedded cores only provide an integer
ALU. On such platforms, floating-point operations must be emulated in software,
and division in particular may require hundreds or thousands of cycles, turning
seemingly innocuous normalization steps into major latency and energy bottlenecks.
In addition, on-chip memories are typically measured in tens or hundreds of kilobytes,
and access to external storage—if available at all—dominates the energy budget.
Under these constraints, both the number of arithmetic operations and the volume
and precision of memory accesses become critical design factors.

An implementation that relies heavily on FP32 division and large tensors may
be acceptable on a server-class GPU with ample DRAM bandwidth, but completely
impractical on a microcontroller without an FPU and with only a few hundred
kilobytes of SRAM. Conversely, an algorithm reformulated to use fixed-point INT16
arithmetic, quantized weights and activations, and a small number of divisions might
fit comfortably within the real-time and power constraints of an embedded system
and its limited on-chip memory.

Therefore, for embedded platforms, arithmetic optimization is not merely a
refinement but an enabler of real-time execution.

A powerful strategy to overcome these problems, when designing domain-specific
accelerators, as will be discussed in Section 2.3.3, is to abandon rigid general-purpose
constraints in favor of application-aware arithmetic [118, 120]. This opens two main
avenues for optimization:

1. Approximate Computing: This approach deliberately trades precision for
efficiency. Since many Al tasks are inherently error-resilient, complex circuits can
be replaced with simplified logic that truncates carry chains or uses lookup-based
approximations [125]. For instance, input-aware multipliers [126] and dividers [127]
can achieve order-of-magnitude energy savings with negligible accuracy loss by
adapting to the statistical distribution of ML workloads.

2. Variable-Latency Arithmetic: A complementary approach—central to this
thesis—is to abandon the worst-case timing model. Instead of fixing latency to the
slowest possible input case, variable-latency units allow the operation time to depend
on the operands, terminating early when sufficient precision is reached, or when
some condition is satisfied. Variable latency arithmetic units have been studied for
decades, covering addition [128-130], multiplication[131], division [122], and more
complex operations [132]. Such adaptive arithmetic units significantly reduce average
latency and energy with negligible hardware overhead and are particularly attractive
for AI inference and embedded workloads, where operand statistics—such as narrow
dynamic ranges or repetitive patterns—enable frequent early completion.

Driven by these observations, this thesis frequently adopts reduced numerical
formats and designs dedicated arithmetic units tailored to the target workload and
precision requirements. Furthermore, we propose an innovative variable-latency
division algorithm, and detail its hardware implementation across four architectural
variants, demonstrating how operand-dependent execution can substantially reduce
latency and energy without compromising correctness.
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2.3.2 Algorithmic Optimizations

While arithmetic-level techniques optimize the execution of individual operations,
algorithmic optimizations operate at a higher level, reshaping the computational
structure of a model to reduce the number, precision, and complexity of operations.
The goal is to design models and learning rules that are inherently lighter, requiring
fewer parameters, arithmetic operations, memory traffic, and energy, while preserving
accuracy, robustness, and stability.

Algorithmic choices matter across the entire Al stack, from large-scale training
to embedded inference; however, their impact is most pronounced in resource-
constrained settings, where modest reductions in computation or data movement
can translate into substantial energy and latency gains [118, 133]. To reason about
these improvements, we first introduce the notion of computational complexity that
will be used throughout the thesis.

Number of operations and asymptotic complexity. The simplest and most
abstract view of computational cost ignores hardware details and simply counts the
number of primitive operations an algorithm performs as a function of the input
size. Let T'(N) denote the number of elementary arithmetic operations required to
process an input of size N. In asymptotic analysis, we focus on how T'(N) scales as
N grows, rather than on its exact value.

We will adopt the standard Big-O notation throughout this thesis. Formally, we
say that T'(N) is O(f(N)) if there exist constants ¢ > 0 and Ny such that

T(N)<cf(N) forall N> Np.

Intuitively, this means that, for sufficiently large inputs, T'(IN) grows no faster than
a constant multiple of f(NN). Different asymptotic classes correspond to qualitatively
different scaling behaviors. For example, a linear-time algorithm with T'(N) = O(N)
remains affordable as N increases, while a cubic algorithm with T(N) = O(N?)
quickly becomes prohibitive.

For instance, computing the dot product between two D-dimensional vectors
requires D multiplications and D — 1 additions, so its cost is O(D). A dense
matrix-matrix multiplication between two N x N matrices involves N? dot products
of length N, leading to a cubic complexity O(N?3). By contrast, searching for an
element in a sorted array using binary search halves the search interval at each
step and therefore needs only O(log N) comparisons. These asymptotic classes
are crucial to understand which algorithms remain tractable as the problem size
grows. However, Big-O notation does not distinguish between different datatypes or
different operation types: an addition, a multiplication, and a division all count as
one “operation”. In practice, as discussed in Section 2.3.1, these hidden constants
depend strongly on the arithmetic precision and on the mix of operations involved;
algorithmic optimizations aim first to reduce T'(NN), and then to make its constituent
operations as cheap as possible on the target hardware.

Families of algorithmic techniques. Algorithmic optimizations generally fall
into two categories. The first family comprises compression-oriented methods, which
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preserve the overall functional form of a model while making its representation
more compact, reducing the number of parameters, arithmetic operations, and
memory transfers. The second one comprises reformulation methods, which change
what is computed by rewriting training or inference procedures to lower asymptotic
complexity. In what follows, we briefly review representative techniques from both
families and clarify how they interact with the hardware considerations introduced
in Section 2.3.1.

e Model Compression Techniques. The literature offers a rich taxonomy of
compression methods. Pruning [134-136] exploits the over-parameterization
of modern networks by removing redundant weights or entire structures (un-
structured vs. structured pruning). Low-rank factorization approximates dense
tensors as products of lower-dimensional factors, reducing both parameters and
arithmetic intensity [137, 138]. Knowledge distillation transfers the behavior
of a large teacher model to a compact student, often improving accuracy at
a fixed model budget [139]. Within this broader landscape, in this thesis, we
focus on quantization. Unlike previous methods that alter network topology,
quantization reduces the numerical precision of the parameters (e.g., from
FP32 to INT8/INT4), to decrease model size and memory bandwidth and to
enable cheaper arithmetic [119, 140]. Crucially, quantization is tightly coupled
to hardware co-design: once bitwidths and numerical formats are fixed, they
directly constrain datapath widths and guide the implementation of arithmetic
units. Accordingly, the quantization strategies introduced here provide the
explicit link between algorithmic layer and arithmetic- and architecture-level
optimizations developed in Sections 2.3.1 and 2.3.3.

o Algorithmic Reformulation. Beyond compression, reformulation methods
reduce cost by rewriting how a target computation is carried out, often changing
the operation mix and/or improving asymptotic scaling while preserving (or
closely approximating) the original solution. In deep learning, representative
examples include efficient architectures such as MobileNet and Xception [141,
142] which replace standard convolutions with depthwise separable ones, as well
as linearized Transformer attention mechanisms that mitigate the quadratic
cost of standard self-attention [143]. Classical algebraic reformulations are also
widely used for convolutions: FFT-based approaches transform computations
into the frequency domain to speed up large kernels [144, 145], while Winograd
algorithms reduce the number of multiplications for small kernels at the cost
of cheaper additions [146].

In the context of this thesis, we apply this reformulation principle to enable
efficient online learning. Many adaptive estimation and learning procedures re-
quire inverting a covariance matrix at every time step. This operation typically
entails cubic computational complexity, making it prohibitively expensive for
real-time edge execution [147, 148]. By exploiting rank-one update identities
such as the Sherman-Morrison-Woodbury formula [149, 150], the inverse can
be updated incrementally using rank-one corrections. This replaces explicit
inversion with matrix—vector operations that are substantially more amenable
to vectorization and low-power hardware implementation.
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Figure 2.5 Conceptual landscape of hardware platforms. General-purpose CPUs offer
maximum flexibility but suffer from high control overhead, limited parallelism, and
suboptimal energy efficiency. GPUs increase throughput via massively parallel SIMT
execution, at the cost of high power consumption, large silicon area, and substantial
cooling needs. Specialized accelerators (e.g., TPUs, NPUs, DSPs) push further toward
tailored dataflows, minimal control, and high on-chip data reuse, achieving markedly
higher performance-per-watt and lower latency for targeted workloads.

These examples illustrate how changing what is computed—Dby exploiting al-
gebraic identities, problem structure, or approximate representations—can deliver
substantial reductions in execution time, memory traffic, and energy consumption,
independently of low-level arithmetic optimizations. In this thesis, we adopt this
reformulation-oriented perspective while explicitly leveraging quantization where it
aligns with hardware efficiency. In particular, we reformulate learning algorithms to
eliminate costly matrix inversions, and quantize high-dimensional representations
within the HDC paradigm to enable efficient inference on custom accelerators. In this
way, algorithmic redesign and precision reduction jointly enable the proposed learn-
ing methods to meet the stringent performance, memory, and energy requirements
of modern edge and low-power Al systems.

2.3.3 Hardware Acceleration

As the computational demands of modern Al models continue to grow, the limitations
of conventional general-purpose hardware have become increasingly pronounced,
necessitating a shift toward specialized architectures.

Central Processing Units (CPUs) are designed to execute a broad range of
workloads. They feature deep control pipelines, complex branch prediction, and
hierarchical caching mechanisms aimed at optimizing performance across general-
purpose tasks. However, this generality introduces significant inefficiencies for Al
workloads, which are dominated by dense, regular, and highly parallel computations.
These patterns are poorly matched to scalar or superscalar execution, leading to low
arithmetic intensity, high memory traffic, and suboptimal energy efficiency [133, 151].
Graphics Processing Units (GPUs) emerged as a natural first step toward hardware
acceleration. Originally designed for rendering tasks, GPUs consist of hundreds
or thousands of lightweight arithmetic cores organized in a Single Instruction,
Multiple Thread (SIMT) fashion. Their high degree of parallelism and large memory
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bandwidth make them well suited for matrix and tensor operations, which dominate
neural network training and inference. For this reason, GPUs have become the
workhorse of deep learning, enabling orders-of-magnitude speedups compared to
CPUs. For instance, training throughput on GPUs is typically 20-100x higher than
on high-end CPUs, and their performance-per-watt on dense linear algebra can be
up to 10x superior [133, 151]. These benefits, however, come at a cost: high power
consumption, substantial cooling requirements, and considerable silicon area [30, 31].
A single NVIDIA A100 GPU can draw up to 400 W under load, and large training
clusters comprising tens of thousands of such devices can reach multi-megawatt
power levels [152].

These drawbacks are even more critical in edge and embedded systems, where
energy, thermal, and size constraints are far more severe. The high static power con-
sumption and physical footprint of standard GPUs often preclude their deployment
in mobile, wearable, or battery-operated devices. Likewise, embedded CPUs, even
when scaled down for low-power operation, typically lack the parallel throughput
required to support real-time, on-device Al inference. This creates a gap where
neither traditional CPUs nor GPUs can satisfy the strict requirements of modern
IoT applications.

These limitations have driven the development and adoption of dedicated hardware
accelerators: specialized processing units tailored to the dataflow and arithmetic of
specific algorithms. Unlike CPUs or GPUs, accelerators eliminate general-purpose
overhead in favor of fixed-function datapaths, maximized on-chip data reuse, and
fine-grained parallelism. The efficiency gains are remarkable, with domain-specific
accelerators typically achieving 10-100x better performance-per-watt than general-
purpose GPUs [153]. In the data center, architectures like Google’s TPUv4 deliver
roughly 1.2-1.7x higher throughput and nearly 2x better energy efficiency than
contemporary A100 GPUs [154]. At the edge the Google’s Coral Edge TPU performs
4TOPS at only 2W; ARM’s Ethos-Ub5 targets milliwatt-range efficiency and with
3-13.5 TOPS/W [155, 156]; and the Hailo-8 accelerator delivers 26 TOPS with a
typical power consumption of roughly 2.5 W [157]. Similarly, Apple’s Neural Engine
delivers up to 35 TOPS (INTS) in the A17 Pro SoC [158] and approximately 16
TOPS in the M2 chip [159].

These designs share common traits: reduced-precision arithmetic, customized
memory hierarchies, and dataflows explicitly matched to the target workload. As
will be discussed later in this thesis, the advantages of dedicated design become even
more pronounced when dealing with the unconventional arithmetic and dataflows of
neuro-inspired algorithms.

These architectural trends have driven a broader transition toward heterogeneous
computing [17]. Much like a biological brain, where different regions are responsible
for distinct functions, a heterogeneous system couples a general-purpose host proces-
sor with multiple specialized accelerators (Figure 2.6). The CPU manages high-level
control and scheduling, while accelerators execute compute-intensive kernels in
parallel [159, 160].

Designing Custom Accelerators Designing a dedicated hardware accelerator
is a multidisciplinary process that begins with a deep understanding of the target
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Figure 2.6 Analogy between the human brain and heterogeneous computing. In the brain,
distinct cortical regions (frontal lobe, motor cortex, visual cortex, etc.) are specialized
for different functions while remaining part of a unified system. Similarly, heterogeneous
computing couples a general-purpose CPU, responsible for control and scheduling, with
multiple domain-specific accelerators (GPU, NPU, DSP, and other custom engines) that
execute specialized workloads, combining flexibility with high efficiency.

algorithm and its computational characteristics. The designer must carefully analyze
the algorithmic structure to identify bottlenecks such as arithmetic hotspots, memory
access patterns, or control dependencies, and formulate a hardware architecture
that addresses these inefficiencies while satisfying application-specific constraints on
latency, area, and energy consumption.

This process typically involves:

e Decomposing the algorithm into its core computational kernels;

e Mapping these kernels to custom datapaths, optimized for parallelism, data
reuse, or approximate arithmetic;

o Implementing the architecture using a hardware description language (HDL),
such as SystemVerilog or VHDL;

o Validating the design via simulation and functional testing;

e Synthesizing and deploying the accelerator on a reconfigurable FPGA platform
for rapid prototyping;

o Eventually targeting ASIC implementation for maximum efficiency, once the
design is finalized.

A critical aspect of accelerator design is deciding how the accelerator interfaces
with the main processor. In a loosely coupled configuration, the accelerator is accessed
through a memory-mapped interface or external peripheral bus (e.g., AXI, AMBA),
requiring explicit software instructions for data movement and synchronization. This
approach offers design flexibility and modularity but introduces higher latency and
control overhead. In contrast, a tightly coupled accelerator is integrated directly
into the processor pipeline, acting as a co-processor and controlling it via custom
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ISEs. This allows the host CPU to invoke the accelerator via a single instruction,
with direct register access and minimal overhead. Tightly coupled designs enable
fine-grained, low-latency and low-power offloading. Open architectures like RISC-V
have been instrumental in democratizing this tight integration [107, 114].

Notably, the effectiveness of a hardware accelerator is not determined solely
by its architecture, but also by the algorithm it implements. This is where the
algorithmic optimizations introduced in the previous section play a pivotal role.
Techniques such as pruning, quantization, and reformulation reduce the arithmetic
intensity, memory footprint, and control complexity of the model, leading to more
efficient hardware implementation. In essence, simplifying the algorithm simplifies
the hardware. Hardware—algorithm co-design represents one of the most powerful
levers for overcoming the Al efficiency crisis. This thesis contributes to this line
of research by exploring the design of custom accelerators and arithmetic units
optimized for learning on embedded platforms.

2.3.4 From Brain Principles to Neuro-Inspired Algorithms and
Hyperdimensional Computing

The previous sections discussed optimization strategies that can be adopted across
the entire computing stack—from arithmetic and algorithmic improvements to
hardware acceleration—to reduce the memory footprint, execution time, and energy
consumption of Al workloads, enabling their deployment on edge devices. Yet even
with such advances, a profound problem remains: Al was conceived to emulate aspects
of natural intelligence and the human brain, but its implementations have steadily
evolved into systems that diverge significantly from how biological brains actually
compute. Contemporary learning systems excel at statistical pattern recognition and
achieve superhuman performance on specific benchmarks, but they typically require
enormous labeled datasets, heavy supervision, and remain brittle to distribution
shifts, adversarial perturbations, and continual learning scenarios [161-163].

In contrast, biological brains operate with massively parallel circuits built from
noisy, unreliable components, yet still achieve remarkable robustness, adaptability,
and generalization across a wide range of tasks and environments [164, 165]. The
human brain performs approximately 1010 synaptic operations per second while
consuming less than 20 W of power [166-168]. This fundamental discrepancy has
led researchers to reconsider what makes the brain such an effective computational
system—from its encoding schemes and learning rules to its architectural organiza-
tion and energy constraints—and how these principles might be reengineered into
neuro-inspired computing paradigms. This section surveys the major computing
principles of biological brains—precision and noise tolerance, massive parallelism,
fault tolerance, local learning, architectural organization, spatiotemporal coding,
memory-compute co-location, energy efficiency, and rapid generalization — contrasts
them with modern AT algorithms and introduces neuromorphic computing paradigms,
with a particular focus on hyperdimensional computing, the central theme of this
thesis.
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Brains, AI, and Conventional Hardware: A Comparative View

The biological brain is an extraordinarily efficient and adaptive computational system.
Understanding how it differs from today’s AI models and hardware architectures
is key to motivating neuro-inspired approaches [169-171]. These differences were
first systematically noted by John von Neumann, who, in his seminal work The
Computer and the Brain [172], highlighted the fundamental divergence between
serial, deterministic digital computers and the statistical, massively parallel behavior
of biological systems.

Scale and Parallelism. Scale and parallelism in the brain are immense. The
human brain contains approximately 10! neurons and 10™-10' synapses, all
operating concurrently. There is no centralized processor; cognition emerges from
billions of neurons and thousands of distributed, interacting circuits working in
parallel [173, 174]. Even a simple act like gazing at a street scene engages countless
micro-computations across visual areas simultaneously. Modern accelerators also
exploit parallelism, but typically through dense and highly regular operations on
structured data layouts. By contrast, neural tissue features sparse, irregular, and
strongly recurrent connectivity: each neuron interacts with thousands of others in
overlapping, non-uniform patterns. This mismatch makes neural-style computation
difficult to map efficiently onto von Neumann systems optimized for regular control
flow and deterministic memory accesses.

Stochasticity, Redundancy, and Robustness. Neural computation proceeds
with stochastic, low-precision signals. Chemical synapses release neurotransmitter
vesicles probabilistically in response to spikes, and ion channels in neuronal mem-
branes open and close randomly [51]. Yet, the brain achieves remarkable reliability
through population-level representations and massive redundancy. Information is
holographically distributed across large ensembles, so the failure or perturbation
of individual elements rarely causes catastrophic loss of function [175, 176]. In
essence, the brain exemplifies graceful degradation: if a neuron fails or a lesion
occurs, the system adapts rather than crashing. Stroke patients, for instance, often
regain skills through neural re-routing. In contrast, digital hardware typically relies
on high-precision, deterministic computations and operates under rigid reliability
assumptions, where even small faults can lead to failure [177, 178].

Furthermore, in the brain, noise and variability are not merely tolerated but
actively harnessed. Unlike classical Al models, where small adversarial perturbations
can easily derail performance [162, 179], random fluctuations in neural activity
support exploration during learning and help escape suboptimal behavioral poli-
cies [180, 181]. Trial-to-trial variability allows animals to explore different movement
strategies without explicit retraining, much like a child experimenting with different
grips to tie shoelaces. A person can read a street sign at dusk, recognize a friend’s
face in a crowd, or speak over a poor phone connection, and the brain still extracts
meaning; when reading scrambled text, it effortlessly reconstructs the correct words.

Local and Continuous Learning. A fundamental difference also lies in how
learning occurs. Modern deep learning relies on global, offline optimization, where
error gradients are computed across the entire network and updates are applied
in batches. Once trained, the model is typically frozen. By contrast, learning in
the brain is local, continuous, and distributed. Synaptic strengths are adjusted via
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mechanisms like Spike-Timing-Dependent Plasticity, using only local signals available
at the synapse [182]. This plasticity is modulated by neuromodulatory signals (e.g.,
dopamine) that encode reward or surprise, enabling reinforcement learning without
the need for global synchronization or labeled datasets [183, 184]. Consequently, the
brain learns asynchronously and continuously throughout life [163, 185], avoiding
the catastrophic forgetting that challenges modern Al.

Data Efficiency. Biological learning is also remarkably data-efficient. A child
might see a giraffe once and immediately recognize others (one-shot learning),
whereas conventional Al requires thousands of labeled examples per class. Brains
excel at generalization from limited data by leveraging prior knowledge, hierarchical
structure, and rich internal models built through unsupervised experience [186, 187].
For example, infants can infer intuitive physical rules simply through exploratory
play [188]. In contrast, when exposed to unfamiliar environments or novel tasks,
conventional Al models often generalize poorly and require costly retraining or fine-
tuning [189]. The brain, conversely, is a self-organizing system shaped by lifelong
experience. From acquiring a native language without explicit labels to adapting
gait after injury, neural circuits are continuously refined by plasticity mechanisms
that operate through sparse, local updates rather than global parameter sweeps.

Recurrence and Feedback. Architecturally, the brain differs fundamentally
from the feedforward structures common in deep learning. The connectome exhibits
dense, recurrent connectivity with extensive feedback loops and lateral interac-
tions [165, 190]. Virtually every cortical area that projects to another receives
reciprocal projections. These loops facilitate bidirectional inference and predictive
coding, enabling the integration of memory, context, and perception into unified
cognitive episodes. This contrasts with current Al systems, which, despite recent
advances in attention mechanisms, often struggle to match the flexible, top-down
disambiguation capabilities of the biological substrate [191, 192].

Temporal Dynamics and Event-Driven Processing. Temporal dynamics
play a central role in neural computation. Unlike digital systems that operate
synchronously under a global clock, brain activity is inherently asynchronous and
continuous. Information is conveyed not just by firing rates, but by the precise
timing of spikes, neuronal synchrony, and phase relationships of oscillations [180, 193].
This temporal coding strategy enables the brain to perform computation in a
spatiotemporal and event-driven fashion: neurons integrate inputs over time and
emit spikes only when meaningful changes occur. We do not “poll” the environment
at gigahertz frequencies; instead, signal processing is triggered precisely when
perceptual inputs or internal states warrant it [173, 194]. This sparse, low-latency
signaling allows the brain to process information at tens of meters per second while
maintaining extraordinary energy efficiency.

Co-location of Memory and Computation. Perhaps the most significant
structural divergence lies in the memory hierarchy. The classic von Neumann
architecture strictly separates the CPU (compute) from RAM (storage), creating a
bottleneck where vast energy is consumed moving data back and forth—the so-called
“memory wall”. In the brain, memory and computation are co-located: each synapse
stores a weight (the strength of the connection) and simultaneously participates
in the computation by modulating signal flow. The “data” resides exactly where
the processing occurs [195, 196]. This tight integration is the primary driver of
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the brain’s efficiency. The adult human brain operates on a power budget of less
than 20 W [166, 168] while supporting continuous learning and perception. In stark
contrast, training large artificial networks involves massive data movement, often
consuming megawatt-hours of energy [197, 198].

The Neuromorphic Promise. Neuro-inspired, or neuromorphic, computing
seeks to bridge this gap by adopting these biological principles—event-driven dy-
namics, sparsity, distributed computation, and local plasticity—into hardware and
algorithm design [169, 194, 199]. The goal is to achieve the superior energy efficiency,
robustness, and fault tolerance of biological systems. For a comprehensive overview
of this landscape, including current hardware architectures and scalability challenges,
the reader is referred to recent surveys [199-201].

Within this evolving context, this work focuses on Hyperdimensional Computing, a
promising neuro-inspired paradigm rooted in the observation that the brain represents
and manipulates information through high-dimensional, distributed activity patterns.
HDC encodes data as distributed vectors in thousands of dimensions and performs
operations using simple, noise-tolerant algebra. These representations naturally
exhibit desirable properties of biological cognition—such as robustness to noise,
compositionality, and associative recall—while supporting efficient and parallelizable
implementations on both conventional and neuromorphic hardware. The following
section presents the foundations of HDC, outlines its core properties, and provides
the groundwork for the algorithms and hardware proposed in this thesis.

Hyperdimensional Computing/Vector Symbolic Architectures

Section 2.1.1 introduced the two main approaches of artificial intelligence: sym-
bolic and connectionist. The symbolic approach represents information through
symbols and solves problems or infers new knowledge by manipulating them. In
the connectionist approach, on the other hand, information is processed by a net-
work of simple computational units, often called neurons, connected by weighted
links whose strengths are learned from data. This section introduces Hyperdimen-
sional Computing, also known as Vector Symbolic Architectures (HDC/VSA), a
neuro-inspired computing approach that originated at the intersection of these two
paradigms, combining the flexibility of connectionist models with structured vector
transformations [65, 164].

The origins of HDC/VSA can be traced back to Pentti Kanerva’s foundational
work on sparse distributed memory, motivated by psychological and neuroscientific
observations of human memory [164, 202]. Kanerva was fascinated by the fact
that remembering is an effortless, flexible, and approximate task. When we see a
staircase, for example, we immediately recognize it as a member of a familiar category,
regardless of whether it is spiral or straight, wooden or concrete. A single perceptual
instance automatically evokes the concept “staircase” alongside an open-ended set of
expectations (connecting floors, steps, railings). This content-addressable retrieval
happens for countless categories without requiring exact indexing.

Kanerva also noted that once a concept has been activated, related memories tend
to surface spontaneously. Thinking of a staircase may trigger memories of houses,
episodes of moving furniture, images from movies, or even metaphors involving
“climbing the career ladder.” A snippet of melody can recall an entire song and the
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circumstances in which we heard it; the smell of a particular food can suddenly bring
back a childhood scene. This spreading activation is accompanied by characteristic
errors: we occasionally misattribute details or merge similar episodes. Human
memory is thus both robust and fallible, able to generalize across instances while
preserving specific details, and degrading gracefully rather than catastrophically
under noise or damage.

Kanerva asked what architecture could account for this constellation of phenom-
ena: content addressability, similarity-based interference, and graceful degradation.
His answer was Sparse Distributed Memory (SDM) [202]. In SDM, both addresses
and stored items are high-dimensional binary patterns. Memory is modeled as
a large set of fixed locations, each assigned a random high-dimensional address.
To store a pattern, its address activates all locations whose addresses lie within a
certain Hamming radius, and the pattern’s bits are accumulated in their internal
counters. To recall, the memory is probed with a (possibly noisy) cue: all locations
whose addresses are close to the cue are activated, their counters are read, and a
pattern is reconstructed by majority vote. This mechanism naturally reproduces
the qualitative properties of biological memory: retrieval from noisy cues is possible
due to redundancy, while similar patterns activate overlapping locations, leading to
natural interference and generalization.

From this starting point, Kanerva formulated the broader framework of hyperdi-
mensional computing [164]. The central insight is that these desirable properties arise
not from specific hardware, but from the mathematical properties of high-dimensional
spaces, distributed representations, and the algebraic operations performed on them.

HDC/VSA represents information using high-dimensional vectors, known as
hypervectors (HVs), where information is distributed: each component contributes
equally and independently to the overall representation [1]. These HVs are combined
through simple vector arithmetic and compared using a similarity measure [1, 5].
This distributed and holistic representation confers many crucial properties to HD-
C/VSA. First, it provides robustness to noise and faults, since even when a large
fraction of components are corrupted, the overall representation can still be reliably
recognized [203, 204]. Second, it offers inherent parallelism, because all HV compo-
nents can be processed independently, making HDC/VSA particularly well-suited
for efficient hardware implementations [205-212]. Within this framework, the same
principles that made SDM a good qualitative model of human memory—content ad-
dressability, robustness, similarity-based retrieval, and graceful degradation—become
the building blocks of a general computing paradigm in which symbolic structures
(sets, sequences, records) can be represented and manipulated as hypervectors.

For a long time, however, HDC/VSA remained a relatively niche topic, mostly con-
fined to cognitive modeling and theoretical neuroscience. However, over roughly the
last decade, the situation has begun to change. A combination of factors, including
sustained dissemination efforts by the HDC/VSA community, convergence of related
lines of work, successful engineering deployments in machine learning [213, 214] and
cognitive architectures [215], as well as the publication of comprehensive foundational
surveys [1, 216, 217], has led to a rapid growth of interest. As illustrated in Fig. 2.7,
the number of HDC-related publications has increased almost exponentially over
the last fifty years, with a particularly steep rise in the last decade. HDC/VSA has
emerged as a compelling alternative for deployment in resource-constrained scenarios,
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Figure 2.7 Number of publications on HDC over the last 50 years, based on Scopus.

digital hardware accelerators, and neuromorphic substrates [217], and has been suc-
cessfully applied to classification [216, 218], regression [219, 220], clustering [221, 222],
and reinforcement learning [223-225].

The following paragraphs introduce the basics of HDC/VSA: we first explain how
independent concepts can be mapped into a high-dimensional space, then introduce
the HDC/VSA arithmetic, show how to encode complex compositional structures,
and finally discuss learning rules based on HDC/VSA.

Atomic Representations At the core of HDC/VSA lies the observation that
fundamental concepts, symbols, or entities can be mapped to high-dimensional
random hypervectors that, thanks to the geometry of high-dimensional spaces,
are with high probability nearly orthogonal, i.e., linearly independent [164]. This
property is counterintuitive if we reason by analogy with low-dimensional Euclidean
spaces. In such spaces, standard linear algebra dictates that there exist at most D
mutually ezactly orthogonal unit vectors forming an orthonormal basis. In symbolic
and localist representations, this limitation is explicit: each symbol is typically
assigned its own dedicated basis direction or neuron, so the dimensionality of the
representation space must grow linearly with the number of symbols. Introducing
a new symbol, therefore, requires increasing the dimensionality and, in practice,
modifying the surrounding architecture (e.g., enlarging embedding matrices).
HDC/VSA operates in a different regime by assigning concepts to random
hypervectors that are quasi-orthogonal. While exact orthogonality implies an angle
of exactly 90°, quasi-orthogonality implies the angle lies within a small interval around
90° [1]. In high-dimensional spaces, independently sampled random hypervectors are
quasi-orthogonal with overwhelming probability [1]. Formally, if the components of
a and b are i.i.d. with zero mean and finite variance and the vectors are normalized,
then (a,b) has expectation 0 and variance O(1/D). Hence, the probability that
|(a, b)| exceeds a small fixed threshold 7 decays exponentially with D. Consequently,
the algebraic behavior of quasi-orthogonal directions increasingly approximates that
of exactly orthogonal ones. A visual illustration of this phenomenon is provided in
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Figure 2.8 Concentration of measure phenomenon between bipolar random HVs. Plot
replicated from [1].

Fig. 2.8, where pairwise similarities concentrate tightly around zero.

Thus, while there are only D exactly orthogonal basis vectors, there exist astro-
nomically many random hypervectors that are all mutually quasi-orthogonal, and
their number grows exponentially with D even if the admissible interval around 90°
is extremely narrow [1]. This phenomenon, often termed the blessing of dimension-
ality [1, 226], underpins atomic representations in HDC/VSA. New concepts can be
introduced simply by sampling additional random hypervectors of the same fixed
dimensionality D; with overwhelming probability, these new hypervectors remain
quasi-orthogonal to all previously defined ones. In doing so, HDC/VSA decouples
the number of representable items from the dimensionality of the representation
space: capacity grows combinatorially in D, while the dimensionality itself remains
fixed.

HDC/VSA arithmetic Numerous HDC/VSA models have been proposed in
the literature, yet they all support the same basic primitives [5, 218]. The atomic
HVs representing the basic concepts, introduced in the previous paragraph, can be
combined and manipulated using a small set of operations:

o Superposition (+): combines multiple HVs into a single composite structure. In
analogy to the simultaneous activation of several neural patterns, superposition
is typically modeled as (weighted) addition,

s=a-+b+c,

and is often also referred to as bundling. After superposition, the composite
HV remains similar to each of its components and can therefore be used as a
holistic representation of a set or multiset of items. However, the similarity to
each constituent decreases as more HVs are superimposed. This can be seen
as an unstructured, additive form of similarity preservation [1]. Importantly,
superposition is commutative and associative, so the result does not depend
on the order in which the components are combined. Since this aggregation
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can produce components outside the admissible dynamic range, a subsequent
normalization step is often applied to project the HV back into its original
domain,

s= f(a+b+c),

where f(-) is a function that limits the range of the components of s (e.g., a
majority rule, sign function, clipping, or renormalization).

e Binding (o): due to its commutative and associative properties, superposition
alone leads to the problem of superposition catastrophe introduced in Sec-
tion 2.1.1, i.e., during recursive application of superposition, information about
combinations of the initial objects (e.g., grouping) is lost since, for example:

(a+b)+(c+d)=(a+c)+(b+d)=---=a+b+c+d.

Binding addresses this problem by associating arguments (e.g., key—value pairs)
into a new HV that is dissimilar to the inputs. In algebraic terms, binding
is realized as a bilinear, multiplication-like operator (e.g., componentwise
multiplication, XOR, or circular convolution). Binding preserves structured
similarity: if a is similar to a’ and b is similar to b/, then a o b is similar
to a’ o b’. An inverse operation, unbinding (©), which is either exact or
approximate depending on the specific model [5], allows for recovering the
original arguments:
a®(aob)~xb,

o Permutation (p): reorders the components of an HV to produce a dissimilar
one, and is used to represent order or role information, such as in sequences.
The permutation operator p is typically chosen to be a fixed, invertible mapping
on indices (e.g., a cyclic shift), so that repeated application p* corresponds
to shifting by k positions. As with binding, permutation preserves structured
similarity: if a is similar to a’, then p(a) is similar to p(a’). This operation is
exploited, for example, when encoding ordered tuples or sequences as

s = p(a1) + p' (a2) + p*(a3) + ...,
where different powers of p encode different positions.

Finally, a similarity measure (or inversely, a distance metric) quantifies the proximity
of two HVs in high-dimensional space, serving as the basic mechanism for recognition
and retrieval. Together, these four primitives form the algebra of HDC/VSA, enabling
the composition of complex information without increasing dimensionality.

The implementation of these operations varies depending on the characteristics
of the vector space H in which HVs are defined [5]. The components of HVs can be of
different data types, with each choice giving rise to a distinct HDC/VSA model defined
over a specific H. For instance, the binary spatter codes (BSC) model [227] operates
with binary HVs (H = {0, 1}?), while the multiply-add-permute (MAP) [228] model
exists in several variants: MAP-B with binary/bipolar values (H = {£1}"), MAP-1
with integers (H = Z”), and MAP-C with real numbers (H = R”). Holographic
reduced representations (HRR) and Fourier holographic reduced representations
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Table 2.3 Overview of selected HDC/VSA models, their vector spaces and core operations
(adapted and extended from [5]). The models highlighted in bold are those that will be
treated in detail in this thesis.

Model Vector space X Atomic init. x; Similarity Bundling Binding / Unbinding Reference
MAP-C RP Uu-1,1) Cosine Elem. sum Elem. mult. [228]
MAP-1 zZP B(0.5)-2—-1 Cosine Elem. sum Elem. mult. [228]
MAP-B {-1,1}" B(0.5)-2—1 Cosine Elem. sum + threshold  Elem. mult. [228]
BSC {0,1}" Bernoulli(0.5) Hamming Elem. sum + threshold ~ XOR [227]
HRR RP? N(0,1/D) Cosine Elem. sum + norm circ. conv. [57]

VTB RP N(0,1/D) Cosine Elem. sum + norm VTB [233]
MBAT RP N(0,1/D) Cosine Elem. sum + norm Matrix multipl. [234]
FHRR CP e, ¢ ~U(—m,m]  Angle distance Angles of elem. addition Elem. angle addition [235]
MCR 2 uio,..., K -1} modular Manhattan ~Vector sum + norm. Elem. modular add ( mod k) [3]

(FHRR) [57] employ real (# = R?) and complex numbers ( # = CP), respectively.
This variety of models points to the trade-off between information capacity and
computational complexity, enabling adaptation to different application domains and
hardware platforms. For example, BSC is often favored in resource-constrained
scenarios [229] and in-memory computing [230], whereas complex-valued FHRR is
attractive for neuromorphic hardware [210, 212, 231, 232]. Table 2.3 summarizes,
for all the HDC/VSA models in the literature, their vector spaces H, initialization
schemes, and core operations; the models highlighted in bold are those that will be
treated in detail in this thesis.

Compositional Structures and Learning Tasks

The previous sections described how independent concepts can be mapped into
a high-dimensional space using random atomic hypervectors and introduced the
HDC/VSA arithmetic that allows these hypervectors to be combined. A natural
next question is how these operations can be composed to build compositional
representations, i.e., hypervectors that encode sets, records, sequences, and other
structured objects, and how such representations can be used to support and solve
learning tasks. In this section, I first review common encoding techniques that
map raw data into the high-dimensional space, and then briefly outline how these
encodings are used in learning tasks [1, 216, 218]. The proposed organization of this
Section mirrors the one in [218].

Univariate data We first consider univariate variables, i.e., single features that
take either categorical values (e.g., color € {red, green, blue}, day of week, device
ID) or numerical values (e.g., temperature in °C, heart rate in BPM, voltage in
V). Categorical variables can be treated as independent concepts or symbols of
the problem at hand, and thus mapped to random hypervectors drawn from the
chosen high-dimensional space [218]. Thanks to the blessing of dimensionality, as
discussed above, these hypervectors are quasi-orthogonal with high probability and
effectively realize a high-dimensional Kronecker-delta code for discrete symbols (e.g.,
RED, GREEN, BLUE are all mutually quasi-orthogonal and can be safely superposed
with other codes).

On the other hand, when dealing with numerical variables, purely random
codes are insufficient because we would like to reflect the inherent order and metric
structure of the values in the high-dimensional space (e.g., 21 °C should be closer to
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22°C than to 35°C). To do that, in HDC/VSA the variable range is discretized into
L levels and each level ¢ € {0,...,L — 1} is assigned a distinct level hypervector hy
constructed such that adjacent levels yield more similar hypervectors than distant
ones [218]. This can be done adopting different techniques, depicted in Figure 2.9

o Thermometer: in this technique [236, 237], the first level hypervector is initial-
ized with all Os or —1s and the subsequent ones are obtained by progressively
flipping a specific number of elements. Specifically, the algorithm flips D/(L—1)
continuous components in each subsequent hypervector. For example, for L = 5
and a binary hypervector of dimension D, level £ can be encoded by activating
approximately ¢D /L components in a fixed order, i.e., hy has almost no active
bits, h; has a small prefix of ones, and so on, until hy has almost all bits
set. The Hamming weight increases monotonically with the level, and any
two levels satisfy supp(hy) C supp(hyy1). This yields a similarity profile that
decreases smoothly with the distance |[¢ — ¢'| and is particularly simple to
implement in hardware.

o Fized-density (“float”): this technique [237] provides a constant number of
active components in its hypervectors. A sliding window of active components
of fixed size (the “float”) is shifted across dimensions as the level increases.
Concretely, one chooses a window of width w < D and encodes level £ by
placing the window starting at position py (e.g., py = [¢D/L| modulo D). Thus,
each hy has exactly w active bits, but their positions differ with ¢. Neighboring
levels have overlapping windows and therefore share many active components,
while distant levels have little or no overlap. Compared to thermometer
codes, the distance is constant, which can be advantageous for some similarity
measures and for hardware implementations with fixed switching activity [218].

o Random flipping: in this technique [237-239], the first level hypervector is
initialized at random, hg. Then, for each subsequent level ¢ + 1, hyy is
generated by flipping a fixed number r of components in hy. If the flipped
indices are chosen to be disjoint over a range of levels, the overlap between
adjacent levels is high, while the overlap between levels that are many steps
apart decreases approximately linearly in the number of steps. This scheme
yields fine control over the similarity decay as a function of |[¢ — ¢'| and has
been successfully used, for example, for biosignal processing and semantic
inference [238, 239].

o Random selection: this strategy [218, 237, 240] begins by sampling two endpoint
hypervectors, hyi, and hy ., that encode the minimum and maximum of the
value range. In addition, a selection hypervector ¢ is drawn once, with
components independently sampled from a uniform distribution in [0, 1] [240].
For each level ¢, a scalar threshold 7, € [0, 1] is defined (typically increasing with
¢), and the level hypervector hy is obtained by comparing ¢ to 7, component-
wise: if ¢g > 7 the d-th component is copied from hy, .y, otherwise it is copied
from hy,i,. Reusing the same ¢ across all levels makes the lower levels remain
closer to hy,i,, the higher ones closer to hy,,x, and intermediate levels mixtures
of the two, yielding a smooth interpolation of similarities along the level
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Figure 2.9 Overview of hypervector encoding techniques employed in HDC/VSA. The
left panel illustrates diverse strategies for mapping scalar values (categorical or discrete/-
continuous numerical) into high-dimensional space. The fundamental goal for numerical
data is to ensure that the similarity between resulting hypervectors reflects the proximity
of their corresponding scalar values in the input range. The right panel demonstrates
methods for representing complex data structures. Compositional operations utilize
the standard arithmetic operations of superposition (+), binding (®), and permutation
(p) to construct sets, structured key-value records, and ordered sequences. Below that,
projection-based encoding shows how a dense input vector x € R/ is mapped to a binary
hypervector h via multiplication with a random projection matrix ® followed by a
component-wise nonlinearity f(-).

index (approximately linear when 74 is chosen accordingly [218]). Because the
choice at each component is stochastic rather than deterministic, this encoding
introduces variability in the resulting level hypervectors while requiring storage
only for the two endpoints and the selector ¢, and it can be applied to any
hypervector representation (binary, bipolar, real-valued, etc.).

In all these techniques, the design goal is to map scalar values into the high-
dimensional space so that the similarity between hypervectors reflects proximity on
the original numerical scale, while still producing quasi-orthogonal codes for values
that are far apart. This makes it possible, for example, to represent a patient’s heart
rate or a sensor’s temperature reading as a hypervector that both respects the metric
structure of the variable and can be seamlessly combined with other hypervectors
using the HDC/VSA algebra.

These constructions can be understood as discrete approximations of simple
kernels (e.g., triangular kernels). More recent approaches derive level hypervectors
directly from a target similarity matrix or via learning [241, 242].

All the approaches discussed above rely on an explicit quantization of the
variable range. The FHRR model also offers the fractional power encoding (FPE)
technique [57, 220]. This encoding starts by initializing a complex-valued basis
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hypervector g on the unit circle (phasor representation), whose component d can
be written as gq = €'%? with phase ¢4 € (—m,m]. A real value x is then encoded via
component-wise exponentiation of the phases of g, yielding

g’ = (ei$¢1, e eiwD),

which can be interpreted as repeatedly “self-binding” the basis hypervector by a
fractional power. The resulting phasor codes induce continuous similarity profiles
as a function of the difference x — 2’ (e.g., approximating sinc- or Gaussian-shaped
kernels, depending on how the phases ¢4 are sampled) [220]. An important property
of these codes is that they naturally capture circular structure: level hypervectors
for scalar values z and z’ differ only by a rotation of their phases, so the similarity
depends on z — 2’ modulo the period. This yields correlation structures well-
suited for cyclic variables such as angles, phases, or time-of-day, and has been
exploited in several works on encoding circular data and periodic phenomena in
HDC/VSA [237, 240, 243|.

Encodings for multivariate and structured data. Moving from single vari-
ables to multivariate inputs, HDC/VSA distinguishes between two broad families of
encoders [218]: compositional encodings that are built directly from basis hypervec-
tors and HDC/VSA operations, and projection-based encodings that rely on random
linear mappings followed by a nonlinearity.

In compositional encodings, structured data are assembled using superposition,
binding, and permutation:

o Set encodings represent an (unordered) collection of items {zi,...,z,} by
superposing their hypervectors,

hget = f(h(.%'1> e h($n)),

where h(z;) denotes the hypervector obtained by encoding each item z; using
the univariate schemes introduced above (e.g., random hypervectors for cat-
egorical variables, correlated level hypervectors or FPE for numerical ones),
and f(-) performs normalization. A concrete example is an event-based sen-
sor node that, within a given time window, observes a set of active events
(e.g., MOTION, DOOR_OPEN, LIGHT_ON). Each event type is first encoded as a
categorical hypervector, and the state of the node in that window is encoded
as the superposition of the hypervectors of all events that occurred. This
representation supports approximate membership queries (e.g., “was MOTION
present in this window?”) and can be used directly for downstream tasks such
as activity or context classification [1, 218].

o Key—value (record-based) encodings extend this idea to tabular or record-like
data. Each feature index (or role) k; is assigned a key hypervector k;, each value
v; is encoded as a value hypervector v;, and the whole record is represented as

th:f(k10V1+---+knOVn),

where binding associates each feature with its value (creating the key-values
pairs) and superposition aggregates across features [1, 218]. For instance, a
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patient record with attributes AGE, BLOOD_PRESSURE, and HEART_RATE can
be encoded by binding the role hypervectors for each attribute with their
corresponding scalar encodings (e.g., based on correlated level hypervectors)
and summing them. This family of encodings has been shown to perform
particularly well for tabular data [218].

e Sequence and n-gram based encodings exploit permutation to capture order.
Specifically, the i-th element of a sequence is first encoded into a hypervector
h(z;) using the univariate schemes introduced above (e.g., categorical or
numerical encoders), and then “placed” at position ¢ by applying a permutation
operator p'~!. The whole sequence of length L is represented by:

heq = f(p°(h(21)) + p' (B(22)) + - + p* " (h(21))),

where f(-) denotes normalization. Each p~! acts as a position-dependent “role”:

the same item encoded at different positions produces different hypervectors,
and the superposition aggregates information across the entire sequence.

A first example is sentences in natural language processing. Each word is
encoded as a categorical hypervector. To obtain a sentence hypervector, the
word hypervectors are permuted according to their position in the sentence
(using p'~!) and then superposed. Sentences in different languages or with
different word orders yield different sequence hypervectors, while sentences that
share many words in similar positions produce similar hypervectors, which can
be exploited for tasks such as language identification or topic classification [218].

A second example is an EMG-based hand-gesture recognition system [239].
The EMG signal is segmented into short time windows, and within each
window, each sample z; (e.g., the amplitude of the EMG at time index i) is
encoded into a hypervector using a numerical encoder (e.g., correlated level
hypervectors). To represent the temporal structure, the permutation p*~! for
index i is applied, and all position-encoded samples in the window are then
superposed to obtain a single hypervector hyingow. Different gestures (e.g.,
fist, pinch, open hand) produce characteristic EMG patterns, which translate
into distinct window hypervectors that can be then classified. In this way, the
encoding captures both the values of the EMG signal and their temporal order
inside the window.

More complex structures (trees, graphs, hierarchical records) can be constructed
recursively using the same primitives, by first encoding substructures and then treat-
ing their hypervectors as new atomic units [1, 216]. This recursive compositionality
allows HDC/VSA to represent arbitrarily rich symbolic structures while keeping the
dimensionality fixed.

Projection-based encoders, on the other hand, map the original d—dimension
feature vector x € R? into the high-dimensional space via a random linear trans-
formation followed by a (possibly nonlinear) discretization [244]. This construction
leverages Johnson—Lindenstrauss—type results to approximately preserve distances
[245]. A standard example is the thresholded random projection [244], with ® € RP*d
sampled from a normal distribution.

h = sign(Px),
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Another example is the Random Fourier features method [246], that is also based
on the random projection but uses a periodic function as the nonlinearity, to
approximate shift-invariant kernels, such as Gaussian or sinc kernels, within the
HDC/VSA framework.

h = v2cos(®x + b),

Learning tasks. Once an input = has been mapped or encoded into the high-
dimensional space as h(x) € H, learning tasks can be performed [218]. HDC/VSA
has been successfully applied in the literature for modeling and solving classifi-
cation [216, 218], regression [219, 220], clustering [221, 222]|, and reinforcement
learning problems [223-225]. In all these cases, the HDC/VSA pipeline can be
viewed as a two-stage process: (i) an encoding stage that constructs h(z) using the
univariate and compositional schemes described above, and (ii) a training procedure
and decision rule operating in the high-dimensional space. This section briefly
introduces the basic principles for classification, regression, and clustering, leaving
the detailed description of the learning rules and algorithms adopted in this thesis
to the dedicated chapters.

Classification is a supervised learning problem in which the model must predict
categorical class labels of new input patterns based on past observations. For a
multiclass problem with classes C = {1,...,C} and training pairs (zp,y,), each
class c is associated with a prototype hypervector p.. In the simplest baseline,
prototypes are formed by superposing the encoded training examples of each class
and optionally normalizing:

Pc=f< Z h(:cn)>, celC.

n:Yn=c

At inference time, a new input z is encoded into h(z) and assigned to the class
whose prototype is most similar under the chosen distance or similarity measure,

§ = argmax J(h(x), pe).
ceC
Several refinements have been proposed to iteratively adjust the prototypes [218].
The simplest one is a perceptron-like update: after classifying a training sample x,,
with predicted label §,, if §j, # y, the prototypes are updated as

Py, < f(Py, +nh(zy,)),
Py, < f(Pg, —nh(zy,)),

where 1 > 0 is a learning-rate parameter. This prototype shaping can be per-
formed in a single pass or over multiple epochs, and can be combined with clipping
or sparsification to control prototype growth. Other techniques include iterative
prototype updates, learning-rate—controlled updates analogous to stochastic gradi-
ent descent, discriminative prototype shaping, and compressed or multi-prototype
representations [218]. From a functional perspective, these classifiers implement
linear decision rules in the hypervector space and can be interpreted as approximate
kernel methods, where the encoder implicitly defines the kernel [220, 244]. This
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important connection clarifies why HDC/VSA can achieve competitive performance
on a broad range of classification benchmarks and suggests that more sophisticated
linear classifiers can also be used on top of HDC/VSA encodings [218].

Regression aims at predicting a real-valued output y from an encoded input h(z).
A common HDC/VSA formulation [219] maintains a model hypervector w € H and
uses a linear prediction

g = (w,h(z)),

followed by an online update of w based on the prediction error e = y — g,
w < w+neh(z),

with learning rate n > 0. This is directly analogous to linear regression in a random-
ized feature space defined by the encoder and can be implemented in streaming or
batch fashion.

Clustering is an unsupervised learning task in which input patterns are grouped
into K clusters based on similarity. In HDC/VSA, each cluster k € {1,..., K} is
represented by a centroid hypervector cj [221, 222, 247]. Given encoded data h(z,,),
an assignment step associates each point with the closest centroid in similarity, and
an update step revises the centroids by superposition, yielding a high-dimensional
analogue of K-means.

In all these cases, the same core ingredients recur: an encoder that maps data
to hypervectors, linear updates in the high-dimensional space, and similarity-based
retrieval or assignment.

Factorization of Composite Representations in HDC

Apart from learning tasks, forming composite representations in high-dimensional
spaces has many advantages, as it enables encoding complex structured data—such as
sequences, graphs, and trees—into single hypervectors, in superposition. Given such
a composite HV, it is often desirable to decode the underlying structure by recovering
the constituent HVs. This procedure is variously referred to as recovery, decoding,
parsing, or factorization in the HDC/VSA literature [1]. In general, decoding assumes
access to an item memory (or codebook) storing the relevant atomic or composite
HVs and to knowledge of how the composite HV was constructed (which operations,
in which order). The following discussion revisits decoding techniques, starting from
simple unbinding and clean-up, and arriving at resonator networks as an efficient
solution to more challenging factorization problems.

Recovery and clean-up in simple composites. Consider the simple case in
which we have four basic symbols {a,b,c,d} and we map them to random HVs,
creating an item memory (or dictionary) for the problem. Using binding and bundling
to combine these symbols, we can form the composite s:

s=aob+cod,

To decode such composites and recover the item coupled with a specific cue, we can
apply the unbinding operation between s and that cue. Unbinding with respect to a
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Figure 2.10 Compositional encoding of a binary tree. Each node or leaf (e.g., a,b,...,g)
is defined by its unique position in the hierarchy, which is encoded by binding a base
vector with a sequence of role hypervectors (e.g., L for Left, R for Right) representing
the path from the root. The representation of the entire tree is formed by superposing
all constituent node HVs.

(to retrieve its partner b) yields:
soca=b+ao(cod)=b+v,

where v is a quasi-orthogonal noise term originating from cross-talk with the other
bound pair. A clean-up step then compares this noisy result with all HVs in the
item memory and returns the most similar index. For limited-size compositional
structures, this procedure can recover the original factors with formal guarantees [1].

From recovery to factorization. This clean-up mechanism can also be applied
to more complex examples, such as the tree encoding shown in Fig. 2.10.

To encode a tree in the high-dimensional space, each leaf node a, b, ..., g is rep-
resented by a random hypervector BV,, BVy, ... ,BV,. The two possible directions
at each node (left and right) are encoded with random role vectors L and R. The
position within the tree is then encoded using permutations, with each level of depth
applying an additional permutation. For instance, if the path to node g is denoted
by the sequence {L, L, R, L, L}, its representation is:

HV,, = BV, 0 6°(L) 0 p' (L) 0 p*(R) 0 p*(L) 0 p'(L),

After encoding all the nodes, the entire tree structure is superimposed into one

hypervector:
tree = HV, + HVy +--- + HV,,.

If we want to determine which node lies along a specific path, say {L, R, L},
we can retrieve the corresponding node by unbinding the related role hypervectors
from the composite tree vector:

tree @ (p°(L) o p'(R) 0 p*(L)) =~ BV, + v,
followed by a clean-up over the item memory of node HVs {BV,,...,BV,}:

argmax similarity (BV;, tree @ (p°(L) o p*(R) 0 p*(L))).

(2
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Figure 2.11 Architecture of a three-factor Resonator Network designed to factorize a
composite hypervector s ~ x;« o y;+ o zi=. The system maintains state estimates Z,, £
for each factor. At each iteration, a “guess” for one factor is generated by unbinding the
current estimates of the others from the input s (left blocks). This noisy guess is then
cleaned up using an associative memory containing the valid codebook vectors (center
blocks XX T, YY", ZZT) and passed through a nonlinearity to refine the estimate (right
blocks). The loop continues until the system converges to a stable solution.

A more difficult question, however, is the inverse one: given the global tree HV
and the HV of a node, how can we recover the path to that node? If we unbind the
leaf from the tree representation, we obtain

s = tree © BV, ~ p°(L) 0 p'(R) 0 p*(L) + v,

that is, a product of several role vectors (successive left /right decisions at different
depths). This composite is not close to any single HV stored in the item memory;
instead, it lives in the space of all combinations of left /right /stop decisions along a
path. A naive clean-up strategy would require an explicit codebook containing every
possible path up to the maximum depth of the tree, and recovery would amount to
a nearest-neighbour search over this exponentially large set.

This illustrates the factorization problem: given a composite vector formed as a
product of multiple codevectors,

S = X;* Oyj* O Zf~,

we want to recover the individual factors x;«, y;+, zy~ without enumerating all possible
tuples from the corresponding codebooks [248]. Similar factorization problems arise
in visual scene parsing and other tasks where several attributes (e.g., object, color,
position) are bound and then superimposed [248].

Resonator Network: decoding by factorization. Resonator networks [248,
249] offer a principled, iterative method to solve this problem and decode composite
hypervectors into their original factors. A resonator is a nonlinear dynamical system
that repeatedly refines guesses of the individual factors (e.g., each element in a path),
exploiting the properties of HDC/VSA to search in superposition and test many
potential factorizations in parallel, until a set of factors is found that agrees with
the input. Solutions emerge as stable fixed points of the network dynamics, which is
why they are said to “resonate” with the input.
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Figure 2.11 illustrates the architecture of a resonator network for factorizing a
composite HV
S = X;* O yj* o Zk.*,

where the three factors are sampled from codebooks X = {xi,...,xy}, ¥ =
{y1,-..,ym},and Z = {z1,...,zn}.

The network maintains current estimates for each factor, X(t), y(¢), and z(¢). In
the figure, each row corresponds to one of these estimates. On a given row, the left
block performs an inference step: it binds the input s with the current estimates of
the other two factors (e.g., s @ (¥ 0 2)) to produce a noisy guess of the remaining
factor. Because binding distributes over addition, the product ¥ o z compactly
represents all pairwise combinations of candidates from Y and Z, so this inference
step effectively evaluates many potential factorizations at once.

The central block, labeled XX T, YY", or ZZT, implements a clean-up memory
built from the corresponding codebook, projecting the noisy guess onto the span of
valid items and computing similarity scores. Finally, the rightmost block applies a
nonlinearity g(-) (typically an element-wise threshold to 41) that prevents runaway
positive feedback and returns a refined HV estimate [248, 249]. Iterating these
updates makes the whole system “resonate” toward a configuration of factors that is
consistent with s.

Formally, the updates for the three-factor case can be written as

%(t4+1) = g XX T (s o §(t) o 2(t))), (2.11)
(t+1) = oYY (s o %(t) 0 (1)), (2.12)
a(t4+1) = g(ZZ (sok(t) o y(t))), (2.13)

where the initial estimates are typically set to the superposition of all candidates in
each codebook (e.g., %(0) = >, x;).

<>

><>

Example: recovering paths in a tree. In the tree example, we want to recover
which path led to node b. Our input is the composite

s = tree o BVy,

which, up to noise, equals the product of the role vectors along the path to b:
s ~ p'(L) o p*(R) o p?(L). We treat each decision at a different depth as a separate
factor. For a depth-3 path, we introduce three codebooks:

X = [p°(L), p"(R), p°(S)], Y = [p'(L), p'(R), p'(S)], Z=[p*(L), p*(R), p°(S)],

where S encodes the “stop” decision (no further movement from that level).

We instantiate three estimators X, ¥y, z with initial states given by the superposi-
tion of all options at each level, e.g. %(0) = p°(L) + p°(R) + p°(S), and similarly for
y(0) and z(0).

Running the resonator updates, the three estimators gradually move from rep-
resenting all possible paths in superposition to a consistent sequence of moves,
effectively recovering the path without having to enumerate all possible paths in
memory [248].
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Resonator networks thus generalize simple unbinding + clean-up to deeper, multi-
factor structures: they use the algebra of HDC/VSA to search large combinatorial
spaces in superposition and rely on clean-up memories to settle on one coherent
factorization. This makes them a powerful tool for decoding holistic high-dimensional
representations of complex data structures [248].
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Overview

As established in Chapter 2, Contextual Bandits provide a principled framework
for adaptive decision-making under partial feedback. Their ability to adapt policies
online from logged interactions makes them suitable for a wide range of real-world
systems, leading to their increasing adoption in edge applications [38, 39] to make
embedded platforms not only intelligent but also autonomous and adaptive. Among
the many algorithmic variants, the Linear Bandits family remains one of the most
widely deployed due to its theoretical guarantees and practical effectiveness. How-
ever, deploying these algorithms on resource-constrained embedded platforms and
achieving real-time adaptability reveals a computational overhead that is frequently
overlooked in theoretical models but becomes the limiting factor in practice.

As analyzed in Chapter 2, linear bandits rely on the linearity assumption between
the context and the reward, employing ridge regression procedures to assess the
expected reward for each action and determine the optimal one. The key point
of this process is matrix inversion, a computationally intensive operation whose
complexity grows cubically with the size of the matrix. The Disjoint linear CB
requires inverting N matrices of dimensions d x d at each step, for an asymptotic
complexity equal to O(d?). The Hybrid variant is even more demanding, requiring
the inversion of a large & x k and N d X d matrices, asymptotically growing as
O(k3) = O(f3d?). This cubic scaling, common to both algorithmic variants, imposes
a heavy computational load that becomes the limiting factor for real-time applications
where rapid decision-making is crucial.

In particular, on embedded cores the matrix inversion cost is completely domi-
nated by the division operation. A preliminary profiling study conducted during the
early stages of this research [71] quantified the severity of this bottleneck on a repre-
sentative embedded platform. The Disjoint LinUCB algorithm was executed on the
Klessydra-T13 RISC-V processor—a single-issue, in-order core without floating-point
support—using a context dimension d = 8, N = 8 arms, 32-bit fixed-point arithmetic,
and fully static memory allocation (i.e., no dynamic heap usage). These parameters
represent a small practical setting for a linear bandit deployment; real-world scenarios
with richer context representations or larger action spaces would only amplify the
computational load. Even in this minimal configuration, cycle-accurate profiling
revealed that integer division alone accounts for up to 70% of total execution cycles.
The root cause is structural: on the Klessydra-T13, as on many embedded cores
targeting area- and power-constrained applications, integer division is implemented
through a non-pipelined, fixed-latency restoring algorithm that executes in 32 clock
cycles regardless of the operand values, while addition and multiplication complete
in a single cycle. As a result, the vast majority of execution time is concentrated in



2.3 Optimization Strategies 62

a single arithmetic unit. At the arithmetic level, the performance of linear bandits
on this class of processors is therefore divider-bound: no amount of loop-level opti-
mization can overcome the bottleneck as long as the underlying division hardware
remains the limiting factor.

Compounding this computational bottleneck is the quadratic memory overhead
imposed by the covariance matrices—O(d?) per arm for Disjoint, O(k?) + N - O(d?)
for Hybrid—which quickly becomes prohibitive on embedded platforms with kilobyte-
scale memory budgets.

These findings define the trajectory of Part I, which systematically dismantles
these bottlenecks through cross-layer optimization using a bottom-up approach.

e Chapter 3 addresses the arithmetic bottleneck identified above—and, more
generally, that of any edge Al workload whose execution time is dominated
by division operations—by introducing the VLNPD, a novel data-dependent
division unit that exploits operand statistics to minimize latency and energy
consumption while incurring negligible hardware overhead.

e Chapter 4 integrates the VLNPD into a RISC-V Vector Coprocessor, demon-
strating that variable-latency division yields significant benefits under SIMD
execution.

e Chapter 5 addresses the algorithmic scaling by proposing a reformulated,
optimized version of linear bandits that replaces explicit matrix inversion with
lightweight incremental Sherman-Morrison-Woodbury updates. By combining
these algorithmic optimizations with a vector accelerator and the hardware op-
timizations proposed in the previous chapters, we demonstrate the advantages
of a hardware-software co-design on linear bandits for embedded platforms.

Together, these contributions yield order-of-magnitude improvements in execution
time and energy consumption. Yet, as Part II will show, the inherent quadratic scaling
of dense linear algebra ultimately motivates a more radical shift, exploring neuro-
inspired computing paradigms that bypass the linear-algebra bottleneck entirely to
model and solve CB problems.
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Chapter 3

Design, Implementation and
Evaluation of a New Variable
Latency Integer Division Scheme

Chapter based on Paper 1 [250]: Marco Angioli, Marcello Barbirotta, Abdallah Cheikh,
Antonio Mastrandrea, Francesco Menichelli, Saeid Jamili, and Mauro Olivieri. Design,
implementation and evaluation of a new variable latency integer division scheme. IEEE
Transactions on Computers, 73(7):1767-1779, 2024. doi: 10.1109/ TC.2024.3386060

"The art of being wise is the art of
knowing what to overlook."

William James

The preliminary analysis in Part 1 Overview identified integer division as the
dominant arithmetic bottleneck in the execution of linear bandit algorithms on
embedded processors, accounting for up to 70% of total execution time. This penalty
is a direct consequence of conventional embedded design choices, which prioritize
area-efficient, fixed-latency dividers. Under these constraints, it is clear that neither
algorithmic refinements nor vectorization can fully offset the cost of matrix inversion,
because the underlying bottleneck will ultimately be the divider. This motivates a
closer examination of division itself.

Integer division is one of the fundamental operations in computer arithmetic,
used in a wide range of applications such as digital signal processing [121], random
number generation [251], cryptography [252], artificial intelligence [121, 122, 253)],
matrix factorization [254, 255], and image processing [256, 257].

Compared to addition and multiplication, division is inherently slower due to the
absence of associative and commutative properties that do not allow factorization
and parallelization [2, 121-123, 258], resulting in an expensive hardware imple-
mentation or severe performance bottleneck for many applications [123, 124]. The
implementation of dedicated integer division units is sometimes avoided and replaced
by alternative methods, emulating integer divisions with floating-point dividers [2],
yet requiring significantly large area and power consumption [259] that make them
unsuitable for FPGA implementation, or Integrated Circuit (IC) microarchitectures
with limited hardware resources. In these contexts, low-hardware-cost dividers with
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a fixed execution latency are often used [260, 261], possibly resulting in performance
limitation for those embedded applications where computational speed is critical
such as automotive, video processing, and industrial control.

These observations motivate the first research question of this dissertation:

© Research Question

Can we exploit input-dependent properties to design an integer division unit
for Al on resource-constrained processors that remains compact while achieving
lower average latency and energy?

Variable latency arithmetic units have been studied for decades, covering addition
[128-130], multiplication[131], division [122], and more complex operations [132].
Variable latency represents a valid alternative to fixed-latency when the average
execution time of the target application, resulting from the average latency and the
sustainable clock speed, is significantly shorter than in a fixed latency implementation,
with negligible hardware overhead.

This chapter is mainly based on Paper 2 [250] and introduces a variable latency
data-dependent integer divider that dynamically identifies and skips redundant
iterations that would otherwise produce only left shifts, leveraging the number of
leading zeros in the divisor and in the evolving partial remainder. By enabling
early termination and iteration skipping, our design significantly improves the
average convergence time and power consumption, outperforming existing fixed [262]
and variable latency alternatives [2, 122, 263, 264] in the literature, maintaining
hardware requirements of the latter. These properties make the presented approach
perfect for low-power embedded applications where the execution time is critical,
making it suitable for on-the-edge machine learning and edge computing applications
[71, 114, 265, 266].

The contributions of the proposed study are as follows:

e Introducing a novel variable latency integer division algorithm derived from
the classic non-performing restoring technique;

e Proposing an efficient baseline hardware implementation of the algorithm,
based on high-speed Count Leading Zeros (CLZ) units and a single-cycle barrel
shifter with the reuse of the same register to store the remainder and the
quotient;

¢ Detailing the hardware architectures of the algorithm in four different variants,
specifically designed for targeting different application contexts;

e Comparing all the proposed hardware schemes with the reference designs
in literature [2, 264], in terms of average latency, hardware cost, operating
frequency and energy consumption on FPGA and ASIC, demonstrating lower
latency and energy consumption per division compared to the reference designs;

e Reporting, to the best of our knowledge, the first energy consumption analysis
and ASIC synthesis of variable latency dividers in the literature;
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e Showing and discussing a comprehensive evaluation of the performance on six
benchmark applications.

The rest of the Chapter is organized as follows: Section 3.1 reviews division
techniques and analyzes the restoring algorithm that forms the basis of our work.
Section 3.2 presents the adopted methodology and the proposed novel restoring
algorithm. In Section 3.3, we describe the basic hardware implementation scheme
for the proposed algorithm, and three alternative implementation schemes optimized
for latency, clock frequency, and hardware resources, respectively. Section 3.4
analyzes the average latency as a dependence of the input operands, by Monte Carlo
functional simulation. Section 3.5 reports synthesis and implementation results of
all the versions of the algorithm on FPGA using Vivado 2022.2 while Section 3.6
reports ASIC synthesis results. In Section 3.7, we test the performance of each of
the proposed dividers using six real application benchmarks, comparing the overall
performance with state-of-the-art variable-latency dividers and fixed-latency radix-n
dividers. Finally, Section 3.8 discusses the main outcomes of the work.

3.1 Integer Division Algorithms

Integer division involves a dividend A and a divisor B, resulting in two integer values,
namely the remainder W and the quotient @), which are always less or equal to the
divisor B and the dividend A, respectively, and satisfy (3.1).

A=B-Q+W (3.1)

Like all the division algorithms used for comparison with this work [2, 122, 262, 264],
we target unsigned integer division. In the case of signed operands, the signs of the
results are determined separately from the division operation, according to (3.2).

sQ =54XORsp ; sy =sa (3.2)

Integer divisions can be implemented in hardware by different algorithms, depend-
ing on the design requirements such as computing speed and available resources [123].
The algorithms can be broadly classified into fixed and variable-latency schemes.

In a fixed-latency divider, a constant number of quotient bits is computed in each
iteration of the algorithm, starting from the most significant bit (MSB). Like the
classic pen-and-paper technique, the algorithm looks for the largest multiple of the
divisor that can be subtracted from a partial remainder. The number of iterations
of a fixed-latency divider depends on the radix used to represent the dividend and
divisor, and not on their values. Due to the minimal hardware requirements, a
widely used fixed-latency divider is radix-2, with one quotient bit computed at each
iteration, thus taking n clock cycles to perform an n-bit division. Other typical values
for the radix are 4, 8, and 16, which imply a constant division latency of n/2, n/3,
and n/4 clock cycles, respectively. However, in resource-constrained designs, in both
FPGAs and ASICs, the hardware complexity typically limits the implementation to
radix-2 and 4 [123][2].

A common way to implement a radix-2 fixed-latency divider is the Restoring
Division algorithm [262, 267], which we detail here as a useful basis for discussing
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1: Input —

2:  Divider : A€ [0,2" — 1]
3:  Divisor : D € [0,2" — 1]
4:  Partial Remainder : W = A
5. Quotient : Q =0
6 count =0

7

8

9

: Procedure —

. while count <n
1. W=(W<<1)—D
11: if W > 0 then

12: C2nflfcount =1

13: else

14: C2nflfcount =0

15: W =W + D # Restoration step

16: end if
17: count + +
18: end while

Figure 3.1 n-bit Restoring Division Algorithm

the proposed novel schemes. The method is presented in Fig. 3.1. To perform a
division between n-bit integer numbers, this algorithm uses two n-bits registers, @
and W, to respectively store the quotient and the partial remainder. W is initially
set equal to the dividend. Then, at each iteration, a tentative remainder is computed
by left-shifting the W register by one bit and subtracting the divisor. If the tentative
remainder is non-negative, the new quotient bit is set to one. Otherwise, the quotient
bit is set to zero, and the divisor is added back to W. When the iteration count
reaches n, the division finishes with the final quotient stored in the ) register and
the remainder stored in W. Notably, in hardware implementations, the registers Q
and W are commonly concatenated into a single 2n-bits register R, a technique we
will refer to in the following.

The main drawback of the approach is the restoration step, which slows the
execution. Several solutions have been proposed to avoid this procedure. In the Non-
Restoring algorithm [262], the recovery step is omitted in exchange for additional
operations and more complexity. In the Non-Performing Divider (NPD) [262], the
tentative remainder is stored only when the subtraction result is non-negative. Thus,
the addition in the restoring procedure is unnecessary because the R register is
updated only when required. However, these two solutions do not change the total
latency of the operation, which is fixed and equal to n clock cycles.

Conversely, variable-latency dividers can determine a variable number of quotient
bits per iteration, so that the required cycle count for completing the division is not
fixed but depends on the input data values. Notably, differently from approximation-
based dividers [268], these solutions produce an exact result in a variable number of
clock cycles. In [122], three variable-latency integer dividers are proposed starting
from the restoring division algorithm. In the first, the subtraction is skipped until
the MSB of the dividend reaches the MSW of the remainder. In the second, the
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Figure 3.2 Hardware implementation of the algorithm presented in [2]

divisor is shifted to the left to be aligned with the dividend, then the shift is reversed,
and the classic restoring division is performed. In the third, the remainder and
the divisor are shifted dynamically (to the right and the left, respectively) using
priority encoders. The performance of the three solutions has been evaluated in
terms of speedup over the restoring division algorithm using algorithmic simulations
with randomly generated operands. The work does not provide any results on real
benchmarks, hardware requirements, or operating frequency.

Authors in [263] discuss and analyze the Needy Restoring division algorithm,
which does not need to perform subtractions under some conditions, preventing
the execution of the restoration step of the algorithm. The work does not provide
performance or hardware implementation data. Furthermore, the algorithm requires
an additional n-bit register and iteratively checks the value of the shifted R regis-
ter, which would significantly limit the operating frequency when implemented in
hardware.

