
Journal of Scientific Computing (2026) 107:68
https://doi.org/10.1007/s10915-026-03286-9

Projective Integration Schemes for Nonlinear Degenerate
Parabolic Systems

Tommaso Tenna1,2

Received: 6 March 2025 / Revised: 19 February 2026 / Accepted: 24 March 2026 /
Published online: 9 April 2026
© The Author(s) 2026

Abstract
A general high-order fully explicit scheme based on projective integration methods is here
presented to solve systems of degenerate parabolic equations in general dimensions. The
method is based on a BGK approximation of the advection-diffusion equation, where we
introduce projective integration method as time integrator to deal with the stiff relaxation
term. This approach exploits the clear gap in the eigenvalues spectrum of the kinetic equation,
taking into account a sequence of small time steps to damp out the stiff components, followed
by an extrapolation step over a large time interval. The time step restriction on the projective
step is similar to theCFL condition for advection-diffusion equations. In this paperwe discuss
the stability and the consistency of the method, presenting some numerical simulations in
one and two spatial dimensions.

Keywords Advection-diffusion equations · Relaxation schemes · High-order methods ·
Projective integration

Mathematics Subject Classification 65M08 · 65L04 · 65M12

1 Introduction

The numerical study of degenerate parabolic equations has gained particular interest in the
last decades. These problems arise in several physical applications, such as flow of gas in
porousmedia [18], radiative transport [49] or cell chemotacticmovement [47]. The numerical
approximation of these equations is challenging due to the presence of possible degenerate
points, in which the parabolic system loses its properties, exhibiting hyperbolic behavior with
finite speed of propagation and sharp fronts. In general, classical solutions might not exist
even forC2 initial data and weak solutions must be considered. Many different schemes have
been proposed to solve degenerate parabolic equations, such as local discontinuous Galerkin
methods [54], mixed finite element methods [3], central finite volume schemes [31], finite
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volume schemes preserving steady-states [10], high order finite difference WENO schemes
[39], residual distribution schemes [1] andWENOschemes based ondeep learning techniques
[30]. Among these methods, a discrete kinetic approximation of these equations have been
proposed by Aregba-Driollet, Natalini and Tang [7], inspired by relaxation schemes [6, 25]
and kinetic approximation of hydrodynamic equations in the hyperbolic setting [37]. The idea
relies on aBhatnagar-Gross-Krook (BGK) approximationof themacroscopic equation,where
both the kinetic velocities and the source term depend singularly on the relaxation parameter.
Different relaxation systems for the approximation of degenerate parabolic equations have
been proposed in [42, 44], with high-order extension developed in [16], where the authors
coupled ENO and WENO schemes for space discretization with IMEX schemes for time
advancement. This approach is inspired by kinetic schemes for the Carleman model, but
the numerical integration is directly performed at the macroscopic level. In the context of
relaxation schemes, other diffusive kinetic models and approximations have been proposed,
see for instance [24, 38, 43].

The main advantage of relaxation schemes is the possibility to treat the scalar and the
system case in the same way at the numerical level, with the feasibility of parallelizing
the algorithm due to the diagonal form of the approximating problems. Indeed discrete
kinetic approximations are based on linear hyperbolic terms, whose structure is very likely
for numerical and theoretical purpose [6, 7, 45]. The nonlinearity inside the derivatives is
replaced by a semilinearity: the differential part becomes linear and all the nonlinearity is
concentrated inside the source term.On the other hand, themain disadvantage of this approach
is the appearance of a stiff source term, describing the relaxation of the new variable towards
the equilibrium, which requires suitable time integrators.

In this perspective, the idea is to use an efficient explicit time integrator which is able
to speed up the computation due to the particular structure of the kinetic formulation. Sev-
eral systems are characterized by the coexistence of processes evolving on widely different
time scales, where certain dynamics are much faster than others. These distinct dynamical
behaviors correspond to eigenvalues of different magnitudes: the fast modes (associated with
eigenvalues having large negative part) decay rapidly, whereas the slow modes are the active
components, still present in the solution. Systems exhibiting such a strong disparity of time
scales are referred to as stiff. This scale separation appears as a gap in the spectrum of the
system operator, requiring specific numerical methods. Indeed, the presence of fast, strongly
damped components imposes severe restrictions on explicit time-stepping methods.

In the context of kinetic equations, twomainmechanisms act on different time scales: colli-
sions, which are typically fast and quickly damp out microscopic fluctuations, and advection,
which is slow and governs macroscopic transport over much longer time scales.

Projective integration method was introduced in [20] as a technique to accelerate a brute-
force integration of stiff systems of ordinary differential equations, which require restrictive
conditions on the time step. The idea, extended in [34] for kinetic equations with a diffusive
scaling, is based on an extrapolation in time over a large time step, performed after taking a
few inner steps to damp out the transient corresponding to the fast modes. Several extensions
have been proposed both for hyperbolic problems [33] and for high order approximation of
kinetic equations [32]. We mention also telescopic projective integration techniques, where
the projective integration method have been extended to deal with problems having multiple
time scales, both for ODEs systems [21] and for kinetic equations [8, 40, 41]. Applications
of projective integration techniques to hyperbolic moment models have been recently inves-
tigated in [2, 27, 28], obtaining accurate, but efficient simulations with significant speed
up.
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In [7, 16] the methods are based on splitting techniques, restricting the order in time to 2.
The order of convergence in time could be increased by solving explicitly the BGK equation,
without projecting over the Maxwellian space. Many asymptotic-preserving schemes based
on IMEX techniques have been proposed to integrate stiff kinetic equations and we refer to
the recent survey [11] for a detailed analysis on the topic.

Aim of the Paper

The goal of this paper is to propose a fully explicit and robust projective integration scheme
to numerically solve the stiff BGK systemwith arbitrary order of accuracy in time, extending
the idea of [33] to the case of possibly degenerate parabolic systems. Themain contribution of
the manuscript is given by the analysis of the spectrum for the discrete-BGK approximation,
along with the identification of the parameters for the projective integration scheme. This
analysis justifies the speed up of the method compared to classical time integrators.

Structure of the Paper

The plan of the paper is the following: in Section 2 we introduce discrete kinetic relaxation
schemes for convection-diffusion equations, investigating different models. We construct the
numerical scheme, focusing on the phase space discretization. In Section 3 we introduce
projective integration method to treat the time discretization with a fully explicit approach,
by exploiting the particular structure of the BGK operator. Based on [32], we investigate the
spectrum of the operator and we perform stability and consistency analysis of the method. In
Section 4 we present some numerical simulations in both one and two space dimensions for
different problems. All the details about the numerical schemes are reported in the Appendix.

2 Relaxation Schemes for Nonlinear Degenerate Parabolic Systems

In this section, we study discrete kinetic schemes for systems of conservation laws with
possibly degenerate diffusion, referring to [7], but other kinetic models and approximations
can be built, see for instance [24]. Let u : RD × R

+ → R
K , D > 0, K > 0, be a weak

solution of the following system

∂t u +
D∑

d=1

∂xd Ad(u) = Δx B(u), (x, t) ∈ R
D × (0,+∞), (1)

for a given initial condition

u(x, 0) = u0(x), x ∈ R
D . (2)

Here t defines the time, xd defines the spatial variable for each dimension d = 1, . . . , D and
u0 : RD → R

K . The functions Ad : RK → R
K and B : RK → R

K are assumed to be
Lipschitz-continuous. In addition, for all u lying in a fixed domain Ω ∈ R

D it holds true:

– For all ξ ∈ R
D ,

D∑

d=1

ξd A
′
d(u) has real eigenvalues and it is diagonalizable,

– B ′(u) has real non- negative eigenvalues.
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Here, A′ and B ′ denote the differentials of A and B, respectively. This notation will be used
throughout the whole paper.
In [6] a family of discrete diffusive kinetic schemes has been proposed, in order to construct
a numerical approximation of the original system (1). Let us consider f ε = ( f ε

1 , . . . f ε
L ) as

the solution of the following kinetic model in general form:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂t f
ε +

D∑

d=1

Γ ε
d ∂xd f

ε = 1

ε
(M(ε, uε) − f ε),

uε(x, t) =
L∑

l=1

f ε
l (x, t),

(3)

where f ε
l : RD × R

+ → R
K , L > 0 is the number of discrete velocites and let us take the

initial condition
f ε(x, 0) = f ε

0 (x). (4)

Here Ml : R+ × R
K → R

K are the Maxwellian functions for each l = 1, . . . , L and Γ ε
d ∈

R
LK×LK are constant diagonal matrices, consisting in L diagonal blocks of size K × KL

diagonal blocks of size, each equal to a scalar multiple of the identity matrix, where the
diagonal entries γ ε

ld are given by

γ ε
ld := λld + θld√

ε
, (5)

for some fixed real constants λld , θld . The relaxation parameter ε > 0 can be a physical
parameter or an artificial one and the kinetic system (3) converges (at least formally) to the
original macroscopic system (1) as ε → 0, under an analogous of the subcharacteristic con-
dition [46] (which ensures that the relaxation waves propagate no faster than the equilibrium
waves, guaranteeing consistency with the original system).

The Maxwellian M essentially embeds the macroscopic variable uε in the kinetic space
and the right hand side models a relaxation of the kinetic variable f ε towards the equilibrium
state given by the Maxwellian M. From now on, let us consider Ω ∈ R

K a convex and
compact domain (see [12]), such that u(x, t) ⊂ Ω for all (x, t) ∈ R

D × R
+. In Section

2.1 we show that, in the limit ε → 0, the kinetic approximation formally converges to the
macroscopic model under some fundamental assumptions on the Maxwellian functions:

(M1)
L∑

l=1

Ml(ε, w) = w for all ε ∈ (0, 1] and for all w ∈ Ω ,

(M2)
L∑

l=1

γ ε
ld Ml(ε, w) = Ad(w) for all ε ∈ (0, 1] and for all w ∈ Ω , for all d = 1, . . . , D,

(M3)
L∑

l=1

θldθl jMl(0, w) = δd j B(w) for all w ∈ Ω , for all d, j = 1, . . . , D,

where δ·,· is the Kronecker symbol,
(M4) Ml(ε, w) → Ml(0, w) when ε → 0 uniformly for w ∈ Ω , i.e. ∀ν > 0, there exists

δ > 0 uniform in w and depending only on Ω such that for all ε < δ and w ∈ Ω

|Ml(ε, w) − Ml(0, w)| ≤ ν,

in a suitable norm [7].

