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Weakly Kihler hyperbolic manifolds and the
Green—Griffiths—Lang conjecture

By Francesco Bei at Rome, Simone Diverio at Rome, Philippe Eyssidieux at Grenoble and
Stefano Trapani at Rome

In loving memory of Jean-Pierre Demailly

Abstract. We introduce the notion of weakly Kihler hyperbolic manifold which gener-
alizes that of Kéhler hyperbolic manifold given in the early 1990s by M. Gromov, and establish
its basic features. We then investigate its spectral properties and show a spectral gap result (on
a suitable modification). As applications, we prove that weakly Kihler hyperbolic manifolds
are of general type and we study the geometry of their subvarieties and entire curves, verify-
ing — among other things — various aspects of the Lang and the Green—Griffiths conjectures for
this class of manifolds.

1. Introduction

Ran the year 1991 when M. Gromov introduced, in one of his seminal papers [37], the
concept of Kihler hyperbolic manifold. These are compact Kéhler manifolds endowed with
a Kéhler form whose pull-back to the universal cover not only is d-exact, but also has a prim-
itive which is bounded. Gromov showed in that paper several beautiful and highly non-trivial
properties for such a manifold X, among which we find in order: the vanishing of L?-Hodge
numbers h‘é’;] (X) for p + g # dim X and their non-vanishing for p + ¢ = dim X, the con-
sequent non-vanishing for the Euler characteristic of the sheaves of holomorphic p-forms as
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well as for the topological Euler characteristic, the bigness of their canonical bundle (and hence
their projectivity, by Moishezon’s theorem), and stated their Kobayashi hyperbolicity.

Since then, a quite huge amount of literature has been written in connection and around
the notion of Kéhler hyperbolicity; just to cite very few, we find [16, 20, 24, 35,41,42, 46,49,
53-55].

Here we focus on a variation around the notion of Kihler hyperbolicity, especially in con-
nection with Kobayashi hyperbolicity and distribution of entire curves, which naturally arose
in trying to answer the following question raised in [13]. Kihler hyperbolic manifolds form a
remarkable class of Kobayashi hyperbolic projective manifolds, and Lang’s conjecture predicts
that these should be of general type together with all of their subvarieties (regardless of whether
they are singular or not). Given that general typeness of Kihler hyperbolic manifolds and their
smooth subvarieties is already contained in [37], does it hold true for singular subvarieties
as well?

Answering this question requires to prove the vanishing/non-vanishing of the L?-Hodge
numbers as above, but this time for a desingularization of a singular subvariety of a Kéhler
hyperbolic manifold. In this case the Kéhler hyperbolic metric is pulled-back and so it is no
longer positive everywhere, but it degenerates along some exceptional locus (cf. Definition 2.2
of semi-Kihler hyperbolic manifold, introduced in [35]). Especially, we loose completeness,
which is particularly annoying in L2-Hodge theory.

We introduce, more generally, the notion of weakly Kihler hyperbolic manifold (cf. Def-
inition 2.3, where we allow the cohomology class to be merely big and nef instead of Kihler).
To some extent, the definition of Kihler hyperbolicity can be seen as an incarnation of neg-
ative (holomorphic sectional) curvature. Thus, morally, a weakly Kihler hyperbolic manifold
should be thought as “non-positively curved” and “negatively curved” in a Zariski dense open
set which corresponds to the locus where the big and nef cohomology class is Kéhler (in a
precise sense, cf. Section 2.5).

It turns out that we still can prove the spectral gap, vanishing and non-vanishing theorems
in this general situation (cf. (i) of Theorem 3.1 and (ii) of Theorem 3.1), but the price to pay
is that these are obtained after passing to a suitable modification of the given weakly Kihler
hyperbolic manifold.

We collect these results in the following statement.

Theorem A (Spectral gap for weakly Kéhler hyperbolic manifolds). Let M be a weakly
Kdihler hyperbolic manifold of complex dimension m. There exist a modification v: M’ — M
and a Kéihler form w on M' such that 0 is not in the spectrum of the L? 9-Laplacian Aj, 2.0 of
the Kéihler universal cover of (M’, w) for all0 < p < m — 1, and moreover Aé,m,o has closed
range and non-trivial (infinite-dimensional indeed) kernel.

While the general strategy to establish such a spectral gap result dates back to the works
[35,37], several quite recent and deep technologies in Kéihler geometry are needed to achieve
the proof, such as the theory of complex Monge—Ampere equations in big cohomology classes
developed in [14].

All in all, we will see that this gives in particular that a weakly Kihler hyperbolic mani-
fold admits a modification which is of general type, and hence it is of general type itself.
Thus, this provides a confirmation of Lang’s conjecture for Kihler hyperbolic manifolds (cf.
Theorem 4.5).
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Theorem B (Lang’s conjecture for Kéhler hyperbolic manifolds). Let M be a Kdhler
hyperbolic manifold. Then M is Kobayashi hyperbolic and given any X C M, a possibly sin-
gular closed subvariety, we have that any desingularization X — X is of general type, i.e. X is

of general type.

We saw that weakly Kihler hyperbolic manifolds are of general type. On the one hand,
as such, the Green—Griffiths conjecture predicts that there should exists a proper subvariety
containing the image of every entire curve. On the other hand, if a compact Hermitian mani-
fold of non-positive holomorphic sectional curvature admits an entire curve (with bounded
derivative), then it must totally geodesically land following the directions where the curvature
is zero [44]. Therefore, pursuing the philosophical parallel between weakly Kihler hyper-
bolicity and (semi)negative holomorphic sectional curvature, we show that entire curves in
a weakly Kihler hyperbolic manifold have to sit in the non-Kihler locus of the cohomology
classes which provide weakly Kéhler hyperbolicity, which is always a proper subvariety, see
Theorem 4.4.

Theorem C (Green—Griffiths’ conjecture for weakly Kéhler hyperbolic manifolds). Let
M be a weakly Kdihler hyperbolic manifold. Then there exists a proper subvariety Z & M
which contains the image of all entire curves traced in M .

This locus thus morally encodes the flat directions in our manifold, and the algebraic
degeneracy of entire curves is proved by coupling Ahlfors’ currents with a sort of linear
isoperimetric inequality which holomorphic discs must satisfy thanks to the weakly Kéhler
hyperbolicity assumption.

Let us finally point out that, even if we are unfortunately not able for the moment to pro-
duce examples of weakly Kéhler hyperbolic manifolds which are not semi-Kéhler hyperbolic
(see Remark 2.14), Theorems A and C are completely new even in the semi-Kihler hyperbolic
setting (except for Theorem A in dimension 2, see [35]), which is already a broad and very
natural generalization of Kdhler hyperbolicity. Moreover, the semi-K#hler hyperbolic setting is
the minimal one needed in order to treat singular subvarieties of Kéhler hyperbolic manifolds,
and hence to prove Theorem B.

Last but not least, our definition of weakly Kihler hyperbolic manifolds seems to be
the most general possible in order to make the so-called Vafa—Witten trick work to get the
non-vanishing in L?-cohomology, and this is one reason why we believe it is the right one to
consider in this context.

Acknowledgement. We warmly thank Benoit Claudon for pointing out reference [1].

2. Background material, basic definitions and properties, and examples

In this section we first of all recall the classical notion of Kéhler hyperbolicity, and then
consider a new weaker notion which we shall call weakly Kdhler hyperbolicity which is better
suited and perhaps more natural to consider from the point of view of birational geometry.

We shall provide examples and basic properties, and then recall some basic facts in spec-
tral theory, Kobayashi hyperbolicity, special loci of cohomology classes on compact Kéhler
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manifolds, Ahlfors currents, and pluripotential theory in order to make more reader friendly
and self-contained the rest of the paper.

2.1. Kihler hyperbolic and weakly Kéhler hyperbolic manifolds: Definitions and
first properties. We begin by recalling the original definition of K&hler hyperbolic manifolds
due to Gromov. Let (M, w) be a compact connected Kéhler manifold and 7: (1\2 ,0) > (M, w)
its Kdhler universal cover, so that 7*w := @.

Definition 2.1 ([37]). The manifold M is said to be Kdhler hyperbolic if it carries
a Kihler metric w such that there exists on M a l-form « in such a way that @ = do and
||z is bounded on M.

A natural corresponding notion in the framework of birational geometry was considered
in [35] (see also [46]), and is the following.

Definition 2.2. Given areal closed (1, 1)-form © on M such that u is non-negative and
moreover strictly positive on a nonempty Zariski open set, one says that (M, w) is semi-Kdhler
hyperbolic if there exists a 1-form « on M such that i := 7*u = da and |«|g is bounded
on M.

Note that the boundedness of the primitive does not depend on the particular Kéhler
metric w that we fix on M since they are all quasi-isometric.
More generally, we introduce the following variant:

Definition 2.3. A compact Kdhler manifold M is weakly Kdihler hyperbolic if there
exists a closed real (1, 1)-form . whose cohomology class [u] € H!(M,R) is big and nef
and such that there exists on M a 1-form « with i := 7*u = do and ||z is bounded on M.

We shall recall in Section 2.5 the notion of big and nef cohomology classes.

Remark 2.4. These three notions depend only on the cohomology class of the consid-
ered (1, 1)-form, for any other representative differs by an exact 1-form on M, whose pull-back
to M is bounded in L°° norm, since M compact.

Next, given a compact Kéhler manifold M, call Wy, the positive convex cone of all big
and nef cohomology classes [11] € H'1(X,R) which can be represented by a smooth form p
as in Definition 2.3. Sometimes, by a slight abuse of notation, we shall say that a smooth
closed real (1, 1)-form p belongs to Wy, if its cohomology class [it] does. Clearly, such an M
is weakly Kéhler hyperbolic if and only if Wys # @.

Remark 2.5. The property of being Kéhler hyperbolic is easily seen to be inherited
by all smooth closed irreducible submanifolds. More generally, the properties of being semi-
Kéhler hyperbolic and weakly Kéhler hyperbolic are inherited by smooth closed irreducible
submanifolds too, provided

* they intersect non-trivially the locus where p is positive definite in the former case,
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* the top power of the restriction to the given subvariety of some class in Wy is strictly
positive in the latter case. This is because the restriction of a nef class stays nef, and a nef
class is big if and only if the integral of its top power is positive (cf. Section 2.5).

Next, the above notions of Kéhler hyperbolicity are preserved under finite étale coverings.
More precisely we have.

Proposition 2.6. Let v: M — M bea finite étale cover. Then M is Kdhler hyperbolic
(resp. weakly Kdhler hyperbolic) if and only if M is so.

Proof. If M satisfies one of the above Kéhler hyperbolicity properties, it is immediate
by pulling-back via v that M satisfies the same property.

Conversely, let H < 71(M) be the subgroup of finite index which corresponds to the
covering v: M — M. The group 71(M) acts on the set of, say, left cosets w1 (M )/H by per-
mutation. Then we have a group homomorphism 7y (M) — &(wy(M)/H) from 1 (M) to the
finite group of permutations of 71 (M)/H . Tt is straightforward to verify that its kernel N is a
normal subgroup of 71 (M) of finite index and contained in H. Correspondlng to N we thus
have a finite Galois étale cover p: M — M which factorizes through M. By the first part, M
satisfies the same Kéhler hyperbolicity properties of M . But now, the average under the deck
transformation group of p: M — M of any form p € Wy, gives a non-zero invariant form
which descends to a form in ‘Wjy. It is immediate to see that this form is Kéhler if u is, and we
are done. ]

The mere fact that the Kéhler form becomes exact after pulling-back to the universal
cover implies that the manifold has large fundamental group in the sense of Kollar [46, Sec-
tion 4.1]. We will see later on that in the weaker context of weakly Kéhler hyperbolicity one
can say that M has generically large fundamental group (still in the sense of Kollar [46]).