The work in [264] proposes a variable latency divider based on the dynamic shift
of the divisor, which skips unnecessary steps by exploiting the relationship between
the remainder and the divisor itself. Priority encoders are used to compute and
implement the logs function in hardware. The technique achieves 2.73 clock cycles
on average per 32-bit integer division, assuming uniform operand distribution and
an operating frequency of 90 MHz with 316 LUTs in the Virtex-7 FPGA. However,
no performance data based on real application benchmarks are provided.
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In [2], a similar approach is used to realize a variable-latency integer divider,
denoted as Quick-Div. The algorithm was specifically designed for FPGA-based soft
processors and compared in detail with fixed-latency radix-n dividers. Similar to
[264], this approach performs dynamic shifting of the divisor but exploits a highly
optimized hardware design depicted in Fig. 3.2 that uses a Count Leading Zeros
(CLZs) technique and splits the shift into two steps. During the first iteration, the
divisor is left-shifted by its number of leading zeros, whereas in the remaining ones,
it is right-shifted by the number of leading zeros in the remainder. This approach
maximizes the operating frequency and allows using a 32-bit register to store the
divisor, without losing bits during the shift procedure. The division is complete
when the divisor is greater than the current partial remainder. Notably, this requires
an additional clock cycle to set the completion signal at the end of the division.
In our solution, we avoid this by using an internal counter, which is dynamically
incremented without increasing the critical path. Additionally, we use a single 64-bit
register for storing the remainder and the quotient on which we perform the dynamic
shift without losing bits. The Quick-Div algorithm allows an average number of clock
cycles per 32-bit integer division of 1.69, assuming uniform operand distribution.
However, the hardware implementation requires a fixed additional latency of two
clock cycles: one for storing input signals in registers and one for performing the
first shifting iteration, for an average of 3.69. The performance is tested on many
application benchmarks, and the implementation results report 365 LUTs, 129 FFs
and an operating frequency of 426 MHz, making this architecture the reference
design for the performance comparison of the proposed work.

3.2 Proposed Divider

As summarized in Section 3.1, the fixed-latency NPD [262] represents an optimized
version of the Restoring divider in which the tentative remainder is stored only in the
case of positive subtractions. Whenever the difference between the MSW of R << 1
and the divisor is negative, the previous value of R simply shifts one position to the
left. As a result, several iterations will only perform a left shift of the R register,

50%

40%

30%

20%

Average Percentage
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12 3 45 6 7 8 9 10111213 14 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
Length of Consecutive Shift-only Steps

Figure 3.3 Statistical analysis of "shift-only" consecutive steps in 32-bit integer divisions.
For more than 98% of the divisions, the consecutive shifts are between 27 and 31,
underlying the importance and impact of a dynamic shift mechanism on the NPD.
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Dividend A: 00000110
Divisor B: 0000 0010

Step 1:
R << 1: 00000000 0000 1000 —
B: 00000010 =
diff: 1111 1110 - R =R<«1
Step 7:
R << 1: 0000 0010 0000 0000 -
B: 00000010 =
diff: 0000 0000 — R(63:32) = diff, R(0)=1
Step 8:

R << 1: 0000 0000 00000010 -
B: 00000010 =
diff:11111110¢ — R =R<«1

Result : 0000 0000, 0000 0010,
1 T

Remainder Quotient

Figure 3.4 Example of an 8-bit integer division with the NPD. The R register is just
shifted to the left for six subsequent steps.

Step 1:
Leading Zeros R: 13

Leading Zeros B: 6
R << (13-6): 00000010 00000100 -

B: 00000010 =
diff: 0000 0000 —  R(63:32) = diff, R(0)=1
Step 2:
R << 1: 0000 0000 0000 0010 —
B: 00000010 =
diff: 1111 1110 - R = R<<«1

Figure 3.5 Example of an 8-bit integer division with the proposed VLNPD. This approach
allows skipping six steps.

while the subtraction result is not used. Fig. 3.3 shows the statistical distribution of
consecutive "shift-only" iterations within a 32-bit division using the NPD. In more
than 98% of the cases, the division performs 27 to 32 consecutive steps in which the
R register is just shifted to the left.

The variable latency data-dependent divider proposed in this work is based on
the NPD in conjunction to exploiting the relationship between the number of leading
zeros in the divisor and in the partial remainder, to dynamically detect and skip the
consecutive iterations that would perform only a left shift.

Fig. 3.6 depicts the step-by-step overview of the presented division technique.
At each iteration, the CLZ function computes the position of the most significant
non-zero bit for the R register and the divisor D. The difference between these
two quantities represents the number of division steps in which the subtraction
result is certainly negative, and it is used to shift the R register dynamically by
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shift_amount bit positions. The term —1 in the calculation of shift_amount
accounts for a classical division step, which is always performed after the dynamic
shift. If shift amount > 0, an equivalent amount of quotient bits is evaluated in a
single step, skipping the same number of "shift-only" steps. The iteration counter
is updated accordingly. Note that when shift_amount results greater than the
remaining division iterations, i.e. 32 — 1 — count, the actual shift amount is limited
accordingly.

Fig. 3.4 and 3.5 illustrate an example of 8-bit integer division performed with the
standard NPD algorithm and the proposed technique, respectively. In the first step
of the original algorithm (Fig. 3.4), the difference between the 8 most significant
bits of R << 1 and the divisor D is computed and results to be negative, so R
is left-shifted by one bit position. The same situation occurs for the following six
iterations. The whole procedure consists of 8 iterations, with subtraction results
used in only 2 of them.

In the first step of the proposed algorithm (Fig. 3.5), R and D have 13 and 6
leading zeros, respectively, which means that for (13 — 6) — 1 = 6 iterations the
difference between the shifted remainder and the divisor will be negative. Thus, R is
left-shifted by 6 bit positions and the classic division iteration is executed, obtaining
a non-negative difference between the 8 most significant bits of R << 1 and D.
The subtraction result is stored in the 32 most significant bit of R, and the least
significant bit Ry is set to one. In the second step, count=7 and only the classic
division step is executed. The whole procedure consists of 2 iterations.

While the presented algorithm can be extended to high-precision computations,
from 64 to 1024 bits, the proposed work focuses on medium or low-precision em-
bedded applications, and we go into the details of hardware synthesis of the 32-bit
implementation.

In the following, we will refer to the proposed division algorithm and its hardware
implementation variants as Variable Latency Non-Performing Divider (VLNPD).

3.3 Hardware Implementation

3.3.1 Baseline Version (VLNPD-Std)

The schematic diagram in Fig. 3.7 depicts the baseline hardware implementation
(VLNPD-Std) for the proposed algorithm, with the critical path highlighted in red.
The hardware unit has two 32-bit input data signals, an enable signal Div__enable,
a clock signal, and a reset signal. An output signal Division_completed flags
that the division has been completed, and the result (quotient and remainder) is
available on the output of register R. The architecture includes a 64-bit and a 32-bit
registers for R and for the divisor D, respectively, a 6-bit register in the iteration
count logic, and a 1-bit output register sampling the Division__completed flag, for
a total of 103 sequential logic elements, which is exactly the same amount as for the
implementation of the NPD. The division starts when Div__enable is set, the input
operands are stored in the registers, and the counter is set to zero. At each iteration,
corresponding to one clock cycle, the value stored in the R register is updated
according to Fig. 3.6. A 32-bit CLZ unit is used to find the number of leading
zeros in the divisor D, while a 64-bit one is used for the R register. The difference
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between the number of leading zeros defines how many bit positions the R register
should be dynamically left-shifted, according to Fig. 3.6. When shift_amount is
greater than the remaining division steps, i.e. 32 — 1 — counter, it is accordingly
limited, and a control signal named limited_ shift is set. Conversely, no dynamic
shift is performed when this difference is less than or equal to zero. Finally, the
classic division step is implemented by subtraction between the 32 most significant
bits of the shifted R register and the divisor.

The effectiveness of the proposed division scheme relies on the availability of a

1: Input —
2. Divider : A € 0,232 — 1]
3:  Divisor: D € (0,232 — 1]
4: Res . 32y = 0 x 0000

5. Rpi.o =4

6: count =0

7 division__complete = 0

8

9

: Procedure —
10: while division_complete ==

11: leading D = CLZ(D) € [0,31] # D Leading Zeros
12: leading R = CLZ(R) € [0,63] # R Leading Zeros
13:

14: # Dynamic Shift:

15: shift__amount = leading_ R — leading D — 1
16: if shift amount> 0

17: if shift amount > 31 — count

18: shift amount = 31 — count

19: end if

20: R = R << shift _amount

21: count = count + shift amount

22: end if

23:

24: # Classic division step:

25: difference = Rgy . 31) — D

26 if (difference< 0)

27: R = R<<1

28: else

29: Rg3 . 32) =difference

30: Ry =1

31: end if

32:

33: if (++count==32)

34: division_ complete=1

35: end if

36: end while

Figure 3.6 Algorithmic description of the presented VLNPD.
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Figure 3.7 Basic hardware implementation for the proposed variable latency divider
(VLNPD-Std). The difference between the leading zeros is used to set the dynamic shift.

D is subtracted from the output of the dynamic shifter, and the result is used to update
R.

Re<16 Shifted R
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Figure 3.8 Schematic of the dynamic barrel-shifter implemented by a set of three multi-
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Figure 3.9 Hardware scheme for the iteration Count unit.
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fast single-cycle barrel shifter and single-cycle CLZ units, in order to avoid increasing
the clock cycle time. The CLZ units were implemented according to [269], featuring
a high-speed design tailored for small hardware overhead on FPGAs. The best-
performing barrel shifter implementation for the chosen 32-bit operand length
was found to be the multiplexing structure shown in Fig. 3.8, taking a 64-bit
signal as the input and performing any left-shift between 1 and 31 bit positions.
For 64-bit division implementations and above, a better implementation could
be a multi-level architecture, as explored in [270]. The Count Unit detailed in
Fig. 3.9 updates the iteration count, calculates the remaining steps and sets the
Division__completed flag bit. If a dynamic shift is performed, the count is updated
by adding shift_amount + 1 to the previous value; otherwise, it is incremented by
1. When the updated count value reaches 32, or the limited_ shift control signal is
’1’, the division ends and the Division_ completed flag is set. The final remainder
and the quotient are stored in the 32 most significant bits and the 32 less significant
bits of the R register, respectively.

Notably, unlike the architectures presented in [2] and [264], in the proposed
implementation, the output control logic uses the updated value of the internal
counter to detect the division completion, rather than checking the condition
remainder < divisor. This allows for avoiding an additional clock cycle to set
the completion signal without increasing the critical path.

3.3.2 High-Frequency Version (VLNPD-HF)

Since the basic architecture has the CLZ units and the barrel shifter on its register-
to-register critical path, a first optimization can be obtained by splitting that
combinational path into two different clock cycles for a higher operating frequency,
paying in terms of the average latency. In the first cycle, the classic division step
and CLZ of the subtraction result are executed, while in the second clock cycle, the
dynamic shift is performed, aligning the operands and making them ready again for
the next step. Compared to the VLNPD-Std, this solution requires an additional
clock cycle every time the operands are not aligned.

The actual hardware implementation is shown in Fig. 3.10. With respect to
the baseline implementation, the R register has been moved after the calculation
of the dynamic shift, a 6-bit register called CLZ__Remainder has been inserted
to contain the 64-bit CLZ output, a 5-bit one named C'LZ__Divisor contains the
32-bit CLZ output and a 1-bit register called shift_en has been introduced to
disable the shifter every time the operands have been already aligned in the previous
clock cycle. Whenever shift_amount > 0 and shift _en = 0, the dynamic shift of
R is carried out, and the output of the shifter is directly written back into the R
register instead of being used in the subtractor. At the next iteration, the most
significant ’1’ of register R is already aligned with that of the divisor, and the
divisor is directly subtracted from the 32 most significant bits of R. Note that if
shift_amount > (32 — count), the shifter takes R << 1 as input to perform up to
32 iterations in one clock cycle.

Notably, this approach makes it possible to move the remainder’s leading zeros
count in a different clock cycle with respect to the dynamic shift, decreasing the maxi-
mum number of division steps per clock cycle from shift__amount+1 to shift_ amount,
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Figure 3.10 Hardware architecture for the High-Frequency variant (VLNPD-HF) of the
proposed variable latency divider. The critical path is split as highlighted with red lines
at the cost of increased average latency.

splitting the previous critical path and creating the new one highlighted in Fig. 3.10.

3.3.3 High-Performance Version (VLNPD-HP)

In the described VLNPD-Std variable latency divider, the dynamic shift of the R
register is done to align its most significant one with that of the divisor. Then, the
classic division step is performed, and the sign of the result is used to choose the
new partial remainder value. However, it is possible to observe that whether the
result of the subtraction is negative after a dynamic shift, at the next clock cycle,
the new R << 1 will certainly be greater than the divisor, the dynamic shift will
not be performed, and the results of the subtraction will always be greater than
zero. When this condition occurs, R can be directly assigned to the result of the
subtraction between R << (shift_amount + 1) and the divisor, saving one clock
cycle. Fig. 3.12 depicts this technique on an 8-bit integer division example.

From the hardware point of view, this version is depicted in Fig. 3.11 in which
it is possible to highlight that it requires two parallel subtractions at each clock
cycle and additional control logic to select which result chooses as new R register.
The additional logic results in a higher area occupation and lower frequency (due to
the longer critical path length) but allows for a significant reduction of the average
latency per division, as will be described in Section 3.4.
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Figure 3.11 Hardware architecture for the High-Performance variant (VLNPD-HP). In

this unit, one step is saved each time a dynamic shift is performed, and the subsequent
difference is negative.

Dividend A: 00000101
Divisor B: 00000110
Initial R: 0000 0000 0000 0101

Step 1:
Leading Zeros R: 13 Leading Zeros B: 5

Subtraction 1:
R << (13-5): 00000101 0000 0000 —
B: 00000110 =
diff: 1111 1111

Subtraction 2:
R << (13-5)+1: 00001010 0000 0000—
B: 00000110 =
diff 2: 0000 0100

R = diff_2

Figure 3.12 Example of an 8-bit integer division in the VLNPD-HP. The HP version
performs a total of 7 steps in one clock cycle.

3.3.4 Limited Area Version (VLNPD-LA)

In the baseline VLNPD-Std architecture, the dynamic shifter requires the most
hardware resources. This unit takes 64-bit data as input and can shift up to 32
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positions to the left dynamically at each iteration of the algorithm and is represented
by a 5-bit control signal (shift_amount). The implementation of this unit is optimized
by a series of three multiplexers, as shown in Fig. 3.8, but despite that, it requires 151
LUTs. An alternative divider version with significantly lower area occupation paid
in performance can be obtained by limiting the possible shifting range. Observing
the statistical distribution of the average number of subsequent shift-only steps
in a 32-bit division (Fig. 3.3), it is possible to note that this number appears to
be gathered in the range and 24-31. Therefore, reducing the required area for the
dynamic shifter is possible by limiting the shift in this range. The performance
deviation with this solution depends heavily on the application domain, as will be
discussed in Section 3.7, but from a statistical point of view, this solution allows a
significant reduction in the hardware resources in exchange for a small deviation in
the division average latency.

3.4 Results

This section analyzes the performance in terms of clock cycle latency for each
variant of the presented VLNPD, to verify the effectiveness of the proposed approach.
Subsection 3.4.1 analyzes the properties of the latency as a function of the input data,
showing how it changes with the amplitude ratio between the operands. In subsection
3.4.2, Monte Carlo simulations for 4, 6, 8, 12, 16, and 32-bit integer divisions evaluate
the average latency of the proposed dividers for uniformly distributed input values,
for direct comparison with the other dividers available in the literature.

3.4.1 Latency behavior analysis

All the VLNPD implementation variants have data-dependent latency, meaning that
the number of clock cycles required to complete a division depends on the input data
values. Here we discuss some particular cases to understand the expected behavior
of the VLNPD:

o dividend < divisor: If the dividend is smaller than the divisor, the correct
result is the quotient equals zero, and the remainder equals the dividend.
However, it is unnecessary to check this condition, as the number of leading
zeros in the dividend will certainly be less than in the divisor. In the first
iteration, the dividend is placed in the LSW of the R register, the shift amount
is always greater than or equal to 32, and the shift limiting mechanism is
enabled, shifting R left by 31 positions and subtracting the divisor. This last
step always returns a negative result, resulting in an additional shift of R.
In this way, in a single clock cycle, the dividend is shifted from the LSW to
the MSW, becoming the remainder of the division. On the other hand, the
quotient in the LSW, is zero;

e dividend = divisor: when the dividend and divisor are equal, the difference
between the leading zeros is exactly 32. As in the previous case, these divisions
automatically end in one clock cycle with the difference that the result of the
final subtraction will be non-negative and equal to zero. Consequently, the
quotient is set to 1 and the remainder to zero, which gives the correct result;
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Figure 3.13 Trend of the VLNPD’s average clock cycle against the difference in magnitude
(as powers of two) between the operands.

o dividend = 1: the special case of the dividend equal to 1 may fall into one of
the two previous cases, and both are completed in one clock cycle, as described;

e divisor = 1: this case is the most critical for variable latency algorithms since
this division requires as many clock cycles as the number of ’1’s in the dividend.
The latency for these cases ranges from 1 (when dividend equals 1) to 32
(when dividend equals 232 — 1). However, it is important to note that, unlike
other architectures in the literature, we can solve this situation by checking
whether the number of leading zeros in the divisor equals 31; still, we did
not implement that to avoid adding extra hardware overhead. By adding this
extra condition to the division__complete flag, divisions by one are completed
in one clock cycle. The produced result is automatically the correct one since,
in the first iteration, the quotient is equal to the dividend and the remainder
is equal to zero;

o loga(dividend) = loga(divisor): if the base-2 logarithm of the dividend is equal
to that of the divisor, the operands have the same n number of leading zeros.
At the first iteration, R has n + 32 leading zeros, and it is, then, dynamically
left-shifted by (n + 32) —n — 1 = 31 positions. The most significant ones are
aligned in this way, and the final subtraction gives the correct result of the
operation. In this case, the difference is always positive (because dividend >
divisor and logs(dividend) = loga(divisor)): the quotient is set to 1, and the
result of the subtraction is the new remainder;

o (dividend/divisor) mod 2 = 0: if the dividend is equal to the divisor multi-
plied by any power of two, the proposed algorithm performs integer division
in two clock cycles. In the first one, the leading ones are aligned, the result of
the subtraction is zero, and the quotient bit is set to one. After this operation,
all subsequent division steps consist only of a left shift of the R register and
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Figure 3.14 Average clock cycles under varying bit width of operands.

can be dynamically performed in the second clock cycle. Note that this case
also includes the divisions where both the dividend and the divisor are powers
of two.

Fig. 3.13 shows how the average number of cycles required by the proposed algorithm
varies as a function of the distance (in powers of 2) between the dividend and the
divisor. For distances between 0 and 2'3, the clock cycles required by the VLNPD-Std
algorithm are always less than or equal to 8, the latency expected from a radix-16
divisor. After this value, the number of cycles remains less than 12 (latency of a
radix-8) up to a distance of 2'°. The VLNPD-Std variable latency divider is also
better than a radix-4 one for distances up to 22°. The number of clock cycles as
a function of the distance is lower in the VLNPD-HP version and higher in the
VLNPD-HF one, for the reasons outlined in Section 3.3.

3.4.2 Monte-Carlo Simulation Analysis

To compare and evaluate the performance between the proposed algorithm and the
fixed latency solutions, we tested more than 10'° dividend and divisor pairs through
Monte-Carlo simulations in the case of 4, 6, 8, 12, 16 and 32 bit operand width.
Fig. 3.14 shows the results obtained for each version. The results were obtained by
simulating until the first and second decimal places of the average latency remained
constant over 10 billion iterations. In all the implementation variants the increase in
the average latency becomes negligible for bit-widths greater than 12, except for the
case of VLNPD-LA in which the limited range of the shifter causes a steeper increase,
yet remaining below 1.8 cycles. The VLNPD-Std version of the proposed divider
presented in Section 3.2 requires an average number of clock cycles converging at
a value of 1.55. This average latency is achieved thanks to the presented dynamic
shifting method. In detail, Fig. 3.15 reports the clock cycle distribution required
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Figure 3.15 Statistical distribution of division latency in 32-bit integer divisions. VLNPD-
Std: 66.7% of divisions completed in 1 clock cycle, 21% in 2 cycles, 7% in 3 clock cycles.
VLNPD-HP: 75% in 1 clock cycle.

Table 3.1 Average latency of integer dividers for uniformly distributed numbers, including
the ones required by the hardware implementation

Average Latency
NPD 33.000
VLNPD-Std 2.546
VLNPD-LA 2.786
VLNPD-HF 3.268
VLNPD-HP 2.370
Quick-Div [2] 3.693
Priority Encoders [264] 3.730

by a 32-bit integer division performed with the VLNPD-Std algorithm. Overall,
66.67% of the divisions are completed in one clock cycle. The 21% and the 7%
of divisions are completed in two and three clock cycles, respectively, while the
number of divisions requiring more than five clock cycles is less than 1%. The
optimization technique described in Section 3.3.3 allows a lower average number
of clock cycles for the VLNPD-HP version, which converges at 1.36. In this case,
thanks to the additional step that can be performed at each dynamic shift, 75%
of the divisions are completed in one clock cycle. In contrast, the average latency
increases in the VLNPD-HF divider, reaching a value of 2.27, in exchange for a higher
operating frequency. As explained in Section 3.3.2, this is due to the additional
cycle at each dynamic shift, which allows the splitting of the critical path. With
the VLNPD-LA version, the number of clock cycles statistically slightly increases
and reaches 1.78. As mentioned before, the performance of this version strongly
depends on the application, as will be detailed in Section 3.7. Finally, Fig. 3.14
also shows the performance of Quick-Div[2], which exhibits to an average number of
clock cycles of 1.69 and completes 50% of divisions in one clock cycle.

All the results reported in Fig. 3.14 refer to the algorithmic-level performance,
assuming the operands are already available in the local input registers and without
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considering any additional latency overhead related to the implementation. For the
architecture in [2], in fact, one more cycle is required to split the shift into two steps
and increase the operating frequency. The average number of clock cycles, including
the ones required by the hardware implementation, are summarized in Table 3.1 for
all the VLNPD variants and the designs in [2], and [264].

Notably, in VLNPD schemes, the latency might be further reduced by avoiding
one clock cycle to load the operands in internal registers, introducing a multiplexer
to directly pass the dividend at the input of the shifter and the CLZ unit. In
the present analysis, we did not implement this further improvement to limit the
hardware overhead and to assume the same operation setup for all the compared
dividers.

3.5 Implementation on FPGA

We synthesized and implemented the VLNPD divider, in all its variants, on the
Xilinx Virtex UltraScale+ VCU118 board (XCVU9P-L2FLGA2104E) using Vivado
2022.2. We also replicated the design in [264], for which the data available in the
literature are related to a Virtex-7 FPGA board. Table 3.2 reports the results of
the implementations in terms of hardware resources, i.e. Look-Up Tables (LUTS)
and Flip-Flops (FFs), operating frequency, average execution time per division at
the maximum operating frequency, and average energy consumption per division.

The average execution time per 32-bit division is computed according to (3.3)
and is reported in Table 3.2.

average_ latenc
FExecution time = e Y

3.3
frequency (3:3)

The average dynamic energy consumption per division and average static energy
consumption per division is calculated according to (3.4) and (3.5).

denamic

__dynamic = ———— x average__latenc .
E_dy ge_latency 3.4
frequency
. Pstatic
E_static = ———— % LUTy, * average_ latency (3.5)
frequency

where Pyynamic and Psarie are the dynamic and static power data, respectively,
which have been obtained by the Vivado power estimation based on the switching ac-
tivity trace file extracted from the gate-level simulation of actual division operations;
LUTy, is the percentage of the total LUTs of the device occupied by the division
unit. For the design in [2], the energy results were not available in the literature,
and therefore, they were produced by replicating the microarchitecture on the same
target FPGA.

The original NPD shows an operating frequency of 800 M Hz and a very low
area occupancy. It requires an average execution time of 41.25 ns and an average
dynamic energy of 2969.01 pJ due to its fixed latency of 33 cycles.

The VLNPD designs significantly improve the execution time and the average
dynamic energy per division, at the cost of more hardware resources. The VLNPD-
Std version requires 385 LUTs and 103 FFs with an operating frequency of 300 M H z.
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Table 3.2 Operating frequency, execution time, area and energy consumption results
obtained on Xilinx Virtex UltraScale+ VCU118 board

Operating Number of | Number of Average Dynamic Average Static Average Execution
Frequency [MHz] LUTs FFs Energy per Division [pJ] | Energy per Division [pJ] | Time per division [ns]

NPD 800 136 103 2969.010 10.189 41.250
VLNPD-Std 300 385 103 178.270 6.290 8.489
VLNPD-LA 315 290 103 195.056 4.370 8.846
VLNPD-HF 460 463 115 326.846 7.020 7.105
VLNPD-HP 268 438 103 165.820 8.733 8.839
Quick-Div [2] 426 365 129 332.391 6.424 8.670
Priority Encoders [264] 286 446 103 261.100 13.162 13.321

Table 3.3 Operating frequency, execution time, area and energy consumption results on
Synopsys Fusion Compiler in GF22FDX technology.

Operating Total cell Average Dynamic Average Static Average Time

Frequency [GHz] | Area [um?] | Energy per Division [pJ] | Energy per Division [pJ] | per division [ns]
NPD 1.66 310.97 13.464 1.171 19.800
VLNPD-Std 1.00 727.10 3.081 0.686 2.546
VLNPD-LA 1.06 619.27 2.111 0.484 2.451
VLNPD-HF 1.40 750.80 2.735 0.665 2.334
VLNPD-HP 0.98 893.30 3.375 1.008 2.407
Quick-Div [2] 1.22 722.78 3.690 0.775 3.026

Despite the lower frequency, thanks to an average of 2.55 cycles per division, it
exhibits an average execution time of 8.489 ns, providing a speedup of 4.86x over
the original algorithm and 1.02 compared to [2]. The latency difference also affects
the average dynamic energy, which in the case of the VLNPD-Std equals 178.270 pJ,
93.99% less than the original division algorithm and 46.37% less than [2]. These
values are also lower than all the compared variable latency architectures, making
the proposed VLNPD the most performing in terms of the average latency, average
execution time, and average static and dynamic energy.

The VLNPD-HF version described in Section 3.3.2 allows the operating frequency
to be increased by 53.33% over the VLNPD-Std version, resulting in a value of
460 M Hz. This version requires 20.25% more LUTSs, 12 more FFs, and a higher
average number of clock cycles (Table 3.1). Nevertheless, this architecture has the
highest frequency and the lowest execution time of all the compared variable latency
dividers. In fact, the VLNPD-HF version exhibits an average execution time speedup
of 5.80x over the original algorithm, 1.20x compared to the VLNPD-Std version
and 1.22x over [2].

The VLNPD-LA design described in Section 3.3.4 reduces the number of LUTs
by 24.67%, making this version the one with the smallest area occupation and the
lowest static energy per operation.

Finally, although the VLNPD-HP version has the lowest operating frequency
and the highest hardware resource utilization, it has the lowest average latency per
division, providing significantly better performance.
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3.6 Implementation on ASIC

We further evaluated the ASIC implementation of the proposed VLNPD dividers
by synthesizing them with Synopsys Fusion Compiler on GlobalFoundries 22FDX
(GF22FDX) technology. Table 3.3 contains the comparison between the proposed
dividers and the existing reference dividers, again in terms of area, dynamic and
static energy consumption per division operation, maximum operating frequency in
typical process corner, and resulting average time per operation. Also, for the ASIC
implementation, energy consumption data were obtained by the power calculator
tool based on switching activity trace files extracted from gate-level simulations of
real operations.

With respect to the original NPD, the four VLNPD dividers proposed in this
work provide an average execution time speedup that ranges from 7.77x for the
VLNPD-Std version to 8.48x for the VLNPD-HF version. Correspondingly, the
average energy per division operation is reduced by 77.12% for the VLNPD-Std
implementation up to 84.32% for the VLNPD-LA implementation.

To compare with the reference variable-latency design Quick-Div, we replicated
and synthesized the design reported in [2] on the target technology. The execution
time speed-up obtained by the VLNPD dividers ranges from 1.18x to 1.29x, while
the average energy per division operation is reduced by 16.50% up to 42.79%.

The VLNPD-Std version of the variable latency divider shows an operating
frequency of 1 GHz (40% less than the original algorithm), which is increased up to
1.40 GH z (only 15.66% less than the original algorithm and 12.83% higher than the
reference design Quick-div) by the VLNPD-HF architecture. The area occupation
range from 619.27 um? for the VLNPD-LA design to 893.30 m? in the VLNPD-HP
occupying less area than the reference design Quick-div. Overall, the VLNPD-HF
Variable Latency Divider results to be the best version for ASIC implementation.

3.7 Performance analysis on benchmark programs

Since the actual speed of variable latency dividers is data-dependent, it is relevant to
explore the performance of the proposed design as well as other reference designs in
the execution of real-world computation kernels. We implemented the execution of six
representative benchmarks in C4++ using the target division algorithms. Also, since
it is very likely that in a system-on-chip architecture, the critical path that imposes
the clock frequency is not in a small sequential divider, we compared the actual
performance of the dividers in a continuous range of frequencies from 100 M H z up to
the maximum operating frequency specific to each divider. The range of considered
clock frequencies is representative of an FPGA implementation; equivalent results
may be obtained for frequency ranges related to ASIC implementation.

3.7.1 Benchmark set

Details on the six benchmark routines adopted for the analysis are the following;:
RNG: pseudo-random number generation function. At each iteration, a new

random number, X, 1, is calculated starting from the previous one, according to

(3.6). Like the minstd_rand functions in C++, we used m = 23! — 1, a = 16807 and
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¢ = 0. In this benchmark, 23% of the executed instructions are divisions.
Xp+1 = (aX, + ¢) mod m (3.6)

SQRT: Newton-Raphson method used to find the approximate value of the
square root of a number x according to (3.7). The iterative method starts with an
initial guess g and uses it to improve the estimation, ¢/, until the desired accuracy is
achieved. In this routine, 26% of the operations are divisions.

g =05%(g+x/g) (3.7)

PRIME: function that checks whether an integer input n is a prime number. If
at least one of the divisions between n and every possible divisor in the range [0,
v/n] has a remainder equal to zero, the number is not prime. In this benchmark,
25% of instructions are divisions.

RSA: function for decrypting text files using RSA technique (3.8), [271]. The
private key is indicated with d, and the modulus is indicated with n. The percentage
of divisions in this benchmark depends on n; on average, circa 13% are divisions.

m = (cd mod n) (3.8)

LU_FACT: function for performing the LU factorization of fixed-point matrices.
This technique is used for efficiently solving linear systems and inverting matrices
in AI tasks such as regressions and recommendation systems, and is the method
adopted in this thesis to perform the matrix inversions required by linear contextual
bandits (Chapter 5). For 3 x 3 matrices, in this benchmark 16% of the operations
are divisions.

IMDIV: pixel-wise image division used to report the fractional change or ratio
for each pixel. In this benchmark, 33% of operations are divisions.

3.7.2 Results

The results of the analysis are expressed as the average division absolute execution
time when running the benchmark routines, in the examined clock frequency range.
Fig. 3.16 summarizes the obtained data. The general most relevant outcome of
the analysis is that - in all the benchmarks - the proposed VLNPD dividers can
obtain the same or better average execution time at a frequency lower than the
other compared dividers. This is particularly relevant as it would allow running the
entire system-on-chip architecture - in which the divider is to be integrated - at a
lower frequency while maintaining the same division operation performance, in the
view of low power consumption. Other specific details on the results are discussed
below. In the RNG benchmark, the VLNPD-Std version of our variable latency
divider shows an average number of clock cycles of 2.49, providing a speedup equal
to 13.25x over the original algorithm and 1.40x over Quick-div. The low average is
due to how this benchmark works. Considering that in (3.6), m is equal to 23! — 1,
this function performs two types of division:

1. dividend < m: as described in Section 3.4.1, the proposed algorithm always
completes these divisions in one clock cycle;
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Figure 3.16 Average execution time per division required in six different benchmarks as
a function of the operating frequency

2. 231 < dividend < 232: in this case, the distance (in powers of two) between
the dividend and the divisor can be at most 1, and these divisions require
two clock cycles (Fig. 3.13). Such a range for the dividend means that the
first performed dynamic shift equals 32 — 1 — 1 = 30. The subtraction result
will certainly be negative and another shift will be required. However, this is
exactly the case optimized in the VLNPD-HP version that, in this benchmark
takes an average of 1 clock cycle.

To this quantity, an additional clock cycle must be added due to the hardware
implementation, as described in Section 3.4. This discussion also explains why the
VLNPD-LA exhibits the same performance of the VLNPD-Std in this benchmark.

In the SQRT benchmark, the latency increases with the difference in magnitude
between input operands, reaching its maximum in the last iteration when the
estimation ¢’ matches the actual number’s square root. In this case, the following
condition holds: logs(¢') = 3loga(x), meaning that the maximum latency according
to Fig. 3.13, will be equal to 10 clock cycles. On average, the VLNPD-Std version

requires 6.65 clock cycles for this benchmark, providing a speedup equal to 4.96 x
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compared to the NPD and 1.15x over Quick-div.

The PRIME benchmark is the worst for variable-latency dividers since the
dividend is fixed and the divisor varies in [2,y/n]. Also, the procedure is interrupted
on the first division with a non-zero remainder, meaning that, in most cases, only
a small part of the available range is tested. For this benchmark, the VLNPD-Std
presents an average clock cycle of 14.61, providing a speedup of 2.26x and 1.06x over
NPD and Quick-div, respectively. Note that this example shows how the workload
strongly impacts the performance of the VLNPD-LA version that is almost never
capable of performing the dynamic shift.

In the RSA benchmark, no particular observations are required since the latency
depends on the distance of the powers of ¢ and the modulus n. The VLNPD-Std
presents an average number of clock cycles equal to 7.49, with a speedup equal to
4.41x compared to NPD and 1.07x over Quick-div.

In the LU_FACT routine, the elements of the lower triangular matrix are
computed through the division by the corresponding diagonal elements of the upper
triangular one. In this benchmark, the VLNPD-Std requires 4.82 clock cycles, with
a speedup equal to 6.84x relative to the NPD and 1.1x over Quick-div.

Finally, in the IMDIV program, the division is usually performed between two
pixels with similar values. The VLNPD-Std has an average of 2.62 cycles and a
speedup of 12.60x compared to NPD and 1.50x over Quick-div.

3.8 Summary of Findings

The presented variable latency data-dependent division exploits the relationship
between the leading zeros in the divisor and the partial remainder to reduce the
average execution time and energy consumption. These features make it suited for
low-power embedded applications with high-speed requirements.

We presented the algorithm, its hardware implementation and a detailed per-
formance analysis to evaluate its effectiveness. Experimental results show that
the approach achieves an average of 1.55 clock cycles per 32-bit integer division,
providing a speedup of 20.65x over the starting NPD algorithm, and in the range of
2.26x up to 13.25x when applied to real benchmarks, depending on the input data.

We illustrated four implementation versions of the presented divider, and we
synthesized all of them on a Xilinx Virtex UltraScale+ VCU118 FPGA, as well
as on ASIC GF22FDX technology. The FPGA VLNPD-Std version achieved the
lowest execution time per division in the literature with an average of 8.489 ns, also
reaching the lowest average dynamic energy consumption, with a reduction of 93.99%
compared to the original algorithm and 46.37% over the reference design. The same
properties were observed on ASIC in GF22FDX technology, with an execution time
of 2.546 ns and dynamic and static energy consumption of 3.081 pJ and 0.686 p.J,
respectively. The VLNPD-HF version improved the operating frequency by 53.33%
on FPGA and 40% on ASIC, leading to a further reduction in the average execution
time compared to the VLNPD-Std version, with 7.105 ns on FPGA and 2.334 ns
on ASIC despite a higher average latency in clock cycles. The best performance in
terms of latency was achieved by the VLNPD-HP version with an average of 1.36
clock cycles and the 75% of divisions completed in just one iteration. In contrast, the
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VLNPD-LA version reduced the area occupation by 26.67%, leaving performance
highly dependent on the target application.

The availability of different versions allow selecting the implementation according
to the system requirements. Overall, the VLNPD-Std is the most versatile hard-
ware implementation of the algorithm that balances operating frequency, power
consumption and hardware requirements, offering a general excellent alternative to
fixed-latency solutions in embedded systems. The VLNPD-HF version should be
preferred when the system performance is limited by the operating frequency of
the variable latency arithmetic units. The VLNPD-HP results particularly suited
when clock frequency is imposed by other parts of the system, so that minimizing
the clock cycle count per division is primary. Finally, the VLNPD-LA version is
recommended in scenarios with very strict hardware resource constraints and the
workload profiling can be used to tune the shifter range.
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Chapter 4

Exploring Variable Latency
Dividers in Vector Accelerators

Chapter based on Paper 2 [272]: Marco Angioli, Marcello Barbirotta, Abdallah Cheikh,
Antonio Mastrandrea, and Mauro Olivieri. Exploring variable latency dividers in vector
hardware accelerators. In 2024 19th Conference on Ph. D Research in Microelectronics
and Electronics (PRIME), volume 1, pages 1-4, Larnaca, Cyprus, 2024. IEEE, Institute of
Electrical and Electronics Engineers (IEEE). doi: 10.1109/ PRIMFE61930.2024.10559734

"Great things are not done by
impulse, but by a series of small
things brought together."

Vincent Van Gogh

The development of the VLNPD divider in the previous chapter marked a
significant milestone in this thesis, offering a novel solution to accelerate integer
division in low-power, real-time systems. Designed to dynamically skip redundant
cycles by analyzing partial remainders and leading zero patterns, the VLNPD
demonstrated that division, often considered prohibitively expensive for embedded
Al can be substantially optimized in both average latency and energy consumption.

Motivated by the success of variable-latency division in the scalar execution
context, this chapter explores its potential in the parallel execution model of vector
accelerators. Vector hardware accelerators are specialized computing units, usually
organized into multiple vector lanes, each equipped with arithmetic functional
units that enable the parallel execution of the same instruction on different data
in a Single Instruction Multiple Data (SIMD) fashion. These accelerators are
widely adopted in embedded systems [273, 274] when the area, power, and energy
requirements of GPUs are prohibitive. Among the basic operations supported by
vector accelerators, integer division emerges as the slowest and most challenging to
implement in hardware: its long and input-dependent latency can complicate lane
synchronization, scheduling, and throughput predictability—potentially limiting
the performance gains that vectorization is meant to deliver. Yet division remains
essential in many embedded workloads, from matrix factorization to normalization
and fixed-point post-processing, making its efficient realization in vector hardware
critical.

These considerations motivate the research question guiding this chapter:
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© Research Question

How do variable-latency integer dividers behave when integrated into vector
accelerators, in terms of throughput, latency, area overhead, and the resulting
performance-efficiency trade-offs?

To answer this question, we integrate the VLNPD into the Klessydra-T13 Vector
Coprocessor Unit (VCU) [114, 273], optimizing its implementation through strategic
hardware reuse and extending the instruction set to support vector divisions. The
contributions of this chapter are twofold:

e presenting, to the best of our knowledge, the first investigation into variable-
latency division within vector hardware accelerators;

o illustrating an optimized integration strategy via hardware reuse that supports
multiple data widths with minimal area overhead.

As we will show, this integration not only yields substantial speedups on general
benchmarks, but also dramatically reduces the contribution of division to the
overall execution time of linear bandit workloads—from 70% on the scalar core to
approximately 12% in the vectorized implementation—clearing the path for the
algorithmic optimizations of Chapter 5.

The remainder of the chapter is organized as follows. Section 4.1 introduces the
target platform and motivates the selection of the VLNPD variant for integration.
Section 4.2 describes the proposed ISA extension and hardware reuse strategy.
Section 4.3 evaluates performance through Monte Carlo simulations and real-world
benchmarks. Finally, Section 4.4 summarizes the main outcomes.

4.1 Context Analysis

The Klessydra-T13 is a parametric RISC-V core that executes three hardware threads
in an Interleaved Multi-threading fashion, incorporating a highly reconfigurable
VCU with dedicated Scratchpad memories (SPMs) for high-performance vector
[275, 276]. The VCU can be configured in terms of Thread-Level Parallelism (TLP)
and Data-Level Parallelism (DLP) to meet the computational demands of specific
applications [71]. A custom instruction set extension, integrated into the RISC-V
GCC compiler toolchain, supports key arithmetic operations on vectors.

Critically for this work, the Klessydra-T13 VCU natively supports multiple data
widths—8, 16, and 32 bits—enabling the system to execute either one 32-bit, two
16-bit, or four 8-bit arithmetic operations per vector lane. This flexibility imposes
a key constraint on divider integration: supporting all data widths naively would
require dedicated division units for each configuration, significantly increasing area
overhead.

Chapter 3 introduced the VLNPD algorithm and demonstrated its superiority over
fixed-latency and competing variable-latency dividers in scalar contexts. However,
integrating a division unit into a vector accelerator introduces additional constraints:
the divider must be efficiently replicable across multiple lanes while maintaining
acceptable latency and not entering the critical path.
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Figure 4.1 Hardware implementation of the VLNPD-Std. The difference between the
leading zeros is used to perform the dynamic shift. The Divisor is subtracted from the
output of the dynamic shifter, and the result updates R.

To identify the most suitable implementation, we analyzed the four VLNPD
variants from Chapter 3 alongside classical radix-n dividers and state-of-the-art
variable-latency alternatives. For latency evaluation, we performed Monte Carlo
simulations over 10 billion uniformly distributed operand pairs. For area and
frequency, we synthesized each architecture on the Xilinx Virtex UltraScale+ VCU118
using Vivado 2022.2 with default settings.

Table 4.1 summarizes the results. All the dividers operate safely above the 145
MHz operating frequency of the Klessydra-T13 core [114], ensuring their integration
does not increase the critical path.

Radix-2 and Radix-4 dividers offer minimal hardware demands (136 and 240
LUTS) but their fixed latencies of 33 and 17 cycles make them not ideal for accelerators
designed to minimize the execution time of target applications. Radix-8 and Radix-16
reduce latency to 12 and 9 cycles but at significantly increased area (503 and 710
LUTs), posing challenges for efficient replication across vector lanes.

Variable-latency solutions offer an interesting trade-off between resources and la-
tency. The VLNPD-LA model offers the lowest area requirements, but its application-
specific nature [250] could limit the performance of a variable-latency approach in
a general-purpose vector hardware accelerator. The VLNPD-HF and Quick-Div
models excel in optimizing operating frequency, achieving impressive values of 460
MHz and 426 MHz, respectively. However, this focus misaligns with our primary
objectives, since the core’s clock frequency is predetermined by other units, as
previously discussed. The VLNPD-HP divider stands out for achieving the lowest
latency in the literature for 32-bit integer division, averaging 2.37 clock cycles, but it
requires 438 LUTs. Finally, the VLNPD-Std emerges as the most versatile hardware
implementation of the VLNPD algorithm, presenting a balance between latency and
hardware demands with an average latency of 2.54 clock cycles and 385 LUTs. For
these reasons, VLNPD-Std was selected for integration into the Klessydra-T13 VCU.
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Table 4.1 Operating frequency, latency and area results obtained on Xilinx Virtex Ultra-
Scale+ VCU118 board.

Operating Number of | Average Latency
Frequency [MHz] LUTs [Clock Cycles]
Radix-2 800 136 33
Radix-4 650 240 17
Radix-8 470 503 12
Radix-16 330 710 9
VLNPD-Std 300 385 2.546
VLNPD-LA 315 290 2.786
VLNPD-HF 460 463 3.268
VLNPD-HP 268 438 2.370
Quick-Div [2] 426 365 3.693
Priority Encoders [264] 286 446 3.730

4.2 Integration Through Hardware Reuse

Fig. 4.1 describes the implemented dedicated division functional unit within the
accelerator, replicated over the vector lanes. To handle the variable latency between
the operations across the vector lanes, we developed a synchronization mechanism
that ensures the overall latency for vector divisions is determined by the slowest
operation in the SIMD set.

As introduced in section 4.1, since the VCU supports a versatile range of data
widths, including 8, 16, and 32 bits, supporting vector divisions for varying data
widths should require dedicated units for each lane significantly increasing the
area overhead. Given the inherent complexity of integer division, which cannot
be factorized like other arithmetic operations, the integration of the VLNPD-Std
architecture plays a pivotal role by allowing for the strategic reuse of hardware
resources. The VLNPD rely on the high-speed hierarchical CLZ units proposed
in [269], which combines multiple 8-bit CLZ instances—four for 32-bit operations
and eight for 64-bit operations— enabling their reuse across divisions of 8, 16, and
32-bit data widths. Additionally, all the registers in the design can be reused (R and
Divisor), except for the counters, while the rest of the logic should be replicated.

Table 4.2 shows the synthesized hardware resources required for the VLNPD-Std
architecture at different data widths, including the Look-Up Tables (LUTs) and
Flip-Flops (FFs). In this Table, The Ezpected Total indicates the resources that
would be required if four 8-bit, two 16-bit, and one 32-bit VLNPDs were instantiated
independently. In contrast, the Total reveals the actual resources utilization. The
strategic reuse of hardware resources allows for saving about 340 LUTs and 230 FFs
for each lane, resulting in a significant reduction of the hardware overhead as the
SIMD grows.

To support vector integer divisions, we introduced new instructions (in Table
4.3) into the Klessydra-T13’s RISC-V custom instruction set extension presented in
[114]. These instructions, integrated into the GCC compiler toolchain, facilitate the
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Table 4.2 Hardware Resources for the VLNPD, varying the Bit-width

Data Width #LUTs #FFs

8 105 35

16 190 61

32 385 103
Expected Total 1185 365
Total 845 135

division operations between vectors located in the SPMs, the operations between a
vector and a scalar, and the computation of remainders, all performed in a SIMD
fashion.

Table 4.3 Vector Division Instructions in Klessydra Instruction Set

Assembly Syntax Short description

kvdiv (rd), (rsl), (rs2) Division between two vectors located in SPMs.

ksvdivse (rd), (rsl), (rs2) | Division between a vector in SPM and a scalar in SPM.

ksvdivrf (rd), (rsl), (rs2) | Division between a vector in SPM and a scalar in a register.

kvrem (xd), (xs1), (rs2) Remainder calculation for division between two vectors in
SPMs.

Remainder calculation for division between a vector in SPM

and a scalar in SPM.

Remainder calculation for division between a vector in SPM

and a scalar in a register.

ksvremsc (rd), (rsl), (rs2)

ksvremrf (rd), (rsl), (rs2)

4.3 Results

To validate the proposed vector variable divider and verify its performance, we
conducted a comprehensive analysis focusing on the average division latency as a
function of the SIMD and the efficiency in two real-case computation kernels.

4.3.1 Monte Carlo Simulation Analysis

Monte Carlo simulations allow us to evaluate the average number of clock cycles per
division in the used divider and the traditional fixed latency solutions. We performed
simulations for SIMD equal to 1, 2, 4, and 8, testing more than 10'© 32-bit dividend
and divisor pairs, simulating until the first and second decimal places of the average
latency remained constant over 10 billion iterations. Table 4.4 summarizes the
algorithmic level performance of the selected VLNPD architecture against radix-n
solutions, assuming the operands are already available in the local input registers.
The vector divider with the VLNPD-Std architecture exhibits a latency ranging
from 1.546 clock cycles with SIMD equal to 1 down to 0.389 as SIMD increases
to 8, representing a substantial speedup over traditional fixed-latency solutions.
Specifically, when compared against the radix-2, the speedup ranges from 20.7x to
10.3 %, as the SIMD increases. For radix-4, the improvement spans from 10.3x to
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5.1x and from 7.11x to 3.53x when using radix-8. Notably, even when compared
to the radix-16 implementation, which is the fastest but most complex architecture
among fixed-latency designs, the VLNPD-Std achieves a speedup that ranges from
5.17x to 2.57x while requiring approximately half the hardware resources per lane,
as detailed in Section 4.1. From this discussion, it becomes clear that the total
latency in radix-n dividers decreases linearly with increasing SIMD width, while in
variable latency solutions, the reduction is non-linear and depends on the slowest
division operation executed in parallel.

4.3.2 Benchmark Analysis

To demonstrate the efficiency of the proposed approach in real application scenarios,
we selected the matrix inversion with LU factorization (MATINV) and the image
division (IMDIV) benchmarks. The first is directly representative of the matrix
inversion kernel at the core of linear contextual bandits, while the latter is a division-
intensive benchmark. We used a SIMD value equal to 4 and tested three different
configurations: the sequential execution on the core without hardware acceleration,
the operation with the original VCU but no vector division, and the execution with
the upgraded VCU incorporating the new vector divider. Specifically, in the case
of the upgraded VCU, we contrasted the newly adopted variable latency solution
for vector division against traditional radix-n approaches. Fig. 4.2 illustrates the
achieved results, presenting the speedups for the MATINV and IMDIV benchmarks
on the left and right y-axes, respectively. For the MATINV benchmark with 4 x 4
matrix, the speedup increases from 1.05x using the baseline VCU to 3.82x with the
inclusion of the variable latency vector division based on the VLNPD-Std architecture.
The same trend can be observed when increasing the matrix size. The obtained
speedup grows from 1.34x to 4.87x for 8 x 8 matrices, from 1.99x to 7.38x for
16 x 16 matrices and, from 3.15x to 11.08x for 32 x 32 ones. Notably, the adoption
of the VLNPD-Std architecture for vector division consistently outperforms all the
traditional radix-n solutions.

These results have a direct implication for the linear bandit workload that
motivates this dissertation. As reported in the Part I Overview, cycle-accurate
profiling of Disjoint LinUCB on the scalar Klessydra-T13 core with d = 8 and
N = 8 arms revealed that integer division alone accounts for up to 70% of total
execution cycles. The 8 x 8 MATINV benchmark captures precisely this dominant
kernel—the per-arm covariance matrix inversion. With the VLNPD-enabled VCU
operating at SIMD =4, the 4.87x speedup on this kernel compresses the division
impact from approximately 70% to roughly 12% of total execution time. In other

Table 4.4 Average Division Latency as a Function of SIMD for the VLNPD-Std and
different Radix-n Implementations

SIMD || Radix-2 | Radix-4 | Radix-8 | Radix-16 | VLNPD-Std
1 32 16 11 8 1.546
2 16 8 2.5 4 0.773
4 8 4 2.75 2 0.573
8 4 2 1.375 1 0.389
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Figure 4.2 SpeedUp on two real-world benchmarks obtained using the KVDIV instruction.
The SIMD is set to 4.

words, the combined effect of vectorization and variable-latency division reduces the
division bottleneck by nearly 6x. This reduction clears the path for the algorithmic
optimizations of Chapter 5: once division no longer gates execution, the remaining
cubic scaling of matrix inversion itself becomes the next target.

The benefit of a variable latency approach is even more evident in the division-
intensive IMDIV benchmark, where it provides a speedup equal to 91x over the
software execution and 1.76x over the radix-4.

4.4 Summary of Findings

This Chapter proposed employing a variable-latency division approach in vector
hardware accelerators to balance performance and hardware overhead. Using the
VCU of the Klessydra T13 core as a case study, we evaluated different division
designs from the literature, selecting and integrating the VLNPD approach. We
detailed the implementation process of vector divisions, emphasizing our approach
to hardware reuse and extending the RISC-V instruction set with new custom
instructions. We validated the proposed approach with Monte Carlo simulations
and two real benchmarks, showing that variable-latency vector dividers can be a
viable way to improve the division time while being resource-efficient.

As shown in the benchmark analysis of Section 4.3.2, the combined effect of
vectorization and variable-latency division reduces the division share from the
70% measured on the scalar core to approximately 12%, clearing the path for the
algorithmic optimizations presented in the next chapter.
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Chapter 5

Algorithmic and Hardware
Optimization of LinUCB for
Embedded Systems

Chapter based on Paper 3 [82]: Marco Angioli, Marcello Barbirotta, Abdallah Cheikh, Antonio
Mastrandrea, Francesco Menichelli, and Mauro Olivieri. Efficient implementation of linearuch
through algorithmic improvements and vector computing acceleration for embedded learning
systems. ACM Transactions on Embedded Computing Systems, 2/(4):1-23, 2025

"Constraints are the friends of
creativity."

Anonymous

The previous chapters addressed the key arithmetic bottleneck in embedded linear
contextual bandits: Chapter 3 introduced the VLNPD to accelerate integer division,
and Chapter 4 integrated it into the Klessydra-T13 Vector Coprocessor, reducing
the contribution of division from 70% to approximately 12% of total execution time
in representative linear-algebra kernels. However, even with faster division, the
scaling of linear bandits remains dominated by repeated manipulations of covariance
matrices, whose inversion at every decision step scales cubically with the context
dimension (O(d?)) and demands quadratic memory (O(d?)). On embedded platforms
with kilobyte-scale memory and real-time constraints, this overhead becomes the
primary obstacle to online learning.

These considerations motivate the research question guiding this chapter:

© Research Question

Can the Disjoint and Hybrid LinUCB algorithms be reformulated to eliminate
explicit matrix inversion, and co-designed with the vector support developed in
the previous chapters, to achieve real-time online decision-making on resource-
constrained embedded platforms?

This chapter, mainly based on Paper 4 [82], addresses this challenge, introducing
algorithmic and hardware optimization strategies, which can be applied independently
or combined, to reduce complexity and enhance the execution time and energy
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Algorithm 1 Optimized Disjoint LinUCB
1: Input: a € Ry
2: fort=1,2,...,7 do

3: Observe the context for all arms a € A;: x4, € R4
4: for all a € A; do

5: if t =1 then

6: Agl =1,

T: b, = 04x1

8: end if

9: 0, = A;'b,

10: Dta = 9a Xta + Oy /x;':aAglxt,a
11: end for

12: Choose a; = arg max,c 4, Pt,a

13: Observe a real-valued payoff r,

-1 T -1
ACLL Xtvatxtya/,AaL
T —1
1+ Xt,atAat Xt,at
15: bat = bat + rtX¢,a,

16: end for

14 A=A -

efficiency of LinUCB Contextual Bandits algorithms [74].

On the algorithmic side, the resource-intensive process of updating and inverting
the matrix underlying the learning process of these models is replaced by a more
efficient, incremental update mechanism based on the Sherman-Morrison-Woodbury
formula [149]. While this principle has been adopted in previous works to implement
the Disjoint LinUCB algorithm [76, 277, 278|, in this chapter, we extend this
technique to a more complex Hybrid variant and thoroughly assess the impact of
the incremental update on the complexity, execution time, memory requirements,
energy consumption and numeric stability of the LinUCB algorithms across different
embedded platforms.

On the other hand, looking at the hardware perspective, we map the reformulated
algorithms onto the Klessydra-T13 Vector Coprocessor equipped with the VLNPD-
based vector divider introduced in Chapter 4, leveraging custom vector instructions
to accelerate the matrix—vector operations that now dominate execution time.

While many efforts in the literature have explored applications of CB algorithms
and improved their accuracy, no previous study has investigated approaches to
reduce the computational complexity of LinUCB for deployment on edge devices
with low-power and real-time requirements. This work aims to fill that gap.

The rest of the chapter is organized as follows. Section 5.1 details the pro-
posed algorithmic reformulation and discusses the achieved complexity reduction
and numerical stability considerations.Section 5.2 describes the mapping of the
optimized algorithms onto the Klessydra-T13 vector accelerator. Section 5.3 presents
experimental results on execution time, memory footprint, and energy consumption.
Finally, Section 5.4 summarizes the main outcomes.
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5.1 Algorithmic Optimizations

As discussed in the Part I Overview, the matrix inversion at the core of both Disjoint
and Hybrid LinUCB imposes a cubic computational complexity (O(d?) for the first
and O(f3d?) for the latter) that represents the dominant algorithmic bottleneck for
embedded deployment. To mitigate this problem, the approach in [74] proposes to
update the original matrices at each step while computing and caching the inverses
periodically instead of in real-time. However, this approach may limit online learning
capabilities due to less frequent model updates, requires more memory and still
necessitates longer iterations at regular intervals.

Given that matrix inversion constitutes a bottleneck affecting the scalability and
efficiency of LinUCB algorithms, this section describes and explores mathematical
strategies that can yield the same results without relying on this operation. First,
we discuss the modifications applied to the simpler Disjoint LinUCB algorithm,
where the same principle has been adopted in previous works [76, 277-280], and then
we extend the approach to the more complex Hybrid model. For each variant, we
thoroughly investigate the impact of the proposed techniques on the computational
complexity, execution time, energy consumption, and memory requirements, which
are essential aspects for applications on embedded systems, while varying the problem
parameters.

5.1.1 Optimization of the Disjoint LinUCB through the Sherman-
Morrison Formula

In the Disjoint algorithm, the A, matrices are utilized in their inverted form, A;?!,
during action selection and subsequently adjusted in the normal form during the
update phase based on the received reward. However, the process of updating and

Disjoint Algorithm: number of computations
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Figure 5.1 Computational complexity trends for the standard Disjoint Algorithm and
the proposed optimized version.
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Figure 5.2 Stack Memory Usage for the standard Disjoint Algorithm and the proposed
optimized version.

then inverting the matrix in each iteration introduces computational inefficiencies,
especially as the matrix size increases.

Considering that A, undergoes incremental updates through a rank-one pertur-
bation, x;x, , it is well-suited for the application of the Sherman-Morrison (SM)
theorem [149]. The theorem represents an efficient method for updating the inverse
of a matrix, declaring that if A € R™*"™ is an invertible square matrix with inverse
A~1 and it undergoes a rank-one update uv', with u,v € R”, then the updated
inverse can be efficiently computed by leveraging and updating the previous one, as
demonstrated in (5.1).

A1 TA-L
A uv A (5.1)
1+vTiA-lu
The update rule in (2.2) modified with the Sherman-Morrison formula for the

Disjoint algorithm is shown in (5.2), while Algorithm 1 presents the complete
optimized algorithm.

(A + uv—l—)_1 =A -

—1 T —1
Aat Xtyat Xt,at Aat

T A-1
1+ xthat Xt.a,

—1
(Aat + xmtxz:at) = A;tl — (5.2)

This approach enables the direct storage of the inverse matrix A, reducing the
stack memory requirements for intermediate variables, and completely eliminates
the matrix inversion operation, significantly reducing the computational overhead by
saving the inversion of N|[d x d] matrices at each time step, at the cost of a minimal
increase in the complexity of the update phase.

Fig. 5.1 illustrates the computational complexity trends of the Disjoint algorithm
varying N and d parameters, comparing the standard and optimized versions. The
proposed optimization reduces the asymptotic complexity of the Disjoint algorithm
from O(d?®) to O(d?).

Fig. 5.2 depicts the stack memory usage, obtained through a Python memory
profiler, of both the traditional and optimized versions during the action selection
and update phases, with d and N varying from 4 to 32. The standard algorithm
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consumes up to 35.13 KB (26.47 KB during action selection and 8.66 KB during
the update phase), whereas the optimized version requires 30.70 KB (12.68 KB
for action selection and 18.02 KB for the update phase). This corresponds to a
reduction of 4.43 KB, or approximately 12.6% in total stack memory usage. This
analysis also reveals that while the optimization significantly reduces memory usage
in the action selection phase (by about 52%), it also shifts stack memory usage to
the update phase.

5.1.2 Optimization of the Hybrid LinUCB through the Woodbury’s
Formula

In this section, the optimization strategies applied to the Disjoint algorithm are
generalized and extended to the more complex Hybrid LinUCB model.

Similar to the Disjoint variant, each action in the Hybrid algorithm is associated
with a d X d matrix A,, used in its inverted form during the action selection phase
and incrementally updated via rank-one perturbations, as per (2.6). Consequently,
the Sherman-Morrison formula is again applicable, allowing to directly store A, .
However, although this approach improves computational efficiency by removing
N[d x d] matrix inversions at each iteration, the overall performance gain for this
model remains modest. The computational complexity is, in fact, predominantly
driven by the inversion of the large k x k shared matrix, Agy. To illustrate, when
considering d = 8 and f = 16, the inversion of Ag requires approximately 2,097, 152
operations per iteration, which is significantly higher than the relatively minor cost of
512 operations for each Ag inversion. Consequently, it is crucial to explore whether a
similar optimization strategy can be applied to Ag, aiming to substantially accelerate
the algorithm.

The Ag matrix is always used in its inverted form during the action choice, and it
is then incrementally updated according to Equations (2.5) and (2.6) from Chapter
2, to which in the following we will refer as first and second update step, respectively.

In the first one, the Hybrid algorithm modifies Ay by incorporating the term
B;ZA;tlBat, which represents a complex adjustment that goes beyond the normal
rank-one perturbation, entailing the multiplication of three matrices. To efficiently
address this more complex update scenario, we apply a generalized version of the
Sherman-Morrison formula, known as the Woodbury matrix identity [150]. This
formula is useful when the matrix update process involves an incremental rank-k
perturbation. Given an invertible matrix A € R™ " with its inverse A~!, and
matrices U € R™* C e RF*¥ and V € R¥*" the inverse of the updated matrix
after applying a perturbation UCV can be computed by (5.3).

(A+Uucv)'=A"1-A'Uucct+valu)ytva! (5.3)

Applying the equation to the Hybrid algorithm makes it possible to modify the first
update step in (2.5) as shown in (5.4).

(Ag+BJ A 'B,,) ' = A;' —AJ'B., - (A, + B, A;'B,, ) !B, Ayt (5.4)

Notably, A,, required in this equation can be derived by inverting Agtl, consistent
with the traditional algorithm, where Agtl is calculated through inversion during
the update phase.
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Algorithm 2 Optimized Hybrid LinUCB
1: Input: a € Ry
2: Aal =1
3: bg = 0
4: fort=1,2,...,7 do

5: Observe the context for all arms a € Az (24,4,Xtq) € Rk+d
6: B = Aalbo
7: for all a € A; do
8: if t =1 then
9: Agl =1,
10: B, = 04x%
11: b, = 04x1
12: end if
13: 6, =A;' (b, — B.p)
» Sta = Z{ oAy Bt — ZZZQA;BJA;XM
+ XZGAglxt,a + XZGA;IBaAalB;Aglxt,a
15: Pta = ZioB + X{ 00 + a,/Sta
16: end for
17: Choose a; = arg max,c 4, Pt,a
18: Observe a real-valued payoff 7,

19: Ag'=Ap' — Ag'B] (Aq, +Bo,Ag'B; ) Bg, Ay’
20: by =bg + B; Agtlbat
A(;tl Xt,a; XtT,(lt A;tl
1+ XIZMA[;1 Xt,0s
22: Bo, = B, + Xt.0,%( 4,
23: by, = ba, + 11X 4,
Aalzt’atzzatAal
142/, Ay 2t a,
25:  Ag' = Ay +Aj'B] (Aq, — By, Aj'Bl) By Ay
26: by = bg + TtZt,q, — B;Agtlbat
27: end for

. =i __ =il
21: ALl =AL —

1 _ A-1
24: AD —AO =

The second update phase in (2.6) involves the sum of the outer product z a,Zt a, '
to Ag and the subtraction of BaTtAgtlBat. The first sum involves a rank-one
incremental update, since z¢ 5, is a column vector in RF. Thus, this step can be
efficiently handled using the Sherman-Morrison formula, as depicted in (5.5).

—1 —1
1 1 A, Zt,atZZatAo

Ao+ 2ia,2i,,) " = A7 - >
(Ao t,a t,at) 0 1—|—z;|7—atA0_1Zt,at )

The subtraction, instead, mirrors the mechanics of the first update step. The
modified update rule is shown in (5.6).

(Ao—B, A 'B,) ' = Aj' + A)'B., - (A, — Bo,Ay'B.,) !B, Agt (5.6)

Algorithm 2 presents the optimized Hybrid algorithm highlighting the changes
to the standard version in [74]. As depicted, this approach only involves the A !
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and A, ! matrices, updating them using the Sherman-Morrison-Woodbury (SMW)
formulas. This enables the direct storage of the inverse matrices and reduces the
number of matrix inversions from N inversions of [d x d] matrices and one inversion
of a k x k matrix per iteration to a constant 3[d x d] inversions per iteration in the
update process. This notably decreases computational complexity by removing the
need for the large k x k inversion and eliminating the dependency on .

Fig. 5.3 depicts the computational complexity trends of the Hybrid algorithm
with a constant N = 8, while varying f, and d, contrasting the standard and
optimized versions. Overall, the optimization leads to an asymptotic computational
complexity of O(k?d) or O(f%d?) instead of the larger O(k?) or O(f3d?). These
results also illustrate the relative complexity of the Hybrid algorithm compared to
the Disjoint variant, showing how rapidly the computational demands escalate with
increasing problem parameters.

Table 5.1 summarizes the impact of the proposed algorithmic optimizations on
the computational complexity of the algorithms, both during the action selection
and update processes (Stage 1 and Stage 2).

Fig. 5.4 shows the stack memory usage of the hybrid algorithm, measured using
a Python memory profiler, with the d and f parameters varying from 4 to 32. The
standard algorithm consumes up to 25.26 MB of memory (with 8.74 MB allocated to
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Figure 5.3 Computational complexity trends for the standard Hybrid Algorithm and the
proposed optimized version.

Table 5.1 Asymptotic computational complexity in the original Disjoint and Hybrid
Algorithms and in the proposed optimized versions

Disjoint LinUCB | Hybrid LinUCB
Stage 1 | Stage 2 | Stage 1 | Stage 2
Standard | O(d%) O(d?) O(k®) | O(k2d)
Optimized | O(d?) O(d?) O(k?d) | O(k%d)
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Figure 5.4 Stack Memory Usage for the standard Hybrid Algorithm and the proposed
optimized version.

the action phase and 16.52 MB to the update phase), whereas the optimized version
requires only 13.35 MB (532 KB for the action phase and 12.81 MB for the update
phase). This improvement results in a peak memory reduction of approximately 12
MB, or about 47%.

5.1.3 Stability and Round-off Errors

In the previous section, we demonstrated how the Sherman—Morrison—Woodbury
formula can significantly reduce the computational cost of the LinUCB algorithm
by avoiding complex and time-consuming matrix inversions. However, while this
formula offers an exact solution for updating matrix inverses, its practical application
can be affected by round-off errors due to finite-precision arithmetic, potentially
leading to instabilities when the matrix becomes ill-conditioned. In this section,
we first establish the stability of the proposed approach by demonstrating that the
inverse covariance matrices in the LinUCB algorithms remain well-conditioned and
stable over time. We then investigate the impact of round-off errors as the number
of iterations grows, using synthetic datasets to quantify error accumulation. Finally,
we present a novel strategy to mitigate these errors in scenarios where high precision
is critical. We begin our analysis with the Disjoint LinUCB algorithm, addressing its
simpler structure, and then we extend our findings to the more complex Hybrid one.

Stability of the Covariance Matrices

Round-off or rounding errors arise from the finite-precision arithmetic inherent in
digital computations and can accumulate over successive operations, potentially
leading to numerical inaccuracies. When recomputing the inverse of a matrix
from scratch after each modification, each inversion is independent of previous
computations, making this approach generally more resilient to the accumulation of
round-off errors. In contrast, in incremental update mechanisms, small errors can
accumulate across iterations, which may gradually lead to noticeable inaccuracies.
In detail, in the SM formula, round-off errors are prone to amplification and can
introduce instabilities in two main scenarios:
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1. Denominator Approaching Zero: The SM formula contains a denominator
term that, when approaching zero, can render the update unstable. This
scenario can lead to large numerical errors or even division by zero, resulting
in computational failures.

2. Singular or Ill-Conditioned Inverse Matrices: If the inverse matrix becomes
singular or ill-conditioned the calculations may amplify numerical errors. An ill-
conditioned matrix is highly sensitive to minor perturbations, which can result
in substantial deviations in the output, thereby compromising the algorithm’s
stability.

To ensure the stability of the SM update in our optimized LinUCB algorithms, in
this section we demonstrate that these two conditions are avoided. To do that, is
sufficient to show that the involved covariance matrices A,, remain positive and
definite throughout the iterations [281]. This is due to two key reasons:

1. If A,, is positive definite, then the updated matrix A,, | = A, + X%, and its
inverse A;}H are also positive definite ensuring that the condition number of
A,, remains bounded, preventing the matrix from becoming ill-conditioned. In
fact, if A,, is positive definite at iteration ¢, since x;x, is positive semi-definite
for any non-zero x;, the sum of a positive definite matrix A,, and a positive

semi-definite matrix x;x,; remains positive definite.

2. If the matrix is positive definite, the denominator in the Sherman-Morrison
formula, d; = 1 +x, A;tlxt, is always strictly greater than one. In fact, since
A;tl is positive definite (as proven in the previous step), for any non-zero xy,
we have xtT A;tlxt > 0. Therefore, the denominator d; = 1 + xtT A;tlxt > 1.

In the optimized Disjoint LinUCB algorithm proposed in Algorithm 1, the inverse
covariance matrices A ! are positive definite by construction, as they are initialized
as A, = My at time-step t = 0, where A > 0 is the regularization parameter
and I, is the d x d identity matrix. From what we demonstrated, this implies
that the denominator in the SM formula remains greater than one and that these
matrices remain positive definite and well-conditioned throughout the iterations.
As a result, round-off errors are not amplified, and the algorithm is expected to
maintain numerical stability over time.

The same analysis extends to the more complex optimized Hybrid LinUCB
algorithm presented in Algorithm 2, which incorporates global features shared across
all arms. We have already proved that each A,, matrix remains positive definite after
the update phase; for the Hybrid case, we now demonstrate the same for the global
covariance matrix Ag and its update. At time-step ¢ = 0, Ay is initialized as A,
where A > 0 and I is the k& x k identity matrix. At each iteration ¢, Ay is updated
when an arm a; is selected according to (2.5) and (2.6). In (2.5), Zt,atZZat is positive
semi-definite (as it is an outer product of a vector with itself), and thus, adding it
to the positive definite Ag results in a positive definite matrix. The resulting matrix
is further updated with the term B] A 'B,, in (2.6). To show that this term is

t
positive semi-definite, we need to demonstrate that for any vector x,

x' (B;;A;tlBat )x > 0.
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However, since we already demonstrated that the matrix A;tl is positive definite,
we know that for any non-zero vector y, yTAgtly > 0. Setting y = B,,x gives:
XTBatA(;tlB;rtX = yTA;tly > 0.

This confirms that BatAgtlB;z is positive semi-definite, and therefore, Ay remains
positive definite. Consequently, both the global and arm-specific covariance matrices
in the Hybrid algorithm remain positive definite over time.

By proving that the matrices of the algorithms are positive definite, we ensure
that their inverses are also positive definite and well-conditioned. This positive
definiteness of the inverses is crucial for maintaining numerical stability in the
SMW updates, as it prevents the amplification of round-off errors and ensures the
robustness of the algorithms over time. Thus, the optimized LinUCB algorithm is

robust against numerical issues associated with finite-precision arithmetic.

Assessing the Accumulation of Round-Off Errors

In the previous section, we demonstrated that the covariance matrices within the
LinUCB algorithms remain well-conditioned throughout the iterations, making them
suitable candidates for the Sherman—Morrison update. This condition prevents the
amplification of round-off errors over time, allowing the incremental update approach
in the optimized LinUCB algorithms to maintain numerical stability effectively.

To further evaluate the practical impact of round-off errors, we conducted an
empirical assessment. We ran 100,000 iterations on synthetic datasets for both
the Disjoint and Hybrid LinUCB algorithms. At each iteration, we compared the
matrices A;tl and Ag ! obtained through incremental updates with those obtained
via the traditional full matrix inversion approach. Figures 5.5 and 5.6 display the
error growth, computed as the Frobenius norm of the difference between matrices,
and the average reward for both the Disjoint and Hybrid LinUCB algorithms.
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Figure 5.5 FError growth in the Disjoint Linear UCB algorithm, measured by the Frobenius
norm of the difference between A;tl (computed incrementally) and the same matrix
obtained via full inversion.

For the Disjoint algorithm, the total difference measured using the Frobenius
norm, consistently hovers around 1 x 10~1?, indicating that round-off errors accu-
mulate very slowly and remain completely negligible even after 100000 iterations.
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Figure 5.6 Error growth in the Hybrid Linear UCB algorithm, measured by the Frobenius
norm of the difference between A ! (computed incrementally) and the same matrix
obtained via full inversion.
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Figure 5.7 Error growth in the Hybrid Linear UCB algorithm with periodic correction of
the inverse matrices (every 5000 iterations).

In contrast, in the Hybrid Linear UCB algorithm, we observed a larger accumu-
lation of round-off errors, particularly in the global matrix Ay, where the error grew
up to 1 x 10~ after 100000 iterations. This larger accumulation is primarily due to
the fact that while the arm-specific matrices A, are updated only when a particular
arm is selected, the global matrix A is updated at every iteration, making it more
prone to round-off error accumulation.

An important observation is that in both algorithms, the optimization introduced
by the Sherman-Morrison-Woodbury approach had no effect on the decision-making
process. Across 100,000 iterations, the actions selected by the optimized methods
were identical to those chosen by the traditional matrix inversion, resulting in the
same cumulative reward for both approaches. This suggests that the round-off errors
introduced by the incremental updates had a negligible impact on the algorithm’s
performance, even after a substantial number of iterations.