Definition 1 ALipschitz continuous functionM is a (local)Maxwellian Function for system
(1) with respect to the interval Ω if (M1)-(M4) are satisfied.
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IfM satisfies the above conditions it is called a local Maxwellian Function for system (1)
on Ω . Let us recall that in discrete-BGK models, the projection onto macroscopic quantities
is equivalent to the classical averaging procedure used in continuous kinetic theory [17];
however, since the velocity space is discrete, the integral becomes a finite summation over
the discrete velocities. Hence, the first property tells us that the projection of the Maxwellian
is the identity, which means that considering a given macroscopic variable embedded in the
microscopic space and projecting it back, we obtain the original state. The second property
and the third property are necessary to guarantee the consistency with the macroscopic fluxes
and, therefore, to preserve the structure of the macroscopic model in the limit of the kinetic
model (3) towards (1). The last property is fundamental to obtain a uniform convergence
with respect to ε, when ε → 0.

The stability condition for this model deals with the following definition.

Definition 2 A local Maxwellian function is a monotone Maxwellian function (MMF) if for
all l ∈ {1, . . . , L}, for all positive ε ≤ 1 and for all u ∈ Ω , the real parts of the eigenvalues
of M′

l(ε, u) are non-negative.

Henceforth, the explicit dependence of theMaxwellian on ε will be omitted whenever unnec-
essary.

Rigorous theoretical results about the convergence of the solution to the BGK model (3)
towards a weak solution to the system (1) have been proven for the scalar case in [13] and
for a class of one dimensional strongly degenerate parabolic systems in [35].

In the next subsection we give a formal derivation of the macroscopic equation, starting
from the Chapman-Enskog expansion and assuming the properties (M1)-(M4).

2.1 Chapman-Enskog Expansion

Let us define the matrix P ∈ R
K×LK , where the map f ε 
→ P f ε is a projection onto the

Maxwellian manifold, and the auxiliary variables

uε := P f ε =
L∑

l=1

f ε
l , vε

d = P Γd f ε =
L∑

l=1

γ ε
ld f ε

l d = 1, . . . , D. (6)

Then from (3) and the compatibility assumptions (M1)-(M4), we have
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂t uε +
D∑

d=1

∂xd v
ε
d = 0,

∂tv
ε
d +

D∑

j=1

∂x j
(
P ΓdΓ j f

ε
) = 1

ε

(
Ad(u

ε) − vε
d

)
.

(7)

Let us consider a formal Chapman-Enskog expansion of f ε in the form

f ε = M(uε) + √
ε gε + O(ε). (8)

Then, by multiplying (7)2 by ε and using the explicit expression of P , one has

vε
d = Ad(u

ε) − ε

⎛

⎝∂tv
ε
d +

D∑

j=1

∂x j

L∑

l=1

γd jγl j f
ε
l

⎞

⎠ . (9)
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Expanding the expression of γl j , this can be rewritten as

vε
d = Ad(u

ε) −
L∑

l=1

D∑

j=1

θldθl j∂x j f
ε
l + O(

√
ε)

= Ad(u
ε) −

L∑

l=1

D∑

j=1

θldθl j∂x jMl(u
ε) + O(

√
ε). (10)

Using (M3) and (M4), this implies that

∂t u
ε +

D∑

d=1

∂xd Ad(u
ε) = Δx B(uε) + O(

√
ε). (11)

This formal justification shows that the natural convergence rate in (M4) would be
√

ε. The
rigorous proof of this result has been obtained in [13], using a priori bounds on the discrete
velocity BGK approximation and kinetic entropy inequalities.

2.2 Discrete Kinetic Models

In the pure hyperbolic setting, system (3) reduces to the one developed in [45] and [6]. Let
us consider the following hyperbolic system of conservation laws

∂t u +
D∑

d=1

∂xd Ad(u) = 0, (12)

and the following approximating discrete BGK model

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂t f ε
l +

D∑

d=1

λld∂xd f
ε
l = 1

ε
(M̃l(u

ε) − f ε
l ), l = 1, . . . , J ,

uε = P f ε =
J∑

l=1

f ε
l ,

(13)

where M̃l areMaxwellian functions and J is the number of velocities needed to approximate
the hyperbolic equation, complemented with the compatibility conditions

J∑

l=1

M̃l(u) = u,

J∑

l=1

λldM̃l(u) = Ad(u), ∀u ∈ Ω, d = 1, . . . , D. (14)

In [45] it has been shown that the solution of the discrete BGK model (13), under the
hypothesis of monotone Maxwellian functions, converges to the unique entropy solution of
the hyperbolic system (12), see also [46].

In the same spirit, a model for (1) can be obtained by adding linear combinations of B
to the M̃l , together with supplementary equations to take into account the diffusive scaling.
More precisely, fixing J ′ ≥ D+1 the number of velocities you need to deal with the parabolic
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term and L = J + J ′, we can design the model as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t f
ε
l +

D∑

d=1

λε
ld∂xd f

ε
l = 1

ε
(M̃l(u

ε) − f ε
l ), 1 ≤ l ≤ J ,

∂t f
ε
J+m +

(
μ + θ

√
J ′

√
ε

)
D∑

d=1

σε
md∂xd f

ε
J+m = 1

ε

(
B(uε)

J ′θ2
− f ε

J+m

)
, 1 ≤ m ≤ J ′,

uε(x, t) =
L∑

l=1

f ε
l (x, t).

(15)
In a compact form, the kinetic model reads as

∂t f
ε + Γ ε∂x f

ε = 1

ε
(M(uε) − f ε). (16)

In particular, for 1 ≤ l ≤ J :

Ml(u) = M̃l(u) + bl B(u), (17)

where bl ∈ R. On the other hand, for the last J ′ equations, we have

θl = θ ≥ 0, λl = μ ≥ 0, for l = 1, . . . , J ′ (18)

and {σε
d }Dd=1 are orthonormal vectors in {X ∈ R

J ′
s.t.

J ′∑

m=1

Xm = 0} =: H. From a numerical

point of view, the orthonormality automatically implies that the multi-dimensional problem
can be treated independently along each direction.

For the sake of completeness, we provide some concrete and specific examples of this
strategy, describing three models which can be applied in one and two space dimensions.
We will observe in the following subsections that all these proposed models satisfy the
monotonicity condition, as already observed in [7].

2.2.1 Diagonal Relaxation Model 1 (DRM1)

Let us first focus on the one-dimensional case, where we choose J = 2 and J ′ = 2. The
kinetic model reads as in (16), where

⎧
⎪⎪⎨

⎪⎪⎩

Γ ε = diag

(
λ1, λ2,− μ√

2
− θ√

ε
,

μ√
2

+ θ√
ε

)T

,

M(u) = 1

2

(
u + A(u)

λ1
− B(u)

θ2
, u + A(u)

λ2
− B(u)

θ2
,
B(u)

θ2
,
B(u)

θ2

)T

,

(19)

where λ1, λ2, θ , μ ∈ R. For the sake of notation, we set λ2 = −λ1 = λ > 0. Note that the
Maxwellian functions do not depend anymore on ε.

Let us suppose that for all u, A′(u) and B ′(u) have a basis of common eigenvectors,
denoting λk(U ) and θ2k (u) their respective eigenvalues for 1 ≤ k ≤ K (K is the number of
components of u in (1)) and let us assume that the eigenvalues of B ′ are real, then M is a
Monotone Maxwellian Function if

sup
u∈Ω

sup
1≤k≤K

|λk(u)|
λ

+ θ2k (u)

θ2
≤ 1, (20)
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which is a generalized subcharacteristic condition [7], retrieving the hyperbolic one [6, Propo-
sition 3.2] for θ = 0.

Let us consider now the two-dimensional model, in which J ′ ≥ D + 1 = 3, θ > 0,
μ ≥ 0. Let {σ (1), σ (2)} be orthonormal in H, then we consider the following velocities γ ε

ld ,
introduced in (5) for the general setting

γ ε
1 =

⎛

⎜⎝
λ1(−1, 0, 1)T(

μ + θ
√
J ′

√
ε

)
σ (1)

⎞

⎟⎠ , γ ε
2 =

⎛

⎜⎝
λ2(0,−1, 1)T(

μ + θ
√
J ′

√
ε

)
σ (2)

⎞

⎟⎠ , (21)

where λ2 = −λ1 = λ > 0. Let us consider the following Maxwellian functions:

M(u) = 1

3

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

u − 2
A1(u)

λ1
+ A2(u)

λ2

u + A1(u)

λ1
− 2

A2(u)

λ2

u + A1(u)

λ1
+ A2(u)

λ2
(0, . . . , 0)T

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

+ B(u)

θ2

⎛

⎜⎝
−1

3
(1, 1, 1)T

1

J ′ (1, . . . , 1)
T

⎞

⎟⎠ . (22)

In the scalar case (K = 1), the Maxwellian M: R → R
3+J ′

is a MMF if the following
condition is satisfied:

max
u∈I

(
2 A′

1

λ1
− A′

2

λ2
,− A′

1

λ1
+ 2 A′

2

λ2
,− A′

1

λ1
− A′

2

λ2

)
≤ 1 − B ′

θ2
, (23)

which is equivalent to the subcharacteristic condition presented in [6, Proposition 3.2], for
the hyperbolic case θ = 0 and B ≡ 0.

2.2.2 Diagonal Relaxation Model 2 (DRM2)

In this model, we consider the same structure as (DRM1) replacing −λ by λm and λ by λp .
In the one-dimensional case the kinetic model is given by (16), where now

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ ε = diag

(
λm, λp,− μ√

2
− θ√

ε
,

μ√
2

+ θ√
ε

)T

,

M1(u) = 1

λp − λm

(
λp

(
u − B(u)

θ2

)
− A(u)

)
,

M2(u) = 1

λp − λm

(
−λm

(
u − B(u)

θ2

)
+ A(u)

)
,

M3(u) = M4(u) = B(u)

2 θ2
.