Here is another remarkable property of the fundamental group of a weakly Kéhler hyper-
bolic manifold.

Proposition 2.7. The fundamental group of a weakly Kdhler hyperbolic manifold M is
not amenable. In particular, it has exponential growth for any finite system of generators and
can be neither virtually abelian nor virtually nilpotent.

Proof. If the fundamental group of M were amenable, then the pull-back morphism
H>(M) — Hé (M ), where the H /l3 (1\2 )’s are the de Rham cohomology groups based on dif-
ferential forms « such that & and do are uniformly bounded, would be injective thanks to
[3, Proposition]. But this is impossible since any . € Wy, gives a non-zero class in H2(M)
which pulls-back to zero in H é(]VI ). m]

Weakly Kiahler hyperbolic manifolds do satisfy the following linear isoperimetric inequal-
ity (cf. the proof of Corollary 2.18 for an analogue inequality for holomorphic discs in the
stronger Kéhler hyperbolic setting).

Proposition 2.8. Let M be a weakly Kdihler hyperbolic manifold, g any Riemannian
metric on M, and consider the Riemannian universal cover w:(M,n*g) — (M, g). Then
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there exists a constant C > 0 such that for any bounded domain with C' boundary Q C M
we have the following linear isoperimetric inequality

Volumey+g(2) < C Areazg+g(0S2).

Proof. Let u € Wyy and let « be a bounded real 1-form such that 7*u = da. Then the
(2n — 1)-form B := a A 7* ! satisfies dB = w*u”, and it is bounded.
Given any Riemannian metric g on M, normalize it in such a way that

/dvolg:/ w".
M M

As [, w-H 2n(M,R) — R is an isomorphism, it follows that there exists a smooth (21 — 1)-form
non M such that dvolg —p” = dn. Therefore, 7* dvol, = d(*n + B) has a bounded prim-
itive, say

|7*n + Blarg = C.

This means that for any vy, ..., v2,—1 € Ty;, one has
|(T*n + B)Y(wi1 A= Avap—1)| S Clug A+ A vap—i|r*g,

and therefore, it follows using Stokes’ formula that for every relatively compact domain with
C!'-boundary  C M one has

Volumey+g(2) < C Areazg+g(0S2). m|

As a corollary, we immediately get a spectral gap type result for the Laplace—Beltrami
operator (with respect to any Riemannian metric coming from the base) on the universal cover
of a weakly Kihler hyperbolic manifold (see Theorem 3.1 for more spectral properties of
weakly Kdhler hyperbolic manifolds).

Corollary 2.9. Let M be a weakly Kihler hyperbolic manifold, with universal cover
w:M — M, and let g be any Riemannian metric on M. Then zero is not in the spectrum of
the Laplace—Beltrami operator of (M, w* g).

Proof. Replacing a Riemannian metric g by a positive multiple ¢ g, has the effect of
rescaling the corresponding Laplace—Beltrami operator by % Thus, we can suppose that g
is normalized as in the proposition above, since the rescaling does not change the presence
of zero in the spectrum. The corollary then follows from Cheeger’s inequality [23] (see also
[22, Theorem VI.1.2]). O

2.1.1. Examples. Letus mention here several examples to clarify which kind of objects
we are concretely working with.

Example 2.10 (Dimension one). For X a compact Riemann surface, weakly Kéhler
hyperbolicity is equivalent to Kihler hyperbolicity, and they are in turn both equivalent to the
classical hyperbolicity of X.

Indeed, if (X, u) is weakly Kihler hyperbolic, we have [y > 0 and thus there exists
a Kihler form @ cohomologous to p. Therefore, (X, w) is Kdhler hyperbolic by Remark 2.4.
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On the other hand, Kéhler hyperbolic implies Kobayashi hyperbolic (see Corollary 2.18),
which in turns implies negative curvature, which give us back Kihler hyperbolicity (see next
example).

Example 2.11 (Kihler hyperbolic manifolds). Examples of Kéhler hyperbolic mani-
folds are given for instance by

» compact Kihler manifolds homotopically equivalent to a Riemannian manifold with
negative Riemannian sectional curvature [24, Theorem 3.1 and Lemma 3.2].

» compact Hermitian locally symmetric spaces of non-compact type [5, Proposition 8.6
and subsequent page].

» smooth closed submanifolds of Kihler hyperbolic manifolds, by Remark 2.5.
 products of Kéhler hyperbolic manifolds.

» compact Kihler manifolds admitting a finite map to a Kéhler manifold ¥ carrying a Kihler
metric with a bounded primitive on the universal covering space (cf. Lemma 2.28). This
includes quotients of bounded symmetric domains by non-necessarily cocompact torsion
free discrete subgroups.

* compact Kihler manifolds admitting a finite map to g p the moduli stack of genus g
abelian varieties with a given polarization type P or to Mg ,, cf. [54] (see Remark 2.12).

Remark 2.12. There is also a non-compact version of Kihler hyperbolicity considered
for instance in [54], where it is shown that the moduli space of Riemann surfaces is Kéhler
hyperbolic. We hope to reconsider this further notion in a future paper, especially in connection
with the logarithmic version of Lang’s conjecture.

Example 2.13 (Semi-Kéihler hyperbolic manifolds). The main examples we have in
mind are given by compact Kéhler manifolds admitting a generically finite morphism to a Kéhler
hyperbolic manifold (see Proposition 2.29). In particular, explicit examples are given by

¢ the blow-up of a Kihler hyperbolic manifold along a smooth center.
* any resolution of singularities of a (singular) subvariety of a Kédhler hyperbolic manifold.

» compact Kdhler manifolds admitting a generically finite map to a Kdhler manifold Y
carrying a Kéhler metric with a bounded primitive on the universal covering space (cf.
again Lemma 2.28). As before, this includes quotients of bounded symmetric domains
by non-necessarily cocompact torsion free discrete subgroups.

* compact Kihler manifolds admitting a generically finite map to g _p the moduli stack
of genus g abelian varieties with a given polarization type P or to Mg 5.

Observe that manifolds in the first explicit class above are semi-Kéhler hyperbolic but never
Kihler hyperbolic as soon as their dimension is greater than one, since they always contain
rational curves in the exceptional divisor.

One of our main results will be to show that a weakly Kdhler hyperbolic manifold is of
general type (and hence projective, being both Moishezon and Kéhler). Hence any compact
complex manifold whose Kodaira dimension is not maximal gives an example of something
which is not weakly Kéhler hyperbolic.
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Remark 2.14. Unfortunately, we do not dispose at the moment of examples of weakly
Kéhler hyperbolic manifolds which are not semi—Kéhler hyperbolic. These would be urgently
needed, if any.

Summing up, the picture is:

Kihler hyperbolic semi-Kihler hyperbolic

ﬂ

weakly Kéhler hyperbolic.

—
<=NOT:

2.2. Basics on spectral theory and Atiyah L2 theory. We start this subsection by
recalling some basic spectral theory of the Hodge—Kodaira Laplacian. Let (N, /) be a complex
manifold of complex dimension n endowed with a complete Hermitian metric 7. We denote
with

Op.q: QPA(N) — QPITI(N)

the Dolbeault operator acting on (p, g)-forms and with
3,.q : QPITL(N) > QPA(N)

its formal adjoint with respect to the metric /.
The Hodge—Kodaira Laplacian acting on (p, g)-forms, denoted here with

A :QPA(N) — QPY(N),

9,p.4

is defined as ~ 3 3 .
A3,p.q = Op.q ©9p.a T Opg—1°0p41-
Let L2QP9(N, h) be the Hilbert space of (p,q)-forms with measurable coefficients u such

that

()2 = [l dvoly < oc,

where dvoly, stands for the volume form corresponding to 4 and, with a little abuse of notations,
we have still used 4 to denote the Hermitian metric induced by & on AP4(N). Tt is well
known that QZ°7(N), the space of smooth (p, g)-forms with compact support, is dense in
L2QP4(N, h).

We now look at

2.1) Aé,p,q

:L2QP9(N,h) — L*QP4(N, h)

as an unbounded, closable and densely defined operator defined on 22°¢(N). A well known
result says that (2.1) is essentially self-adjoint, see, e.g., [10, Proposition 12.2]. Since (2.1) is
formally self-adjoint this is equivalent to saying that (2.1) admits a unique closed extension.
Henceforth with a little abuse of notation we still denote with

2.2) A=

3.p.q: L2QPUN, h) — L2QPY(N, h)

the unique closed (and hence self-adjoint) extension of (2.1). Since (N, &) is complete, (2.2) is
nothing but

0,4 0 0p.q + Opg—1 00, g_1: L2QPU(N, h) — L2QP4(N, h).
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Here 3
0pq: L>QPA(N, h) — L*QP4Y(N, h)

and
Op.g—1: L2QP 9" Y(N, h) — L*QP9(N, h)

are the unique closed extensions of
0p.g: QPA(N) — QPITI(N),

and 3
Op.g—1: Qg’q_l(N) — QPI(N)

respectively, and
—*
0pq4: L?QPIY (N h) — L*QP(N. h)

and
0, g1 L2QP4(N. h) — L2QP1"Y(N, h)

are the corresponding adjoints. Note that since the manifold i is assumed to be complete, the

map 6 4 1s the unique closed extension of the formal adjoint 6 4- 1t follows immediately that
in LZQP “4(N, h) we have

ker(As = )= ker(ap )N ker(ap q—1)- im(Ajz " q) = 1rn(ap g—1) @ 1m( q)

0,D.4

and the following L2-Hodge—Kodaira orthogonal decomposition holds true:

L2QP4(N,h) ~ ker(As ) @ im(0p 4— l)eaun( q)

0,D.4

Now we continue this section by recalling the definition and the basic properties of the
L?-Hodge numbers. We introduce only what is strictly necessary for our scopes with no goal of
completeness. We invite the reader to consult the seminal paper of Atiyah [2] for more on this.
Moreover, for an in-depth treatment of this topic we refer to [S1] whereas quick introductions
can be found in [46], [52] and [59].

Let (M, h) be a compact Hermitian manifold of complex dimension m. Let r: M—>M
be a Galois covering of M and let h := 7*h be the pull-back metric on M. Let T be the group
of deck transformations acting on M,T x M — M. We recall that I is a discrete group acting
fiberwise on M and such that the action is transitive on each fiber and properly discontinuous.
In particular, we have M /T = M. An open subset A C M is a fundamental domain of the
action of " on M if

° M = UyeF V(Z)7
* y1(A) N y2(A) = 0 for every yy1, y2 € I' with y; # ya,
A\ A has zero measure.

It is not difficult to show that, in the sense of tensor product of Hilbert spaces, it holds
L2QPA(M ., h) ~ L*T ® L>QP9(A, h|4) =~ L*T ® L*>QP9 (M, h).

Moreover, it is clear that I" acts on L*>QP4 (M , E) by isometries. Let us consider a I'-module
V C L?*QP49(M,h), that is, a closed subspace of L?Q7-4(M , h) which is invariant under the
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action of I'. If {n;};enN is an orthonormal basis for V, then the following (possibly infinite)

real number
Z / |r]] dvoly

jeN
is well-defined, that is, it does depend neither upon the choice of the orthonormal basis of 1/
nor on the choice of the fundamental domain of the action of I on M, see, e.g., [2]. The von
Neumann dimension of a I'-module V is thus defined as

dimp(V) := Z/ |n]|~dvolh,

JEN

where {7, }jeN is any orthonormal basis for V and A is any fundamental domain for the action
of "'on M.
Since the Hodge—Kodaira Laplacian

A5pq

L2QPA(M, h) — L2QP(M, h)

commutes with the action of I', a natural and important example of I'-module with finite

I'-dimension is provided by ker(Aj . q) the space of L2-harmonic (p, ¢)-forms on (M, h),

for each p,qg = 0,...,m, cf. [2]. The L?-Hodge numbers of (M, h) with respect to a Galois

I'-covering m: M — M endowed with the pull-back metric h := n*h are then defined as
h{z)qr 5(M) := dimr (ker(A , ).