Proposed Solution to Mitigate Round-Off Errors

While our results show that the round-off errors in the optimized SMW approach
have negligible impact on performance, in certain applications where the algorithm
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may be run for an extremely high number of iterations, it could be important to
mitigate the accumulation of these errors. To address this, we propose a method to
periodically correct the inverse matrices, thus alleviating the influence of round-off
errors over time. This approach consists of periodically replacing or correcting
the inverse matrices A ! and Ay 1 When memory constraints are not a major
issue, we can store both the direct matrices A, and Ay, as well as their inverses.
The direct matrices are updated in each iteration using the traditional algorithmic
formulation (i.e., without incremental updates), while the inverse matrices are
incrementally updated via the SMW approach and used for action selection. Every
N iterations, where N is a tunable integer, the inverse matrices A, ! and Ay Lare
replaced by the exact inverses computed from their corresponding direct matrices.
This periodic correction reduces the impact of round-off errors without requiring
matrix inversion at every step, thus maintaining the computational efficiency of
the SMW approach. The trade-off here is between the complexity of periodically
computing matrix inversions and the degree to which round-off errors are mitigated.
The value of N can be adjusted depending on the specific application requirements,
balancing between minimizing error growth and minimizing the overhead introduced
by performing full matrix inversions.

To demonstrate the effectiveness of this approach, we implemented this mech-
anism in the Hybrid Linear UCB algorithm and ran it for 100,000 iterations with
N = 5000. The results, shown in Figure 5.7, indicate that the total round-off
error can be reduced by up to two orders of magnitude compared to the original
uncorrected approach.

This periodic correction approach provides a solution for applications where
the algorithm is expected to run for an extremely high number of iterations, and
the accumulation of round-off errors could eventually affect performance. By only
computing full matrix inversions every N iterations, this method strikes a balance
between computational efficiency and numerical precision. However, it introduces
additional memory requirements and complexity. Notably, the overall computational
load remains significantly reduced compared to traditional approaches, as matrix
inversion is performed only once every N iterations, as opposed to every iteration.
The value of N thus provides a flexible parameter to trade off between complexity
and round-off error mitigation.

5.2 Vector Computing Acceleration

As discussed in Chapter 4, vector hardware accelerators are specialized computing
units designed to efficiently process operations on vectors of numbers, exploiting data-
level parallelism [282]. While vector processors have been traditionally employed in
supercomputers, there is an evident trend in adopting vector computing support in
embedded processing systems [273, 274]. Given the strong dependence of LinUCB
algorithms on matrix operations, discussed in Chapter 2, this Section explores if
and how vector computing architectural support may be harnessed to improve the
algorithm execution time by implementing fundamental matrix operations in terms
of elementary operations on vectors.
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5.2.1 Reference Embedded Vector Computing Platform

For the purpose of our study, without loss of generality, we adopted the VCU of
the Klessydra embedded processor family [114, 273, 283] to explore the impact of
vector computing acceleration on the execution of the proposed algorithm. The
VCU is controlled by a custom RISC-V compliant instruction set extension and can
be configured at synthesis-time in terms of the SIMD, which defines the number of
vector elements processed in parallel. The vector size is dynamically specified at
runtime using a dedicated Current Status Register. The unit leverages a hardware
loop mechanism to efficiently repeat the required instruction until all vector elements
are processed—Dbased on the configured SIMD and vector size—without requiring
additional instruction fetches. The vector operations used for matrix-related com-
putations in the algorithms of the proposed study are reported in the following
section.

As introduced in the Part I Overview, the Klessydra-T13 embedded processor
lacks both dynamic memory allocation and floating-point support. Throughout this
work, all LinUCB implementations rely on a custom C++ library based on static
allocation and fixed-point data representation. To quantify the impact of vector
computing support on the final performance, the library supports two execution
modes: a software-only mode, compiled on the standard RISC-V instruction set
and executed by the scalar processing core, and a vectorized mode exploiting the
VCU through the specialized vector intrinsic functions supported by the compiler
toolchain.

5.2.2 Mapping LinUCB algorithms on the vector accelerator

The application of the VCU specialized functions to Algorithms 1 and 2 is detailed
below:

o matrix addition: this algorithm step was encoded using the kaddv (rd), (rsi),
(rs2) instruction, which allows the addition of two vectors located in the SPMs
in a SIMD fashion. Executing this operation for each row, reduces the matrix
addition time by a factor equal to the number of parallel functional units in
the VCU.

e matrix multiplication: this algorithm step was encoded using the kvmulpsrf
(rd), (rs1), (rs2) instruction that performs a fixed-point multiplication between
a vector from the scratchpad memory and a scalar from the register file.
We used an iterative approach in which an entire row of the first matrix is
multiplied by a scalar element from a second row. This produces intermediate
products, which are accumulated across vector lanes to form the corresponding
row elements of the resultant matrix. By repeating this process for each row,
the ability to perform multiple vector-scalar multiplications in a single cycle
is fully leveraged, significantly enhancing the operation speed. The vector-
scalar product is executed in hardware in double integer precision, and the
resulting product is subsequently right-shifted by the appropriate scaling factor
to maintain the output data width.
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Figure 5.8 Speedup attained by the Klessydra-T13 vector computing acceleration on the
fundamental matrix computation kernels used in LinUCB algorithms

e matrix inversion: this algorithm step was implemented by applying the LU
factorization technique, which was encoded exploiting the kvdiv (rd), (rs1),
(rs2) instruction for executing element-wise vector divisions [272] leveraging
the variable latency dividers integrated in the VCU [250].

Figure 5.8 presents the performance gains achieved for the above discussed matrix
operations, using a SIMD equal to 4. The speedup metric was chosen as the ratio
between the clock cycles required by the standard operation (i.e. compiled for
the RISC-V instruction set and executed on the Klessydra-T13 processor without
vector computing support) and the cycles required by the accelerated operation (i.e.
compiled on the extended instruction set exploiting the vector computing support
of the Klessydra-T13 core). The speedup result is analyzed across different matrix
sizes. The matrix addition exhibits maximum benefit from parallel processing,
demonstrating a consistent speedup across all matrix sizes, equivalent to a factor of
4x. Matrix multiplication displays a different speedup pattern as the matrix size
grows. The adopted parallel approach reaches a speed up equal to 6.42x in the
case of 4 x 4 matrices, which scales up to 29.82x for 32 x 32. The speedup factor
greater than the SIMD amount is explained by the heavy memory access overhead
suffered in the standard scalar execution. The inversion operation represents the
most challenging operation to be parallelized owing to its inherently sequential nature.
Nevertheless, using LU matrix factorization techniques and optimized dividers in
the VCU achieves a notable acceleration of up to 15x for 32 x 32 matrices. Notably,
this speedup exceeds that reported for the MATINV benchmark in Figure 4.2, where
only the division step of the matrix inversion was accelerated by the VCU; here, all
steps of the factorization—additions, multiplications, and divisions—execute on the
vector unit, yielding a larger overall gain.
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5.3 Results on full algorithm execution

This section analyzes the cumulative impact of the proposed dual optimization strat-
egy on the LinUCB algorithms implemented and executed on embedded processor
platforms. The purpose of the reported performance data is to contextualize the
results obtainable with algorithmic enhancement and explicit vectorization in the
low-end embedded system domain. For this reason, we chose the Cortex M4 STM32
Nucleo board, the Cortex A72 Raspberry PI 4 Model B board, and the Klessydra
T13 PULPino open-source soft-processor equipped with basic vector acceleration.
The contextualization of the results does not aim to demonstrate absolute superior
performance to specific commercial products, yet to give evidence of the effectiveness
of the explored techniques in limited hardware resource scenarios.

For the Disjoint algorithm, we varied the size of the context feature vector (d)
from 4 to 32, while keeping N equal to 8. For the hybrid algorithm, we varied the
size of the action feature vector (f) from 4 to 32, keeping d and N equal to 8. The
following subsections describe the adopted methodology in detail and discuss the
obtained results in terms of execution time and energy consumption.

5.3.1 Methodology

The standard software C4++ implementation and the optimized version of both the
Disjoint and Hybrid LinUCB algorithms were compiled for the PULPino platform,
the STM32 platform, and the Raspberry PI 4 platform. The compilation for PULPino
Klessydra T13 was done for no vector computing support and for a SIMD = 4 vector
acceleration support. This SIMD width was selected as it offers a balance between
performance and area, making it well-suited for embedded applications [114]. The
Klessydra PULPino platform was implemented on the Xilinx Vivado tool suite
targeting the Kintex-7 KC705 FPGA device (xc7k325tffg900-2), with a target clock
frequency of 100 MHz. The synthesis reported no timing violations.

Execution time estimations were done by direct execution on the STM32 and
Raspberry boards, while they were done by cycle-accurate RTL simulation on
QuestaSim for the Klessydra T13 implementations, with 100 MHz simulated clock
frequency. The speedup factor was calculated as the ratio between the execution
times of the traditional algorithm and the optimized algorithm.

For energy consumption estimation, we measured the power absorbed by the
STM32 and Raspberry Pi boards during algorithm execution using a power supply
with integrated power measurement capabilities. The instrument, connected to an
AC source and supplying the target boards with DC power, continuously monitored
the absorbed current. After synchronizing with a digital trigger signal from the target
boards, the average power consumption was recorded during algorithm execution.
For the Klessydra T13 implementation, we extracted the post-implementation netlist
and conducted gate-level simulations of the algorithms. The simulations provided
the switching activity .saif files, which were processed by the Vivado power estimator
to assess the dynamic power (Pgynamic) of the core. For all of the Klessydra, Cortex
AT72 and Cortex M4 processors, the energy consumption was considered for the
core and the memories only, excluding all the peripherals. For all the processors,
we calculated the total energy consumption as the average power consumption
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Table 5.2 Performance results for the Disjoint Algorithm in the Std. and Opt. versions
on the examined execution platforms

d Cortex M4 STM32 Nucleo | Cortex A72 Raspberry PI 4 Klessydra T13 PULPino ‘
Std. Opt. Std. Opt. Std. Opt. | Std. with VCU | Opt. with VCU
4 433024 135586 198000 48000 96117 19078 27905 13371
Cycle 8 2523904 467402 1117500 141000 484456 52767 131972 28854
count 16 | 19694862 1677126 7629000 487500 2734595 | 181357 498280 86287
32 | 148464048 6499592 55540500 1857000 17562142 | 682584 2017706 304447
Execution 4 5412 1695 132 32 961 190 279 134
time 8 31548 5843 745 94 4844 527 1320 289
(1] 16 246185 20964 5086 325 27345 1813 4983 863
32| 1855800 81244 37027 1238 175621 6825 20177 3044
Energy 4 838 262 435 105 185 40 54 27
cons, 8 4890 905 2458 310 939 113 259 59
[J] 16 38158 3249 16783 1072 5387 397 986 179
32 287649 12592 122189 4085 35651 1549 4095 645

Table 5.3 Performance results for the Hybrid Algorithm in the Std. and Opt.

the examined execution platforms

versions on

Cortex M4 STM32 Nucleo | Cortex A72 RASPberry PI 4 Klessydra T13 PULPino ‘
f Std. Opt. Std. Opt. Std. Opt. | Std. with VCU | Opt. with VCU
1| 5751676 1355330 2325000 1785000 1029600 | 909378 113274 327463
Cycle | 8 | 28419702 | 14498906 | 11142000 5679000 4594114 | 2919300 1307512 974813
count | 16 | 176841698 | 52908188 | 67779000 20509500 26216770 | 10454626 4741130 3338271
32| NA N.A. 456472500 78625500 176168851 | 39638697 19156387 12768900
| 4| 71895 54442 1550 1190 10296 9093 1133 3275
Execution . . . . . . .
- 8 | 355246 181236 7428 3786 45941 29193 13075 9748
16 | 2210521 661352 45186 13673 262167 | 104546 47411 33383
[ps] 32|  NA. N.A. 304315 52417 1761688 | 396487 191564 127689
Eroree | 4| 11143 8433 5115 3927 1945 1746 847 677
e8| 55063 28091 24512 12493 8912 5634 2706 2037
o) 16 | 342630 102509 149113 45120 53482 20700 10193 7344
32| NA. N.A. 1004239 172976 389333 80466 43676 30006

multiplied by the execution time. The energy reduction factor was then calculated
as the ratio between the dynamic energy consumption of the original algorithm and
the optimized algorithm (Mﬁ).

Tables 5.2 and 5.3 summarize all the obtained results for the Disjoint and Hybrid
algorithms, on the chosen embedded execution platforms, while Figures 5.9, 5.10,
5.11, and 5.12 depict them graphically. The analysis of the specific impact of each

optimization step is reported in the following.

5.3.2 Algorithmic optimization impact on execution time

Efficient execution time is essential for deploying AI algorithms in applications
with stringent real-time requirements. Figure 5.9a illustrates the impact of the
Sherman-Morrison algorithmic optimization on the Disjoint LinUCB algorithm with
N equal to 8. Varying the context feature vector size (d) from 4 to 32 the proposed
approach achieves a speed up that ranges from 5.04x to 25.73x on Klessydra T13,
from 3.19x to 22.84x on Cortex M4 and from 4.13x to 29.91x on Cortex A72. The
observed linear increase in speedup with d aligns with the theoretical reduction in
complexity from O(d?) to O(d?) described in Table 1 and Fig. 5.1. These results
highlight how the removed matrix inversions constitute the performance bottleneck
of the algorithm and strongly limit its scalability. Notably, increasing the number of
actions, IV, would further enhance the speedup provided by algorithmic optimization.

The same analysis on the execution time is depicted in Figure 5.9b for the
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Figure 5.9 Algorithmic optimization impact on execution time.
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Figure 5.10 Algorithmic optimization impact on energy consumption.

Hybrid algorithm, varying the action feature vector size (f) from 4 to 32, while
keeping d and N equal to 8. The algorithmic optimization based on the Sherman-
Morrison-Woodbury formulas results in speedups ranging from 1.13x to 4.45% on the
Klessydra-T13 core, and from 1.30x to 5.80x on the Cortex A72. For the Cortex-M4
core, the speedup increases from 1.32x at f =4 to 3.34x at f = 16. Notably, data
for f = 32 are absent due to the memory demands of this configuration, which
exceed the capabilities of the target Nucleo Board. The results demonstrate a linear
increase in speedup with f, consistent with the theoretical reduction in complexity
from O(f3d®) to O(f%d?), as outlined in Table 1 and Fig. 5.3. As detailed in Figure
5.3, increasing the value of d would increase the speedup for the optimized Hybrid
algorithm, whereas increasing N has a minimal impact on performance due to the
dominance of arithmetic operations on the complex k& x k shared matrix.

5.3.3 Algorithmic optimization impact on energy consumption

Energy consumption is another critical factor when deploying AI algorithms in
low-power environments. This section examines how the proposed algorithmic
optimizations enhance the energy efficiency of the LinUCB algorithms.
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Figure 5.11 Impact of vector computing acceleration on execution time. Std-accl refers
to the standard algorithm enhanced only by vector acceleration, while Opt-accl refers to
the optimized algorithm enhanced with vector acceleration.

Figure 5.10a depicts the results obtained for the Disjoint algorithm varying the
context feature vector size (d) while keeping N equal to 8. As already observed for
the execution time, as d increases, so does the advantage brought by algorithmic
optimizations. The energy reduction factor grows asymptotically as the ratio
gggzg x d, aligning with the theoretical analysis of the computational complexity
presented in Table 1 and Fig. 5.1. On the Klessydra-T13 core, the original algorithm
consumes from 4.54x to 25x the energy consumed by the optimized version, when
d is equal to 4 and 32, respectively. A similar pattern in energy efficiency can be
observed for the Cortex-M4 and Cortex A72 platforms, with energy reduction factors
ranging from 3x to 24.91x and from 4.16x to 33.33 %, respectively.

For the Hybrid algorithm, the energy reduction obtained by the algorithmic
optimization is shown in Figure 5.10b varying the action feature vector size (f) from
4 to 32, while keeping d and N equal to 8. The trend shows an asymptotic increase as

the ratio 8%;7;’22 x f, as outlined in Table 1 and Fig. 5.3. On Klessydra, the original
algorithm consumes from 1.11x to 4.83x the energy consumed by the optimized
version. As already discussed for the execution time, the data for f = 32 with
Cortex-M4 are not present due to the high memory demands of this configuration,
but the trend for this platform closely follows the one obtained for the Cortex A72,
in which the energy reduction factor ranges from 1.28x to 5.76x.

5.3.4 Vector computing acceleration impact on execution time

The impact of vector computing support on the LinUCB algorithms was evaluated
by executing both the standard and optimized versions on the Klessydra-T13 core,
utilizing the VCU support for accelerating the basic matrix operations, as detailed in
Section 5.2. The execution times have been measured and compared with the ones
obtained by software executions and the results in terms of speedup are reported in
Figures 5.11a and 5.11b for the Disjoint and Hybrid algorithms, respectively.

In the Disjoint version, vector computing acceleration achieves speedups ranging
from 3.44x at d =4 to 8.70x at d = 32 for the standard version. When combined
with algorithmic optimizations, these speedups escalated dramatically ranging from
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Figure 5.12 Impact of vector computing acceleration on energy consumption. Std-accl
refers to the standard algorithm enhanced only by vector acceleration, while Opt-accl
refers to the optimized algorithm enhanced with vector acceleration.

7.18% to 57.68x.

For the Hybrid algorithm, the vector computing acceleration applied to the
standard version of the algorithm results in speedups ranging from 2.49x when
f=41t09.19x at f = 32. When vector acceleration and algorithmic optimization
are synergically applied, the speedup ranges from 3.15x to 13.82x, resulting in
essential improvement for deploying complex algorithms like the Hybrid one on
embedded systems.

Notably, the observed trends for the accelerated standard versions confirm the
expected linear speedup provided by vector support when varying the matrix size
observed in Fig. 5.8. Since both the algorithmic optimization and the vector
acceleration independently contribute linear scaling properties, their combination
results in an overall effect on speedup that remains linear but with a greater
magnitude.

5.3.5 Vector computing acceleration impact on energy consumption

Finally, the impact of vector computing support on the energy consumption of the
target algorithms is depicted in Figures 5.12a and 5.12b. For the standard Disjoint
algorithm, the energy reduction factor grows from 3.40x to 9.09x as d is increased
from 4 to 32. The optimized version further increases these values from 6.65x to 50x.
In the Hybrid algorithm, the energy reduction factor reaches 9x for the standard
version and 12.5x for the optimized one.

The observed reductions align with theoretical expectations of a linear relationship
with d and f due to the linear scaling properties of vector acceleration when varying
matrix sizes, as demonstrated in Fig. 5.8.

5.3.6 Discussion

Overall, the obtained results demonstrate the effectiveness of the dual-pronged opti-
mization strategy, which combines algorithmic improvements with vector processing
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support to reduce execution time and energy consumption, enabling faster and more
power efficient application of LinUCB algorithms in embedded learning systems. For
the Disjoint algorithm, the algorithmic refinements based on the Sherman-Morrison
formula replace heavy matrix inversions with lightweight incremental updates, re-
sulting in significant execution time improvements across all platforms, with a
maximum speedup on Klessydra equal to 25.73x. At the same time, although less
effective in this case, vector computing support achieves a maximum speedup of
8.70x. Combined, the total speedup reaches 58 x. A different trend can be observed
for the Hybrid algorithm, which involves larger shared matrices and is inherently
more complex. In this case, the Sherman-Morrison-Woodbury-based algorithmic
optimization provides a maximum speedup of 4.45x, and the vector computing
acceleration achieves 9.19x. Together, they yield a total speedup of 13.82x. Overall,
increasing the size of context and action feature vectors enhances the advantage of
vector parallel processing. The presented dual-pronged strategy effectively improves
execution time and energy consumption, proving beneficial for deploying Al models
in edge computing environments with low-power and real-time requirements.

5.4 Summary of Findings

This chapter introduced a dual-optimization strategy that combines algorithmic and
hardware support techniques to address the computational bottlenecks of LinUCB
Contextual Bandits on embedded platforms.

On the algorithmic side, we replaced explicit matrix inversion with incremental
Sherman—Morrison—Woodbury updates, drastically reducing memory requirements
and computational complexity. We extended this technique from the Disjoint to the
more complex Hybrid formulation and demonstrated numerical stability through
controlled error analysis.

On the hardware side, we mapped the reformulated algorithms onto the Klessydra-
T13 Vector Coprocessor equipped with the VLNPD-based vector divider introduced in
the previous chapters. By leveraging custom vector instructions for the matrix—vector
operations that now dominate execution, we achieved substantial further acceleration.

Experimental validation across three platforms—the Cortex-M4 STM32, the
Cortex-A72 Raspberry Pi 4, and the RISC-V Klessydra-T13—demonstrated speedups
of up to 58x and energy reductions of up to 50x compared to standard baselines.
These results confirm that the combination of algorithmic and architectural co-design
can make online contextual bandit learning viable on resource-constrained embedded
devices.

Together with the VLNPD (Chapter 3) and its vector integration (Chapter 4),
the optimizations presented in this chapter demonstrate that significant gains can
be extracted from the linear-algebraic formulation of contextual bandits through
cross-layer co-design making linear bandits viable at the edge. However, the funda-
mental scaling limitations of dense linear algebra remain: covariance matrices still
grow quadratically with the context dimension, imposing both a quadratic memory
footprint and a computational cost that scales at least quadratically per decision
step, making the approach inherently difficult to scale to high-dimensional problems
on memory-constrained platforms. Part II explores a radically different path, replac-
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ing the linear-algebraic machinery entirely with Hyperdimensional Computing, a
neuro-inspired paradigm that operates on lightweight, high-dimensional holographic
representations and trades dense matrix algebra for efficient element-wise vector
operations.
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Part 2
From Linear Algebra to
Neuro-inspired Computing
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Overview

Part I of this dissertation investigated how far arithmetic, algorithmic, and microar-
chitectural co-design can push the efficiency of linear bandits on resource-constrained
platforms. We started from the observation that action selection and model updates
are dominated by repeated linear algebra operations, and identified matrix inversion
(and, in practice, integer division within inversion kernels) as a critical bottleneck
for embedded online decision-making. We addressed these bottlenecks at multiple
levels: the VLNPD reduced the cost of integer division; its integration into a vec-
tor accelerator mitigated the divider bottleneck under SIMD execution; and the
Sherman—Morrison—Woodbury reformulation eliminated explicit matrix inversion.
This co-design approach achieved up to 58 x speedup and 50x energy reduction over
standard baselines.

Yet even with these algorithmic and arithmetic optimizations, the inherent
limitations of the linear algorithm remain. These algorithms ultimately operate
within the constraints of dense linear algebra: real-valued vectors, covariance matrices,
and arithmetic whose memory and computation scale quadratically with problem
size. To fundamentally decouple learning performance from these costs, a paradigm
shift is required.

Part IT marks a deliberate change of perspective. Instead of further optimizing
how fast we execute the same workload, we ask whether we can change the nature
of the computation itself.

Inspired by the brain’s ability to support robust cognition through massively
parallel, noise-tolerant, and low-precision operations, this part leverages hyperdimen-
sional computing (Chapter 2) to replace standard linear models with neuro-inspired
representations based on high-dimensional, distributed vectors. By encoding informa-
tion in the statistical patterns of thousand-dimensional spaces, HDC enables learning
rules that are inherently parallel, robust to noise, and computationally lightweight,
with complexity that scales linearly rather than quadratically with problem size.

The chapters in this part progressively develop and refine this paradigm:

e Chapter 6 asks whether the precision matrix in linear bandits can be bypassed
entirely by encoding contexts in a high-dimensional space. A systematic
ablation across low-dimensional, randomly projected, and biologically inspired
sparse kWTA-encoded representations shows that high-dimensional nonlinear
encoding is the critical ingredient, providing the theoretical motivation for the
following chapters.

e Chapter 7 establishes the theoretical framework by introducing HD-CB, the
first model to solve Contextual Bandit problems directly in high-dimensional
space using component-wise operations.

e Chapter 8 specializes the framework for extreme efficiency with HD-CBgn,
a binary variant that minimizes memory footprint for deployment on low-end
microcontrollers.

e Chapter 9 extends the paradigm to hybrid settings, demonstrating how
shared feature representations can be learned in hyperspace to model complex
context—action interactions.
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e Chapter 10 presents efficient implementations of HD-CB that improve execu-
tion speed and reduce memory footprint.

e Chapter 11 advances the learning foundations of HD-CB, transforming it from
a brain-inspired heuristic into a principled, optimization-grounded framework.
Probabilistic update rules compatible with bounded integer arithmetic replace
unbounded accumulation, enabling deployment with as few as 3 bits per
component. A derivation of the implicit loss function minimized by the
baseline update rule reveals an ensemble structure and diagnoses its structural
limitations. A loss-based formulation then replaces heuristic updates with
explicit optimization objectives; its combination with probabilistic updates for
low-precision deployment traces a Pareto frontier that no other variant family
exceeds. Finally, a formal mapping of the entire HD-CB pipeline onto Random
Vector Functional Link networks grounds the framework in established neural
network theory.
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Chapter 6

From Covariance Matrices to
Associative Memories

This Chapter presents original work not yet published

If you can’t solve a problem, then
there is an easier problem you can
solve: find it.

George Pélya

Part II Overview argued that overcoming the quadratic complexity and memory
of the covariance matrices in linear contextual bandits requires a fundamental change
in approaching the problem. This raises an important question:

© Research Question

What role makes the collection of covariance matrices indispensable in the
first place, and can they be bypassed entirely by encoding contexts in a high-
dimensional space?

This chapter addresses this research question through a sequence of controlled
ablation experiments that gradually modify the standard linear bandit estimator.
We begin by isolating the role of the precision matrix in the linear bandit estimator,
showing that it acts as a decorrelation operator. We then test whether the decorrela-
tion step could be made redundant by encoding contexts into a high-dimensional
space. Three encoding regimes are investigated: (i) the original, low-dimensional
features; (ii) a linear random projection into R” via a dense Gaussian matrix; and
(iii) a biologically-inspired nonlinear encoding [284, 285], sparse random projection
followed by k-Winners-Take-All (¢WTA) operation.

The experiments yield three main findings. First, dimensionality expansion
alone is not enough: a linear random projection preserves the correlational structure
of the input and, therefore, does not alleviate the need in the precision matrix.
Second, nonlinearity is the critical ingredient of encoding. Third, for the kWTA
representations, we show that the non-inverted covariance matrix reduces to a scaled
copy of the reward vector plus cross-talk noise, acting as an auto-associative memory
that retrieves information already present in b,; the matrix can, therefore, be omitted



6.1 The Role of Precision Matrix in Linear Bandits 119

entirely, leaving a single high-dimensional vector per action, queried by the inner
product with the kWTA representation of the current context.

These findings establish the theoretical foundation and empirical evidence for the
transition to Hyperdimensional Computing that follows in the subsequent chapters.

6.1 The Role of Precision Matrix in Linear Bandits

6.1.1 Linear Bandits without Precision Matrix

As established in Chapter 2, for each action a € {1,..., N}, the linear contextual
bandit framework maintains two sufficient statistics: a covariance matrix A, € R4
and a reward accumulator vector b, € R%:

Ay = Z Ty b, = Z T4t (6.1)

t:ar=a t:at=a

where 2; € R is the context observed at round ¢ and r; € [0, 1] is the corresponding
reward. The vector b, is the reward-weighted superposition of the contexts previously
observed for action a. The matrix A,, in contrast, records how frequently context
dimensions co-occur, capturing the second-order structure of the context distribution
conditioned on action a.

During action selection, the model computes the parameter estimate:

0, = A 'h,. (6.2)

The predicted reward is then computed as z; 0, for the current context z.

In this process, the precision matrix A;! plays the essential role of decorrelating
the accumulated context-reward signal in b,. By acting as the inverse Gram matrix,
multiplication by A;! compensates for feature overlap, isolating the independent
contribution of each direction. From a statistical perspective, A;'b, converts
correlated statistics into decorrelated regression coefficients.

This decorrelation step is critical for accurate reward estimation, but—as dis-
cussed in Part I-—it comes at a substantial computational and memory costs. How-
ever, if the precision matrix calculation is omitted and replaced by the forward
product A,b,, the effect is reversed: correlated directions are no longer suppressed
but amplified. As a result, the estimate becomes biased toward the most frequently
co-occurring feature patterns, regardless of whether those patterns are genuinely
predictive of high rewards.

To make this failure mode explicit, we compare the standard linear bandit with
the precision matrix (6, = A;'b,) against a no-inversion variant (6, = Agb,) on
synthetic contextual-bandit environments. Table 6.1 reports the average results
across a range of problem sizes (N € {5,10,15,20} actions and d € {10,15,20}
context dimensions). Replacing A, b, with A,b, consistently degrades performance,
reducing the average policy value by approximately 9% relative to the the standard
linear bandit estimator.

These observations prove that the matrix inverse step is essential because context
vectors are correlated. Hence, the problem can be reformulated: rather than seeking
faster algorithms for matrix inverse, we investigate whether the context vectors
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Table 6.1 Impact of omitting the matrix inverse step on policy value. The forward product
Aub, consistently underperforms the ridge regression solution A7 b, by approximately
—9%. Results are averaged over 8 configurations (N € {5, 10, 15,20}, d € {10, 15,20}),
10 datasets x 5 simulation runs per configuration. All policies use € = 0.05.

Model Avg. policy value Gap vs. A;1b,
LinEPS (A, '0,) 0.691 —
LinEPS (A.b,) 0.597 ~—9%

Table 6.2 Policy value comparison: linear random projection (D = 4096) via a dense
Gaussian matrix without the precision matrix versus the linear baselines. The projected
policy performs identically to the unprojected baseline without the the precision matrix,
and both trail the full-inversion reference by approximately —9%. Increasing D to
8192 results in no change. Results are averaged over 8 configurations, 10 datasets x 5
simulation runs.

Model Avg. policy value Gap vs. A; b,
LinEPS (A 1b,) 0.691 —
LinEPS (A.b,) 0.597 ~ —9%
Dense RP (Ayb,, D=4096) 0.598 ~ —-9%

themselves can be made less correlated, so that the matrix inverse step becomes
redundant.

6.1.2 Linear Random Projection

A natural first step in this direction is to transform contexts into a high-dimensional
space. The underlying hypothesis is that: if d-dimensional context vectors x; are
projected into a much larger space of dimension D > d, the resulting representations
may become sufficiently separable that the need for explicit decorrelation is reduced.
To test this idea, we introduce a linear random projection via a dense Gaussian
matrix ® € RP*? with entries drawn i.i.d. from A(0,1/D), and define the projected

context vector as:
X, =z, e R, (6.3)

The model then operates entirely in the projected space:
Ay =Ag + XX, by=by+ 1 X, (6.4)

and, in the variant without the precision matrix, the parameter vector is estimated
as éa = A,b,.

Table 6.2 reports the results for linear random projection at D = 4096, compared
with the two baselines from Table 6.1. The result is negative: the linear random
projection provides no measurable benefit. The policy with high-dimensional vectors
without the precision matrix performs essentially identically to the baseline with
low-dimensional context vectors without the precision matrix, and both remain
approximately 9% below the standard linear bandit estimator. Increasing the
dimensionality D does not lead to any change.
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The failure of the linear random projection is anticipated from the Johnson—
Lindenstrauss (JL) lemma [245], which states that a linear random projection
approximately preserves pair-wise distances: for a random matrix ® € RP*4 with
i.i.d. Gaussian components, with high probability:

(L —e)flar = z2l* < @21 — Pxof* < (1+¢) |z — a2 (6.5)

for all pairs x1, x> in a finite dataset, provided D = Q(¢~?logn). In other words, a
linear random projection preserves the geometry: it expands dimensionality, but it
does not fundamentally alter the linear correlational structure that makes inversion
necessary. Thus, as anticipated, linear transformation of the context vectors cannot
by itself remove the need for the precision matrix.

6.2 Variant with FlyHash Algorithm

6.2.1 Nonlinear Encoding via FlyHash Algorithm

Motivated by the negative result of the previous section, we now explore whether an
encoding that introduces nonlinearity can change the correlational structure and
convert correlated context vectors into decorrelated representations.

The encoding investigated here is inspired by the olfactory system of the fruit fly
Drosophila melanogaster, which Dasgupta et al. [285] formalized as a computational
algorithm called FlyHash and similar ideas were explored by Kanerva [202] for
high-capacity associative memories and by Rachkovskij et al. [284, 286, 287] for
forming similarity-preserving representations.

In the fly’s mushroom body, approximately 2,000 Kenyon Cells each receive sparse,
random connections from only ~6 out of 50 Projection Neurons; a global inhibitory
neuron then silences all but the most active ~5% of Kenyon Cells, implementing a
k-Winners-Take-All competition [288, 289]. In essence, the computation is a two-step
nonlinear transformation: a sparse random projection that expands dimensionality
while keeping each output dependent on a small random subset of inputs, followed
by competitive inhibition that converts dense activations into a sparse binary vector.

We implement FlyHash as a two-stage transformation that maps z; € R? into
a sparse binary vector X; € {0, 1}D. First, a sparse random projection: each of D
output neurons sums exactly s randomly chosen input dimensions,

yi= > & |CG)=s (6.6)

i€C(j)

where C(j) C {1,...,d} is a fixed random connectivity set. Second, the kWTA
nonlinearity silences all but the top & components:

1 if j € top-k
0 otherwise.

This nonlinearity converts graded activations into a sparse binary vector with exactly
k active components out of D.

We evaluate the FlyHash encoding using the same estimator without the precision
matrix as before, éa = A, b,. Table 6.3 reports the results. The FlyHash-encoded
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Table 6.3 Policy value comparison: FlyHash encoding with unscaled rewards versus linear
random projection, both without the precision matrix. FlyHash achieves +5% average
improvement over linear projection, demonstrating that the nonlinear encoding alone
provides a measurable benefit. Results are averaged over 8 configurations, 10 datasets x
5 simulation runs.

Model Avg. policy value  Gap vs. A;'b,  Afply vs RP
LinEPS (A 'b,) 0.691 — —
Linear rand. proj. (A4b,) 0.598 ~ —9% —
FlyHash (A,b,, unscaled r) 0.659 ~ —4% +5%

policy achieves an average improvement of +5% over the linear random projection
variant, reducing the gap to the standard linear bandit estimator from —9% to
approximately —4%.

6.2.2 The A Matrix as an Auto-associative Memory

The results on FlyHash representations show that the nonlinear encoding produces
a measurable improvement, but since the covariance matrix A is not inverted—and,
thus, no longer performing decorrelation—what role does it play in the variant with
FlyHash representations?
With the variant without the precision matrix, the score for action a given a
query pattern Xj is:
score, = X, (Aqba). (6.8)

When action a is selected, both statistics are updated simultaneously:
Ay = Ay + XX, by =by+ 1 X (6.9)

Therefore, A, and b, are accumulated from the same sequence of past observations
for action a. If n, samples have been observed for that action, we can write:

Na Na
A= xx",  ba=> 14, (6.10)
=1 =1

where each X; € {0,1}? is a sparse binary vector with exactly k active components.

The matrix A, is, thus, a superposition of outer products, i.e., the classical
auto-associative memory studied by Kohonen [290] and Anderson [291], queried with
by:

Na Na Na Na
Ay b, = (Z Xﬂf) S| =)D A (X" x;). (6.11)
i=1 j=1 i=1j=1

The two indices ¢ and j do not represent different histories; they only enumerate
pair-wise interactions within the same set of stored samples.
This expression decomposes into self-terms and cross-terms:

Aabe =D ri X (X X))+ r X (X &), (6.12)
i=1 i#]
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Since each FlyHash code is k-sparse binary, it has constant norm X, X; = || ;]2 = k:

Agba =k 1 X+ > 1 X (X X)) = kb + na. (6.13)
i=1 i#£]

Na

The first term is simply a constant rescaling of b,, while 7, represents the cross-talk
noise caused by nonzero overlaps between different kWTA representations stored in
the memory.

This reveals that, in the variant without the precision matrix, A, is no longer
acting as a covariance-correction operator. Instead, it behaves as an auto-associative
memory applied to b,. But b, is itself the reward-weighted superposition of exactly
the same previously encountered patterns. Therefore, multiplying by A, does not
introduce new information: it mainly reproduces what is already stored in b,, up to
a constant factor, while adding additional cross-talk noise.

This suggests a radical simplification: drop A, entirely and use b, directly as
the action representation. The score for action a given query pattern X, becomes:

score, = Xq—r by = Z T (X;—Xt). (6.14)

t:ar=a

This is a pure similarity-based decision rule: the score is the sum of rewards from
past contexts, each weighted by its similarity to the current query. In this form, the
policy relies directly on the reward-weighted superposition stored in b,, without the
additional memory-retrieval step induced by A,.

Dropping A, removes the covariance matrix entirely: there is no D x D structure
to store and no matrix—vector multiplication to compute at inference time. Com-
putationally, this reduces the memory footprint from O(ND?) (one D x D matrix
per action) to O(ND) (one D-dimensional vector per action), and the per-round
update from a rank-one matrix update to a simple vector addition.

From a data-structure perspective, the resulting vector b, can be viewed as a
variant of CountSketch algorithm [292]: when the kWTA selection is organized into
a block sparse structure with one winner per block [293-295], each block acts as an
independent hash row with exactly one active component, mirroring the CountSketch
layout directly; the principal difference reduces to the scaling of the hashes, i.e., of
the sparse block codes that the FlyHash encoding produces.

Table 6.4 compares the standard linear bandit estimator with two variants with
the FlyHash-encoding: the full product A, b, and the b,-only estimator. Omitting A,
results in no measurable difference in policy value compared to the A, b, estimator.

6.2.3 Reward Centering

It should be noted that, in the standard linear bandit estimator, the reward accu-
mulator is updated as:
ba < b + Ty, (6.15)

a binary reward of r; = 0 produces no update to b,. In the standard linear bandit
estimator, this is still manageable because the covariance matrix A, is updated
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Table 6.4 Effect of omitting the covariance matrix A, in the variant with FlyHash. The
estimator with only b, vector matches the A,b, variant, confirming that A, does not
contribute useful information. Results are averaged over 8 configurations, 10 datasets x
5 simulation runs.

Model Avg. policy value Gap vs. A;1b,
LinEPS (A, '0,) 0.691 —
FlyHash (A.ba) 0.659 ~ —4%
FlyHash (b,) 0.657 ~ —4%

Table 6.5 Effect of reward centering (r’ = r — 0.5) on the b,-only FlyHash estimator.
Centering further closes the gap to the standard linear bandit estimator, from ~ —4%
to &~ —2%. Results are averaged over 8 configurations, 10 datasets x 5 simulation runs.

Model Avg. policy value Gap vs. A;1b, A vs. Dense RP
LinEPS (A 'b,) 0.691 — —
Dense RP (Aqb,) 0.598 ~ 9% —
FlyHash (b, only, unscaled r) 0.657 ~ —4% +5%
FlyHash (b, only, centered ') 0.674 ~ —2% +7%

regardless of reward and, therefore, continues to track the occurrence of context
vectors with low rewards. In the b,-only FlyHash variant, however, the model must
receive an explicit negative signal to learn from mistakes, especially in environments
with binary rewards.

A simple correction is to center the binary reward around its midpoint:

ry =1y — 0.5. (6.16)

Under this centering correction, a positive reward results in a positive update, while a
zero reward produces an active negative signal that pushes b, away from the observed
context vector, enabling the model to learn symmetrically from both positive and
negative outcomes.

Table 6.5 reports the results when rewards are centered. The FlyHash variant
improves from approximately —4% to approximately —2% relative to the standard
linear bandit estimator, corresponding to a +7% improvement over the linear random
projection variant.

6.3 From Ablation to Hyperdimensional Computing

The ablation trajectory presented in this chapter can be summarized as a sequence
of four progressive simplifications, each justified by the corresponding experiment:

1. Remove the precision matrix: Replacing Aglba with A,b, costs ~ 9%
in policy value, confirming that decorrelation is essential when operating on
original or randomly projected context vectors.

2. Introduce nonlinear encoding: The FlyHash encoding—sparse random
projection followed by kWTA nonlinearity—produces sparse binary represen-
tations that recover 5% of the lost performance without the precision matrix.
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3. Omit the covariance matrix: In the variant with the FlyHash encoding,
A, degenerates into an auto-associative memory that adds only cross-talk
noise; omitting it has no negative impact and simplifies the model to a single
high-dimensional vector per action.

4. Center the reward signal: Correcting ' = r — 0.5 provides an explicit
negative signal, recovering an additional 2% and leaving the model only
~ 2% below the standard linear bandit estimator while eliminating all matrix
operations.

The resulting model at the end of these ablations is strikingly simple:

o Each action a is represented by a single D-dimensional vector b,.

e At each round, the context x; is encoded through a fixed nonlinear map to
produce &; € {0,1}7.

e Action selection is done by inner product: a* = arg max, Xtha.

o After observing reward r;, the selected action’s representation is updated
incrementally: bgx < b+ + 1, X

This operational description is, in every detail, an instance of a Hyperdimensional
Computing: an approach that encodes inputs into high-dimensional, quasi-orthogonal
representations, stores class prototypes as superpositions of encoded training exam-
ples, and predicts based on similarity to these prototypes.

Equipped with this understanding, the next chapter introduces the HD-CB
(Hyperdimensional Computing for Contextual Bandits), which generalizes and extends
the model derived here to a broader family of models grounded in the theory of
Hyperdimensional Computing. The ablation results of this chapter guarantee that the
transition is not an ad hoc design choice but a principled consequence of eliminating
the computational bottleneck at the core of the standard linear bandit estimator.
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Chapter 7

HD-CB: The First Exploration

of Hyperdimensional Computing
for Contextual Bandits Problems

Chapter based on Paper 4 [225]: Marco Angioli, Antonello Rosato, Marcello Barbirotta,
Rocco Martino, Francesco Menichelli, and Mauro Olivieri. Hd-cb: The first exploration of
hyperdimensional computing for contextual bandits problems. IEEE Open Journal of the
Computer Society, pages 1-12, 2025. doi: 10.1109/ OJCS.2025.8642108

Those who are inspired by a model
other than Nature labor in vain.

Leonardo da Vinci

The previous chapter established, through controlled ablation, that nonlinear
encoding into a high-dimensional space is the critical ingredient that allows the
precision matrix to be dropped from the linear bandit estimator. Under this encoding,
a single high-dimensional vector per action, queried by inner product, suffices
for competitive decision-making. Hyperdimensional computing offers exactly this
computational model: structured nonlinear encoding, distributed high-dimensional
representations, and simple element-wise operations that are inherently parallel,
noise-tolerant, and compatible with low-precision arithmetic. This naturally raises
the next question:

© Research Question

Can hyperdimensional computing serve as a complete computational substrate for
contextual bandit learning, inheriting its simple, distributed, and low-precision
properties while retaining competitive decision-making performance?

As introduced in Chapter 2, HDC represents information through high-dimensional
hypervectors manipulated using simple primitives—bundling, binding, and permu-
tation—that are naturally parallel, tolerant to noise and hardware faults, and well
suited to low-precision implementations [216, 217, 296, 297]. These properties have
enabled competitive performance across classification [218], clustering [221], and re-
gression [219] tasks, with growing interest in reinforcement learning settings [224, 298].
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Yet no prior work has applied HDC to the contextual bandit problem.

This chapter, mainly based on Paper 5 [225], bridges the CB and HDC research
lines by casting the entire contextual bandit pipeline into high-dimensional space.
The resulting framework, termed Hyperdimensional Contextual Bandits (HD-CB),
encodes contexts as hypervectors, represents each action by a dedicated prototype,
and performs action selection via similarity computation. Learning proceeds by
adjusting action prototypes toward or away from observed contexts based on received
rewards, replacing the costly ridge-regression machinery of linear bandits with simple,
parallel vector arithmetic.

This reformulation yields several advantages over classical linear bandits. HD-CB
achieves linear scaling in both computational complexity and memory, faster conver-
gence, and significant advantages in execution time when accelerated in hardware,
emerging as a strong candidate for real-time, resource-constrained environments.

The main contributions of the study are the following:

e The work represents the first exploration of HDC to model and automate CB
problems and ranks among the earliest explorations of HDC-based RL.

e It details the approach in four variants tailored to different exploration strate-
gies and resource constraints.

o It analyzes the performance in terms of average reward, execution time, con-
vergence speed, and memory footprint while varying the problem parameters
and hypervector size.

e It compares all of the proposed schemes with traditional CB algorithms from
the literature using synthetic datasets and real benchmarks.

Importantly, while this chapter employs real-valued HVs following the Multiply-
Add-Permute-C implementation [5] from Gayler [228], the proposed methodology
can be extended to other representations, such as complex or binary elements,
offering flexibility to balance performance and computational complexity. Subsequent
chapters will explore these alternatives.

7.1 Proposed Approach
7.1.1 HD-CB Basics

Figure 7.1 provides an overview of the working principle of the proposed HD-CB
algorithm. Each action a € {1,..., N} is modeled by a dedicated representative
vector A, in the high-dimensional space. This vector is initialized to zero and is
iteratively updated over time to capture the quality of the action within the current
state of the environment.

At each iteration ¢, the model maps the observed context x;, into a high-
dimensional HV, &} ,. In this work, this encoding step is performed using the
record-based technique introduced in Chapter 2, which quantizes each feature into
discrete levels, maps each level to a hypervector, and binds the result with a
position-specific basis hypervector before bundling all key-value pairs into a single
representation. This technique is a nonlinear projection: a property identified in
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Chapter 6 as necessary for bypassing the precision matrix. The HD-CB framework
is encoding-agnostic, and alternative techniques may be equally integrated, provided
they preserve this nonlinearity.

The estimated payoff e;, of each action a is then computed as the similarity
between A, and X4, as in (7.1).

€ta = 5(-/4a7 Xt,a) (71)

These estimations serve as the basis for selecting the action a; according to the
adopted exploration strategy, whose integration will be discussed in the following
subsections. After selecting an action, the model receives a real-valued payoff r; 4,,
which is projected into the hypervector R;,, and used to update the HD-CB model

in (7.2).
e ( ) Aat = Aaz @ (Xt,a ® Rt,at) (7-2)

Specifically, R 4, is generated using a thermometer code [237] where the number
of active elements increases with the magnitude of the scalar value. This encoding
ensures that A,, is adjusted closer to or further from the encoded context based on
the received reward, learning at each iteration and capturing the stochastic nature
of the environment. Additionally, it eliminates the need for the explicit reward
centering that Chapter 6 required to generate negative feedback from binary rewards.
In Figure 7.1, the collection of &} , and e, for all actions are denoted as A} and e.

An important qualitative property of the HD-CB update rule is its inherent
tendency to promote exploration, which emerges naturally from the interplay between
thermometer-encoded rewards and cosine similarity:.

7.1.2 HD-CBgps

Algorithm 3 illustrates the HD-CBgps model, which incorporates the approach
outlined in the previous section and employs the e-greedy exploration strategy. At
each iteration, with a probability of 1 — ¢, the algorithm selects the action with the
highest estimated reward e; o, while with a probability of €, it explores by selecting
a random action. This simple approach requires tuning only one hyperparameter
(e) and is well-suited for resource-constrained edge applications thanks to its low
computational complexity. However, as discussed in Chapter 2, the e-greedy strategy

X X, e a

Figure 7.1 [Illustration of the working principle of HD-CB. The collection of encoded
hypervectors &; , for all actions a at time step ¢ is denoted as A%, while the set of
estimated payoffs e; , is represented as e;.
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Algorithm 3 HD-CBgpg model
1: Input: € € [0,1]
2: fort=1,2,...,7T do
3: fora=1,2,...,N do

4: Observe context x;, € R4

5: Encode context into hypervector X} q

6: if t =1 then > Model initialization
7 A, =0p

8: end if

9: eta = 0(Aqgs Xta)

10: end for

11: Draw n ~ Uniform(0, 1)

12: if n < € then > FExploration
13: Choose a; uniformly at random from the action space

14: else > Exploitation
15: a; = arg maxg €t q

16: end if

17: Observe real-valued payoff 7 4,

18: Encode reward into hypervector Ry q,

19: A, = Ao, ® (X0, ©@ Riay)

20: end for

does not account for the confidence of the model in the expected payoffs of actions,
potentially leading the algorithm to over-exploit actions with high uncertainty or
under-explore potentially better alternatives. For example, if an action has a high
estimated reward but has been sampled only a few times, the algorithm may over-
exploit it—mistakenly treating it as the optimal choice. In contrast, an action with
a slightly lower but more reliably estimated reward could be unfairly neglected,
leading to suboptimal long-term performance.

7.1.3 HD-CBynci: Integrating Contextual Confidence

To address the limitations of the e-greedy strategy, we propose the HD-CBynci
model, depicted in Figure 7.2 and detailed in Algorithm 4. The core idea of this
approach is to integrate a confidence measure into the expected payoff of each action.
This is achieved by introducing an additional high-dimensional vector, B,, for each
action a, which tracks how frequently the action has been chosen in similar contexts,
independently of the received reward. To do this, after an action a; is selected,
the corresponding B,, vector is updated towards the current context X}, using the
exponential moving average rule in (7.3).

Bat = (1 - /B)Bat + /B/Yta (73)

Here, the smoothing factor [ is a hyperparameter controlling the weight of each new
observation. A smaller 3 leads to slower adaptation, allowing B,, to evolve gradually
while preserving long-term memory. This incremental adjustment inherently increases
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Xt
Context

Figure 7.2 Schematic of HD-CBync1. Each action a is associated with a confidence vector
B,. The vectors X, e¢, ug, and py denote the context, estimated payoffs, uncertainties,
and potentials for all actions at time t.

the similarity between B,, and the contexts where the action is frequently selected,
directly translating into a confidence measure.

During action selection, HD-CBync1 evaluates each action based on two metrics:
the estimated payoff (e;,) computed as in (7.1), and the uncertainty (u;q), derived
from the confidence (¢;,). The confidence is explicitly defined as the similarity
between B, and A} ,, and quantifies how familiar the model is with the current
context.

Ut,q = 1- Ctia = 1- 6(8a> Xt,a) (74)

The sum of the estimated payoff and uncertainty determines the potential
expectation (pt,) in (7.5). In this equation, the exploration factor a regulates the
balance between exploration and exploitation.

Dta = €ta T Q- Utg (7.5)

Once p;, is calculated for all actions, the one with the highest potential value,
a; = argmax,(ptq), is selected. This formulation ensures that the HD-CBync:
effectively combines the expected payoff and the confidence level.

7.1.4 HD-CByncz: Controlling Updates with Confidence

This subsection introduces HD-CBynge, a variant that refines the confidence-based
update mechanism of HD-CByng1 by replacing the fixed-rate exponential moving
average with a confidence-driven thinned update mechanism. In this approach, the
confidence value ¢4, of the selected action determines the proportion of dimensions
in B, that are updated at each time step. Specifically, a binary mask is generated,
where each element is set to 1 with probability ¢; 4, and 0 otherwise. This mask is
then applied to A, as shown in (7.6), selectively updating B, .

1 ith prob.
mask; = 0 0 PEOPGhan gy HVsize),
0, otherwise, (7.6)

Ba, = Ba, ® (X, © mask)
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Algorithm 4 HD-CB,;c; model
1: Input: a € Ry, € Ry
2: fort=1,2,...,7 do
3: fora=1,2,...,N do

4: Observe context x;, € R4

5: Encode context into hypervector &},
6: if t =1 then > Model initialization
7: A, =0p

8: B, =0p

9: end if

10: et = 0(Ags Xta)

11: cta = 0(Bas Xta)

12: Ut q = 1-— Ct,a

13: Dtia = €ta + QUtg

14: end for

15: a; = argmaxg Pt

16: Observe real-valued payoft r; 4,

17: Encode reward into hypervector Ry q,

18: .Aat = Aat @ (Xt,at ® Rt,at)
19: Bat = (1 - /8) Bat + B/Yt,at
20: end for

This method adaptively scales the impact of each update: when confidence is
low, only a small fraction of dimensions is modified, resulting in a subtle increase
in similarity with the current context, whereas when confidence is high, a larger
portion of components is updated.

This approach offers two key advantages. First, it eliminates the need for the
B hyperparameter, simplifying the model and removing the requirement for costly
tuning procedures. Second, it replaces the scalar multiplication in (7.3) with bundling,
confining all operations strictly to the standard HDC arithmetic. This restriction is
especially beneficial in resource-constrained environments, as it keeps the HVs in
the same representation space (e.g., integers) and facilitates hardware deployment.

7.1.5 HD-CByncs: Compact Representation via Permutation

The HD-CBync1 and HD-CBynce models require two distinet HVs, A, and B,,
for each action a to effectively track the estimated reward and uncertainty over
time. However, as the number of actions and the HV size increase, this can lead to
high memory overhead, potentially making these models impractical for resource-
constrained embedded systems.

To address this challenge, the HD-CBync3 variant optimizes memory usage by
leveraging the mathematical properties of the permutation operator. In this model,
for a given action a, a unique permutation p® is applied to the encoded context
vector A} ,, generating an hypervector S; , that represents the context-action pair,
as in (7.7).
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Algorithm 5 HD-CBync2
1: Input: a € R4
2: fort=1,2,...,7 do
3: fora=1,2,...,K do

4: Observe the context z;, € R4

5: Encode the context into the X; , HV

6: if t =1 then

7: A, =0p

8: B, =0p

9: end if

10: et = 0(Ags Xta)

11: cta = 0(Bas Xta)

12: Ut q = 1-— Ct,a

13: Dtia = €ta + Q- Utg

14: end for

15: Select action a; = arg max,(pt,q)

16: Observe a real-valued payoff r; 4,

17: Encode the reward as high-dimensional vector R 4,

18: Update model:

19: - Ay = As @ (Xia ® Ria,)

20: - Thinning update: select ¢; 4, D random indices to form a mask. B, [mask] =
(Ba, ® Xyq)[mask]

21: end for

Sta = p"(Xta) (7.7)

Permutation operation in HDC yields HVs that are nearly orthogonal to their
originals [217]. This mathematical property ensures that each context-action pair is
mapped to a unique, high-dimensional representation, allowing them to be superim-
posed into shared memory structures without destructive interference. As a result,
instead of maintaining separate vectors for every action, HD-CByncg can encode
and retrieve relevant information using just two shared hypervectors, M 4 and Mg,
initialized to zero. M4 acts as a global repository for the outcomes of the selected
context-action pairs, while Mg encodes the frequency of encountered context-action
pairs, regardless of the rewards.

At each iteration, the potential value of each action p;, is computed as a
combination of the estimated reward e;, and the uncertainty u; ,, calculated as in
(7.8).

€ta = 6(MA5 St,a)

7.8
Ut,q = 1- 6(M375t,a) ( )
After receiving the reward, the model updates as in (7.9).
MpAp=MygD (Sta @ Ria
A A ( t7 t t, t) (79)

Mp = (1 - B)Mp + St
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Notably, the thinned update from HD-CByncs can also be applied here, eliminat-
ing scalar multiplications and further simplifying the update process for embedded
applications.

7.2 Results

To comprehensively evaluate the performance and efficiency of the proposed HD-CB
models, we conducted a series of experiments across diverse datasets and metrics
First, we assessed the online learning capabilities of the models on synthetic datasets
by analyzing average reward, cumulative regret, and convergence time. Then, we
benchmarked HD-CB against state-of-the-art approaches using the Open Bandit
Pipeline (OBP) framework [76, 299] for off-policy evaluation, and the MovieLens-
100k dataset in a real-world recommendation setting. Next, we investigated the
impact of HV size on average reward and execution time, highlighting trade-offs
between accuracy and processing cost. We further analyzed the scalability of HD-CB
and LinUCB with respect to context size, evaluating both computational complexity
and memory overhead.

7.2.1 Online Learning Capabilities

To assess the online learning capabilities of HD-CB, we designed synthetic datasets
emulating typical CB problems. In these scenarios, the models iteratively observe new
contexts, select actions, and receive rewards, mimicking real-world decision-making
processes. These controlled environments offer a robust and replicable framework
for evaluating the models, enabling a detailed analysis of their adaptability and
learning performance under consistent and well-defined conditions. Specifically,
each synthetic dataset consisted of continuous rewards in [0,1], 20 possible actions,
and continuous context vectors with d = 10 randomly sampled features. Context
vectors were independently sampled at every iteration. For each action-context
pair, the reward was determined by a distinct linear function parameterized by an
action-specific weight vector, randomly initialized at the beginning of each dataset.
To emulate realistic stochastic variability, continuous rewards were perturbed with
Gaussian noise (u = 0, 0 = 0.1). The encoding of the contexts into high-dimensional
space was performed using the record-based encoding technique, employing L = 10
quantization levels and HV size D = 1000, with BVs generated using Python’s
pseudo-random number generators.

Performance was evaluated over 100 independently generated synthetic datasets
using two key metrics: average reward and cumulative regret. The average reward
measures how effectively the model selects actions that maximize total payoff, while
cumulative regret quantifies the difference between the rewards of optimal actions
and those chosen by the model. A lower cumulative regret reflects the capability of
the model to adapt quickly and align its decision-making with the optimal strategy
over time. Experiments were run over 500 iterations. Figure 7.3 summarizes the
results obtained varying the hyperparameters € and «. All the subplots consistently
demonstrate the capability of HD-CB models to adaptively learn and converge
towards optimal solutions, as reflected by the average reward approaching 1.
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Figure 7.3 Average reward and cumulative regret trends for HD-CB models as a function of
the exploration parameters (e for HD-CBgpg and « for the uncertainty-driven models),
over 500 iterations, averaged across 100 synthetic datasets. The experiments were
conducted with a hypervector size of 1000, 20 actions, continuous rewards in the range
[0,1], and a context feature vector size of 10.

Table 7.1 Off-policy evaluation for HD-CB models and traditional CB algorithms on
synthetic datasets with binary rewards, with varying number of actions N and context
feature vector sizes d. Average rewards *+ std. deviation were calculated for each
configuration across 50 datasets using OBP.

N d| LinEPS LinUCB  HD-CBpps HD-CBync: HD-CBync: HD-CByncs
10 5 | 0.628 £ 0.067 0.674 £ 0.061 0.670 £ 0.059 0.691 £ 0.062 0.691 % 0.065 0.679 + 0.062
10 10 | 0.689 + 0.087 0.704 + 0.055 0.690 + 0.067 0.707 + 0.068 0.711 & 0.072  0.690 =+ 0.068
15 5 | 0.734 £ 0.065 0.753 + 0.050 0.758 & 0.041 0.787 + 0.046 0.794 & 0.044 0.772 + 0.046
15 10 | 0.691 £ 0.090 0.695 + 0.074 0.696 & 0.075 0.718 £ 0.078 0.724 % 0.078 0.696 + 0.078
20 5 | 0.705 £ 0.067 0.715 £ 0.059 0.722 £ 0.062 0.760 £ 0.062 0.761 & 0.063 0.737 = 0.060
20 10 | 0.631 £ 0.098 0.648 + 0.088 0.647 + 0.092 0.668 + 0.093 0.674 + 0.091 0.645 & 0.090
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Similar to the traditional CB algorithms, the performance of all HD-CB models
is influenced by the exploration parameters (i.e., € in HD-CBgpg and « in the other
variants). Small parameter values (e.g., € = 0.01 or @ = 0.1) result in insufficient
exploration, leading to suboptimal performance characterized by slow reward growth
and minimal reduction in cumulative regret. Conversely, high values lead to over-
exploration, where the models continue to explore unnecessarily even after identifying
the optimal action.

When comparing the models in terms of average rewards, HD-CBynce demon-
strates the highest performance, achieving an average reward of approximately 0.908
and a cumulative regret of 50.36 with o = 0.38. The HD-CBync1 and HD-CByncs
models follow with maximum average rewards of 0.899 and 0.863 and cumulative
regrets of 50.70 and 69.13 when using a equal to 0.52 and 0.38, respectively. Finally,
HD-CBgpg achieves a maximum reward of 0.85 and a regret of 69.76 when e = 0.05.
This ranking aligns with the computational complexity of the models: HD-CBgpg
and HD-CByncs are the simplest and least computationally demanding, whereas
HD-CBynci1 and HD-CBynce are more complex but deliver higher performance.

7.2.2 Off-Policy Evaluation

To benchmark the performance of the proposed models against traditional linear
algorithms, we utilized the OBP [76]: an open-source framework designed to generate
synthetic datasets and provide standardized off-policy evaluations of bandit algo-
rithms. Off-policy evaluation (OPE) plays a critical role in reinforcement learning
and contextual bandit settings, offering a safe, efficient, and reproducible way to
estimate the performance of a new policy. In an online setting, in fact, only the
reward for the selected action is observed at each time step [300], making offline
evaluation on logged data essential for obtaining unbiased performance estimations
of target policies. OPE is particularly important in high-stakes domains, such as
healthcare, where deploying an untested model could lead to costly or risky outcomes.
Using the OBP framework, we conducted tests on 50 different synthetic datasets
with binary rewards, varying the number of actions (N) and the context feature
vector size (d). Table 7.1 summarizes the average rewards achieved by all HD-CB
models compared to LinEPS and LinUCB algorithms. For all the algorithms, we
performed a grid search over the €, a and 8 (only for HD-CByncy and HD-CByncs)
parameters in the range [0.1,0.2,...,1]. Additionally, we searched for the optimal
number of quantization levels from the set [10, 15, 20] for the HD-CB models.

When employing an e-greedy strategy, HD-CB, consistently outperforms LinEPS,
with an average improvement of 1.75% across all dataset configurations. This
result is particularly significant as it directly compares the simplest versions of both
frameworks, utilizing the same exploration strategy. The superior performance of
HD-CB underscores the potential of HDC over traditional linear algorithms, even
when paired with simple exploration strategies.

The uncertainty-driven HD-CB models consistently match or outperform Lin-
UCB across all tested configurations. HD-CBync2 achieves the highest average
reward, outperforming LinUCB by 4% on average. HD-CBync3, which uses a more
compact representation via permutation, also performs competitively while requiring
significantly less memory, making it ideal for memory-constrained environments.



7.2 Results 136

Overall, these findings validate the effectiveness of the proposed HD-CB frame-
work for modelling and solving CB problems, demonstrating comparable or su-
perior performance to traditional algorithms. By mapping the problem into a
high-dimensional space, HD-CB effectively separates context-action pairs, enhancing
learning efficiency.

7.2.3 Evaluation on the MovieLens-100k Dataset

To evaluate the performance of HD-CB models on real-world data, we conducted
tests using the MovieLens-100k dataset, a standard benchmark for recommendation
systems containing 100,000 ratings (ranging from 1 to 5) from 943 users on 1,682
movies. This dataset is often used to evaluate recommender systems in a batch
setting, where models have full access to the user-item matrix and can achieve RMSE
values between 0.90 and 0.98 [301, 302]. In contrast, this section frames the task
as a contextual bandit problem. For each encountered user (and their associated
contextual information), the policy must recommend a movie (treated as an arm),
and only observes the binary reward based on the user’s actual rating. Specifically,
ratings of 4 or higher are considered positive and assigned a reward of 1, while all
others receive a reward of 0. Before evaluation, we preprocessed the dataset by
grouping users into age buckets and applying one-hot encoding to the age group,
gender, and occupation, forming the context vector for each decision.

Figure 7.4 shows the average rewards achieved by the traditional LinUCB
algorithm and our best-performing HD-CBync2 model, averaged over 50 runs, with
the number of available actions (i.e., movies) ranging from 100 to 1000. A grid
search was used to determine the optimal values for the o and  hyperparameters.
The results indicate that HD-CB consistently outperforms LinUCB, particularly
as the number of actions increases. For N = 100, both models achieve similar
average rewards, with HD-CBync2 slightly outperforming LinUCB (0.824 vs. 0.821).
However, as N increases, the performance gap becomes more pronounced. For
N = 1000, HD-CBync2 achieves an average reward of 0.720, significantly higher
than LinUCB’s 0.320, demonstrating robustness and better scalability in large action
spaces.

7.2.4 Convergence Time Analysis

In online decision-making, convergence time is a key metric. Unlike offline learning,
where models are trained prior to deployment, online algorithms must continuously
adapt in real time based on observed rewards. Rapid convergence enables better
decisions early in the learning process, essential in applications such as healthcare
and autonomous systems.

HDC has demonstrated faster convergence and lower data requirements in
various learning tasks [239, 296], owing to its ability to enhance separability in
high-dimensional space. To evaluate this property in the HD-CB framework, we
compared its convergence speed to that of traditional LinUCB models on synthetic
datasets, averaging results over 100 runs while varying the exploration parameter a.

Figure 7.5 illustrates the results in terms of cumulative reward as a percentage
of the final reward over time. Across all tested « values, HD-CB models consistently
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Figure 7.5 Convergence time as a function of «, comparing the LinUCB algorithms and
the HD-CBync1 model.

converged faster than LinUCB, confirming their suitability for scenarios requiring
rapid adaptation.

7.2.5 Computational Complexity Analysis

The computational complexity of CB algorithms can be critical in resource-constrained
applications requiring rapid decision-making. Linear bandits rely on the inversion
of N d x d covariance matrices at each step, resulting in an asymptotic complexity
of O(d?), and a significant computational burden that can create performance bot-
tlenecks. This complexity can be reduced to O(d?) by employing the incremental
update mechanism proposed in Chapter 5, which leverages the Sherman—Morrison
theorem to efficiently update the inverse matrices without recomputing them from
scratch.

The HD-CB framework eliminates the need for matrix inversion entirely. By
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Figure 7.6 Impact of HV size on average reward and execution time for the proposed
HD-CB models. The figure highlights the trade-offs between accuracy and computational
efficiency as HV size varies from 32 to 10,000.

representing each action with a dedicated hypervector and using simple arithmetic
operations in the high-dimensional space, HD-CB reduces the complexity with respect
to the context size to O(d). Additionally, HD-CB maintains linear complexity in the
number of actions (O(V)) and introduces a dependence on HV size (O(D)), making
its computational cost primarily determined by D. The linear dependence of HD-CB
on d provides a substantial advantage. Traditional CB algorithms often require
dimensionality reduction techniques to avoid the computational burden of high-
dimensional contexts, especially in domains such as personalized recommendations,
where contexts may represent detailed user profiles. HD-CB addresses this issue,
eliminating the need for additional pre-processing methods.

Table 7.2 summarizes the computational complexity of the algorithms, high-
lighting their respective dependencies on context size, number of actions, and HV
size.

Table 7.2 Computational complexity of contextual bandit algorithms

Algorithm ‘ Context Size (d) N. Actions (N) HYV Size (D)
LinUCB [74] O(d?) O(N) -
LinUCB-SM [82] O(d?) O(N) -
HD-CB O(d) O(N) O(D)

7.2.6 Scalability Analysis

As shown in the previous subsection, the computational cost of HD-CB scales with
the HV size D. However, in HDC, larger HV sizes enhance the representational
capacity of the high-dimensional space, allowing the model to encode and discriminate
between distinct objects more effectively [5]. For this reason, striking a balance
between accuracy and efficiency is essential in HDC-based systems. To analyze this
trade-off, we evaluated HD-CB models on 100 synthetic datasets with 10 features
and 10 actions. The HV size was varied from 32 to 10,000, and (e, «, ) were selected
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Figure 7.7 Memory requirements comparison for LinUCB and HD-CB, across varying
context feature vector sizes (d) and two HV sizes (D).

via grid search, consistent with prior experiments. Figure 7.6 shows the resulting
trends in average reward and execution time.

From a performance perspective, the HD-CBgpg, HD-CBync1, and HD-CBuynce
models demonstrate strong robustness to reduced HV size, with performance losses
below 2% when decreasing from 10,000 to 256 dimensions, and under 9% even at
32 dimensions. This resilience stems from their use of distinct representative HVs
per action, which maintains discrimination capabilities even at low dimensionalities.
In contrast, HD-CBync3 is more sensitive to HV size, showing a 10% drop at 256
dimensions and 20% at 32. This is expected since the model uses only two HVs shared
across all actions and relies on permutation. These shared HVs are updated incremen-
tally for all context-action pairs, quickly saturating the representational capacity at
lower dimensions. However, its memory usage is reduced by a factor of 2/N compared
to other models, making it a strong candidate in memory-constrained environments
and allowing for the deployment of higher HV sizes to recover performance.

In terms of execution time, HD-CBgpg is the fastest due to its simplicity. HD-
CBync1 and HD-CBynge are roughly twice as slow, reflecting the overhead of
maintaining two HVs per action, with HD-CByncs slightly slower due to its thinning
update. HD-CByncs is the slowest, as it requires N additional permutations per
iteration to encode actions using a reduced number of shared HVs.

7.2.7 Memory Footprint Analysis

Although HDC is often considered memory-consuming with respect to conventional
computing due to the use of high-dimensional vectors, HD-CB demonstrates that
this is not always the case. By modeling actions using HVs rather than matrices,
HD-CB exhibits linear scaling of memory usage with respect to the context size d, in
contrast to the quadratic scaling typical of traditional methods. Specifically, LinUCB
must store N covariance matrices of size (d x d) and N regression vectors of size
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(d x 1), leading to quadratic memory space growth. HD-CB, in comparison, requires
(d + L) HVs for record-based encoding, along with a limited set of representative
HVs: 2N for HD-CBynci1 and HD-CBynce, N for HD-CBgps, and just two for
HD-CBuyncs.

Figure 7.7 gives evidence to these differences, comparing the memory footprints
of LinUCB with the four HD-CB variants across context sizes d = 8 to 128, for HV
dimensions D = 256 and D = 1024 and N = 50 possible actions. While LinUCB is
more memory-efficient for small d, HD-CB becomes increasingly advantageous as d
grows. Among the HD-CB models, as expected HD-CByncs emerges as the most
compact variant. At d = 128, the HD-CBynce version achieves memory reductions
of up to 92.6% (D = 256) and 70.5% (D = 1024). Importantly, alternative encoding
strategies such as n-gram-based encoding [303] can further reduce HD-CB’s memory
footprint by eliminating the need for d BVs, albeit at the cost of slightly increased
execution time.

These results confirm HD-CB is a scalable and efficient alternative to LinUCB
in high-dimensional context settings.

7.2.8 Implicit Exploration Bias

Beyond the quantitative advantages documented in the preceding sections, the HD-
CB update mechanism exhibits a qualitative property that contributes to its faster
convergence and competitive reward performance: an inherent tendency to promote
exploration, which arises naturally from the interplay between thermometer-encoded
rewards and cosine similarity-based action selection. This section formalizes this
observation through a step-by-step comparison with the linear bandit setting.

At the start of learning, both a linear bandit and an HD-CB assign zero estimated
quality to every action. In the linear case, @a = 0 implies 7, = xtT 9a = 0 for
allactions a. In the hyperdimensional case, A, = 0 implies e;, = 6(Ag, Xrq) =0
for all actions. Both models, therefore, begin with a uniform landscape of expected
rewards.

Suppose that at the first round, both models select a suboptimal action a; and
receive a low reward, say 7¢, = 0.1. In the linear bandit, the ridge-regression
update incorporates this observation into the parameter estimate 9at. Because the
reward is positive, the updated estimate yields a strictly positive predicted payoff
Pra =X/ 9(“ > 0, which is now higher than the zero estimate of every unexplored
action. Consequently, in the absence of an explicit exploration mechanism, the
policy will continue to select a; in subsequent rounds, becoming trapped in a locally
suboptimal choice until the exploration strategy forces it to try an alternative.

The dynamics in HD-CB are fundamentally different, due to the structure of
thereward encoding and the properties of the similarity metric. When the reward
Tta, = 0.1 is encoded via thermometer code [237], the resulting reward hypervector
Ria € {—1,+1}P is predominantly composed of —1 entries: only a small fraction
of its components are activated (set to +1) for such a low reward value, while the
remaining majority retains the value —1. When this bipolar reward hypervector
is bound with &},,, the update term R;, © &, will be predominantly anti-
aligned with the context and the cosine similarityd(Ag,, X q,) becomes negative (i.e.,
€t,a; < 0)
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At the next iteration, the estimated payoff of the previously selected suboptimal
action is now strictly lower than the zero estimate of all unexplored actions. The
model will therefore naturally move on to a different action without requiring any
explicit exploration mechanism to override its greedy choice. In effect, HD-CB
encodes the information that “this action was tried and yielded a poor outcome’
directly in the geometry of the hyperdimensional space, making the action less
attractive in a self-correcting manner. Conversely, when an action receives a high
reward (e.g., rtq, = 0.9), the thermometer-encoded vector R; 4, is predominantly
composed of +1 entries, and the update pulls the representative toward the context,
yielding a positive cosine similarity. This creates a natural asymmetry: good actions
are reinforced, while poor actions are actively repelled, both under the same update
rule.