(24)

Supposing without loss of generality that λm < λp , the Maxwellian M is a MMF if

λm

(
1 − B ′(u)

θ2

)
≤ A′(u) ≤ λp

(
1 − B ′(u)

θ2

)
, ∀ u ∈ Ω, (25)

which is readily satisfied under the hypothesis

1 − B ′(u)

θ2
> 0 ∀ u ∈ Ω. (26)
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This condition allows for a sharper approximation of A′ than (23), suggesting that the numer-
ical approximation could provide better results [7]. More specifically, we take

λm = inf
u∈Ω

A′(u)

1 − B ′(u)/θ2
, λp = sup

u∈Ω

A′(u)

1 − B ′(u)/θ2
, (27)

to guarantee the maximality of λm and the minimality of λp .

2.2.3 A 3 Velocities Model (OVM)

For the sake of completeness, we show another choice for the kinetic model, characterized
by orthogonal velocities and ε-dependent Maxwellians in (16) where

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ ε = diag (0, λ,−λ) ,

M1(ε, u) = u − B(u)

θ2
,

M2(ε, u) =
(
λ + θ√

ε

)

2
∣∣∣λ + θ√

ε

∣∣∣
2 A(u) + B(u)

2θ2
,

M3(ε, u) = −
(
λ + θ√

ε

)

2
∣∣∣λ + θ√

ε

∣∣∣
2 A(u) + B(u)

2θ2
.

(28)

In this case, if the equation (1) does not degenerate or for instance

B ′(u) ≥ |A′(u)| (29)

holds, then the monotonicity conditions are verified for ε small if θ2 > max B ′. Indeed, by
computing derivatives of Maxwellian functions, we obtain

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

M′
1(u) = 1 − B ′(u)

θ2
,

M′
2(u) = C(ε) A′(u) + B ′(u)

2θ2
,

M′
3(u) = −C(ε) A′(u) + B ′(u)

2θ2
,

(30)

where

C(ε) =
λ + θ√

ε

2
∣∣∣λ + θ√

ε

∣∣∣
2 . (31)

This implies that B ′(u) ≤ θ2 and

B ′(u)

θ2
≥ 2

∣∣C(ε)
∣∣ |A′(u)|. (32)

When the macroscopic equation (1) is degenerate, i.e. B ′(u) = 0 for some u ∈ Ω , then
Equation (32) cannot be satisfied. Conversely, if B ′(u) ≥ |A′(u)| and B ′(u) ≤ θ2, the
monotonicity conditions are ensured for sufficiently small ε.

Remark 1 It is important to observe that by approximating the original system (1) with a
kinetic model of the form (3), a modeling error is introduced and it is strictly ε-dependent, as
can be seen from the Chapman-Enskog expansion in Section 2.1. However, in any numerical
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approximation of this model, a nonzero value of ε must be taken. This choice is dictated by
the consistency of the numerical schemes with respect to the original problem.

2.3 Numerical Approximation

The main goal is to avoid splitting techniques to numerically solve (15) to obtain high order
approximation. Indeed, simple splitting techniques are inherently first order, while achieving
high order is much more complicated and introduces stability issues.
First, we introduce a phase space discretization using a discrete velocity model among the
ones introduced above, coupled with a finite volume scheme for the advection term. This
leads to a semidiscrete version of the system (3) of the form:

d f

dt
= Dε

t ( f ). (33)

In our setting, Dε
t is the semidiscrete operator given by

Dε
t ( f ) = −Φε( f ) + 1

ε
(M(u) − f ) , (34)

whereΦε is a suitable discretization of the convective derivative, as discussed in the remainder
of this section. This equation is characterized by the presence of two different time scales
(one governing the advection and the other governing collisions). To this aim, we propose a
projective integration scheme for the time discretization.

2.3.1 Velocity Discretization

Let us rewrite explicitly the semidiscrete problem (33) in the two dimensional version:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t f
ε
l + λl1∂x f

ε
l + λl2∂y f

ε
l = 1

ε

(Ml(u
ε) − f ε

l

)
, 1 ≤ l ≤ J ,

∂t f
ε
J+m+

(
μ√
2

+ θ√
ε

)
σ

(1)
J+m∂x f

ε
J+m

+
(

μ√
2

+ θ√
ε

)
σ

(2)
J+m∂y f

ε
J+m = 1

ε

(
B(uε)

2θ2
− f ε

J+m

)
, 1 ≤ m ≤ J ′

uε(x, t) =
J+J ′∑

l=1

f ε
l (x, t).

(35)
The Maxwellian function Ml for the l-th equation of the system is chosen as one of the
Maxwellian described in Section 2.2.

In a BGK approximation (3), the minimal number L of discrete velocities depends on
the spatial dimension of the problem. For the one-dimensional case we consider L = 4
(J = J ′ = 2) possible velocity directions, whereas for the two-dimensional case we set
L = 6 (J = J ′ = 3). It has been shown that increasing the number of discrete velocities L
does not provide better results in termsof accuracy [7] and since the computational complexity
for the numerical approximation of the relaxation system clearly depends on the number of
velocities, we will take those values L = 4 (in the 1D case) and L = 6 (in the 2D case) fixed
from now on.
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2.3.2 Spatial Discretization

The spatial discretization of Equation (35) is performed by treating the advection term alone.
Herewe detail the approximation for a second-order (and fourth-order) finite volume scheme,
but this can be easily extended to higher order methods. In particular, as we will observe in
Section 3.2, we need a central finite volume scheme for the approximation of the last J ′
equations.

Assuming a cartesian grid of the form [0, Xmax]×[0, Ymax] for the two-dimensional case,
we discretize by considering volumes of size Δx2 (we automatically assume that Xmax/Δx
and Ymax/Δx are integers). Since the kinetic formulations described above consist of decou-
pled equations along each direction, we restrict to a spatial discretization based on finite
volumemethod in the one-dimensional case, considering a spatially uniformgrid. The domain
[0, Xmax] is divided in I cells Ci = [xi−1/2, xi+1/2], where xi±1/2 = xi ± Δx/2 with con-
stant size Δx , over which the cell average of the solution is approximated. A numerical flux
function F is defined to approximate the flux at the interface xi+1/2 of each cell, such that
the semi-discretized system reads as

d fl,i (t)

dt
= − 1

Δx

[Fl,i+1/2(t) − Fl,i−1/2(t)
]
, i = 1, . . . , I l = 1, . . . , L. (36)

This provides an approximation fl,i for the cell average of fl in Ci , where the numerical flux
satisfies for the linear advection with constant velocity Γl

Fl,i+1/2(t) ≈ Γl fl,i+1/2(t), i = 1, . . . , I l = 1, . . . , L. (37)

For the first J equations we consider k-th order upwind scheme, to guarantee the consistency
of the scheme with the discrete BGK scheme (3). The numerical flux for a first order upwind
scheme could be defined as

Fl,i+1/2(t) =
{

Γl fl,i if Γl > 0,

Γl fl,i+1 if Γl < 0.
(38)

Higher order extension of upwind schemes are easily recovered (see for instance [51]). For
instance, a third order upwind biased scheme reads as

Fl,i+1/2(t) =

⎧
⎪⎨

⎪⎩

Γl
2 fl,i+1 + 3 fl,i − 6 fl,i−1 + fl,i−2

6
if Γl > 0,

Γl
−2 fl,i+2 + 6 fl,i+1 − 3 fl,i + fl,i−1

6
if Γl < 0,

(39)

for l = 1, . . . , J . The fourth order extension is given by the following expression

Fl,i+1/2(t) =

⎧
⎪⎨

⎪⎩

Γl
− fl,i+2 + 8 fl,i+1 − 8 fl,i−1 + fl,i−2

12
if Γl > 0,

Γl
fl,i+3 − 6 fl,i+2 + 18 fl,i+1 − 10 fl,i − 3 fl,i−1

12
if Γl < 0,

for l = 1, . . . , J .
The last J ′ equations are instead approximated using a centered numerical flux, in order

to guarantee the consistency of the scheme with the diffusive BGK scheme (3). The second-
order centered flux scheme is given by

Fl,i+1/2(t) = Γl
fl,i+1 + fl,i−1

2
, l = J + 1, . . . , L. (40)
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Fig. 1 Idea of Projective Integration method, as sketched in [34]. The numerical solution obtained by explicit
integration with small δt is quickly attracted to a slow manifold (solid curve). Then, the solution is projected
over a bigger time step Δt through a first order extrapolation

A fourth order extension for centered flux schemes is obtained by considering

Fl,i+1/2(t) = Γl
fl,i−2 − 8 fl,i−1 + 8 fl,i+1 − fl,i+2

12
l = J + 1, . . . , L.

Remark 2 The violation of a maximum principle for a centered flux scheme could lead to
unphysical oscillations, which may affect the accuracy in the approximation of the advection
equation. However, no additional limiting procedure is required, since the consistency in ε

of the kinetic approximation (3) with the advection-diffusion equation (1) quickly stabilizes
the oscillations as ε → 0, as already observed in [34].

3 Projective Integration

The main idea behind the construction of projective integration methods is to combine a few
small time steps of a naive (inner) time-stepping method, with a projective step (outer), in
which an extrapolation over a large time interval is performed. The idea is sketched in Fig.
1.

In [34], the authors show how the choice of an outer time step much larger than the inner
time step leads to a splitting of the stability region of the method in two circle-like connected
components. In that case, the projective integration parameters (magnitude of time steps,
number of inner time steps, …) can be taken in order to have all the fast eigenvalues in the
first stability region and all the slow (dominant) eigenvalues in the dominant stability region.