We point out that #2727 ).T. 5(M) are non-negative real numbers independent on the choice of the

Hermitian metric h on M. We recall now a deep result which is nothing but the celebrated

Atiyah L2-index theorem applied to a compact complex manifold (see [2]).

Theorem 2.15. Let (M, h) be a compact complex Hermitian manifold of complex di-
mension m. Let 7 : M — M be a Galois T - -covering of M and let I := 7*h be the pull-back
metric on M. Then for any fixed p € {0, ..., m} we have

Yo (=D)TRPA(M) = Z( DTRT (M),

q=0

Finally, we conclude this section with a remark about the notation. In the case of a com-
pact Kihler manifold (M, h) we will simply denote with h‘(pz)q (M) the L2-Hodge numbers

of M with respect to its universal covering.

2.3. Kobayashi hyperbolicity, manifolds of general type and Lang’s conjecture. We
refer the reader to [45] for a omni-comprehensive account of Kobayashi hyperbolicity. Let X be
a complex manifold, or more generally a complex space. One can define a pseudodistance dy
on X as the largest among those pseudodistances d with the property p(a, b) > d( f(a), f (b)),
where p is the Poincaré distance on the complex unit disc D for all holomorphic map f: D — X
andalla,b € D.

Definition 2.16. The pseudodistance dy is called Kobayashi pseudodistance, and the
manifold X is said to be Kobayashi hyperbolic if dy is a genuine distance, i.e., it separates
points.
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More generally, given a closed (in the Euclidean topology) subset F' C X, we say that
X is Kobayashi hyperbolic modulo F if for every pair of distinct points p,q of X we have
dx (p,q) > 0 unless both are contained in F.

From the very definition, we immediately see that being Kobayashi hyperbolic is an
hereditary property for complex subspaces of a Kobayashi hyperbolic complex space. When X
is moreover compact, Kobayashi hyperbolicity turns out to be equivalent to Brody hyperbol-
icity, namely X is Kobayashi hyperbolic if and only if it does not admit any entire curve, i.e.,
a non-constant holomorphic map f:C — X. More generally, if X is hyperbolic modulo F,
then any entire curve must land into F'; conversely, if X is compact then for each x € X we
have that

Fy:={yeX|dx(x,y) =0}

is a connected set and, if Fx # {x}, then there exists an entire curve whose image is inside Fy.

When X is a smooth projective manifold (or, more generally, a compact Kihler manifold)
the analytic property of being Kobayashi hyperbolic is expected to be completely characterized
by the following algebraic property: X is of general type together with all of its subvarieties.
This is the content of Lang’s conjecture [47, Conjecture 5.6].

Recall that a smooth compact complex manifold X is said to be of general type if its
canonical bundle K is big, i.e., the growth of the dimension of the space of pluricanonical
sections is the largest possible h%(X, K }‘?m ) ~ m3mX ‘When X is singular, by definition, it is
of general type if it admits a desingularization of general type.

The direction of Lang’s conjecture which state that Kobayashi hyperbolic manifolds are
of general type together with their subvarieties has been verified in some particular cases
besides the trivial case of curves, among which we mention

(i) compact Kidhler surfaces (this follows from bimeromorphic classification, plus the non-
hyperbolicity of K3s).

(i) compact Kihler manifolds with negative holomorphic sectional curvature [39,64,66,67].
(iii) compact, free quotients of bounded domains 2 C C”, see [13, 16, 18].

(iv) generic projective hypersurfaces of high degree, and consequently generic projective
complete intersections of high multi-degree [15, 25, 30,32,34,56-58, 62,63, 65, 68].

(v) Consider a compact Kdhler manifold X whose fundamental group has a semi-simple
representation p: 7w1(X) — GL(N, C) such that, for all positive-dimensional irreducible
subvarieties Z C X (including X itself), ,o(m(Z)) is an infinite group with a semi-
simple real Zariski closure, where Zisa desingularization of Z. It follows from the ideas
of [71] (see [69] and [19, Proposition 3.14]) that in this situation we can infer that X is
Kobayashi hyperbolic and all its subvarieties are of general type. In the case p underlies
a C-VHS, these real Zariski closures are automatically semi-simple.

The other direction can be seen as a consequence of [47, Conjecture 5.5], which Lang
attributes to Green and Griffiths, which states that in a projective manifold of general type
the Zariski closure of the image on an entire curve must be a proper subvariety. There is also
a stronger variant of this conjecture, which predicts that in a projective manifold of general
type there should exists a proper subvariety containing the image of every entire curve. Even
stronger, one might ask [45, Conjecture 4, p.80] if a projective manifold of general type is
hyperbolic modulo a proper algebraic subvariety, which should be the union of its subvarieties
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which are nor of general type. We shall see some results in this directions in Section 4.2,
especially in connection with null and non-Kéhler loci (cf. Section 2.5).

Next, let us mention the following beautiful characterization of Kobayashi hyperbolic
compact complex manifolds.

Theorem 2.17 ([33]). A compact complex manifold is Kobayashi hyperbolic if and only
if any “holomorphic disc” in X satisfies a linear isoperimetric inequality."

This means that there exists a real constant C > 0 such that given any holomorphic map
f:D — X which is say continuously differentiable up to the boundary, we have

Area(D) < C Length(dD),

with respect to some (hence any, by compactness, by properly modifying the constant C)
Hermitian metric on X.

Using this theorem, it is almost immediate to prove Kobayashi hyperbolicity of Kéhler
hyperbolic manifolds.

Corollary 2.18 (cf. [24,37]). Suppose X is a Kdhler hyperbolic manifold. Then X is
Kobayashi hyperbolic.

Proof. Let f:D — X be a holomorphic disc as above and w a Kéhler form such that
n*w = da, where 7: X — X is the universal cover and |e|z+, < C. Take any holomorphic
lifting f:ID — X and observe that

Areaw(]D))=/l;)f*a)=/D(nof)*w

= [ Frae= [ Ja
D oD
< C Length, (dD),

since ||a||z*» < C implies precisely that for any v € T§; one has
|f*a@)] = Clfs@)laro = Clas(fs@)lo = Clfe(®)o. D

Lang’s conjecture would then predict that a Kéhler hyperbolic manifold X should be
of general type together with all of its subvarieties. One of the main theorems in [37] asserts
that a Kihler hyperbolic manifold is indeed of general type. In particular, X is Moishezon and
Kéhler so that it is projective algebraic by Moishezon’s theorem. But then, since X cannot
posses any rational curve, e.g., by Kéahler hyperbolicity, its canonical bundle Ky is ample
([27, Exercise 8, p.219], see also [24]). Also, all its closed smooth submanifolds are of general
type, being again Kihler hyperbolic (cf. Remark 2.5), and with ample canonical bundle.

As announced in the introduction, in Section 4.2 we shall see that also singular subvari-
eties of a Kéhler hyperbolic manifold are of general type, thus establishing Lang’s conjecture
for this class of Kobayashi hyperbolic manifolds, answering a question raised in [13].

D" As also mentioned in J. Duval’s paper, an analogous statement was also independently proved by Bruce
Kleiner in an unpublished work.
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2.4. Ahlfors’ currents. Morally speaking, Ahlfors’ currents provide a way to perform
intersection theory with certain non-compact objects, namely entire curves on compact Kéhler
manifolds.

Let f:C — (X,w) be such an entire curve, dim X = n. For any smooth (1, 1)-form

¥ e QUL(X), let -
e = [ 5[

where D; C C is the disc of radius 7. For r > 0, consider the positive current ®, of bidimen-
sion (1, 1) given by

Tf,r (W)

Tf,r (a)) .

The family {®; },~¢ is bounded, and so we certainly have an accumulation point ® which is
a positive current. One important fact is that we can always choose such a limit current (which
is by no means unique) to be in addition closed (see for instance [17, Lemme 0]). One can see
that this amounts to proving that

Ve @ (Y) =

.. Sgr(w)
lim inf =0
r—>+oo Tf,r ()

’

where . J
t
$10(@) = [ Lo La(t) = Lenght, @D))
0

We shall call an increasing diverging sequence {r¢ jxen such that ®,, converges to a
closed limit an admissible sequence. For such a sequence we certainly have

im0 (@)

=0.
re—>+o00 Trp, (@)

A closed positive current which arises in this way is called an Ahlfors current associated to
f:C — (X, w). It can be thought as a “current of integration along f(C)”.

Given an Ahlfors current ®, its cohomology class [®] € H"~1"~1 (X, R) satisfies a basic
intersection inequality which will be crucial for our applications.

Proposition 2.19 ([17, Lemme 1]). LetY C X be an irreducible closed analytic hyper-
surface such that f(C) ¢ Y, andlet[Y] € HV1(X,R) be its Poincaré dual cohomology class.
Then

[@]-[Y] = 0.

2.5. Big and nef classes, non-Kiihler locus, and null locus. For the terminology and
main result of this section we refer the reader to [12]. As an excellent source for the theory of
positive currents the reader may consult [29].

Let X be a compact Kidhler manifold, and fix some reference Kihler metric w. Given
a cohomology class [o] € H1(X,R), we say that it is big if it contains a Kihler current, i.e.,
under the natural isomorphism between cohomology of forms and currents, it can be repre-
sented by a closed positive (1, 1)-current 7" which is bounded below in the sense of currents by
some positive multiple of @ (such a current is called a Kéhler current).

We say that [«] is nef if it can be represented by smooth real (1, 1)-forms bounded below
by arbitrarily small negative multiples of w.
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This terminology is borrowed from algebraic geometry: indeed if X is projective and L is
a holomorphic line bundle on X, then L is big (in the sense that it has maximal Kodaira—Iitaka
dimension) if and only if ¢; (L) is big in the sense just described, and it is nef (in the sense that
its intersection with any irreducible curve is non-negative) if and only if ¢; (L) is nef as above
(see [28]).

Thanks to [31, Theorem 0.5], a nef class [«] is big if and only if [} adimX > 0,

Example 2.20. A class which can be represented by a smooth closed semi-positive
(1, 1)-form « which is strictly positive somewhere is both big and nef. In this case, in fact,
[] is trivially a nef class by the very definition, and moreover fX adimX > 0. Therefore, as
just observed, by [31, Theorem 0.5], [«] is a big (and nef) class. In particular, a semi-Kéhler
hyperbolic manifold is weakly Kihler hyperbolic.

Now, given a closed positive current 7" and a positive real number ¢ > 0, its correspond-
ing Lelong super-level set is the set

E(T)={xe X |v(T,x)>c},

where v(7T, x) is the Lelong number of 7 at x. It is a fundamental theorem of Y.-T. Siu [60]
that such sets are in fact closed analytic subvarieties of X. Next, call

E(T) = | Ee(T).
c>0
which is seen to be a countable union of analytic subvarieties.
Coming back to our big classes, we have the following definition, due to [12].

Definition 2.21. Given a big class [@] € H 1 (X, R), its non-Kdhler locus E, g ([e]) is
defined to be
Eng([a]) = () E+(T),
T €[]

where T ranges among all Kidhler currents representing [«].