It is important to stress that this implicit exploration bias does not replace the
explicit exploration strategies detailed in Sections 7.1.2-7.1.5. Rather, it provides
an additional layer of robustness against early commitment to suboptimal actions,
complementing the explicit mechanisms. This dual exploration effect—inherent
repulsion combined with deliberate strategic exploration—partly explains the faster
convergence observed in Section 7.2.4 and the competitive reward performance across
the evaluation benchmarks presented above.

The critical threshold in this mechanism is the value r = 0.5, which corresponds
to the neutral point of the thermometer code: when exactly half of the components
of Rit.q, are set to +1, the update neither attracts nor repels the representative.
Rewards below this neutral point produce repulsive updates (implicit exploration),
while rewards above it produce attractive updates (implicit exploitation). Naturally,
one could argue that this symmetric partition at 0.5 is a heuristic choice, and that
the optimal neutral point may depend on the specific application. In environments
where rewards are concentrated in the upper portion of the [0, 1] range, a threshold
of 0.5 may be overly aggressive in penalizing actions, classifying outcomes that are
in fact close to the environmental average as “poor®“. Conversely, in environments
with predominantly low rewards, the same threshold may be too lenient, failing to
sufficiently repel genuinely suboptimal actions. The neutral point of the thermometer
code is, in effect, an implicit hyperparameter of the HD-CB framework whose optimal
value is not determined by the algorithm itself but can be tuned for the target
application.

This limitation reflects a deeper issue in the heuristic nature of the reward-
driven update rule adopted in this chapter and will be addressed and resolved in
Section 11.2.

9

7.3 Summary of Findings

This Chapter introduced the HD-CB framework, the first exploration of Hyperdi-
mensional Computing in the literature for modeling and solving sequential decision-
making problems in the Contextual Bandits domain. HD-CB leverages the mathe-
matical properties of high-dimensional spaces to encode the state of the environment
and represent each action using dedicated hypervectors. At each iteration, these
hypervectors are used to identify the action with the highest expected reward and
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are updated based on the received payoff.

We detailed HD-CB in four distinct variants, each addressing specific challenges
and requirements in CB problems. HD-CBgpg employs an e-greedy exploration
strategy, providing a simple and computationally lightweight solution well-suited
for resource-constrained systems and less complex environments. HD-CBynci
enhances decision accuracy by incorporating confidence-driven exploration but
introduces additional complexity and requires tuning an extra hyperparameter,
5. HD-CBynce simplifies this approach by dynamically controlling updates based
on model confidence, eliminating the need for 5. Finally, HD-CBync3 optimizes
memory efficiency by leveraging the permutation operation.

Experimental validation across synthetic and real-world datasets demonstrated
that HD-CB achieves competitive performance, faster convergence (partly attributable
to an implicit self-correcting exploration bias), and lower computational complex-
ity compared to traditional algorithms. By replacing the costly ridge regression
procedures of traditional CB algorithms with lightweight, highly parallel vector op-
erations, HD-CB significantly reduces computational overhead, resulting well-suited
for resource-constrained systems and an ideal candidate for hardware acceleration.

Two limitations of the approach proposed in this chapter should be noted. First,
the update rule is accumulation-based: the action representative grows unboundedly
over time as new reward-context products are bundled into it, which can lead to
precision issues and complicates deployment on low-precision hardware. Second, the
update rule is heuristic in nature: unlike linear bandits, where the ridge-regression
update minimizes a well-defined objective and provides theoretical regret guarantees,
the HD-CB update is shaped by HDC intuitions rather than derived from an explicit
optimization criterion. As a consequence, the learning dynamics depend on design
choices, such as the neutral threshold of the thermometer encoding, which lack
formal justification and must be tuned empirically. Chapter 11 will address both
limitations—first by deriving the implicit loss function that the baseline update rule
already minimizes, clarifying what the heuristic actually optimizes, and then by
introducing an explicit loss-based formulation that replaces heuristic updates with
an explicit optimization objective.



143

Chapter 8

HD-CBBIN: A Binary
Neuro-Inspired Framework for
Embedded Contextual Bandits

Chapter based on Paper 5 [304]: Marco Angioli, Antonello Rosato, Marcello Barbirotta,
Rocco Martino, Andrea Marcelli, Antonio Mastrandrea, and Mauro Olivieri. Hd-cb bin:
A lightweight approach for contextual bandit learning in real-time applications. In 2025
International Joint Conference on Neural Networks (IJCNN), pages 1-8. IEEE, 2025

"Simplicity is the ultimate
sophistication."

Anonymous

The previous chapter introduced HD-CB, a neuro-inspired reformulation of con-
textual bandits based on hyperdimensional computing. By replacing computationally
intensive linear algebra with lightweight vector operations, HD-CB demonstrated
how principles inspired by the brain—robustness, parallelism, and low-precision
arithmetic—can yield learning models that are both fast and hardware-friendly.
However, that initial formulation employed real-valued hypervectors, which provide
a convenient baseline for algorithmic exploration but remain expensive for highly
resource-constrained embedded deployments. Multiplication and accumulation of
floating-point or high-precision integer elements still demand significant memory
bandwidth and arithmetic resources

These considerations motivate the research question guiding this chapter:

© Resecarch Question

Can HD-CB be realized with binary hypervectors, preserving its online learning
capabilities while reducing memory footprint and computational cost for extreme
edge deployment?

This chapter addresses this question by presenting HD-CBpiy, a streamlined
variant of HD-CB designed specifically for resource-constrained embedded systems.
By introducing significant modifications to the original algorithm—including hybrid
binarization strategies and optimized thinning updates—HD-CBpgy successfully



8.1 Proposed Approach 144

transitions to binary hypervectors, addressing the challenge of preserving precision
during iterative updates, and achieves performance comparable to its real-valued
counterpart. This transition drastically reduces memory overhead, execution time,
and computational complexity, while enabling the deployment of small, efficient
hardware accelerators. These properties make the proposed approach perfect for
low-power embedded applications where execution time is critical.

To demonstrate the advantages of HD-CBpyyn, we implement it across a range
of platforms: a general-purpose CPU, the Raspberry Pi 4, and the Klessydra-T03
RISC-V core. Extensive evaluation against LinUCB confirms HD-CBgn's superior
computational efficiency, scalability, and reduced execution time across increasing
context dimensions. Furthermore, to showcase the benefits of HD-CBpn’s inherent
parallelism, we accelerate both algorithms using dedicated hardware accelerators:
the HDCU [209] (that will be introduced in Chapter 12) for HD-CBpy and the
VCU [114] for LinUCB. These experiments demonstrate the clear advantages of
HD-CBgyy in achieving high performance and energy efficiency, making it an ideal
choice for time-critical, embedded applications.

The main contributions of this chapter are as follows:

e Developing HD-CBpgin, A binary hypervector-based implementation of the
HD-CB framework that reduces computational complexity and memory re-
quirements while maintaining comparable performance.

e Comparing HD-CBpy with the traditional LinUCB algorithm in terms of
computational complexity, memory usage, and execution time.

e Demonstrating the benefits of hardware acceleration for HD-CB, emphasizing
how HDC-based solutions can exploit parallelism significantly more efficiently
than traditional algorithms, achieving substantial speedups and establishing
their suitability for time-critical applications.

The chapter is organized as follows. Section 8.1 introduces the HD-CBgy
framework, detailing the binary encoding, hybrid binarization strategy, and optimized
update rules. Sections 8.2 and 8.4 present an extensive evaluation of online learning
performance, execution time, and memory requirements. The impact of hardware
acceleration is also analyzed. Finally, Section 8.5 summarizes the findings.

8.1 Proposed Approach

Among the four HD-CB variants presented in [225], this work selects HD-CByncz2 as
the baseline due to its superior performance. For simplicity, this variant is referred
to as HD-CB throughout the remainder of this Chapter.

Pseudocode 5 summarizes this algorithm. We remind that in this framework, each
action a is modelled by two high-dimensional vectors: A,, encoding the expected
quality of the action, and B,, representing the frequency of contexts in which the
action has been selected, thereby embedding a measure of confidence in the expected
payoff. These representative HVs are initialized to zero and updated iteratively
during online learning.
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At each time step ¢, the model observes a context x;, and encodes it as a
high-dimensional vector A}, using the record-based encoding technique described in
Chapter 2. For each action a, the estimated payoff (e; ) is calculated as the similarity
between A, and X} ,, while the uncertainty (u¢,) is defined as the complement
of confidence (cq), which is the similarity between B, and &;,. The potential
expectation (p;,) combines these metrics with an exploration factor «, balancing
exploration and exploitation. The action a; is then selected as arg max,(pq), and
the environment provides a real-valued reward ¢ ,,. The received reward is encoded
into the high-dimensional space, R q,, and used to update the A,, HV, moving it
closer to or further from the encoded context, depending on the received payoff.

The confidence vector B,,, on the other hand, is updated using a thinning update
mechanism, in which the confidence value ¢; 4, directly controls how many elements
of B,, are bundled with &; ,. This approach balances integrating new information
with preserving prior knowledge, according to the confidence level of the model.

HD-CBpgiy is the first lightweight and efficient redesign of the HD-CB framework
to address the unique challenges posed by resource-constrained systems operating
under strict real-time requirements. Binary HVs, as detailed in Chapter 2, offer
several advantages in such environments, including reduced memory usage, simpler
arithmetic operations, and compatibility with hardware acceleration. However,
the shift from real-valued to binary HVs in an online-learning context introduces
challenges, particularly in preserving precision during model updates. This section
presents the algorithmic modifications proposed to overcome these challenges.

In the original HD-CB framework, action selection depends on mapping the
context vector x; 4 into a high-dimensional HV X} , and computing its similarity with
the representative HVs A;, and B;,. In HD-CBpyy, this process is re-engineered
to operate in the binary domain, ensuring all three hypervectors—A} 4, A 4, and
B, are binary.

To encode z;, as a binary HV without significant precision loss, we employ
record-based encoding but defer binarization until all d key-value pairs have been
bundled. Binarization is then applied using a threshold of d/2, ensuring that the
semantic properties of the context are preserved. This approach requires intermediate
precision of logy(d) bits per HV element, striking a balance between precision and
efficiency.

For the representative HVs A; , and By ,, on the other hand, the transition to
binary format is more challenging. Direct binarization after each update would
severely degrade precision and compromise the model’s online-learning capability.
To mitigate this, we propose storing these HVs in a Q-bit integer format and
performing binarization only during the action selection phase. Each action a is
associated with a counter (count,), which tracks the number of times the action has
been selected and serves as a threshold for binarization. During action selection,
the binarized HVs are used to efficiently compute similarity metrics, such as the
Hamming distance, and are discarded immediately afterward to preserve precision
in the stored representations. To prevent overflow in the ()-bit integer format,
the representative HVs are periodically replaced with their binarized versions, and
the corresponding counters are reset every 2% iterations. This hybrid strategy,
combining precision-preserving updates with the computational efficiency of binary
operations, ensures that HD-CBpyy remains highly effective for resource-constrained
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Figure 8.1 Average reward for HD-CBgn as a function of the exploration parameters
a, over 1000 iterations, averaged across 100 synthetic datasets. The experiments were
conducted with a HV size of 1000, N = 20, continuous rewards in the range [0,1], and
d = 10.

and real-time applications.

Since the Hamming distance increases with the dissimilarity of HVs, the similarity
results in HD-CBgy must be interpreted accordingly. Specifically, e; , is defined
as the complement of éganr(Xy q, At,q), while the uncertainty u, , is directly given
by dmanm (Xt a, Bta). The potential expectation py q is then calculated as the sum
of e;q and uy 4, with the confidence value ¢t derived as the complement of u; q.
These values guide the update phase of the algorithm. Importantly, the normalized
Hamming distance is not used in these calculations to avoid costly division operations,
as the relative ordering of p;, values is sufficient for action selection.

To further optimize HD-CBpgyyn, we propose reducing the computational overhead
of the thinning update mechanism by discretizing the confidence value ¢; , into M
levels. Each level is associated with a precomputed mask HV, which is generated
during initialization with sparsity proportional to the corresponding confidence
level. For example, a mask associated with ¢;, = 0.1 will have approximately 10%
of its elements set to 1, while the remaining elements are set to 0. During the
update phase, the mask corresponding to the current confidence level is retrieved
and permuted by a random number of positions to introduce stochasticity into the
updates. The permuted mask is then applied to the binary &}, using an element-
wise AND operation. The resulting HV is subsequently bundled with B;,. This
method reduces computational complexity by leveraging precomputed masks and
ensures that all operations conform to standard HDC arithmetic. Consequently, it
enables efficient implementations in both software frameworks [305] and hardware
accelerators [209].
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8.2 Online Learning and Parameter Analysis

To evaluate the online learning capabilities of the proposed HD-CBgy model, we
conducted extensive simulations on synthetic datasets emulating CB problems.
In these experiments, the models iteratively observe new contexts, select actions,
and receive rewards, mimicking real-world sequential decision-making scenarios.
Synthetic datasets provide a robust and replicable framework for assessing model
performance under controlled conditions, enabling a detailed analysis of adaptability,
learning efficiency, and convergence behavior.

8.2.1 Learning Capabilities

The learning performance of HD-CBpn was assessed using the average reward as
key metric. Average reward directly reflects how effectively the model selects actions
to maximize cumulative payoff, indicating exploration efficiency and alignment with
the optimal strategy over time.

The evaluation involved testing HD-CBpry on 100 synthetic datasets, using a HV
size of 1000, while varying the context feature vector size and numbers of actions. For
clarity, Figure 8.1 specifically illustrates the performance of HD-CBgy configured
with 20 actions, continuous rewards in the range [0, 1], a context feature vector size
of 10, and varying the exploration parameter o. The results, evaluated over 1000
iterations, demonstrate that HD-CBgn consistently learns and converges toward
optimal solutions, with the average reward approaching 1.

Similar to traditional CB algorithms, the performance of HD-CBpgy is influenced
by its exploration parameter o«. When « is too small (e.g., « = 0.01), the model
explores insufficiently, resulting in a suboptimal performance characterized by slow
reward growth and high cumulative regret. Conversely, excessively large values of «
lead to over-exploration, where the model continues exploring unnecessarily after
identifying the best actions, reducing its cumulative reward.

8.2.2 Impact of the Q Parameter

The parameter (), representing the bit-width used to store each element in the repre-
sentative hypervectors A; , and By 4, plays a critical role in balancing model precision
and computational efficiency. To analyze its impact, we conducted experiments
varying @) across 1 (binary), 2, 4, 8, and 16.

Figure 8.2 illustrates the average reward trends achieved by HD-CBpgiy across
100 synthetic datasets for different values of ). The results reveal the following
insights:

e For () = 1, where the HVs are binarized at every iteration, the significant loss
of precision severely hinders the model’s ability to learn effectively in real-time
scenarios.

e Increasing () progressively enhances performance, with substantial improve-
ments observed up to @@ = 8. Beyond this, no noticeable difference is observed
between @@ = 8 and @) = 16, indicating that 8-bit integers provide sufficient
precision for representing A; , and B; , without compromising performance.
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o Interestingly, even with @ = 4, the average reward decreases by only 4%
compared to ) = 8. This suggests that () = 4 can be a practical choice for
applications where minimizing resource usage is critical.

Based on these findings, () = 8 is selected for subsequent experiments, as it strikes
an optimal balance between precision, computational efficiency, and compatibility
with the standard 8-bit format prevalent in embedded systems.

8.2.3 Comparative Analysis

We compared the performance of HD-CBpn against both the real-valued HD-CB
implementation and the traditional LinUCB algorithm using synthetic datasets, with
average reward serving as the primary performance metric. We varied the context
feature vector size (d) and the number of actions (N) in the ranges [10, 15, 20] and
[5, 10, 20], respectively.

The results in Table 8.1 show that HD-CBgn achieves performance similar to the
real-valued HD-CB, with average rewards closely aligned across all configurations.
Furthermore, both HD-CB variants consistently outperform or match LinUCB,
highlighting that HD-CBpn delivers competitive results using only binary HVs.

8.3 Memory Requirements Analysis

Memory overhead is a critical factor in embedded systems, where resources are
limited and efficient utilization is essential. HD-CBgin requires 2N HV with Q-bit
precision, (d 4+ L) binary HVs for record-based encoding (where L is the number of
quantization levels), and M binary HVs for the pre-computed masks. In contrast,
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Figure 8.2 Impact of the Q-parameter on the learning performance of HD-CBgin. The
plot shows the average reward trends across 100 synthetic datasets for different @ values,
where ) represents the bit-width used to store each element in the representative HVs
At o and By .



8.3 Memory Requirements Analysis 149

Table 8.1 Performance Comparison of LinUCB, Real-Valued HD-CB, and HD-CBgin
Across Context Sizes (d) and Number of Actions (V).

d N |LinUCB HD-CB HD-CBgin

10 5 0.800 0.787 0.785

10 10 0.784 0.770 0.774

10 20 0.854 0.949 0.947

15 5 0.970 0.988 0.990

15 10 0.862 0.874 0.861

15 20 0.878 0.890 0.880

20 5 0.849 0.791 0.778

20 10 0.902 0.920 0.912

20 20 0.789 0.937 0.940

B LinUCB =1 HD-CBuncs (1024) HD-CBucy, 2 (256)
EEN HD-CBgps (1024) B HD-CBuncz - g (1024) HD-CBuncs (256)
=1 HD-CBync: (1024)  EZE HD-CBeps (256) EZZ2 HD-CBunca— s (256)

Memory Req. (Bytes)

8 16 64 128
Context Size (d)

Figure 8.3 Memory requirements comparison for LinUCB, HD-CB, and HD-CBgyy across
varying context feature vector sizes (d) and HV sizes (D).

the LinUCB algorithm relies on NV d x d matrices and N d x 1 vectors, with elements
represented in floating-point or fixed-point formats.

Fig. 8.3 extends Fig. 7.7 in the previous chapter by including HD-CBpy to
highlight the significant memory savings achievable simply by adopting a more
compact data type. The results demonstrate the consistent memory savings of
HD-CBgin over the real-valued counterpart and its linear dependence on the context
feature vector size (d), compared to the quadratic one of LinUCB. This distinction
is critical, as it confirms that as d increases, HD-CBpgy introduces significantly less
memory overhead than LinUCB, establishing HD-CBpn as a strong candidate for
efficient deployment in memory-constrained systems.
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Figure 8.4 Execution time comparison for LinUCB, Real-Valued HD-CB, and HD-CBgy
across varying context feature vector sizes (d). Measurements are conducted on a) a
general-purpose CPU (@ 2.30 GHz), b) Raspberry Pi 4 (@ 1.8 GHz), and c¢) Klessydra-
T03 RISC-V core (@ 200 MHz), illustrating the linear execution time trend of HD-CBgn
compared to the cubic and quadratic trends of LinUCB and LinUCB-SM, respectively.

8.4 Execution Time Analysis

8.4.1 Software Execution

To evaluate the efficiency of HD-CBpgn and its feasibility for time-critical applications,
we measured its execution time across different hardware platforms and compared
it against the LinUCB algorithm, both in its traditional formulation and with the
Sherman-Morrison optimization introduced in Chapter 5. The experiments were
conducted on three platforms: a general-purpose CPU (11th Gen Intel(R) Core(TM)
i7-11800H @ 2.30GHz), a Raspberry Pi 4, and the embedded Klessydra-T03 RISC-
V core. All algorithms were implemented in C++ without pre-defined libraries
or dynamic memory allocation to ensure compatibility with embedded systems.
Execution times were recorded by direct execution on the general-purpose CPU
and Raspberry board, while they were done by cycle-accurate RTL simulation on
QuestaSim for the Klessydra T03 implementations, with a 200 MHz simulated clock
frequency. The simulation was conducted for varying context feature vector sizes (d)
and averaged over multiple runs.

Figure 8.4 shows the results obtained across the three platforms. Independent of
the absolute execution times, which naturally vary across platforms due to differences
in hardware capabilities (general-purpose CPU being the fastest, followed by the
Raspberry Pi and the Klessydra core), the key insight lies in the growth trends of
execution time with respect to the context feature vector size (d). The experimental
results strongly validate the theoretical expectations described in Chapter 2. The
LinUCB algorithm, in its standard (STD) implementation, exhibits a cubic growth
in execution time, aligning with its O(d®) complexity. The SM variant mitigates this
overhead by employing incremental updates, reducing the complexity to O(d?). In
contrast, HD-CBgy demonstrates a linear growth in execution time with respect to d,
matching its theoretical complexity of O(d). As d increases, HD-CBpn demonstrates
superior scalability compared to LinUCB, becoming faster than both the STD and
SM variants of LinUCB. This efficiency does not come at the expense of performance,
as previously demonstrated in Section 8.2, where HD-CBpy was shown to provide
competitive learning capabilities.

As expected, by replacing the complex and time-consuming matrix operations
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Table 8.2 Accelerator Configuration and Resource Utilization

Accelerator ‘ LUTs FFs DSPs fmax(MHz)
VCU (SIMD = 4) 11366 3301 23 140
HDCU (SIMD = 128, B = 8 bits) | 11496 3017 8 218

required by LinUCB with simple and fast arithmetic operations between vectors in
the high-dimensional space, HD-CBpin achieves substantial computational advan-
tages, making it an ideal candidate for real-world applications where computational
resources are constrained, and real-time responsiveness is critical.

8.4.2 Hardware Acceleration

Hardware acceleration can play a critical role in maximizing execution speed in
time-constrained applications by offloading computationally intensive operations
to specialized hardware units [306, 307]. To evaluate the benefits of hardware
acceleration on CB algorithms, we adopt the Klessydra VCU [114] for the LinUCB
to handle its matrix operations and a hyperdimensional computing accelerator [209]
(that will be introduced in Chapter 12) for HD-CBpn. Both architectures can be
selectively integrated into the Klessydra-T03 RISC-V core at synthesis time, feature
dedicated local memories, and are controlled through custom RISC-V instruction set
extensions fully integrated into the GCC compiler and exposed to the programmer as
simple intrinsics. Notably, neither of these architectures is application-specific. The
VCU is designed to efficiently process operations on vectors of numbers, exploiting
data-level parallelism, and is chosen due to the strong dependence of LinUCB
algorithms on matrix operations, as discussed in Chapter 2. The HDCU, on the
other hand, is a general-purpose and flexible hardware accelerator designed to
optimize the execution time of the basic arithmetic operations between binary HVs,
perfectly fitting HD-CBpin. Both accelerators are reconfigurable at synthesis time
in terms of the SIMD (Single Instruction Multiple Data) width, which defines the
number of integer vector elements or binary HV elements processed in parallel
by the VCU and HDCU, respectively. The vector sizes and HV sizes are set at
run-time through dedicated Current Status Registers. Both accelerators leverage a
hardware loop mechanism to efficiently repeat instructions until all vector elements
are processed—based on the configured SIMD width and vector size—without
requiring additional instruction fetches. The HDCU includes further configurability
in terms of the bundling capacity (B), allowing the bit precision used during this
operation to be set at synthesis time. To ensure a fair comparison, the accelerators
were configured to utilize similar hardware resources, as summarized in Table 8.2.

To quantify the impact of hardware acceleration on the execution time, the C++
implementation of the algorithms was modified to operate in two distinct modes: a
software-only mode executed on the scalar processing core and a vectorized mode
utilizing the VCU and HDCU. In the vectorized mode, arithmetic matrix operations
for LinUCB and HDC operations for HD-CB were parallelized using the specialized
vector intrinsic functions supported by the compiler toolchain.

Figure 8.5 presents the execution time results for the accelerated and non-
accelerated versions of LinUCB (standard and SM variants) and HD-CB across
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Figure 8.5 Execution time comparison for LinUCB (standard and SM variants) and
HD-CBgn, with and without hardware acceleration. HD-CBgn achieves up to 217x
speed-up using the HDCU over the software implementation and outperforms LinUCB-
SM-ACCL by 13.56x to 141.7x as d increases, showcasing superior scalability and
efficiency.

various context feature vector sizes. The results demonstrate significant speed-ups
enabled by hardware acceleration. The VCU achieved speed-ups of up to 5.54x for
LinUCB-STD and 1.5x for LinUCB-SM, reducing the impact of matrix operations
on execution time. At the same time, the HDCU shows a remarkable speed-up of up
to 217x for HD-CBpiy, showcasing the significant benefits of leveraging the parallel
nature of HDC. This version achieves consistent and substantial speed-ups compared
to LinUCB-SM with hardware acceleration (LinUCB-SM-ACCL). The speed-up
ranges from 13.56x when d = 4 to 141.7x when d = 32, further emphasizing
the scalability and efficiency of the HD-CB framework in hardware-accelerated
environments.

8.5 Summary of Findings

This chapter introduced HD-CBpgiy, a lightweight and highly efficient implementa-
tion of the HD-CB framework designed for automating contextual bandits problems
on resource-constrained systems operating under stringent real-time requirements.
By introducing modifications to the original algorithm, including hybrid binariza-
tion strategies and optimized thinning updates, HD-CBpy significantly reduces
computational complexity, execution time, and memory overhead using binary HVs.

We benchmarked HD-CBpin on synthetic datasets, comparing its performance
to the traditional state-of-the-art LinUCB algorithm and the real-valued HD-CB
framework. The results demonstrated that HD-CBgin achieves competitive rewards
and low cumulative regret, highlighting its robustness in sequential decision-making
tasks. To evaluate computational efficiency, we implemented HD-CBgy and Lin-
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UCB on various platforms, including a general-purpose CPU, a Raspberry Pi 4,
and the embedded Klessydra-T03 core. The experiments demonstrated that HD-
CBgin achieves linear execution time with respect to the context feature vector size,
providing significant scalability advantages over LinUCB, which exhibits cubic and
quadratic complexity in its standard and Sherman-Morrison variants, respectively.
Finally, hardware acceleration was leveraged to optimize the execution speed further.
Using the HDCU we demonstrated the transformative potential of hardware support
for HD-CB. The presented algorithm achieved up to a 141x speedup over LinUCB,
highlighting the advantages of HDC’s inherently parallel operations.

The combination of algorithmic efficiency, the impact of hardware acceleration,
and scalability underscores HD-CBpiyn as a strong candidate for CB problems in
time-critical applications that require rapid, autonomous decision-making.

However, two aspects of the evaluation should be noted. First, the analysis in
this chapter focused exclusively on the HD-CBynco variant, which was selected as
the baseline due to its superior performance and higher hardware demands compared
to the other variants introduced in Chapter 7. Second, the evaluation relied on
online learning within controlled synthetic environments. While this is a natural
setting for cross-platform benchmarking, it would benefit from a comprehensive
assessment of how periodic binarization affects decision quality in more complex
problem configurations.

These design choices leave open a critical question: whether the periodic bina-
rization mechanism introduces a systematic accuracy penalty that becomes evident
in more challenging evaluation settings. In particular, the simpler e-greedy variant,
which lacks the confidence-driven exploration of HD-CBynce, may prove to be more
sensitive to precision loss during binarization resets. Chapter 11 investigates this
directly: Section 11.1 evaluates HD-CBgy alongside a novel proposed probabilistic
variant, employing e-greedy exploration and off-policy evaluation on more complex
standardized environments.



154

Chapter 9

Hybrid HD-CB: A
High-Dimensional Approach to

Contextual Bandit Problems in
Hybrid Settings

This Chapter presents original work not yet published

“Alone we can do so little; together
we can do so much.”

Helen Keller

The previous chapters demonstrated how HDC can simplify and accelerate
contextual bandit learning by replacing matrix-based operations with lightweight,
parallel-friendly vector arithmetic. HD-CB recasts the problem into the high-
dimensional space, achieving robust performance and linear complexity, and HD-
CBpin pushes this further with binary representations for extreme edge deployment.

However, both formulations treated actions independently, mirroring the Disjoint
approach (Chapter 2) without leveraging structure or correlations across actions. In
many real-world applications, such as recommender systems, robotic control and
adaptive interfaces, actions share features or latent relationships, and exploiting
these can accelerate convergence and improve cumulative reward. While the linear
hybrid algorithm [74] addresses this by introducing shared parameters learned across
all actions, its computational cost creates a bottleneck for real-time edge computing,
effectively restricting the majority of modern libraries and systems to the less efficient
disjoint formulation [76].

These considerations motivate the research question guiding this chapter:

© Research Question

Can HD-CB be extended to exploit shared structure across actions while pre-
serving the linear complexity and hardware efficiency of the original framework?

This chapter introduces Hybrid HD-CB, a novel extension that encodes both
contextual information and action features into high-dimensional space. Shared



9.1 Proposed Approach 155

hypervectors, updated across all actions at each learning step, enable the model to
generalize from previously explored context—action pairs and estimate rewards for
tuples not yet observed — all through lightweight HDC arithmetic that preserves the
low overhead and parallelism essential for embedded deployment. Evaluation across
synthetic and real-world dataset shows that Hybrid HD-CB consistently outperforms
Hybrid LinUCB in learning quality. Moreover, we propose a binarized variant of the
algorithm inspired by Chapter 8 and demonstrate that it can achieve up to 48.9x
faster execution under hardware acceleration while reducing memory consumption
by more than 50x.
The main contributions of this chapter are:

e Hybrid HD-CB: a novel extension of the HD-CB framework to hybrid contextual
bandit settings. By encoding action features into high-dimensional space and
introducing shared hypervectors, the model captures inter-action correlations
while maintaining linear computational complexity.

e Hybrid HD-CBp;n: a binary implementation of the hybrid model tailored
for resource-constrained platforms, leveraging quantized updates and binary
hypervectors to minimize memory footprint and arithmetic cost.

o Extensive comparative evaluation against Hybrid LinUCB (both standard and
Sherman—Morrison-Woodbury variants) on synthetic and real-world bench-
marks, demonstrating superior scalability, faster convergence, and significantly
lower memory requirements.

e Hardware acceleration: evaluating Hybrid HD-CBg;y on the HDCU and
comparing it against Hybrid LinUCB accelerated on the VCU, quantifying the
gains enabled by the intrinsic parallelism of HDC operations.

The chapter is organized as follows. Section 9.1 introduces the Hybrid HD-CB
framework, detailing the encoding of action features and the shared hypervector
update mechanism. Section 9.2 evaluates online learning performance on synthetic
datasets with both binary and continuous rewards. Section 9.3 presents evaluation
on the MovieLens-100k real-world benchmark. Section 9.4 introduces the binary
variant and evaluates execution time on embedded platforms. Section 9.5 analyzes
the impact of hardware acceleration using the HDCU and VCU. Section 9.6 compares
memory requirements. Finally, Section 9.7 summarizes the findings.

9.1 Proposed Approach

Hybrid HD-CB incorporates both action-specific and shared parameters to exploit
relationships among actions. The key idea is to encode the interaction between
context and action features directly in high-dimensional space, so that actions
with similar feature representations naturally produce similar estimates, enabling
the model to generalize from limited observations without maintaining covariance
matrices.
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9.1.1 Intuition

In the disjoint formulation of HD-CB (Chapter 7), each action is modelled inde-
pendently: its representative HV accumulates information only from rounds in
which that specific action is selected. This mirrors the Disjoint LinUCB approach
[74] and works well when actions are unrelated. However, when actions share an
underlying feature representation—for instance, movies described by genre, director,
and cast—information gathered about one action should inform estimates for similar
ones.

Hybrid HD-CB addresses this by introducing a state-action encoding. Prior to
online learning, during the initialization phase, for each action a, the action feature
vector y, € Rf is encoded into the high-dimensional vector ), using the record-based
encoding method described in Chapter 2. Then, at each time step, the observed
context hypervector X;, is bound with every a action-feature hypervector ), to
produce a composite representation S, = &} o ® ), representing the state-action
pair. The structured similarity property of the binding operator ensures two forms
of generalization:

o If Y, is similar to )/, then S;, will be similar to &; ,/, allowing the shared
representative hypervectors to transfer knowledge between them.

o Similarly, if A, is similar to &y ,, then S; , will be similar to Sy ,, enabling
generalization across similar contexts over time.

These properties allow Hybrid HD-CB to learn faster than the disjoint formulation
when action features carry meaningful structure, while degenerating gracefully to
the disjoint case when actions are orthogonal in feature space.

9.1.2 Algorithm description

The proposed approach, outlined in Pseudocode 8, builds upon HD-CB by introducing
two additional representative hypervectors: M 4 and M p. These are shared across all
actions, initialized to zero, and updated iteratively during learning. By incorporating
these shared components, Hybrid HD-CB adds new terms to both the estimated
reward and its associated uncertainty, enabling cross-action generalization.

At each round t, the observed context z;, € R? is encoded into the hypervector
X o. For each action a, the algorithm computes two groups of estimates:

» Action-specific terms: The estimated reward e;, and uncertainty wu;, are
computed exactly as in HD-CB, by measuring the cosine similarity between
X o and the action-specific representative hypervectors A, and B,, respectively.

o Shared terms: The state-action hypervector S; , = X} o ® ), is constructed by
binding the context with the action descriptor. Its similarity to M4 yields
the shared reward estimate se; o, and its similarity to Mp yields the shared
confidence sc; q, from which the shared uncertainty su;q, = 1 — sc; o is derived.

The combined potential payoff is then:

Pra = (eta + seta) + alutq + sura), (9.1)



9.2 Online Learning Performance 157

1.0
—_— ]
/
o 0.94
g
> VW -7 | | e RND Policy
ﬂaﬁ) 0.8 1 —_— a=0.10
2 a=0.22
-
r_; 0.7_ — a=033
:Es — a=0.45
O — a=0.57
0.6 1 —— a=0.68
a=0.80
05 AT “'.”":”“'““.”".”: e --I ------------ 1 ]
200 400 600 800 1000
Rounds

Figure 9.1 Average reward for HD-CB-Hyb as a function of the exploration parameters
a, over 1000 iterations, averaged across 100 synthetic datasets. The experiments were
conducted with a HV size of 1000, N = 20, continuous rewards in the range [0,1], d = 15
and f =10

where a > 0 balances exploration and exploitation. The action with the highest
potential payoff is selected a; = arg max, p; q.

After observing the reward r;,,, the model updates both components. The
action-specific HVs, A, and B,, are updated following the same rules as in HD-CB.
The shared hypervectors, M4 and Mp, are updated as in (9.2) and (9.3).

MA — MA S (St,at X Rt,at)a (92)
Mp < Mp & thinning(St.q,, SCt,a)- (9.3)

Specifically, R¢ 4, is bound with the context vector S;,, and used to update M4
through a bundling operation. M p, on the other hand, is updated using the thinning
operation explained in Chapter 7 controlled by the shared-confidence value sc; 4, to
balance incorporating new information while retaining historical knowledge.

9.2 Online Learning Performance

To evaluate the online learning capability of Hybrid HD-CB, we conducted extensive
simulations in a synthetic hybrid contextual bandit environment. Each dataset
defines an N-armed problem where, at each round ¢, the learner observes a context
vector X; q € R and selects one of N actions, each associated with a fixed action-
feature vector y, € Rf. Rewards are generated using a hybrid model combining a
context-dependent term, an action-dependent term, and an interaction term coupling
context and action features. We evaluate both binary rewards, sampled from a
Bernoulli distribution with mean given by a logistic link applied to the latent score,
and continuous rewards in [0, 1], obtained by mapping the latent score to the unit
interval.

Figure 9.1 illustrates the learning behavior of Hybrid HD-CB across 100 synthetic
datasets configured with D = 1000, N = 20, continuous rewards, d = 15 and f = 10.
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Algorithm 6 Hybrid HD-CB
1: Input: exploration factors a; € R4, ap € Ry
2: fort=1,2,...,7 do
3: fora=1,2,...,K do

4: Encode context x4 in X4

5: if t =1 then

6: A, <+ Op

7: B, <~ 0p

8: My <+ 0p

9: Mg+ 0p

10: Encode action-specific feature vector into ),
11: end if

12: Action-specific estimations

13: €ta 5cos(-/4a7 Xt,a)

14: Cta < 5005(3117 Xt,a)

15: Ut,q < 1-— Ct,a

16: Shared estimations

17: St,a < Xt,a b2y ya

18: st q < Ocos(Ma, St.q)

19: SCt.q < 5CoS(MB, St,a)

20: SUtq < 1 — sCtq

21: Combined potential payoff

22: Dt < (€ta + S€ia) + a1 (Ut + SUtq)
23: end for

24: a; < argmax, Pi.q

25: Observe reward 7y q,

26: Encode reward into hypervector Ry q,
27: Action-specific update

28: Aat — Aat @ (Xt,a & Rt,at)

29: B,, < B,, @ thinning(X; q, ¢t q,)

30: Shared update

31: My~ My @ (St,zzt & Rt,at)

32: Mp < Mp @ thinning(S; 4, , 5¢t,4,)
33: end for

The exploration parameter a was varied between 0.1 and 0.8, and the model was
evaluated over 1000 iterations. The results confirm that Hybrid HD-CB consistently
learns and converges toward optimal solutions across the tested range. The average
reward approaches the maximum as iterations progress, demonstrating effective
sequential decision-making. The exploration parameter plays a critical role: values
that are too small (e.g., « = 0.1) limit the model’s ability to identify optimal
actions, while excessively large values cause over-exploration and slower convergence.
Intermediate values of « yield the best accuracy—convergence trade-off.

Tables 9.1 and 9.2 summarize the per-round execution time and the average
regret for the hybrid setting under binary and continuous rewards, respectively (for
each method, « is selected as the best-performing value over the explored range).
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Table 9.1 Hybrid bandit: per-round execution time (ms) and average regret (best « per
model). Binary Reward.

Dims Hybrid LinUCB Hybrid HD-CB

d f | Time (ms) AvgRegret | Time (ms) AvgRegret

8 8 5.006 0.0893 1.404 0.0411

8 16 12.058 0.0840 1.444 0.0501

8 32 21.150 0.0704 1.452 0.0434
16 8 13.854 0.0797 1.504 0.0465
16 16 25.382 0.0752 1.558 0.0286
16 32 50.062 0.0669 1.540 0.0322
32 8 35.897 0.0587 1.640 0.0310
32 16 87.625 0.0589 1.674 0.0386
32 32 141.534 0.0563 1.701 0.0355

Table 9.2 Hybrid bandit: per-round execution time (ms) and average regret (best a per
model). Continuous Reward.

Dims Hybrid LinUCB Hybrid HD-CB

d f | Time (ms) AvgRegret | Time (ms) AvgRegret

8 8 4.921 0.0460 1.471 0.0491

8 16 11.486 0.0418 1.487 0.0399

8 32 20.774 0.0420 1.538 0.0361
16 8 13.833 0.0438 1.589 0.0274
16 16 25.491 0.0461 1.596 0.0270
16 32 50.473 0.0365 1.607 0.0224
32 8 35.970 0.0492 1.754 0.0157
32 16 89.283 0.0405 1.753 0.0142
32 32| 150.700 0.0325 1.656 0.0136

Two clear trends emerge. First, Hybrid LinUCB exhibits a steep increase in per-
round latency as the context and action-feature dimensions grow (from = 5 ms up
to &~ 151 ms), reflecting the cubic cost of matrix-based updates. In contrast, Hybrid
HD-CB remains nearly constant at ~ 1.4-1.7 ms across all configurations, yielding
speedups ranging from 3.3x to 91x. Second, Hybrid HD-CB consistently achieves
lower regret in the binary setting for all tested (d, f) pairs (typically reducing regret
by roughly 1.5x-2.6x compared to Hybrid LinUCB). In the continuous setting,
Hybrid LinUCB is marginally better only in the smallest reported configuration
(d, f) = (8,8), whereas Hybrid HD-CB becomes clearly superior as dimensionality
increases, reaching up to =~ 3.1x lower regret. Overall, these results indicate that
Hybrid HD-CB provides a markedly better accuracy—efficiency trade-off, particularly
in higher-dimensional hybrid problems where conventional linear methods incur both
higher computational overhead and higher regret.

Figure 9.2 provides a complementary view of the computational advantage
by reporting the speedup, defined as the ratio between the per-round execution
time of Hybrid LinUCB and that of Hybrid HD-CB, while jointly increasing the
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context and action-feature dimensions d and f in {4,8,16,32,64}. The speedup
grows rapidly with dimensionality, ranging from 1.23x for (d, f) = (4,4) up to
1871x for (d, f) = (64, 64), highlighting an increasingly pronounced benefit in high-
dimensional hybrid settings. This behavior reflects the different computational
profiles of the two methods. Hybrid LinUCB relies on matrix-based updates with
cost O(k3) = O(f3d?)), where k = df is the interaction feature dimension, as ex-
plained in Chapter 2. Even under the Sherman—Morrison-Woodbury optimization,
the dominant cost remains O(f?d?). Hybrid HD-CB, by contrast, is dominated by
elementwise operations that scale linearly with d and f for fixed hypervector dimen-
sion. As a result, the computational advantage becomes increasingly pronounced in
high-dimensional hybrid problems, precisely the regime where the hybrid formulation
is most valuable.

9.3 Evaluation on the MovieLens-100k Dataset

To assess whether the advantages observed on synthetic data transfer to a real-world
setting, we evaluated Hybrid HD-CB on the MovieLens-100k dataset, following
the same contextual bandit protocol described in Chapter 7. Each decision round
corresponds to a user interaction: the user profile constitutes the context, the movie
characteristics are the action features, the policy recommends one movie among
a candidate set of N arms, and the reward is observed only for the chosen movie.
Ratings were binarized (1 for ratings > 4, 0 otherwise), and the user-side context
was obtained by discretizing age into buckets and applying one-hot encoding to age
group, gender, and occupation.

Table 9.3 reports the average regret of Hybrid LinUCB and Hybrid HD-CB as
the number of candidate movies N increases. For small candidate sets (N = 10
and N = 50), Hybrid HD-CB achieves substantially lower regret, while as N grows,
the gap narrows. Overall, these results confirm that the proposed high-dimensional
hybrid formulation remains competitive on real recommendation data and can
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Figure 9.2 Speedup achieved by Hybrid HD-CB compared to Hybrid LinUCB on synthetic
datasets with varying context (d) and action (f) feature vector sizes. The speedup,
calculated as the ratio of Hybrid LinUCB’s execution time to Hybrid HD-CB’s execution
time, dramatically increases as f and d grow.
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provide clear benefits.

Table 9.3 Movielens: Average model-based regret for Hybrid LinUCB and Hybrid HD-CB
as the number of movies N increases.

N (movies) Hybrid LinUCB Hybrid HD-CB

10 0.1565 0.0608
50 0.1790 0.0624
100 0.1633 0.1624
200 0.1641 0.1486

9.4 Hybrid HD-CB on Embedded Systems

To evaluate the efficiency of the proposed Hybrid HD-CB algorithm on embedded
systems and hardware accelerators, we implemented Hybrid HD-CBgyy, a binary
version of the model in C++, inspired by the approach introduced in Chapter 8 [304].

Hybrid HD-CBpy applies binarization after encoding the context X and the
actions ), using d/2 and f/2 as thresholds. All representative HVs maintained
by the learner—both action-specific (Aq, B,) and shared (M 4, Mp)—are stored
using 8-bit precision. This choice is motivated by the findings in Chapter 8, which
showed that directly binarizing representative HVs after every update introduces
significant quantization noise and hinder online learning, whereas 8-bit integers can
preserve the learning behavior. To support this mechanism, compact counters track
the number of updates applied to each representative HV. During action selection,
the representatives are temporarily binarized using half of the corresponding counter
values as thresholds and are then used to compute similarities using Hamming
distance. To prevent saturation of the 8-bit representatives, they are periodically
refreshed by replacing them with their binarized versions every 28 = 256 iterations,
balancing precision retention with the lightweight requirements of embedded systems.

We evaluated the execution time of Hybrid HD-CBgyy on a general-purpose CPU
(11th Gen Intel® Core™ i7-11800H @ 2.30 GHz) and on the embedded Klessydra-T03
RISC-V core, comparing against Hybrid LinUCB in both its standard formulation
and its Sherman—Morrison—Woodbury optimized variant described in Chapter 5.
All implementations were written in C++ without external numerical libraries and
without dynamic memory allocation to ensure compatibility with embedded targets.
Execution time on the Intel CPU was measured directly, while cycle-accurate RTL
simulations were performed on QuestaSim for the Klessydra-T03 using a 100 MHz
simulated clock frequency.

Figure 9.3 reports execution time while varying the action feature dimension f
from 4 to 32 (with d = 8 and N = 8 fixed). Consistent with the previous scaling
analysis, Hybrid HD-CBpgn maintains near-constant latency across the tested range,
while both Hybrid LinUCB variants exhibit steep growth driven by their cubic and
quadratic dependence on f.
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Figure 9.3 Execution time results for Hybrid HD-CB and Hybrid LinUCB (standard and
SMW variants) evaluated on a general-purpose CPU and the embedded Klessydra core.
The experiments were conducted by varying the action feature vector size (f) while
keeping the context feature vector size (d = 8) and the number of actions (N = 8) fixed.

9.5 Hardware Acceleration

To quantify the additional gains achievable through dedicated hardware support, we
leveraged the VCU for Hybrid LinUCB and the HDCU (that will be introduced in
Chapter 12) for Hybrid HD-CB. As already noted for HD-CB, both architectures are
general-purpose and not application-specific: the VCU is optimized for vector and
matrix operations exploiting data-level parallelism, while the HDCU targets binary
hypervector operations. For a fair comparison, the two accelerators were configured
to occupy similar hardware resources (~11,400 LUTs, ~3,100 FFs).

Both algorithms were implemented in C++ under two execution modes: software-
only (scalar core) and vectorized (leveraging the respective accelerator through
dedicated intrinsic functions).

Figure 9.4 presents the execution time (in clock cycles) for the accelerated and
non-accelerated versions of Hybrid LinUCB (standard and SMW variants) and
Hybrid HD-CB across varying action feature dimensions f. The VCU provides
measurable speedups for Hybrid LinUCB, reaching up to 3.4x for the standard
variant and 2.9x for the SMW variant, thereby reducing the overhead of matrix-
based operations. In contrast, the HDCU delivers substantially larger gains for
Hybrid HD-CB, achieving up to 275x acceleration relative to its software-only
implementation. This substantial improvement showcases the ability of the HDCU
to exploit the parallelism inherent in HDC operations.

When comparing the hardware-accelerated implementations, Hybrid HD-CB
with HDCU consistently outperforms Hybrid LinUCB with VCU. In particular, the
speedup of Hybrid HD-CB over Hybrid-SMW-ACCL ranges from 5.1x at f =4 to
48.9x at f = 32, highlighting superior scalability as the action feature dimension
increases. Overall, the combination of an intrinsically scalable algorithmic structure
and an accelerator tailored to binary HV operations positions Hybrid HD-CB as
a highly efficient solution for contextual bandits in embedded and time-critical
applications.
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Figure 9.4 Execution time results (in clock cycles) for Hybrid HD-CB and Hybrid LinUCB
(standard and SM variants) with hardware acceleration using the HDCU and VCU,
respectively. The experiments varied the action feature vector size (f) while keeping
d =8 and N = 8 fixed.

9.6 Memory Requirements

A final dimension of comparison concerns memory overhead, which is particularly
constrained on embedded platforms. Hybrid HD-CBgin requires 2 + 2N HV with
Q@-bit precision for the shared and dedicated representative HVs, (d + L) binary
HVs for record-based encoding (where L is the number of quantization levels), and
M binary HVs for the pre-computed thinning masks. In contrast, the LinUCB
algorithm relies on a d x d matrices, a d X 1 vectors, and a d x k vector for each
action, and one k x k shared matrix and k& x 1 shared vector, each with elements
represented in 32-bit floating-point or fixed-point formats.

Figure 8.5 compares memory requirements across d and f ranging from 8 to 128,
with D = 1024, N =8, L =15, M = 10, and () = 8. Hybrid HD-CBpn exhibits
linear growth with d and f, while Hybrid LinUCB grows quadratically due to its
dependence on d X d and k x k matrices. The gap widens rapidly: at d = f = 128,
Hybrid HD-CBpgiy achieves over 50x memory reduction: a decisive advantage for
platforms where RAM is measured in kilobytes.

9.7 Summary of Findings

This chapter introduced Hybrid HD-CB, a high-dimensional framework for contextual

bandit problems in hybrid settings. The core idea—encoding context—action interac-

tions in high-dimensional space through binding—enables cross-action generalization

without covariance matrices that make linear hybrid models prohibitively expensive.
The evaluation progressed along four axes:

e Learning quality: Hybrid HD-CB demonstrated lower regret than Hybrid
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Figure 9.5 Comparison of memory requirements for HD-CB Hybgn and Hybrid LinUCB
across varying context feature vector sizes (d = 8 to 128) and action feature vector sizes
(f =8 to 128).

LinUCB on synthetic benchmarks with both binary and continuous rewards,
and confirmed these advantages on the MovieLens-100k dataset.

e Computational efficiency: The linear scaling of Hybrid HD-CB contrasts
sharply with the O(d®f3) cost of standard Hybrid LinUCB (or O(d?f?) under
SMW updates). On synthetic benchmarks, this translated into speedups of
up to 1871x for large configurations. On the embedded Klessydra-T03, the
binary variant confirmed these scalability trends on actual hardware.

o Hardware acceleration: The HDCU amplified the advantages by a factor of
275x relative to software-only execution, while the VCU provided moder-
ate gains (up to 3.4x) for Hybrid LinUCB. In the accelerated head-to-head
comparison, Hybrid HD-CB outperformed by up to 48.9x.

e Memory footprint: The binary formulation reduced memory requirements by
over 50x relative to Hybrid LinUCB, scaling linearly rather than quadratically
with feature dimensionality.

Together, these results position Hybrid HD-CB as a practical and scalable solution
for real-time decision-making in hybrid bandit problems, particularly on embedded
platforms where computational, memory, and energy budgets are severely constrained.
The framework’s advantages grow with problem dimensionality, precisely the regime
where the hybrid formulation is most needed.
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Chapter 10

Efficient Implementations of
HD-CB

This Chapter presents original work not yet published

"Mathematics is the art of giving the
same name to different things."

Henri Poincaré

The preceding chapters established HD-CB as a viable and efficient substrate
for contextual bandit learning in the high-dimensional space. This chapter presents
engineering refinements that address two orthogonal efficiency concerns.

First, Section 10.1 derives mathematically equivalent matrix-form reformulations
of HD-CB and its variants, reorganizing the operations into dense linear-algebra
kernels that expose data parallelism without changing the learning dynamics. Second,
Section 10.2 presents memory-optimized variants that exploit the properties of the
permutation operation to compress the prototype hypervectors from one or more
per-action to a single global memory vector, making HD-CB deployment feasible on
memory-constrained platforms. Section 10.3 summarizes the findings and discusses
their implications for embedded deployment.

10.1 Matrix-Vector Reformulation of HD-CB

The previous chapters formulated the learning of HD-CB models using HDC arith-
metic (binding, bundling, permutation and similarity), typically expressed through
per-action procedures with explicit loops. While this abstraction is elegant and
faithful to the HDC intuition, it can be difficult to follow for readers unfamiliar with
HDC notation, and it is not ideal for execution on Basic Linear Algebra Subprograms
(BLAS)-capable backend, which achieves peak performance when computations are
expressed as dense linear-algebra kernels. This section asks:

© Research Question

Can HD-CB-style bandit learners be reformulated in matrix form without chang-
ing their behavior?
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Algorithm 7 HD-CBgpg (matrix form)
1: Input: €€ [0, 1]
2: Initialization: A < Ony«p
3: fort=1,...,7 do
4: Encode context(s) — X; € {1, +1}V*P

5: Action selection
6: sy < diag(AX,/) € RN
7 va < y/diag(AAT)
1
8: e; < ﬁ %
9: Draw u ~ Uniform(0, 1)
10: if u < € then
11: a; < RandomAction()
12: else
13: Gt <— argmaxge(1 . N} €ta

14: end if
15: Update

16: Observe payoff r; 4, € R and encode R4, € {—1,+1}P
17: Aat — Aat + (Rt,at ® Xt,at)
18: end for

and derives exactly equivalent matrix-form formulations for the main HD-CB
variants. We restrict ourselves to the MAP family (as in Chapter 7) and stress that
no operations are changed: the reformulations reorganize computation to expose
data parallelism, yielding identical decisions and learning dynamics.

10.1.1 General principle

We illustrate the construction on HD-CBgpg, the simplest variant, and then extend
to the remaining models. As defined in Chapter 7, the baseline agent maintains
a separate prototype hypervector A, for each available action a € {1,..., N} and
computes the action scores by iterating over all actions.

To reformulate the agent in matrix-form, we stack the N action prototypes
as rows of A € RNV*P and the per-action encoded contexts as rows of X; (when
the context is shared across actions, all rows of X; coincide). In this form, the
dot-product score for each action can be obtained as the diagonal of AX, .

Sta = (Aq, Xea), s =diag(AX]) e RV, (10.1)

When the context is shared, this reduces to the matrix—vector product s, = AX}.

If we assume that the encoded context is bipolar (i.e. a sign function is applied
after the record-based encoding, so that X;, € {—1,+1}?) its norm is constant:
| X:.all2 = VD and cosine similarity requires only the per-action model norms:

/ 1
vpA = dlag(AAT) S RN7 €t = ﬁ 7 (102)

n
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Action selection proceeds via e-greedy on e;; the update remains a single row addition:
Aat < Aat + (quat ® Xt,at)- (103)

The complete matrix-form algorithm is listed in Algorithm 7.

10.1.2 Extension to uncertainty-aware and hybrid variants

The same principle extends to the remaining variants with minimal modification.

Uncertainty-aware HD-CB. This variant maintains a second matrix B € RV*P
for confidence estimation. The estimate and confidence vectors are computed in

parallel as:
1 diag(AX/) 1 diag(BX/)

- VD 1/diag(AAT)’ “ VD \/diag(BBT).

The action potential p; = e; + (1 — ¢;) and the row-wise updates to A,, and B,
remain identical to the original formulation:

et (10.4)

Aat < A(lt + (Rt,at © Xt,at)7 Bat < B(lt + (mt O] Xt,at)7 (10'5)

where m; € {0,1}” is the confidence-dependent mask.

Hybrid HD-CB. For the hybrid model, let Y € {—1, +1}V*P stack the encoded
action-feature HVs and define the bound context-action matrix S; = Y © X; €
{—1,+1}¥*P_ Because both factors are bipolar, every row of S; has norm VD, and
cosine normalization for the shared components only requires the norm of the shared

memories.
1 S; My 1 S; Mp

s = ——= ————, scp=1— — ————.
" VD [Mal t VD [[Mszll2

The final potential p; combines action-specific and shared terms exactly as in the
original algorithm; updates consist of row updates to A,,, B,, and shared-memory
updates driven by S; q,.

(10.6)

10.1.3 Computational analysis and performance demonstration

The reformulations above are mathematically equivalent to the loop-based algorithms:
they produce identical action choices, regret, and learning dynamics. Their purpose
is purely computational: by expressing similarity computations as dense matrix
operations, the implementation can leverage optimized BLAS kernels (NumPy/MKL
on CPUs, cuBLAS on GPUs).

To quantify this effect, we implemented the most demanding variant, Hybrid
HD-CB, in two NumPy implementations: the original iterative form with explicit
per-action loops (Loop) and the matrix-vector formulation derived above (Matrix).
Both are compared against a standard Hybrid LinUCB baseline. Table 10.1 reports
the mean per-round execution time across three hardware targets.

Three observations emerge. First, on the CPU the matrix formulation yields
a consistent 2.3x—3.6x speedup over the loop-based implementation. Second, the
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advantage of Hybrid HD-CB over Hybrid LinUCB remains overwhelming, as discussed
in Chapter 9. Third, on GPUs (RTX 3050 and T4) the matrix form remains
systematically faster than the loop version, though gains are more modest (1.1x—
1.4x) because per-round workloads are small enough that kernel-launch overhead
becomes non-negligible.

Overall, these results confirm that the matrix-form view is clearer from a mod-
elling perspective and accelerates HD-CB on general-purpose hardware without
requiring HDC-specific support.

Table 10.1 Per-round execution time (ms) across devices (means only). HD-CB is
implemented in the original version (Loop) and Matrix.

Config CPU i7-11800H (ms) GPU RTX 3050 (ms) GPU T4 (ms)

d f LINUCB Loop Matrix LINUCB Loop Matrix LINUCB Loop Matrix
4 4 1369.449 1177.798  493.665 5.281 5.005  4.376 3.746 1.356  1.200
4 8 2212.563 1193.821  482.612 10.242 5326 4.798 3.067 1.321  1.199
4 16 4172.073 1146.704  441.126 10.384  5.219 4.654 3.182 1.367 1.191
4 32 10033.161 1192.312  466.750 6.571 5.275  5.192 3.733 1.751 1.214
8 4 2927.776 1146.312  496.890 11.671  6.145 5.212 3.047 1.399  1.187
8 8 5074.613 1219.161  488.074 9.832 5.2562  4.515 3.179 1.378 1.172
8§ 16  28139.676 1539.790  579.105 9.575 5.370  4.695 4.282 1.766  1.670
8 32 205794.737 2834.616  849.386 7.721 6.451  5.317 3.523 1.347  1.185

16 4 32293.778  3225.185 1026.497  10.512  5.061 4.377 3.176 1.356  1.173
16 8 99630.848  3207.573 1021.705 6.323 4977  4.403 3.324 1.384  1.459
16 16 249301.224  3159.496 1015.472 6.746 5.267  5.483 4.329 1.365 1.189
16 32 604975.346 3721.883 1021.867 6.416 6.102  4.528 3.990 1.374 1.161
32 4 170328.144  3282.692 1151.511 8.289 5.256  4.410 3.604 1.369 1.217
32 8 309019.130 3499.950 1179.127 6.207 7.057  5.354 4.846 1.352  1.183
32 16 686497.052  3359.164 1167.034 9.409 7.096  5.242 4.359 1.387  1.177
32 32 1080394.730 3379.553 1167.567  13.963  6.382  4.942 7.125 1.818  1.565

10.2 Memory-Optimized HD-CB via Permutations

This section addresses a critical constraint for edge deployment: the memory foot-
print.

The HD-CB algorithms in their original formulation rely on dedicated high-
dimensional representatives for each action, allocating a non-negligible amount of
memory. The baseline HD-CBgpg maintains one representative HV per action,
resulting in N hypervectors of dimension D. The uncertainty-aware variants require
two representatives per action (estimate and confidence), i.e., 2N HVs, while the
hybrid extension additionally introduces shared components, yielding a total of
(2N + 2) HVs. Consequently, although HD-CB avoids the matrix-centric state
of classical linear bandits (whose memory grows quadratically with the problem
dimensionality), its memory footprint still scales linearly with the number of actions
N and the HV size D.

A fundamental property of high-dimensional spaces, however, is their large
representational capacity: multiple items can be stored in superposition within a
single hypervector without catastrophic information loss. This section exploits that
capacity to answer the following question:
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© Research Question

Can the memory footprint of HD-CB be reduced from per-action storage to a
single global memory vector by exploiting the superposition capacity of high-
dimensional spaces?

To answer this question, we pursue two progressively more aggressive compression
strategies, both grounded in standard HDC properties: (i) permutation-based channel
multiplezing, which eliminates the dedicated confidence memory in the HD-CBync
variants by encoding confidence in a permuted channel of the action prototype; and
(ii) label-based superposition, which collapses all per-action prototypes into one global
hypervector by tagging each action’s contribution with a unique random key. After
presenting each mechanism, we analyze the resulting trade-offs among accuracy,
memory, and throughput.

10.2.1 Compressing confidence into the estimate memory

The uncertainty-aware variant HD-CBynce traditionally maintains two per-action
prototypes: A, for the estimate and B, for the confidence. The key observation in
this section is that permutations generate quasi-orthogonal hypervectors and can
therefore be used to multiplex two independent information channels within a single
hypervector.

Concretely, instead of allocating separate vectors, we superimpose the confidence
update into a permuted channel of the estimate memory. The update that would
normally target B,, is instead permuted and accumulated directly into A, :

-Aat — Aat + (Rt,at ©) Xt,at) + ,O(mt O] Xt,at) , (107)

where m; € {0, 1}D is the binary mask whose density depends on the estimated
confidence. During action selection, the confidence of action a is recovered by
correlating A, with the permuted context HV:

Cta = 0(Aa, p(Xia)). (10.8)

Because the permuted and unpermuted channels are approximately decorrelated, the
estimate and confidence contributions remain separable. The resulting formulation
halves the memory requirement from 2N to N representative hypervectors.
Empirically, this compression has negligible impact on learning quality. Fig-
ure 10.1 reports results on 100 synthetic datasets, showing that the compact variant
can learn and improve over time, converging towards ideal unitary reward values.

10.2.2 From per-action memories to a single global memory

The confidence multiplexing introduced above reduces the number of HVs per action
(from two to one) but still requires one vector per action. We now pursue the
more ambitious goal of eliminating per-action storage altogether, collapsing all
action-specific prototypes into a single global memory vector M € RP.
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Figure 10.1 Learning behavior of HD-CBynce with confidence multiplexed into the
estimate memory via permutation.

Core mechanism: label-based superposition. To separate the contributions
of different actions within a shared memory, we assign each action a a unique random
label hypervector L, € {—1,+1}P, which acts as a nearly orthogonal key.
At round t, an action-specific key is formed by binding the encoded context with
the label:
Qta = Xio OL, € {—1,+1}7. (10.9)

The reward-modulated update for the selected action is then "tagged" and accumu-
lated in the global memory by superposition:

M+ M + (Rt,at O] qt,at)- (10.10)

A useful consequence of this construction is that cosine normalization is no longer
required for action selection. Since both &}, and L, are bipolar, every key q;, has
constant norm /D, and the memory norm ||M]||3 is common to all actions at a given
time step. The cosine similarity, therefore, differs from the dot product by the same
positive constant for all actions, leaving the arg max unchanged. This removes one
division per action from the inference path:, a notable simplification for embedded
implementations.

st(a) = (M, Qta), a; = argmax sy(a). (10.11)
a

This yields a more compact algorithmic formulation, and it enables a straightfor-
ward matrix implementation. Stacking labels into L € {—1, +1}¥*? and defining
the key matrix Q; = X; ® L, Eq. (10.11) becomes:

st = QM= (X;®L)M € R", (10.12)

exposing a single dense matrix—vector kernel. Algorithm 8 lists the complete single-
memory HD-CBgpg in vectorized form. Notably, action labels are bipolar and can
be stored as bit-packed binary HVs, or generated on-the-fly from a single seed via
permutation (L, = p®(Lo)), further reducing persistent memory to a single vector.

Figure 10.2 confirms that the single-memory variant learns and converges toward
ideal reward values, validating the approach on 100 synthetic datasets.

Extension to uncertainty-aware and hybrid models. Both compression
mechanisms compose naturally. For the single-memory uncertainty-aware variant, we
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Algorithm 8 Single-memory HD-CBgpg (vectorized)

1: Input: € € [0,1]

2: Initialization: draw action-label matrix L € {—1,4+1}"*P: set global memory
M «— Op

3: fort=1,...,7T do

4 Encode context(s) — X; € {—1,+1}V*P (rows are X} ,; often identical)

5: Q+— X;oL (row-wise keys Qo = Xp o © L)

6: st +— QM (scores via dot products)

7 Draw u ~ Uniform(0, 1)

8 if u < € then

9 a; < RandomAction()

10: else

11: a < argmaxqe(i,.. N} St(a)

12: end if

13: Observe payoff r; 4, and encode reward HV Ry, € {—1, +1}P

14: MM+ (Rt,at ® qmt)

15: end for
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Figure 10.2 Learning behavior of HD-CBgpg with one single global memory .

combine label-based superposition with permutation-based confidence multiplexing:
the global memory is updated as

M+ M+ (Ria, © dta;) + p(m © Qra,) (10.13)

and action selection uses s; = Q:M — «a p(Q¢)M, where the subtraction of the
permuted-channel score implements the confidence-style exploration bonus. Cosine
similarity is computed only for the selected action to derive the absolute confidence
value required for mask generation:

_1 (M, p(qt,a,))
Clan = <1+ Ml VD ) : (10.14)

The complete procedure is given in Algorithm 9.

Single-memory hybrid variant. For the hybrid setting, we combine action labels
with action-feature hypervectors to construct composite keys. Let Y € {—1, +1}V>*P
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Algorithm 9 Single-memory HD-CByncs (vectorized, multiplexed confidence; query
permutation)

1: Input: a >0

2: Initialization: draw L € {—1,+1}¥*P; set global memory M < 0p
3: fort=1,...,7T do

4: Encode context(s) — X; € {—1, +1}/V*P

5 Qt «— Xt ®L
6 St%QtM — Ckp(Qt)M
7 a; < argmax, s(a)

1 (M, p(dt,a;))
8 Ctar < 5 (1 + 7”1\/[”;5 >

9: Sample mask m; € {0,1}” with [c; 4, D] active indices
10: Observe payoff r; 5, and encode Ry 4, € {—1, +1}D

11 MM+ (Rt,at © qt,at) + p(mt © qt,at)

12: end for

stack the action-feature HVs ), (one per action), obtained by encoding action features
Yo € Rf. We build a composite key matrix C € {—1,+1}V*P by bundling label
and action-feature vectors row-wise:

For the hybrid setting, we replace action labels with composite keys that bundle
label and action-feature information: C, = sgn(L, + Y,), where Y, is the encoded
action-feature HV. Because C, is obtained through superposition and thus retains
partial correlation with both L, and Y,, querying M with either component individ-
ually recovers the corresponding channel’s contribution, enabling separate confidence
estimates for shared and dedicated components. The complete single-memory hybrid
algorithm is given in Algorithm 10.

10.2.3 Accuracy—memory—throughput trade-offs

Storing multiple action-specific associations in superposition inevitably introduces
cross-talk, potentially degrading performance relative to fully dedicated formulations.
Table 10.2 quantifies this trade-off on the most demanding setting, the hybrid
model, comparing the single-memory variant (vec) against the original Hybrid
HD-CB and Hybrid LinUCB. Despite the aggressive compression, vec performs
better than Hybrid LinUCB in average regret across all tested (d, f) configurations,
while simultaneously reducing per-round execution time and collapsing the memory
footprint from (2N + 2) HVs to one.

The moderate regret increase relative to the original Hybrid HD-CB is therefore
the expected cost of packing multiple action channels into a single superposed
memory. Importantly, this gap scales with the representational capacity of the
hyperspace. As the hypervector dimension D increases, near-orthogonality between
superposed components improves and cross-talk diminishes. Figure 10.3 confirms
this trend: the regret gap between the original and compact formulations decreases
monotonically with D, indicating that the compression penalty can be mitigated by
increasing the HV dimensionality.

From a deployment perspective, the central outcome is the change in memory
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Algorithm 10 Single-memory Hyb-HD-CBync2 (vectorized; query permutation
multiplexing)

1: Input: a >0
2: Initialization:

3:  draw labels L € {—1,+1}¥*P; set global memory M < 0p

4:  encode action features y, € R/ — Y, for all a; stack Y € {—1,+1}V*P

5. build composite keys C € {—1,+1}*P with rows C, < sgn(L, + Y,)

6: fort=1,...,7 do

7: Encode context(s) — X; € {—1,+1}V*P

8: Q:«+ X;oC

9: st Q:M — ap(Qi) M > subtraction: confidence — exploration bonus

10: a; < argmax, s¢(a)

11: Compute confidences for selected action:

12: cﬁsf} —1 (1 + W) > shared channel
’ 2

13: cﬁid) — % <1 + W) > dedicated channel
’ 2

14:

15: Form masks m,, my € {0, 1} with [cgj?D] and (cgiid)D] active indices

16: Observe payoff r; 4, and encode R4, € {—1, +1}D
17: M~ M+ (Rt,at ® (Xt,at ® Cat )) + ,O(ms O) (Xt,at @Yat )) + p(md © (Xt,at ®© Lat ))
18: end for

scaling. Figure 10.4 reports memory footprint as a function of the number of actions
N. The baseline variants exhibit steep linear growth (N, 2V, or 2N + 2 HVs). The
single-memory formulations shift the N prototypes to lightweight action identifiers:
when stored explicitly as bit-packed bipolar HVs, the slope is substantially reduced;
when generated on-the-fly from a single seed via permutation (L, = p*(Lg)), memory
becomes effectively constant with V.

Finally, Table 10.3 complements the analysis with a throughput perspective,
reporting per-round execution time across devices for the loop-based, matrix-form,
and compact vectorized (vec) implementations. Across all platforms, the compact
formulation not only improves memory scalability but also yields consistently lower
runtimes.

10.3 Summary of Findings

This chapter presented two engineering refinements designed to enhance the execution
efficiency of HD-CB algorithms on general-purpose hardware and reduce their memory
footprint on embedded platforms.

o Matrix-form reformulations. We derived mathematically equivalent matrix-
form expressions for HD-CB and its variants that expose data parallelism
without changing the learning dynamics. On CPUs, the matrix formulation
yields 2.3x-3.6x speedups over loop-based implementations by enabling BLAS-
level optimization. On GPUs, the matrix form provides consistent 1.1x—
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Table 10.2 Hybrid bandit: average per-round execution time (ms) and average regret
(best « per model). Binary Reward.

Dims Hybrid LinUCB Hybrid HD-CB Hybrid HD-CB-vec
d m | Time (ms) AvgRegret | Time (ms) AvgRegret | Time (ms) AvgRegret
8 8 5.006 0.0893 1.404 0.0411 0.571 0.0551
8 16 12.058 0.0840 1.444 0.0501 0.572 0.0640
8 32 21.150 0.0704 1.452 0.0434 0.575 0.0586
16 8 13.854 0.0797 1.504 0.0465 0.649 0.0485
16 16 25.382 0.0752 1.558 0.0286 0.647 0.0584
16 32 50.062 0.0669 1.540 0.0322 0.656 0.0453
32 8 35.897 0.0587 1.640 0.0310 0.769 0.0495
32 16 87.625 0.0589 1.674 0.0386 0.765 0.0458
32 32 141.534 0.0563 1.701 0.0355 0.771 0.0440

Table 10.3 Average per-round execution time (ms) across devices.

Config CPU i7-11800H (ms) GPU RTX 3050 (ms) GPU T4 (ms)
d f LINUCB Loop Matrix Vec LINUCB Loop Matrix Vec LINUCB Loop Matrix Vec

4 4 1369.449 1177.798  493.665  381.060 5.281 5.005 4.376  3.483 3.746 1.356  1.200  0.956
4 8 2212.563 1193.821  482.612  372.596 10.242 5326 4.798  3.553 3.067 1.321  1.199  0.928
4 16 4172.073 1146.704  441.126  363.298 10.384 5219 4.654 3.719 3.182 1.367 1.191  0.916
4 32 10033.161  1192.312  466.750  359.620 6.571 5.275  5.192  3.310 3.733 1.751  1.214 1.159
8
8
8

4 2927.776 1146.312  496.890  396.475 11.671  6.145 5212 4.001 3.047 1.399  1.187  0.949

8 5074.613 1219.161  488.074  385.238 9.832 5.252  4.515  4.097 3.179 1.378  1.172 0917

16 28139.676  1539.790 579.105  475.264 9.575 5.370  4.695 3.734 4.282 1.766  1.670 1.171

8 32 205794.737 2834.616 849.386  725.192 7.721 6.451  5.317  3.364 3.523 1.347  1.185 0.955
16 4 32293.778  3225.185 1026.497  922.889 10.512  5.061  4.377  3.560 3.176 1.356  1.173  0.914
16 8  99630.848  3207.573 1021.705 924.849 6.323 4.977 4403 3474 3.324 1.384 1.459 0.914
16 16 249301.224  3159.496 1015.472 914.883 6.746 5.267 5483  3.418 4.329 1.365 1.189  0.901
16 32 604975.346  3721.883 1021.867 913.637 6.416 6.102  4.528  2.460 3.990 1.374  1.161  0.962
32 4 170328.144  3282.692 1151.511 1078.560 8.289 5.256  4.410  3.102 3.604 1.369 1.217  0.920
32 8 309019.130 3499.950 1179.127 1105.928 6.207 7.057 5354  2.847 4.846 1.352  1.183  0.933
32 16 686497.052  3359.164 1167.034 1095.252 9.409 7.096 5.242  2.842 4.359 1.387  1.177  0.955
32 32 1080394.730 3379.553 1167.567 1093.764  13.963  6.382 4.942 2.574 7.125 1.818 1.565 0.911

1.4x improvements. These reformulations bridge the gap between the HDC
abstraction and efficient execution on any vectorization-capable backend.

e Memory-optimized variants. By exploiting permutation-based channel
multiplexing and label-based superposition, we demonstrated that the memory
footprint of HD-CB can be reduced from O(N D) (one or more hypervectors per
action) to O(D) (a single global memory vector). The compression introduces
cross-talk between superposed action channels, but this penalty diminishes
as the hypervector dimension D increases, and the compact variants remain
superior to Hybrid LinUCB in both regret and execution time. For embedded
platforms where storing N separate hypervectors would exceed on-chip memory,
this reformulation makes HD-CB deployment feasible.