Since the main concern for the inner integrator is stability, a natural choice for the inner
step is to use a simple, explicit method, such as a forward Euler discretization. For the
outer integrator, a higher-order extension of the extrapolation step can be performed in the
Runge-Kutta fashion. The first order accuracy of the inner integrator contributes only an
O(ε) term to the overall error, while the leading error terms are determined by the outer
integrator. This approach yields a fully explicit, arbitrary order time integration method for
stiff systems, sharing important featureswith asymptotic-preserving schemes. Indeed, despite
the impossibility of evaluating the scheme for ε = 0, the computational cost of this method
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is independent from the stiffness of the problem. This implies that it is possible to solve
stiff problems without requiring restrictive CFL condition, as done in the series of papers
[2, 27, 28, 32, 34, 41] for different stiff kinetic equations. It is worth mentioning extensions
of projective integration schemes to problems with multiple time scales known as telescopic
projective integration schemes, andwe refer to [8, 21, 40]. The strategy is based on a hierarchy
of projective levels in which the extrapolation procedure is recursively repeated, in order to
construct a method with a computational complexity essentially independent of the stiffness
of the problem.

The idea is to use the same approach to numerically approximate the BGK approximation
(3) in the limit for ε → 0 with an asymptotic-preserving scheme.

Let us introduce the time step δt and let us consider the classical forward Euler method

f k+1 = Sδt ( f
k) = f k + δt Dε

t ( f
k) k = 0, 1, . . . , (41)

where Dε
t is given by (34). This is problematic for ε → 0, since the condition becomes

too restrictive and the spatial discretization in the kinetic space may lead unstabilities in the
macroscopic space.

When ε → 0, the system formally converges to a limiting equation for which every finite
volume scheme needs to satisfy a weaker stability restriction. The idea of projective integra-
tion schemes is to exploit the structure of the kinetic operator to accelerate the integration.

Let us now introduce step sizes δt and Δt , which represent the inner and the outer time
steps respectively. Then, the solution f (t) is approximated by f n,k at time t = nΔt + kδt .

Starting from a computed numerical solution f n at time tn = nΔt , one first takes K + 1
inner steps of size δt , using as inner integrator the forward Euler method in (41), obtaining

f n,k+1 = Sδt ( f
n,k) = f n,k + δt Dε

t ( f
n,k) k = 0, 1, . . . , K , (42)

where f n,0 = f n . The number K of inner time steps is one of the parameters to be determined.
Then, we approximate the time derivative of f , computing f n+1 via extrapolation in time.

The last two updates of (42), f n,K and f n,K+1 are used to project the solution forward

f n+1 = f n,K+1 + (Δt − (K + 1)δt)
f n,K+1 − f n,K

δt

= f n,K+1 + Mδt
f n,K+1 − f n,K

δt
,

(43)

in which we have defined the relative size of the extrapolation M as:

M = Δt

δt
− (K + 1). (44)

This method (43) is called projective forward Euler (PFE), due to the fact that the extrapo-
lation is performed using a first-order approximation of the derivative.

High-Order Projective Runge-Kutta Methods

It is possible to employ in principle any Runge-Kutta method as inner integrator, replacing
each time derivative evaluation in a classical Runge-Kutta method by K +1 steps of an inner
integrator, as discussed in [32]. However, the order of the scheme is dominated by the outer
integrator. The idea is to use a particular higher order extension of projective integration,
based on Runge-Kutta methods. Here, we briefly recall the construction of the projective
Runge-Kutta (PRK) method. Using the same coefficients introduced in Appendix A for
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Fig. 2 Idea of the Projective Runge-Kutta Integration method. The scheme first computes f n,K+1 through
(45), followed by an extrapolation which yields f n+cs ,0. Then, f n+cs ,K+1 is obtained applying a Runge-
Kutta-based approach (46), from which the final solution is recovered via (47)

classical Runge-Kutta methods, for an explicit S-stage PRK scheme, we compute the values
ks as

s = 1 :
⎧
⎨

⎩

f n,k+1 = f n,k + δt Dt ( f n,k) 0 ≤ k ≤ K ,

k1 = f n,K+1 − f n,K

δt
,

(45)

2 ≤ s ≤ S :

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

f n+cs ,0 = f n,K+1 + (csΔt − (K + 1)δt)
s−1∑

l=1

as,l
cs

kl ,

f n+cs ,k+1 = f n+cs ,k + δt Dt ( f
n+cs ,k) 0 ≤ k ≤ K ,

ks = f n+cs ,K+1 − f n+cs ,K

δt
,

(46)

where f n+cs ,k ≈ f (tn + csΔt + kδt), with as,l and cs the Runge-Kutta matrix and the
Runge-Kutta nodes, respectively. Finally, the numerical solution at time tn+1 is computed as

f n+1 = f n,K+1 + (Δt − (K + 1)δt)
S∑

s=1

bs ks, (47)

where bs are the Runge-Kutta weights. The explicit expression for the coefficients of the
Runge-Kutta schemes is given in the Appendix A. In Fig. 2 we sketch the idea of Projective
Runge-Kutta schemes for a second order case. Heuristically, each time derivative evaluation
ks is replaced by K + 1 steps of an inner integrator and a time derivative estimate. This
Runge-Kutta based formulation allows a higher order extension of the PFE method.

Remark 3 Despite the order of the scheme is usually dominated by the outer integrators,
when using higher order approximation for the outer integrator, it may be useful to introduce
high order schemes as inner integrator, too. For instance, a 5th order scheme with Δt = 0.01
has a consistency error which isO(10−10), thus the error is dominated by the inner integrator
whenever a first order approximation is used and ε > 10−10. A second order approximation
for the inner integrator typically removes issues of this kind.
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Remark 4 Avery recent and interesting approach is given in [29],where the authors prove that
all existing Projective Integration methods can be written as Runge–Kutta methods with an
extended Butcher tableau including many stages. This approach allows to use many tools for
stability and consistency analysis of the Runge-Kutta schemes in the framework of Projective
Integration.

3.1 Stability Analysis

Themain advantage of projective integration approach is its great speed up for problems with
large scale separation, but it is fundamental to estimate the spectrum of the inner integrator
for the equation to correctly identify the parameters of the PI (Δt , δt and K ) and guarantee
the stability of the scheme. The estimation of the spectrum for a general BGK operator in
the discrete kinetic approximation framework could be extremely hard. For this reason, we
propose here an analysis of the spectrum for a simplified setting, namely taking A(u) = u
and B(u) = u in (1) and the diagonal relaxation model (DRM1). The generalization of this
setting to nonlinear Maxwellians is still an open question and represents an interesting aspect
to investigate.

Let us consider the scalar BGK approximation in Equation (16) with a linear Maxwellian
in the form of (19)

Mλ,θ (u) =
(
u + u

λ
− u

θ2
, u − u

λ
− u

θ2
,

u

θ2
,

u

θ2

)
. (48)

We can rewrite the semidiscrete kinetic equation (34) in the Fourier (spatial) domain as

∂t f̂ (ξk) = K f̂ (ξk), K = 1

ε
(−εD + MP − I ) (49)

where f̂ ∈ R
4, I ∈ R

4×4 is the identity matrix, P ∈ R
4×4 is the orthogonal projection

matrix and M ∈ R
4×4 is given by

M = 1

2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 + 1

λ
− 1

θ2
0 0 0

0 1 − 1

λ
− 1

θ2
0 0

0 0
1

θ2
0

0 0 0
1

θ2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (50)

The advection matrix D ∈ R
4×4 can be written as

D =

⎛

⎜⎜⎜⎝

α + i β 0 0 0
0 α − i β 0 0
0 0 1√

ε
(ξ + i γ ) 0

0 0 0 1√
ε
(ξ − i γ )

⎞

⎟⎟⎟⎠ . (51)

Here D represents the Fourier matrix of the spatial discretisation chosen for the advection
term, and α, β are respectively the real and the imaginary part of the upwind approximation.
For instance, for the third order upwind scheme, we have

⎧
⎪⎨

⎪⎩

α = − |λ|
6Δx

(3 − 4 cos(ζ ) + cos(2ζ )) ,

β = − λ

6Δx
(8 sin(ζ ) − sin(2 ζ )).

(52)
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Analogously, ξ and γ are respectively the real and the imaginary part of the centered approx-
imation. For instance, for the fourth order central scheme, we have

⎧
⎨

⎩

ξ = 0,

γ =
(

μ√
2

+ θ√
ε

)
8 sin(ζ ) − sin(2 ζ )

6Δx
.

(53)

Let us define an auxiliary matrix A = −ε D + MP , such that K = ε−1(A − I ). Since
the matrix has the following structure

A = D + u eT , (54)

where e is the canonical vector inR4, we can use Sherman-Morrison formula to compute the
determinant χA [22], which is given by

χA(ζ ) =
4∏

i=1

(−εDi − ζ )

⎛

⎝1 + 1

4

4∑

j=1

Mj

−εDj − ζ

⎞

⎠ , (55)

where Di denotes the i-th diagonal entries of D and Mj denotes the j-th diagonal entries of
M .

Following [32], it is possible to localize the eigenvalues, by using Rouché’s Theorem. The
main differences here are given by the non-constant ε-dependency of the coefficients Dj and
the non-uniform structure of Mj .

Theorem 1 The spectrum of the matrix A satisfies

Sp(A) ⊂ D (
0,C

√
ε(|ξ | + |γ |)) ∪ {ζ(ε)} , (56)

where C is a constant depending on the entries of D, ξ and γ are defined in (51) and ζ(ε)

is the dominant eigenvalue.

For the sake of completeness we retrace the proof of Theorem 1 in the Appendix B,
extending the results in [32, Theorem 4.1]. As a consequence, the spectrum of K satisfies

Sp (K) ⊂
(
D

(
−1

ε
,C

1√
ε

(|ξ | + |γ |)
))

∪ {ζ(ε)} , (57)

where ζ is the dominant eigenvalue, whose explicit expression, in the case of the third order
upwind scheme (52) for the hyperbolic part and the fourth order centered scheme (53) for
the parabolic part, is given by

⎧
⎪⎨

⎪⎩

Re (ζ(ε)) =
(
1 − 1

θ2

)
α + O(ε),

Im (ζ(ε)) = β

λ
+ O(ε).

(58)

We first observe that the spectrum of K = ε−1 (A − I ) consists of two well separated
clusters for ε → 0 and its localization on the real axis is given by two contributions: the
dominant eigenvalue, whose real part isO(1), and the remaining eigenvalues, contained in a
region around −1/ε. This is consistent with the derivation of the spectrum eigenvalues for a
linearized BGK operator, as shown in [17].