One can prove [12, Theorem 3.17] that the class [«] is Kéhler if and only if £, g ([o]) = 0
(thus the non-Kihler locus gives a measure of the failure for the class [«] of being Kihler and
also “locates” this failure), and moreover, given a big class [«] one can always find a Kéhler cur-
rent T € [«] with analytic singularities such that £ (T) = E, g ([«]) (in particular, E, g ([«])
is an analytic subvariety). Recall that a positive (1, 1)-current is said to have analytic singular-
ities if it is locally congruent to

y i001log Z | i | (mod smooth forms),

for some real number y > 0 and a finite set of (locally defined) holomorphic functions f;,
so that if T has analytic singularities £ (7') is an analytic subset and 7" is smooth outside
of E + (T)

Example 2.22. To have a more geometric flavor of what the non-Kéhler locus is, sup-
pose X is projective and L — X is a holomorphic line bundle. Then Kodaira’s lemma states
that L is big if and only if for any ample line bundle A — X we have that L® @ A7 has
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a non-zero holomorphic global section for all k € N sufficiently large and divisible. In other
words, L is big if and only if all of its sufficiently large and divisible tensor powers are isomor-
phic to an ample line bundle tensor an effective one. The augmented base locus of the big line
bundle L is then defined as

B (L) = () Supp(E)
L®*~A®0Ox (E)

where k € N is an exponent for which Kodaira’s lemma holds, A is ample, E is an effective
divisor and Supp(FE) is the support of the divisor E.

Then, if L is big as a line bundle, so is ¢ (L) as a cohomology class, and one can prove
that Enk (c1(L)) = B4.(L).

Suppose now that the class [«] is nef. Another subset of X which measures the non-
Kéhlerity of [«] in this case is the so-called null locus

Nulle) = | z

fZ adimZ —(

where Z varies among all the irreducible positive-dimensional analytic subvarieties of X over
which « (raised to the right power) integrates to zero. By [31, Theorem 0.5], Null([¢]) # X if
and only if the class [«] is also big.

We have the following result, which will be an important tool for us later on.

Theorem 2.23 ([26, Theorem 1.1]). If [@] € HV1(X,R) is a nef class on a compact
(complex manifold bimeromorphic to a) Kdhler manifold X, then

Enk ([o]) = Null(r]).

Thus, in the nef case, the non-Kéhler locus of a class [«] is a numerical invariant. This
leads to the following.

Definition 2.24. For M a weakly Kihler hyperbolic manifold, the degeneracy set Zpg
is defined to be

Zy = () Null(u).
[wleWn

Remark 2.25. If M is a weakly Kéhler hyperbolic manifold, then there exists (o € Wy
such that

Zy = Enk([o]) = Null([uo]).

In fact, by the Noetherianity, the intersection is stationary, so that Zy; = () jN=1 Null([x]), for
some [L1,..., uN € Wyr. Butthen pg 1= ZJZ-\;I i ; belongs to Wy and

N
Null([uo]) C ﬂ Null([;]),
j=1

since, for any k = 1,...,dim M, and any irreducible subvariety Z C M of dimension k, we
N
have (5] Z = 32,2, [uf]- Z.
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In particular, Zjs is empty if and only if M is Kihler hyperbolic, and if it is nonempty,
then it cannot have isolated points.

The numerical degeneracy set is always a proper (positive-dimensional, whenever non-
empty) subvariety. We shall see later how Z s controls some properties of geometrical nature,
e.g., the Kobayashi hyperbolicity defect of M (see Section 4.2), or the following.

Proposition 2.26. Let M be a weakly Kdhler hyperbolic manifold and let 1: X — M

be an irreducible closed complex analytic subvariety such that X ¢ Zps. Then the image
Im(tx: 71 (X) — w1 (M) is infinite.

Since Zjy is always a proper subvariety, this exactly means that a weakly Kéhler hyper-
bolic manifold has generically large fundamental group.

Proof. Let u € Wy be such that X ¢ Null([u]), so that [y /LiimX > 0. If the image
Im(ty: w1 (X) — w1 (M)) were finite, then passing to a finite cover v: X — X, we would have
that t o v: X — M lifts to the universal cover 7: M — M. We would thus obtain a compact
subvariety X of M such that 7l X — X is finite. ‘We would therefore get a contradiction,
since on the one hand this would imply [ g(T* )3 X > 0 and on the other hand this integral
has to be zero since 7 * i is exact. O

2.6. Monge-Ampere equation in big cohomology classes. During the proof of Theo-
rem 3.1 we shall need a few important results as well as the notion of non-pluripolar product,
taken from [14]. We briefly recall them here for the reader’s convenience.

Given p arbitrary closed positive (1, 1)-currents 77, ..., Ty, there exists a well-defined
[14, Proposition 1.6] notion of non-pluripolar product

(Ty NN Tp)

which gives back a closed [14, Theorem 1.8] positive (p, p)-current which puts no mass on
pluripolar sets. This notion enables one to give a meaning and to solve a quite general class of
degenerate complex Monge—Ampere equations. In op. cit. it is indeed shown the following.

Theorem 2.27 ([14, Theorem A and Theorem 3.1]). Leta € H“!(X,R) be a big co-
homology class on a compact Kdihler n-dimensional manifold X. If A is a positive measure
on X which puts no mass on pluripolar sets and satisfies moreover the necessary condition
A(X) = vol(), then there exists a unique closed positive current T € o such that

(T") = A.

Here (T") stands for the non-pluripolar product of T with itself taken n times, and vol(«)
is the volume of the cohomology class « in the sense of [12]. If moreover the measure A has
L'7¢ density with respect to the Lebesgue measure for some & > 0, then the solution 7" has
minimal singularities [14, Theorem B and Theorem 4.1] in the sense of Demailly.

Finally, whenever the measure A is a smooth strictly positive volume form and the class
o is moreover nef, then the solution 7" is also smooth in the complement of the non-Kéhler
locus Ej, g («) of « (this is the content of [14, Theorem C and Theorem 5.1]).
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2.7. Kabhler hyperbolicity and generically finite maps. Here we study how the differ-
ent notions of Kihler hyperbolicity propagate backwards under generically finite morphisms.
We first need a lemma.

Lemma 2.28. Ler f: (M, gpr) — (N, gn) be a smooth map between compact Riemann-
ian manifolds, and suppose that we are given a bounded k-form 1 on the Riemannian universal
cover (N,Zn) of (N, gn). Let f: (M,Zym) — (N, Zn) be a lifting of f. Then the pull-back
F*n is bounded.

Proof.  For the pointwise norm of ]7 *n we have at a point p € M

|l = sup | F*n(B)]
BEAKT, M, |Blz,, =1
= sup ARy FB)I < 10l Loogi (7.3 1A F llop:

BEAKT, M. |Blz), =1
where ||/\kdp ]7 [lop denotes the operator norm of
ARd, f o (NXT, M Zy) — (AFT,N ., Zw).

Since M is compact and the coverings are Riemannian, there exists a positive constant C such
that ~
sup [ A*dp fllop < C.
PEM
Thus, we can conclude that

sup |f*77|§M = Cl|n||L°°Qk(ﬁ,§N)’
DPEM

thatis, f*7 is bounded. o
With this lemma at our disposal, we can show the following key proposition.

Proposition 2.29. Let N be a smooth compact connected Kihler manifold of dimension
dimN =k >0, and let F: N — M be a generically finite holomorphic map, then:

(1) If M is Kdhler hyperbolic, then N is semi-Kdhler hyperbolic.
(ii) If k = m = dim M, then N is weakly Kdhler hyperbolic if so is M.

(iii) If k < m, M is weakly Kiihler hyperbolic, and F(N) ¢ Zpy, then N is weakly Kdihler
hyperbolic, too.

Proof. Let X = F(N), and consider the following diagram:

N—F
d
N P
N
X——M,

where p: N — N is the universal covering and Fisa lifting of F o p.
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Recall that the manifold N is Kihler with respect to some Kéhler metric , and let R C N
be the set of points where the rank of the differential of F' is smaller than k. Let X, the set of
regular points in X and set

U := Xieg \ F(R).

Then U and F~!(U) are nonempty Zariski open sets such that
Flpoiuy: F'(U)—>U

is a finite étale cover.

To prove (i), we observe that if (M, w) is Kihler hyperbolic, then the form F*(w) is semi-
positive and it is positive on F~1(U), therefore by Lemma 2.28, (N, F*(w)) is semi-Kihler
hyperbolic.

To prove (ii), we note that if k = m, then X = M. If M is weakly Kéhler hyperbolic and
i € Wy, then F*(uu) € Wy, which is thus nonempty.

We now prove (iii). The fact that X = F (/) is not contained in Zs givesus a u € Wy
such that X ¢ E, g ([]). We have that F*[u] is a nef class. Since F has generically finite
fibers, the integral [ N F* (,u)k is positive if and only if the integral |, X ,uk is. The latter being the
intersection number [,u]k - X, it must be nonzero by [26, Theorem 1.1], for X is not contained
in Eyx ([u]). Thus F*[u] is also big and F*[u] € Wy by Lemma 2.28. O

Question 2.30. Can we replace the condition that F is a generically finite holomorphic
map with generically finite meromorphic map? This would amount to understand if and how
Kihler hyperbolic type properties descend through a proper modification.

We plan to address this question which is essentially about whether the property of being
weakly Kdhler hyperbolic is of birational nature in a forthcoming note.

So, if M is weakly Kéhler hyperbolic, since Zjy is always a proper subvariety, submani-
folds passing through a general point of M have to be weakly Kihler hyperbolic. Especially,
any rational or elliptic curve in M is contained in Zps. We shall see later that a weakly Kéhler
hyperbolic manifold M is of general type, and therefore in this case if Zjs does not contain
rational curves, then Kpy is ample.

Let us finish this subsection with the following proposition, whose goal is to construct
a bounded primitive (on the universal cover) of closed real (1, 1)-forms which represents the
cohomology class of a real Cartier divisor, after a finite ramified covering.

Proposition 2.31. Let X be a complex projective manifold. There exists a smooth pro-
Jjective manifold Z together with a finite surjective morphism f:Z — X such that, for every
R-divisor D and every closed real (1,1)-form u on X representing the cohomology class
[D] € HY1(X,R), we have that =* f *u has a bounded primitive, where w: Z — Z denotes
the universal covering space of Z.

Proof.  Given any ample line bundle 4 — X, fix a projective embedding 1: X — PV so
that (*@(1) ~ A®™ for some m € N. Let E 5y be a compact complex manifold uniformized by
the unit ball BY < C¥. Observe that the latter always exists by [11, Corollary of Theorem A]
and is projective, since it has ample cotangent bundle.
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By Noether’s lemma, there exists a finite surjective morphism v: & y — PV . By a theo-
rem of Kleiman [43] (see also [40, Theorem II1.10.8]) acting with a generic projective automor-
phism, we can assume that the subscheme v—!(:(X)) C E y which is isomorphic to Xxpn~ E y
is in fact a smooth submanifold. Call Z4 a nonempty connected component of such fiber
product.

Then the natural map f4: Z4 — X is a finite surjective map and £ := v|z, =to f4.In
particular, fA®™ = £*O(1).

Since E y has negative Riemannian sectional curvature, every closed form v on Zy is
such that p*v has a bounded primitive, where p: BV — &y denotes the universal covering
space.

For every de Rham representative u of ¢; (A) we have at the level of cohomology

[faul = [ETw] = v wllz,

for some w € n% c1(0(1)), and using Lemma 2.28 and Remark 2.4, it follows that q* f{u has
a bounded primitive, where ¢: Z4 — Z4 denotes the universal covering space, since p*v*w
has.

To finish the proof, let A1,..., Ay — X be a finite set of ample line bundles such that
their real Chern classes form a basis of the real Néron—Severi space NS(X)r C HV1(X,R),
which is spanned by the numerical classes of R-divisors. This exists because the ample cone is
open and thus contains a basis consisting of classes of ample divisors.