Both techniques are general-purpose optimizations applicable, in principle, to
any HD-CB variant. The advanced learning formulations introduced in the follow-
ing chapter were developed and evaluated independently of these implementation
refinements; integrating them is left as a promising direction for future work.
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Figure 10.3 Effect of hypervector dimensionality on the regret penalty induced by the
compact single-memory formulation. The plot reports the average expected regret of the
original hybrid HD-CB model and its compressed variant as a function of the HV size D,
averaged over 100 independent synthetic datasets. As D increases, near-orthogonality
improves and superposition cross-talk diminishes, causing the regret of the compact
model to progressively approach that of the original formulation.
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Figure 10.4 Memory footprint versus number of actions N (log scale) for baseline HD-CB
variants and proposed single-memory formulations. Baselines store representative HVs
per action. The single-memory formulation stores one global model HV and uses bipolar
action keys: if keys are stored explicitly they can be bit-packed; alternatively, keys can
be generated on-the-fly as permutations of a single seed.
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Chapter 11

From Heuristic Updates to
Optimization-Based Learning

This Chapter presents original work not yet published

"Change is the end result of all true
learning."

Leo Buscaglia

The previous chapters of this dissertation have established HDC/VSA as an
effective and efficient substrate for modelling and solving contextual bandit problems.
Chapter 7 introduced HD-CB as a foundational framework; Chapter 8 addressed
extreme resource constraints through binarization; Chapter 9 extended the approach
to capture inter-action correlations; and Chapter 10 introduced efficient implemen-
tations. Together, these contributions demonstrated that HDC can deliver robust
online learning while avoiding the unfavorable cubic scaling of classical linear bandits.

However, the HD-CB framework, as presented so far, relies on heuristic update
rules whose empirical effectiveness has been demonstrated but not formally justified.

This chapter asks a deeper question:

© Research Question

Why does HD-CB work, and what is its relationship to established learning
models?

We answer this question from three converging angles that progressively transform
HD-CB from a brain-inspired heuristic into a principled learning framework with
rigorous theoretical grounding.

First, we address the practical limitation of unbounded accumulation in standard
HD-CB updates. Section 11.1 introduces Probabilistic HD-CB, which replaces
deterministic updates with bounded stochastic ones governed by time-decaying
probabilities and saturating integer counters. This enables deployment with as few
as 3 bits per component while avoiding the information loss of periodic binarization.
Second, we tackle the theoretical gap between HD-CB’s heuristic updates and the
optimization-grounded formulations of classical bandits. Section 11.2 first derives
the implicit loss function that the baseline update rule minimizes, revealing an
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ensemble structure where each hypervector component acts as an independent weak
learner. Identifying the limitations of this implicit objective, we then formulate
Loss-Based HD-CB, which replaces heuristic updates with explicit minimization
of a well-defined loss function. The loss-based and probabilistic mechanisms are
combined into Loss-Probabilistic HD-CB, which integrates error-driven learning
within fixed-precision integer arithmetic. Third, Section 11.3 formalizes the mapping
between the HD-CB architecture and Random Vector Functional Link networks,
connecting HD-CB to the broader theory of neural networks and opening a bridge
toward spiking neural networks and neuromorphic hardware.

11.1 Probabilistic HD-CB via Integer Self-Organizing
Maps-Inspired Bounded Stochastic Updates

While the optimizations presented thus far have focused on reorganizing computations
and reducing memory overhead, as highlighted in Chapter 7, a significant barrier to
deploying HD-CB on resource-constrained platforms is its accumulation-based update
rule: vectors representing actions are incremented or decremented at every action
selection, and the growth of their components is not limited over time. Preventing
overflow, therefore, requires either integer or floating-point types with high-precision,
both of which are expensive in terms of computational and memory costs.

To address this problem and reduce these costs, in Chapter 8 [304] we introduced
HD-CBgn, a low-precision variant that stores representatives in a @-bit integer
format and periodically applies hard binarization. During action selection, represen-
tations are binarized to enable Hamming-distance similarity, and every ) updates
the accumulated memories are projected back to a binary domain to keep the state
bounded.

However, while effective in reducing computational and memory costs, these
mechanisms rely on hard binarization. The periodic reset indiscriminately discards
the information accumulated in components between resets: a component that has
reached a value of, e.g., 100 becomes indistinguishable from one with 2, erasing the
ranking information that the model has built over many interactions. As noted at the
end of Chapter 8, this raises the question of whether periodic binarization introduces
a systematic accuracy penalty when simpler exploration strategies—such as e-greedy,
which lacks the confidence-driven correction of HD-CBynce—are employed, or when
the model is evaluated in more complex and diverse environments. The experimental
results presented later in this section confirm that this is indeed the case: under
off-policy evaluation on standardized benchmarks with e-greedy exploration, HD-
CBpin incurs a non-negligible performance degradation compared to its real-valued
counterpart, with the penalty becoming more pronounced at lower bit-widths. This
raises an important design choice between HD-CB, with its large memory footprint,
and HD-CBpgn, which degrades performance after periodic resets. Motivated by
this limitation, this chapter pursue a different strategy, asking:
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© Research Question

Rather than periodically compressing an otherwise unbounded update, can we
change the update rule itself so that the learning dynamics remain bounded by
design to a predefined dynamic range?

We answer by presenting probabilistic HD-CB (HD-CBpgrop), a bounded-by-
design variant based on a probabilistic update rule inspired by the previous work
on low-precision neural networks [308, 309]. The proposed approach updates only a
randomly selected subset of vector components at each action selection, enabling
the use of low-precision, saturated integer counters (limited to a range [—k, k]) by
controlling the learning rate with time-decaying update probabilities. This approach
allows the agent to retain historical information with the high-fidelity in low-precision
vector components. As a result, the overflow is avoided, update costs are decreasing
with time, and learning no longer depends on periodic binarization steps that may
severely affect usefulness of representations.

11.1.1 Learning low-precision integer representations

The probabilistic update rule leveraged in this Section is inspired by the previous
studies of self-organizing maps that proposed a reformulation of the algorithm,
designed to enable low-cost learning with digital hardware [308, 309]. While the
original update rule was presented in another context, the formulation can be used
for updating signed integer representations via simple increment/decrement steps.
Two concepts are particularly relevant to the CB setting: (i) a bounded integer state
enforced by saturation and (ii) a probabilistic per-component update controlled by
an update probability that decreases with time [308, 309].
Unlike the standard accumulation-based update, which allows vector components
to grow indefinitely, the probabilistic update rule constrains each component to a
fixed integer range [—x, +x|. This is achieved by applying a clipping function f.(-)
after every update:
frx(v) = max(—k, min(v, +£)), (11.1)

where v denotes the value being clipped, and « is a configurable saturation threshold.
It controls the trade-off between representational capacity and dynamic range: small
k yields very low-precision representations (e.g., ternary for k = 1), while larger
k allows the agent to accumulate more information. If v is restricted to integers,
fx(v) can be stored within [log,(2x + 1)] bitwidth, preventing the unlimited growth
typical of standard accumulation-based updates.

To enable learning within such low-precision representations, the determinis-
tic accumulation is replaced with probabilistic updates. Let w;; denote the i-th
component of the weight vector at time step ¢, and let 7;; € {—1,+1} denote the
corresponding component of the current update signal. Instead of using 7;; at
every update, components are updated with probability a;, which decreases over
time [308, 309]. Specifically, for each component ¢, a random value my; ~ U(0,1) is
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Figure 11.1 Clipping function used to bound integer-valued memories. The solid curve
shows fs(z) = min(k, max(—k,x)) for k = 4, while the dashed line is the identity y = =
(unclipped). Clipping prevents unbounded growth by saturating values outside the
interval [—k, k].

sampled; the update is performed only if m;; < ay:

wes = {fﬁ(wtl,i +Teq), ifmy; <oy, (11.2)

Wi—1,i, otherwise.

In contrast to many other learning rules that scale the update value over time,
the update rule in Eq. (11.2) effectively scales the frequency of updates through ay.
By adopting this principle, we can update the action vectors in HD-CB using only
integer addition and saturation, achieving a bounded integer representation and
reduced write-access frequency without the information loss of binarization.

11.1.2 Probabilistic HD-CB

This section introduces HD-CBprop, a variant of HD-CB designed to operate under
strict memory constraints without the information loss associated with periodic resets
as in HD-CBpn. The core intuition is to replace the unlimited, magnitude-based
update of the standard HD-CB with the probabilistic update rule on components
with low-precision. By treating the learning rate not as a scaling factor for the update
value, but as a probability of update, we can design an agent using low-precision
saturating integers only.

11.1.3 Algorithm overview

HD-CBpgrog (Algorithm 11) maintains a set of action hypervectors A, € {—+, ..., +x}7,
one for each action a € {1,..., N}. Unlike standard HD-CB, where components are
high-precision integers or floats, here every component A, ; is strictly bounded by
the saturation threshold k.
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HD-CBprog proceeds as follows:

1. Contert encoding: Context x; is encoded into a hypervector X; € {—1,+1}"
using a record-based transformation [225] (hereafter, we use the x; notation
even if contexts are action-dependent). The fact that it is bipolar is important,
as updates are done simply in £1 steps, remaining compatible with low-
precision saturating integers.

2. Action selection: The agent computes the similarity between the context A}
and all action hypervectors A,, selecting action a; via an e-greedy strategy.
Notably, in this variant, similarity can be efficiently computed using the inner
product, as the norm of the saturating hypervectors remains implicitly bounded
over time.

3. Probabilistic update: Upon receiving reward 7 4,, the agent encodes it into
a hypervector R, (using the thermometer encoding) and binds it with X;
to form an update hypervector. Instead of adding it to A,, the probabilistic
update rule is applied, leading to a randomly selected subset of components
being modified, and the result is clipped to the range [—x, k].

11.1.4 Probabilistic update rule

The key feature of HD-CBprop is its update rule. Following the probabilistic update
rule in Eq. (11.2), each component is updated with probability a; and then clipped
to the range [—k, k]. The parameter a; € [0, 1] reflects a time-decaying learning
schedule and is computed as a; = a9 (1 — (t —1)/T) for t =1,...,T, where oy =0
fort > T.

At each time step, for each component i € {1,..., D}, an i.i.d. random variable
my,i ~ U(0,1) is sampled and a binary update mask M;; € {0,1} is computed as
My =1(my; < ay), where I(-) is the indicator function. The update directions are
determined by the result of the binding of the reward and context hypervectors:
Ti = Ria, © X € {—1, +1}D . Finally, the chosen action hypervector is updated as:

Aat = fﬁ (Aaz +Mt®7;)7 (11.3)

Intuitively, this update acts as a saturating random walk driven by the bipolar
update signal: active components (where M;; = 1) take a single £1 step towards
the saturation boundaries +x, ensuring overflow is always prevented while preserving
the direction of the accumulated hypervectors.

HD-CBprop addresses the limitations of periodic binarization while preserv-
ing the properties that motivated HD-CBgin. Low-precision components, A €
[—k, k]P*N | are guaranteed by design via saturation. Update cost is reduced since
updates occur only when M;; = 1 and the number of write operations to memory
is controlled by a;. In later stages when «; is getting close to zero, the updates
become highly sparse, significantly reducing computational costs. Periodic resets
are not needed as the agent can accumulate information in A € [—k, x]P>*Y without
periodically binarizing to {—1,+1}.
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Algorithm 11 Probabilistic HD-CB with e-greedy strategy

1: Input: N, T, D, €, K, ap,
2: Initialization: Set A, to 0P for alla € {1,...,N}
3: fort=1,...,T7 do

4: // 1. Context encoding

5: Receive context x;

6: Encode x; — &X; € {—1,+1}7

7: // 2. Action selection (e-greedy strategy)
8: Draw g ~ U(0,1)

9: if ¢ < e then

10: Select random action a; ~ U{1,...,N}

11: else

12: Select a; = arg max, (XtTAa)

13: end if

14: // 3. Observation

15: Execute action a;, observe reward r¢ 4,

16: // 4. Probabilistic update rule

17: Compute decay o + agmax(0,1 — &)

18: Encode 1y 4, — Ria, € {—1,+1}7

19: Compute update hypervector T; <= R4, © Xt
20: fori=1,...,D do
21: Draw M;; ~U(0,1)
22: if M;; < a; then
23: Updated value v < Aq, ; + Ti
24: Saturated value Ag, ; +— max(—kx, min(v, +k))
25: end if
26: end for
27: end for

11.1.5 Experimental Evaluation

To validate the proposed approach, we conducted an off-policy evaluation using the
OBP [299] and performed a comparative analysis of the memory footprint of several
approaches. These experiments quantify the trade-off between the low-precision
action hypervectors formed with the probabilistic update rule and the quality of the
decision-making. We compare four approaches introduced earlier. To be consistent,
all of them use e-greedy exploration strategy:

1.

LinEPS: Standard linear CB algorithm based on covariance matrices and the
ridge regression [74].

. HD-CBRgaL: Real-valued HD-CB variant [225].

HD-CBgin: Binarized variant, relying on periodic binarization to prevent
overflow [304].

HD-CBpgrop: Approach with probabilistic updates, Eq. (11.3).
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Table 11.1 Off-policy evaluation results on the OBP library. The table compares the
real-valued variant against two variants with low-precision representations. Best values
among these variants are underlined; global bests are in bold.

. HD-CBBIN HD-CBPROB (OUI‘S)
N d | LinEPS HD-CBREAL | 5 pito 3 bits 4 bits | 2 bits 3 bits 4 bits
10 5| 0614 0.656 0.579  0.595 0.605 | 0.631  0.648  0.642
10 10| 0.683 0.684 0.581  0.598 0.614 | 0.631 0.652 0.635
10 15| 0.663 0.659 0.569  0.569 0.588 | 0.603 0.631 0.618
15 5| 0711 0.735 0.645 0.663 0.682 | 0.707 0.718 0.705
15 10| 0.703 0.708 0.598 0.614 0.636 | 0.642 0.671  0.643
15 15| 0.678 0.664 0.565 0.573 0.583 | 0.601  0.630 0.608
20 5| 0716 0.733 0.643 0.658 0.677 | 0.700 0.728 0.718
20 10| 0.708 0.724 0.614  0.634 0.656 | 0.661 0.685 0.657
20 15| 0.690 0.681 0584 0.591  0.601 | 0.623 0.656 0.621

Off-policy evaluation Table 11.1 reports results obtained on the OBP library
in the case of binary rewards for varying number of actions N € {10,15,20}
and context dimensionality d € {5,10,15}. The dimensionality of hypervectors
is fixed at D = 1024. Cumulative rewards are averaged over 50 datasets per
configuration. For HD-CBprop, the initial update probability is set to ag = 0.4. We
evaluate low-precision variants at 2, 3, and 4 bits per component. For HD-CBpgron,
these correspond to saturation thresholds of k = 1 (ternary), x = 3, and Kk = 7
respectively. For HD-CBpn, instead, these correspond to ¢Q = 2,3 and 4, that is
2@ = 4,8,16, respectively. The exploration parameter ¢ is tuned via grid search
for each configuration, and the best cumulative rewards on the OBP library are
reported.

Three important observations could be made. First, HD-CBpgrop outperforms
HD-CBpgy for every tested configuration (IV,d) and every bitwidth, it yields higher
cumulative rewards than HD-CBgiy. The advantage is particularly pronounced at
low precision: averaged across all configurations, 3-bit HD-CBpgrop (k = 3) improves
over 3-bit HD-CBpiN by approximately 5.8%. This confirms the hypothesis that
adding information via probabilistic updates preserves more ranking information
than periodic binarization steps. Second, 3-bit HD-CBprop consistently approaches
the performance of HD-CBRrga1, baseline, with an average gap of only 2.5%. This
indicates that a very low precision is sufficient to capture the relative quality of
arms, provided the update rule allows for fine-grained frequency-based adjustments.

Third, it is notable that increasing precision from 3 to 4 bits yields diminishing
returns (or slightly negative) returns for HD-CBprop. This suggests that, in
this setting, increasing the dynamic range provides limited additional benefit once
the agent can already encode a modest amount of information per component.
Additionally, the regularization effect of the tighter saturation bound x = 3 may
actually be beneficial in these synthetic scenarios.

Memory footprint analysis Figure 11.2 compares the memory footprint of the
considered agents as a function of the context feature dimension d (reported in KiB on
a logarithmic scale), for d € {8, 16,32, 64,128} and for 2-, 3-, and 4-bit instantiations
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Figure 11.2 Memory footprint (KiB, log scale) vs. context dimensionality d. HD-CBprop
(red) consistently requires less memory than HD-CBpix (green) at the same bitwidth as
it does not require auxiliary counters or separate copies for inference.

of HD-CBgy and HD-CBprog. While LinEPS exhibits quadratic scaling with
d, the HD-CB variants remain constant with respect to context dimensionality,
scaling only with hyperdimension D. Crucially, at any fixed bitwidth, HD-CBprop
requires strictly less memory than HD-CBpgiy. This efficiency stems from the
architectural simplicity of the probabilistic approach. HD-CBgny must maintain
additional machinery per action: (1) a @-bit integer hypervector to track history, (2)
a binarized copy for efficient inference and (3) per-action update counters to trigger
re-binarization. In contrast, HD-CBprop stores action hypervectors directly in their
final bounded format ([logy(2k + 1)] bits) and no additional copies or counters are
required.

Overall, these results confirm that the proposed approach provides a better
trade-off: compared to HD-CBpyy, it systematically yields a higher average reward
at equal bitwidth, while simultaneously reducing memory footprint and avoiding the
performance degradation induced by periodic binarization.

These results position probabilistic HD-CB as a compelling solution for edge
applications, offering a way to deploy adaptive, autonomous agents on devices with
limited power and memory budgets.

11.2 Loss-Based HD-CB: From Heuristic Updates to
Explicit Optimization

The HD-CB framework introduced in Chapter 7, and progressively refined through
binary (Chapter 8), hybrid (Chapter 9), memory-optimized (Section 10.2), and proba-
bilistic (Section 11.1) variants, has demonstrated that contextual bandit problems can
be effectively solved in a high-dimensional space. Across synthetic benchmarks and
real-world scenarios, HD-CB agents have consistently achieved strong performance
while offering faster convergence, better scalability, and more hardware-friendly
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implementations than classical linear bandits.
Nevertheless, some fundamental theoretical distinction separates all HD-CB
formulations presented so far from classical linear bandit algorithms:

e Absence of an explicit optimization objective. Linear bandits are
grounded in well-defined optimization problems, minimizing a regularized
least-squares error, which provide convergence guarantees and regret bounds.
All HD-CB variants discussed so far rely on geometric heuristics: the update
either adds or subtracts the context hypervector from the action representative,
weighted by the observed reward. While these rules are intuitive from an
HDC/VSA perspective and empirically effective, they do not derive from any
explicit loss function. As a consequence, there is no formal guarantee that the
updates decrease a well-defined error over time.

e Magnitude-insensitive error correction. In the heuristic update, the
magnitude of the update signal is determined solely by the reward encoding,
not by the prediction error. If the model already predicts the observed
reward accurately, the heuristic still applies a full-magnitude update, which
can overwrite useful information. Conversely, if the prediction is far from
the observed reward, the same fixed-magnitude update may be insufficient
to correct the error. This insensitivity to the prediction residual means the
heuristic lacks the self-correcting property that gradient-based methods possess
by construction.

e Norm growth and similarity saturation. Under the accumulation-based
update, the norm of the action representatives grows monotonically. As
highlighted in Section 11.1, this unbounded growth requires either integer
or floating-point types with high precision and makes the model increasingly
insensitive to new evidence, since the relative contribution of a single update
diminishes as the norm grows.

To address these limitations, this section asks two complementary questions. We
begin by asking:

© Research Question

What implicit loss function does the baseline HD-CB update rule minimize, and
what are its structural limitations?

To answer this question, we mirror a classical result in machine learning theory:
the connection between the perceptron update rule and hinge loss minimization
via stochastic gradient descent, as presented in the "Patterns, Predictions, and
Actions" textbook [310] from Hardt and Recht. We apply this reasoning to the
baseline HD-CB update, first for a simplified scalar-reward case and then for the full
thermometer-encoded rule. This analysis reveals that the baseline HD-CB implicitly
minimizes a per-component linear loss, with each action hypervector component
acting as an independent weak learner operating at a distinct reward threshold.
It also identifies the specific structural limitations of the implicit objective, which
directly motivate the second question:
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© Research Question

Research question. Can these limitations be addressed through an explicit loss
formulation that bridges the gap between the heuristic update rules proposed in
the preceding chapters and optimization-grounded learning?

To answer this question, we introduce a loss-based formulation of HD-CB inspired
by the work in [311]. We define a per-round squared-error loss that measures the
discrepancy between the reward predicted by the hyperspace model and the reward
observed from the environment. We then derive the corresponding gradient with
respect to the selected action hypervector and obtain an update rule that is explicitly
grounded in first-order optimization. This transformation moves HD-CB from
a heuristic method to a true optimization-based learning algorithm, providing a
formal foundation for its empirical success and opening the door to the theoretical
connections explored later in this thesis.

The section is structured as follows. We first derive the implicit loss function of
the baseline update rule through a progressive analysis spanning the scalar-reward
and thermometer-encoded cases, and discuss the resulting ensemble interpretation
(Section 11.2.1). We then define the per-round explicit loss and derive the gradient for
both cosine and sigmoid-based estimators (Sections 11.2.2-11.2.4), introducing Loss-
HD-CB. We present an extended experimental evaluation including loss dynamics
over time and a comparison between the cosine and sigmoid loss formulations
(Section 11.2.5). Next, we introduce Loss-Probabilistic HD-CB, a variant that
combines loss-based update with bounded stochastic integer updates (Section 11.2.6).
Finally, we present a comprehensive comparison across all HD-CB variants as a
function of the representation precision (Section 11.2.7).

11.2.1 Implicit loss of the baseline update rule

This section develops a theoretical analysis to identify the implicit loss function that
the baseline HD-CB update rule minimizes. The methodology mirrors the well-known
connection between the perceptron update rule and hinge loss minimization [310].
We proceed in three steps of increasing complexity:

(i) Perceptron loss: we first review how the implicit loss can be derived from
the perceptron update rule, establishing the methodology.

(ii) Simple scalar case: we apply the same reasoning to a simplified HD-CB
update A, <+ Aq + r¢ X;, where r; is the raw scalar reward. Although this
variant does not learn effectively in practice, it provides an instructive inter-
mediate step that isolates the core mechanism before the additional structure
introduced by the thermometer encoding.

(iii) Thermometer-encoded case: A, < A, + Ry © &}, where R; is the
thermometer-encoded reward hypervector. This is the baseline HD-CB update
rule.

Notation. Throughout this subsection, we denote by A, € R the prototype
hypervector for action a, by X; € {—1,+1}* the encoded context at round ¢, and
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by R¢ € {—1,+1} the thermometer-encoded reward. We write Aaj, Xij, Ry, for
the j-th component of the respective hypervectors.

Recap: the perceptron and its implicit loss

The classical perceptron operates in R? with binary labels y € {—1,+1}. Given a
weight vector wy, an input feature vector x;, and the corresponding label ¥, the
perceptron update rule is:

{Wt+1 =wi +yxe when y(wy,x) <1, (11.4)

Wil = Wy otherwise.

The “Patterns, Predictions, and Actions” book [310] proves that this update
corresponds to stochastic gradient descent on the hinge loss:

Lhinge (W, X, y) = max{l — y(w,x), 0}. (11.5)
In fact, the gradient is:

—yx if y(w,x) <1,

' (11.6)
0 if y(w,x) > 1.

vw['hinge = {

The simple HD-CB case: scalar reward update

Let’s start from a simplified HD-CB case, in which the scalar reward r; is directly
multiplied with the encoded context X;. In practice, in this variant, the model
is unable to learn, because the similarity grows too fast independent of reward is
received. However, this is an instructive and simple step for starting the analysis.
In this simplified HD-CB variant, the algorithm:
« models each action a with a dedicated prototype HV A, € RP,
« encodes the observed context in the high-dimensional space X; € {—1,+1}7,
o performs prediction based on the cosine similarity:

A Aa . Xt
a; = argmax ——————, (11.7)
o [lAall |2
e observes a reward r; for the chosen action,
e updates the model according to:
Aa F.Aa‘i‘T't Xt. (118)

If we interpret the update as a step of stochastic gradient descent with unit learning
rate (n = 1):
Ay — Ay — V4, L, (11.9)
then we require:
V_AQ,C: *’I“t/yt. (1110)

To find the loss function, we integrate this gradient component after component.
For each dimension j =1,...,D:
oL
aAa7j

= —T¢ Xt,j — L= —T¢ X@j ACL,]‘ + Cj. (11.11)
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Setting all integration constants C; = 0 and summing over all D components, we
obtain:

D
Lscatar (Aa, Xt 7) = Z ( — 1t X -Aa,j) =T Z X j Ay = —1i (Ag, &) (11.12)

D
=1 j=1

In summary:

’ Escalar(Aaa Xta Tt) =Tt <.Aa, Xt> ‘ (1113)

This is a linear loss in the inner product (A,, X;), scaled by the reward ry.
Minimizing this loss is equivalent to:

o Maximizing (A,, X;) when r; > 0 (push the action prototype towards re-
warding contexts).

o Minimizing (A,, X;) when r; < 0 (push it away from punishing contexts).

If the reward was r; € {—1, +1} the update A, < A, +7r: X would be structurally
identical to the perceptron update w < w + yx, with the difference that the
perceptron only updates when y(w,x) < 1, while the HD-CB baseline updates
unconditionally.

A critical observation is that when r; € [0,1] (as is typical in bandits), the update
always adds a non-negative multiple of X;. These updates just differ in magnitude, so
the prototype always moves toward the context, regardless of whether the reward was
good or bad. This could be the reason why this variant does not work: without sign
changes in the update, the algorithm cannot push prototypes away from contexts
that led to poor rewards. This observation is empirically confirmed by the fact
that the earliest working variant of the algorithm used (0.5 — ry) - X} as the update,
effectively centering the reward around its mean and restoring the ability to produce
both positive and negative updates.

The thermometer-encoded case

In the baseline variant of HD-CB, the obtained reward is encoded in the high-
dimensional space using a thermometer code. It maps a scalar reward r; (quantized
into L levels) into a D-dimensional bipolar hypervector Ry € {—1, +1}D . In partic-
ular, for a reward at level ¢ € {0,1,..., L}, the encoding produces:

(11.14)

R, +1 ifj<¢-(D/L),
i —1 otherwise.

For higher rewards, more components are “activated” (i.e., set to +1).
The baseline HD-CB update rule uses binding between the encoded reward and
the encoded context hypervectors:

Ay A+ RO Xy, (11.15)

where ® is the Hadamard (component-wise) product.
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Component-wise decomposition and per-component loss. A key property
of the Hadamard product is that it makes the action hypervector update separable
across dimensions: each component j of the prototype hypervector is updated
independently of all other components. Explicitly, for j =1,...,D:

Aaj < Aaj + Rej- Xy (11.16)

This is precisely the perceptron update rule where A, ; plays the role of the scalar
weight, &} ; € {—1,+1} plays the role of the scalar input, and R;; € {—1,+1} plays
the role of the label.

By repeating the same integration step as in Section 11.2.1, we interpret each
component update as a stochastic gradient step with unit learning rate:

oL,
A, Ay 2k 11.17
a, a,l aAaJ ( )
which requires:
oL;
=Ry X 11.18
8Aa7j t7] tm] ( )
Integrating with respect to Ag ;:
| £(Aags Xy Reg) = —Riy - Aay - Xy | (11.19)

Total loss as sum of per-component losses. Since the Hadamard product
makes the update independent across dimensions (each component j is updated
using only R, ; and & ;, with no cross-component coupling) the total loss can be
written as the sum of D scalar losses:

D
Liherm(Aa, Xi, Ry) = — ZRt,j Aaj Xy = —(Re© X, Ag)
=1

. (11.20)

=Y 2([j < D] = 0.5) Aaj Xy
j=1

h
I
-

In fact, if we take the gradient of Linerm With respect to A, j, only the j-th term
in the sum survives (all other terms are independent of A, ;), and we recover
OLtherm/0Aq; = =Ry j - Xy j, which is exactly the negative of the update applied to
component j in Eq. (11.16). Therefore, the sum correctly reconstructs the complete
vector update rule —R; ©® A}.

This is a linear loss on the bound (reward-context) hypervector. Comparing with
the simple case: the role previously played by the scalar r; is now played by the
encoded hypervector R;, and the effective input to the loss is Ry © &; instead of
TtXt.

Position-dependent probabilistic structure. The very interesting aspect is
that, because of the thermometer encoding structure, the “label” R;; for each
component j is not independently and identically distributed across positions. Instead,
each position has a distinct marginal probability of being +1 or —1 that depends on
the reward distribution and the component index. In particular:
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« Low-index components (j small): R;; = +1 for nearly all reward levels
¢>1. Thus Pr(R;; = +1) is high.

« High-index components (j large): R;; = +1 only for the highest reward
levels. Thus Pr(R;; = +1) is low, and Pr(R;; = —1) is high.

Formally, the probability of having 41 in position j when receiving a reward
level ¢ drawn from some distribution p(¢) can be expressed as:

.
Pr(Ryj = +1) = Pr(f > ‘7D> . (11.21)

Implicit ensemble interpretation. This position-dependent structure suggests
an intriguing interpretation: the thermometer-encoded HD-CB can be viewed as
an implicit ensemble of D weak learners (one per component), each with a different
operating threshold on the reward scale. Specifically:

« Component j effectively asks: “Is the reward above the threshold 7; = j-L/D?”
o The answer is Ry ; € {—1,+1}.
e FEach component independently learns a classifier for this binarized question.

e The cosine similarity at prediction time aggregates all D “votes” into a single
decision.

Intuitively, the sign of A, j - A} ; reflects whether, historically, contexts with this
projection pattern tended to produce rewards above threshold 7; when action a
was chosen. This is reminiscent of AdaBoost or stacked binary classifiers. The
thermometer encoding naturally creates this decomposition.

Role of different thermometer positions. This analysis reveals that the
different components of the hypervector play distinct roles:

« Early positions (high Pr(R;; = +1)): these components are almost always
updated in the same direction regardless of reward. They primarily encode
the frequency of choosing action a in context X;, contributing a “popularity”
signal rather than reward discrimination.

« Late positions (high Pr(R;; = —1)): these components are +1 only for
the highest rewards. They act as selective reward detectors, contributing only
when the action is truly excellent for the context.

e Middle positions: these have the most balanced label distribution and carry
the most information in an information-theoretic sense (maximum entropy of

Rf,j)'
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Expected loss. Over time, the expected implicit loss for component j can be
obtained by integrating over the reward distribution. Denoting the corresponding
level distribution as p(¢):

E.[L;] = —Er[Rej] - Aaj- Xij = =B - Aayj - Xbj- (11.22)
where 3; is a position-dependent bias:
Bj = Pr(Rt,j = —|—1) — PI‘(RtJ = —1) = 2 PI‘(RtJ‘ = —|—1) —1, (1123)

that varies monotonically: 51 > By > --- > p, with early positions having strong
positive bias and late positions having strong negative bias.
The expected total loss is therefore:

D
Er[ﬁtherm] = - Z/B] : Aa,j : Xt,j = _<ﬁ ® Xt7 .Aa>, (1124)
j=1
where 8 = (B1,...,8p)T is the vector of position-dependent biases.

The expected loss is a weighted inner product, where the weights $; modulate the
importance of each component. This is structurally similar to the simple scalar case
L = —ri{Aq, X;), but with the scalar r; replaced by a component-specific weighting.

11.2.2 Per-round loss definition

The preceding analysis showed that the baseline update rule already implicitly
performs a form of stochastic gradient descent, but on a linear, unregularized loss
that updates unconditionally. We now replace this implicit objective with an explicit,
well-defined loss function that addresses each of these shortcomings.

A key structural property of contextual bandit problems that distinguishes them
from full reinforcement learning is that the environment provides immediate, per-
round feedback for the selected action. At every round ¢, after the agent selects action
a; given context xy, it observes the reward 74, € [0,1] before the next context is
presented. No delayed consequences, no state transitions, and no credit assignment
across time steps are involved: each round is a self-contained example consisting of
an input (the encoded context x;), a model prediction (7¢,,), and a ground-truth
label (744, )-

This means that the reward signal in contextual bandits can be treated as a
regression target for the chosen action. As a result, the classical tools of supervised
learning can be directly applied to the learning problem, provided that the model
produces a differentiable prediction.

In the HD-CB framework, the model does produce such a prediction. Recall that
in the baseline HD-CB formulation (Chapter 7) the estimated quality of action a in
context x; is computed as the cosine similarity between the encoded context X; and
the action representative Ag:

Xt'Aa

X Ad) = ot
cos ¥ Aa) = TR

defined for &; # 0, A, # 0. (11.25)
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Since cosine similarity lies in [—1, 1] while rewards lie in [0, 1], we can interpret
similarity as an estimated reward by rescaling it:

2 cos(Xy, Ag) + 1 1 ( X - A, N 1)
t = = .
(| X2 ]| [ Aall

o 2 )
This mapping preserves the original HD-CB semantics (actions whose representatives
are aligned with the current context receive higher predicted reward) while ensuring
that 7 o € [0, 1], making it comparable to the observed reward.
With both a prediction and a target available at every round, we can now define
a standard regression loss. Specifically, we define a per-round squared-error loss for
the chosen action:

(11.26)

Ly = %(ft,at - ""t,at)Qv (11.27)
As for the standard bandit setting, the loss in Eq. (11.27) is defined only for the
selected action a; and the rewards for the remaining N — 1 unchosen actions are not
observed.
The loss £; depends on A,, through the differentiable function #; 4, (Eq. (11.26)).
This makes it possible to compute the gradient dL;/0.A,, and apply stochastic
gradient descent to update the representative.

11.2.3 Gradient of the loss with respect to the representative

To achieve a loss-based HD-CB variant, we seek to update the representative of the
chosen action, A,,, so as to minimize £; over time. We apply stochastic gradient
descent, which requires computing the gradient of the loss with respect to the model
parameters Ag,,. Since £; depends on A,, only through #,,, we apply the chain

rule:
oL B oL, _ Ot
0A,, N Ofta, O0Aq, )

(11.28)

e The first term is the derivative of the squared error, which represents the
prediction error, and is immediate:

0Ly
0Pt

A

= Tt,az - rt,at-

e The second term involves differentiating the normalized dot product.

Ofte, 1 O < X Aq, )
| .

aAat - 5 8"404 ’XtH H‘AatH

Since ||X|| is constant with respect to A,,, the remaining derivative is the
gradient of cosine similarity with respect to its second argument. For simplicity,

let’s define u = A} and v = A,,.
u-v
c(u,v) = ———.
[[wll ]l

Since ||u|| is constant w.r.t. v,

o (o) = 50 (rzu' Zu> B Hiu g CﬁH)
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From the quotient rule we remember that if f = g/h then f' = w.
Therefore:
_ 1 9 (uv) _ L lV(u-v) = (u-v)V(v]])
[ull dv \ ]| [l lv])?
Where:
- V(u-v)=u
= V([lol) = V(/v-0) = 1/2 (v-0) V2 V(v-v) = v/\/[v-v) = v/ |||
Therefore,
18(u-v)_ 1 vllu=(u-v)pp 1 (u_(u-v)v>
[ul v \ [v]| [Jull [0]|? ol lof2 /-

Substituting back u = X}, v = A,,

Ofra 1 1 XA,
g =5 T (- )
Ofre 1 1 Xy Aq,
Ta =5 A (B T Ae)

Combining both terms yields the gradient of the per-round loss with respect to the
chosen representative:

8&; 1 1 < A Xt'AULt .A )

S W= (11.29)
0 Aq, N A R

Equation (11.29) provides a principled direction in which to update Ag,,: when
the predicted reward 7;,, exceeds the observed reward, the gradient pushes the
representative away from the current context direction (reducing similarity); when
the predicted reward is too low, it pushes the representative towards the context
direction (increasing similarity). This mechanism is qualitatively similar to the
baseline HD-CB, but unlike the heuristic update rules used in that formulation, this
behavior follows directly from minimizing the explicit loss in Eq. (11.27).
The full gradient-descent step for the selected action can be written as:

1 1 X, A
Ag, — Ag, — Pray — Tray) - = ————— [ X, a )), 11.30
' : ”’f((”’ rtad 3 T HAat\(t FHE (11.30)

where 7; > 0 is a learning rate (possibly time-dependent).

11.2.4 Simplifying via Sigmoid and Regularization

While the gradient derivation in Eq. (11.29) is theoretically exact for optimizing
cosine similarity, it introduces significant computational complexity. Specifically,
computing the term W Aq, requires divisions and norm calculations at every
update step. In resource-constrained environments, implementing these division-
heavy updates can be costly and time-consuming, as observed in Chapter 2. To
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avoid this computational burden, we observe that the behavior of the exact cosine
gradient can be effectively approximated by replacing the cosine similarity estimator
with a sigmoid function on the dot product combined with Lo regularization.

The exact cosine gradient (Eq. (11.29)) consists of two forces:

1. A force aligning A,, with the context X; (the A} term).
2. A '"rejection" force that subtracts the component of A,, parallel to A} (the
—%A term).

The second term effectively prevents the norm |[|A,, || from growing indefinitely,
ensuring the vector only rotates. The core idea of this subsection is that we can
achieve a similar effect by allowing the dot product to drive the alignment while
using an explicit regularization term to constrain the norm.

Derivation Let us redefine the estimated reward 7, using the logistic sigmoid
applied to the raw (unnormalized) dot product:

Pta = 0(X - Aa). (11.31)

function o(z) = H%

To prevent the magnitude of A, from growing unbounded, we add an Lo regulariza-
tion term to the loss:

i 1, 2 A
ﬁig - 5(7},% - Tt,at) + 5““4(%”27 (11-32)

with
Pra, =0(2), 2t =X Aq,. (11.33)

and A is the regularization parameter. To derive the update rule, we compute the
gradient of £;'® with respect to A,,. By the chain rule:

oLy AL 9P, O
— — . 2 . +
8,4% 87}’% 8zt 8Aat

Each term is straightforward:

AAq,. (11.34)

e The derivative of the squared error:

sig
oLs
0Pt a4

A

= Ttar — Tt,as-

e The derivative of the sigmoid:

or . .
" (21— 0(20)) = P (1 o)
2t
e The derivative of the dot product:
&zt
= AX;.
OA,,
Substituting into Eq. (11.34), we obtain:
oLse
= (Frar = Ttar) Pra (1 = Pra,) X+ A A, (11.35)
8"/4(175
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Resulting update rule The full gradient descent step can be written as:

Aat — Aat — Mt [(rﬁt,at — Tt,at) ftﬂlt (1 — ft,at) X + >\Aaz:| (1136)

For convenience, and compactness we can define the scalar
o - o . T
gt = (Ttyat - Ttﬂlt) Tt,at (1 - Tt,at)v Ttar = O-(AatXt)' (1137)

and write the the sigmoid-based loss update in Eq. (11.36) in compact form:

Aat — Aat — ’I’]t< gt Xt + )\-Aat ) (1138)

update direction  norm control

This update preserves the same qualitative behavior as the cosine-based formulation:
if 74 4, < rt.q,, the representative A,, is pulled towards X; if 74 4, > 74 4,, it is pushed
away. However, unlike the cosine gradient in Eq. (11.29), the sigmoid-based update
avoids explicit normalisation and division operations.

The sigmoid-based formulation can be interpreted as a computationally efficient
approximation of cosine-based learning. The sigmoid derivative #(1 — #) naturally
dampens updates when the dot product becomes large in magnitude, while the Lo
regularization term explicitly counteracts norm growth. Together, these two effects
emulate the role of the rejection term in the cosine gradient, making the sigmoid-
based loss particularly attractive for embedded and low-power implementations.

Algorithm 12 depicts the complete Loss-HD-CB model with sigmoid-based
updates.

11.2.5 Experimental Evaluation

To validate the loss-based formulation, we conduct three complementary analyses.
We first examine the loss dynamics over time, providing direct evidence that the
update rule is minimizing the squared-error objective (Section 11.2.5). We then
present per-configuration off-policy evaluation results comparing loss-based updates
(in both cosine and sigmoid formulations) with heuristic updates (Section 11.2.5).

Loss dynamics over time

Before examining the average reward, it is important to verify that the per-round
prediction error decreases systematically over time rather than merely fluctuating.
To this end, we examine the per-round prediction loss £L; = %(ft,at — rwt)g over
1000 rounds on a synthetic CB dataset (N = 10, d =5, D = 1000).

Figure 11.3 reports the per-round loss for the Loss-HD-CBgpg model with
e = 0.05. The raw loss (grey) decreases rapidly during the initial learning phase
within the first 200 rounds, and then stabilizes at a low residual level. The smoothed
curve (moving average with window 50) clearly reveals the convergence trajectory:
the loss decreases monotonically during the learning phase and stabilizes around a
small residual value.

This convergence profile provides direct empirical evidence that the loss-based
update rule is indeed minimizing the squared-error objective. The monotonic decrease
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Algorithm 12 LOSS-HDCgig (Epsilon-Greedy, Sigmoid + Regularization)

1: Input: € € [0, 1], learning rate n > 0, regularization A\ > 0

2: Initialize: action counts n, <— 0 for all a € {1,..., N}

3: fort=1,2,...,7T do

4: Observe context z; € R4

5: Encode context into hypervector X; +— Encode(xz;) € R”

6: fora=1,2,...,N do

7 Compute score z¢, Al x,

8: Predicted reward 7 o < 0(2¢,4)

9: Sample u ~ Uniform(0, 1)
10: if u < € then > exploration
11: Select a; uniformly at random from {1,..., N}
12: else > exploitation
13: Select a; <— arg max, 7, > break ties uniformly
14: endif
15: endif

16:  Execute a; and observe reward 74, € [0, 1]

17: Compute g¢ < (Pra, — Ttar) Pias (1 — Proa,)

18: Update selected representative:

19: .Aat — -Aat - n(gt X+ A Aat)
20: end for

of the smoothed loss mirrors the behavior expected from a stochastic gradient descent
procedure applied to a well-defined cost function. Moreover, the rapid initial decrease
followed by stabilization suggests that the model quickly identifies the dominant
reward structure and then enters a fine-tuning phase where only residual corrections
are needed.

This behavior stands in sharp contrast to the heuristic update, where no analogous
convergence analysis is possible because no explicit loss is being minimized. While
the heuristic HD-CB also learns effective representations empirically, the absence of a
loss function makes it impossible to monitor or guarantee that the learning dynamics
are improving the prediction quality over time. The loss-based formulation closes
this gap: for the first time in the HD-CB family, the learning process can be tracked
through a well-defined, monotonically decreasing cost, bringing it in line with the
optimization-based perspective that underpins classical linear bandit algorithms.

Off-policy evaluation

Having established that the loss-based update converges, we now evaluate its impact
on decision quality through a systematic off-policy evaluation.

Table 11.2 reports the average reward obtained on synthetic contextual bandit
datasets using the OBP framework, while varying the number of actions N and
the context dimension d. Four models are compared: the linear e-greedy baseline
(LinEPS), the standard real-valued HD-CB with heuristic updates (HD-CBgps),
and two loss-based variants using the cosine gradient (Loss-Cos) and the sigmoid
approximation (Loss-Sig), respectively.
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Figure 11.3 Per-round prediction loss of Loss-HD-CBgpg on a synthetic contextual
bandit dataset (N = 10, d =5, D = 1000). The raw loss (grey) and its moving average
(green, window 50) show clear convergence from approximately 0.04 to a residual level
below 0.005, confirming that the update rule effectively minimizes the squared-error
objective.

Several important observations emerge from this comparison. First, Loss-Cos
and Loss-Sig achieve the highest average reward in every tested (N, d) configuration,
without exception. The improvements over the heuristic HD-CBgpg range from
approximately 1.3% (at N = 20, d = 5, where HD-CBgpg already performs well at
0.733) to a striking 4.6% (at N = 10, d = 15, where the loss variant reaches 0.705
compared to 0.659), confirming the structural benefit arising from the error-corrective
nature of gradient-based updates.

Second, a particularly revealing pattern emerges at larger context dimensions. At
d = 15, the heuristic HD-CBgpg underperforms the LinEPS baseline in the majority
of configurations: at (10,15), HD-CB achieves 0.659 versus LinEPS at 0.663; at
(15,15), the gap widens to 0.664 versus 0.678; at (20, 15), HD-CB obtains 0.681 versus
0.690. This suggests that in more complex environments, the heuristic accumulation
becomes noisier, as the fixed-magnitude update does not account for the model’s
current prediction accuracy and progressively corrupts the representations. The
loss-based variants completely reverse this trend. At the same (V, 15) configurations,
Loss-Cos achieves 0.705, 0.703, and 0.713, respectively, consistently outperforming
both the heuristic HD-CB and the linear baseline. The absolute improvement of Loss-
based models over HD-CBgpg tends to increase with the context dimension d. At
d = 5, the gains are moderate (1.3-1.7%), reflecting that low-dimensional problems
are already well-handled by the heuristic accumulation. At d = 10, the gains rise
to 2.2-3.9%. At d = 15, where the heuristic update struggles most, the gains reach
3.2-4.6%.

Crucially, the enhanced accuracy does not come at the expense of the lightweight
per-round structure of HD-CB. In fact, the sigmoid update is computationally lighter
than the heuristic rule. In the standard HD-CB, the observed reward must first
be encoded into a full D-dimensional bipolar hypervector R;,, via thermometer
code, then bound element-wise with the context &}, and finally bundled into A,,.
The sigmoid update (Eq. (11.38)) bypasses the reward encoding entirely: the scalar
gradient factor g; (Eq. (11.37)) is computed from the observed reward and the
predicted reward using scalar operations, and the representative is updated via a
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Table 11.2 Off-policy evaluation results comparing LinEPS, HD-CBgrgar, and the es-
timated Loss variants. The best performing method in each row is highlighted in
bold.

) Loss Variants
N d | LinEPS HD-CBgps Loss-Cos Loss-Sig
10 5 0.614 0.656 0.670 0.668
10 10 0.683 0.684 0.723 0.719
10 15 0.663 0.659 0.705 0.701
15 5 0.711 0.735 0.752 0.751
15 10 0.703 0.708 0.730 0.729
15 15 0.678 0.664 0.703 0.703
20 5 0.716 0.733 0.746 0.742
20 10 0.708 0.724 0.746 0.742
20 15 0.690 0.681 0.713 0.714

single scalar-vector multiplication g; X} followed by a vector addition.

As a result, Loss-HD-CBEgpg is not only more accurate but also more efficient per
round than the heuristic baseline, retaining full hardware friendliness while providing
substantially improved and more stable learning.

The results in Table 11.2 also allow a direct comparison between the two loss
formulations. Loss-Cos achieves marginally higher accuracy than Loss-Sig in most
configurations, with differences never exceeding 0.4%. Given this near-equivalence,
and considering that the sigmoid update avoids the division-heavy norm calculations
required by the exact cosine gradient, operations that can be an order of magnitude
slower on embedded platforms as demonstrated in Chapter 2, the sigmoid-based loss
represents the recommended default for hardware-oriented deployments.

11.2.6 Loss-Probabilistic HD-CB

The previous sections presented two complementary extensions of HD-CB that
address the distinct limitations of the heuristic update: the loss-based formulation
(Sections 11.2.2-11.2.4) replaced these updates with gradient-derived corrections,
while the probabilistic formulation (Section 11.1) replaced unbounded accumulation
with bounded stochastic integer updates. A natural question arises: can these two
ideas be composed to yield a variant that simultaneously benefits from principled
error-driven learning and low-precision bounded representations?

This section answers by presenting Loss-Probabilistic HD-CB (HD-CBy,0ss.PROB),
a variant that uses the magnitude of the prediction error as the update probability,
combining the error sensitivity of the loss-based approach with the memory efficiency
of probabilistic updates.

In the standard probabilistic HD-CB, the update probability a; depends solely
on time: it decreases according to a predetermined schedule regardless of the
model’s current prediction quality. This means the schedule is agnostic to the actual
prediction error: even if the model makes a grossly incorrect prediction at a late
time step, the update probability may be too low to correct it. Conversely, early in
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training, when some predictions are already close to the observed reward, the high
ay still triggers unnecessary updates that inject noise into the representations. The
loss-based formulation suggests a more principled mechanism: the prediction error
itself should modulate the update intensity.

The core idea is to modify the update rule as follows. Upon observing reward r; 4,
the model computes the prediction error Gy = r¢ 4, — 7.q,. The update probability
is then set as:

Py = oy - |Gyl (11.39)
where o = g - (1 — (t — 1) /Thmax) is the time-decaying base probability. For each
component i € {1,...,D}, a random value m;; ~ U(0,1) is sampled, and the

component is updated only if m;; < P

[(Aq,i +sign(Gy) - X)), it my; < P,
Aai = e (Ge)- %) e (11.40)
Aay i, otherwise,

where f(-) = max(—x, min(-, +x)) is the saturation function bounding each compo-
nent to [—k, +k].

In this way, the update probability P, now depends on |G|, the absolute prediction
error. This introduces an error-driven modulation: when the model predicts well
(|G| = 0), the effective update probability drops toward zero regardless of the
time schedule, conserving the current representation. When the prediction is poor
(|G¢] = 1), the probability approaches oy, triggering a correction. The update
direction is determined by sign(Gy) - Ay ;: when the observed reward exceeds the
prediction (Gy > 0), the representative is pulled toward the context; when the
prediction overshoots (G; < 0), it is pushed away.

However, a non-trivial design issue arises in action selection. In the full-precision
Loss-HD-CB (Section 11.2.4), the sigmoid estimator 7, = o(A/} A;) is kept in the
active region by the Ly regularization term M||Ay, ||?, which penalizes norm growth
and maintains the dot products within a range where the sigmoid gradient 74, (1 —
Ttq,) remains appreciable. In the probabilistic setting, the action representatives
are bounded by design to A, € [—k, +/£]D through saturation, but the dot product
Al X, can reach magnitudes up to Dk, which for typical values (D = 1000, x = 3)
exceeds 3000. At such magnitudes, the sigmoid is deeply saturated, causing the
gradient factor 7(1 — 7) to vanish and halting learning even when the prediction
error is large.

Instead of introducing a temperature-scaled sigmoid, which would add a hyper-
parameter dependent on both D and s and still require evaluating an exponential
on hardware—we adopt a simpler approach: a normalized clipped ReLU. We define
a normalization constant v = Dk/2, corresponding to the expected magnitude of
the dot product when the representative components are uniformly distributed in
[—k, +k], and compute the predicted reward as:

Tx
1o = min (1, max (0, Aatt) ) (11.41)
14

Within the active region 0 < 7, < 1, the estimator is linear in the dot product, so
the prediction error Gy = 144, — 7,4, is always well-defined and never vanishes due
to gradient saturation.




11.2 Loss-Based HD-CB: From Heuristic Updates to Explicit Optimization 199

This estimator is an ideal candidate for hardware. The constant v is computed
once at initialization. For power-of-two choices of D and k, the division reduces
to an arithmetic shift. The remaining operations are standard integer primitives,
making the entire prediction pipeline compatible with the low-precision arithmetic
of the saturating-integer action representatives.

The Loss-Probabilistic update can be understood as a stochastic, quantized
approzimation of the sigmoid-based gradient update (Eq. (11.38)). In the sigmoid-
based loss, the gradient scalar modulates the continuous-valued update magnitude; in
HD-CBr,0ss.prOB, the error modulates the discrete update frequency instead, while
the per-component update magnitude remains fixed at +1. This frequency-based
modulation is the mechanism that enables the update rule to operate entirely within
low-precision saturating integer arithmetic while retaining the error-sensitivity of
gradient-based learning.

11.2.7 Comparison: Performance versus Representation Precision

To provide a complete and unified perspective, we close this section presenting a
comprehensive of all HD-CB models. In particular, since HD-CB[,0ss.prOB Was
introduced algorithmically in Section 11.2.6 without a dedicated evaluation, its
experimental validation is presented here alongside all other variants.

All models were evaluated using the OBP framework [76]. Each reported
average reward is obtained by averaging across all (N,d) configurations (with
N € {10,15,20} and d € {5,10,15}) and 50 independent seeds per configuration,
with D = 1000. Table 11.3 reports the per-configuration results, while Figure 11.4
plots the configuration-averaged reward against the number of bits per element,
providing a panoramic view of the reward-precision trade-off across the entire HD-CB
family.

Table 11.3 reveals that HD-CBr,0ss.proB consistently outperforms the standard
probabilistic variant HD-CBprop at every tested precision level and in every (N, d)
configuration. The improvement is systematic and substantial. At 3-bit precision
(k = 3), Loss-Prob achieves the largest and most consistent gains, outperforming
standard Prob by 1.4-2.9% across all configurations. In several cases, the 3-bit
Loss-Prob variant matches or exceeds even the performance of the real-valued (32
bits) heuristic HD-CBgpg: at (15,5), Loss-Prob at 3 bits reaches 0.745 compared to
HD-CBgps at 0.735; at (20,5), it achieves 0.737 versus 0.733. This is a remarkable
result: a 3-bit integer model surpassing its 32-bit heuristic counterpart, enabled
purely by the error-driven update mechanism.

At 4-bit precision (k = 7), Loss-Prob provides dramatic improvements in the
higher-dimensional configurations where the standard Prob variant struggles most.
At (10, 10), Loss-Prob reaches 0.692 versus Prob at 0.646 (+4.61%); at (20, 10), it
achieves 0.713 versus 0.653 (+6.0%); at (20, 15), 0.672 versus 0.612 (+6.0%). An
interesting pattern emerges: while standard Prob at k = 7 often underperforms stan-
dard Prob at k = 3—suggesting that the additional dynamic range is wasted or even
harmful—Loss-Prob at k = 7 consistently outperforms Loss-Prob at k = 3 at higher
dimensions. The error-driven modulation effectively unlocks the representational
capacity of the wider integer range, which the heuristic schedule fails to exploit.

Figure 11.4 synthesises the comparison across all twelve variants. Overall, the
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Figure 11.4 Comprehensive comparison of all HD-CB variants: average reward (OPE,
averaged across all (N, d) configurations) versus bits per element (log, scale).

real-valued Loss-HD-CBgpg (0.7151) outperforms the heuristic HD-CBgpg (0.6911)
by 2.4%. At low precision, HD-CByr,0ss.prog outperforms HD-CBpgrop at every
value of k: by 1.4% at k = 1, by 1.7% at x = 3, and by 4.0% at k = 7.

HD-CBrogss prop With k = 7 (4 bits) achieves a configuration-averaged reward
of 0.6876, exceeding the LinEPS baseline (0.6858) despite using 8x less memory per
element. Even at x = 3 (3 bits), it reaches 0.6811, within 0.5%pp of the 32-bit linear
baseline: at (15,5), Loss-Prob at 3 bits (0.745) exceeds both LinEPS (0.711) and
HD-CBgps (0.735).

Connecting the Loss-HD-CB variants across precision levels traces a clear Pareto
frontier: Loss-Prob k=1 (2 bits, 0.6563) — Loss-Prob x =3 (3 bits, 0.6811) —
Loss-Prob k=17 (4 bits, 0.6876) — Loss-HD-CB real (32 bits, 0.7151). No other
variant family lies above this frontier, establishing the loss-based family as the
uniformly best choice for any given bit budget.

Notably, the reward curve flattens between 4 bits (0.6876) and 32 bits (0.7151):
an 8x increase in precision yields only 2.8% of improvement. This suggests that
3-4 bi representations offer an excellent accuracy-efficiency sweet spot for edge
deployment.

Figure 11.4 serves as a practical design chart. Given a target memory budget, the
designer can read off the maximum s supported and estimate the expected reward.
For example, with D = 1000 and N = 20 actions, a 4-bit representation requires
20 x 1000 x 4/8 = 10 KB for action representatives; reducing to 3 bits brings this to
~ 7.5 KB with only 0.65% reward loss.
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Table 11.3 Off-policy evaluation results comparing LinEPS, HD-CBgps, and all proposed
variants. Columns report average reward for each (N,d) configuration. The best
performing method in each row is highlighted in bold.

N d |LinEPS HD-CBgps

Loss Vars ‘ HD-CBgin (bits) | HD-CBprog(bits) | HD-CBpess.prob (bits)
2

Cos Sig 3 4 2 3 4 2 3 4
10 5 0.614 0.656 0.670 0.668 | 0.578 0.594 0.604 | 0.630 0.647 0.641 | 0.641 0.661 0.655
10 10 0.683 0.684 0.723 0.719 | 0.592 0.610 0.625 | 0.643 0.664 0.646 | 0.652 0.681 0.692
10 15 0.663 0.659 0.705 0.701 | 0.570 0.579 0.589 | 0.604 0.632 0.619 | 0.616 0.646 0.658
15 5 0.711 0.735 0.752 0.751 | 0.656 0.674 0.693 | 0.718 0.729 0.715 | 0.737 0.745 0.740
15 10 0.703 0.708 0.730 0.729 | 0.594 0.610 0.631 | 0.638 0.662 0.639 | 0.652 0.681 0.692
15 15 0.678 0.664 0.703 0.703 | 0.571 0.579 0.588 | 0.607 0.635 0.614 | 0.624 0.654 0.669
20 5 0.716 0.733 0.746 0.742 | 0.645 0.661 0.680 | 0.703 0.731 0.721 | 0.715 0.737 0.731
20 10 0.708 0.724 0.746 0.742 | 0.610 0.630 0.652 | 0.657 0.671 0.653 | 0.673 0.700 0.713
20 15 0.690 0.681 0.713 0.714 | 0.575 0.583 0.593 | 0.614 0.637 0.612 | 0.631 0.658 0.672

11.3 A Neural Network Interpretation of HD-CB

This section closes the second part of this dissertation by showing that the entire
HD-CB pipeline—from context encoding to action selection and update—can be
formally interpreted as a shallow, single-hidden-layer feedforward neural network
whose architecture closely parallels that of Random Vector Functional Link (RVFL)
networks [312, 313] and Extreme Learning Machines(ELMs) [314, 315].

This interpretation connects HD-CB with the broader landscape of neural network
theory established over three decades of research.

11.3.1 Background: RVFL networks and extreme learning machines

RVFL networks, introduced by Igelnik and Pao [312, 313], and Extreme Learning
Machines (ELMs), popularized by Huang et al. [314, 315], belong to a family of single-
hidden-layer feedforward neural networks characterized by a distinctive training
paradigm: the weights connecting the input layer to the hidden layer are randomly
initialized and never updated during training, while only the output-layer weights
are learned. This technique yields several compelling properties, including extremely
fast training [312, 316].

Formally, an RVFL/ELM with n input features, D hidden neurons, and C output
neurons computes the mapping f: R® — R¢ defined as:

f(x) = Wou ol Winx + b), (11.42)

where x € R” is the input, Wi, € RP*" is the random, frozen input-to-hidden
weight matrix, b € R is a random, frozen bias vector, o(-) is an element-wise
nonlinear activation, and Wy, € RE*P is the only trainable weight matrix.

The essential architectural principle is a strict separation between a frozen
nonlinear feature expansion x — o(Wipx +b) € RP and a trainable linear readout
Wout that operates in the expanded space.

In their most general form, RVFL networks may also include direct input-to-
output (skip) connections in addition to the random hidden layer. In this thesis
we consider the widely adopted randomized single-layer feedforward formulation
without skip connections and show that HD-CB exhibits precisely this separation.
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11.3.2 The HD-CB Encoding Layer as a Frozen Random Nonlinear
Projection

The HD-CB algorithms can always be decomposed into three main stages. At each
time step t, first the observed raw context vector x; € R? is incoded into the high-
dimensional space X; € {—1,+1}”, where D > d. This encoding step, as highlighted
in Chapter 7 can be performed using any encoding technique. Then, action selection
is performed by computing the similarity between each action prototype and the
encoded context. Finally, after obtaining the reward 7 ,,, the selected action is
updated to better reflect the quality of the selected option.

Notably, by collecting the per-action prototypes {A,}2_; as rows of the matrix
A € RV*P introduced in Section 10.1, we can notice that every learning rule
proposed in this thesis modifies only A, while the encoding mapping remains fixed.
This suggests that the encoding mapping can be seen as a fixed nonlinear random
projection R* — {—1, +1}P whose parameters are fixed at initialization and never
updated: the defining property of the RVFL hidden layer.

The equivalence is immediate for the projection-based encoding described in
Chapter 2:

X = sign(®x), ®cRP* d,; ~ N(0,1). (11.43)

This is exactly the hidden layer of a sign-activated RVFL network with W;, = ®,
b =0, and o(-) = sign(+).

The same holds for the record-based encoding employed throughout this thesis,
which replaces the unstructured matrix multiplication with a compositional con-
struction exploiting the algebraic properties of HD/VSA. As detailed in Chapter 2,
in this technique each continuous feature z; ; is first quantized into one of L lev-
els, yielding a level hypervector LV ; € {—1, +1}P retrieved from a pre-generated
codebook in which adjacent levels produce similar hypervectors while distant levels
are quasi-orthogonal. Each encoded level is then bound with a feature-specific base
hypervector BV ; € {—1,+1}P, drawn i.i.d. at random during initialization and held
fixed thereafter, via element-wise multiplication p; = BV ; ® LV ;. Finally, the d
bound key-value pairs are superposed and binarized:

d
X = sign(ZB‘Q@L‘Q) e {-1,+1}7. (11.44)
j=1

Although different from a single matrix-vector product, this pipeline produces the
same functional outcome: a fixed, nonlinear, high-dimensional mapping whose
parameters are never updated during training. The base hypervectors {BV; }?:1
are randomly generated and subsequently frozen, serving the exact same role as the
random input weights Wj, in an RVFL network. The level hypervectors encode a
constant nonlinear mapping of each scalar feature; the binding operation creates cross-
products between these encodings and the random basis vectors; and sign(-) acts as
the nonlinear activation function o(-), analogous to RVFL [314]. This architectural
correspondence was first formalized by Kleyko et al. [317] that demonstrated the
compositional encoding, despite being composed by two frozen sub-layers (a density-
based representation layer F € {—1,4+1}”*¢ where each feature is independently
mapped to its level hypervector via feature-dependent links, and a hidden layer
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Figure 11.5 Graphical correspondence between RVFL and HD-CB

obtained by binding F with a random weight matrix and then bundling with sign
binarization), fulfills the role of a single RVFL hidden layer, since all parameters
before the output remain fixed at initialization.

Regardless of the specific encoding variant adopted—and, as discussed in Chap-
ter 7, HD-CB is encoding-agnostic—the critical invariant is that the entire encoding
stage is set once and never updated. No gradients flow through these components.
This is the defining characteristic of the RVFL paradigm. This decomposition also
formalizes the central finding of the ablation study in Chapter 6: the frozen nonlinear
projection layer performs the heavy lifting by producing quasi-orthogonal represen-
tations that render the covariance matrix redundant, while the trainable output
weights—the action prototypes—need only accumulate reward-weighted projections
to achieve competitive decision quality.

11.3.3 The Action Prototypes as Trainable Output Weights

Once the context has been projected into the high-dimensional space, the second
stage of HD-CB performs action selection and learning. As formalized in the matrix
notation of Section 10.1, each action a € {1,..., N} is associated with a prototype
A, € RP, and the action scores are computed via

s = AX, € RY, (11.45)

where A = [Aj,..., Ax]" € RV*P is the prototype matrix. This is a linear readout—
the standard output layer of an RVFL network, where the hidden-layer activations
X are linearly combined by the weight matrix A to produce the N-dimensional
output. In the cosine-normalised form, the readout additionally includes a per-row
normalisation by ||.4,||, which does not alter the linear nature of the computation
but ensures score comparability across actions.

The final action selection, a; = arg max, (e;q), can be viewed as a Winner-Take-
All (WTA) output nonlinearity. Figure 11.5 formalizes the complete component-by-
component correspondence.
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Training Procedures

The architectural equivalence established above extends naturally to the training
procedure. In the RVFL framework, only the output weights are learned; similarly,
in HD-CB the encoding layer is fixed, and all learning occurs in the prototype matrix
A € RVXD,

The base HD-CB update, Ay, < Ay, + (Ry © &), can be read as a reward-
modulated Hebbian rule on the output weights. The loss-based formulation makes
this connection even more explicit. The gradient flows exclusively through A,,; the
encoding layer remains frozen, preserving the RVFL architecture by construction.
Loss-Based HD-CB is the standard online RVFL training procedure, adapted to the
partial feedback of the bandit setting.

Connections and Perspectives Opened by the RVFL Interpretation

The structural equivalence between HD-CB and RVFL networks does not, by
itself, guarantee that classical RVFL results transfer without modification to the
bandit setting—differences in feedback (partial vs. full), loss landscape, and data
distribution may require dedicated analysis. Nevertheless, the mapping opens a
number of concrete connections that motivate future theoretical and empirical
investigation. We outline the most promising below, framing each as a direction to
be explored rather than a claim already established.

e Universal approximation. Single-hidden-layer networks with random hidden
parameters are known to be universal approximators under mild conditions
on the activation function and weight distribution [312, 318]. In particular,
Igelnik and Pao [312] showed that the mean-square approximation error of
an RVFL decays as O(C/v/D) with the number of hidden neurons D. Since
HD-CB shares the same architecture, it is natural to conjecture that increasing
the hypervector dimensionality D should progressively improve the model’s
capacity to approximate complex reward functions r(x,a). Verifying whether
the standard universality proofs extend to bipolar activations and bandit-style
partial updates remains an open question.

e Implicit kernel approximation. Randomized hidden-layer networks admit
an equivalent interpretation as kernel machines operating through random
feature maps [246]. Under this view, the HD-CB encoding defines a nonlinear
map ¢ : R? = {—1,41}”, and the linear readout computes action scores as
inner products sq(x) = (A4, ¢(x)). As D — oo, these inner products converge
in expectation to a kernel function whose form depends on the encoding
scheme [244, 246]. This suggests that HD-CB may be understood as performing
linear learning in an implicitly defined reproducing kernel Hilbert space, without
ever computing or storing a kernel matrix—a property particularly attractive
for online, resource-constrained operation. Characterizing the specific kernel
induced by the record-based HDC encoding, and understanding how it interacts
with bandit exploration, is a promising avenue for future work.

e« Depth and expressiveness. A natural concern is whether HD-CB, as a
“shallow” network, suffers from the expressiveness limitations that motivate
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costly deep neural networks in complex, non-linear, and high-dimensional
environments. Whether the current single-layer encoding suffices for such
settings, whether stacking multiple encoding layers could improve performance,
and whether partially or fully training the encoder—rather than keeping it
frozen as in the standard RVFL paradigm—could enhance representational
capacity without sacrificing hardware-friendliness, are open questions that
deserve systematic empirical investigation.

e Connections to spiking neural networks and neuromorphic hardware.
The RVFL interpretation also suggests a conceptual bridge to spiking neural
networks and neuromorphic deployment. Both HDC-style encodings and SNNs
operate with binary or low-precision states and rely on inexpensive primitives
that map naturally onto event-driven neuromorphic processors such as Intel
Loihi [319, 320]. Under this perspective, the HD-CB encoder could be realized
as a fixed spiking feature extractor, with the action prototypes corresponding to
trainable synaptic weights and action selection implemented via a WTA circuit.
Online learning would proceed through local, reward-modulated synaptic
updates that adjust only the readout weights while keeping the encoder frozen—
directly mirroring the RVFL training paradigm. Exploring this mapping
toward ultra-low-power, real-time HD-CB agents on neuromorphic substrates
is a natural direction for future work.

11.4 Summary of Findings

This chapter presented a series of extensions and optimizations that transform
HD-CB from a brain-inspired heuristic into a principled learning architecture with
clear connections to the well-established theory of randomized neural networks.

e Probabilistic HD-CB. To address the unbounded growth of standard
accumulation-based updates, we introduced HD-CBpgrop, which replaces de-
terministic updates with probabilistic ones governed by a time-decaying prob-
ability a;. Combined with saturating integer counters bounded to [—k, +£],
this approach enables deployment with as few as 3 bits per component while
outperforming HD-CBpgin by approximately 5.8% in average reward. Unlike
periodic binarization, which indiscriminately discards accumulated information,
the probabilistic rule preserves ranking information through frequency-based
modulation.

e Implicit loss of the baseline update rule. By interpreting the base-
line thermometer-encoded update as a step of stochastic gradient descent—
mirroring the classical perceptron—hinge-loss connection—we derived the im-
plicit loss function that the heuristic rule minimizes. The analysis revealed that
each hypervector component acts as an independent weak learner operating at
a distinct reward threshold. While this result proves that the heuristic is not
entirely unprincipled, it also identifies its structural limitations, which directly
motivated the explicit loss formulation.
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e Loss-based HD-CB. We addressed the theoretical gap between HD-CB’s
heuristic updates and the optimization-grounded formulations of classical ban-
dits. By defining a per-round squared-error loss and deriving the gradient
with respect to action representatives, we obtained an update rule that is
explicitly grounded in first-order optimization. The sigmoid-based simplifica-
tion avoids the division-heavy normalization of the exact cosine gradient while
preserving the same qualitative behavior. Off-policy evaluation confirmed that
Loss-HD-CBgps outperforms the standard heuristic variant in every tested
configuration, with improvements of up to 3 percentage points in accuracy.

e Loss-Probabilistic HD-CB. Combining the loss-based and probabilistic
formulations, we introduced HD-CBy,oss.proB, which uses the prediction
error magnitude as the update probability, combinging principled error-driven
updates with the low-precision bounded representations of HD-CBpgrog.

e Cross-family comparison and Pareto analysis. The comprehensive
comparison across all twelve variants (Table 11.3 and Figure 11.4) reveals a clear
hierarchy. At full precision, the loss-based variants consistently outperform
their heuristic counterparts; at low precision, HD-CBr,ogs.prog dominates
HD-CBprop at every tested bit width. Connecting the loss-based variants
across precision levels traces a Pareto frontier that no other variant family
exceeds, establishing the loss-based family as the uniformly best choice for
any given bit budget. Remarkably, the 4-bit Loss-Probabilistic configuration
surpasses the 32-bit LinEPS baseline while using 8x less memory per element,
and the reward curve flattens markedly beyond 3-4 bits, confirming that
ultra-low-precision representations offer an excellent accuracy-efficiency sweet
spot for edge deployment.

¢ Neural network interpretation. We demonstrated that the entire HD-CB
pipeline can be formally mapped onto a Random Vector Functional Link
network: the encoding stage constitutes a frozen nonlinear random projection
(the RVFL hidden layer), while the action prototype matrix A acts as the
trainable output weights. This identification connects HD-CB to randomized
neural network research and opens a natural bridge toward spiking neural
networks and deployment on neuromorphic hardware.

Throughout this chapter the experimental evaluation has deliberately employed
the simplest e-greedy exploration strategy. This choice was intentional: by fixing the
exploration mechanism to its most elementary form, the impact of each algorithmic
contribution could be isolated and measured against a common baseline without
confounding effects introduced by more sophisticated exploration policies. In partic-
ular, the e-greedy setting was instrumental in revealing the performance degradation
caused by hard binarization in HD-CBgyyn, a phenomenon that was masked by a
more aggressive confidence-based rule in Chapter 8. Investigating more complex
exploration strategies within the HD-CB framework represents a natural direction
for future research.

This chapter completes the algorithmic development of the HD-CB family.
Part IIT will now turn to the hardware accelerators that enable these algorithms to
achieve their full potential on embedded platforms.
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Overview

Parts I and IT of this dissertation progressively redefined how online decision-making
algorithms can be executed on resource-constrained platforms. Part I attacked the
dominant bottlenecks of linear contextual bandits across the computing stack: the
VLNPD and its integration into a vector accelerator mitigated the division bottleneck,
while the Sherman-Morrison-Woodbury reformulation significantly reduces compu-
tational cost replacing explicit matrix inversions with incremental updates. This
co-design approach achieved up to 58 x speedup and 50x energy reduction over stan-
dard baselines. However, the fundamental quadratic scaling of covariance-matrices
remained.

Part II addressed this limitation at a more fundamental level, reconsidering
not merely how fast we execute linear algebra but the nature of the computation
itself. By adopting hyperdimensional computing as a neuro-inspired substrate, we
introduced the HD-CB family and its variants—binary, hybrid, probabilistic, loss-
based, and loss-probabilistic—demonstrating that contextual bandit learning can be
performed with simple, distributed, and low-precision operations while achieving
superior performance.