Moreover, we assess our theoretical result by introducing a numerical approximation of
the spectrum, as done in [8].
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Fig. 3 Spectrum of the operator K for ε = 10−7

By introducing a finite volume approximation of the phase space and implementing, for
instance, the forward Euler time discretization of (33), the semidiscrete operator could be
rewritten as

G( f n,k) = F( f n,k) − f n,k

δt
, (59)

where F( f n,k) = f n,k+1. The functionG( f n,k) represents the discretization of the temporal
derivative, which, according to (33), gives us a discrete approximation of Dε

t . The Jacobian
of this operator and its eigenvalues can be now computed numerically, to obtain a numerical
approximation of the spectrum of our problem.

In Fig. 3 we show the spectrum of the operator for ε = 10−7 with a central difference
scheme for the parabolic terms, choosing δt = ε. Similarly to the spectrumof aBGKequation
in the diffusive scaling, here the imaginary part is governed by

√
ε, in accordance to (57).

In [20] it has been shown that the stability region of the PFE consists of the union of two
separated disks DPFE

1 ∪ DPFE
2 , where

DPFE
1 = D

(
1 − δt

Δt
,

δt

Δt

)
, DPFE

2

(
0,

(
δt

Δt

) 1
K
)

, (60)

and D(c, r) denotes the ball with center (c, 0) and radius r in the complex λ-plane. The
eigenvalues lying in DPFE

1 correspond to the slowly decaying modes, whereas the eigenval-
ues DPFE

2 correspond to the fast modes, quickly damped by the inner integrator. Since the
dominant set of eigenvalues is given byDPFE

1 , the approach of projective integration schemes
is to suitably choose the method parameters δt , Δt and K to allow for accurate integration
of the modes in DPFE

1 , while ensuring stability for the modes in DPFE
2 .

Let us recall that the Fourier transform of the inner forward Euler scheme is given by

F̂k+1 = (I + δtK) F̂k, (61)
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which means that the spectrum satisfies

Sp (I + δtK) =
(
D

(
1 − δt

ε
,C

δt√
ε

(|ξ | + |γ |)
))

∪ {1 + δt ζ(ε)} . (62)

From a heuristic standpoint, the stability of the method can be ensured by requiring that
the stability region defined in Equation (60) encompasses the spectrum derived in Equation
(62). In [32], it has been shown that the choice of stable parameters for the PFE guarantees
also the stability of high order projective integration methods, since the higher-order stability
domains include the PFE one. Thus, according to Theorem 1 , the spectrum (62) and the
stability region (60), we set the parameters for projective integration method as follows:

δt = ε, K ≥ 2. (63)

The Δt is chosen according to the diffusive CFL condition, namely Δt = CΔx2. In the
following we set

Δt ≤ Δx2

2θ2
. (64)

We refer to theAppendixC for a detailed description of the stability analysis of PRK schemes.

3.2 Consistency Analysis

The consistency analysis for our numerical method is performed again in the scalar one-
dimensional setting, following the derivation in [34]. For this purpose, we consider the
expression (8). The scheme is given by

f n+1 = Sδt f
n = f n + δt

(
−Φε( f n) + M(un) − f n

ε

)
, (65)

where Φε is the spatial discretization operator.
If we consider δt = ε (according to the stability condition) and a centered flux for the last

J ′ equations, the inner scheme is then reduced to the following expression

f n+1 = Sε f
n = M(un) − εΦε( f n). (66)

The corresponding density uN+1 at time t N+1 satisfies

uN+1 = uN ,K+1 + (Δt − (K + 1)ε)
uN ,K+1 − uN ,K

ε
, (67)

where K + 1 is the number of inner time steps taken to guarantee the stability of the method.
The truncation error could be defined for the macroscopic quantities as

EN+1 = ũN+1 − uN+1

Δt
, (68)

where ũN is the exact solution for u at time t N .
By considering the projective step, we can rewrite the truncation error as

EN+1 = ũN+1 − uN ,K+1

Δt
−

(
Δt − (K + 1)ε

Δt

)
uN ,K+1 − uN ,K

ε
. (69)

This means that the local truncation error of the projective scheme depends on its inner
integrator too. Thus, we introduce the local truncation error of the inner integrator related to
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the kinetic variable f as

eN ,k+1
f = f̃ N ,k+1 − f N ,k+1

δt
= f̃ N ,k+1 − f N ,k+1

ε
. (70)

We can rewrite both quantities in terms of their solution at time t N ,k . For f N ,k+1 we simply
use the expression of the inner integrator, which, in this case, is chosen as the Forward Euler
scheme

f N ,k+1 = Sε f
N ,k = M(uN ,k) − εΦε( f N ,k). (71)

The exact solution f̃ N ,k+1 is expanded through a Taylor series around t N ,k , using the kinetic
formulation of the model (3)

f̃ N ,k+1 = f̃ N ,k + ε∂t f̃
N ,k + O(ε2)

= f̃ N ,k − ε
(
Γ ∂x f̃

N ,k
)

+
(
M(ũN ,k) − f̃ N ,k

)
+ O(ε2)

= Sε( f̃
N ,k) + ε

(
Φε( f̃ N ,k) − Γ ∂x f̃

N ,k
)

+ O(ε2).

(72)

The third equality is obtained from adding and subtracting Φε( f̃ N ,k) to the expression and
using the forward Euler operator Sε.

This leads to

eN ,k+1
f = Sε(e

N ,k
f ) +

(
Φε( f̃ N ,k) − Γ ∂x f̃

N ,k
)

+ O(ε). (73)

By recursion, recalling that eN ,0 = 0, we can rewrite

eN ,K+1
f =

K∑

k=0

Skε
(
Φε( f̃ N ,K−k) − Γ ∂x f̃

N ,K−k
)

+ O((K + 1)ε). (74)

Let us split the expression as

eN ,K+1
f =

K∑

k=0

Skε

[
A( f̃ N ,K−k) −

J∑

j=1

λ j∂x f̃
N ,K−k

+
(

μ√
2

+ θ√
ε

)⎛

⎝B( f̃ N ,K−k) −
J ′∑

j=J+1

∂x f̃
N ,K−k

⎞

⎠
]

+ O((K + 1)ε), (75)

where A is the spatial upwind discretization operator corresponding to the hyperbolic term
and B is the spatial centered flux discretization operator corresponding to the parabolic term.

The difference inside the brackets in equation (75) precisely corresponds to sum of the
spatial discretization error related to the hyperbolic contribution and the one related to the
parabolic contribution. Unfortunately, if we compute directly the spatial truncation error
using a centered scheme for the parabolic terms, a termΔx2/

√
ε appears. Following the idea

of [34], let us estimate explicitly SεΔ f , where

Δ : f ε ∈ C∞
c

(
Ω × (0, T ); RL

)

→ A( f ε) −

J∑

j=1

λ j∂x f
ε

+
(

μ√
2

+ θ√
ε

)⎛

⎝B( f ε) −
J ′∑

j=J+1

sign(γ j )∂x f
ε

⎞

⎠ .
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For the sake of simplicity we also define the corresponding operators

ΔA : f ε ∈ C∞
c

(
Ω × (0, T ); RL

)

→ A( f ε) −

J∑

j=1

λ j∂x f
ε,

ΔB : f ε ∈ C∞
c

(
Ω × (0, T ); RL

)

→

(
μ√
2

+ θ√
ε

)⎛

⎝B( f ε) −
J ′∑

j=J+1

sign(γ j )∂x f
ε

⎞

⎠ .

Then, we can rewrite (66) as

Sε(Δ f ε) = M
(
∑

i

Δ f ε
i

)
− ε Φ Δ f ε, (76)

where we recall the linearity of the Maxwellian functions M. Consequently, we have

S2ε (Δ f ε) = M
(
∑

i

Δ f ε
i

)
−εM

(
∑

i

Φ Δ f ε
i

)
−εΦM

(
∑

i

Δ f ε
i

)
+ε2Φ2Δ f ε, (77)

which yields, for k ≥ 3

Skε (ΔΦ f ε) = M
(
∑

i

Δ f ε
i

)
− εM

(
∑

i

Φε Δ f ε
i

)
− εΦεM

(
∑

i

Δ f ε
i

)

+ε(k − 2)M
(

ΦεM
(
∑

i

Δ fi

))
+ O(ε2). (78)

Let us now compute the average value of Skε (Δ f ε). Please observe that the hyperbolic contri-
bution has a spatial truncation error given to the second order upwind approximation, which
corresponds to O(Δx2). In particular, we observe that

f ε
i = Mi (

∑

j

f ε
j ) + √

εgε
i , i = J + 1, . . . , J ′,

and that ΔB is odd in the velocity space.
For k = 0,

∑

i

Δ f ε
i =

J∑

j=1

ΔA f ε
j + √

ε

J ′∑

j=J+1

ΔBgε
j = O(Δx2), (79)

since ΔBgε
j = O(Δx2/

√
ε). For k = 1,

∑

i

Sε(Δ f ε
i ) =

J∑

j=1

ΔA f ε
j + √

ε

J ′∑

j=J+1

ΔBgε
j−ε

J∑

j=1

AΔA f ε
j −ε3/2

J ′∑

j=J+1

BΔBgε
j+O(ε2)

= O(Δx2) + εO(Δx2) + O(ε2).

More generally, for k ≥ 2, we obtain
∑

i

Skε (ΔB f ε
i ) = O(Δx2) + εO(Δx2) + O(ε2). (80)
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The last estimate together with Young’s inequality plugged in (75) leads to

eN ,K+1
i = O (

(K + 1)Δx2
) + O ((K + 1)ε) , ∀ K ≥ 1, (81)

where the contribution comes from (80). This implies that

EN+1 =
ũN+1 − uN ,K+1 + ε

∑

i

eN ,K+1
i

Δt
−

(
1 − (K + 1)

ε

Δt

) ũN ,K+1 − ũN ,K

ε

−
(
1 − (K + 1)

ε

Δt

)∑

i

(
eN ,K+1
i − eN ,K

i

)

=
(
1 − (K + 1)

ε

Δt

)
∂t u(t N ,K+1) + O(Δt) + εO

(
Δx2 + ε

Δt

)

−
(
1 − (K + 1)

ε

Δt

)
∂t u(t N ,K+1) + O(ε)

+ O(Δx2) + O(ε) + O
(

ε Δx2

Δt

)
+ O

(
ε2

Δt

)
.