We now iterate the above construction, starting with A1 — X. We take f ;1 Ay — Zy,,
and observe that f /;"1 Ay is still ample since f A*l is a finite morphism. We thus get a smooth
projective manifold Z4, 4, together with a finite surjective morphism f4, 4,:Z4,,4, > X
such that every de Rham representative of ¢1(A41) or c1(A3) has a bounded primitive once
pulled-back on the universal cover of Z4, 4,.

If we continue in this fashion, then we come up with a smooth projective manifold
Z :=Zy,,.. 4, and with a finite surjective map f := f4,,. 4,: Z — X which has the required
properties for all classes {c1(A4;)}1<i<q, and hence for all classes [D] € NS(X)R. |

Corollary 2.32. There exists a complex projective manifold Z together with a nef and
big divisor D such that every closed positive current representing the cohomology class
[D] € HY1(X,R) has no representative with locally bounded plurisubharmonic local poten-
tials and for every smooth closed (1,1)-form u on X representing [D], 7*u has a bounded
primitive, where 1: Z — Z denotes the universal covering space of Z.

Proof. Let X be a projective manifold on which there is a nef and big divisor D’ such
that every closed positive current representing [D’] has locally unbounded local plurisubhar-
monic potentials. For the construction of such a manifold with a divisor with these properties,
see, e.g., [14, Example 5.4].

Now, apply Proposition 2.31 to the pair (X, D). The divisor D = p* D’ has the required
property for, if [ D] had a representative with locally bounded plurisubharmonic local potentials,
then [D'] = mu*[D] would, too. O

Remark 2.33. Unfortunately, the manifold Z we construct is Kéhler hyperbolic. Hence,
we have to leave open the question whether there exists a weakly Kéhler hyperbolic manifold
which is not semi-Kéhler hyperbolic.
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3. Spectral gap and nonvanishing for degenerate Kéhler hyperbolic metrics

In this section we show how the notion of weakly Kéhler hyperbolicity we introduced ear-
lier entails various consequences for the spectrum of the Hodge—Kodaira Laplacian acting on
the space of L? (p, 0)-forms of the universal covering of a suitable modification v: M’ — M
of our starting manifold M. We will prove that it yields the absence of zero in the spectrum of
Aj .0 acting on L2QP 3(]\7 ), and consequently the vanishing of L2 holomorphic p-forms on
the universal covering M’ with 0 < p < m.

In the second part, joining these vanishing results with the argument given by Gromov
in [37] and the birational invariance of L2-Hodge (p, 0)-numbers, we show that the space of L2
holomorphic m forms on the universal cover M of M is infinite dimensional provided M is
weakly Kdhler hyperbolic.

3.1. Spectral gap. We first deal with the announced spectral gap.

Theorem 3.1. Let M be a compact Kéhler manifold of complex dimension dim M = m,
and suppose that M is weakly Kdhler hyperbolic. Then there exists a compact Kdhler manifold
(M’, w) together with a modification v: M' — M such that the following holds.

Let w: (M', ) — (M’, ) be the universal covering of M’ endowed with the pull-back
metric ® = w*w. For0 < p <m — 1, let

A5 0  LPQPO(M', &) — L2QPO(M', &)
be the closure of Ag , o Qf’o (]\Z’) — Qf’o (AZ/) Then zero is not in the spectrum O(Ag’p’o)
forany 0 < p < m — 1, and furthermore Ay ,, o has closed range.

Observe that, by Example 2.10, the above theorem in dimension one follows immediately
from the work of Gromov, so that in its proof we can restrict our attention to dimension at least
two (this will be used in the proof of Lemma 3.4). We need now some preliminary results.

Lemma 3.2. Let (M, w) be a Hermitian manifold of dimension m, let 0 < k < m be an
integer, and let respectively a be a 2m — 2k)-form and  a (m — k, 0)-form. Then we have

k

m! o™ 12 - W
o noflo < o lelo 1BlG S =i BABA T

Proof. Call o' the bidegree (m — k, m — k) component of «. Observe first that

k! k!
k _ / m—k __ /
Sl N T = @@

k _ d Aw m—k>w o™,

By Cauchy—Schwarz we have
m—k

k! w
(m —k)!

! m!
(m —k)!

< — ||,
W (m—In"T

o A k| = e, 0™ *) | < KN

since |w¥|, = k!(',?), and obviously ||, < |&]e.
The equality for the squared norm of § times the volume form is just a straightforward
pointwise computation in (unitary) coordinates. m)
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Proposition 3.3. On a compact Kéihler manifold (M, ) with Kdihler universal cover
(M,») - (M, w), given any p,q €10, ...,m}, let

A5 pa L2QPA(M,&) — L*QP9(M,5)

be the closure of Ay g Qb1 (M) — Qb1 (]\Z) and let { E(L)} be its spectral resolution. For

any fixed Lo > 0, there exists e9(Ag) > 0 such that if 0 < & < g9(Ao), and Uy is an open set
in M with
vol, (Ug) < &,

we have:
. i avolg < /~\~ In12 dvol

Ue

forall n € im(E(Ag)), where U, is the preimage of Ug through m: M — M.
The above proposition will follow easily from the next.

Lemma3.4. LetDy,...,Dyand By, ..., By be finite sequences of open subsets ofM
such that

(1) D; is a fundamental domain of m: M — M foreachi =1,...,N,

(1) B; is a relatively compact open subset with smooth boundary of M such that B; C D;,
foreachi =1,...,N,

(iii) {7 (Bi)}1,... N is an open cover of M.

Given Ay > 0, there exists £9g(Ag) > 0 such that if 0 < & < g9(Ao) and U, is an open set in M
satisfying
voly, (Uy) < &,

then we have

1
/ g avolz < o1 [ I dvols
71 (M).B;NU, 2N M

forany n € im(E(Ao)) andi =1,...,N.

For the standard construction of such fundamental domains see for instance [52, Sec-
tion 3.6.1].

Proof. Throughout the proof let us fix arbitrarily a pair B; C D; that for simplicity we
will denote with B C D. Let n € im(E(Ag)) be fixed. Since n € im(E(1¢)) we have that

/~ 175,475 dvolg < A5 [~ n|2 dvolz .
M M

Therefore,

3 [ 185 g0l = 331n) dvolg <0
yem (M)

and thus there exists at least an element y € 71 (M) such that

|| 185 g1l = 33103 dvolg <0,
Y
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Let us define S(n) C 71(M) as
S(n) = {y em(M): / |A5’p’qn|25 dvolg < 4N)L%/ |77|423 dvolg }
vD yD
We have
/~ In|% dvolg > g2 /~ A5, 475 dvolg
M M
= Y 0t [ 185 vl
y£S(n) v

> Z AN |17|(23 dvolg .
yES(m)

Thus, we can deduce that, for any € > 0,
(3.1) > / % dvolg < —/ n|% dvolg .
yés(n 7PN

Let us consider now any y € S (77) and let us label with 7,, the pull-back of 7 through y ~1 that
is, 7y 1= (y~1)*1. Since y~': M — M is both a biholomorphism and an isometry we have

(3.2) /|Aa’p’qny|2advola~):/ A5, 475 dvolg
D yD

< 4N)t%/ 0|3 dvolg
yD

= 4N)L§/D 1y |% dvolg .

Thanks to the elliptic estimates, see, e.g., [48, Lemma 1.1.17], we know that there exists

a positive constant C such that for any ¢ € D(A; , ) we have y/[p € W?22QP4(B, %) and

1V llw220raB,5) = CUVIL20rap.a) + 185 ,4¥ I20r9D.5)-

Thanks to the Sobolev embedding theorem (see for instance [4]), since m > 2, we have a con-
tinuous inclusion

W12QPa(B, &) <> L1 (B, &),

and hence we can deduce that there exists a possibly new positive constant — which we still
call C — such that for any ¥ € D (A5 ». q) it holds

B3 WV, 25 sz = CUVIL20ram.a) + 185,50V l2000(0.5):

Thus, for y € S(n) we get, thanks to (3.2) and (3.3),

lyll, 2 B 0(B.5) = Cllnyllz2@ram.a) + 185, 417 L20r9(D,5))

< C(1+ 2V NA)Iny I r2@r.a(p a)-
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and therefore
m—1

1 m—1
(3.4) / _ Inyl3 dvolz < (/ ~ dvola) (/ - (Inylé)# dvola)
BNU;. BNU, BNU;

m—1

~ 1 2m_ m
= Golg Ty ( [ I3 avols )
BNU,

&

volg(B NU, m
= (volgz( s)) ||’7V|| Iqu(BﬂUg,w)

~ 1
< (volg(B N Us))mC2(1 + 2\/_/\0)2||7Iy||L2gzp,q(D,g))

— (volz(B N U,))m C2(1 + NNAO)Z/ [y |% dvolg .
D

Finally, let us pick € in such a way that

_ 1
(volz (B N Us))m C2(1 + 2v/Nho)? < i

in order to obtain

|r]|2 dvolgz = / |77|2 dvolz + / |17| dvolgz
/m(M).BﬂUs @ Z BNU. © Z BNU,

yeS(m) V¢S(n)
(by (3.1)
yf Z / |77|2 dvolg +— / |r]| dvolg
yeS(n) yBNU: N
= dvol +— / |77|2 dvolg
yEXS(:)/(BmUS) ¢ 4N
= Z o |le dvolgz + / |r}|2 dvolg
yeS(m)
(by 34) 5
< |r;y| dvolg +— |r)| dvolg
VGS( )
= Z / Il dvolw+—/ |3 dvolz
yeS(n )

§m/ﬂ|n| dvolw—}——/ |n| dvol

1 2

Repeating the above procedure for each pair B; C D; and choosing ¢ > 0 in such a way that
~ 1
(volz(B;i N U.))m C2(1 + 23/ N Ao)? < oy fori=Tl...N.

we can conclude that for any arbitrarily fixed A¢ > O there exists g9(Ag) > 0 such that if
0 < & < g9(Ao) and Uy is an open set in M satisfying

voly, (Ug) < &,
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then we have

1
/ Inigavola < 5 [l avols
71 (M).B;NU; 2N Jir

forany n € im(E(Ag)) andi = 1,..., N, as desired. m
With Lemma 3.4 at our disposal, we can now prove Proposition 3.3.

Proof of Proposition 3.3. We have

N
/~ |77|25 dvolg = Z/ B |77|§~) dvolz
Ue =17

1(M).B;NU,

N
1
= ; N /1\71 In|Z dvol  (by Lemma 3.4)

1
= 5/}\71 |77|523 dvolg .

1 1
I avoia = 5 [ inavolg 5 [ i3 dvols

& U£

Thus,

and so we reach the desired conclusion

/~ |T}|25dV015 < /~ B |n|25dvola. D
U. M\

&

We are finally in a position to prove Theorem 3.1.

Proof of Theorem 3.1.  The first step is to produce the required modification v: M’ — M
for which we proceed as follows. We pick [i] € Wy and select a Kéhler current T € [ju],
which exists since [u] is big. Now, by the proof of [12, Proposition 2.3], or the proof of
[31, Theorem 3.4 and Lemma 3.5] there exists a modification v: M’ — M, an effective R-divi-
sor E, and a Kihler form w on M’ such that the pull-back v*7T is cohomologous to w + [E],
where [E] denotes the current of integration along E. Moreover, one has that E = v~ (v(E)),
and the restriction v|ps\ g is a biholomorphism onto M \ v(E).

Set i/ = v* . Since ] is nef and big, so is [i'] and [u'] € Wpy,. From now on we shall
be working on M’, so for the sake of simplicity let us replace M with M’ and [u] with [u/].