Yet the full potential of neuro-inspired algorithms can only be realized when the
underlying hardware is tailored to its unique operations. General-purpose hardware
(e.g. CPUs and GPUs), even when optimized as in Part I, cannot fully exploit
the massive parallelism and low-precision arithmetic inherent in HDC. The prop-
erties of the paradigm—Ilow-precision components, extremely parallel operations,
simple arithmetic—make it a compelling candidate for dedicated hardware acceler-
ation [321, 322]. Prior works have explored FPGA [205, 323] and ASIC [206, 229]
implementations, but these architectures typically commit to fixed design choices—
specific tasks, datasets, hypervector dimensions, and encoding schemes—requiring
the accelerator to be redesigned from scratch whenever a new algorithm or applica-
tion is targeted. This drastically limits the practical adoption of these accelerators by
the research community and makes investigating the impact of dedicated hardware
on new emerging algorithms, like HD-CB, strongly impractical. Literature currently
lacks general-purpose hardware solutions that can be adapted to efficiently support
the execution of a wide range of HDC tasks.

Part III addresses this gap by developing a family of open-source, general-
purpose hardware accelerators for HDC whose flexibility can support the full range
of HDC learning tasks—classification, clustering, regression, and online decision-
making—across diverse application constraints. By making all hardware designs,
ISA extensions, and toolchains publicly available as open-source artifacts, we aim
to lower the barrier for researchers and practitioners who wish to deploy HDC on
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embedded platforms without requiring specialized hardware expertise.
The contributions of this part are organized as follows.

Chapter 12 introduces the Hyperdimensional Coprocessor Unit (HDCU),
a configurable RISC-V extension for accelerating binary HDC primitives.
Integrated into the Klessydra core family, the HDCU is parametric at synthesis
time in data parallelism, supported operations, and memory size, while allowing
the hypervector dimension to be set at runtime. A custom instruction set
extension, fully integrated into the GCC toolchain, exposes the accelerator to
software via simple intrinsics. The HDCU achieves speedups of up to 1968 x on
individual primitives and up to 275x on complete HD-CB inference compared
to software execution, while requiring as few as 1030 LUTs in its minimal
configuration.

Chapter 13 extends architectural support to Modular Composite Representa-
tions (MCR), challenging the widespread assumption that binary hypervectors
are the most efficient choice for embedded platforms. We demonstrate that
modular arithmetic achieves a unique balance of information capacity, classifi-
cation accuracy, and hardware efficiency: the MCR-HDCU yields 2.7x faster
execution and 3.9x lower energy than binary models at equivalent accuracy.

Chapter 14 presents a discretized, hardware-friendly accelerator for the
FHRR, enabling complex-valued HDC operations with integer and fixed-point
arithmetic. The design includes, to the best of author’s knowledge, the first
hardware implementation of a Resonator Network.

Chapter 15 explores the computational boundaries of the FHRR paradigm
by applying Resonator Networks to NP-complete problems (3-SAT). This
proof-of-concept validates the broader applicability of the proposed FHRR
accelerator while revealing fundamental capacity limits that inform future
algorithm and hardware design.

Chapter 16 introduces AeneasHDC, an open-source automated end-to-end
framework that streamlines the path from algorithmic specification to syn-
thesizable FPGA accelerators. AeneasHDC enables systematic design-space
exploration, reducing accelerator development time from weeks to hours and
making hardware acceleration accessible to researchers without hardware design
expertise.

Together, these contributions establish a complete, open-source hardware ecosys-
tem for hyperdimensional computing that complements and enables the algorithmic
advances developed in Part II. Importantly, the contributions of this part are not
limited to the contextual bandit algorithms in Part II. The general-purpose nature
of the proposed HDC accelerators means they can support any HDC learning task
on the same hardware. By releasing all designs as open-source artifacts, we aim to
promote adoption across the broader HDC community, enabling researchers and
practitioners to deploy and evaluate hardware-accelerated HDC models without
requiring specialized hardware design expertise.
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Chapter 12

Configurable Hardware
Acceleration for
Hyperdimensional Computing
Extension on RISC-V

Chapter based on Paper 6 and 7 [209]: Rocco Martino, Marco Angioli, Antonello Rosato,
Marcello Barbirotta, Abdallah Cheikh, and Mauro Olivieri. Configurable hardware acceleration
for hyperdimensional computing extension on risc-v. IEEE Transactions on Computers, 2025

"Civilization advances by extending
the number of important operations
which we can perform without
thinking about them."

Alfred North Whitehead

Part III overview observed that existing HDC accelerators commit to fixed
design choices, requiring a complete redesign whenever the target algorithm changes.
This chapter begins to address that challenge starting from the simplest and most
hardware-friendly representation: the binary spatter code (BSC)[164]. In particular,
we ask:

© Research Question

Can we design a configurable and general-purpose HDC accelerator that effi-
ciently supports diverse learning tasks, while enabling systematic trade-offs
between performance, energy, and area through both synthesis-time and runtime
configurability?

We answer affirmatively by introducing the Hyperdimensional Coprocessor Unit
(HDCU), an innovative highly flexible hardware accelerator that optimizes the
core arithmetic operations on binary HVs of any size, while meeting the specific
constraints of different target applications through hardware configurability and
software programmability. The HDCU acts like a coprocessor tightly coupled with a
RISC-V processor core, and features optimized functional units for each primitive
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HDC operation along with dedicated local memories. Crucially, the architecture
is configurable at synthesis time in data parallelism, supported operations, and
memory size, while allowing the hypervector dimension to be set at runtime. A
custom RISC-V Instruction Set Extension, fully integrated into the GCC compiler
toolchain, exposes the accelerator to software via simple intrinsics.

The HDCU was previously employed in Chapters 8 and 9 to accelerate HD-CBpy
and Hybrid HD-CBpgn, achieving speedups of up to 275x over software execution.
This chapter provides the architectural details and systematic evaluation of the
accelerator.

The main contributions of this work are:

e Introducing a flexible hardware accelerator microarchitecture for HDC learning
tasks, integrated into a RISC-V core and configurable at synthesis time;

o Allowing an efficient trade-off between time and resource usage to meet the
constraints of diverse applications.

e Proposing a RISC-V ISE that maps the primitive operations of HDC, enabling
the acceleration of generic learning tasks within a unified architecture;

o Characterizing the hardware requirements of the accelerator by synthesis on
FPGA with varying data parallelism;

o Evaluating the speed-up and energy reduction provided by the proposed design,
both on the basic operations and on complete learning tasks;

e Demonstrating the effectiveness of a general-purpose solution with respect to
application-specific architectures;

The chapter is organized as follows. Section 12.1 surveys related HDC acceler-
ators. Section 12.2 details the HDCU architecture and ISE. Section 12.3 presents
configuration parameters and the programming model. Section 12.4 reports FPGA
implementation results. Section 12.5 evaluates performance and energy efficiency.
Section 12.6 contrasts with state-of-the-art designs. Finally, Section 12.7 summarizes
the findings.

12.1 Related Works

Since HDC is well-suited to hardware acceleration thanks to its massive data-level
parallelism, several FPGA and ASIC architectures have been proposed to speed up
its core operations [205, 323, 324]. However, most of these accelerators are highly spe-
cialized—tuned for particular datasets, HV sizes, and hardware constraints—making
them difficult to repurpose for new HDC tasks.

Initial steps toward more flexible HDC hardware come from architectures that
allow configurability across datasets or encoding schemes, either at synthesis or
via lightweight runtime control. In [206], the authors present Tiny-HD, a compact,
energy-efficient ASIC for edge classification. Tiny-HD is highly optimized for energy
and area and can be configured at synthesis for HV size and class count. However, it
only supports inference (no training, or retraining), cannot perform permutation (so
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it cannot encode sequences), and its datapath is fully deterministic and hard-wired
with no user control. Similarly, the study in [325] proposes a fully learnable HDC
framework and an ultratiny FPGA accelerator for vision applications, reformulating
random-projection encoding as a binary neural layer and providing runtime config-
urability of the hypervector dimension and channel width. This enables adaptation
across datasets within the image-classification domain and achieves strong accu-
racy—efficiency trade-offs, yet the pipeline remains fixed and cannot be extended to
other HDC tasks. LAHDC [326] replaces similarity search with a logic-aggregation
query and provides an automated search that, at synthesis time, selects the hypervec-
tor dimension, the query width, and the gate set to generate an ultratiny accelerator.
This design achieves strong area and energy savings, supporting various classification
datasets. However, the learned gate connections are compiled into hardware, which
requires per-task synthesis, and its fixed learning pipeline prevents support for other
HDC learning tasks. The work in [229] offers a higher degree of customization, with
an accelerator based on standard cell memory, always on, ultra-low power, in 22 nm
for sensor node classification, which exploits in-memory computing. The accelerator
is always-on and wakes up the host only when a target class exceeds a configurable
threshold. This design supports configurability in the HV size, number of classes,
and parallelism at synthesis time, while a low-level microcode-based ISA allows the
operation to be selected in the encoding tasks (permutation or binding), which are
performed in a combinatorial datapath. While this approach offers significantly more
flexibility compared to the other works in the literature, its pipeline strictly involves
the encoding block and the associative memory, preventing support for retraining,
clean-up, or other learning tasks (clustering, regression, and reinforcement learning).
Tts ASIC-specific optimizations and minimal host interface also hinder FPGA de-
ployment and algorithm prototyping. Finally, the study in [327] demonstrates that
the encoding techniques employed by both [206] and [229] perform poorly on several
benchmarks.

Another step toward flexibility comes from automatic-generation frameworks.
F5-HD [328] introduces a framework that allows users to specify dataset properties,
target FPGA, and power/accuracy goals and then instantiates a matching acceler-
ator using predefined processing elements. HD2FPGA [329] similarly generates a
host-attached accelerator, adding support for clustering, variable HV sizes, and auto-
tuning of parallelism according to user-specific requirements. However, both these
frameworks still rely on fixed, hard-wired encoding and learning pipelines, making
them unsuitable for temporal sequences or diverse input types, and cannot adjust
parallelism across different learning stages of the learning process. Our prior work,
AeneasHDC [330] (presented in detail in Chapter 16), seeks to overcome these limi-
tations by introducing an automatic framework based on HLS for generating highly
flexible hardware accelerators that can be configured across model configuration,
encoding techniques and hardware parallelism, and can be generated to perform
different learning tasks. Its focus, however, is on exploring hardware—accuracy
trade-offs, making the accelerator unsuitable for applications in resource-constrained
systems or with stringent real-time requirements, where optimizing each individual
Functional Unit (FU) is crucial. Moreover, as in previous works, each accelerator is
specifically synthesized for a single HDC model and task, and must be re-synthesized
to target new problems.
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A further step toward flexibility leverages the open ISA of RISC-V to introduce
domain-specific instructions for HDC. RISC-HD [331] extends the low-power RISCY
core with built-in support for the inference of HDC classification tasks with binary
HVs. This core features dedicated hardware units, three 4.5 kB ROMs for HVs, and
introduces two custom instructions in the RISC-V ISE: one for encoding, one for
inference. While highly efficient and dataset-agnostic, this architecture still exhibits
flexibility limitations, as it does not support training and is restricted to processing
1000-dimensional binary HVs with a fixed parallelism of 100 bits per clock cycle.
The designed hardware units and the two RISC-V instructions are restricted to
record-based encoding [330] and classification tasks, preventing their use in other
learning problems or with different input data, such as temporal sequences, which
significantly limits the flexibility and applicability of this core.

Overall, the literature on hardware designs for HDC is evolving towards more
flexible and adaptable solutions, but the field still lacks a general-purpose flexible
architecture that can be adapted to different applications, controlled at a high-level
and easily deployed by the community (especially by researchers and practitioners
without a hardware background) to prototype new algorithms and assess the impact
of hardware acceleration on HDC-based learning tasks.

12.2 Hyperdimensional Coprocessor Unit

The designed HDCU is integrated into the execution stage of the Klessydra-T03
core, as depicted in Figure 12.1, and can run concurrently with the scalar execution
by operating in parallel with the Load-Store Unit (LSU) and the Arithmetic Logic
Unit (ALU). The accelerator can be synthesized to be replicated for each thread
running in the core or shared among them.

12.2.1 Architecture overview

The HDCU operates as a tightly integrated coprocessor in charge of executing HDC
operations. A custom RISC-V ISE was defined corresponding to the basic HDC
operation set on binary HVs, leveraging the open and modular nature of the RISC-V
ISA. Each instruction in the custom ISE is encoded following the standard RISC-V
R-type format: the opcode identifies the instruction as part of the HDC extension,
the funct3 specifies the datatype (currently fixed to binary, but designed to support
additional types in future extensions), and the funct7 encodes the specific operation.
These custom instructions have been fully integrated into the RISC-V GCC toolchain
by extending the assembler and disassembler backends to recognize their encodings
and enable proper parsing, emission, and disassembly. Each instruction is exposed to
the programmer as a C-language intrinsic function, defined as a static inline wrapper
with embedded assembly, to ensure accessibility even for non-hardware developers.
This approach also enables compiler-level optimizations such as inlining, register
allocation, and instruction scheduling, allowing HDC operations to be efficiently
interleaved with conventional control or arithmetic code. Table 12.1 summarizes
the available HDC instructions with their intrinsic syntax. Unlike task-specific
approaches [331], our design exposes the fundamental VSA operators, enabling
users to compose any arbitrary HDC algorithm in the literature purely through
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Figure 12.1 Integration of the HDCU in the Klessydra-T03 core.

Table 12.1 ISE for HDC Operations

Instruction Description

Loads an HV from memory location rs1 into the SPM mem-
hvmemld(*rd, *rsi, size) | ory location rd. The size specifies the number of bytes to
load.

Stores an HV from the SPM memory location rs1 into data
hvmemstr(*rd, *rsl, size) | memory location rd. The size specifies the number of bytes
to store.

Bundle the M-bit precision HV in rs1 with the binary HV

hvbundle(xrd, *rs1, +rs2) in rs2 to create a new HV in rd.

hvbind(*rd, *rs1, *rs2) Bound the HVs in rs1 and rs2, resulting in a new HV in rd.

Permute the HV in rs1 by rs2 positions storing the result

hvperm(*rd, *rsl, *rs2) in rd

Hamming distance between the HVs in rs1 and rs2. The

hvsim(*rd, *rs1, *rs2
vsim(*rd, ’ ) similarity is stored in rd.

Binarize the M-bit precision HV in rs1 using the threshold

hvelip(*rd, *rsl, *rs2) in rs2. Result in rd

Compare the HV in rs1 with CSR_ HVCLASS HVs in rs2.

h h(*rd, *rsl, *rs2 .
vsearch(*rd, *1sl, *rs2) Stores the closest match in rd.

software, while adopting the same hardware backend. In the decode phase of
the Klessydra-T03 pipeline, when the fetched instruction belongs to the HDC ISE
and the HDCU is available, the coprocessor is invoked to handle the operation
autonomously, without intervention of the host core.
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The instructions executed by the HDCU operate on HVs contained in dedicated
local Scratchpad Memories (SPMs), which are designed to provide low-latency, high-
bandwidth access for parallel operations. The size of each SPM can be configured at
synthesis time. When the learning task is known in advance, the SPMs can be dimen-
sioned to match precisely the required number of HVs, ensuring optimal hardware
and energy efficiency. On the other hand, for general-purpose deployments where
the learning task may vary at runtime, larger SPMs may be synthesized to support
broader flexibility without reconfiguration. The required size of SPMs depends on
the number of input features, the number of classes, and the dimensionality of the
HVs, while it is independent of dataset sizes (which reside entirely in host memory).
The accelerator operates on HVs whose addresses in the SPMs are provided by the
host processor according to the instruction syntax outlined in Table 12.1. Each SPM
includes one read and one write port, enabling results to overwrite operands directly
without intermediate buffers.

The host processor interacts with these memories via the Scratchpad Memory
Interface (SPMI), using the dedicated hvmemld and hvmemstr instructions, where
the size parameter indicates the byte count to be transferred. This interface and
tight integration offer unprecedented flexibility compared to prior architectures in
the literature. Users can seamlessly interleave standard RISC-V instructions with
HDC operations, enabling real-time debugging, incremental development, hybrid
CPU-accelerator workflows, and experimentation without hardware redesign. While
the SPMI width is fixed at 32 bits (introducing latency of HV__SIZE/32 cycles per
HV transfer), these interactions typically occur only at the initiation or completion
of the task (e.g., loading initial HVs or collecting results) and, therefore, do not
interfere or introduce bottlenecks during iterative computations. Once loaded, in
fact, the HDCU operates directly on locally stored HVs, with no further dependence
on host memory. As a concrete reference, for an HV size of 8192 and a representative
mid-range hardware configuration of the HDCU, initial SPM loading requires 0.10 ms
against 14.4 ms for a full inference run on the CARDIO dataset [332] (0.7% overhead),
while on the larger UCIHAR [333] dataset it takes 0.75 ms compared to 5.0 s for
a complete training pass (< 0.02% overhead). Notably, when the target task is
known in advance, the required HVs can be preloaded into the SPMs at synthesis
time, eliminating the need for runtime transfers entirely. By default, two out of
four SPMs are automatically initialized at synthesis time: one with random BVs
and the other with LVs, which are common components in many HDC pipelines.
Notably, hierarchical caching could further reduce load-time latency, but we omitted
such mechanisms from this initial design to limit complexity and overhead; future
implementations will explore these options.

The tight in-pipeline integration of the accelerator not only enables flexible and
high-level software programmability through standard instructions but also provides
direct access to CPU registers and immediate operands. This eliminates the need
for explicit data movement, synchronization, and additional control logic typically
required in DMA-based or loosely coupled designs, reducing latency, hardware
overhead, and programming complexity.

Figure 12.2 shows a detailed view of the microarchitecture of the HDCU, which
includes dedicated pipelines and highly optimized FUs for each of the basic HDC
arithmetic operations. These units operate independently and concurrently with
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Figure 12.2 High-level schematic of the HDCU microarchitecture showing functional
units and scratchpad memories.

the scalar pipeline, enabling efficient parallel execution of HDC instructions. The
hardware parallelism inside each functional unit can be configured at synthesis
time using a parameter called SIMD degree (Single Instruction Multiple Data).
For instance, setting SIMD equal to 256 replicates the hardware to process 256
binary HV elements in one clock cycle. This flexibility enables trading off execution
time with energy consumption and hardware requirements, allowing the accelerator
to adapt to the specific needs of various application scenarios. Additionally, each
functional unit can be optionally disabled to reduce hardware requirements when
necessary, leaving the software execution of the corresponding HDC operation on
the core.

Differently from existing solutions in the literature, the HV size in HDCU is
not fixed but can be set at runtime by writing into a dedicated Control and Status
Register (CSR), denoted as HVSIZE and visible to the software program through
the CSR__HVSIZE instruction. The value of HVSIZE controls the hardware loops
in the functional units. The hardware loops keep the required functional unit busy
until HVSIZFE elements are processed, avoiding the need for repetitive software loops
in which the same instructions are repeatedly fetched and decoded. If the HVSIZE
is bigger than the SIMD, the functional units process chunks of SIMD bits per clock
cycle. For example, with SIM D = 32 and HVSIZFE = 1024, the functional unit will
be busy for 1024/32 clock cycles. All data movement between the SPMs and the
HDCU datapath is internally pipelined and overlapped with the execution of the
corresponding operation, introducing no additional latency.
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12.2.2 Functional Units

This Section details the design of each functional unit in the HDCU, showing how they
have been optimized for performance, resource efficiency, scalability and flexibility.

Binding Unit. Binding is implemented as a bit-wise logic XOR, with the SIMD
parameter defining how many XOR gates operate in parallel.

Bundling Unit. In BSC, bundling is performed as an element-wise sum between
HVs, resulting in an integer HV that is later binarized through a clipping operator.
However, in practical pipelines such as encoding or training, binarization is typically
applied only after several bundling steps [218, 330]. For example, when encoding
an input sequence with N features, each feature HV is successively bundled, and
binarization is deferred until all N HVs have been accumulated, requiring inter-
mediate HVs to maintain integer precision until the final clipping step [205]. To
support this feature, in the view of flexibility and scalability, we decouple bundling
and binarization into two separate instructions. The number of HVs to be bundled
before clipping is defined by the software program, with only an upper limit referred
to as the Bundle Capacity (BC), representing the maximum number of HVs that
can be accumulated through bundling. The parameter BC' is a power of 2 and is set
at synthesis time as the number M of bits needed to represent it, i.e. M = logsBC.
For instance, if inference is performed on a dataset with 5 features, we can set M = 3;
whereas for optimizing the training process on a large FPGA, we can set M = 32.

The bundling hardware unit is composed of an array of M-bit counters. In order
to maintain M-bit integer precision in cumulative bundling, the unit assumes the
first HV operand, pointed to by rs1, has a widened format —i.e. each element being
M bits wide — and it produces a similarly widened result. The value of each counter
is initialized to the corresponding M-bit element of the HV pointed to by rs1, and
it increments the count value if a '1’ occurs in the corresponding position of the
second binary operand, rs2. The output of each counter represents one element of
the output HV of the operation.

foeoeennn-. HVA - - o eeee - I HVB---------- |
| -4 bit- |
LI T T T J=>"=«¢«"-- 1111 IIII----I|IIII---IIIII
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Figure 12.3 Bundling Unit with M set to 4
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This approach enables iterative HV bundling with M-bit element precision,
allowing the output of a bundling operation to be used as the first operand in
subsequent bundling operations. In order for the software program to operate
correctly, the first of a cumulative bundling sequence should always have a zeroed
HYV as its destination.

The number of counters in the functional unit is

SIMD

Counters = (12.1)
while the number of HV elements processed per clock cycle by the bundling unit is
expressed by

HVSIZE « M

SIMD (12:2)

Bundling latency =

Clipping Unit. Binary normalization is performed by the Clipping Unit using a
majority rule: each element of the output binary HV is set to ’1’ if the arithmetic
value of the corresponding M-bit element in the widened input HV exceeds a
threshold, which is usually half the number of bundled HVs, with ties broken at
random. To ensure flexibility and not constrain the programmer to any number
of features in the dataset, we decided to make the value threshold explicit in the
Clipping operation invoked by the program.

The hardware structure of the clipping unit is similar to that of the bundling
unit but replaces the array of counters with an array of comparators. In this case,
the unit takes as input one widened HV with M-bit elements and returns a binary
HV. The latency for clipping completion is given by

HVSIZE « M

STMD (12.3)

Clipping latency =

Permutation Unit. As explained in Chapter 2, the HDC permutation operation
consists of a cyclic right shift (rotation), where the least significant bits that fall out
of the HV replace the most significant ones.

Like the other FUs, the structure of the Permutation Unit is also HV length
agnostic and supports configurable hardware parallelism. To rotate arbitrarily long
vectors, as illustrated in Figure 12.4, a temporary register (buffer) stores the least

Chunk 1 Chunk 2 Chunk N Chunk 1
R | [ 1 ] [ 1 | [ 1 | [ |
31 S 0 31 I s 0 31 S | 0 31 S 0
Buffer | | | [ 1 [ el | |
31 S 0 31 | B 0 | S 0
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Figure 12.4 Permutation Principle Scheme applied to a 128-bit HV processed using a
SIMD of 32
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significant bits of the HV chunk processed in the current clock cycle. In the first
clock cycle, the most significant chunk of the HV pointed by rs1 is read from the
local memory, and a number of bits equal to the shift amount s are shifted out and
stored in the buffer. The output of the first cycle is not written back to memory. In
the second clock cycle, the buffer content is moved to the most significant s bits of
the subsequent HV chunk, while the least significant s bits of this chunk are saved in
the buffer, replacing its previous content. This process iterates until the entire HV
has been read from memory and permuted. Once the last chunk has been processed,
the first chunk is reloaded, shifted to the right, and the least significant s bits of the
last processed chunk are inserted as its most significant bits.

Similarity Unit. The similarity measurement between two binary HVs can be
computed using the Hamming distance as described in Chapter 2. The similarity
hardware unit first performs a bitwise XOR across SIMD bits of the two operands,
then counts the number of ’1’s in that SIMD-wide result (using a pop-count function),
and finally accumulates these counts over the entire HV.

To implement the pop-count, we evaluated the six architectures reviewed in [334],
comparing their resource utilization, critical path delays, scalability and latency.
Among them, we selected the basic loop-based design, which provides excellent
scalability in terms of hardware requirements and latency. This solution is well-
suited for our configurable accelerator, where hardware parallelism is set at synthesis
time and functional units operate on binary HVs. Future extensions of the HDCU
targeting more complex datatypes (e.g., fixed-point or complex HVs) may benefit
from adopting a pipelined tree-adder design, which reduces critical path length and
improves throughput while maintaining a high operating frequency. The output of
the pop-count is accumulated through a 13-bit adder. The similarity unit computes
SIMD elements per clock cycle, requiring a total latency of (SIMD/HV SIZE + 2).
After processing the entire HV, the final value in memory represents the Hamming
distance.

Search Unit. The last operation implemented in the HDCU is the search. While
this is not a standard HDC operator, it is crucial during the inference phase of many
learning tasks to identify the closest prototype among a set of HVs stored in memory.
Performing this procedure in software would require calling the designed hvsim
instruction k times in a k-class problem, which is inefficient and limits the advantages
of hardware acceleration. Therefore, having a specific hardware implementation for
this task is highly beneficial. While in-memory computing techniques are often used
in the literature to implement this operation, such approaches are not feasible for
FPGA implementations or soft-processors like Klessydra. Consequently, we decided
to reuse the similarity unit and introduce a dedicated hardware instruction.
Unlike all previous operations, the search needs one additional information: the
number of prototypes K. This is provided to the HDCU at runtime through the
dedicated CSR function CSR_PROT_COUNT (). The search instruction reads the query
HV from rsi and the base address of the prototype array from rs2. A hardware loop
then compares the query against the K prototypes (each of HVSIZE bits), keeping
the query latched on one input of the similarity unit while the other input iterates
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Table 12.2 HDCU Configuration Parameters

Parameter ‘ Configuration Time
SPM Size Synthesis
SPM Number Synthesis
Hardware Parallelism (SIM D) Synthesis
Functional Unit Enable/Disable Synthesis
Bundle Capacity (M) Synthesis
HVSIZE Runtime
PROT COUNT Runtime

through the prototypes. Each time a similarity is computed, it is compared with
the best similarity stored in a 13-bit register that is eventually updated. When the
search completes, the functional unit writes the index of the class that returned the
best similarity to the scratchpad memory.

12.3 HDCU configuration and programming

Overall, the presented hardware accelerator exemplifies significant flexibility through
configurability and software programmability via the RISC-V ISE, making it versatile
for a wide range of learning tasks and of application contexts.

12.3.1 Hardware configuration

Table 12.2 summarizes the parameters that can be tuned at synthesis time and at
runtime. At synthesis time, the size and number of SPMs, the hardware parallelism,
the Bundle Capacity, and the enable/disable status of each functional unit can be
configured. These parameters allow the designer to balance the trade-offs between
speed, energy, and resource utilization according to the specific requirements of the
target application. At runtime, the HV size and the number of prototypes can be set
through dedicated CSRs that control the hardware loops. This capability enhances
the flexibility of the HDCU, enabling dynamic adaptation to varying workloads,
using the same accelerator.

12.3.2 Software programming

The set of intrinsic functions available to the programmer introduced in Section 12.2,
directly mapped on the RISC-V ISE and fully integrated into the GCC compiler
toolchain, constitutes a simple yet effective API to implement HDC workloads.

As a reference example, pseudocode 13 demonstrates the record-based encoding
[330] implemented through the presented ISE. In this technique, feature indices
are assigned to randomly generated base HVs (BVs); while the feature values are
discretized and mapped in level HVs (LVs) generated ensuring similar values are
transformed into similar HVs [218]. The BVs and LVs are then bound to form a
key—value pair; all pairs are subsequently bundled to yield the final HV representing
the entire feature vector. On the HDCU, by default, two of the SPM banks (spmA and
spmB) are automatically initialized at synthesis time with BVs and LVs, respectively.
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As a result, explicit loading is not required unless the user wishes to override these
defaults with custom-generated HVs. The size of the HVs is set at runtime through
the CSR_HVSIZE() function, which controls the hardware loops of the following
arithmetic instructions. These initial steps are performed only once before starting
the encoding process and should not be repeated for each input feature vector.
The record-based encoding then begins. For each feature i, its raw scalar value is
quantized on-the-fly in software (via simple linear scaling or threshold comparisons)
to produce an integer level index q[i]. We then bind the BV[i] to the corresponding
LV|[q[i]] via the hvbind instruction, pointing to the respective addresses in the SPMs.
The output of this process is bundled using the hvbundle instruction to create the
encoded HV with an element precision of M-bits. After processing all features, the
resulting HV is binarized using the hvclip instruction. This completes the encoding
operation, with the resulting HV stored in the SPM. If the accelerator is no longer
required, the output can be saved to the data memory via the hvmemstr instruction.
Otherwise, the training and inference processes can proceed, continuing to point to
the encoded HV in SPM.

This example illustrates that the architecture does not assume any fixed encoding
strategy. All encoding logic remains programmable at the software level, enabling
users to implement virtually any technique from the literature [218] by simply
initializing the SPMs accordingly and composing HDC instructions as needed.
Notably, by decoupling binarization from bundling, the HDCU enables intermediate
HVs to retain multi-bit precision throughout the encoding and training phases.
Users can also offload intermediate multi-bit HVs to the host processor and explore
mixed-precision pipelines.

Algorithm 13 Record-based Encoding Algorithm

1. // Configure HV size
2: CSR_HVSIZE(HVSIZE)

: // Bind and Bundle

. for : =0 to DS _FEATURE SIZE -1 do
level addr = spmA + q[i] x HVSIZE
base_addr = spmB + 7 x HVSIZE
hvbind(spmC, level addr, base_addr)
hvbundle(spmD, spmD, spmC)

end for

© % N> T ew

10: // Clip final result
11: hvclip(spmC, spmD, DS_FEATURE_ SIZE)

12.3.3 HDCU Software Library

On top of the API constituted by the HDCU intrinsic functions, we developed a
higher-level software library in C++ to simplify accelerator usage, evaluate perfor-
mance, and streamline the development of HDC applications. The library provides
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Table 12.3 Hardware Requirements of the Klessydra-T03 and the HDCU with SIMD =
32; f = 220 MHz; SPMs = 2 kB

Device ‘ #LUTs #FFs #DSPs #BRAM
Klessydra-T03 4281 1418 7 0
HDCU 1030 450 0 0
SPMI 384 151 0 2
SPMs 268 0 0 2

custom types for binary and integer HVs, along with pre-defined functions that ab-
stract well-known procedures from the HDC literature. Examples include functions
for generating base and level HVs using both linear and thermometer quantization,
record-based and n-gram encoding strategies [330], temporal encoding, classifica-
tion training and inference, retraining, clustering, and regression. These high-level
functions internally orchestrate the appropriate sequence of intrinsic operations
listed in Table 12.1 and automatically configure the required CSRs, further ab-
stracting hardware control from the user. For instance, the record-based encoding
operation described in Pseudocode 13 can be performed with a single call to the
hdc_recordbased_encoding function, that handles all required memory setup, arith-
metic steps, and final binarization using the HDCU instructions. All library functions
can be executed either as pure software routines on the scalar RISC-V core or using
hardware acceleration on the HDCU, enabling correctness validation and perfor-
mance benchmarking across hardware and software. The HDCU Software Library is
released as open-source on GitHub [335], along with examples and documentation,
to support ease of use and community-driven extension.

12.4 Hardware implementation

Being hardware configurability a principal feature of the proposed design, the target
implementation is on FPGA devices. To assess the hardware requirements and
performance of the proposed acceleration units, we synthesized the Klessydra-T03
core equipped with the novel HDCU on the Xilinx Zynq UltraScale+ ZCU106
(EK-U1-ZCU106-G) device, using the Vivado 2023.2 tool suite.

Table 12.3 provides a detailed breakdown of hardware resource utilization of
the baseline configuration of the HDCU integrated with the Klessydra-T03 core.
For this configuration, we adopted a SIMD width of 32, a bundling precision of
4 bits, and 3 SPMs of 2 KB each. This setup represents the minimal hardware
parallelism supported by the HDCU, and it is suitable for resource-constrained
environments, such as IoT applications on the edge. The hardware utilization is
detailed as the utilized Look-Up Tables (LUTs), Flip-Flops (FFs), Digital Signal
Processors (DSPs), and Block-RAM (BRAM) on the FPGA device. The baseline
HDCU occupies 1030 LUTs and 450 FFs and, importantly, it does not affect the
critical path of the microarchitecture, allowing the processor to maintain its original
operating frequency of 220 MHz.

In order to explore how the hardware resource requirements of the HDCU
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Table 12.4 Hardware Requirements of HDCU for Different SIMD Configurations

SIMD | #LUTs #FFS #CARRYS f,., [MHzZ]

32 1030 450 87 234
64 2040 651 101 221
128 3243 868 131 218
256 4016 1101 172 215
512 13811 3731 464 160
1024 34189 7478 1424 140

Table 12.5 Execution time for each operation (in us)

Scheme HYV Size ‘ Binding Bundling Clipping Permutation Similarity Search

Software 64 0.19 9.75 3.18 0.26 0.78 6.54
Software 512 1.84 73.00 25.34 2.05 6.12 57.41
Software 2048 7.44 298.96 100.08 6.95 25.05 224.83
SIMD 32 64 0.06 0.21 0.13 0.10 0.03 0.08
SIMD 32 512 0.10 0.73 0.42 0.17 0.06 0.42
SIMD 32 2048 0.31 2.58 1.40 0.42 0.17 1.53
SIMD 256 512 0.05 0.21 0.13 0.10 0.03 0.09
SIMD 256 2048 0.11 0.45 0.26 0.14 0.05 0.23
SIMD 1024 2048 0.10 0.34 0.20 0.16 0.24 0.14

scale when varying the SIMD width from 32 to 1024, we synthesized other HDCU
configurations, reporting the resulting hardware utilization details in Table 12.4.
This analysis is crucial for understanding how the accelerator can be adapted to
different application scenarios, trading-off performance for hardware utilization.
When increasing the SIMD from 32 to 1024, the number of LUTs increases from 1030
to 34189, evidencing the importance of selecting an appropriate SIMD configuration
based on the specific needs of the target application. In the context of resource-
constrained applications focused on edge inference computation, a low SIMD such
as 32 is likely to be suitable. Conversely, when resource constraints are less of an
issue and the goal is also to accelerate the training phase, higher parallelism with
SIMD 1024 may be employed to maximize performance.

Although the Klessydra core nominally operates at 220 MHz, in practical SoC
deployments (e.g., in PULPino) the system frequency is typically constrained by
peripheral and memory interfaces to around 100 MHz. This frequency remains
below the post-implementation fiax of our HDCU, even for aggressive configurations
(e.g., SIMD = 1024). Additionally, during non-HDC workloads, FPGA partial
reconfiguration can be exploited to disable the HDCU when not required and
reconfigure the core region for the highest achievable frequency.

Overall, the obtained results demonstrate the flexibility and scalability of the
proposed configurable design. By carefully tuning its parameters, users can effectively
trade off execution time with area occupancy, pursuing the optimal balance based
on the specific application requirements. These characteristics establish the HDCU
as a versatile component capable of addressing the diverse needs of various contexts.
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Table 12.6 Energy consumption for each operation (in uJ)

Scheme HYV Size ‘ Binding Bundling Clipping Permutation Similarity Search

Software 64 0.021 1.025 0.335 0.028 0.083 0.687
Software 512 0.220 8.688 3.016 0.244 0.729 6.832
Software 2048 0.894 35.876 12.010 0.835 3.006 26.980
SIMD 32 64 0.006 0.021 0.013 0.018 0.003 0.008
SIMD 32 512 0.010 0.074 0.043 0.018 0.007 0.043
SIMD 32 2048 0.033 0.276 0.150 0.045 0.019 0.163
SIMD 256 512 0.007 0.026 0.016 0.013 0.004 0.011
SIMD 256 2048 0.035 0.062 0.035 0.019 0.007 0.032
SIMD 1024 2048 0.014 0.046 0.028 0.023 0.033 0.019

12.5 Performance Results

This section evaluates the advantages of the HDCU on both basic HDC operations
and real-world computation kernels, demonstrating the accelerator’s performance
and flexibility. All benchmarks were implemented using the custom software library
introduced in Section 12.3.3, allowing each computation kernel to be executed in both
a standard (non-accelerated) configuration, compiled for the RISC-V instruction
set and executed on the Klessydra-T03 processor without HDCU support, and an
accelerated configuration, compiled with the extended instruction set exploiting the
HDCU support.

Execution time estimations were performed using cycle-accurate Register-Transfer-
Level simulations in QuestaSim, extracting the number of clock cycles and multiplying
them by the post-implementation maximum operating frequency measured for each
configuration and reported in Table 12.2. Speedup factors were then computed as the
ratio between baseline and accelerated execution times. For energy consumption, we
performed post-implementation gate-level simulations to generate switching activity
files (.saif) for each kernel, which were then analyzed using the Vivado power
estimator to derive the dynamic power of both the core and the accelerator. Energy
reduction factors were then calculated as the ratio of the baseline and accelerated
dynamic energy consumption.

All experiments were conducted across a range of HV sizes and parallelism
configurations to explore scalability and design trade-offs. Specifically, we evaluate
three representative SIMD configurations (32, 256, and 1024) and three HV sizes (64,
512, and 2048). To improve readability, we omit configurations where HVSIZE <
SIMD, as they incur the same execution time and energy consumption as the
HVSIZE = SIMD case and do not contribute additional insight.

12.5.1 Impact on the Basic HDC Arithmetic Operation

The execution time and the dynamic energy consumption achieved by the HDCU
for each core arithmetic operation in HDC are summarized in Table 12.5 and Table
12.6 respectively. As the HV size increases, the hardware loops inside the HDCU
allow efficient processing without re-fetching instructions repeatedly, maximizing
the execution speed. On the other hand, increasing SIMD values enables greater
parallelism, allowing for the simultaneous processing of more HV elements, but at
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the cost of increased hardware complexity, as demonstrated in the previous Section.

For the Binding operation the HDCU achieves speedups ranging from 3x at
SIMD = 32 and HVSIZE = 64 to 70x at SIMD = 1024 and HVSIZE = 2048. A
similar scaling trend is observed for the Permutation operator, where despite its
more complex data movement and cyclic rotation, the HDCU sustains up to 49x
speedup. Substantially higher performance gains are observed in the more complex
Bundling and Clipping operations, which benefit from hardware-level accumulation
with configurable precision (M bits), as discussed in Section 12.2. The former
achieves speedups from 45x to 868 x. The latter exhibits speedups in the range of
24x to 478x. All these operations, especially the bundling, are critical for encoding,
which is often the most computationally intensive stage in HDC training pipelines
[336]. Reducing the latency of the Similarity operation is equally important, as it
directly impacts inference speed. The HDCU accelerates this task with speedups
ranging from 20x to 471x, scaling efficiently with both SIMD and HV size. Even
more notable is the Search operation, which combines multiple similarity evaluations
in a single instruction. In classification problems with three prototypes, this operator
yields up to 1540x speedup, showcasing the advantage of offloading this task to
dedicated hardware.

Energy efficiency follows a similar trend. Across all operations, the software-only
implementation on the baseline RISC-V pipeline consumes between 2.56 x and 1359 x
more energy than its HDCU-accelerated counterpart. This substantial reduction
highlights the value of specialized hardware, particularly for low-power applications,
even when accelerating only individual arithmetic operators.

12.5.2 Performance on real datasets

To demonstrate the flexibility of the proposed accelerator and evaluate its perfor-
mance in real-world scenarios, we implemented a suite of diverse HDC-based tasks.
In each experiment, we measured both execution time and energy consumption
across a single iteration of the encoding, training, and inference phases. Table
12.7 and 12.8 summarizes the obtained results. It is important to note that the
focus of this analysis is not to assess the accuracy achieved by the accelerator, since
each arithmetic operation implemented in the HDCU, along with the encoding,
training, and inference stages, has been rigorously tested and validated to ensure
full consistency with the software model. Consequently, the accelerator delivers the
exact same accuracy as an HDC software model.

For classification tasks, we considered three datasets to explore a range of prob-
lem complexities and feature characteristics. The first dataset, CARDIO [332],
includes 3 classes and 21 features, which are encoded using the record-based tech-
nique implemented in Pseudocode 13. On this benchmark, the HDCU significantly
accelerates all phases of the pipeline, with execution time reduced by up to 208 x
in encoding, 203x in training, and 212x in inference. Energy consumption is also
substantially reduced, with a maximum reduction factor of 176 x. Interestingly, due
to the relatively low number of features and classes, the highest performance is
obtained with the SIMD = 256 configuration. In this case, the increased speedup
from SIMD = 1024 does not compensate for the lower clock frequency resulting from
higher hardware complexity.
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Table 12.7 Execution time in ps per task and configuration. Configurations achieving
the highest speedup over software execution are highlighted in bold.

Configuration CLASSIFICATION CLUSTERING RL
CARDIO EMG UCIHAR IRIS HD-CBpy

Scheme  HVSIZE || p " fer. | Ene.  Traim.  Infer. Enc. Train. Infer. Train.  Infer. || Act. Sel. Update
Software 64 11162 113.69 11630 | 6881 7371  76.67 | 1146450 11486.88 11476.85 || 3346.33 242333 | 60499  119.76
Software 512 874.03  897.85 91865 | 544.90 58142  633.83 | 44930.88  89321.20 8927174 || 24637.75 1805537 || 2286.68 1025.44
Software 2048 | 3436.15 3579.83 362021 | 2123.00 2268.87 2452.87 | 354513.86 355175.26 11476.85 | 97002.72 70782.61 || 17873.42 3015.77
SIMD 32 64 380 390 390 | 245 255 253 55.54 56.35 55.66 7.18 3.37 1908 970

SIMD 32 512 1195 1239 1203 | 6.65 696 680 | 25087 26456 25999 | 2201  16.84 2091 17.04
SIMD 32 2048 4242 4458 4250 | 2325 2443 2362 | 995.33 101307 99545 | 7203 6221 3850 42.99
SIMD 256 512 666 682 677 | 250 261 259 70.59 75.38 70.71 2113 17.24 2028 1744
SIMD 256 2048 17.05  17.62 1713 | 400 417 411 | 20071 21887 20083 | 68.15  63.66 | 23.47 43.84
SIMD 1024 2048 2058 2323 2275 | 3.86  4.03  4.00 | 180.23  208.10  180.41 | 10373  97.76 3416 67.32

Table 12.8 Energy Consumption in pJ per Task and Configuration. Configurations
achieving the highest energy reduction factor over software execution are highlighted in
bold.

Configuration CLASSIFICATION CLUSTERING RL
CARDIO EMG UCIHAR IRIS HD-CBpiy
Scheme HV SIZE Enc.  Train. Infer. Enc.  Train. Infer. Enc. Train. Infer. Train. Infer. Act. Sel. Update
Software 64 1172 11.82 12.10 7.02 7.59 7.90 1203.77  1194.64 1193.59 351.36 232.64 62.31 12.22
Software 512 104.01 103.25 109.32 | 59.94  65.12  72.26 | 5346.77 10271.95 10623.34 || 2562.33 1877.76 237.81 105.62
Software 2048 412.34  422.42  435.50 | 252.74 270.00 294.34 | 42541.66 41910.68 1377.22 11252.32  8069.22 1894.58  316.66
SIMD 32 64 0.38 0.39 0.39 0.25 0.26 0.26 5.61 5.64 5.57 0.72 0.34 1.93 0.97
SIMD 32 512 1.22 1.26 1.21 0.69 0.70 0.69 26.51 26.98 26.26 2.20 1.72 2.15 1.72
SIMD 32 2048 4.58 4.77 4.51 2.46 2.64 2.53 107.50 131.70 105.52 7.42 7.28 4.04 12.34
SIMD 256 512 0.82 0.84 0.83 0.31 0.32 0.32 8.68 9.27 8.63 2.54 2.12 2.53 2.13
SIMD 256 2048 2.22 2.40 2.23 0.51 0.54 0.53 26.09 29.77 26.11 8.45 8.02 3.10 5.66
SIMD 1024 2048 6.55 6.99 6.67 1.12 1.19 1.17 52.27 62.64 52.86 29.67 28.25 10.01 19.32

A different trend is observed in the second dataset, UCIHAR [333], which
presents a significantly more complex classification task with 561 features and 6
classes. Here, the HDCU reduces encoding, training, and inference times by up
to 1967x, 1706, and 1968, respectively, using the SIMD = 1024 configuration.
This workload benefits from higher hardware parallelism, which greatly improves
throughput as the dimensionality of the HVs increases. The energy reduction is also
remarkable, reaching 813x with SIMD = 1024. Notably, although SIMD = 1024
achieves the lowest latency, the configuration with SIMD = 256 provides the best
energy efficiency, yielding energy savings of up to 1630 x—making it a more optimal
choice in power-constrained scenarios.

The third dataset, EMG [337], is a temporal classification task involving 4
features and 5 classes. Here, we adopted a temporal encoding scheme, extending the
record-based technique by incorporating permutation operations to capture temporal
dependencies across three time steps. Essentially, each pattern was mapped into the
high-dimensional space, permuted based on its position in the time window, and
then bundled with the other HVs of the same temporal window. In this case, the
HDCU achieves up to 549x speedup in encoding, 563 x in training, and 613x in
inference, with energy consumption reduced by a factor of up to 554 x.

To evaluate the HDCU’s applicability beyond classification, we tested it on an
unsupervised learning task using the IRIS dataset [338], which includes 4 features
and 3 classes. The clustering process has been implemented according to [221]. In
this scenario, the HDCU achieves execution time reductions of up to 761X in training
and 1111x in inference with SIMD = 1024, alongside energy savings up to 1516x.

Finally, to demonstrate the HDCU’s ability to support novel learning paradigms
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Figure 12.5 Maximum achieved (a) speedup and (b) energy reduction factor for each
benchmark and stage

and allow algorithm prototyping, we accelerated our HD-CBpy (as described in
Chapter 8). No prior work has proposed hardware implementations for this algorithm
and investigated the impact of acceleration, also due to the required non-standard
HDC operators in its learning loop. However, thanks to its flexibility, high-level
control and tight integration with the host core, the HDCU can easily optimize this
task by interleaving the specialized instruction of the proposed ISA with standard
arithmetic and control logic. With a SIMD = 512, the HDCU achieves up to 761 x
speedup in action selection and 70x in the update phase, while reducing energy
consumption by factors of up to 611x and 66x, respectively. This analysis also
reveals that SPM energy consumption ranges from 19% to 57% of the total energy
and is mainly determined by hardware parallelism and HV size, while being only
marginally affected by the SPM size.

12.6 Discussion and Comparison

The results presented in this work demonstrate the flexibility and scalability of the
proposed configurable HDCU. Leveraging the tight integration with the RISC-V core
and the custom instruction set extension, the HDCU enables high-level, software-
controlled dataflow management, supporting both standard HDC tasks and the
prototyping of novel algorithms, including those requiring non-standard operations
in the learning pipeline. Thanks to its configurable hardware parameters, users can
adjust the trade-off between execution time and area occupancy at synthesis time,
facilitating deployment across a wide range of applications and resource constraints.

While the HDCU has been deliberately designed to prioritize flexibility and
programmability over peak performance, introducing the first general-purpose, task-
agnostic accelerator for HDC, it still achieves substantial gains—reducing execution
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Table 12.9 Comparison of HDC Architectures and Feature Support

Architecture Device | SIMD LUTs FFs DSPs Area f (MHz) Time (us) AxT S.Enc. T.Enc. Train Ret. Inf Clust. Regr. RL.

[339] Kintex-7 | 224 189534 130k 0 47334 - 8 379.07 v x xT xT 7 v x x
[328] Kintex-7 | 481 167000 - 244 65450 - 0.2 13.09 v x v v v v x x
[330] ZCU-102 | 64 3522 5562 0 1765 100 113.64 200.62 v xt xt <t v xt x x
[331)™ Artix-7 100 6073 2955 5 2932 41 62.10 182.07 v x x x v v x x
This work™  Artix-7 1280 7524 2712 7 3420 90 67.97 232.45 v v v s v v v

T Settable at synthesis time.
“ Hardware requirements of the entire core embedding support for HDC.

time by one to three orders of magnitude compared to software execution and
lowering energy consumption by up to 99%. This confirms its effectiveness for both
high-performance and energy-efficient applications.

To further emphasize the flexibility and highlight the trade-offs and positioning
of the proposed design, Table 12.9 compares the HDCU with selected state-of-the-
art HDC accelerators introduced in Section 12.1, all synthesized on FPGAs. The
comparison covers hardware resource requirements, average time per operation, and
applicability across diverse tasks. Following [331], we also report the AT (Area x
Time) metric as an efficiency indicator. For works not reporting these metrics directly,
we derived them from available data as accurately as possible. Quant-HD and the
F5-HD framework deliver the fastest inference times, owing to their high hardware
parallelism and aggressive resource utilization. However, these designs are fixed-
function accelerators limited to classification pipelines with spatial encoding, and
cannot be adapted for tasks such as temporal encoding, clustering, or reinforcement
learning. The accelerator generated by AeneasHDC (Chapter 16), by contrast,
offers the smallest footprint and supports multiple tasks configurable at synthesis
time. However, the low parallelism selected for this analysis and the HLS-based
implementation result in higher inference latencies compared to other solutions.
RISC-HD achieves a balanced trade-off between resource usage and execution time,
performing similarly to our HDCU in baseline metrics. For direct comparison, we
synthesized the Klessydra core and HDCU on the same Artix-7 FPGA, confirming
comparable hardware requirements. However, the HDCU operates at a significantly
higher frequency and provides an unprecedented level of flexibility, supporting both
prototyping of new HDC algorithms and deployment in resource-constrained edge
systems. This capability is not matched by any of the compared accelerators in
Table 12.9, making the HDCU an effective general-purpose platform for exploring
and accelerating a wide spectrum of HDC-based workloads.

12.7 Summary of Findings

In this Chapter, we introduced the Hyperdimensional Coprocessor Unit, a highly
flexible hardware accelerator specifically designed to optimize hyperdimensional
computing tasks. The HDCU is configurable at synthesis time in terms of hardware
parallelism, supported operations, and local memory sizes, allowing users to trade
off execution speed and hardware requirements to meet the demands of different
applications, ranging from embedded systems to performance-intensive contexts.
The HDCU is integrated into the execution stage of the RISC-V Klessydra-T03
core, and it is exposed to the software programmers through a custom RISC-V ISE
mapping intrinsic functions, constituting a simple API for HDC. The API, including
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the possibility to set the HV size at runtime, further enhances the HDCU versatility,
enabling the acceleration of different learning tasks in a simple and intuitive way
utilizing the same hardware architecture.

To validate the design, we synthesized the Klessydra-T03 core equipped with the
HDCU on the Xilinx Zynq UltraScale+ ZCU106 FPGA and analysed its impact on
the execution time of learning tasks, varying the HV size and hardware parallelism.
Across all benchmarks, the HDCU achieved speedups of up to 1968x and energy
reductions of up to 1630x compared to software execution on the baseline RISC-V
core, while requiring as few as 1030 LUTs in its minimal configuration.

To the best of our knowledge, the HDCU represents an advancement in hardware-
accelerated HDC, providing unprecedented versatility and scalability to tackle diverse
learning tasks and application requirements.

Notably, while not presented as a primary contribution of the present dissertation,
we subsequently extended the HDCU into a standalone, host-agnostic accelerator
compliant with the AMBA AXI4 standard [340]. While the tight coupling between the
HDCU and the Klessydra RISC-V core is advantageous for low-latency dispatch and
efficient iterative kernels, it inherently limits portability: integrating the coprocessor
into a different processor microarchitecture requires modifying the host pipeline,
adapting the toolchain, and re-validating the interface. By adopting the AMBA
AXI4 standard, the resulting AXI Plug-and-Play HDC' Accelerator preserves the core
functional units and scratchpad memory organization introduced in this chapter, but
replaces the ISA-coupled interface with an AXI4-Lite control plane and DMA-driven
AXI4-Stream datapaths, enabling seamless integration into any AXI-capable SoC
without requiring modifications to the host processor or its toolchain. The interested
reader can refer to our paper [340].
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Chapter 13

Efficient Hyperdimensional
Computing with Modular
Composite Representations

Chapter based on Paper 12 [341]: Marco Angioli, Christopher J Kymn, Antonello Rosato,
Amy Loutfi, Mauro Olivieri, and Denis Kleyko. Efficient hyperdimensional computing with
modular composite representations. arXiv preprint arXiv:2511.09708, 2025

"The limits of my language mean the
limits of my world."

Ludwig Wittgenstein

The previous chapter demonstrated how a tightly integrated and flexible ac-
celerator such as HDCU can maximize the performance of BSC for learning on
resource-constrained devices. However, despite the attractive simplicity of binary
HVs, recent analysis in [241] showed that BSC cannot approximate an arbitrary
similarity matrix and, consequently, cannot always learn a Bayes-optimal classifier.
This limitation becomes increasingly relevant as we move from simple tasks toward
more complex learning problems, and it motivates the adoption of richer representa-
tions, including real- or complex-valued hypervectors, that provide greater expressive
power [5]. Yet, these high-precision datatypes are typically ill-suited for embedded
and low-power systems due to their computational and memory requirements.

To bridge this gap, this chapter explores the Modular Composite Representation
(MCR), a computing model that represents information using high-dimensional inte-
ger vectors and modular arithmetic. Originally proposed as a generalization of BSC,
MCR aims to deliver higher representational power while remaining substantially
lighter than models based on high-precision components. Despite this promise, MCR
has received limited attention in the literature: systematic analyses of its trade-offs
and direct comparisons with alternative HDC/VSA models—such as binary spatter
codes, multiply-add-permute, and Fourier holographic reduced representation—are
still lacking. This gap has sustained the perception that MCR’s added arithmetic
complexity may not justify its improved expressivity.

In this chapter, we present the first extensive study of MCR, guided by the
following research questions:
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© Research Question

1. When and why is MCR beneficial?
2. What are its execution time and energy consumption when implemented in
dedicated hardware?

We answer these questions across three complementary dimensions. First, in
Section 13.4.1, we show that MCR achieves substantially higher information capacity
than binary and low-precision integer hypervectors, while approaching the expres-
siveness of complex-valued models at a fraction of the memory footprint. Second, in
Section 13.4.2, through large-scale experiments on 123 classification datasets, we
demonstrate that per-component precision matters: the modular discretized space of
MCR consistently outperforms binary and low-precision integer hypervectors under
both equal-dimensionality and equal-memory-footprint settings, and can reduce
the required hypervector dimensionality by up to 4x while still surpassing binary
models. Finally, in Section 13.4.3, we show that the modular arithmetic at the core
of MCR maps naturally to digital hardware, and we design the first dedicated accel-
erator for MCR, extending the HDCU (Chapter 12) [209]. Hardware experiments
on the basic operations and seven classification datasets provide detailed results
on execution time, energy efficiency, and scaling behavior. Moreover, by directly
comparing hardware-accelerated MCR, with hardware-accelerated binary models
(Section 13.4.4), we show that although MCR requires more sophisticated arithmetic,
its reduced hypervector dimensionality paired with efficient hardware support can
translate into a faster, more energy-efficient, more compact, and higher-precision
alternative to existing HDC/VSA models. The rest of this chapter is mainly based
on Paper 10 [341].

The chapter is organized as follows. Section 13.1 reviews the MCR model
and related work. Section 13.4.1 analyzes information capacity. Section 13.4.2
presents classification experiments across 123 datasets. Section 13.4.3 introduces the
MCR-HDCU accelerator. Section 13.4.4 evaluates hardware performance. Finally,
Section 13.5 summarizes the findings.

13.1 Modular Composite Representation

MCR is an HDC/VSA model introduced in [3] where information is represented
with vectors consisting of D integer-valued components. MCR relies on modular
arithmetic to define its operations. Each component of an HV lies on a discretized
unit circle Z,, where r is the chosen modulus, so that values range from 0 to r — 1
and incrementing r — 1 wraps around to 0. Modular vectors form a homogeneous
space in the sense that for any two vectors h and u, there exists a third vector ¢ such
that binding h with u produces c. Fig. 13.1 illustrates an example of this discretized
space with r = 16, where the complement of a value is defined such that their sum
equals 7, and the opposite is obtained by adding r/2.

Within this space, MCR defines binding between two HVs h and u as the
component-wise modular sum (¢; = mod,(h; +u;)) and unbinding as the component-
wise modular subtraction (¢; = mod, (h; — u;)). Similarity is measured by a modular
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Figure 13.1 Redrawn illustration from [3] showing the possible discretized values in Zg
for a single component of an MCR HV with r = 16. The complement of a value is
defined as the element whose sum with it equals r, while the opposite is its antipode,
i.e., the value obtained by adding r/2.

variant of the Manhattan distance that is defined as follows:

D
d(h,u) = Z min(mod,(h; — u;), mod,(u; — h;)). (13.1)

=1

The superposition (also called bundling) of m HVs h®, .. h(™ is carried out

in two steps. First, each component hl(-J) € [0,7 — 1] of the j-th HV is projected to
an equivalent point on the unit circle (cf. Fig. 13.1), and summed in C:

i (cos —|—1sm(27frhl(-j))). (13.2)

Next, since the resultant HV v no longer lies on the discretized unit circle Z,, its
components are mapped back to the nearest elements in Z, by finding integers from
[0, — 1] with phases that are nearest to the phases of components of the resultant
HV:

w; = mod, (| 3= moday (atan2(I(v;), R(vy)))]) - (13.3)

If one component happens to be zero (e.g., when an element is superimposed
with its inverse), its undefined phase is resolved by assigning it to the integer closest
to the arithmetic mean of the original arguments in the integer domain:

w; = mod, %Zhﬁj) . (13.4)

Notably, each discretization step (hereafter referred to as normalization) results in
information loss. Therefore, when superimposing multiple HVs, the normalization in
Eq. (13.3) should be deferred until the final step [3].
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MCR can be seen as a middle-ground between the properties and advantages of
BSC and FHRR. It was originally proposed as a generalization of BSC, inheriting
its low memory requirements [3]. In fact, when r» = 2, MCR is equivalent to BSC.
For r > 2, however, its operations generalize the modular arithmetic of BSC beyond
Zs. At the same time, under the interpretation of integers in [0, — 1] as phasors on
the unit circle (the rth roots of unity), the binding and superposition operations
of MCR implement a discretized FHRR, offering comparable expressiveness while
being more computationally efficient and easier to implement with LUTs (as we
report in Section 13.4.3). In this sense, MCR can be seen as a model covering the
whole spectrum between BSC and FHRR, balancing expressiveness and efficient
implementation. In line with this discretized-phase view, Yu et al. introduced the
Cyclic Group Representation (CGR) model [241], which, similar to MCR implements
the binding operation as the component-wise modular sum. Analysis in [241]
shows that certain similarity functions cannot be expressed by binary HVs but
can be realized within CGR; accordingly, MCR with r > 2 also possesses this
broader expressivity. Furthermore, modules of MCR/CGR can be combined to form
residue number systems [342], which has promising applications to unconventional
computing [343] and neuroscience [344, 345].

No prior work has systematically investigated MCR. Beyond being briefly men-
tioned in a survey [1] and implemented in software [346], its performance on real
datasets and potential for hardware implementation have not been thoroughly evalu-
ated. The existing literature has predominantly focused on the two “extreme” points
of the design spectrum, BSC and FHRR, while largely overlooking integer-valued
alternatives. Perhaps this was because the added computational cost of such designs
seemed unjustified relative to their potential gains over binary HVs. Even the original
study [3] conjectured that the simpler operations of BSC might be preferable in
resource-constrained scenarios with strict timing requirements. In this study, we
revisit that conjecture by systematically analyzing the algorithmic performance and
hardware complexity of MCR, demonstrating that it offers a favorable trade-off be-
tween HV dimensionality and component dynamic range compared to many existing
HDC/VSA models.

13.2 Capacity of hypervectors

In HDC/VSA, the information capacity is measured as the maximum amount of
information (bits) that can be decoded from an HV representing a data structure.

We adopt the setup from [347-349] to evaluate the information capacity of MCR
and compare it with the well-known BSC, MAP-I, and FHRR models. Given a
codebook matrix ® of d symbols, where each column ®; is a fixed D-dimensional HV
representing symbol j, we uniformly sample a sequence s = (s1, ..., $y) of length m
and construct its composite HV as follows:

¢(s) =D _p"(Ps,), (13.5)

m
Jj=1

where p(-) is a permutation operation representing the position of each symbol within
the sequence.
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The decoding task then consists of reconstructing the original sequence s from
¢(s), producing an estimate § as close as possible to s. This can be done using
various decoding techniques (see, e.g., [348, 349]). In this study, we use the simplest
one — Codebook decoding, where each symbol in the codebook is compared to the
permuted composite HV p~("=7)(¢4(s)) using an appropriate distance metric, &, and
the symbol with the lowest distance is selected as the estimate §;, as in Eq. (13.6).
This step is repeated for all positions j € [1,m] to decode the complete sequence §.

8; = argmin 8(®,, p~ "9 (4(s))). (13.6)
ce{1,....d}

Following the setup in [348, 349], the decoding performance and, thus, the
capacity of HVs, are evaluated in terms of two performance metrics. The first metric
is the decoding accuracy, defined in Eq. (13.7) as the proportion of correctly decoded
symbols, averaged over g trials.

a=— 3 3l = &), (13.7)

The second metric is the information rate. For a given decoding accuracy a and
codebook size d, the amount of information decoded per symbol can be computed
as follows:

Isymo(a, d) = alogy(da) + (1 — a)log, (d(l — a)) . (13.8)

d—1
The total information decoded from a sequence of length m can then be calculated
as:
Itot == mIsymb(aJ, d) (139)

Normalizing with respect to the dimensionality D yields the information rate per
component (Igin):

Ito
Igin = E)t. (13.10)

Furthermore, we also report the information rate per storage bit (Ipit), Eq. (13.11),
where b denotes the number of bits required per HV component. This metric accounts
for both accuracy and memory footprint and is, therefore, suitable for comparing
models with components requiring different precision, such as binary, integer-, real-
or complex-valued.

Lvit = Lot /(DD). (13.11)

13.3 Classification with HVs

In this study, we compare the classification performance of different HDC/VSA
models across a collection of classification datasets with tabular data. Therefore,
we use transformation for key—value pairs to represent feature vectors as HVs.
For tabular data, this transformation has been shown to achieve the best trade-off
between execution time and accuracy in this setting [218, 317]. Given a d-dimensional
feature vector, x = [r1,22,...,x4], each feature j is assigned a random HV r()
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acting as a key. This HV is then bound to a value vector (¢(x;)) that is obtained
via the quantization of the corresponding feature value x; and mapping it into
the high-dimensional space using the thermometer code [237, 350]. In MCR, the
thermometer code is realized by assigning 0 and /2 as the two extreme values. Such
mapping ensures that similar feature values are transformed into similar HVs. The
outcome of the bindings is d key-value pairs, which are then superimposed, resulting
in the composite HV ¢(x) representing the feature vector:

d
P(x) = Zr(j) o p(x;). (13.12)
j=1

To train the classifier, we adopt a prototype-based Learning Vector Quantization
(LVQ) approach [351, 352]. During the first epoch, prototypes are initialized using a
simple centroid classifier [353-355] where all HVs belonging to the same class are
aggregated into a class prototype:

pe= 3 o(x™). (13.13)

ky(F) =c
From the second epoch onward, LVQ2.1 [351, 356] is used according to Eq. (13.14),
where two prototypes are updated per training sample: the correct prototype p4
and the closest incorrect prototype p—. For a sample ¢(x) with label ¢, distance is

computed using the appropriate model-specific metric: Hamming for BSC, cosine
for MAP, modular Manhattan for MCR, Eq. (13.1).

{p+ —py +e(p(x) = py) (13.14)

pP- < p- —€(o(x) — p-).

Here € is the learning rate. The learning rule is triggered only if ¢(x) lies inside the
LVQ2.1 window:

8(6(,p-) (6(x),p4) Ciew
mln<5(¢(x)7p+)7 5(¢(X),p_)) >8 S§= 1+w’ (1315)

where in the conducted experiments w is set to 0.1 following [351]. To prevent the
uncontrolled growth of prototypes’ norms during iterative updates and ensure the
correct operation of LVQ2.1, L2-norms of all class prototypes are reset to one after
each training epoch.

To minimize the loss of precision, we maintain high intermediate precision
(floating-point) during training and normalize class prototypes only after the end
of training. For BSC, this corresponds to the sign function. For MAP-I with
low precision, we first rescale the distribution of prototypes’ values to match the
dynamic range of the targeted b-bit interval [—20~1, 20~ —1], and then apply uniform
quantization. For MAP-C32 (32 bits per component), no normalization is applied,
maintaining prototypes in floating-point precision. For MCR, prototype updates are
accumulated in the complex domain, Eq. (13.2), and then discretized back to Z, as
described by Eq. (13.3).

During inference, each test sample is represented following Eq. (13.12) and
classified using the class label of the nearest prototype as follows:

§(¢(x)) = argmin 6(¢(x), Pe)- (13.16)
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13.4 Results

13.4.1 Capacity analysis

Following the experiment design introduced in Section 13.2, we perform experiments
to measure the information capacity of MCR and several other well-known HDC/VSA
models: BSC, MAP-I, and FHRR.

Fig. 13.2 reports the obtained results for three different codebook sizes (d €
{5,15,100}), using HVs of size D = 500 and sequence lengths ranging from m = 10
to m = 400, with analysis performed following the methods reported in [348, 349].
We compare MCR with different quantizations (r € {4, 8,16}, corresponding to 2,
3, and 4 storage bits per component, respectively), BSC (1 bit per component),
MAP-I (2, 3, 4, and 32 bits per component), and FHRR (128 bits per component,
with 64 bits each for the real and imaginary parts). For MCR, MAP-I, and BSC,
to minimize information loss, the composite HV ¢(s) was first constructed using
the full-precision accumulation, and only afterwards normalized back to the target
precision. The results are averaged over 20 independent random codebooks, with 50
randomly generated sequences for each considered sequence length m.

As expected, the results demonstrate that MCR, drastically outperforms BSC as
the sequence length increases, with an average improvement in decoding accuracy of
25.5% across sequence lengths from 10 to 400 and the three codebook sizes. More
impressively, each MCR variant outperforms the corresponding MAP-I variant with
matching precision, yielding average gains of 12.01% for 3 bits, 10.80% for 4 bits,
and 8.88% for 5 bits. This positions the modular space of MCR as a superior choice
over MAP-I quantization for memory-constrained environments. Surprisingly, MCR
even performs significantly better than the unconstrained MAP model with 32 bits
per component, with an average accuracy gain of 7.63%. Although this may appear
counterintuitive, the difference in performance comes from the different properties
of superposition adopted by the two models. While MAP relies on a simple integer
sum (in effect, only a real part), MCR interprets integers as discretized phasors on
the unit circle, and then performs vector addition in C. The greater expressivity in
the complex plane preserves more information during superposition and explains
why MCR achieves higher capacity. This fact is also consistent with the strong
performance of FHRR decoding, which operates in the same manner except for
quantization. FHRR has slightly higher decoding accuracy than MCR, although at
the cost of requiring many more bits, as we will see. Notably, increasing r yields
diminishing returns in MCR: although higher r reduces phase quantization error,
the normalization step discards magnitude, preventing MCR from fully converging
to FHRR.

When the results are analyzed in terms of information per bit, MCR clearly
outperforms all other HDC/VSA models. Despite its high capacity, FHRR has
the lowest Ipix due to the 128 bits required per component. For the same reason,
MAP-I32 is the second lowest. MAP-I variants with low precision improve memory
efficiency by using only three to five bits, but they still underperform compared to
1-bit BSC. In contrast, MCR combines high capacity with low precision, consistently
achieving the highest information-per-bit rate across all settings.
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Figure 13.2 Decoding performance and information capacity analysis for MCR compared
to BSC, MAP-I, and FHRR. Results are shown for three different codebook sizes
(d =5,15,100), using HVs of size D = 500 and sequence lengths ranging from m = 10
to m = 400, averaged over 20 independent codebooks with 50 test sequences per length.
MCR variants achieve higher capacity than BSC and MAP-I variants and approach the
performance of FHRR while maintaining much greater memory efficiency.

13.4.2 Classification performance

To evaluate the performance of MCR on real datasets, we carried out a large-scale
study on a collection of 123 classification datasets from [218]. This collection is
based on a popular collection from [357] representing a subset of 121 datasets from
the UCI Machine Learning repository [358]. We compare MCR-4 to BSC (1 bit),
MAP-I4, and MAP-C32. The objective of this analysis is to understand whether the
higher per-component precision and higher capacity of MCR translate into tangible
improvements in classification accuracy when applied to diverse data, and whether
it provides a better trade-off under strict memory constraints.

For our experiments, we used an HV dimensionality D = 1024, key—value
transformation with 1024 quantization levels generated using the thermometer code,
10 training epochs, and LVQ2.1 with the default parameters: w = 0.1 and € = 0.01.
We averaged the results over 20 independent runs per dataset.

Fig. 13.3 reports the results for MCR-4 compared to the baseline models,
plotting the average accuracy versus the memory footprint per class prototype
(bits x dimension). The results confirm that MCR-4, with its higher per-component
precision, (D = 1024, b = 4) outperforms BSC (D = 1024, b = 1), achieving
an average gain of +4.84%. More importantly, MCR-4 also outperforms MAP-14
(D = 1024, b = 4) under the same memory footprint with an average gain of +0.61%
and approaches the accuracy of full-precision MAP-C32 (-1.57%) while requiring
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Figure 13.3 Average accuracy across 123 classification datasets for 1-bit BSC, MAP-I4,
MCR-~4 and MAP-C32, using HVs of size D = 1024. MCR outperforms BSC and MAP-14
and approaches MAP-C32.

only a quarter of its memory footprint. A complementary view of these results is
shown in Fig. 13.4, which compares the relative accuracy of MCR-4 and MAP-14 on
each dataset. Most points lie above the diagonal, confirming that MCR provides
systematic improvements.

To further investigate the accuracy—memory trade-off, Fig. 13.5 presents the
results for MCR~4 with a reduced number of components in HVs. When D is reduced
to 256, MCR~4 has the same memory footprint as BSC (D = 1024, b = 1), MCR~4
still outperforms the binary model with an average improvement of +3.94%. Even
more impressively, MCR-4 remains robust when dimensionality is further decreased:
with only 64 components, MCR-4 still surpasses BSC (41.14%) while requiring 75%
less memory.

These results clearly demonstrate that per-component precision matters: the
few-bit quantization defined by MCR, enables superior accuracy—memory efficiency
compared to simple binarization or restricting the integer range with the clipping
function. It also supports a substantial reduction in dimensionality while maintaining
competitive classification performance.

13.4.3 Hardware design for MCR

The previous sections demonstrated that MCR achieves a superior trade-off between
memory footprint, classification accuracy, and information capacity compared to
other well-known HDC/VSA models. However, a natural concern is whether these
improvements come at the expense of additional computational costs. Indeed, the
original MCR study [3] conjectured that BSC, with its simpler operations, could
be preferable for resource-constrained scenarios. This raises an important question:
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Figure 13.4 Scatter plot comparing classification accuracy of MAP-I4 (z-axis) against
MCR-4 (y-axis) across 123 classification datasets. Each point corresponds to one dataset.
The dashed diagonal represents equal performance between the two models: the points
above the diagonal indicate datasets where MCR~4 outperforms MAP-I4, while the
points below indicate the opposite.

can MCR-specific hardware design solve the impact of the additional computational
cost of MCR on execution time and energy consumption? In this section, we provide
a solution by moving from software simulations to hardware design, showing that
the arithmetic of MCR naturally maps onto digital circuits and presenting the first
dedicated hardware accelerator for this HDC/VSA model.

Hardware-friendly MCR arithmetic

There are two aspects that might initially be perceived as computationally expensive
in MCR: the use of modular reductions and the reliance on trigonometric functions
to perform normalization.