(82)

In conclusion, we summarize the above results on consistency of the method:

Theorem 2 The PFE scheme with second order upwind flux for fi with i = 1, . . . , J and
centered flux for f j with j = J + 1, . . . , L is consistent with (3) at order 1 in ε and, as
ε → 0, the limiting scheme is consistent at order 1 in time and 2 in space with (1), namely

EN = O(ε) + O(Δt) + O(Δx2) + O
(

ε2

Δt

)
ε→0→ O(Δt) + O(Δx2). (83)

In the limit ε → 0, following the diffusive CFL condition Δt = O(Δx2) we get

EN = O(Δx2). (84)

Remark 5 The extension of this consistency analysis to PRK schemes can be performed by
reformulating them as Runge-Kutta schemes [29] and observing that a PRK scheme trivially
satisfies RK conditions.

4 Numerical Simulations

In all our numerical simulations, the BGK applied is the DRM1 (19) or the DRM2 (24).
We set θ = λ and μ = √

2λ unless otherwise mentioned. For the spatial discretization we
employ a 4th order upwind scheme combined with a 4th order centered scheme, and for the
time discretization we use a PRK4 method, unless otherwise mentioned.

Since the convergence is proven to be O(
√

ε), the smaller is ε taken, the better approxi-
mation is obtained. For this reason, we set ε = 10−7 in all our numerical simulations.

4.1 Order of Convergence: Linear Diffusion Equation

The test for the order of convergence is first performed for the DRM1 kinetic model by
considering the linear diffusion problem [52]

∂t u = ξ∂xxu, (85)
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Fig. 4 Spatial order of convergence for the 3rd order scheme (on the left) and the 4th order scheme (on the
right) for different norms, using the linear diffusion equation (85). On each plot the solid lines represent the
numerical error whereas the dotted line shows the expected error

where ξ = 10−2 and the initial condition is u0, on (0, T )×Ω = (0, T )×[0, 1]. In particular,
we consider as initial condition

u0(x) = 1 + 0.01 exp

(
− (x − 0.5)2

δ2

)
, (86)

where δ = 0.1 and with periodic boundary conditions. We compare the numerical solution
with the exact solution

u(x, t) = 1 + 0.01

√
δ2

δ2 + 4ξ t
exp

(
− (x − 0.5)2

δ2 + 4ξ t

)
. (87)

We first test the spatial order of convergence, where the time step is taken equal toΔt = 10−7

and δt = ε = 10−10. With this choice, we are able to study the decrease of the error with
respect to the spatial step sizeΔx (since the truncation error due to the temporal discretization
becomes negligible). In Fig 4we compare the order of convergence in L1, L2 and L∞ norm of
the 3rd order scheme and 4th order scheme, plotting the computed error against the expected
error in log-log scale. The truncation error behaves asO(Δx3) andO(Δx4), respectively, for
large Δx , until a plateau is reached. Indeed, for small values of Δx , the contribution of the
inner integratorO(ε) becomes dominant. This is clearly seen in the 4th order approximation,
where the error does not decrease more than 10−10, which corresponds to ε in this test case.

The temporal order of projective integration method is proven using a different approach.
Indeed, since we have to satisfy the diffusive CFL condition Δt = O(Δx2), the contribution
of the spatial discretization error is dominant. Our idea is based on Richardson extrapolation
[29, 50], where two solution computed with different time step Δt

k , for k ∈ N are compared.

Assuming a time discretization of order p, the solution un+1
Δt/k is deviating from the exact

solution un+1∗ of the semidiscrete system (34) according to

un+1
Δt/k = un+1∗ + k Cn

(
Δt

k

)p+1

+ O (
Δt p+2) , (88)

where Cn is the error constant. Therefore, we can rewrite the solution un+1∗ as

un+1∗ = un+1
Δt − 2pun+1

Δt/2

1 − 2p
, (89)
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Fig. 5 Temporal order of convergence for the PRK3 (on the left) and the PRK4 (on the right) for different
norms, using the linear diffusion equation (85). On each plot the solid lines represent the numerical error
whereas the dotted line shows the expected error

from which we obtain an estimation of un+1
Δt − un+1∗ in terms of un+1

Δt − un+1
Δt/2, namely

un+1
Δt − un+1∗ =

2p
(
un+1

Δt − un+1
Δt/2

)

2p − 1
. (90)

Since to compute the order of convergence we are interested in the ratio between two “con-
secutive" errors, i.e. errors computed with Δt/k and Δt/(2k), we can give the following
definition of the relative error for a general norm at time T

eΔt = ||uΔt (T ) − uΔt/2(T )||. (91)

One observes that the truncation error behaves as expected and the results are depicted in Fig.
5, where plot the slope of the expected error n log-log scale. In this case, as for the spatial
discretization error, the truncation error reaches a plateau, since the contribution of the inner
integrator O(ε) becomes dominant.

4.2 Order of Convergence: Advection-Diffusion Equation

Following again [52], we propose a test for the advection-diffusion equation with constant
velocity c

∂t u + c∂xu = ∂xxu, (92)

with the same initial condition as (86). The choice for the discretization parameters is anal-
ogous to the previous test. Setting c = 10, we reproduce the same test case, where now the
solution is advected with a positive velocity. We first test again the spatial order of conver-
gence, in the same setting of the previous case. In Fig. 6 we compare again the order of
convergence in L1, L2 and L∞ norm of the 3rd order and 4th order schemes, plotting the
computed error against the expected error in log-log scale.

The temporal order of convergence is tested again using the definition in (91). In Fig. 7
we report the slope of the expected error in log-log scale. Differently from the previous test,
the plateau is not reached here, since the spatial or the temporal error is dominant compared
to the contribution of the inner integrator O(ε).
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Fig. 6 Spatial order of convergence for the 3rd order scheme (on the left) and the 4th order scheme (on the
right) for different norms, using the advection-diffusion equation (85). On each plot the solid lines represent
the numerical error whereas the dotted line shows the expected error

Fig. 7 Temporal order of convergence for the PRK3 (on the left) and the PRK4 (on the right) for different
norms, using the advection-diffusion equation (85). On each plot the solid lines represent the numerical error
whereas the dotted line shows the expected error

4.3 Testing the Speedup: TheViscous LWR Equation

Let us consider the viscous LWR equation

∂t u + ∂x

(
u − u2

2

)
= ξ∂xx u, (93)

where ξ assumed different values. We consider the following initial condition, as in [19]

u0(x) = 0.6 + 0.25 sin(2π x), (94)

in the domain [0, 1] with periodic boundary conditions and we set the final time T = 0.13.
The discretization is performed using Δx = 5 · 10−3 and Δt according to the diffusive CFL
condition (64). The projective integration parameters are δt = ε and K = 2, where ε = 10−7

from now on. In Fig. 8 we report the solution for ξ = 10−2 and ξ = 10−3. Let us now test the
speedup of the numerical approximation for this test case. From a theoretical point of view,
if we assume that the overhead due to extrapolation is negligible and time stepping with the
innermost integrator is computationally most demanding, the speedup can be computed as
[8, 21, 40]

SPI = Δt

δt(K + 1)
, (95)
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Table 1 CPU time (in seconds)
and improvement factor

ε CPU time (s) Improvement factor

Direct Projective Integration Real Theoretical

10−5 1.51 0.89 1.69 1.70

10−7 152 0.94 162 171

Table 2 Comparison between the
performance of PFE and first
order IMEX scheme

ε CPU time (s)

Projective Integration IMEX Scheme

10−5 0.89 0.73

10−7 0.94 0.62

Fig. 8 Numerical approximation of the viscous LWR equation for two different values of ξ , respectively
ξ = 10−2 (on the left) and ξ = 10−3 (on the right)

that is the ratio of the total number of naive forward Euler time steps within one outermost
time step over the number of real innermost steps in the method. In Table 1 we report the
CPU time of the projective integration method, compared to the classical explicit integration.
When ε → 0, the projective integration approach becomesmuchmore efficient than the direct
integration. We compare the theoretical improvement factor (95) with the real improvement
factor computed as the ratio between the CPU times.

Moreover, in Table 2 we compare a PFE method with a first order IMEX scheme for
stiff BGK equation proposed in [48]. The numerical scheme based on projective integration
method exhibits a computational cost of the same order of the IMEX approach (although
slightly slower) and it proves to be asymptotic preserving with respect to ε. The great advan-
tage of the projective integration approach is that high order extension though a PRK scheme
(45)-(46) is easily constructed.

4.4 TheViscous Burgers’ Equation

Let us consider the viscous Burgers’ equation

∂t u + ∂x

(
1

2
u2

)
= ξ∂xx u, (96)
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Fig. 9 Comparison of 1st order
and 4th order approximation of
the “steady shock” solution to the
viscous Burgers’ equation (97)
with Δx = 3 · 10−3

where ξ = 10−3. We first test our method for the “steady shock” whose exact solution is
given by [9, 53]

u(x) = −2 ξ

δ
tanh ((x − 0.5) /δ) , (97)

where δ = 0.01. In Fig. 9 we show the results obtained as numerical approximation with
schemes of different order. The discretization is performed with step size Δx = 3 · 10−3

and Δt is chosen according to the diffusive CFL condition (64). The projective integration
parameters are chosen as δt = ε and K = 2 projective levels. Despite the scheme is not
steady-state preserving by construction as in [10], compared to first-order approximation,
fourth order PRK4 scheme is able to reduce numerical dissipation errors, well capturing the
steady state. The simulation has a perfect agreement with [53].

4.5 TheViscous Burgers’ Equation with Strongly Degenerate Diffusion

Let us consider the Burgers equation

∂t u + ∂x (u
2) = ξ∂x (ν(u)∂xu) , (98)

with strongly degenerate diffusion

ν(u) =
{
0, |u| ≤ 0.25,

1, |u| > 0.25,
(99)

and the following initial condition

u0(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1, if − 1√
2

− 0.4 ≤ x ≤ − 1√
2

+ 0.4,

−1, if
1√
2

− 0.4 ≤ x ≤ 1√
2

+ 0.4,

0, otherwise.