Define, for t > 0, the function

A(t) == log fM(ﬁ#
M

For 0 <t <1, A(¢) is bounded independently of . For any fixed 0 <t < 1, we now consider
the Monge—Ampere equation
(4. @ + i00¢;)" = D™,

where (e)”" denotes the non-pluripolar m-th power. Since [u] is nef,

/ e’l(t)a)m=/ (n+to)™
M M

is the volume of the class [ + tw].
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By [14, Theorem 3.1], the above equation has a unique pu-psh solution ¢; such that
maxys ¢; = 0. Moreover, by [70], for t > 0, ¢; is smooth on M and pu + tw + iaéqbt is
a Kéhler form on M.

Next, given a smooth real closed (1, 1)-form 1 on M, set

Vy :=sup{t | tis n-pshand v < 0}.

By definition, t is n-psh if t is an upper semi-continuous function t: M — [—00, +00) such
that ) + 90t is a positive (1, 1)-current. Note that Vy is a n-psh function and that V; 14, | V5
as the positive real parameter ¢ decreases to 0.

Now, (the proof of) [14, Theorem 4.1] shows that there exists a constant L > 0 such that
—L+Vitro < ¢r <0,for0 <t < 1. Moreover, ¢, is uniformly bounded independently of ¢
on compact sets in M \ E since the current 7" we started with was smooth on the complement
of v(E).

We can then repeat the proof of [14, Theorem 5.1] to show that for 0 < ¢ < 1 sufficiently
small, the w-Laplacian of ¢; is bounded independently of ¢ on compacta of M \ E. It follows
from standard theory of complex Monge—Ampére equations (see, e.g., [61]) that, for0 < 8 < 1
and k any non-negative integer, the C k.p (W)-norm of ¢; is bounded independently of ¢ for
every open set W relatively compactin M \ E.

Now, by Hartogs theorem (see [38]), for a given sequence {z,} C (0, 1) converging to 0,
up to subsequences, we have that ¢;, converges in L' to some y-plurisubharmonic function
¥ with maxps ¢ = 0. On the other hand for each {z,} C (0, 1) converging to 0, up to subse-
quences, ¢, converges in C k.B (W). In particular, the function v above is smooth on M \ E
and solves the corresponding Monge—Ampere equation there. Since E is a pluripolar set, we
conclude that v = ¢¢ and that ¢p; converges to ¢ in each C k.B (W) as above. Observe that, in
particular, i 4 i9d¢y is a Kihler form on M \ E.

Next, we are going to show that 0 is not in the spectrum of the @-Laplacian Aa oonthe
Kihler universal cover (M, @) of (M,w) forall0 < p <m —1.

We consider the smooth forms

[t = [ + i00¢,

so that p; 4+t w 1s a Kéhler form on M for all # > 0. Let « be a smooth bounded primitive
of the pull-back of u to the universal covering M (which exists by Lemma 2.28 applied to the
morphism v: M’ — M), so that

oy ‘= +lé$t

is a smooth bounded primitive of [y = 7 *u;, where @ =¢som.
Now, let n be a smooth (p, 0)-form with compact support on (M, ®), and let r be an
integer with 0 < r < m — p — 1. We have the following equality of top degree forms:

m—p—r—1 m—p—r—1

dn AT Aoy A [Ty AD")=dmAT) Aoy A [Ty A"

+NATAETTPTIAD"

=dpATTAa AP AGT

m—p—r—1

+ (DPnpAdynar ATy A"

+ATAE"TPTTI NG
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By Stokes, and using Lemma 3.2, we find

3.5) ‘/M i AGATRTTPTT AT
:‘/ ir’ dp AT A AP A ST
M

m—p—r—1

+zp( DPypAdyAag A1 NS

m!
-
~ (m—r)!
/ InAdnAay A g™ P77 1|a,dV015)
M
m!
<2—
(m—r)!

Summarizing, there exists a positive function C,(¢) defined by

(/ dn AT A @ A TP 5 dvol

/ (dnlas [Tl loels 152"~ dvol

Cr(f) —2\/_ )'”O”HLOOQ](M w)” ~m pmre 1||LooQZ(m—p—l)(M’5)

such that for each n € Qf ’ (M ) we have
1
= Cr0) 1]l 2000i1.5) B5.p.0™ M 200515

. p2 — ~m—p— ~
/~lp NATAE P AD"
M

Since (M , @) is complete, we can conclude that for each n € D (A3 » o) it holds
1
<G (1) IIUIILzQp,o(M'@) (Aé,pjo’?’ 77)22917,0(1‘2,5)'

(3.6) U~ P ATA TP NG
M

With the notations of Proposition 3.3, let us now choose A9 = 1,0 < & < g¢(1), and for
U, an open neighborhood of E with Lebesgue measure smaller than e. Let W be a relatively
compact open set in M \ E which contains M \ Us.

Since ¢, converges to ¢ in C2*(W), and j1/ + i90¢y is a Kihler form on M \ E, there
exists a constant C; = C; (&) > 0 independent of 7 such that /I; + & > C;@ on M \ U,
provided ¢ > 0 is sufficiently small (here U, is the preimage of U, by the universal covering
map). By Proposition 3.3 we have that

/~ In|Z dvolg < 2/~ _ Il dvolg,
M M\U,

for each n € im(E(1)). Therefore, for n € im(£(1)) we get, using Lemma 3.2,

(3.7) /~ |n|§~) dvolgz < 2/~ B |n|§~) dvolg
M M\T.

2
= oot g RN
m-—p). M\Ug

2 / 2 - —
< iP N ATGA (Tl 4t @B)"P
(m—pCY? Jing. ’

2 ) _ - ~—
Sm/lqlp NAGA (e +to)" P,
- p'C]
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If we now choose 0 < ¢ < 1, then by inequality (3.6), we have
2 2
_ P AngA (e +to)"P

2 PP e me
- W/M DARA G+ 15

m—p—1
m-—p P2 =~ me >
(m p)'CmP Z ( - )'/M'lp 7]/\77/\/1«tmpr/\a)r

2 2
(m—p)'c’" ! a

m—p—1
(m p)'Cm D Z ( )tr Cr([)

1
<Ml L2 r0iz 3)(B%,p,01 M 20000t 5

2 2
(m—p)'Cmp M 1A

m—p—1
(m p)'cm D Z ( )[r Cr(t)

1
Xl L2@p.0i1 ) (A5, po": '7>Z2QP=0(M',5)

2
p 2 ~

+

So, by (3.7),

m—p—1
/M|77| dvola_( _p)'cm 1 Z ( )tr Cr (@)

1
X |In ||L2gzp.0(1171,c7)) <A5,p,0n’ n)izgp,O(M’a)

2 - 2
o (m=r /M [n]5 dvolz,

+

i.e.,

2 "N
B m—p 2 5 '
(1= ) fg i ovta = s 2 ( )Z o

1
X Il 200001 &) (A5, p,0": ’7>i2m,0(z\~4,5)‘

Since 1 — C’" 7 > 0 for t > 0 sufficiently small, we have that the function
s T () G

1 _ 2tMm—p
m—p
Cl

(m—p

H(t) =
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is non-zero (in fact positive) for ¢t > 0 sufficiently small, so that we find in the end

1
(Aap,gn, 77>L2Qp,0(][,},55) z H(l)2 ||77||L2Qp O(M &)
Let us now consider any ¥ € D (A3 » o). letn = E(1)(¥) and v := ¢y — n. Then
(. V) 2groiit.a) = (185 poV)L2groii.e) =0
and

2
(Aé,p,QU»U)ngp,O(i[,a) = ||U||L2Q[),O(M’5)‘

Therefore we have
(Aé,p’()‘(pv W)LZQp,O(ﬂ’&;) = (Aap,o(n +v),n+ U)ngp,O(i[’&;)

= (Aép o’ n)LZQILO(ﬂ,&?) + (A5 5.0V U)Lzva(z\Z,a)

+ vl

= H(t)2 1117205 0(i1,3) L2QP0(i1,5)

= K(t)(lanzgzp O(M ) + ” ”LZQP 0(M a)))
K([)”wnl‘zgp.()(ﬂ,@)’

where

1
K(t) := mm{ HOE 1}.

In conclusion we showed that for small # > 0 there exists a positive function K(z) such that
any 1 € D(Az » o) satisfies

(Aapon n)ngp O(M @) = > K(t)”n”LZQp O(M @)

and this amounts to saying that 0 ¢ o (A3 .0)-
We are left to show that Aa m,o has closed range. Since (M @) is Kihler and complete,
it follows that

As (L2QM1O0(M &) — L2Q"10(M, &)

a,m—q,0"
is unitary equivalent to

A,

om.q: L2 (M, &) — L*Q™(M &)

through the action of the Hodge star operator. Hence, 0 ¢ 0(A3,, ) withg =1,.
Let us now focus on the case ¢ = 1. Since 0 ¢ cr(Aa m, 1) we know that nn(Aa m, 1) is
closed in L2Q™1(M , &). Hence,

Om.o: L2Q™O(M , &) — L*Q™Y (M, ®)
has closed range and this in turn implies that its adjoint
Om.o: L2Q™ (M, &) — L2Q™O(M , &)

has closed range, too. Finally, since both 5m,0 and 5;’0 have closed range, we can conclude
that

. _ ~ ~

0.0 © Om,0: L?Q™0(M &) — L*Q™°(M , &)

has closed range, i.e., im(Ajz,, ) is closed in LZSZ’"’O(]\Z, @) as required. O
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Remark 3.5. The above property amounts to saying that 0 is at most an isolated eigen-
value of Az, .

Remark 3.6. It can be proved that if we moreover suppose that a class [] € Wy can
be represented by a semi-positive form which is strictly positive almost everywhere, then the
conclusions of Theorem 3.1 hold also on the universal cover of M with no need to pass to
a modification first (cf. Version 1 of the present paper on the arXiv for more on this).

In view of the remark above, it is natural to ask the following.
Question 3.7. Isitpossible to prove Theorem 3.1 without passing to a modification first?

3.2. Nonvanishing. In this subsection we aim to show that the space of L2 holomorphic
m-forms on M is infinite dimensional (recall that we replaced M’ with M). Since the original
argument of Gromov applies verbatim, we provide simply a sketch and we refer to [5, 35, 37]
for details.

Foreach p =0,...,m let

3,: L2QP* (M, &) — L*QP* (M, &)
be the unique closed (and hence self-adjoint) extension of
— —t o P
Op +0,: QP (M) — QI*(M),
with

m
Q2 (M) = P e M)
q=0
and ép + 5; the corresponding Dirac operator.

Let F be the trivial line bundle M x C — M endowed with the standard Hermitian

metric and flat connection Vj.
Let ;1 € Wy be arbitrarily fixed and o € Q1(M) N L®QY(M,®) such that da = [i.
Given any s > 0, let V* be the connection on F defined as

VS := Vo +isa.

Note that for each fixed s there exists a (not necessarily standard) holomorphic structure on F
such that V¥ becomes the corresponding Chern connection, see [35, p. 191]. Let

@ +0,) ® V3 CO(M, AP* (M) ® F) — CZ(M, AP* (1) ® F)

be the first order differential operator obtained by twisting the Dirac operator 51, + 5; with the
connection V¥, see, e.g., [5, p. 111]. Finally, let us denote with

(3.8) D,: L*(M,AP*(M) ® F) — L*(M,(AP*(M) ® F)

the L2-closure of (51, + 5;) ® V¥ and let 5;’+ (resp. 5;’_) be the operator induced by (3.8)
with respect to the splitting given by (m, e)-forms with even/odd anti-holomorphic degree.
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Although 5;’+ is not equivariant with respect to the action of 71(M), it is possible
for each fixed s > 0 to construct a group 'y as a central extension of 771 (M) with respect
to U(1), in such a way that [y acts on L2(M,AP*(M) ® F), its action commutes with
ﬁls, and the L?-index of ﬁ;’ with respect to ['y is computed by the following formula, see
[35, Proposition 9.1.1] or [5, Theorem 8.31]:

(3.9) L? —indr, (55;*) = / Todd(M) A ch(AP°(M)) A ch(F),
M

with ch(F) = exp( ; ).