Modular reductions As described in Section 13.1, the binding, unbinding, and
distance operations in MCR require applying a modular reduction (mod,) for every
HV component to remain in Z,. This frequent operation might seem costly, since
modulo is normally computed in hardware by a divider unit: division is neither
associative nor distributive, making parallelization difficult and leading to high area
and power costs even with optimized dividers (such as the VLNPD introduced in
Chapter 3). However, when implemented in digital hardware with r chosen as a
power of 2, modular reduction actually comes for free: if each component is stored
using b = [logy(r)] bits, the modulo operation is automatically performed by binary
overflow. For example, with r = 16, storing each component with 4 bits ensures that
14+5 = 19 overflows to 3, which is exactly modi6(19). As a result, binding is reduced
to integer addition, unbinding to integer subtraction, and distance computation to
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Figure 13.5 Average classification accuracy across 123 classification datasets for MCR-4
with different D compared to BSC (D = 1024, b = 1). With the same memory footprint,
MCR-4 (D = 256, b = 4) outperforms BSC by +3.94% on average. Even at D = 64,
requiring only a quarter of BSC’s memory, MCR~4 still achieves a +1.14% improvement,
highlighting its superior accuracy—memory trade-off.

two subtractions followed by a min operation. These operations are lightweight, fully
parallelizable, and incur no additional cost beyond the standard integer arithmetic.

Trigonometric mappings Another potentially costly step is the involvement of
trigonometric functions. First, during superposition, each component hgj ) e [0,r—1]
must be mapped to a unit vector in R? using cos and sin functions. In software, this
requires repeated evaluations of trigonometric functions, which are computationally
expensive. In hardware, however, the discretized modular space makes this step
efficient: all cos and sin values for all values in Z, can be pre-computed and stored
in compact fixed-point LUTSs, so that each mapping reduces to a single memory
lookup followed by a fixed-point accumulation. This completely removes the need
for trigonometric evaluation during runtime.

Second, during the normalization, the accumulated HV in C must be projected
back to the nearest integer in Z, using atan2, Eq. (13.3). A direct hardware
realization of this step is costly, as it requires fixed-point division and nonlinear
functions. Division, as already discussed, is slow and difficult to parallelize. Similarly,
approximating atan2 by computing the ratio &(v;)/%(v;) and mapping it through
a LUT demands a relatively large memory, since the ratio may assume many
values depending on fixed-point precision, creating an unfavorable trade-off between
accuracy, area, and power consumption. To overcome these limitations in the
hardware realization, two approaches can be adopted. The first one is the common
CORDIC algorithm, which computes atan2(3(v;), R(v;)) iteratively using only shift-
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and-add operations and a small LUT of arctangent constants. The second one,
proposed in this work, is a winner-take-all (WTA)-based approach:

w; = argmax (R(v;) cos(%’rk) + S(v;) sin(%ﬂk) ). (13.17)
ke[o,r—1]

The key idea is to compare v; against all r discrete directions (cos 2TTFIc,sin 27”16)
retrieved from the LUTs and select the one with the highest inner product. Impor-
tantly, since the quadrant of v; can be identified directly from the sign bits of R(v;)
and (v;), the search must cover only /4 4+ 1 values in the corresponding quadrant,
rather than all r directions. This reduces the normalization to r/4 + 1 inner product
computations (two multiplications and one addition each), followed by the search for
an argument of the maximum. In discretized spaces, this normalization procedure is
highly efficient and avoids division. Unlike CORDIC, it is fully parallelizable across
all candidate directions while being more compact and not requiring additional
LUTs.

MCR-HDCU

Building on the foundation of HDCU, we design MCR-HDCU by preserving its
integration strategy while replacing the binary datapath with one that is tailored for
modular operations, achieving software-controlled and efficient acceleration while
retaining full flexibility and programmability. To the best of our knowledge, this
represents the first dedicated hardware accelerator for MCR.

Fig. 13.6 depicts a high-level view of the MCR-HDCU microarchitecture. The
accelerator features dedicated pipelines and optimized functional units (FUs) for each
MCR arithmetic operation. As in the original HDCU, each FU can be selectively
enabled or disabled at synthesis time, and its degree of hardware parallelism can
be configured through the SIMD (Single Instruction Multiple Data) parameter. The
design of each functional unit in MCR-HDCU incorporates the optimized arithmetic
strategies introduced in Section 13.4.3, ensuring efficient implementation of the
modular operations of MCR.

Each HV component is represented using b = [log,(r)] bits, where 7 is a synthesis-
time parameter. With this representation, modular wrap-around is naturally handled
by binary overflow, eliminating explicit modulo operations and directly wrapping in
the Z, ring, as discussed in Section 13.4.3.

To sustain parallel HV operations, the accelerator integrates local dedicated
Scratchpad Memories (SPMs) that provide low-latency, high-bandwidth access. The
number and size of these SPMs are configurable at synthesis time. By default, four
SPMs are instantiated: three with bandwidth bSIMD, sustaining the transfer of SIMD
components per cycle, and one with higher bandwidth FP - SIMD dedicated to the
Superposition Unit, which requires streaming SIMD fixed-point components per cycle
for Cartesian accumulation, where FP denotes the fixed-point precision. When the
target learning task is known in advance, the SPMs dimension can be set precisely
to the required number of HVs; for more general-purpose deployments, larger SPMs
may be synthesized to preserve flexibility. Data exchange between the host core
and the SPMs is supported by dedicated hvmemld and hvmemstr instructions [209],
though in typical workloads, the accelerator operates autonomously on locally stored
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Figure 13.6 High-level schematic of the MCR-HDCU microarchitecture. The design
integrates dedicated functional units for each arithmetic operation in MCR, running
in parallel over SIMD lanes. Specialized Scratchpad Memories ensure low-latency, high-
bandwidth access. The hardware parallelism and memory configuration (number and
size of Scratchpad Memories) can be configured at synthesis time.

Table 13.1 MCR-HDCU Configuration Parameters

Parameter | Configuration Time
SPM Size Synthesis
SPM Number Synthesis
Hardware Parallelism (SIMD) Synthesis
Functional Unit Enable/Disable Synthesis
MCR Modulo (r) Synthesis
Fixed-point Precision (FP) Synthesis
HVDIM Runtime
HVCLASS Runtime

HVs. Table 13.1 summarizes the parameters that can be tuned at the synthesis time
and at runtime in MCR-HDCU.

Next, we describe the implementation of each arithmetic operation in the MCR-
HDCU accelerator.

Binding By representing HV components using b bits, binding is implemented
as a simple modular addition, with the SIMD parameter defining how many adders
operate in parallel. The same holds for unbinding, which is a modular subtraction.
Since additions/subtractions are fully parallelized over the SIMD lanes, the total
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Figure 13.7 Architecture of the Distance Unit. The design computes 2SIMD differences
in parallel, selects the modular distance through a min circuit, and accumulates results
using a parallel tree adder.

latency in clock cycle (L) is

HVDIM

——— cycles
SIMD Y

Lbind = Lunbind =

Distance metric In MCR, distance is computed as the angular difference across all
components of two HVs, as defined in Eq. (13.1). As in binding, modular reduction
is inherently handled by the binary overflow. Accordingly, the unit computes 2SIMD
differences in parallel using subtractors, and for each pair of results, a lightweight
min circuit selects the correct distance. The resulting per-component distances are
then accumulated across SIMD lanes by a parallel tree adder of depth [log,(SIMD)],
as illustrated in Fig. 13.7. The total latency of the Distance Unit is thus:

_ HVDIM
S 3IMD

+ [log,(SIMD)]| cycles

where the first term accounts for the selected hardware parallelism and the second
for the depth of the tree adder.

Superposition This operation requires first mapping each HV component to
its equivalent vector, then performing vector addition, and finally normalizing the
accumulated result back onto the discrete ring Z,.. As highlighted in Section 13.1, the
normalization step should only be applied once after all operands have been accumu-
lated, since repeated quantization would cause excessive loss of stored information.
For this reason, in MCR-HDCU we decouple superposition and normalization into
two separate instructions and FUs, enabling intermediate accumulation in fixed-point
precision before the final projection back onto Z,..

The Superposition Unit is built around two compact LUTSs storing precomputed
cos(22k) and sin(2k) values for k € [0,7 — 1], that as highlighted in Section 13.4.3,
are small and hardware-friendly. The FP parameter can be specified at synthesis
time to balance performance and hardware cost. To maintain the desired precision
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Cartesian form via LUT-based cos / sin values and accumulated in fixed-point precision
using dedicated high-bandwidth SPM access.

in cumulative superposition, the unit assumes that the first input HV is already
in fixed-point Cartesian form and produces a fixed-point result. The second input,
represented in Z,, is mapped on-the-fly to Cartesian coordinates using cosine and
sine LUTs. At each cycle, the unit fetches SIMD/2 real parts and SIMD/2 imaginary
parts of the first HV from the dedicated high-bandwidth SPM, while the second HV
remains fixed for two cycles. The corresponding cosine values are added to the real
components of the first HV, and the sine values to its imaginary components. The
results are written back to the SPM at a throughput of SIMD/2 complex components
per cycle. The total latency of the operation is therefore:

2HVDIM

L ~ = ——— cycles
superimpose STMD y

Normalization The Normalization Unit performs the normalization step, pro-
jecting the results of superposition that have accumulated in Cartesian coordinates
back onto the discrete ring representing Z,. As outlined in Section 13.4.3, this is
achieved through the WTA-based approach, which avoids the costly division and
atan2 computations otherwise required by direct normalization.

Given a superimposed component in Cartesian form (R(v;), (v;)), the unit
identifies its quadrant from the sign bits of R(v;) and $(v;) and then compares it
against the r/4 + 1 directions in that quadrant with coordinates (cos 27”141, sin 27”143)
precomputed and stored in the same compact LUTs used by the Superposition Unit.
Each comparison is implemented as an inner product, requiring two fixed-point
multiplications and one addition. The accumulated Cartesian HV is stored in a
dedicated high-bandwidth SPM that provides simultaneous access to SIMD/2 real and
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Table 13.2 Hardware requirements of MCR-HDCU for different SIMD.

SIMD | Freq. | Module | #LUTs #FFs #DSPs #BRAMs

8 | 150 MHz Acgﬁ\ﬁtor 1772067 ggg 3 106
16 125 MHz Acgﬁ\ﬁtor 251923 1468761 1o7 106
32| 115 MHz Acgﬁ\ﬁtor :53322 3808978 303 200
64 | 118 MHz Acgﬁ\ﬁtor 173169039 fggg 605 208

SIMD/2 imaginary parts per cycle. As a result, the total latency of the Normalization
Unit is SHYDIM
= ~STiD (r/4+41) cycles

norm

Permutation Permutation in HDC/VSA produces HVs that are nearly orthogonal
to their input HVs. Implementing arbitrary rotations in hardware while processing
SIMD components in parallel would require complex shuffling logic and intermediate
buffers, leading to high area and latency overheads. In this work, we use the insight
that even structured permutations (e.g., circular shift or block-cyclic permutation)
produce HVs that are approximately orthogonal to input HVs. Using this observation,
MCR-HDCU performs permutation at the granularity of whole SIMD blocks. Rather
than shifting components within each block, the design cyclically reorders entire
blocks by remapping memory addresses. With this design choice, permutation
reduces to pure address manipulation in the SPM: read addresses are offset by
multiples of SIMD lanes, and the HV is streamed directly in permuted form. This
yields HVDIM/SIMD distinct permutations, corresponding to all possible block-level
cyclic shifts, while keeping the implementation extremely lightweight. The total
latency of the permutation is:

HVDIM

——— cycles.
SIMD Y

Lperm =

Search The final operation implemented in MCR-HDCU is search, which is essen-
tial during inference to identify the closest prototype among a set of HVs. Imple-
menting this purely in software would require issuing the distance instruction ¢ times
for a c-class problem, limiting the benefits of acceleration. To avoid this overhead,
MCR-HDCU integrates a dedicated search instruction that reuses the Distance Unit
in a hardware-controlled loop. At runtime, the number of classes is specified as a
parameter, enabling the accelerator to iterate over all prototypes in the SPM. The
query HV is held constant, while the second operand cycles through each class HV.
After each distance computation, the result is compared against the current best
match stored in a register, which is updated if necessary. Once the loop completes,
the index of the class with the lowest distance is written back to the memory.
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Table 13.3 Execution Time in us and Energy Consumption in pJ per arithmetic operation
in MCR

Binding Superposition Normalization Permutation Distance

Realization HVDIM Time [us]  Energy(uJ) ‘ Time [ps] Energy [uJ] ‘ Time [us] Energy [uJ] ‘ Time [pus] Energy [us] ‘ Time [ps] Energy [us]

Software 64 5.90 0.74 13.12 1.64 76.21 9.53 11.90 1.49 4.71 0.59
Software 512 43.63 5.45 102.21 12.78 606.18 75.77 92.90 11.61 35.42 4.43
Software 2048 173.02 21.63 407.58 50.95 2411.27 301.41 380.38 47.55 140.66 17.58
SIMD 8 64 0.15 0.02 0.36 0.04 0.65 0.07 0.15 0.01 0.24 0.02
SIMD 8 512 0.52 0.06 1.85 0.22 4.38 0.53 0.52 0.06 0.99 0.11
SIMD 8 2048 1.80 0.22 6.97 0.93 17.18 2.32 1.80 0.22 3.55 0.44
SIMD 16 64 0.14 0.01 0.31 0.04 0.46 0.05 0.14 0.01 0.23 0.02
SIMD 16 512 0.37 0.04 1.21 0.15 2.70 0.33 0.37 0.04 0.68 0.08
SIMD 16 2048 1.14 0.15 4.28 0.62 10.38 1.53 1.14 0.14 2.22 0.28
SIMD 32 64 0.14 0.02 0.28 0.04 0.32 0.04 0.14 0.02 0.23 0.03
SIMD 32 512 0.26 0.04 0.77 0.12 1.54 0.25 0.26 0.04 0.47 0.06
SIMD 32 2048 0.68 0.10 2.44 0.39 5.71 0.93 0.68 0.10 1.30 0.19
SIMD 64 64 0.13 0.02 0.24 0.04 0.23 0.04 0.13 0.02 0.20 0.03
SIMD 64 512 0.19 0.04 0.48 0.10 0.82 0.17 0.19 0.04 0.33 0.06
SIMD 64 2048 0.39 0.08 1.30 0.27 2.86 0.59 0.39 0.08 0.74 0.15

13.4.4 Performance of MCR-HDCU

This section presents a comprehensive evaluation of the MCR-HDCU accelerator.
We begin by reporting hardware synthesis results, including resource utilization and
maximum achievable frequency on FPGA, to characterize the hardware requirements
of the proposed accelerator and evaluate the cost of different SIMD configurations. We
then analyze performance, evaluating the advantages of the proposed MCR-HDCU
on both basic HDC/VSA operations and full learning kernels to demonstrate the
accelerator’s efficiency and flexibility. Finally, we directly compare MCR and BSC by
benchmarking the proposed accelerator against the original binary-only HDCU [209],
denoted here as BSC-HDCU.

In the experiments below, all benchmarks are implemented using a custom
software library that supports two execution modes: a standard (non-accelerated)
configuration compiled for the baseline RISC-V instruction set and executed on
the Klessydra-T03 [114] core, and an accelerated configuration compiled with the
extended instruction set to exploit the HDCU coprocessor.

Execution time is estimated using cycle-accurate Register-Transfer-Level simula-
tions in QuestaSim, by extracting the number of clock cycles and multiplying them
by the post-implementation maximum operating frequency of each configuration.
Speedup factors are computed as the ratio between baseline and accelerated exe-
cution times. For energy consumption, we perform post-implementation gate-level
simulations to generate switching activity files (.saif) for each kernel, which are
then analyzed using the Vivado power estimator to derive the dynamic power of
both the core and the accelerator.

Hardware realization

To assess the resource requirements and achievable performance of MCR-HDCU, we
synthesized the Klessydra-T03 core extended with our MCR-HDCU accelerator on a
Xilinx Zynq UltraScale+ ZCU106 (EK-U1-ZCU106-G) device, using Vivado 2023.2.
Table 13.2 reports the detailed hardware utilization of MCR-HDCU for SIMD widths
ranging from 8 to 64, while fixing the modulus r = 16, fixed-point precision FP=16,
and using four 2 KB SPMs. The reported metrics include LUTs, Flip-Flops (FFs),
Digital Signal Processors (DSPs), Block RAMs (BRAMs), as well as the maximum
operating frequency achievable on the FPGA.
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This analysis highlights how the accelerator can be adapted to different scenarios
by balancing hardware cost against performance. For example, increasing the SIMD
width from 8 to 64 raises the LUTs count from 2433 to 20802, underlining the need
to carefully select the degree of parallelism depending on the application. In resource-
constrained edge devices primarily targeting inference, a smaller SIMD configuration
may be preferable. In contrast, when resources are less constrained and training
acceleration is also desired, higher parallelism can be exploited to maximize the
throughput.

Impact on the basic HDC/VSA arithmetic

Table 13.3 summarizes the execution time and the dynamic energy consumption
achieved by MCR-HDCU for each core arithmetic operation. All experiments are
conducted across a range of HV dimensionalities and hardware parallelism configu-
rations to explore scalability and design trade-offs. Specifically, we evaluate three
representative SIMD configurations {32,256,1024} and three HV dimensionalities
{64,512, 2048}.

As the HV dimensionality increases, the hardware loops inside the accelerator
allow efficient processing without re-fetching instructions repeatedly, maximizing
the execution speed. On the other hand, increasing SIMD values enables greater
parallelism, allowing for the simultaneous processing of more HV components, but
at the cost of increased hardware complexity, as reported in Table 13.2.

For the binding operation, MCR-HDCU achieves speedups from 39x (SIMD = 8,
HVDIM = 64) up to 444x (SIMD = 64, HVDIM = 2048), thanks to its lightweight
implementation as modular additions with implicit overflow. The more complex
superposition operation benefits from fixed-point Cartesian accumulation using
compact cosine/sine LUTs (see Section 13.4.3), and achieves speedups ranging from
36x up to 314x. Similarly, the normalization operation, implemented via WTA
on the precomputed LUTs, provides speedups from 117x to 843, depending on
HV dimensionality and SIMD parallelism. Much larger gains are observed for the
permutation operation: by reducing it to a simple hardware-friendly block-wise
reordering of memory addresses, MCR-HDCU achieves speedups from 79x to 975x.
Finally, the distance metric, that is critical for inference, also benefits strongly from
the hardware acceleration, with speedups ranging from 20x to 190x, depending on
the configuration.

Overall, these results confirm that all core operations of MCR, can be executed
extremely efficiently in hardware, demonstrating that the additional expressiveness
of the modular space does not come at the cost of computational efficiency.

Energy efficiency follows a similar trend. Across all operations, the software
implementation on the RISC-V core consumes between 29.5x and 594 x more energy
than its accelerated counterpart. This reduction highlights the value of specialized
hardware, particularly for low-power applications, even when accelerating only
individual arithmetic operations.
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Figure 13.9 Overview of the real datasets selected for the evaluation, showing their
complexity in terms of the number of features and classes. The datasets span a wide
range of complexities: HabermanSurvival (d = 3, ¢ = 2), Adult (d = 14, ¢ = 2), Letter
(d =16, ¢ = 26), Cardiol0 (d = 21, ¢ = 10), PlantMargin (d = 64, ¢ = 100), UCIHAR
(d =561, ¢ = 6), and ISOLET (d = 617, ¢ = 26).

Performance on real data

To demonstrate the flexibility of the proposed accelerator and evaluate its perfor-
mance in realistic scenarios, we selected seven classification datasets from the collec-
tion used in Section 13.4.2. The selection captures a wide spectrum of problem com-
plexities in terms of both the number of features and classes. As shown in Fig. 13.9,
the selected datasets span from very simple problems such as HabermanSurvival
and Adult, with only a few features and two classes, to demanding problems such as
PlantMargin, UCTHAR, and ISOLET, which combine hundreds of features with dozens
or even hundreds of classes. Intermediate problems such as Letter and CARDI010
represent median cases, containing tens of input features with challenging multi-class
classification. This variability ensures that the evaluation covers the full range of
settings, from lightweight binary problems to high-dimensional, multi-class problems,
thereby providing a comprehensive validation of MCR-HDCU. It is important to
emphasize that the goal of this analysis is not to assess the classification accuracy,
but rather to evaluate the efficiency of the proposed accelerator. Every arithmetic
operation implemented in MCR-HDCU was rigorously verified to ensure full consis-
tency with the software model. As a result, the accelerator delivers the exact same
accuracy as the reference software implementation reported in Section 13.4.2.

For these experiments, we adopted HVs of size D = 1024 and a modulo r» = 16
(i.e., MCR~4), comparing software execution on the baseline Klessydra-T03 core
against accelerated execution with different SIMD configurations {8, 16, 32, and 64}.
Table 13.4 reports the obtained execution time for the seven selected datasets, while
Fig. 13.10 shows the relative speedups. The reported time corresponds to a single
inference iteration. In the MCR-HDCU, latency depends only on the number of
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Figure 13.10 Execution time of 7 selected datasets on the baseline Klessydra-T03 core
compared to the MCR-HDCU accelerator with different SIMD € {8, 16, 32, 64}.

features and classes and is, therefore, constant across all samples within a dataset.

Across all datasets, the accelerator delivers substantial performance improvements.
For the simplest tasks such as HabermanSurvival (d = 3, ¢ = 2), speedups range
from 80.4x at SIMD = 8 to 137.9x at SIMD = 64, while Adult (d =14, ¢c = 2)
achieves 98.1x to 259.9x. Larger datasets yield even higher gains: Letter (d = 16,
¢ = 26) improves from 95.4x to 306.9x while Cardio10 (d = 21, ¢ = 10) from
100.6x to 320.2x. For the extreme cases with a large number of features and classes,
the impact of the hardware acceleration is even more pronounced: PlantMargin
(d = 64, ¢ = 100) shows 145.6x to 616.9x, UCIHAR (d = 561, ¢ = 6) 114.6x to
625.3%, and ISOLET (d = 617, ¢ = 26) achieves the highest gains with 114.5x to
627.7x.

Overall, these results confirm that the benefits of hardware acceleration increase
with the dataset complexity. In particular, as the number of features increases, the
transformation of feature vectors into HVs dominates the runtime and the acceleration
of the superposition and binding operations becomes increasingly beneficial. On the
other hand, a larger number of classes amplifies the cost of searching for the closest
prototype, making the role of the search and distance units the dominant factor.

Comparison with BSC

The previous sections demonstrated how the arithmetic of MCR can be efficiently
implemented in digital hardware devices and how the adoption of a dedicated
accelerator can reduce its execution time and energy consumption substantially. At
the same time, Section 13.4.2 reported that the higher per-component precision
and the modular space allow MCR-4 with D = 64 components and r = 16 (4 bits
per component) to achieve higher average accuracy (75.49% across the collection)
than BSC with D = 1024 components (74.35%), despite requiring 4x less memory.
Building on these findings, we conclude the experiments by revisiting the hypothesis
from the original MCR study [3] that BSC is advantageous over MCR in resource-
constrained scenarios with strict requirements on execution time and enerqgy efficiency.
To answer this question, we directly compare MCR-4 (D = 64, r = 16) against
BSC (D = 1024), when both are accelerated on their corresponding architectures:
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Table 13.4 Execution time in us comparing software and SIMD hardware realizations
across the selected datasets

Dataset Software SIMD-8 SIMD-16 SIMD-32 SIMD-64
HabermanSurvival 2258.40 28.08 23.27 19.65 16.38
Adult 5565.15 56.75 40.70 29.50 21.42
PlantMargin 27495.41 188.79 120.92 74.84 44.57
UCIHAR 170264.30 1486.03 909.21 520.56 272.30
ISOLET 188503.79 1647.03 1006.94 575.63 300.32
Letter 7854.92 82.33 56.10 37.97 25.59
Cardiol0 8230.95 81.83 55.88 38.00 25.70

Table 13.5 Execution time (us) and Energy consumption (uJ) for BSC (D = 1024) and
MCR-4 (D = 64), across datasets and SIMD configurations

Haberman Adult Letter CARDIO10 Plant UCIHAR ISOLET

SIMD LUTs FFs | . N . \ . . )
# sl Time Energy Time Energy Time Energy Time Energy Time Energy Time  Energy Time  Energy

32 1886 728 | 6.418 0.624 21.018 2.158 27.164 2960 31.473 3.458 87.673 10.185 747.627 87.529 824.864 97.315

BSC 64 3255 1010 | 4.200 0.428 11.550 1.240 14.632 1.679 16.809 1.929 45.105 5.506 377.345 46.067 416.218 50.812
D =1024 128 6547 1671 | 3.181  0.338 7.070  0.780  8.670 1.042  9.842 1.183  24.819  3.169  200.586 25.615 221.126 28.238
256 13094 2909 | 2.605 0.304  4.600  0.553 5.409 0.690  6.019 0.772 13.707 1.847 103.907 13.927 114.437 15.422

8 2433 1242 | 2173 0.235  4.447  0.507  6.140  0.743  6.320  0.771 14.887  1.920 117.720 15.304 130.360 17.077
MCR 16 5069 2157 | 1.976  0.219  3.736  0.437 4.824  0.603  5.112  0.639 11.800 1.569  91.400 12.156 101.000 13.433
D =64 32 8887 3985 | 1.750  0.224  3.217  0.428  3.883 0.563  4.283  0.621 9.917 1.527 76.233  11.740  84.033  12.941

64 20802 10257 | 1.687 0.270  3.026  0.499  3.470  0.607  3.939  0.693 9.122 1.688  69.661 12.818 76.652 14.181

MCR-HDCU and BSC-HDCU.

For the sake of fairness, we evaluate four SIMD configurations for each accelerator:
SIMD € {8,16,32,64} for MCR-HDCU and SIMD € {32,64,128,256} for BSC-
HDCU. These configurations yield an equivalent number of bits processed per clock
cycle, since MCR-4 uses 7 = 16 (b = 4 bits per component). Both accelerators
are synthesized with four 2 KB SPMs each. Testing SIMD values larger than the
dimensionality of HVs for MCR, provides no additional insights, as configurations
with SIMD > HVDIM converge to the same execution time and energy consumption as
the case when SIMD = HVDIM.

Table 13.5 reports the results obtained across the previously selected datasets.
Despite the intrinsically more complex arithmetic of MCR, the combination of
an optimized accelerator design and the reduced number of components enabled
by higher per-component precision allows MCR-HDCU to consistently outperform
BSC-HDCU in both execution time and energy consumption. On average, across all
datasets and SIMD configurations, MCR-HDCU runs kernels 3.08x faster and with
2.68x lower energy consumption than BSC-HDCU. These advantages are even more
pronounced for large datasets such as UCIHAR and ISOLET, where the execution
time improves by up to 6.35x while the energy consumption drops by up to 5.72x.

Importantly, the reported improvements do not come at the expense of larger
accelerators. For example, when comparing MCR-4 with SIMD = 8 against BSC
with SIMD = 64, an instance where MCR-HDCU is actually smaller in terms of
the required resources, MCR-4 still provides improvements: the execution time
is reduced by 1.90x to 3.21x while the energy consumption by 1.82x to 3.01x,
depending on the dataset.

These results confirm the key insight of this study: although MCR requires more
sophisticated arithmetic than BSC, its modular space and higher per-component
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precision allow much lower HV dimensionality. When paired with efficient hardware
support, this leads to significantly faster execution and lower energy consumption.
In other words, MCR is not only more accurate per bit but also more efficient when
deployed on dedicated hardware.

13.5 Summary of Findings

In this chapter, we revisited the modular composite representation (MCR) model,
providing an extensive analysis of its properties and implementing the first hardware
accelerator for this model. Our study demonstrates that the MCR, model achieves
the best trade-off between information capacity, classification accuracy, and efficiency,
positioning it as a compelling alternative to more well-known models such as binary
spatter codes [227] and multiply-add-permute [228].

First, we found that the modular discretized space of MCR offers substantially
higher information capacity than binary and integer hypervectors, while approaching
the information capacity of complex-valued hypervectors at a fraction of their
memory footprint. Second, a large-scale evaluation on 123 classification datasets
confirmed that MCR achieves higher accuracy than binary and low-precision integer
hypervectors and can match the performance of binary hypervectors while requiring
up to 4x less memory. These results highlight the importance of per-component
precision, showing that the larger dynamic range in non-binary modular arithmetic
indeed pays off in practice.

Next, we designed MCR-HDCU - the first hardware accelerator for MCR,
demonstrating that its arithmetic maps naturally to digital logic, with modular
operations realized implicitly through binary overflow and trigonometric mappings
efficiently implemented using compact lookup tables. Experimental results on basic
operations and seven classification datasets show up to three orders-of-magnitude
speedups and substantial energy savings compared to software execution. When
compared to binary hypervectors at iso-accuracy and accelerated with the original
HDCU, MCR-HDCU achieves on average 2.7x faster execution and 3.9x lower
energy consumption.

Overall, our findings refute the intuition that the additional complexity of MCR
outweighs its benefits. On the contrary, it provides a hardware-friendly alternative
that delivers superior information capacity, higher classification accuracy, lower
memory footprint, and great efficiency when implemented by specialized hardware.
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Chapter 14

A Hardware-Friendly
Discretized Approach to FHRR

This Chapter presents original work not yet published

"The art of approximation is the art
of engineering."

Anonymous

The previous chapters investigated how dedicated hardware can unlock the
efficiency of different HDC/VSA models on embedded platforms. We began by
designing the HDCU (Chapter 12), a flexible hardware accelerator for BSC tightly
integrated into a RISC-V core. Subsequently, motivated by the observation in [241]
that purely binary hypervectors cannot approximate arbitrary similarity structures,
and therefore cannot always learn Bayes-optimal classifiers, we extended the HDCU
to support MCR (Chapter 13). Our work repositioned MCR, demonstrating that it
provides a more favorable trade-off than BSC for embedded deployment: it achieves
higher information capacity and accuracy while remaining faster and more efficient,
providing a better balance between representational power and hardware cost.

This chapter focuses on the most complex but expressive HDC/VSA paradigm:
the Fourier Holographic Reduced Representation. FHRR represents information using
complex-valued, unit-modulus hypervectors and has strong links to kernel methods,
residual coding, and neuromorphic implementations based on oscillatory or spiking
substrates [57, 212, 220, 235]. However, despite its attractive properties, FHRR
remains difficult to deploy on real embedded and hardware-constrained systems. Its
reliance on high-precision complex arithmetic creates prohibitive overhead in area,
memory, and power, widening the gap between its theoretical advantages and the
practical constraints of embedded systems.

These considerations motivate the research question guiding this chapter:

© Research Question

Can FHRR be made practical for resource-constrained embedded systems?

This chapter answers this question by proposing design strategies for a hardware-
friendly FHRR implementation and introducing the first dedicated accelerator
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for this paradigm. Our key insight mirrors the principle that enabled efficient
MCR: by discretizing phases on the unit circle, modular arithmetic can be realized
without explicit modulo operators, allowing binary overflow to implement wrap-
around implicitly. We detail the discretization principle and its implications for each
HDC primitive, present the complete accelerator architecture with all its functional
units—encoding, binding, unbinding, bundling with CORDIC-based normalization,
and permutation—and introduce, to the best of our knowledge, the first hardware
implementation of a Resonator Network. We conclude with a preliminary analysis of
hardware resource requirements across different configurations. Note: The accelerator
design and preliminary synthesis results presented in this chapter are part of ongoing
work. The architecture and functional units are fully specified, but extended validation
and comparison with existing HDC accelerators are deferred to the final version of
the associated publication.

14.1 Fourier Holographic Reduced Representations

FHRR [212, 235] defines hypervectors in the frequency domain where each component
lies on the complex unit circle. Formally, a hypervector v € CP is defined as:

vp = €% ¢ e (—m,7], Vke{l,...,D}, (14.1)

where D is the dimensionality and |vx| = 1. Information is encoded strictly in the
phase ¢y,.

Within this space, FHRR defines the binding operation between two hypervectors
h,u € CP as element-wise complex multiplication (Hadamard product):

i a(h) | ()
c=hou = c = hruy :ez(d)k +o ),

so binding corresponds to adding phases component-wise. The inverse operation,
unbinding, is implemented by element-wise multiplication with the complex conjugate:

(p(h) o p(uw)y () ;1 (Rh)
hrxcou=cou" Ckuzzel(¢k +op )6 Wby — i 7

where (-)* denotes complex conjugation. In the phase domain this is simply phase
subtraction. Because all components lie on the unit circle, the exact inverse of a
vector is given by its conjugate, and binding/unbinding are perfectly invertible in
the absence of noise [57].

Superposition (or bundling) in FHRR is implemented via vector addition fol-
lowed by re-normalization back to the unit circle. Given a set of hypervectors
{h® . h™} their bundle is defined as

m

V:Zh(j), vk:Zh(j),
j=1

j=1

which yields complex components that are no longer unit modulus. To obtain a valid
FHRR vector, each component is projected back onto the unit circle by preserving
only its phase:

v ,
wy, = "k _ ezarg(vk)a for vy, # 0,
vk
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and a suitable tie-breaking rule is used when v = 0 (e.g., random phase or an
average of the original arguments) [5, 57].

The similarity between two FHRR vectors u,v € CP is measured by the real
part of the normalized Hermitian inner product. This is effectively the mean cosine
of the phase differences:

. Lm ) = LS ) )
sim(u,h) =R (D kZ::lukhk> =5 kz::lcos(gbk — o) (14.2)

Random unit-modulus vectors are nearly orthogonal (sim ~ 0) for large D, while
sim(x,x) =1 [1, 57].

An additional advantage of FHRR is the possibility of fractional binding or
Fractional Power Encoding (FPE) [57, 212, 220] introduced in Chapter 2, that allows
encoding of continuous quantities (e.g., angles, distances, time) directly in the phase
of complex components, extending the expressiveness of the representation. Given a
hypervector v and a scalar a € R, FPE defines:

VY = (el D),

i.e., each component’s phase is scaled by a. Because information is encoded in a
continuous phase on the unit circle, each component in FHRR can carry more infor-
mation than binary or low-precision integer schemes, enabling lower dimensionality
for a given accuracy target [3, 220]. Additionally, many emerging neuromorphic and
analog substrates—including coupled oscillators, phase-change materials, photonic
interferometers, and spintronic devices—naturally encode information in phases
or angles. FHRR aligns well with these substrates, making it an attractive target
for brain-inspired hardware where computation is performed by phase interactions
rather than digital arithmetic [212, 220]. Recent studies have demonstrated imple-
mentations of FHRR on spiking neural networks [212].

14.2 Residue Hyperdimensional Computing

A compelling application that demonstrates the power of FHRR is Residue Hyperdi-
mensional Computing (RHC) [342]. RHC is a recent framework that builds directly
on the algebra of FHRR and combines the principles of Residue Number Systems
(RNS) with hyperdimensional computing to realize a residue-based encoding scheme
in high-dimensional space [342].

In a classical RNS, an integer « € Z is encoded by its remainders with respect to
a set of pairwise coprime moduli {m1,...,mg}:

r(z) = [ mod mi, x mod mg, ...,  mod mg]|. (14.3)

By the Chinese Remainder Theorem, this representation is unique for 0 < z <
M = Hszl my. Addition, subtraction, and multiplication are then performed
component-wise on the residues without carries, enabling highly parallel arithmetic.

RHC transfers this idea into the FHRR setting by constructing, for each modulus
m, a family of complex hypervectors whose phases are restricted to the m-th roots
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Figure 14.1 Periodicity of the RHC similarity kernel for a single modulus (m = 5). The
kernel peaks when the difference Az is a multiple of m, enabling residue-based encoding.
Replicated from [342].
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Figure 14.2 RHC similarity kernel for combined moduli (m; = 3,mg = 5). The con-
structive interference extends the unique range to the product of the moduli (M = 15),
effectively implementing the Chinese Remainder Theorem in hyperdimensional space.
Replicated from [342].

of unity and then using Fractional Power Encoding to map integers to FHRR
hypervectors. Formally, for a given modulus m we draw a base hypervector

= [, ..., e"P] (14.4)

Zm )

where the support of the phase distribution is constrained to the m-th roots of unity:

R N A ) (14.5)

Ym0 m
Using FPE, an integer « € Z is then encoded modulo m as
et L T, (14.6)

zm(z) =2 = | ey

Because each ®; is a multiple of 27w /m, adding m to the encoded value leaves the
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hypervector unchanged:

Zon(z +m) = [ei®1@Fm) ei®p(atm)]
— [eiq)lxei@lm’ . ’eiépxeiq)pm]
= [ .. P = z,,(2), (14.7)

Crucially, because every base phase ®; is a multiple of 27 /m, the encoding is
periodic with period m. That is, for any integer k, e!®i(@+thm) — gi®z . (gi2m)h(...) —
e®i% . Consequently:

=€

Zm (T) = 2y, (x mod m).

Thus, z,,(z) strictly encodes the residue of x modulo m.

This periodicity is directly reflected in the induced similarity kernel. The real
part of the inner product between the encodings of two integers z and y (where
Azr =x —y) is:

1, Az=0 (mod m),

i (14.8)
0, otherwise.

Kon(82) = & R (@), 2 (0) ~ {

As shown in Figure 14.1, the kernel peaks precisely when the integers are congruent
modulo m and remains close to zero otherwise.

To encode an integer across multiple moduli {m;}f |, RHC combines the indi-
vidual residue encodings using the FHRR binding operation:

K
z(x) = @ka(x) (14.9)
k=1

This single hypervector z(x) represents the intersection of the individual residue
constraints. As illustrated in Figure 14.2, the similarity peaks only when Az is
a multiple of all moduli m; simultaneously. For coprime moduli, this extends
the unique dynamic range to M = [[mg, effectively implementing the Chinese
Remainder Theorem in a distributed, holographic format: every dimension carries
information about all moduli, in contrast to traditional RNS implementations where
residues are stored in separate registers.

This construction inherits the parallel, carry-free arithmetic of RNS while offering
four key properties:

1. Algebraic structure: simple component-wise operations implement addition
and (via a second binding operation) multiplication on encoded integers.

2. Expressivity: the dynamic range M grows super-linearly with dimension D,
enabling large ranges with moderate hypervector sizes.

3. Efficient decoding: decoding can be performed by factorizing z(x) into its
per-modulus components using a resonator network, requiring resources that
scale better than linearly with M.

4. Robustness to noise: strong robustness to phase noise and perturbations.
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14.3 Toward Hardware-Friendly FHRR

Despite the compelling advantages of FHRR, ranging from its high information
capacity to its support for powerful algebraic frameworks such as RHC, its adoption
in resource-constrained embedded systems is hindered by significant computational
complexity. The theoretical elegance of complex-valued hypervectors clashes with
the practical realities of digital hardware design. To address this, we must first
analyze the available implementation strategies and their specific hardware penalties.

Since FHRR operates on phasors, it can be implemented in two mathematically
equivalent but architecturally distinct forms: the Cartesian formulation and the
Phase formulation.

14.3.1 The Cartesian Formulation

In the Cartesian formulation, each hypervector component is stored as a standard
complex number z; = aj, + ib;, with real and imaginary parts represented in fixed-
or floating-point formats. This approach allows binding to be defined as component-
wise complex multiplication, bundling as vector addition, and similarity as the real
part of the normalized dot product.

This representation is highly advantageous for software simulation and is the
standard choice for HDC/VSA libraries such as TorchHD [346], leveraging the
optimized arithmetic libraries available for modern CPUs and GPUs. However,
this choice becomes less attractive when designing custom hardware. Complex
components double memory footprint (each component requires storing two real
numbers: the real and imaginary parts) and the reliance on complex arithmetic
imposes high demands on area and power for floating-point units.

14.3.2 The Phase Formulation

By contrast, the phase formulation exploits the unit-modulus property of FHRR.
Each component is represented solely by its angle ¢ € (—m, 7] on the unit circle,
such that z;, = e'®¢. This representation is inherently storage-efficient, requiring
only a single scalar per dimension.

In this domain, we recall that binding and unbinding reduce to element-wise
addition and subtraction of phases, and similarity can be computed as the mean
cosine of phase differences. Bundling is more challenging: although it corresponds
to vector addition in C”, maintaining a strictly phase-based representation requires
projecting the angles back to Cartesian coordinates on the unit circle, accumulating
the corresponding real and imaginary parts across vectors, and converting the result
back to a phase via normalization (e.g., vy = atan2(}_ sin ¢g, > cos ¢)).

Moreover, in the phase formulation, all operations are defined modulo 27, which
in digital hardware translates into modular arithmetic on phase values. A straight-
forward implementation requires explicit modulo operations or range reductions,
which in turn rely on division or conditional corrections. As discussed in Chapter 2,
integer division is among the most expensive arithmetic operations in digital logic,
with long critical paths and significant area and energy overhead. Even optimized
schemes such as VLNPD alleviate but do not eliminate this cost. Additionally,
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the normalization required for bundling relies on trigonometric functions that are
notably costly in hardware.

In summary, while phase-based FHRR, is conceptually appealing for its memory
efficiency, naive implementations remain burdened by the costs of explicit modulo
arithmetic and trigonometric conversions.

14.4 Discretizing the Unitary Circle for Modulo-Free
Arithmetic

The central idea explored in this chapter is to bring to FHRR the same insight that
underpinned the MCR hardware accelerator in Chapter 13: modular arithmetic can
be implemented extremely efficiently in digital hardware if the underlying domain is
discretized such that wrap-around is handled implicitly by binary overflow, rather
than by explicit modulo operators.

Instead of representing phases ¢; as floating- or fixed-point numbers and per-
forming explicit modulo-27 reductions, we discretize the unit circle into Q = 2%9¢
uniformly spaced angles. Each phase is encoded as an unsigned integer index ¢;:

2
G ef0,1,....Q -1}, ¢iw ng-. (14.10)

Here, Q4 denotes the bit-width of the phase storage (e.g., Q4 = 8 yields Q = 256
discrete angles with a resolution of 27 /256 radians). The mapping between the
continuous angle and the discrete integer index is given by:
K
6= | 5| (mod Q). (14.11)
T
Q¢ can be tuned to match the precision required by the target task, yet regardless
of the chosen bit-width, the modulo-27 behavior is realized naturally by unsigned
binary overflow on ()4 bits, requiring no explicit modulo logic in hardware. In the
remainder of this chapter, we exploit this discretized phase representation to design
an efficient and compact hardware accelerator for FHRR.

14.5 Discretized FHRR Accelerator Architecture

Figure 14.3 illustrates the overall architecture of the proposed hardware accelerator,
organized as a collection of specialized functional units interconnected through a
shared SIMD datapath.

The proposed accelerator implements the complete FHRR pipeline—binding,
bundling, permutation, similarity, FPE—and a resonator network, directly in the
discretized phase domain. Designed for flexibility, the architecture supports both
standard FHRR and RHC configurations through programmable control logic,
without requiring changes to the underlying datapath.

To accommodate diverse application constraints, the accelerator exposes a set of
synthesis-time parameters that govern the trade-off between precision, throughput,
and area. Key configuration knobs include:
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Figure 14.3 Architecture of the proposed accelerator for FHRR, featuring dedicated
memories and specialized functional units for each basic FHRR operation connected via
a shared bus to an intermediate buffer, enabling efficient chaining of HDC operations.

e (Qy: The bit-width of the phase indices, defining the angular resolution.

e SIMD: The parallelism factor, determining how many vector components are
processed per cycle.

e D: The hypervector dimensionality.
e NUM_MODULI: The maximum number of moduli supported in RHC mode.

e FP_INT/FRAC: The precision of the fixed-point datapath used for cartesian
accuulation during buindling

All functional units operate on the discretized phase representation, except for
the intermediate fixed-point accumulation required during bundling.

To minimize data movement and support efficient operator chaining, the archi-
tecture centers around a shared intermediate buffer (Buffer BRAM in Fig. 14.3).
This buffer acts as the central exchange point for all operations, eliminating the
latency penalty of writing intermediate results back to main memory. Data routing
is standardized across all FUs:

o Operand 1 is multiplexed, sourced either from the Encoding Unit (for fresh
data) or the Intermediate Buffer.

e Operand 2 is always sourced directly from the Intermediate Buffer.

This allows the system to flexibly chain operations, such as binding a newly encoded
scalar to an accumulated state vector, under the control of lightweight finite state
machines. The following details the design of each functional unit and demonstrates
how it has been optimized for performance, resource efficiency, scalability, and
flexibility.
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Figure 14.4 Architecture of the Encoding Unit. The unit supports both standard FHRR
Fractional Power Encoding and the iterative accumulation required for RHC mode.

Encoding Unit

The encoding unit maps a single scalar value z into a high-dimensional FHRR vector.
It supports two operating modes: (i) Standard FHRR using FPE [57], and (ii) RHC
mode, which encodes residues relative to a set of coprime moduli [342].

Standard FHRR Mode

In standard FPE, a scalar x € Z is encoded by exponentiating a random complex
base vector z = [e!®1, ..., D]

z(z) = 2% = [917, ... ¢9D7]. (14.12)

In hardware, the discretized base phases are stored in a ROM packed into SIMD-wide
words. For each chunk, the encoder:

1. Fetches SIMD base phases from ROM.
2. Multiplies each phase by the scalar input « (in fixed point).

3. Outputs the result. The modulo-27 wrap-around occurs naturally due to the
Q-bit representation.

The latency is dominated by a single pass over the dimension D:

D
LgﬂRstéfﬁﬁ. (14.13)

RHC Mode

In RHC mode, the encoder implements the Chinese Remainder Theorem logic. For
a set of moduli {mi,...,mg}, a scalar x is mapped to residues r; = x mod my.
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Figure 14.5 Architecture of the Similarity Unit. Discretized phase differences are mapped
to cosine similarity scores via a LUT and reduced using a pipelined adder tree.

The final hypervector is the component-wise product (binding) of the base vectors
for each modulus raised to the power of the residue. In the discretized hardware
domain, the output phase index gou; is computed by accumulating the discrete
phase contributions:

K

K
z(z) = @Z?@ck = Qout,i = (Z qi,krk> mod 27. (14.14)
k=1 k=1

Thus, even in this residue formulation, one encoding request still corresponds to
one scalar value x. The key difference is that computing the final phase goyt,; now
requires combining all K discrete residue contributions.

The hardware handles this by iterating over the moduli. The pipeline iterates K
times. In each pass k, it fetches the base phases for modulus my, multiplies them by
7, and accumulates the result into a running phase sum.

The latency scales linearly with the number of moduli:

D
LEIC = — K +1. 14.15
g (14.15)
Similarity Unit

The Similarity Unit (Fig. 14.5) performs the following operations for each chunk:

1. A SIMD-wide subtractor computes the discrete phase deltas Ag = qy; — qa
(overflow handles the modulo).

2. The deltas address a LUT containing pre-computed fixed-point (Q.FP_INT,
FP_FRAC) values of cosine.
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3. An adder tree reduces the SIMD cosine values into a partial sum.

4. An accumulator aggregates partial sums over all chunks to produce the final
score.

Latency is minimized by pipelining the reduction tree: Ly, = % + log,(SIMD).

Associative Search and Cleanup

Many HDC tasks rely on prototype-based classification and symbol decoding: given
a query hypervector q, the system must find the most similar class prototype
(associative search) or the closest item in an item memory (cleanup).

These high-level tasks are structurally identical and are implemented by wrapping
the similarity unit with a control FSM that iterates over a memory of stored
prototypes P. The nature of P depends on the operation mode:

o In Associative Search, P = {C,...,Cn,,..} represents the set of class
hypervectors.

o In Cleanup, P = {I;,..., Iy, } represents the set of valid symbols in the
item memory.

The hardware performs the search by sequentially evaluating:
Result = arg max sim(q, P;). (14.16)
7

For N prototypes, the unit streams vectors sequentially, calculating the similarity for
each and updating a “current best” register. The total latency is Lseqrch = IV * Lsim,
where Lgjy, is the latency of a single similarity computation.

14.5.1 Binding and Unbinding Units

Binding and Unbinding are computationally trivial in the phase domain. They are
implemented as SIMD-wide adders/subtractors. These purely combinational units
have a throughput of one chunk per cycle:

Lbind = Lunbind = (1417)

SIMD
For the unbinding, the same subtractors already presented in the similarity path are
used to minimize hardware overhead.

14.5.2 Bundling Unit and CORDIC-Based Normalization

Performing the superposition operation in the phase domain is non-trivial because
the resulting sum does not naturally lie on the unit circle. A naive attempt to operate
directly in phase space (e.g., averaging phases) fails to preserve the correct geometry
of the complex plane and degrades quickly as more hypervectors are bundled.

To maintain geometric accuracy, the proposed Bundling Unit (Fig. 14.6) employs
a convert-accumulate-normalize strategy:
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Figure 14.6 Architecture of the Bundling Unit. To ensure geometric accuracy, phases are
converted to Cartesian form for accumulation and re-normalized to the unit circle via a
shared CORDIC engine.

1. Cartesian Accumulation: For each element 7 in a SIMD chunk, the phase
gi is converted to its Cartesian coordinates x; = cos(¢;) and y; = sin(g;)
indexing Sine/Cosine LUTs. These values are accumulated into two dedicated
accumulation buffers: a Real BRAM and an Imaginary BRAM. Each BRAM
serves as a multi-channel accumulator, with the j-th address corresponding
to the j-th dimension of the hypervector. For a bundle of N vectors, the
accumulation at dimension j is:

N N
Xacc[j] = Z Tjmn, Yacc[j] = Z Yin
n=1 n=1

2. Normalization (CORDIC): Once accumulation is complete, the resulting
vectors are projected back onto the unit circle. We employ a CORDIC engine op-
erating in vectoring mode to recover the phase angle ¢; = atan2(Yge.[j], Xacc[j])
without using expensive square roots or divisions.

The CORDIC engine implements an iterative extraction of the angle. For a
component with accumulated values (Xgec[j], Yacels]), the algorithm rotates
the vector toward the positive real axis. Initializing the internal state as
(0,90, 20) = (Xacelj]; Yace[7], 0), the k-th iteration proceeds as follows:

Tpt1 = T + ok (Y > k)
Yp+1 = Yk — ok (x> k) where o, = sign(yg).
2p11 = 2k + op arctan(27F)
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Here, >> k denotes an arithmetic right shift, and the arctan(27*) constants are
retrieved from a small ROM. We configure the engine to run for Ncorpic = Q¢
iterations to match the hardware’s phase discretization. Upon convergence,
yn — 0 and 2y — atan2(Yoce[j], Xace[f]). The resulting discrete angle g; is in
(Q4-bit precision.

Crucially, the accumulation and normalization stages are decoupled and inde-
pendently controlled. Accumulation can proceed over a large stream of hypervectors
(e.g., summing hundreds of items) with high throughput, while normalization is
invoked only when a reusable prototype on the unit circle is required (e.g., before
storing it in memory or feeding it to the binding, similarity or resonator network
units).

The total latency for bundling a set of Vi, hypervectors of dimension D is:

D
Lyundie = (Ni : ) + Lnorm, (14.18)

SIMD
where the first term represents the pipelined accumulation throughput, and Lyporm
accounts for the CORDIC sweep.

14.5.3 Permutation Unit

Following the optimized strategy introduced for MCR in Chapter 13, the proposed
permutation unit implements permutations through address remapping, avoiding
explicit barrel shifters.

The unit supports two operating modes, selected via the control signals:

1. Explicit remapping: When an index map is provided, SIMD-wide chunks are
written to BRAM at the addresses specified by the map. This enables arbitrary
permutations at SIMD granularity, for up to (D/SIMD)! distinct permutations.

2. Cyclic rotation: When a shift amount is provided, the unit performs the
standard right rotation by offsetting the chunk addresses accordingly, thus
realizing a cyclic shift of the hypervector at the macro-chunk level. In this
case, a maximum of D/SITM D distinct permutations are allowed.

The total latency is:
D

Lyorm = ——. 14.1
P SIMD (14.19)

14.5.4 Resonator Network

The FHRR accelerator also includes a dedicated Resonator Network unit that
implements the iterative cleanup and factor recovery process directly in hardware. To
the best of the author’s knowledge, this represents the first hardware implementation
of a resonator network.

This module receives a composite hypervector s (the query) and a set of initial
candidate factors {Zi,...,2x} (which may represent generic factors or, in the
case of RHC, the residue components associated with different moduli). These
candidates are stored in local BRAMs and updated in-place across iterations. A
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Figure 14.7 Hardware architecture of the Resonator Network Unit. The iterative factor
recovery is unrolled into a pipelined datapath comprising residual estimation, codebook
similarity search, and weighted update steps.

finite-state controller coordinates the resonance loop: at each iteration, factors are
read, processed, and refined. A convergence detector monitors the updates and
asserts a done signal when a stable configuration is reached or the maximum iteration
count is exceeded.

The computation for a single factor update (say, factor j) is decomposed into
five pipelined stages, executed by specialized FUs.

1. Stage 1: Residual estimation in discretized phase. The first stage
estimates the “residual contribution” that factor j must explain by removing
the contributions of all other factors ¢ # j from the composite vector s.
Mathematically, this corresponds to unbinding the other estimates from s:

ci=so|(Oz]. (14.20)
i#j

In the discretized phase domain, this becomes a series of subtractions modulo
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2Ws
q((lcj) _ qC(lS) B th(iZi) (mod 29%), d=1,...,D. (14.21)
i#]

The D components are processed in SIMD fashion over D/SIM D chunks.
For each chunk, FU subtracts, lane-wise, the contributions of the K —1 other
factors. Thus, FU1 performs one SIMD subtraction per factor per chunk. To
maximize throughput, the unit implements a producer-consumer handshake:
a change_chunk signal is raised one cycle before a chunk is fully computed.
This allows the controller to trigger Stage 2 immediately as the first chunk
becomes ready, overlapping the tail of the estimation with the head of the
similarity search. The result of this stage is the current phase estimate c;,
produced chunk by chunk.

2. Stage 2: Codebook Similarity Search. The second stage evaluates
the similarity between the estimated residual c¢; and the discrete codebook
Zj ={2j0,---,%jm,;—1} containing all valid symbols (or residues) for factor j.

Operating in a streaming manner, the unit consumes residual chunks produced
by Stage 1 and compares them against the corresponding chunks of the
codebook. For each candidate r, it first computes the element-wise phase
differences in @4-bit precision:

Aq((ir) _ q((;j) _ qC(lZa:r) mod 29¢, d=1,...,D, (14.22)

and then compute the similarity score, reusing the datapath of the Similarity
Unit. The phase differences address a shared cosine LUT to map angles to
fixed-point values, which are then accumulated via a pipelined adder tree:

N .
simy = dz::lcos (Aq((i ).) (14.23)

This design choice maximizes hardware efficiency by sharing the LUT and
reduction logic between the standard similarity instruction and the resonator.

As the pipeline processes each candidate r, it asserts a sim_valid pulse
and produces a scalar similarity score sim,. These scalars are immediately
forwarded to the next stage, effectively generating the similarity vector

o = [simy, ... ,Simmj,l]—r
element-by-element in the configured (FP_INT, FP_FRAC) fixed-point format.

3. Stage 3: Weighted reconstruction in Cartesian space. To reconstruct
the refined factor, stage 3 performs a weighted superposition of the codebook
vectors, computing the matrix—vector product between ch»art and the similarity

vector o ;:
mj;—1

~cart __ cart — : cart
2 =70y = Z sim,. z55. (14.24)
r=0
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This step must be performed in cartesian form. Therefore, to avoid continuous
phase—cartesian conversions, a secondary copy of each codebook is stored in
cartesian form Z;art, using the configurable fixed-point format.

In hardware, this is realized by a dedicated SIMD multiply-accumulate unit
that maintains a bank of per-lane accumulators. For each incoming similarity
pulse sim,., it multiplies the scalar weight by the cartesian components of zﬁft
and accumulates the result. This effectively integrates the contribution of all
candidates into the reconstructed vector Z;art. Once all similarities have been
consumed, the accumulated Cartesian vector for factor j is passed to the final

normalization stage.

4. Stage 4: CORDIC-based phase extraction and normalization. The
Cartesian reconstruction Z;art is generally not unit-modulus. To restore the
valid FHRR format, the final stage normalizes each Cartesian pair back to a

discretized phase using the shared CORDIC engine (see the bundling unit).

5. Stage 5: In-place update and convergence. Finally, the new discrete-

phase vector Zg-tﬂ) is written back to the estimators memory, overwriting the

previous estimate ig-t). The FSM controller advances to the next factor j + 1
and repeats the process until global convergence is detected or the maximum
iteration count is reached.

Overall, the Resonator Network unit implements the full factor-recovery dynamics
in hardware using -bit phases for all angular quantities and a configurable fixed-
point format (FP_INT, FP_FRAC) for similarities and weights. Once the pipeline
is filled, the residual estimation stage continuously produces residual chunks, the
similarity datapath streams them against the phase codebooks to generate similarities,
and the multiply-accumulate unit consumes each similarity as soon as it is available
to update the estimate in a SIMD MAC fashion, maximizing overlap between stages
and throughput per resonance iteration.

14.5.5 Preliminary Synthesis Results

To evaluate the hardware complexity and scalability of the proposed design, we
synthesized the FHRR accelerator targeting the Xilinx Zynq UltraScale+ ZCU106
evaluation board (device part XCZU7EV), using Vivado 2024.1. The design was
synthesized with a fixed hypervector dimensionality of D = 1024, a phase resolution of
@ = 1024 (10-bit), and a Q16.16 fixed-point format for internal Cartesian/similarity
arithmetic. The choice of a 10-bit phase quantization for these preliminary results
was determined by verifying that this resolution is sufficient to successfully model
and solve the subset-sum problem using FHRR encoding and resonator network
decoding [342]. Future experiments will evaluate the impact of higher resolutions,
which may be needed for more complex learning tasks.

Table 14.1 summarizes the post-implementation resource utilization for SIMD
parallelism widths ranging from 2 to 16.

The synthesis results confirm that the proposed design is remarkably compact,
rendering the deployment of FHRR feasible even on resource-constrained embedded
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Table 14.1 Post-Implementation Resource Utilization on ZCU106 (XCZU7TEV) for varying
SIMD widths (D = 1024, Q4 = 10, Q16.16).

Configuration LUT FF BRAM DSP

SIMD 2 3645 1315 26 26
SIMD 4 6613 2152 29 52
SIMD 8 12820 3846 34 104
SIMD 16 25821 7459 40 208

systems. This efficiency is a direct consequence of the adopted discretized phase
approach: by mapping complex-valued algebra to integer modular arithmetic, we
avoid the prohibitive cost of wide floating-point units and complex multipliers for
the majority of operations.

Furthermore, the results demonstrate that the SIMD parameter serves as an
effective knob for design space exploration. As shown in Table 14.1, resource
utilization scales linearly with hardware parallelism. This allows designers to trade
off execution speed against area, adapting the accelerator precisely to the latency
requirements and silicon budget of the specific target application.

14.6 Summary of Findings

This chapter introduced a hardware-friendly discretization strategy for FHRR and
presented the first dedicated accelerator for this paradigm. By discretizing phases
on the unit circle, we enable modular arithmetic without explicit modulo operators,
mirroring the approach that proved successful for MCR.

It is important to highlight that the results presented here are part of an ongoing
research effort. At the time of writing, extensive benchmarking is being conducted
to further characterize the accelerator’s performance. The final version of this
work will include a comprehensive evaluation of execution time speedup and energy
consumption across standard datasets, mirroring the rigorous evaluation methodology
applied in Chapters 12 and 13.
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Chapter 15

Solving 3-SAT Problems Using
Resonator Networks and FHRR

"Hard problems are hard because
they are worth solving."

Anonymous

The previous chapters developed dedicated hardware accelerators for progressively
more expressive HD/VSA models: from binary spatter codes (HDCU, Chapter 12)
to modular composite representations (MCR-HDCU, Chapter 13) to Fourier Holo-
graphic Reduced Representations (Chapter 14) and the first hardware implementation
of a Resonator Network.

This chapter departs from the hardware focus of this part to explore the expressive
power of FHRR and Resonator Networks for combinatorial and symbolic reasoning.
While the investigation is purely algorithmic, it directly informs the capabilities of
the resonator network unit designed in the previous chapter and identifies constraints
that future accelerators targeting symbolic workloads must satisfy.

Recent works have begun to explore this direction by utilizing hypervectors
as state spaces for symbolic search [248, 249, 342]. In these models, a single
hypervector encodes an entire structured configuration—such as a visual scene, a
subset of integers, or the attributes of a Raven’s matrix panel—and a Resonator
Network is used to factorize this state. The network runs an iterative dynamics
over a set of factors, updating them to maximize the similarity between the current
composite estimate and the target hypervector. When the dynamics converge to a
fixed point, the resulting state represents a factorization that “explains” the target.
This mechanism creates a powerful link between neuro-inspired oscillatory dynamics
and discrete optimization, closely paralleling classical models of associative memory
in the hippocampal formation and cortex, in which distributed neural populations
evolve toward stable activity patterns representing stored memories or candidate
interpretations of sensory input.

Recent work [342] has demonstrated this resonator-based approach on the Subset
Sum problem, showing that FHRR can indeed solve combinatorial tasks. However,
it remains an open question how far this mechanism can be pushed along the axis of
computational complexity. This chapter addresses that challenge by applying FHRR
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and Resonator Networks to 3-SAT: a canonical NP-complete problem to which
all others are reducible, serving as the ultimate stress test for any computational
paradigm claiming symbolic reasoning capabilities.

To the best of the author’s knowledge, this is the first exploration of solving
3-SAT using the FHRR/Resonator framework. We guide this investigation through
three specific research questions:

© Research Question

1. Can a resonator network operating on FHRR representations reliably solve
instances of 3-SAT, and up to which problem sizes?

2. How do architectural and representation choices—such as the number of
factors, codebook design, numeric base, and activation functions—affect the
probability of converging to a satisfying assignment?

3. How do the observed behaviors relate to the known resonator-network capacity
laws as the effective search space grows?

To answer these questions, we exploit a classical polynomial-time reduction from
3-SAT to Subset Sum, encode the problem in the high-dimensional space using
the machinery introduced in [342], and leverage a resonator network to search for
satisfying assignments.

The results show that resonator networks can model and solve 3-SAT prob-
lems, but their performance follows the expected scaling with search-space size and
resonator capacity. Up to modest instance sizes, the network finds satisfying assign-
ments with a reasonable number of trials; beyond that regime, success rates quickly
collapse in a way that is consistent with theoretical capacity limits. Reducing the
number of factors, tightening the numeric range, and adjusting activation functions
all have measurable impact on success probability, but do not fundamentally over-
come the capacity bottleneck—a useful insight for future neuro-inspired approaches
to NP-complete problems. These findings also validate the broader applicability of
the FHRR accelerator introduced in Chapter 14 for symbolic reasoning workloads.

The chapter is organized as follows. Section 15.1 reviews NP-complete problems
and introduces 3-SAT and Subset Sum. Section 15.2 summarizes how FHRR and
resonator networks solve Subset Sum in [342]. Section 15.3 presents the reduction
from 3-SAT to Subset Sum. Section 15.8 reports experimental results across problem
sizes and architectural variations. Finally, Section 15.9 discusses limitations and
future directions.

15.1 Complexity: P, NP, and NP-Complete Problems

Many important computational tasks in artificial intelligence, operations research,
and formal verification can be framed as combinatorial search problems. In these
problems, an instance consists of a set of discrete variables and a collection of
constraints that determine which variable combinations are valid. Solving the
problem typically requires exploring a discrete space that grows exponentially with
the number of variables to find a satisfying configuration.

In complexity theory, such tasks are usually formalized as decision problems. A
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decision problem is identified with a language L C {0, 1}*, where {0,1}* denotes the
set of all finite binary strings. An instance of the problem is a string = € {0,1}*,
and the question is whether z € L (answer “yes”) or x ¢ L (answer “no”). An
algorithm solves a decision problem L if, for every input z, it outputs the correct
yes/no answer.

15.1.1 Complexity Classes

Class P (Polynomial Time) The class P collects all decision problems that
can be solved in polynomial time by a deterministic algorithm. This means that
the running time of the algorithm on inputs of length n is bounded by p(n) for
some polynomial p. Intuitively, these are the problems that are considered efficiently
solvable (e.g., sorting, shortest path).

Class NP (Nondeterministic Polynomial Time) The class NP is defined
not by the difficulty of finding a solution, but by the efficiency of verifying one.
Intuitively, a decision problem is in NP if, for every “yes” instance, there exists a
witness (also called certificate) that can be checked in polynomial time.

Formally, a decision problem L C {0,1}* belongs to NP if there exists a polyno-
mial p and a deterministic polynomial-time algorithm V' (the verifier) such that for
every input « € {0,1}*:

reL < Jye{0,1}" with |y| < p(Jz|) and V (z,y) accepts.

In other words, membership in L can be certified by a short witness y, and the
correctness of this certificate can be checked in polynomial time. For example, for
3-SAT the witness can be a Boolean assignment that satisfies all clauses; for Subset
Sum it can be a bit mask indicating which integers are chosen in the subset. In both
these cases, finding a solution may be hard, but checking it is trivial.

15.1.2 Reductions and NP-Completeness

To compare the difficulty of decision problems, polynomial-time reductions are used.
Given two languages L; and Lo, a polynomial-time reduction from L; to Ls is a
function f: {0,1}* — {0,1}* such that:

o f is computable in time polynomial in |z|;
o forallz € {0,1}*, z € L1 < f(z) € Lo.

Intuitively, f acts as an efficient “translator.” If Li <, Lo, then L; is no harder
than Lo, because any algorithm that solves Lo can be used to solve Lq by simply
translating the input first.

NP-Completeness Given these notions, a decision problem L is called NP-
hard if every problem in NP can be reduced to it in polynomial time, i.e., for all
L' e NP, L' <, L. If, in addition, L € NP, then L is called NP-complete. NP-
complete problems are therefore the “hardest” problems in NP under polynomial-
time reductions. If a polynomial-time algorithm were found for any NP-complete
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problem, it could be used to solve every problem in NP efficiently (implying
P =NP).

NP-complete problems are ubiquitous and capture a broad range of practically
relevant tasks, including planning, scheduling, graph coloring, and circuit verification.
They are therefore natural stress tests for novel computational paradigms. Among
the many known NP-complete problems, this chapter focuses on two canonical
examples that are tightly connected and will be the focus of the following sections:

o the Subset Sum problem, which asks whether a target integer can be represented
as the sum of a subset of given integers;

e the 3-SAT problem, which asks whether there exists a Boolean assignment
that satisfies a conjunction of clauses, each clause being a disjunction of exactly
three literals.

Crucially for this work, classical complexity theory provides a constructive
reduction from 3-SAT to SUBSET-SUM. In the following sections, we leverage this

reduction to solve 3-SAT instances using the resonator network originally designed
in [342].

15.1.3 Subset Sum and 3-SAT as Canonical NP-Complete Problems

This chapter focuses on two classical NP-complete problems that are tightly con-
nected: Subset Sum and 3-SAT.

Subset Sum Given a multiset of positive integers S = {s1,...,sx} C N and
a target integer T € N, the SUBSET-SUM problem asks whether there exists a
submultiset S* C S such that:

> s=T. (15.1)

SES*

This problem belongs to NP because a “yes” answer admits a compact witness: a
binary mask b € {0,1}¥ indicating inclusion in S*. A verifier can simply compute
the dot product b - s and check if it equals T' in polynomial time.

3-SAT The 3-SAT problem is the canonical restriction of Boolean satisfiability
to Conjunctive Normal Form (CNF) where every clause has exactly three literals.
Consider n Boolean variables x1, ..., x, and a formula ® consisting of m clauses:

P=CiANCoN---NCp, (15.2)

where each clause is a disjunction of three literals: C; = ¢;1V £;2V {;3. Each literal
{ represents either a variable z; or its negation —x;. The decision problem asks if
there exists an assignment x € {0, 1}" such that ®(x) = true. Like Subset Sum,
3-SAT is NP-complete because a “yes” instance admits a natural witness: a Boolean
assignment that satisfies all clauses. A verifier can check this in time polynomial in
the size of ® by scanning all clauses once.

Both Subset Sum and 3-SAT are not only in NP but are also NP-hard under
polynomial-time reductions, and are therefore NP-complete. In particular, there
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exist classical reductions from 3-SAT to SUBSET-SUM that map any Boolean formula
® to an integer instance (S,T') such that

¢ is satisfiable <= (5,7T) € SUBSET-SUM. (15.3)

This connection is crucial for this chapter, as it allows converting 3-SAT instances
into Subset Sum ones and then apply the encoding and resonator machinery originally
developed for the latter in [342].

15.2 Residue Hyperdimensional Computing and Subset
Sum

Chapter 14 introduced Residue Hyperdimensional Computing, which combines
FHRR with residue number systems to represent integers as complex unit-magnitude
hypervectors and to implement arithmetic via simple component-wise operations.
The study in [342] demonstrated that a Subset Sum problem can be solved by
encoding the target integer T using RHC and then factorizing it with a resonator
network:

1. The target integer T is first encoded as a residue hypervector z(7T") using the
RHC scheme described in Chapter 14. This hypervector plays the role of the
composite vector that the resonator network must factorize.

2. For each element s; € S, a factor is introduced with a binary codebook:

Zy, = {2(0), z(sx)},

where z(0) corresponds to “element not used” and z(sy) corresponds to “element
used”. Each factor thus encodes the local decision of including or excluding s
from the subset.

3. A resonator network is constructed over these K factors. At each iteration,
one factor is updated at a time and the dynamics continue until convergence
or until a maximum number of iterations is reached.

The state of the resonator at any time corresponds to a candidate subset: for
each factor k, the choice between z(0) and z(s) indicates whether sy, is included. If
the network converges to a fixed point in which the product of the selected factor
entries exactly matches z(7T") (up to noise and discretization), the resulting subset

S* satisfies
Z s=T,
SES*

and the Subset Sum instance is a “yes” instance. Conversely, if the resonator fails
to find such a fixed point over multiple initializations, the instance is likely a “no”
instance or beyond the operational capacity of the network.

The key advantage is that the exponentially large space of subsets (of size 25)
is explored implicitly by the resonator dynamics in superposition, rather than by
explicit enumeration.
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15.3 Encoding 3-SAT as Subset Sum

To apply the resonator network to 3-SAT, a 3-SAT instance is first converted into an
equivalent Subset Sum instance. This is done through a classical polynomial-time
reduction from 3-SAT to Subset-Sum. The construction is best introduced on a
small concrete example and then generalized.

15.3.1 Step-by-Step Example: 3 Variables and 3 Clauses
Consider a 3-SAT formula with three variables and three clauses:
d=C1 NCy NCs,
over variables x1, zs, x3, with
Ci=x1VaaVzy, Co=z1VIaV 23, C3=-11VIVrs.
The aim is to construct a Subset Sum instance (S,7") such that

® is satisfiable <= 35* C 5 with Y s=T.
seS*

Step 1: Literal-clause incidence The first step is to record in which clauses
each literal appears. Each row corresponds to a literal (x; or —x;) and each column
to a clause:

Ci Cy Cs
T 1 1 0
-z; | 1 0 1
T 1 1 1
-z2| 0 0 O
T3 1 0 1
X3 0 1 0

In this matrix, a “1” indicates that the literal appears in the clause. For instance,
x1 appears in C7 and Co but not in Cjs, giving the pattern (1,1,0).

This table captures which literals are able to satisfy each clause, but it does not
yet enforce variable consistency (a variable must not be both true and false at the
same time) or the requirement that each clause in the problem is satisfied.

Step 2: Adding a variable block To enforce variable consistency, an additional
group of digits (a wvariable block) is introduced. One dedicated digit position is
assigned to each variable. For this example, three variable positions are used,
denoted by (V4, V3, V3), one for each of x1,x2, x3. The idea is that selecting a literal
for variable x; contributes a “1” in the V; position; selecting both z; and —x; would
contribute a “2“ in V;, which will be incompatible with the chosen target.

The rows now become 6-digit patterns: three variable digits followed by three
clause digits (V1, Vo, V3 | C1, Cy, Cs).
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V1 VQ V?, Cl CQ CS
zx |1 0 O] 1 1 O
-z 1 0 0|1 0 1
z2 |0 1 01 1 1
-z2| 0 1 0|0 0 O
z3 |0 O 1|1 0 1
-zz3| 0 0 1|0 1 O

Step 3: Adding dummy rows for clauses The next step is to enforce that
each clause in the problem is satisfied. Recall that each clause Cj is a disjunction
(logical OR) of exactly three literals. This means that Cj is satisfied if at least one
of its three literals is set to true, and it can be satisfied by one, two, or all three of
its literals.