(100)

We set ξ = 0.1 and the discretization parameters are chosen Δx = 0.015, δt = ε= 10−7,
K = 2 andΔt chosen according to the CFL condition (64). In Fig. 10 we show the numerical
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Fig. 10 Numerical approximation
of the viscous Burgers’ equation
compared with the inviscid
solution at final time T = 0.7
with Δx = 0.015 and ξ = 0.1

results at final time T = 0.7, compared with the inviscid case (ξ = 0). This test shows the
ability of the scheme to deal with strong degenerate diffusions.

4.6 The Two-Dimensional Viscous Burgers’ Equation

We propose here an extension of (98) to higher dimensions. Let us focus on the 2D viscous
Burgers’ equation, explicitly written as

∂t u + ∂x
(
u2

) + ∂y
(
u2

) = ξ∂x (ν(u)∂xu) + ξ∂y
(
ν(u)∂yu

)
, (101)

again with ξ = 0.1 and strongly degenerate diffusion (99) and initial condition

u0(x, y) =

⎧
⎪⎨

⎪⎩

−1 if (x − 0.5)2 + (y − 0.5)2 ≤ 0.16,

1 if (x + 0.5)2 + (y + 0.5)2 ≤ 0.16,

0 otherwise.

(102)

The projective integration parameters are K = 2, δt = ε and Δt = 0.8Δx2. The spatial
discretization is obtained using Δx = Δy = 0.03 in the domain [−1.5, 1.5] × [−1.5, 1.5].
The simulation in Fig. 11 shows the good approximation with PRK4 scheme, in which the
diffusion only acts for |u| > 0.25, dealing also in the two-dimensional case with the strongly
degenerate parabolic term.We underline again that a great advantage of discrete kinetic BGK
approximation is its feasibility of easily extending the strategy to the multidimensional case
without increasing the complexity of the structure of system (3).

4.7 A Three-Phase FlowModel

Let us consider the following three phase flow model introduced in the paper of Karlsen
et al. [26] and approximated also in [7] to validate the relaxation scheme. It consists of one
dimensional systemof advection-diffusion equationsmodeling amulti-phase flow in a porous
medium, which reads as follows

{
∂t u + ∂x f (u) = ξ∂xx B(u),

∂tv + ∂x g(u, v) = ξ∂xx B(v),
(103)
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Fig. 11 Numerical approximation of the two-dimensional viscous Burgers’ equation: initial condition (left)
and final solution at time t = 0.5 (right) with Δx = Δy = 0.03 and ξ = 0.1

with initial condition given by

(u0(x), v0(x)) =
{

(0.4, 0.6), if x < 1,

(0, 0), otherwise.
(104)

The variables u and v represent the phase saturations (gas and water, respectively), which
evolves according to different dynamics. Indeed, the decoupling between the gas phase and
the other phase is a reasonable assumption [26] and the flux function ( f (u), g(u, v)) is given
by ⎧

⎪⎪⎨

⎪⎪⎩

f (u) = u2

u2 + (1 − u)2/10
,

g(u, v) = (1 − u)2 + u2/10

10u2 + (1 − u)2
f (v),

(105)

and the diffusion function is chosen such that

B ′(w) = 4w (1 − w). (106)

The choice of this particular diffusion function is due to the possibility of reproducing the
shape of reservoir models. Moreover, we set the scaling factor ξ = 0.1 and the relaxation
parameter ε = 10−7. In Fig. 12 we show the numerical results for Δx = 0.005 in [0, 2.5].
The projective integration parameters are chosen as δt = ε and Δt = CΔx2, with K = 2
projective levels. The results are in perfect agreement with the one shown in [7]. We observe
that the choice of a 4th order scheme leads to a less diffusive approximation of the solution,
as expected.

We also perform a comparison between DRM1 and DRM2 models, as shown in Fig. 13
with a zoom on the shock. For Δx = 0.05 the approximation given by the DRM2 model
is less dissipative, since the choice of λ1 �= −λ2 improves the kinetic approximation of the
original system. Nevertheless, using Δx = 0.0125, we observe that the two approximations
gives equivalent results.
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Fig. 12 Numerical approximation of the Buckley-Leverett equation with diffusion for the two phase satura-
tions: gas (in blue) and water (in orange). The evolution of the solution computed with Δx = 0.005 is shown
for two different time frames: t = 0.1 (top) and t = 0.5 (bottom)

Fig. 13 Comparison between the DRM1 (circles) and the DRM2 (crosses) model close to the shock for the
Buckley Leverett equation (103) for Δx = 0.05 (on the left) and Δx = 0.0125 (on the right)

123



68 Page 30 of 40 Journal of Scientific Computing (2026) 107 :68

4.8 A Three-Phase FlowModel with Gravitational Effect

We consider again the advection-diffusion Buckley-Leverett equation of the same form

∂t u + ∂x f (u) = ξ∂xx B(u), (107)

where now the flux function is given by

f (u) = u2

u2 + a (1 − u)2
(1 − g (1 − u)2), (108)

where a is the ratio of the viscosities of the two fluids and g is the gravitational effect. In this
test the parabolic term has the form

B(u) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, if u < 0,

ξ

(
2u2 − 4

3
u3

)
if 0 ≤ u ≤ 1,

2

3
ξ if u > 1.

(109)

Following [30], we set the following initial condition

u0(x) =

⎧
⎪⎨

⎪⎩

0, if 0 ≤ x ≤ 1 − 1√
2
,

1, if
1√
2

< x ≤ 1.
(110)

We propose some numerical simulations for different values of g. We set the scaling factor
ξ = 0.01 and the relaxation parameter ε = 10−7. The spatial numerical grid is chosen
Δx = 0.01 in [0, 1] and the projective integration parameters are δt = ε, K = 2 and Δt
chosen according to the CFL condition (64). In Fig. 14 and Fig. 15 we observe the results
for g = 0 and g = 5 respectively at time t = 0.05 and t = 0.1.

4.9 A Two-Dimensional Three-PhaseModel

As last example, we consider the two-dimensional Buckley-Leverett equation with diffusion,
of the form

∂t u + ∂x f1(u) + ∂y f2(u) = ξ
(
∂2xxu + ∂2yyu

)
, (111)

where the scaling factor ξ = 0.01 and the flux functions are

f1(u) = u2

u2 + (1 − u)2
, f2(u) = f1(u)

(
1 − 5(1 − u)2

)
. (112)

The initial condition is given by

u(x, y, 0) =
{
1, if x2 + y2 < 0.5,

0 otherwise.
(113)

The domain is [−1.5, 1.5] × [−1.5, 1.5] and the spatial discretization is obtained taking
Δx = Δy = 0.015. The parameters for the projective integration method are the same as
before, namely δt = ε, Δt = CΔx2 and K = 2, where C = 0.4. Since this simulation has a
discontinuous initial condition in two dimensions which may lead to oscillatory behavior, we
employ a CWENO3 approximation for the hyperbolic variables, following the scheme [36].
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Fig. 14 Numerical approximation of the Buckley-Leverett with diffusion (109) with g = 0 at two different
times t = 0.05 and t = 0.1

Fig. 15 Numerical approximation of the Buckley-Leverett with diffusion (109) with g = 5 at two different
times t = 0.05 and t = 0.1

The results at time t = 0.5 agree with the ones of [31]. We underline again that the advantage
of using relaxation schemes relies on their easily extensibility to the multi-dimensional case,
without increasing the complexity of the numerical scheme. (See Figure 16).
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Fig. 16 Numerical approximation of the Buckley-Leverett with diffusion (111) at final time t = 0.5 with
Δx = Δy = 0.015

5 Conclusion

In this paper, we have proposed an explicit arbitrary high-order scheme for the solution of
discrete kinetic approximations of advection-diffusion equations. Indeed, the stiffness due to
the presence of a relaxation operator could be treated with a projective integration approach,
in order to avoid implicit time integration.We have analysed the spectrumof the discrete BGK
approximation, to identify stable parameters for the projective integration scheme. Several
numerical simulations in one and two spatial dimensions have been proposed, and the order
of accuracy has been validated along with the computation of the speed up, compared to
other methods.

The idea of using projective integration methods for discrete kinetic approximation could
be easily extended to other types of equations (e.g. incompressible Navier-Stokes equation
[14, 15] or moment models [27, 28]). Indeed, relaxation schemes have a deep connection
with lattice Boltzmann Methods (LBM), see for instance [4, 5, 23, 53]. In a very recent
paper, the theory of discrete kinetic BGK approximation of hyperbolic problems has been
used to prove monotonicity properties for the LBM with overrelaxation [4]. This approach
could be extended to the case of possibly degenerate parabolic equations and the computa-
tional performance of LBM could be compared (or coupled) with the projective integration
approach.

Appendix A Runge-Kutta Methods

In Section 3 we have presented a higher order extension of projective integration schemes
based on Runge-Kutta (RK) methods. Let us recall the main properties of RK methods. We
consider an explicit S-stage RK method for a general equation of the form

y′ = f (t, y), y(t0) = y0. (114)

Let us consider a time step discretization given by Δt , then we have

{
f n+cs = f n + Δt

∑s−1
l=1 as,lkl ,

ks = f
(
tn + cs Δt, f n+cs

)
,

1 ≤ s ≤ S. (115)
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The matrix A = (as,l)Ss,l=1 is the so-called Runge-Kutta matrix, the vector b = (bs)Ss=1

and c = (cs)Ss=1 are the Runge-Kutta weights and the Runge-Kutta nodes, respectively. The
weights bs and cs are chosen to ensure consistency of the method, requiring 0 ≤ bs ≤ 1 and
0 ≤ cs ≤ 1 and

S∑

s=1

bs = 1,
S−1∑

s=1

as,l = cs, 1 ≤ s ≤ S. (116)

Here we represent the Bucther’s tableaux used in this paper, where we first recall the general
form:

c A

bT

Now, we give detailed expressions of the Runge-Kutta tableaux for the third and the fourth
order methods.