Since [;, ™ > 0, we deduce that (3.9) is a polynomial function in s with non-trivial
leading coefficient, and hence it has only isolated zeros, see [37, p. 281].

In particular, for all but a discrete subset of real values s we have that ker(E;) # {0}.

Corollary 3.8. Let M be a weakly Kiihler hyperbolic manifold, and let & be the lift
on the universal cover M of a Kdhler form w on M. Then the space of holomorphic m-forms
which are L? with respect to & on M is infinite dimensional and the operator

AGmo: L2Q™O(M, &) — L*Q™%(M, &)

has closed range.
Moreover, for 0 < p < m — 1, there are no non-trivial L2 (with respect to any Kdhler
metric coming from M ) holomorphic p-forms on the universal cover M — M.

In particular, this corollary improve the statement of Theorem 3.1 about the closedness
of the range of Az, , which now holds on M with no need to pass to the modification M ‘.

Proof. To begin with, let us observe that if v: M’ — M is a birational morphism, then
by [46, Corollary 11.4] we have the equality of the L?-Hodge numbers hf’z;) (M) = hp 0(M ")
for 0 < p < m. The last assertion about the vanishing of holomorphic p-forms then follows
directly from Theorem 3.1.

From now on, let us work with the modification M’ of Theorem 3.1, and let us call it M
for simplicity. As recalled above, we know that ker(ﬁj,) = {0} e>s<cept for a discrete subset of
real values s. In particular, there exists an & > 0 such that ker(D ) # {0} foreach 0 <s <¢
and therefore, thanks to [35, Proposition 7.1.2], we can conclude that 0 € G(6p) that is, O lies
in the spectrum of 61,.

Let us now focus on the case p = m. Since

(3.10) 3o L2QMC(M.&) — L2Q™* (M. &) = @Aamq L2Q™* (M, &)

— L2Q™* (M, ),

we know on the one hand that 0 € o (A
On the other hand, as

amq)forsomeq=0,...,m.

A,

g’ (L2QM™A(M, &) — L2Q™(M, &)

and

A,

m—q.0’ (L2QM1O0(M &) — L2Q"10(M, &)
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are unitary equivalent through the action of the Hodge star operator, we deduce from Theo-
rem 3.1 that 0 ¢ 0(Ag,, q) foreachg =1,....m.Hence 0 € 0(45,, ).

Furthermore, given that Ag ,  has closed range, we can conclude that 0 is actually an
eigenvalue of Az, . i.e., ker(Az,, o) # {0}. As previously recalled, in L2Qm O(M @) we
have

ker(Aam’O) = ker(0m.,o0).

Hence, we know that on M the space of L2 holomorphic m-forms is not trivial. Finally, since
this space is preserved by the action of 1 (M), we can conclude that it is infinite dimensional,
see [59, Lemma 15.10].

Next we show that closedness of the range of Az, o holds on M. Since (A71 ,) is
complete, in order to show that Az, has closed range it suffices to prove that both

Om.0: L2Q™O(M , &) — L*Q™Y (M, &)

and its adjoint

Op.o: L2Q™ (M, &) — L2Q™O (M, &)
have closed range. Moreover, by the fact that these two operators are one the adjoint of the
other it is enough to show only that the first one above has closed range. Let v: M — M be
the modification introduced in Theorem 3.1 endowed with a Kihler metric o’. Let X C M’
and Y C M be analytic subsets such that v|4: A — B is a biholomorphism, with B := M \ Y
and A := M’ \ X. Let

(M, &) > M',0') and w:(M,d) > (M, )

be the correspondmg universal coverings and let v: M’ — M be alift of v.
Clearly v: A— Bis a biholomorphism, with A= (n')" 1(A4) and B:=n ~1(B). More-
over, we point out that

(3.11) v L2QMO(M,5) — L2Q™O(M', &)
is an isometry of Hilbert spaces and
(3.12) v L2Q™U(M, &) — L*Q™(M', &)

is injective and continuous for each ¢ = 1,...,m. These claims follow easily, e.g., by the
computations carried out in [8, equations (7) and (10)] and the fact that both M’ \ Aand M \ B
have measure zero.

Let now 7 € L2Q™1(M , &) be a form lying in the closure of the range of

Om.0: L2Q™O(M &) — L?>Q™ (M, ®).

Since (M,CB) is complete, there exists a sequence {¢;} C QZ"’O(AZ) such that 5m,0¢j — 7
in L2Q™ (M, &) as j — oc. In view of (3.11) and (3.12), the sequence {v*¢;} is made of
smooth forms, it is contained in the domain of 5m,0: L2QmO(M', &) — L2Q™1(M',&') and
Om,0(V*¢;) — v¥nin L2Q™ (M, &) as j — oo.
Since O 0: L2Q™O(M', &) — L2Q™ I(M/ @') has closed range, it follows that there
exists y € L2S2m O(M’,&') such that am,o)( = v*n. We claim that ¥ := (v*)~!y lies in the
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domain of 0, o: L2Q™O(M , &) — Lrqm! (M, &) and that 8,,,0% = 1. Thanks to [9, Propo-
sition 5.6] we know that the operator 0,,,0: L2Q™ (M, ») — L?*Q™1 (M, ®) equals the L?
distributional extension

Om,0.max: L2Q™ (B, 3| 5) — L*Q™ (B, a|5)
of Opm.0: 21°(B) — QI (B).

Hence, in order to verify the claim above, it is enough to check that

(=pm~1t fi[ VU A Qom—1¢ = /ﬂ nAg forallg e QY™ 1(B).

We have
(-t / Y A Qom—19 = (—1)"! / Y A Oom—19
M B

= (—l)m_lf/T V¥ Ao m—1v*¢
=x

= /~v*n/\v*<p = /~n/\<p,
A B

and the claim is proved.
‘We can thus conclude that

Om.o: L2Q™O(M , &) — L2Q™ Y (M, &)
has closed range and so that
Ag o L2Q™O(M . &) — L*Q™°(M , &)

has closed range, as well. O

4. Geometric consequences

In this section we derive three type of geometric consequences of our weaker notion
of Kihler hyperbolicity. Namely, we deduce several statements of general typeness, but also
index-type consequences and, to finish with, geometric consequences about the distribution of
entire curves and Kobayashi hyperbolicity properties. In the last part we shall derive stronger
consequences in the case of surfaces.

4.1. General typeness, index, and topology. We already know that a Kihler hyper-
bolic manifold is of general type. We now see how the weaker notion of weakly Kahler
hyperbolicity gives in fact the same consequence.

Theorem 4.1. Let M be a weakly Kdihler hyperbolic manifold. Then M is projective
and of general type and moreover the Euler characteristic y(Kypy) is strictly positive.

The last part of the statement above extends, for p = m, Gromov’s computation for
Kihler hyperbolic manifolds [37, Theorem 0.4.A] to weakly Kéhler hyperbolic manifolds.



Bei, Diverio, Eyssidieux and Trapani, Weakly Kihler hyperbolic manifolds 33

Proof. By Corollary 3.8, there exists on M anon-zero L2 holomorphic top form. This
implies that Ky is big, thanks to [46, 13.10 Corollary], since M has generically large fun-
damental group. This means by definition that M is of general type. Since Ky is a big line
bundle, the manifold M is Moishezon, and being also Kihler, it is projective by Moishezon’s
theorem.

The last part follows from Theorem 2.15, Theorem 3.1, Corollary 3.8, and the birational
invariance [46, Corollary 11.4] of L2-Hodge numbers in bidegree (m, q), being M Kihler. o

Thanks to [1, 4.4 Corollary], it is known that the universal cover M ofa compact Kéhler
manifold M has at most one end. Here, we give a short proof of this fact in the case where M
is a weakly Kihler hyperbolic manifold.

Proposition 4.2. Let M be a weakly Kdihler hyperbolic manifold and let p: M—>M
be its universal covering. Then M has only one end and

HY(M.Z) = Hym—1(M,Z) = {0}.

Proof. Fix a Kihler metric w on M and let @ be its lifting to the universal cover. We
follow [21, Section 5.1] (see also [50, Section 4], cf. in particular [21, Propositions 5.1 and 5.2].
First of all we want to show that the first d¢ Rham cohomology group with compact support
of M, denoted here with H cl (M ), is trivial. Let us consider the L2-de Rham cohomology group
of degree one:

Hy (M, &) := ker(dy) /im(dp),

where
do: L>(M,&) — L?>QY(M,&) and dy: L2QY(M,d) — L?>Q*(M,®)

are the L2-closed extensions of dy: CCOO(M) — Q},(M) and dy: Qé(M) — Qg(M), respec-
tively.

As (M @) has bounded geometry, it is not difficult to see that given any compact subset
K C M, each non- compact connected component of M \ K has infinite volume with respect
to &. Using this latter remark, it is easy to deduce that the inclusion QL (M) — L2Q' (M, &)
induces an injective map H}!(M) — H (1 (M, ).

On the other hand, thanks to Theorem 3.1, birational invariance, L? Hodge decompo-
sition, begin (M, @) Kihler and complete, we know that J(’(l (M, &) = {0}, that is, the space
of L2-harmonic 1-forms on (M, &) is trivial. Moreover, since 0 ) ¢ 0(Ag), we also know that

(2)(M ) ~ Jr’f ! (M @). Hence, we can conclude that H}! (M ) {0}, as desired.

Next, let us recall how the vanishing of H} (M ) implies that M has only one end. If there
were a compact subset K C M such that M \ K has two non-compact connected components
X and Y, then we could find a relatively compact open subset U D K and f € C (M)
such that Supp(f) CUUX UY, f1x\@nx) =c1 and f|y\(vnU) = c2 with ¢1,¢c2 € R
and ¢1 # c3. At this point, it is straightforward to check that 0 # [do f] € H]} (M), thus con-
tradicting the fact that H ! (M ) {0}.

We observe that since M is simply connected, we know that we have H ! (M Z) {0},
as well. Finally, since M as only one end, we have an injection H ! c (M ,Z) — H! (M , 7)), and
thus we can conclude that H ! (M , Z.) = {0}. Finally, we obtain that Hom—1(M, 7) = {0} by
Poincaré duality. |
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4.2. Applications to Lang’s conjecture and Kobayashi hyperbolicity. The first thing
we want to treat here is the distribution of entire curves in a weakly Kéhler hyperbolic manifold.
We begin with the following basic lemma.

Lemma 4.3. Let (M, jt) be a weakly Kdhler hyperbolic manifold, and fix a Kdihler
form w on M. If f:C — M is an entire curve, and ® is an Ahlfors current associated to

f:C - (M, w), then ®(u) = 0.

Proof. Let f~: C — M be a lifting of f. Assume that i = dn with ||z < C. Then for
any vector v € Tc we have

/1) = [1(fe@)] < C| fe)|5 = C| fe (V).

Then, by the Stokes theorem,
= ‘ / frdn / fn
]D)[ aDt

‘/th*u

If we divide the above inequality by ¢ and integrate over (0, r), we find

Ty ()| = CSpp ().

Thus, if we divide by Ty, (w), we obtain
Tl _ Spr)
Tf,r (a)) Tf,r (w)

We finally choose an admissible sequence {r;} in the above inequality, and let k& go to +o0,
to obtain ®(p) = 0. m]

= CLy(0Dy).

0

Using this lemma, we can prove the theorem below.

Theorem 4.4. If M is a weakly Kdhler hyperbolic manifold, then the image of any
entire curve in M is contained in Zyy.