To model this in terms of a subset problem, we fix a target of exactly 3 per
clause (for each column in the clause block), that is the maximum possible number
of contributing literals in a 3-literal clause, and we introduce two dummy rows for
each clause C}:

Dg]), Déﬂ)7
The role of these dummies is to “fill up” the clause digit to exactly 3, depending on
how many literals for that clause are chosen. In this way:

« if one literal of Cj is selected (contribution 1), choose ng ) (dummy 2) to reach

142=23;

o if two literals are selected (contribution 2), choose ng ) to reach 2+ 1 = 35

o if all three literals are selected (contribution 3), do not pick any dummy row
to keep the total at 3+ 0 = 3;

o if no literal is selected (contribution 0), none of the available dummies (0, 1, 2)
can bring the total to 3, so the target cannot be met and the clause is necessarily
unsatisfied.

ROW V1 VQ ‘/3 Cl 02 03

21 |1 0 0|1 1 0
~x1 |1 0 01 0 1

z [0 1 01 1 1
—22 |0 1 0[]0 0 0

23 [0 0 1)1 0 1
—x5 |0 0 1[0 1 0
pPlo o o1 0 o
DY lo 0o 0o|l2 0 0
pP»lo 0o olo 1 o0
pPlo 0 0ol0 2 0
p» o 0o o|0 0 1
D¥lo 0o 0ol0 0 2
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In this way, the numeric constraint “clause digit must equal 3” is exactly equivalent
to the logical requirement that the disjunction of the three literals in C} is satisfied
by at least one selected literal.

Step 4: Defining the target vector Finally, we can choose the target so that:
o the variable block enforces exactly one literal per variable;

o the clause block enforces that each clause receives a total contribution of 3
units.

For this example this corresponds to:
T=(1,1,1]3,3,3),

which can be viewed as a 6-digit integer in base 10. The first three digits (1,1, 1)
enforce that the total number of selected literals per variable is exactly one; the last
three digits (3, 3, 3) enforce that each clause receives three units of coverage from
literals plus dummies.

The complete set S of integers is obtained by interpreting each row (all literals
and all dummies) as a 6-digit vector in base b and mapping it to the corresponding
integer.

S ={100110, 100101, 10111, 10000, 1101, 1010, 100, 200, 10, 20, 1, 2}.

15.4 Baseline Formulation

Once the 3-SAT instance has been converted into a Subset Sum instance (S, T), the
next step is to model this Subset Sum problem using high-dimensional representations
and a resonator network. The baseline formulation closely follows the strategy used
in [342], but here integers are mapped to hypervectors using the FPE of FHRR
introduced in Chapter 2, without employing a residue number system.

At a high level, the construction proceeds as follows:

1. High-dimensional encoding of integers. The target T" and each element
s € S (i.e., each row of the Subset Sum table constructed in Section 15.3)
are mapped to complex unit-magnitude hypervectors z(7T") and z(sg) using the
fractional power encoding. Each component of z(z) lies on the unit circle and
represents x as a phase rotation of a random base angle.

2. Binary codebook per subset element. Each integer sj is treated as a
separate factor in the resonator network and is associated with a two-entry
codebook

2y = {2(0), z(sx)},

?

corresponding to the choices “do not pick s;” and “pick si”. A network
configuration obtained by selecting one entry from each Zj encodes a candidate
subset S* C S.
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3. Resonator search over all subsets. A resonator network with ' = K = |S|
factors is constructed. At each iteration, it updates one factor at a time so as
to increase the similarity between the composite estimate

K
s(c) = () e,
k=1

and the target hypervector z(7'). In this way, the network performs a discrete
search over the 2% possible subsets of S in high-dimensional phase space.

Example: 3 variables and 3 clauses. For the toy 3-SAT instance with three
variables and three clauses, the reduction of Section 15.3 produces a Subset Sum
instance with

K=2n+2m=2-3+2-3=12

integers: six literal rows and six dummy rows. Denote them by

AS 23{81,...7812},
ordered, for example, as
s1 = (z1), s9 = (—r1),
53 = (x2), 54 = (—w2),
s5 = (x3), s = (—3),
s7 = Dﬁl), 58 = Dé”,
59 = D§2), 510 = D§2),
s11 = D§3), S12 = Dég).

The resonator network has K = 12 factors, one per subset element, and 12 binary
codebooks
2, =12(0), z(sk)}, k=1,...,12.

A network state chooses, for each row in the table of Section 15.3, whether that row
is active (picked) or inactive (not picked). When the hypervectors corresponding to
active rows are bound together, the resulting composite §(c) is intended to match
the encoding of the target

s=z(T), T=(1,1,1]3,33).

A run is declared successful if, at convergence, the composite estimate §(c) corre-
sponds to z(7") and the active subset S* satisfies

Zs:T.

SES*

By the construction of Section 15.3, this is equivalent to having found a satisfying
assignment for the original 3-SAT formula.
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Table 15.1 Baseline success rate of the resonator network on 3-SAT instances using the
Subset Sum reduction of Section 15.3 and 2-entry (pick / not-pick) codebooks for each
subset element (base-10 representation, D = 10,000).

Variables Clauses Success rate

3 3 99.2%
3 ) 78.6%
3 10 52.0%
10 10 6.0%
20 20 5.0%
20 40 1.5%
20 50 0.4%
20 60 0.0%
21 90 0.0%

Baseline Results The baseline resonator formulation described in this Chapter
was evaluated on random satisfiable 3-SAT instances of increasing size. For each
pair (Nyars, Nelauses)s @ set of formulas was generated, mapped to Subset Sum as in
Section 15.3, and then encoded into hypervectors of dimension D = 10,000. A run
was counted as successful if, at convergence, the active subset summed to the target
T, i.e., the corresponding assignment satisfied all clauses.

Table 15.1 reports the measured success rate of this baseline configuration as a
function of the number of variables and clauses.

The resonator reliably solves very small instances (e.g., 3 variables and 3 clauses),
achieving success rates close to 100%. As the problem size increases, the success
rate decreases, but it is important to interpret these numbers in probabilistic terms.
A success rate of, say, 10% still means that a satisfying assignment is typically found
after O(10) independent runs of the resonator, which can be acceptable if each run
is fast and can be parallelized in hardware. The critical regime is when the success
rate approaches zero: for larger instances such as (20,60) or (21, 90) essentially no
successful runs are observed within the allowed number of iterations, indicating that
the correct solution lies outside the effective basin of attraction of the resonator
dynamics at dimension D = 10,000.

These baseline results motivate a series of modifications to the representation
and architecture, aimed at probing whether performance can be improved by:

1. Reducing the number of factors, by grouping multiple subset elements
into joint codebooks, and thus shrinking the effective search space;

2. Reducing the magnitude of the integers, by changing the numeric base
or simplifying the digit structure;

3. Altering the resonator dynamics, by modifying the initialization strategy
or the non-linear decision rule used to choose codebook entries at each update.

The following sections present these variants one by one, and analyze how they
shift the empirical success rates relative to the baseline.
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15.5 Optimization 1: enforcing variable consistency via
codebooks and removing leading digits

The first modification exploits a simple but important property of the resonator
formulation: for each factor, the network is forced to select exactly one entry from
its codebook. This observation can be used to enforce variable consistency directly
at the level of codebooks, rather than through the presence of leading "1"s in the
integer representation.

As explained, in the classical 3-SAT to Subset Sum reduction, the initial columns
of the integer representation enforce that each variable is used exactly once: selecting
both x; and —x; would produce a “2” in the ¢-th variable position, which cannot
match the target. This mechanism is needed when arbitrary subsets of rows can in
principle be chosen.

In the resonator setting, however, each factor must always be in exactly one state
from its codebook. This makes it natural to merge the two literals of a variable into
a single variable factor with a 2-entry codebook:

2" = {a(x;), a(-a:)},

so that the resonator explicitly chooses between x; and —z; for each variable x;.
Under this parametrization, it is impossible to “pick both” x; and —x;, because there
is no codebook state that encodes such an inconsistent choice.

Once variable consistency is enforced in this way, the leading presence digits
become redundant: the resonator’s own constraint (exactly one state per factor)
already ensures that each variable is assigned exactly one truth value. This suggests
a simple numeric simplification: remove the leading variable-related columns from
the Subset Sum representation and keep only the clause-related digits. In the toy
example, this corresponds to discarding the (V1, Vs, V3) positions and working only
with the (Cl, CQ, 03) digits.

Row V1 V2 V3 Cl CQ 03 Row Cl 02 Cg

21 |1 0 0|1 1 0 21 |1 1 0
|1 0 01 0 1 w1 |10 1

22 [0 1 01 1 1 @y |11 1
~2 |0 1 00 0 0 ~3 | 0 0 0

23 [0 0 1,1 0 1 @3 |10 1
sy |00 10 1 0 ows 0 1 0
plo 0o o1 0 o0 p 1 0o o
DV lo 0o o2 0 o0 piY |2 0 o
pD» 0o 0 0l0 1 0 Do 1 o0
pPlo 0o o]0 2 o0 pDP o 2 o0
D»lo 0o o|0 0 1 DP o o 1
Do o o0 0 2 DP o o0 2

More generally, for an instance with n variables and m clauses, the target
simplifies to
T=(3,...,3) e N,
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and each integer encodes only its contribution to clause coverage.

This modification reduces the overall magnitude of the integers and the number
of significant digits, which could in principle improve the numerical behavior of
the fractional power encoding. This optimization was evaluated on random 3-
SAT instances. The result demonstrated that removing the leading ones produced
essentially identical success rates to the baseline, confirming that the resonator
choice mechanism already enforces variable consistency and that these columns are
not informative in this formulation.

15.6 Optimization 2: grouping codebooks to reduce the
number of factors

)

A second hypothesis is that the baseline formulation may be using “too many’
factors, making the dynamics harder to stabilize. In the baseline, every literal and
dummy row is an independent factor, creating a search space of size 2.

To counteract this, we propose Factor Grouping. This strategy bundles multiple
subset elements into a single joint factor with a larger codebook. Conceptually, this
trades off factor cardinality (number of factors) against codebook size (states per
factor), potentially stabilizing the dynamics by reducing the dimensionality of the
attractor landscape.

For example, consider grouping two variables 1 and x2. Instead of maintaining
two independent binary codebooks:

{wl,usedy xl,unused}a {x27useda m2,unused}a

we define a single quaternary codebook that enumerates all joint choices:

{xl,unusedl’Q,unused? T1,used2,unused, L1unused2used> xl,used«r&used}y

Here, each entry corresponds to a particular combination of the two decisions (both
unused, only z7 used, only z2 used, both used). This codebook is constructed
by directly encoding the combined state “(x1,x2)” as the FPE of a single integer
representing their sum “(z1 + 2)”.

Table 15.2 presents the results of this optimization. We define parameters
var_group and clauses_group to denote the number of original elements bundled
into each joint factor. Grouping clearly helps in several regimes (e.g., (3,5) and
(10,10)), boosting success rates by factors of about 2-3x compared to the baseline.
Intuitively, fewer factors mean fewer independent “knobs” for the dynamics to
coordinate, which can enlarge the basins of attraction of good solutions even if the
theoretical search space size is not changed. However, the improvements are not
sufficient to fully overcome the exponential growth of the search space: for larger
instances, success remains close to zero.

15.7 Optimization 3: changing the numeric base

Another possible challenge for the resonator network is the magnitude of the integers
being encoded. In our reduction, each integer is constructed digit-wise from clause
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Table 15.2 Success rate with dedicated vs grouped codebooks. Grouping reduces the
number of factors and generally improves performance, especially for intermediate
problem sizes.

Variables Clauses Dedicated codebooks Grouped codebooks
3 3 99.2% 100% (var__group = 3, clauses_group = 3)
3 5 78.6% 97.6% (var_group = 3, clauses_ group = 5)
3 10 52.0% 52.0% (var__group = 3, clauses_group = 2)
10 10 6.0% 20.0% (var__group = 2, clauses_ group = 2)
20 20 5.0% 9.0% (var__group = 2, clauses_group = 2)
20 40 1.5% 1.5% (var__group = 2, clauses_ group = 2)
20 50 0.4% 0.5% (var_group = 2, clauses_group = 2)
20 60 0.0% 0.2% (var__group = 2, clauses_group = 2)
21 90 0.0% 0.1% (var__group = 2, clauses_group = 2)

contributions and interpreted as a base-b number. With b = 10 and m clauses, the
target vector has the form:
T=(3..,3)~3-10m"L
——
m digits
As m increases, these values grow exponentially. For example, T' grows from 333
(m = 3) to 333,333 (m = 6).

In FHRR’s FPE, an integer = maps to a phase rotation § = ¢x (mod 27). When
x is very large, the term ¢z wraps around the unit circle many times. This high
frequency of wrapping compresses the distance between distinct integers in the phase
domain, reducing the noise margin.

To mitigate this, we observe that the Subset Sum construction only utilizes digits
in the range {0,1,2,3} (sums of literals and dummies). This implies that base-10
is unnecessarily sparse. We propose replacing it with base-4 representation, the
minimal base required to represent these digits without ambiguity.

Concretely, the digit pattern (3,3, 3) is interpreted as:

333(mase 10) =333 —> 333 (pase 4) = 3 42 +3.-4+3=63.
The magnitude reduction is dramatic. For m = 6:
333, 333 (base 10) = 3.3 X 10° vs. 333, 333(base 4) = 45 — 1 =4,095.

By reducing the dynamic range of the encoded integers, we reduce the frequency
of phase wraps, ensuring that the resulting cosine similarities remain cleaner and
more distinct.

Alternative initializations and activation functions Beyond representation,
we explored two degrees of freedom in the resonator dynamics to improve convergence
reliability.

o Initialization strategies. Instead of initializing all factors uniformly at
random, some experiments biased the initial state toward particular entries
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(e.g., favoring "not pick" states, or favoring certain literal patterns) to test
whether a better starting point could increase the probability of converging to
a satisfying assignment.

e Non-linear selection rules. The standard resonator uses a WTA update,
which commits to the single best codebook entry at each step. To avoid
getting trapped in local minima early in the search, we experimented with
Softmax and Top-k selection rules. These allow the network to maintain a
superposition of multiple likely hypotheses, sharpening the selection only as
the system cools.

15.8 Combined optimizations

To investigate the cumulative impact of the proposed architectural and numer-
ical choices, we evaluated a sweep of configurations on a fixed problem size of
(Nvars, Nelauses) = (20, 30). The design space included:

e Grouping: Variable and Clause group sizes.

o Representation: Numeric base (10 vs 4) and presence of leading digits.

o Dynamics: Initialization bias and activation rules (WTA, Softmax, Top-k).
Table 15.3 reports a representative subset of these experiments.

Table 15.3 Representative configurations and success rates for 3-SAT instances with
Nyars = 20 and N¢lauses = 30 under different combinations of grouping, numeric represen-
tation, and activation rule (all at D = 10,000).

Grouping (var, clause) Base / leading digits Activation rule Success rate
none base-10, yes WTA 0.0%
none base-4, no WTA 2.7%
(2, 2) base-4, no WTA 3.0%
(2, 5) base-4, no WTA 3.3%
(2, 10) base-4, 110 WTA 2.6%
(5, 2) base-4, no WTA 2.7%
(5, 5) base-4, no WTA 3.8%
(5, 10) base-4, no WTA 2.7%
(5, 5) base-4, no softmax (100 — 0.2) 5.8%
(5, 5) base-4, no top-k-sort (k = 18) 6.5%

The results demonstrate that the adopted strategies definitely play a role. While
the baseline configuration fails completely (0.0%) to solve the 3-SAT problem with
(Nvars, Melauses) = (20, 30), the combined optimizations, specifically Factor Grouping
and Soft activation, can recover a usable success rate of 6.5%. This confirms that
the proposed techniques effectively smooth the energy landscape and improve search.
However, the fact that even the most optimized configurations fail in > 90% of trials
suggests that we are battling a fundamental limitation rather than a mere parameter
tuning issue.
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Overloaded-attractor behavior and oracle initialization. The previous re-
sults demonstrated that for small instances, the resonator quickly converges to a
satisfying assignment, while as the number of variables and clauses increases, success
rates drop sharply. This precipitous drop points to an "overloaded attractor" network
whose capacity has been exceeded: the resonator dynamics settle into spurious fixed
points because the correct solution is no longer a stable attractor.

To confirm this hypothesis and verify if our 3-SAT formulation is hitting a capacity
wall, we conducted a stability analysis using an "oracle initialization" experiment.
This experiment aimed to decouple the search difficulty from the storage capacity.
Instead of starting from a random state, the resonator was initialized ezactly at the
factor configuration corresponding to the known satisfying assignment. We then
allowed the dynamics to evolve naturally. If the solution lay within a robust basin of
attraction, the network should have remained at (or returned to) this state. However,
if the network drifts away from the initialized solution, it proves that the satisfying
assignment is not a stable fixed point of the system.

The experiments showed a clear threshold behavior:

o with base-10 representation, initializing at the correct solution yields 100%
success up to approximately 10 variables and 20 clauses; beyond this size the
success rate drops to 0%;

o with base-4 representation, the stable regime extends further, with 100%
success up to approximately 20 variables and 40 clauses; again, beyond this
point the success rate collapses to 0%.

In other words, once the problem size grows past these thresholds, even the
exact solution no longer resides in a robust basin of attraction: the resonator quickly
leaves the correct state and converges to spurious fixed points. This confirms that
the failure is not simply a search problem, but a stability problem.

Relating the observations to resonator capacity These empirical thresholds
align with the theoretical capacity laws derived in [248, 249]. The operational
capacity Mpya.x of a resonator is shown to scale approximately as a quadratic function
of the hypervector dimension D. For more than three factors (F' > 3), a resonator
can factorize a search space of size M with = 95% accuracy as long as

M < kD?,

for a constant s that depends weakly on the number of factors . With D = 10,000,
this quadratic scale is on the order of D? ~ 103.
In our 3-SAT mapping, the effective search space M grows exponentially with
problem size:
M = 9Mvars | 3Nclauses

Table 15.4 illustrates this scaling.

For small and moderate instances (e.g., (3,3), (3,5), (10,10)), the search-space
size M is well below or at most comparable to D?, and the resonator achieves
good success rates. As the number of variables and clauses increases, M quickly
surpasses D? by many orders of magnitude. In this regime, success rates collapse in
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Table 15.4 Approximate search-space size M for selected 3-SAT configurations under the
considered mapping.

Variables Clauses Search space M

3 3 3.5 x 10!
3 5 2.5 x 102
3 10 5.9 x 10*
10 10 6.0 x 10%
20 20 3.5 x 107
20 40 1.2 x 10%9
20 50 7.2 x 10?3
20 60 4.2 x 10%8
21 90 8.7 x 10%2

the baseline experiments, and even oracle initialization fails to maintain the correct
solution as a stable attractor.

15.9 Summary of Findings

This chapter presented the first exploration of solving NP-complete 3-SAT problems
using FHRR and Resonator Networks. Our findings can be summarized as follows:

e Feasibility: The reduction from 3-SAT to Subset Sum, combined with FHRR
encoding and resonator dynamics, is functionally correct. The resonator reli-
ably solves small combinatorial logic problems, validating the neuro-symbolic
mapping.

o Optimization: Architectural and numerical optimizations (removing redun-
dant leading digits, grouping codebooks, switching to base-4, and using softmax
or top-k activation rules) significantly improve numerical conditioning, ex-
tending the solvable regime by effectively compressing the search space and
reducing phase noise.

« Fundamental Limit: The approach is ultimately bound by the D? capacity
law. Once the combinatorial search space M exceeds the superposition capacity
of the hypervectors, the satisfying assignment ceases to be a stable fixed point
and no amount of local tuning in the current framework can fully compensate
for this.

These results suggest that while Resonator Networks are powerful tools for
factorization, applying them to large-scale NP-complete problems requires strategies
to circumvent the exponential growth of M. Future work should investigate new
encoding strategies or iterative decomposition approaches that break large 3-SAT
instances into smaller sub-problems that fit within the resonator’s quadratic capacity.
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Chapter 16

AeneasHDC: An Automatic
Framework for Deploying

Hyperdimensional Computing
Models on FPGASs

Chapter based on Paper 8 [330]: Marco Angioli, Saeid Jamili, Marcello Barbirotta, Abdallah
Cheikh, Antonio Mastrandrea, Francesco Menichelli, Antonello Rosato, and Mauro Olivieri.
Aeneashdc: An automatic framework for deploying hyperdimensional computing models on
fpgas. In International Joint Conference on Neural Networks (IJCNN), pages 1-8, 2024.
doi: 10.1109/IJCNN60899.2024.10651081

“Progress is made by trial and
failure; the failures are generally a
hundred times more numerous than
the successes.”

William Ramsay

Throughout this thesis, we have demonstrated that HDC provides a compelling
paradigm for embedded intelligence: it combines algorithmic simplicity with ro-
bustness, inherent parallelism, and low-precision arithmetic inspired by biological
computation. We exploited these properties at multiple levels. We introduced
HDC-based formulations for online decision-making in contextual bandits and de-
veloped lightweight variants tailored to resource-constrained platforms. In parallel,
we advanced the hardware dimension of the thesis by designing dedicated hardware
architectures for HDC. We began with the HDCU for binary HVs (Chapter 12); we
then extended this approach to higher-capacity modular representations with MCR
(Chapter 13); and finally explored FHRR (Chapter 14).

However, as HDC models grow in diversity, a fundamental question emerges when
developing new algorithms and designing new accelerators while having to satisfy
the strict requirements of an embedded application: which model represents the best
trade-off between performance and hardware cost under application constraints?
How can we navigate the vast HDC design space before committing to the design of
a specific and highly optimized hardware accelerator?
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Handcrafted accelerators offer maximum performance for final deployment, but
they are ill-suited for the exploratory phase of research and development. Determin-
ing the optimal combination of hypervector dimensionality, quantization, memory
organization, and parallelism for a new task is a labor-intensive process that requires
expertise spanning both machine learning and digital design.

This chapter addresses this challenge. We argue that to broaden the adoption of
HDC for edge computing, ad-hoc accelerator development must be complemented
with automated design-space exploration. The approach presented in this chapter is
not a replacement for dedicated hardware, but a bridge to it: it allows researchers to
rapidly prototype, validate, and tune HDC pipelines, generating FPGA implementa-
tions that serve primarily as rigorous baselines and design-point evaluations to inform
subsequent custom accelerator development. In scenarios where the absolute best
efficiency is not required, the same implementations can also be deployed directly.

These considerations motivate the research question guiding this final chapter:

© Research Question

Can we bridge the gap between high-level HDC model specifications and low-level
FPGA implementations by automatically generating efficient and configurable
hardware accelerators, enabling rapid design-space exploration without requiring
expert hardware knowledge?

To answer this question, we introduce AeneasHDC, an open-source, end-to-
end framework that enables the automatic deployment of HDC models in both
software and hardware. AeneasHDC supports classification, clustering, regression,
and contextual bandits, and provides a highly configurable workflow—spanning
encoding techniques, hypervector types, similarity measures, training and retraining
strategies, and memory organization—to explore the accuracy—efficiency trade space
in a structured manner.

On the implementation side, the framework automatically generates high-level
software implementations (Python, MATLAB, or C++) and synthesizable hardware
accelerators via HLS targeting FPGAs. It supports flexible instantiation modes (e.g.,
inference-only versus full pipeline), selective hardware acceleration of specific pipeline
stages, and configurable parallelism to match the constraints of a target device.
AeneasHDC also provides detailed evaluation reports through a user-friendly GUI,
enabling rapid iteration and fair comparison across design points, and incorporates a
Bayesian optimization-based design-space exploration (DSE) strategy that efficiently
navigates the combinatorial configuration space, identifying near-optimal operating
points with a fraction of the evaluations required by exhaustive search.

We validate AeneasHDC across multiple datasets and learning tasks, illustrating
how users can systematically navigate the design space and tune HDC pipelines
toward hardware-efficient solutions. Overall, the framework reduces development
time substantially (from weeks to minutes in our case studies), enabling reproducible
deployment of HDC on embedded FPGA platforms with significantly reduced
engineering effort.
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Relationship with the published work. This chapter is based on Paper 14 [330],
corresponding to the current public release of the framework on GitHub, but includes
several substantial extensions that will be published as a follow-up work: support
for additional VSA families (MAP-C, FHRR), the random projection encoding
technique, CB tasks, the LVQ learning rule, and most notably the Bayesian-guided
design-space exploration engine described in Section 16.2.3.

16.1 Related Works

Finding the ideal solution for a specific application adopting a custom design approach
can be complex and time-consuming. To alleviate this challenge, the authors in
[328] introduced F5-HD, a comprehensive framework designed to automate the
deployment of HDC accelerators on FPGAs. F5-HD empowers users to specify
problem characteristics, including dataset details, target FPGA, power constraints,
and desired trade-offs in accuracy. The framework then automatically configures the
architecture by exploiting pre-defined processing elements.

Similarly, the work in [329] introduces HD2FPGA, an automated tool for gen-
erating HDC hardware accelerators connected to a host CPU. In addition to what
is described for [328], this framework supports clustering problems, different HV
sizes, and automatically calibrates hardware parallelism to match user-specific
requirements.

However, some limitations persist within these automated models. Neither of
these frameworks allows users to customize the details of the HDC model, as they
adhere to fixed and predetermined design choices. The chosen encoding technique
does not allow for the generation of accelerators that can work with temporal
sequences or different input data, nor is it flexible enough to support a variety of
applications. The hardware is consistently instantiated for training, inference, and
retraining without the flexibility to synthesize only a specific block or explore the
effect of hardware parallelism at different levels of the learning process.

On the algorithmic side, part of the design choices available for HDC models
[216, 297, 359, 360] has been explored in [305] and [361]. The work in [305], presents
HDTorch, a software library with CUDA extensions for testing the impact of different
strategies on the model accuracy. In HwAwHDC [361], a framework based on RL
optimization is used to search for the optimal trade-off between accuracy, model size,
execution time, memory usage, and energy consumption of HDC software models
implemented on embedded devices.

Nonetheless, there is a noticeable gap in the literature. Existing work does
not provide a straightforward method for systematically testing and exploring the
influence of different model design choices on hardware implementations, along with
their impact on accuracy. This work seeks to fill this gap by presenting a fully
automated, highly flexible environment for deploying HDC models in hardware.

16.2 AeneasHDC

This work presents AeneasHDC, an automatic, open-source platform for simple and
fast deployment of HDC models in both software and hardware. The framework is
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Figure 16.1 Overview of the Aeneas Hypercompute framework

extremely customizable, supporting a wide range of the most common techniques
adopted in the literature for learning problems, enabling users to easily assess the
impact of different design choices on model accuracy, memory usage, execution time,
power consumption, and area requirements.

Fig. 16.1 illustrates the workflow of AeneasHDC. An intuitive Graphic User
Interface (GUI) allows specifying the problem characteristics, including dataset
details, the number of features and classes, the learning task, the desired programming
language, the target FPGA, and a comprehensive set of configuration options for
the model. An interactive mechanism lets the user decide how to distribute the
workload between the software and the hardware implementations. The hardware
design, in fact, is highly customizable, as discussed in Section 16.2.2, and can be
generated to accelerate the entire process (train, inference, retrain) or just certain
stages. For example, users might choose to train and retrain the model in software
and use hardware only for inference, as is commonly done in embedded applications.

Given these input parameters, the system automatically generates all the config-
uration files required by the following entities and instantiates the model in software
and hardware. On the software side, the model can be implemented in Python,
MATLAB, or C++, thanks to the versatile AeneasHDC library. The model is
executed, and the accuracy metrics are collected. Additionally, the data required for
inference is extracted and passed to the hardware model.

The hardware architecture is generated using the Xilinx Vitis High-Level Synthe-
sis (HLS) tool, and it is then synthesized, simulated, and tested using Vivado 2023.
Data on power consumption, execution time, and resource allocation is gathered
from the design.

The report-generation module generates PDF summaries from software and
hardware results, detailing model configuration, dataset, programming language,
performance metrics, execution time, memory usage, power consumption, and
resource utilization. These reports are stored locally and easily accessible via a
user-friendly GUI for reviewing and comparing test runs.

In addition to automatic single-point evaluation, AeneasHDC provides an auto-
mated design-space exploration (DSE) engine that leverages Bayesian optimization to
efficiently navigate the combinatorial configuration space and identify Pareto-optimal
design points.
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Table 16.1 Explorable design space in the AeneasHDC framework. Parameters are
grouped into model architecture, encoding, training, and inference categories.

‘ ‘ Parameter H Explorable Space ‘

Learning Task [Classification, Clustering, Regression, Contextual Bandits]

< | VSA Model [BSC, MAP-B, MAP-I, MAP-C, FHRR]

'8 HV Dimension D Any positive integer, e.g. {128,256,512,1024, 2048, 10000}

2 [ HV Density [Dense, Sparse]
HV Sparsity p Any p € (0,0.5], e.g. {0.01,0.02,0.05,0.1,0.2}
Level HV Generation [Random Flipping, Random Selection, Thermometer]

< | Number of Level HVs L || Any positive integer, e.g. {5, 10,20, 30,50}

§ Encoding Technique [Record-based, N-gram-based, Random Projection]

& | Temporal Encoding [Enabled, Disabled]
Temporal Window Size || Any positive integer, e.g. {2,3,4,5}

g | Learning Rule [Centroid, LVQ)] (classification only)

‘" | Retraining [Enabled, Disabled]; epochs: any, e.g. {5,10,20,50}

@ Learning Rate Schedule || [Data-dependent, Iteration-dependent]

« | Similarity Measure [Cosine, Dot Product]

S | Quantization [Binary, Ternary, Power-of-Two, Quantized, Integer, Fixed Point]

The entire described process is engineered to be fully automated, abstracting
complex or time-consuming tasks associated with coding models or designing custom
hardware architectures. The GUI is an efficient singular point of control that enables
users to manage the model at every stage.

AeneasHDC is completely open-source, with all its libraries and scripts available
on GitHub [330]. We offer comprehensive documentation that explains basic usage,
theoretical concepts behind parameter selections, and detailed insights into the code
and library functions. This encourages community collaboration to enhance and
evolve the framework over time. Additionally, our GitHub repository includes a
suite of tests for assessing the effects of various parameters on hardware implemen-
tation in generic learning problems, facilitating practical application and continuous
improvement.

16.2.1 Explorable Design Space

AeneasHDC provides a comprehensive range of configuration options for developing
HDC models, encompassing most techniques commonly found in the literature and
covering the principal VSA families explored throughout this thesis. Table 16.1
lists all the currently supported parameters, organized into four groups: model
architecture, encoding, training, and inference.

AeneasHDC supports the principal VSA families studied in this thesis and in
the broader literature. At the time of writing, supported models include BSC,
H = {0,1}P), MAP-B, H = {£1}P) MAP-1, # = Z"), MAP-C, # = RP), and
FHRR, H# = CP. This breadth of representation support allows AeneasHDC to serve
as a unified experimental platform for comparing the accuracy-efficiency trade-offs
across VSA families on the same dataset and target FPGA, a capability that, to the
best of our knowledge, no prior framework offers.

AeneasHDC supports the three standard learning tasks—classification, clustering,
and regression—as well as contextual bandits, reflecting the central application
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domain of this thesis.

AeneasHDC supports three of the encoding strategies introduced in Chapter 2:
record-based, N-gram-based and random projection. Three techniques are available
for generating level HVs and representing scalar numbers: Random Flipping, Random
Selection and Thermometer. The Random Flipping method offers the highest
accuracy at the expense of high memory usage. Conversely, the Random Selection and
Thermometer methods reduce memory needs and power consumption, respectively.

For temporal data, the framework enables sliding-window encoding by applying
n-gram composition over consecutive time steps, with a configurable window size
that determines how many consecutive samples are jointly encoded into a single HV.

For classification tasks, two learning rules are available. The Centroid rule
(introduced in Chapter 2), which updates class HVs by accumulating correctly and
incorrectly classified training samples through addition and subtraction, following
the standard single-pass and multi-epoch HDC training procedure [362]; and the
LVQ rule (extensively introduced in Chapter 13), which instead applies an adaptive
step size to both the winning and competing class HVs, providing finer control over
the learning dynamics and often yielding improved accuracy.

In the centroid rule, the framework supports iterative retraining over a con-
figurable number of epochs. Two learning rate strategies are available [359]: a
data-dependent schedule that adapts the step size to the magnitude of the current
prediction error, and an iteration-dependent schedule that decays the learning rate
over epochs. Retraining can be conducted on the same training set, as is common in
the HDC literature, or on any user-specified dataset.

After training, the class HVs can optionally be quantized to reduce their bit-width,
a key strategy for minimizing hardware area, memory, and dynamic power. Available
options include binary clipping (1-bit sign), ternary quantization ({—1,0,+1}),
power-of-two quantization (which replaces multiplications in encoding and similarity
with arithmetic shifts), generic ¢-bit quantized formats, full-precision integer, and
fixed-point representation with configurable integer and fractional widths. The
choice of quantization directly affects the arithmetic complexity of the generated
hardware accelerator.

During inference, the encoded query HV is compared against the stored class (or
action) HVs using one of two similarity measures: cosine similarity and dot product.
While the similarity measure is in theory fixed and related to the VSA model, as
demonstrated in the previous chapters there are cases where the norm of the hvs is
known to be constrained or non-relevant, allowing to replace cosine similarity with a
lighter alternative that avoids the normalization step.

Notably, AeneasHDC can be easily extended to other applications by modifying
the open-source code.

16.2.2 Hardware Architecture

The AeneasHDC platform is designed to transition from software-defined models to
practical hardware implementations seamlessly. All the configurations discussed in
Section 16.2.1 can be implemented in hardware, on any target FPGA, empowering
users to directly assess how different design choices impact hardware performance
and efficiency.
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Figure 16.2 Reconfigurable Hardware parallelism applied to a Record-based encoding
example case. (a) Element parallelism, SIMD elements are computed in parallel. (b)
Class Parallelism.

The accelerators synthesized and implemented via AeneasHDC feature a standard
AXTI (Advanced eXtensible Interface) connection with the processor and the dedicated
memories that ensures straightforward integration and broad compatibility. In these
designs, the encoding process follows a pipeline approach that enables simultaneous
processing of various input elements at different stages, optimizing hardware resource
utilization, operating frequency, and throughput. Additionally, our framework
introduces two pivotal features that add significant flexibility to the hardware
architectures, ensuring efficient solutions in diverse environments.

e Selective Model Instantiation: the user can choose which operational stages
of the HDC learning process are synthesized in hardware. The architecture
can be configured to accelerate the full pipeline (training, retraining, and
inference) on high-resource FPGAs, or to instantiate only the inference stage
on resource-constrained systems, the most common embedded deployment
scenario, which minimizes area and simplifies the control logic;

e Hardware Parallelism: a partial processing mechanism to control the degree
of hardware parallelism at different stages of the learning process, allowing
fine-grained trade-offs between processing speed, hardware requirements, and
power consumption. This control can be applied at three independent levels.

1. Element parallelism: the SIMD parameter controls the number of
HV elements processed in parallel. Fig. 16.2(a) illustrates element paral-
lelism applied to a record-based encoding: all functional units (binding,
bundling, clipping, comparators) are replicated SIMD times, and at each
processing step SIMD elements are computed simultaneously, resulting
in a total of [D/SIMD] iterations per HV. Setting SIMD = D yields a
fully unrolled single-cycle-per-stage design; setting SIMD = 1 produces
the most compact architecture at the cost of D cycles per stage;

2. Feature parallelism: a reconfigurable level of parallelism that enables
concurrent processing of multiple features. When set to f, > 1, the
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Figure 16.3 Architecture of the AeneasHDC design-space exploration engine. The
Bayesian optimizer proposes a model configuration, AeneasHDC evaluates it in software
and hardware collecting accuracy, resource utilization, power, and throughput metrics,
and the resulting objective value is fed back to update the surrogate model. The loop
repeats for a user-specified number of iterations.

pipeline instantiates f, independent encoding paths operating on different
features simultaneously. This approach is particularly effective for datasets
with a large number of input features, where sequential feature-by-feature
encoding would otherwise dominate the inference latency;

3. Class parallelism: reconfigurable hardware parallelism for the similarity
search, depicted in Fig. 16.2(b). The user can choose to compare the
encoded HV against each prototype HV sequentially, or to enable parallel
computation over more prototypes by replicating the similarity unit and
the corresponding class memory banks. This is instrumental for multi-
class problems and can be combined freely with the previous two levels.

16.2.3 Automated Design-Space Exploration

The design space defined in Table 16.1 is combinatorially large: even a modest sweep
over five HV dimensions, four clipping strategies, and three SIMD parallelism levels
yields 5 x 4 x 3 = 60 distinct hardware configurations, each requiring synthesis and
evaluation.

To address this challenge, AeneasHDC incorporates an automated design-space
exploration (DSE) engine based on a Bayesian optimization strategy that replaces
manual trial-and-error with a principled, closed-loop optimization process.

Fig. 16.3 illustrates the architecture of the DSE engine. The process operates as
a closed feedback loop comprising four stages:

1. Model Configuration. The Bayesian optimizer proposes a candidate config-
uration and passes it to AeneasHDC.

2. Model Evaluation. AeneasHDC automatically generates the software model
and, when hardware metrics are requested, the corresponding HLS-based
hardware accelerator. The framework executes the model and collects a com-
prehensive set of evaluation metrics: accuracy (or other task-specific metrics
such as NMI for clustering and MSE for regression), hardware resource utiliza-
tion (LUTs, FFs, DSPs, BRAMs), operating frequency, inference throughput
(samples per second), and dynamic power consumption.
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3. Objective Function. The collected metrics are combined into a scalar
objective value according to the active optimization mode (described below). In
constrained modes, configurations that violate the specified hardware budgets
receive a heavy penalty, moving the optimizer away from infeasible regions of
the design space.

4. Surrogate Update. The objective value is fed back to the Bayesian optimizer,
which updates its internal surrogate model—a Gaussian process that estimates
the objective surface from all configurations evaluated so far—and selects the
next candidate by maximizing an acquisition function (expected improvement)
that balances exploration of unexplored regions with exploitation of promising
areas.

This loop repeats for a user-specified number of iterations.
The DSE engine supports two principal operating modes, each tailored to a
different design scenario.

e Mode 1, Accuracy optimization: In this mode, the objective function is
set to maximize model accuracy (or minimize error) without any constraint on
hardware resources. The optimizer is free to explore large dimensions, high-
precision representations, and computationally intensive encoding techniques,
making this mode suitable for the initial phase of model development, where
the goal is to establish an upper bound on achievable accuracy for a given
dataset and learning task before introducing hardware constraints.

e Mode 2, Hardware-constrained optimization: In this mode, the objective
function still targets accuracy maximization, but subject to explicit hardware
constraints. Configurations that violate the specified budgets are heavily
penalized in the objective, effectively excluding infeasible designs from the
search. Three sub-modes are available, which can also be combined:

— Area-constrained (LUT and FF budgets): the optimizer ensures that
the synthesized accelerator fits within a user-specified number of LUTs
and FFs, allowing the designer to target a specific FPGA or a specific
portion of a larger device.

— Power-constrained: the optimizer ensures that the dynamic power con-
sumption of the generated accelerator remains below a specified threshold,
a critical requirement for battery-powered or thermally constrained edge
devices.

— Speed-constrained (throughput or latency budget): the optimizer
ensures that the inference throughput exceeds a minimum number of
samples per second (or, equivalently, that the per-sample latency remains
below a specified threshold), addressing real-time processing requirements.

The DSE results are presented through the same report-generation pipeline
described above: for each evaluated configuration, the framework records accu-
racy, LUT count, flip-flop count, DSP utilization, BRAM usage, dynamic power,
and inference throughput. Summary plots and tabular comparisons are generated
automatically, enabling the user to identify the most efficient design point.
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Table 16.2 Summary of HDC model configurations and datasets for the single-
configuration validation experiments.

. HV VSA Encodin; Temporal Level HV Clippin Similarit;
Test-id | Dataset Task Dimension Techniqug; Enc;)ding Generation #LVs Quazgzagti(/)n Measurey
Test 1 | CARDIO | Classification 512 N-gram No Flipping 10 None Cosine
Test 2 EMG Classification 256 Record Yes (n-gram=4) Selection 21 Binary Hamming
Test 3 Hepta Clustering 1024 Record No Thermometer 20 Quant. (6 bits) Cosine
Test 4 Boston Regression 512 Record No Flipping 20 None DOTP

This capability transforms AeneasHDC from a single-point code generator into a
true co-design exploration tool, and, to the best of our knowledge, makes it the first
HDC framework to offer Bayesian-guided hardware DSE that spans multiple VSA
families.

16.3 Experiments

To validate the AeneasHDC platform and demonstrate its versatility in generating
HDC models in software and hardware, we conducted two sets of experiments. The
first set (Section 16.3.1) consists of single-configuration tests that showcase the plat-
form’s ability to generate correct and efficient accelerators across different learning
tasks, datasets, and model configurations. The second set (Section 16.3.2) demon-
strates the automated design-space exploration engine introduced in Section 16.2.3,
showing how Bayesian-guided optimization can discover superior configurations
compared to manual selection.

16.3.1 Single-Configuration Validation

In these experiments, the HDC models were first trained and retrained over 50 itera-
tions using the software model. We then deployed the hardware for the inference
stage on the Zynq UltraScale+ ZCU102 board, using a target frequency of 100 MHz
and a 64-element SIMD size. For each experiment, we evaluated the software and
hardware accuracy, the area occupation, power consumption, and execution time.

Table 16.2 provides a detailed summary of the configuration chosen for the HDC
model in each test, while Table 16.3 shows the corresponding outcomes. These tests
were designed to showcase the capability and flexibility of the platform across varied
scenarios; the search for optimal configurations for each dataset is addressed in
Section 16.3.2 through the automated DSE engine.

The first dataset, CARDIO [332], consists of 3 classes and spatial sequences
described by 21 features. For this test, we employed 512-dimensional MAP-I
hypervectors encoded using the n-gram technique, random flipping level HVs, no
class clipping, and cosine similarity. The obtained results confirm the capability
of the platform, showing an accuracy of 88.78% for both the software and the
hardware models generated by AeneasHDC. In terms of hardware requirements, the
synthesized architecture necessitated 12766 LUTs, 19744 FFs, and 80 DSPs. The
power consumption was measured at 206 mW for dynamic power, with a processing
speed of 5542.92 classifications per second. Notably, the high hardware demand for
this accelerator is attributed to the cosine similarity computation on unclipped class
HVs, which requires 17 bits for each element. Clipping or quantizing the class HVs
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would be a key strategy for minimizing the area requirements of the architecture, as
confirmed by the DSE results in Section 16.3.2.

Table 16.3 Test Configurations

Test-id

Software

Hardware

Dynamic

Metrics Metric #LUTs | #FFs | #DSPs Power Task/s
Test 1 | 88.78% Acc. | 88.78% Acc. 12766 19744 80 206 5542.92
Test 2 | 94.79% Acc. | 94.79% Acc. 2996 6616 0 6 3219.22
Test 3 100% NMI 100% NMI 14090 19536 90 161 80042.68
Test 4 28.79 MSE 28.8 MSE 4330 4800 0 30 5543.85

The second classification dataset, EMG [337], is a temporal encoding problem
involving four features distributed across five classes. We employed 256-dimensional
BSC hypervectors, using record-based encoding in conjunction with n-gram compo-
sition to capture temporal windows of 4 elements. Level HVs generated with the
random selection method were used, and binary clipping was applied to the trained
class HVs. This configuration achieved 94.79% accuracy for both the software and
the hardware models. The hardware architecture synthesized for this configuration
is notably efficient, comprising 2996 LUTs, 6616 FFs, and no DSPs, and consuming
only 6 mW of dynamic power while producing 3219.22 classifications per second.
This remarkable efficiency in hardware resources and power consumption, despite
the model’s complexity, can be attributed to the binary clipping: reducing class HVs
to single-bit representations transforms similarity computation into simple popcount
operations, eliminating the need for DSPs and substantially reducing the datapath
width.

For the clustering task, we employed the Hepta [363] dataset, which comprises
3 features and 7 clusters. The HDC model was configured with 1024-dimensional
MAP-B (bipolar) HVs, record-based encoding, and the thermometer technique for
level HV generation. We applied quantized clipping with 6-bit precision to the
trained class HVs and cosine similarity for inference. This approach was chosen
to balance hardware simplicity with effective performance. Remarkably, both the
software and hardware models achieved an NMI score of 1.00, indicating perfect
cluster recovery. The hardware configuration required 14 090 LUTs, 19536 FFs, and
90 DSPs, while consuming 161 mW of dynamic power. Similar to Test 1, the use
of cosine similarity led to substantial hardware overhead, but employing a 6-bit
quantized format significantly simplified the logic compared to the unclipped case,
reducing the bit requirement for each element of the class HVs from eighteen to just
six. Additionally, the small number of features in this dataset enables a throughput
of 80042.68 samples per second.

Finally, for regression, we analyzed the Boston Housing dataset [364], comprising
12 features. The model was configured with 512-dimensional BSC hypervectors,
record-based encoding, no clipping. Both the software and hardware models achieved
a Mean Squared Error (MSE) of 28.79 and 28.80, respectively. The synthesized
accelerator required 4330 LUTs, 4800 FFs, and zero DSPs, while consuming 30 mW
of dynamic power and processing 5 543.85 samples per second.

Across all four tests, the hardware model produces results that are identical (or
differ only at the last decimal place) to the software model, confirming the functional
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correctness of the AeneasHDC hardware generation pipeline. The results also
illustrate the strong influence of design choices on hardware efficiency: Test 2 (binary
clipping, cosine similarity) requires 77% fewer LUTs than Test 1 (no clipping, cosine
similarity) despite using a more complex temporal encoding scheme, highlighting
how clipping can dominate the area—accuracy trade-off. These observations motivate
the automated exploration presented next, where the DSE engine navigates such
interactions systematically.

16.3.2 Design-Space Exploration Results

The single-configuration experiments above demonstrate the correctness and versa-
tility of AeneasHDC, but each test uses a manually selected configuration. A natural
question arises: can automated design-space exploration discover configurations that
outperform manual selection? To answer this, we applied the Bayesian DSE engine de-
scribed in Section 16.2.3 to two of the datasets from the previous experiments—EMG
for accuracy-oriented optimization and CARDIO for area-constrained optimization—
demonstrating both operating modes of the DSE.

Accuracy-Oriented DSE: EMG Classification

We first applied the DSE in accuracy optimization mode (Mode 1) to the EMG
classification task, running the Bayesian optimizer for 100 iterations. In this mode,
no hardware constraints are imposed; the objective function is set to maximize
classification accuracy, and the optimizer is free to explore the full parameter space
of Table 16.1.

Fig. 16.4 shows some of the parameter values explored over the 100 iterations.
The scatter plots reveal the characteristic behavior of Bayesian optimization: during
the initial iterations, the optimizer samples diverse configurations across the full
range of each parameter. As the surrogate model becomes more accurate, the
sampling progressively concentrates on high-performing regions.

Fig. 16.5(a) shows the cumulative average score progression over the 100 it-
erations. The curve rises steeply during the first 20 iterations as the optimizer
identifies effective encoding and training configurations, and continues to improve
gradually thereafter as the surrogate model refines its estimate of the objective sur-
face. The best configuration discovered by the DSE achieves an accuracy of 96.10%,
representing a +1.31 percentage-point improvement over the 94.79% obtained by
the manually selected configuration in Test 2. This improvement confirms that
automated exploration can discover design points that are difficult to reach through
manual tuning: the optimizer identified a combination of encoding technique, number
of level HVs, clipping strategy, and learning rate schedule that jointly outperforms
the expert-selected baseline.

Area-Constrained DSE: CARDIO Classification

We then applied the DSE in hardware-constrained mode (Mode 2, area sub-mode)
to the CARDIO classification task. The hardware budgets were set to 10000 LUTs
and 10000 FFs, reflecting a scenario where the accelerator must fit within a limited
portion of the target FPGA. The optimizer ran for 30 iterations, a smaller budget
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Figure 16.4 Parameter values explored by the Bayesian optimizer over 100 iterations
on the EMG classification task (accuracy-optimization mode). Each subplot shows the
sampled values of one parameter as a function of the iteration index. The optimizer
initially explores the full range of each parameter and progressively concentrates on
high-performing regions as the surrogate model improves.

Table 16.4 CARDIO classification: comparison between the manually configured model
(Test 1) and the best configuration identified by the area-constrained DSE (budget:
10000 LUTs, 10000 FFs).

‘ Configuration H Accuracy ‘ LUTs ‘ FFs ‘ DSPs ‘ Dyn. Power [mW] ‘ Speed [samples/s] ‘
Manual (Test 1) 88.78% 12766 | 19744 80 206 5542.92
Area-constrained DSE 90.41% 4713 | 8274 0 51 19525.52

Improvement +1.63pp | —63% | —58% | —100% —-75% +38.5%

chosen to demonstrate that the Bayesian approach can deliver meaningful results
even with limited evaluation budget.

Fig. 16.5(b) shows the cumulative average score progression. The dashed vertical
line marks the end of the random initialization phase (approximately iterations 0-10),
during which the optimizer builds its initial surrogate model by sampling diverse
configurations without guidance. After this phase, the Bayesian-guided search begins
to exploit the learned surrogate, and the cumulative score increases steadily as the
optimizer discovers configurations that simultaneously satisfy the area constraints
and maximize accuracy.

Table 16.4 compares the DSE-optimized configuration against the manually
designed accelerator from Test 1. The results are striking: the DSE configuration
not only satisfies the area constraints (4713 LUTs and 8 274 FFs, well within the
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~-- End of Random Initialization

Figure 16.5 Cumulative average score progression during design-space exploration for two
representative scenarios. (a) Unconstrained accuracy maximization on EMG. (b) Area-
constrained optimization on CARDIO.

10000/10000 budget) but simultaneously improves every metric compared to the
manual baseline. Accuracy increases from 88.78% to 90.41% (+41.63 percentage
points), LUT usage drops by 63%, FF usage drops by 58%, DSP utilization is
completely eliminated (from 80 to 0), dynamic power is reduced by 75% (from
206 mW to 51 mW), and inference throughput increases by 3.5x (from 5543 to
19526 samples per second).

These dramatic improvements stem from the optimizer’s ability to jointly explore
the interaction between encoding technique, clipping strategy, similarity measure,
level HV generation, and hardware parallelism.

16.4 Summary of Findings

This chapter introduced AeneasHDC, a comprehensive and open-source framework
designed for the automated generation of HDC learning models in both software
and hardware. AeneasHDC supports a broad spectrum of design choices available
in the literature—spanning five VSA families (BSC, MAP-B, MAP-I, MAP-C, and
FHRR), multiple encoding techniques, configurable quantization strategies, and
learning rules—enabling rapid and systematic exploration of the impact of different
configurations on accuracy, power consumption, memory requirements, hardware
overhead, and execution time.

The proposed framework integrates an intuitive GUI that streamlines the spec-
ification of problem parameters (dataset, number of input features, classes, and
target FPGA), the required task (classification, clustering, regression, or contextual
bandits), and the full model configuration. The hardware accelerators generated
by AeneasHDC through Xilinx Vitis HLS can be reconfigured to support different
operational stages and levels of parallelism, allowing designers to trade execution
time for hardware resource allocation according to the constraints of the target
deployment platform.

We validated the platform through two complementary sets of experiments.
First, a suite of four single-configuration tests demonstrated that the automatically
generated hardware accelerators reproduce the software model’s accuracy across
all learning tasks. Second, we demonstrated the Bayesian-guided design-space
exploration engine, which transforms AeneasHDC from a single-point code generator
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into a principled co-design optimization tool. In accuracy-optimization mode on the
EMG task, the DSE discovered a configuration achieving 96.10% accuracy, a +1.31%
improvement over the manually selected baseline. In area-constrained mode on
the CARDIO task (budget: 10000 LUTs and 10000 FFs), the DSE simultaneously
improved accuracy by +1.63% while reducing LUT usage by 63%, FF usage by
58%, dynamic power by 75%, eliminating all DSP usage, and increasing inference
throughput by 3.5x. These results confirm that automated exploration can discover
design points that dominate manual configurations across all objectives.

AeneasHDC provides a straightforward yet powerful method for exploring the
influence of algorithmic design choices on hardware implementations, representing,
to the best of our knowledge, the first HDC framework to offer Bayesian-guided
hardware design-space exploration spanning multiple VSA families.



300

Chapter 17

Conclusions and Future
Perspectives

“The end of all our exploring will be
to arrive where we started and know
the place for the first time.”

Thomas Stearns Eliot

The proliferation of IoT networks and embedded devices has created an urgent
demand for on-device intelligence. These systems must sense, decide, and react to
their environment in real time, without relying on cloud connectivity. Yet traditional
artificial intelligence, dominated by resource-intensive models, is fundamentally
misaligned with the power, memory, and latency constraints of the edge. As more
than half of all new Al workloads are now expected to be deployed on edge platforms,
the gap between the computational requirements of modern Al and the resources
available on embedded hardware has become the defining challenge of the field.

This dissertation addressed the Al efficiency crisis in the specific context of online
decision-making at the edge, adopting contextual bandit algorithms as the central
abstraction and algorithmic-hardware co-design as the guiding methodology. The
overarching research question asked whether the computational power, energy, and
memory bottlenecks of edge Al can be mitigated by combining full-stack co-design
with neuro-inspired representations, thereby decoupling adaptive intelligence from
brute-force hardware scaling.

The work progressed across three complementary dimensions—arithmetic and
algorithmic optimization of linear models, a neuro-inspired paradigm shift via hyperdi-
mensional computing, and the development of dedicated hardware accelerators—each
targeting a different layer of the efficiency stack and each motivated by the limitations
revealed by the preceding one. Importantly, while contextual bandits served as the
unifying thread throughout this journey, the contributions delivered along the way
extend well beyond the bandit setting to the broader landscape of embedded AT and
hyperdimensional computing.

The following sections summarize the principal contributions of each part, discuss
their limitations, and outline future research directions.
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17.1 Summary of Contributions

17.1.1 Part I: Arithmetic and Algorithmic Optimization

The first part of this thesis investigated and targeted the dominant bottlenecks of
traditional linear bandit algorithms on embedded processors. Profiling revealed that
integer division can dominate execution time, accounting for up to 70% of the total
runtime in bandit inference workloads on the edge. The research question driving
this part was: How far can arithmetic, algorithmic, and microarchitectural co-design
push the efficiency of classical linear bandit algorithms?

To address the arithmetic bottleneck, Chapter 3 introduced the Variable-Latency
Non-Performing Divider, a novel data-dependent hardware division unit that exploits
the statistical relationship between input operands to reduce average latency by up
to 20.65x via early termination and iteration skipping. Four hardware variants were
presented, offering distinct trade-offs between latency, area, and energy efficiency,
all remaining compact and suitable for embedded implementations. The design
was validated on both FPGA (Xilinx Virtex UltraScale+) and ASIC (GF22FDX)
technology, achieving the lowest average execution time per division and dynamic
energy consumption reported in the literature.

Chapter 4 integrated VLNPD into the vector accelerator of the Klessydra-T13
RISC-V core, demonstrating that operand-dependent division is particularly benefi-
cial under vector (SIMD) execution. This integration reduced the contribution of
division to the overall runtime of linear bandits at the edge from 70% to approximately
12%.

Chapter 5 attacked the algorithmic bottleneck by reformulating the learning
update of both the Disjoint and Hybrid LinUCB algorithms via the Sherman—
Morrison—Woodbury identity, eliminating explicit matrix inversion and enabling
efficient vectorization. Numerical stability was assessed through controlled error
analysis, confirming that the incremental formulation remains well-conditioned over
extended learning horizons. Combined with the vectorized kernels and hardware
optimizations of the preceding chapters, this co-design achieved up to 58 x speedup
and 50x energy reduction on three embedded platforms (Cortex-M4 STM32, Cortex-
AT72 Raspberry Pi 4, and RISC-V Klessydra-T13), while reducing the per-round
update complexity from cubic to quadratic.

These results demonstrated that substantial efficiency gains are achievable
through cross-layer co-design. However, they also exposed a fundamental ceiling: the
quadratic complexity and memory overhead with respect to the context dimension
remain inherent limitations of dense linear algebra, motivating the paradigm shift
explored in Part II.

17.1.2 Part II: A Paradigm Shift to Neuro-Inspired Contextual
Bandits

Rather than further optimizing the execution speed of the same workload, the
second part of this dissertation changed the nature of the computation itself by
adopting hyperdimensional computing, a neuro-inspired paradigm based on high-
dimensional distributed representations. The guiding research question was: Instead
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of further optimizing the execution of classical kernels, can we change the nature of
the computation itself to bypass the quadratic scaling limit?

Chapter 6 addressed this question through a systematic ablation study that
isolated the role of the precision matrix in the linear bandit estimator and tested
whether it could be bypassed by encoding contexts in a high-dimensional space.
Experiments across three encoding regimes—original low-dimensional features, dense
Gaussian random projections, and biologically-inspired sparse projections with k-
Winners-Take-All sparsification—established that nonlinear encoding is the critical
ingredient and that under this setting the covariance matrix reduces to a scaled
copy of the reward vector plus cross-talk noise, allowing it to be omitted entirely.
These findings provided the theoretical and empirical foundation for the transition
to Hyperdimensional Computing in the subsequent chapters.

Chapter 7 introduced HD-CB, the first framework that models and solves con-
textual bandit problems directly in high-dimensional space. By encoding contexts
as high-dimensional vectors and representing actions as vector prototypes, HD-CB
reduced per-step complexity from quadratic (after the optimizations of Part I)
to linear. Four variants were proposed, each addressing specific challenges in
exploration—exploitation trade-offs and resource constraints. Experiments across
multiple synthetic environments and the MovieLens-100k dataset demonstrated
competitive learning performance with improved scalability and substantially lower
computational cost.

Chapter 8 developed HD-CBgiy, a fully binarized variant that restricts all hy-
pervectors to binary representations. This specialization drastically reduces memory
requirements compared to real-valued HD-CB and enables similarity computation
via Hamming distance. When accelerated on hardware, HD-CBgin achieved up to
141x speedup over matrix-based algorithms, establishing its suitability for extreme
edge deployment.

Chapter 9 introduced Hybrid HD-CB, extending the framework to settings where
arms share a common feature representation. By encoding context-action interactions
in high-dimensional space through binding operations, this variant learns shared
structure across actions while preserving linear complexity. Evaluation on both
synthetic benchmarks and the MovieLens-100k dataset demonstrated significant
speedups and memory reductions compared to traditional Hybrid LinUCB.

Chapter 10 presented two engineering refinements that improve the execution
efficiency and memory footprint of HD-CB. First, matrix-form reformulations of all
HD-CB variants were derived, exposing data parallelism and enabling BLLAS-level
optimization with 2.3x-3.6x CPU speedup. Second, memory-optimized variants
based on permutation-based channel multiplexing reduced storage from O(ND)
to O(D), making deployment feasible on platforms where per-action hypervector
storage would exceed on-chip memory.

Chapter 11 advanced the learning foundations of HD-CB along several converging
directions. Probabilistic HD-CB replaced deterministic updates with bounded
stochastic updates governed by time-decaying probabilities, enabling deployment
with as few as 3 bits per element while preserving competitive reward performance.
A theoretical analysis of the baseline update rule then identified the implicit loss
function it minimizes and revealed an ensemble structure in which each hypervector
component acts as an independent weak learner at a distinct reward threshold,
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diagnosing the specific limitations that the subsequent formulation addresses. Loss-
Based HD-CB replaced this implicit objective with explicit minimization of a well-
defined loss function, bridging the gap between heuristic updates and optimization-
grounded formulations and improving accuracy by up to 3 percentage points over
standard HD-CB. Loss-Probabilistic HD-CB combined the error-driven loss-based
updates with the bounded stochastic mechanics of the probabilistic variant, retaining
principled learning within fixed-precision integer arithmetic. Finally, the entire HD-
CB pipeline was formally mapped onto a Random Vector Functional Link network.
A comprehensive cross-family comparison across all variants revealed that the 4-bit
Loss-Probabilistic configuration outperforms the 32-bit LinEPS baseline, making it
a strong candidate for embedded platforms.

Altogether, the contributions of Part IT established hyperdimensional contextual
bandits as an ideal candidate for resource-constrained systems and for dedicated
hardware acceleration—the subject of Part III.

17.1.3 Part III: Hardware Acceleration and Co-Design

The third part of this thesis bridged algorithms and silicon by designing domain-
specific hardware architectures for hyperdimensional computing. The driving goal
was to develop a family of general accelerators capable of supporting not only the
full range of HD-CB variants, but also any HDC learning task, lowering the barrier
to adoption of hyperdimensional computing on embedded platforms. The research
question was: What efficiency gains can be unlocked by translating neuro-inspired
learning algorithms into dedicated hardware accelerators?

Chapter 12 introduced the HDCU, a general-purpose configurable hardware
accelerator for binary HDC primitives. The HDCU features optimized functional
units for each basic arithmetic operation with synthesis-time configurability in paral-
lelism, supported operations, and local memory size. A custom RISC-V Instruction
Set Extension, fully integrated into the GCC toolchain, exposes the accelerator to
software via simple intrinsics. Integrated into the Klessydra-T03 core as a tightly
coupled coprocessor, the HDCU achieved speedups of up to 1968x and energy
reductions of up to 1630x compared to software execution, while requiring as few as
1030 LUTs in its minimal configuration.

Chapter 13 extended hardware support to Modular Composite Representations,
repositioning this model in the literature through large-scale experiments on 123 clas-
sification datasets. The results demonstrated that MCR provides a more favorable
trade-off than binary spatter codes: higher information capacity and classification
accuracy, with reduced memory overhead for equivalent representational power. The
MCR-HDCU accelerator—the first dedicated hardware for this model—exploited the
natural mapping of modular arithmetic to digital logic through implicit binary over-
flow, achieving on average 2.7x faster execution and 3.9x lower energy consumption
than binary models accelerated with the original HDCU at equivalent accuracy.

Chapter 14 addressed the most expressive model in the HDC family: the FHRR.
A hardware-friendly discretization strategy was proposed that quantizes phases on
the unit circle into uniformly spaced angles, enabling modular arithmetic without
explicit modulo operators. Building on this insight, the first dedicated FHRR
accelerator was introduced, featuring functional units for all primitive operations as
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well as the first hardware implementation of a Resonator Network.

Chapter 15 explored the computational boundaries of the FHRR paradigm
by shifting focus from learning to symbolic reasoning. Resonator Networks were
applied to NP-complete 3-SAT problems via a classical polynomial-time reduction to
Subset Sum. The results demonstrated that the same neuro-inspired primitives used
for pattern matching can support exact combinatorial search, while revealing and
quantifying the fundamental D? capacity limit that governs the approach’s scalability.
This proof-of-concept validated the broader applicability of FHRR beyond learning
tasks while providing crucial insights for future algorithm and hardware design.

Chapter 16 introduced AeneasHDC, an automated open-source framework for
deploying hyperdimensional computing models on FPGAs. Supporting five VSA
families, multiple encoding techniques, configurable quantization strategies, and
Bayesian-guided design-space exploration, AeneasHDC reduces accelerator develop-
ment time from weeks to minutes. In area-constrained experiments, the automated
exploration discovered configurations that simultaneously improved accuracy by
+1.63% while reducing LUT usage by 63%, FF usage by 58%, dynamic power by
75%, and increasing inference throughput by 3.5x compared to manually selected
baselines.

17.2 Limitations

While the contributions presented in this dissertation advance the state of the
art across multiple fronts, each comes with specific limitations that should be
acknowledged. The following discussion organizes them by part, noting where later
chapters address specific shortcomings.

17.2.1 Part I: Arithmetic and Algorithmic Optimizations

The VLNPD (Chapter 3) achieves significant average-case latency reductions, but
its performance is inherently data-dependent: the speedup varies with the statistical
distribution of operands, and worst-case latency remains comparable to conventional
dividers. This property, while advantageous on average, makes execution time
non-deterministic, which is a potential concern for safety-critical real-time systems
that require guaranteed worst-case latency bounds. Furthermore, the VLNPD
was designed for integer divisions. While a common choice for embedded systems,
future work should explore the extension of this approach to floating-point pipelines.
The integration of VLNPD into the Klessydra-T13 vector coprocessor (Chapter 4)
demonstrated the benefits of variable-latency division under SIMD execution, but
the evaluation was limited to a single RISC-V microarchitecture with a specific
vector lane configuration. The interaction with different vector execution models
(e.g., out-of-order and decoupled pipelines) was not explored.

17.2.2 Part II: Neuro-Inspired Contextual Bandits

The foundational HD-CB framework (Chapter 7) has two principal limitations. First,
the accumulation-based update causes action representatives to grow unboundedly,
leading to precision issues on low-precision hardware—a limitation addressed by the
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Probabilistic HD-CB variant in Chapter 11. Second, the update rule is heuristic
rather than derived from a formal optimization objective, and the implicit explo-
ration threshold at 0.5 lacks theoretical justification—a gap closed by the Loss-Based
formulation in Chapter 12. Additionally, the framework lacks formal regret guaran-
tees comparable to those of linear bandits; the RVFL interpretation (Chapter 11)
provides a path toward such results but does not yet deliver them. Finally, all
experiments assumed stationary reward distributions; the framework’s behavior
under concept drift or non-stationary environments remains unexplored.

HD-CBpin (Chapter 8) achieves extreme memory efficiency through binarization,
but periodic hard resetting of accumulated counters to binary values discards graded
information, potentially degrading decision quality in complex environments. This
accuracy penalty was partially masked by the use of the confidence-based HD-
CBuync2 variant and controlled synthetic environments, but became more apparent
under simpler e-greedy exploration, as demonstrated in Chapter 11. An extensive
evaluation with different exploration strategies is required.

Hybrid HD-CB (Chapter 9) successfully captures shared structure across actions
but inherits the heuristic update limitations of the base framework. The structured
updates based on loss functions developed for the baseline algorithm in Chapter 11
should be extended to the hybrid setting.

The memory-compressed variants in Chapter 10 drastically reduce storage but
introduce cross-talk between superposed action channels. Also, this optimization
was developed for the baseline HD-CB and has not been extended or tested on the
more advanced variants yet.

Beyond the chapter-specific limitations described above, some cross-cutting
themes deserve mention. The best encoding technique for HD-CB remains an
open question: no extensive analysis has been conducted on the choice of encoding
method, which could improve performance substantially depending on the environ-
ment. Moreover, while these algorithms have been accelerated in hardware using the
general-purpose HDCU for the binary case, no dedicated hardware accelerator for
contextual bandits has been realized yet, although one would maximize performance
and energy efficiency. The experimental evaluation throughout this dissertation
relied predominantly on standardized yet synthetic bandit environments, bench-
marks from the UCI/OpenML repositories, and the MovieLens-100k dataset. While
these are standard and widely used, they do not capture the full complexity of
real-world deployment scenarios, including non-stationary environments, adversarial
contexts, delayed or batched feedback, and more complex reward structures. Ex-
tending the proposed methods to address these non-idealities and demonstrating
them in actual embedded systems operating in the field (such as robots) would
substantially strengthen the practical significance of the results. Finally, all work
in this thesis focused on single-agent settings. The extension to multi-agent or
federated bandit learning, where multiple edge devices collaboratively learn while
respecting communication and privacy constraints, was not addressed and will be of
high interest.
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17.2.3 Part I1I: Hardware Acceleration and Co-Design

The HDCU (Chapter 12) achieved impressive speedups and flexibility, but its tight
coupling with the Klessydra-T03 core limits portability—a limitation subsequently
mitigated by an AXI4-compliant standalone version described in the chapter.

The FHRR accelerator (Chapter 14) represents the first dedicated hardware for
this paradigm, but comprehensive benchmarking of execution time and energy across
standard datasets was still ongoing at the time of writing.

The application of resonator networks to 3-SAT (Chapter 15) demonstrated
feasibility but is fundamentally bound by the D? capacity law: once the combinatorial
search space exceeds the superposition capacity of the hypervectors, success rates
collapse to zero, limiting practical applicability to small instances.

AeneasHDC (Chapter 16) currently relies on Xilinx Vitis HLS, limiting deploy-
ment to a single FPGA vendor and excluding other vendors as well as ASIC flows.
The design-space exploration operates over a discrete parameter grid; the joint
optimization of continuous algorithmic parameters and hardware-level decisions
remains unexplored.

17.3 Future Work

The contributions and limitations discussed above naturally suggest several research
directions that could extend and strengthen the work presented in this dissertation.

17.3.1 Algorithmic Extensions

Several directions could broaden the applicability and performance of the HD-CB
family. The adoption of more sophisticated exploration strategies from the bandit
literature could improve convergence time and address more complex environments.
Closely related is the extension to non-stationary and adversarial settings, where for-
getting mechanisms would make HD-CB suitable for dynamic real-world deployments.
The bounded representations of Probabilistic HD-CB offer a natural substrate for
such mechanisms, as they already limit the influence of distant past observations.

Beyond exploration and non-stationarity, richer action-space formulations deserve
investigation: extending HD-CB to contextual bandits under budget constraints
(where the learner must maximize reward subject to a cumulative cost), to continuous
action spaces where the action is a real-valued vector rather than a discrete choice.
Multi-task and transfer learning across related bandit problems is a natural fit for
the hyperdimensional framework, where the representational similarity between
environments could be captured through hypervector operations, enabling knowledge
transfer. Looking further ahead, extending the same approach to full reinforcement
learning with temporal credit assignment, multi-agent settings, or safe exploration
under constraints would connect HD-CB to the broader RL landscape.

17.3.2 Hardware Evolution

The most promising hardware direction for the proposed HD-CB algorithms is
neuromorphic implementation. Hyperdimensional computing has natural affinities
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with neuromorphic hardware, where spiking neurons and event-driven computation
can implement HDC operations with extreme energy efficiency. The RVFL inter-
pretation of HD-CB establishes a bridge between hyperdimensional representations
and spiking neural networks: implementing HD-CB on neuromorphic platforms
(e.g., Intel Loihi, SynSense Xylo, AKIDA) could enable always-on, ultra-low-power,
bandwidth-efficient learning for autonomous embedded systems.

A second direction is the development of a custom ASIC accelerator for contextual
bandit workloads. The Loss-Probabilistic HD-CB variant is an appealing target,
thanks to its superior performance at just 3 bits per element. Taping out such an
accelerator in a modern technology node (e.g., 22 nm) would enable direct comparison
with existing neural network accelerators and establish the energy-efficiency frontier
for CB at the edge.

Third, unifying the HDCU, MCR-HDCU, and FHRR architectures into a single
multi-model accelerator with runtime model selection would maximize flexibility
while sharing common infrastructure (scratchpad memories, parallel processing
elements, control plane). Fourth, introducing in-memory computing in the designed
HDC accelerators—mapping similarity computations directly into emerging non-
volatile memory arrays—could eliminate the data-movement bottleneck and enable
orders-of-magnitude improvements in energy efficiency.

17.4 Closing Remarks

This dissertation set out to answer whether the computational bottlenecks of online
decision-making can be overcome on resource-constrained embedded platforms
through hardware-algorithm co-design and neuro-inspired representations. The
answer, supported by contributions across three progressive parts, is affirmative.

Starting from conventional linear models and systematically eliminating bottle-
necks at the arithmetic, algorithmic, and microarchitectural levels, we achieved up
to 8% speedup and 50x energy reduction. Recognizing the inherent scaling limits
of linear algebra, we changed the nature of the computation itself by introducing
the HD-CB framework, the first application of hyperdimensional computing to
contextual bandit problems, demonstrating significant speedups and memory reduc-
tions while providing competitive learning performance. The resulting framework is
uniquely aligned with the constraints of edge devices and the strengths of dedicated
hardware. Closing the loop between algorithms and silicon, we designed a family of
domain-specific hardware accelerators spanning binary, modular, and complex-valued
representations, achieving orders-of-magnitude improvements in both speed and
energy efficiency.

Together, these contributions demonstrate that algorithmic-hardware co-design,
grounded in neuro-inspired representations, can decouple adaptive intelligence from
brute-force hardware scaling, making autonomous Edge Al practically achievable.
The path from arithmetic optimization to neuro-inspired computing traced in this
thesis reflects a broader principle: that the most impactful efficiency gains come
not from optimizing individual layers in isolation, but from rethinking the entire
computational stack, from the mathematical formulation of the learning problem to
the logic gates that execute it.
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This vision aligns with a growing consensus in the community. As recently
articulated by Google DeepMind [365]: “In this epoch, Al is not merely an application;
it has become the core software layer that redefines system design. [...] Co-design
must become an integral part of the research culture. Every proposal for a new model
should include a consideration of its hardware requirements, and every hardware
innovation should clearly articulate the new algorithms.” This thesis contributes to
that direction and reflects the conviction that the path forward lies in rethinking
how we execute Al, drawing inspiration from biological computation and, most
importantly, fostering collaboration across disciplines to unlock capabilities that
neither community could achieve alone.
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