– Third-order SSP Runge-Kutta

0
1 1
1/2 1/4 1/4

1/6 1/6 2/3

– Classical fourth-order Runge-Kutta method

0
1/2 1/2
1/2 0 1/2
1 0 0 1

1/6 1/3 1/3 1/6

Appendix B Stability of the Inner Integrators

In this section we prove the result on the spectrum of the inner integrator, partially retracing
the proof in [32]. The main difference are the non-constant ε-dependent coefficient in front
of the entries Dj and the values of the Maxwellians Mj .

Theorem 1 The spectrum of the matrix A defined in Section 3.1 satisfies

Sp(A) ⊂ D (
0,C

√
ε(|ξ | + |γ |)) ∪ {ζ(ε)} , (117)

where C is a constant depending on the entries of D, ξ and γ are defined in (51) and ζ(ε)

is the dominant eigenvalue.

Proof In the first step we use Rouché’s Theorem to localize the eigenvalues, whereas in the
second step we give the explicit asymptotic expansion for the dominant eigenvalue. We have
obtained the following expression for the characteristic polynomial of A,

χA(ζ ) =
4∏

i=1

(−εDi − ζ )

⎛

⎝1 − 1

4

4∑

j=1

Mj

ζ − εDj

⎞

⎠ . (118)
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The expression for the characteristic polynomial of matrixA0 := D + P is given instead by

χA0(ζ ) =
4∏

i=1

(−εDi − ζ )

⎛

⎝1 − 1

4

4∑

j=1

1

ζ − εDj

⎞

⎠ . (119)

The idea is to study the behavior of the rational function

F : ζ → χA(ζ ) − χA0(ζ )

χA0(ζ )
= −

1

4

4∑

j=1

(Mj − 1)
1

ζ − εDj

1 − 1

4

4∑

j=1

1

ζ − εDj

(120)

and to observe the regions containing eigenvalues of A0 for which |F(ζ )| < 1.
Here, we just point out some aspects of the computation which differ from the original

one.

– Let us first consider the dominant eigenvalue ofA0, restricting the analysis to the region
parametrized by Ω1 := {

1 + ε r eiθ , θ ∈ [0, 2π)
}
, performing a Taylor expansion of

1

1 + ε r eiθ − ε Dj
in terms of ε:

1

1 + ε r eiθ − ε Dj
= 1 +

(
ε Dj − ε r eiθ

)
+ O(ε2).

We observe that
4∑

j=1

(Mj − 1) = 0. (121)

The rational function F could be expanded as

F(1 + ε r ei θ ) = −

1

4

4∑

j=1

(Mj − 1) Dj + O(ε)

r ei θ − 1

4

4∑

j=1

Dj + O(ε)

. (122)

Thus, choosing r >
1

4

∣∣∣∣∣∣

∑

j

D j

∣∣∣∣∣∣
+ 1

2

∣∣∣∣∣∣

∑

j

D j (Mj − 1)

∣∣∣∣∣∣
, we ensure that |F(ζ )| < 1/2+

O(ε). From Rouché’s Theorem, in Ω1 (around ζ = 1), χA and χA0 have the same
number of zeroes, which means that A have only one eigenvalue in Ω1.

– We focus now on the remaining eigenvalues, by considering the region around ζ = 0,
which contains the “fast” eigenvalues of A0. Then, we restrict the analysis to the region

Ω2 := {
εr ei θ , θ ∈ [0, 2π)

}
and we perform a Taylor expansion of

1

r ei θ − Dj
in terms

of 1/r :
1

r ei θ − Dj
= e−iθ

r
+ Dj e−i 2 θ

r2
+ O

(
1

r3

)
.
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Using again (121), the rational function F could be now expanded as

F(ε r ei θ ) = −

1

4

4∑

j=1

(Mj − 1) Dj
e−i 2 θ

r2
+ O

(
1

r3

)

4ε − e−i θ

r
+ O

(
1

r2

)

= −e−i θ

r

1

4

4∑

j=1

(Mj − 1) Dj + O
(
1

r

)

4ε r ei θ − 1 + O
(
1

r

) .

We finally perform a Taylor expansion in terms of ε, to obtain

F(ε r ei θ ) = e−i θ

r

1

4

4∑

j=1

(Mj − 1) Dj + O(ε). (123)

Again, choosing r >
1

2

∣∣∣∣∣∣

∑

j

D j

∣∣∣∣∣∣
+ 1, we ensure the inequality |F(ζ )| < 1/2 and we

conclude using Rouché’s Theorem that inΩ2 (around ζ = 0), χA and χA0 have the same
number of zeroes, which means that A have J − 1 eigenvalues in Ω2.

In the second step we give an asymptotic expression for the largest eigenvalue in terms of
ε. We start from the expression of χA given in (118). If ζ(ε) is a root of χA, it holds

χ̃A(ζ ) := 1 − 1

4

4∑

j=1

Mj

ζ − ε Dj
= 0. (124)

Let us consider an expression of ζ in terms of its real coordinates, namely

ζ(ε) = x(ε) + i y(ε) (125)

and let us consider the asymptotic expansion of x(ε) an y(ε) in terms of ε:

x(ε) = x0 + ε x1 + ε2 x2 + O(ε3), y(ε) = y0 + ε y1 + ε2 y2 + O(ε3).

We plug these expansions in (124) and we perform a Taylor series expansion in terms of ε.
Since ζ(ε) is a root for χ̃A, all the coefficients of equal power in ε must vanish. For the zeroth
order term we have

1 − 1

4

4∑

j=1

Mj

x0 + i y0
= 0, (126)

which, since
∑

j (Mj − 1) = 0 implies

x0
x20 + y20

= 1 − y0
x20 + y20

= 0,

namely x0 = 1 and y0 = 0. Let us now determine the terms of order ε, using

1

4

4∑

j=1

Mj
[
(x1 + i y1) + Dj

] = 0,
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which implies

x1 =
(
1 − 1

θ2

)
α + 1

θ2
√

ε
ξ, y1 = 1

λ
β.

Finally, let us consider the second order terms in ε2

1

4

4∑

j=1

Mj

[
(x1 + i y1)

2 + 2 D2
j + 4(x1 + i y1) Dj − 2(x2 + i y2)

]
= 0,

for which we obtain

x2 = 2(x21 − y21 ) + 2

(
1 − 1

θ2

)
(α2 − β2) + 2

εθ2
(ξ2 − γ 2),

y2 = 4x1 y1 + 2
1

λ
α β.

��

Appendix C Stability of Higher Order Projective Integration

Let us recall here the stability properties of the projective Runge-Kutta methods. In order to
compute the linear stability regions, the Dahlquist equation is introduced

ẏ = λ y, Re(λ) < 0, (127)

whose general solution does not blow up in time. Introducing a general inner integrator for
this equation

yk+1 = τ(λδt)yk , (128)

we call τ(λδt) the amplification factor of the inner integrator. Applying explicit time inte-
gration to equation (127), we observe that

yk+1 = τ k+1 y0, (129)

which means that the inner integrator is linearly stable if |τ | ≤ 1. In the case of forward Euler
integrator, we have τ(λδt) = 1 + λ δt . The goal of this section is to determine the values of
τ for which the projective integration method is also stable. Let us first focus on projective
Forward-Euler method applied to (127), which can be written as

yn+1 = σ(τ,Δt, δt, K ) yn, (130)

where the amplification factor σ is given by

σ PFE(τ,Δt, δt, K ) =
[(

Δt − (K + 1) δt

δt
+ 1

)
τ − Δt − (K + 1)δt

δt

]
τ k . (131)

The PFE method is stable if |σ PFE(τ,Δt, δt, K )| ≤ 1. The main goal of introducing a
projective integration approach is to use a time step Δt = O(Δxγ ). In the limit ε → 0 for
fixed Δx , we look at the limiting stability regions as Δt/δt → ∞. In [20] it has been shown
that the values τ satisfying (131) lie in the union of two separated disksDPFE

1 ∪DPFE
2 , where

DPFE
1 = D

(
1 − δt

Δt
,

δt

Δt

)
, DPFE

2

(
0,

(
δt

Δt

) 1
K
)

, (132)
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(a) (b) (c)

Fig. 17 Stability region for higher order projective integrators in the complex hλ-plane for Δt/δt = 10

and D(c, r) denotes the ball with center (c, 0) and radius r in the complex λ-plane.
For higher order projective Runge-Kutta (PRK) schemes, it is possible to give an explicit

expression of the amplification factor, applying the integrator to Equation (127). For the sake
of simplicity, we introduce

M = Δt − (K + 1)δt

δt
, and Ms = cs Δt − (K + 1)δt

δt
, (133)

where cs are the RK nodes. We also denote byA = (as,l)Ss=1 and b = (bs)Ss=1 the RKmatrix
and the RK weights for a general S-stage Runge-Kutta method. Then, for an explicit PRK
method, we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

k1 = κ1(τ )yn = τ K+1 − τ K

δt
yn,

ks = κs(τ )yn = τ K+1 − τ K

δt

(
τ K+1 + (Ms δt)

s−1∑

l=1

as,l
cs

κl

)
yn, 2 ≤ s ≤ S,

yn+1 = σ(τ) yn =
(

τ K+1 + (M δt)
S∑

s=1

bs κs

)
yn .

(134)
The following result on the stability of higher order projective Runge-Kutta methods holds.

Theorem 3 ([32], Theorem 3.2) Assume the inner integrator is stable, i.e. |τ | ≤ 1 and δt ,Δt
and K are chosen such that the projective forward Euler method is stable. Then, a projective
Runge-Kutta method is also stable if it satisfies the following assumption

S∑

s=1

bs = 1,
S−1∑

s=1

as,l = cs, 1 ≤ s ≤ S, (135)

with 0 ≤ bs, cs ≤ 1 and the convexity condition

0 ≤ as,l ≤ cs, ∀ 1 ≤ l ≤ s, ∀ 1 ≤ s ≤ S. (136)

In Fig. 17-18we show the stability regions of projectiveRunge-Kutta schemes for different
values of δt/Δt and K . The main feature, as proven in Theorem 3, is that the qualitative
dependence of higher order PRK methods on the parameters is equivalent to those of PFE.
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(a) (b) (c)

Fig. 18 Stability region for higher order projective integrators in the complex hλ-plane for Δt/δt = 25
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