In particular, if Zpr has dimension 1 with no rational or elliptic components, then M is
Kobayashi hyperbolic.

Thus, in a weakly Kéhler hyperbolic manifold we cannot have Zariski dense entire curves
or an entire curve passing through a general point.

Since weakly Kéhler hyperbolic implies general type, Theorem 4.4 then gives a confir-
mation of the (stronger version of the) Green—Griffiths conjecture for this particular class of
manifolds of general type.

Proof. Let u € Wyy, and let f:C — M be an entire curve. By [12, Theorem 3.17 (ii)]
there exists a Kdhler current R in the cohomology class of p which is smooth on M \ E, g ([11]).
As in the proof of Theorem 3.1, we consider a modification t: M — M such that

¢ the pull-back t*R is cohomologous to the sum of a Kéhler form w and a real effective
divisor D =3,y Aj Ej on M,

* the modification 7 is a biholomorphism between M \ Supp(D) and M \ E,g([u]),

* each irreducible divisor E; is mapped by t into E, g ([]).
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Observe that, by (ii) of Proposition 2.29, the manifold M is weakly Kahler hyperbolic,
since T € Wy We want to show that f(C) < EnAK([;L]). Assume this is not the case. Then
the map f can be lifted to an entire curve f:C — M. Let ® be an Ahlfors current associated
to f: C— (1\2 ). Then, by Lemma 4.3, we have

0=[®] [c*u] = [®] - [0] + Y A; [®] - [E]].
J

Since & is an Ahlfors current associated to f :C — (M, w), we have [®] - [w] = 1, and there-
fore there exists jo, 1 < jo < N, such that [®] - [Ej,] <0.By [17, Lemme 1], it follows that
f(C) C Ej,. Since t(Ej,) € Eyk([u]), we have f(C) C E,k([1]), and we get a contradic-
tion.

Finally, if Zjs has dimension 1 with no rational or elliptic components, then there exists
no entire curves in M, and M is Kobayashi hyperbolic by Brody’s criterion. |

We can now come to the proof of Lang’s conjecture for Kéhler hyperbolic manifolds.

Theorem 4.5. Let M be a Kdhler hyperbolic manifold, and let X € M be a possibly
singular closed subvariety. Then any desingularization X — X is of general type, i.e., X is of
general type.

Proof. Being Kihler hyperbolic is a hereditary property for closed complex submani-
folds. We already know that a Kédhler hyperbolic manifold is of general type, therefore we are
left to prove that singular subvarieties of M are of general type. Given X such a subvariety, we
may assume X to be irreducible, and let v: X —> Xbea desingularization. Then X is a com-
pact connected Kéhler manifold, and the map v: X —>Misa generically one-to-one map, so
by (i) of Proposition 2.29 we know that X is semi-Kihler hyperbolic. We thus conclude by
Theorem 4.1 that X is of general type as desired. |

We can also prove a statement in the opposite direction, i.e., that a manifold of general
type together with all of its subvarieties is Kobayashi hyperbolic.

Proposition 4.6. Let M be a weakly Kdihler hyperbolic manifold, and assume that any
positive-dimensional irreducible subvariety X of M has a weakly Kdhler hyperbolic desingu-
larization. Then M is Kobayashi hyperbolic.

Proof. Assume by contradiction that M is not Kobayashi hyperbolic and let f: C — M
be an entire curve. Let X be the Zariski closure of f(C) and let t: X > Xbea weakly Kéhler
hyperbolic desingularization of X. Let £ C X be the exceptional locus of 7. Since f (C)is
Zariski dense in X, it is not contained in 7(E). Then there exists a lifting f C — X of f.
Since X is weakly Kihler hyperbolic, it follows from Proposition 4.4 that f (C) € Z, so that
S(C) C1(Z3). This is impossible since f(C) is Zariski dense in X and X is 1rredu01ble. |

4.3. Surfaces. To finish with, we restrict our attention to the case of surfaces. Indeed, in
dimension two it is possible to get stronger statements. First, we generalize the exact analogous
of [37, Theorem 0.4.A, Remark 0.4.B] in the weakly Kéhler hyperbolic case in the next theorem
and corollary.
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Theorem 4.7. Let S be a weakly Kdhler hyperbolic surface. Let @ be an arbitrarily
fixed Kiihler form on S. Let 7w: (S, ®) — (S, w) be the Kdihler universal covering of (S, ).
Finally, let

A5, L2748, @) — L*QP4(S.@) and A L?*Q5(S.@) - L2QF(S. &)

be the L?-closures of Aé,p,q3 Qf’q(§) — Qf’q(g) and Ay: Q]c‘(g) — Q’c‘(g), respectively.

Then we have the following two statements:

(1) If p+q # 2, then 0 ¢ 0 (A3 » q). If p +q = 2, then ker(Az » q) is infinite dimensional

and im(Az, p.q) 18 closed.

2) If k #£ 2, then 0 ¢ a(Ayg). If k = 2, then ker(Ay,) is infinite dimensional and im(Ay) is
closed.

Proof. Thanks to Corollary 2.9 we know that 0 ¢ o(Ag). Since (S, ®) is Kihler and
complete, we know that

Ag0.0: L2Q%(S. &) — L?Q%(S. &)

equals
1 ~ ~
EAO: L?Q%S,d) — L?Q°%(S, d).

Thus, 0 ¢ (A5, o) and, using the Hodge star operator, we conclude also that 0 ¢ 0 (A3, ,).
As a next step we want to show that 0 ¢ 0(A3, ;). This is equivalent to proving that
ker(Aj, ;) = {0} and that

A5, L2Q*1(5.6) — L*Q>!(5. &)
has closed range. By Theorem 3.1 we know that
Ag 0 L2Q10(S. &) — L2QY0(5. &)

has trivial kernel. Thanks to [46, 11.4 Corollary], the fact that (S~ , @) is Kéhler and complete,
and using the Hodge star operator we can conclude that

A5, L2Q%1(S.6) - L*Q*'(S.)
has trivial kernel, too. In order to show that im(Aj3 , ;) is closed it is enough to show that both
02,0: L2Q%*°(S, @) — L?*Q*1(S.®)

and L, B B
0,,:L*Q*%(S.®) > L*Q>'(S.®)

have closed range; this latter implication follows easily by using the L2-Hodge—Kodaira decom-
position. Note that by the proof of Corollary 3.8 we already know that

02,0: L2Q%*°(S, @) — L?*Q*1(S.®)

has closed range.
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Moreover, as a consequence of the fact that 0 ¢ o(Aj, ,), we obtain that both
02.1: L2Q*1 (S, @) — L?>Q%*2%(§.®)

and
05 1:L22%2(8, @) — L2Q*'(§,®)
have closed range. Thus, we can conclude that 0 ¢ 0(Az, ;).

By using conjugation, the Hodge star operator, the fact that (S @) is Kihler and com-
plete, and the L?-Hodge—Kodaira decomposition, we obtain 0 ¢ o(Aj . q) with p + g # 2,
and that 1m(A ) is closed for each p, g € {0, 1,2}. Since we have already observed in the
proof of Corollary 3.8 that 0 € 0(617) for each p € {0, 1, 2}, we can conclude as in Corol-
lary 3.8 that AB,p,Z—p' L2QP27P (S, 5) — L2QP27P (S, &) has infinite-dimensional kernel
for each p = 0, 1, 2. The proof of (1) is thus complete.

Concerning (2), we observe that since (§ , ) is Kéhler and complete we have an equality
between

25,4 L?QP(S. &) - L*QP4(S, &)
and
AP+‘1|LZQp.q(§,5): L*QP4 (§, o) — L2QP4 (§, )
for each p,q € {0, 1,2}. Now the conclusion follows immediately by the first point. i

Remark 4.8. Note that the above proof does not work to show that Az 3.0.4 has closed
range for arbitrary (p, ¢) because we used in a crucial way (3.11) and (3.12) and these proper-
ties in general do not hold when (p, ¢) differs from (s, 0) and (s, g) with g > 0, respectively.

Corollary 4.9. Let S be a weakly Kiihler hyperbolic surface. Then, for each0 < p < 2,
the Euler characteristic y(S, Q% 5) does not vanish and we have

sign x (S, Q%) = (—D7?.

Moreover, y1,p(S) > 0 and the L?-Hodge and Betti numbers, h(z) (S) and h‘(');)rq (S), vanish if
andonly if p + q # 2 = dim S.

Proof. This follows at once by the above theorem and Atiyah’s L2-index theorem.

Observe anyway, that our surface S is of general type and hence the claims about the
various Euler characteristic then follow, since they hold true in general for surfaces of general
type. Indeed, we immediately get by [6, (2.4) Proposition] that ¢2(S) = yp(S) > 0, and by
[7, Theorem X.4] that y(S, @s) > 0. But then, by duality, y(S, Kg) = x(S,Os) > 0. Since

Xtop(S) = x(S,0s) — x(S, Q%) + x(S.Ks),
we obtain

c1(8)% + c2(8)
6

thanks to Noether’s formula and the Chern—Gauss—Bonnet Theorem. But then, since ¢z (.S) > 0,
using the Bogomolov—Miyaoka—Yau inequality we find

X(S,Q5) =2x(S,05) = xiop(S) = —c2(5),

6 x(S, Q%) = c1(S)* = 5¢2(S) < c1(S)? = 3c2(S) < 0. o
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Finally, Proposition 4.4 has the following stronger formulation in the case of surfaces,
which in turn leads to a confirmation of the strongest possible version of the Green—Griffiths
conjecture for this particular class of surfaces of general type.

Proposition 4.10. Let S be a weakly Kdhler hyperbolic surface. The image of any entire
curve in S is contained in Z g, and hence in a rational or elliptic irreducible component of Zg.

In particular, there exists only a finite number of rational or elliptic curves in S, and
moreover the Gram intersection matrix of the family of all irreducible rational and elliptic
curves is negative definite.

Proof. By (iii) of Proposition 2.29, any rational or elliptic curve lies in Zg, hence it is
an irreducible component of Zg. In particular, there is only a finite number {Cy, Ca,...,Cn}
of rational and elliptic curves.

By Theorem 4.4, the image of any entire curve is contained in Zg, hence in one of
the curves Cj, 1 <i < N. Given u € Wg, we have that any rational or elliptic curve is in
Zs € Eukx([]). Then, by [12, Propositions 3.12 and Theorem 4.5], the Gram intersection
matrix (C; - C;);,j=1,..,N is negative definite. ]

Corollary 4.11. Let S be a weakly Kdhler hyperbolic surface, and let C be the union
of all its rational and elliptic curves. If we contract each connected component of C to a point,
we get a (possibly singular) Kobayashi hyperbolic surface.

In particular, two distinct points of S have Kobayashi distance 0 in S if and only if they
both belong to the same connected component of C, and hence S is Kobayashi hyperbolic
modulo C.

Proof. The proof is on the line of the proof of [36, Proposition 2.1]. If two distinct
points in S belong to the same connected component of C, then there is a chain of rational or
elliptic curves connecting them, therefore their Kobayashi distance vanishes. Conversely, by
Proposition 4.10, the Gram intersection matrix of the irreducible components of C is negative
definite, and every entire curve in S has image contained in some connected component of C.

By Grauert’s criterion [6, (2.1) Theorem 2.1, Chapter III]), we can contract each such
connected component to a point to obtain a possibly singular surface S’. Assume S’ is not
Kobayashi hyperbolic and let f:C — S’ be an entire curve. Then we can lift f to an entire
curve f in S. Since the image of f is contained in some connected component of C, it follows
that f is constant and this gives a contradiction.

In particular, the decreasing property of the Kobayashi pseudometric implies that if two
distinct points have zero Kobayashi distance in S their image must be the same in S’, so that
they must both belong to some connected component of C. O
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