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Localization of Generalized Wannier Bases
Implies Chern Triviality in Non-periodic
Insulators

Giovanna Marcelli, Massimo Moscolari and Gianluca Panati

Abstract. We investigate the relation between the localization of gener-
alized Wannier bases and the topological properties of two-dimensional
gapped quantum systems of independent electrons in a disordered back-
ground, including magnetic fields, as in the case of Chern insulators and
quantum Hall systems. We prove that the existence of a well-localized
generalized Wannier basis for the Fermi projection implies the vanishing
of the Chern character, which is proportional to the Hall conductivity in
the linear response regime. Moreover, we state a localization dichotomy
conjecture for general non-periodic gapped quantum systems.
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1. Introduction

Wannier bases have become, in the last few decades, a fundamental tool in
theoretical and computational solid-state physics, as they provide a reasonable
compromise between localization in position space and localization in energy,
as far as compatible with the uncertainty principle [59]. Whenever it is well
localized, a Wannier basis:

(i) allows to implement numerical algorithms whose computational costs
scale only linearly with the system size [33];

(ii) provides a key tool for a simple and transparent description of macro-
scopic polarization and orbital magnetization in solids, yielding to com-
putable formulae [16,43], later proved in a broader setting by more
advanced mathematical techniques [74,76];

(iii) allows an efficient numerical treatment of deformed periodic systems [83];

(iv) helps to justify the so-called atomic limit, i. e. , the description of macro-
scopic solids as “consisting of well-localized atoms”, a classical paradigm
whose violation has opened the new field of topological chemistry [11].

Last but not least, the variational characterization of Wannier functions pro-
posed by Marzari and Vanderbilt has turned Wannier bases into an efficient
and flexible computational tool [59,60,73].

Since these advantages rely on good decay properties of Wannier func-
tions, several works have been dedicated to the rigorous proof of the existence
of an exponentially localized Wannier basis in periodic (time-reversal sym-
metric) insulators. These research efforts started with the pioneering work of
Kohn and des Cloizeaux [27,28,45] and continued with the work of Nenciu and
Helffer-Sjostrand [38,67-69], till the modern bundle-theoretic methods [13,72].
More recently, the emphasis has shifted from abstract to algorithmic proofs of
existence [19,20,22,23,31], which allow a direct numerical implementation [15].
Neglecting the linear independence condition, the related concept of Parseval
frame has also been investigated [2,22,47].

When the Hamiltonian breaks time-reversal symmetry (TRS), as, for
example, in Chern insulators and quantum Hall systems, the existence issue
becomes more involved and interesting. A Localization—Topology Correspon-
dence, also dubbed Localization Dichotomy, has been noticed and proved
n [62]. There the authors proved that in a gapped T'-periodic insulator in
dimension d < 3, with I' ~ Z? a Bravais lattice, a Wannier basis w =
{wy.a},er 1<a<m Which is well localized, in the sense that there exists M, < oo
such that

Z/ 2 [wy,a(x +7)|Pdx < M, Vy e,

exists if and only if the Bloch bundle associated with the Fermi projection P
is Chern trivial. In d = 2, the latter condition is equivalent to the vanishing of
the (first) Chern number, defined by

c1(P) = % /T Ir (p(k) [0k, P(K), 8k2P(k)]> dky A dks, (1.1)
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where TE = R2 /T* is the two-dimensional Brillouin torus and Ugp P 151} =
fﬁ P(k) dk is the Bloch-Floquet—Zak decomposition of P; see, e.g., [48] or
[61).

For d = 3, the Chern triviality corresponds to the vanishing of three “first
Chern numbers” defined, for i # j € {1,2,3}, by!

c1(P)yj = % [ (P(k) [BkiP(k),Bk].P(k)]) dki Adk;,  (1.2)
ij

where B;; C T? is the two-dimensional subtorus of the Brillouin torus T? =

R3/T'* obtained by fixing the coordinate different from the i-th and the j-th

(e.g., equal to zero). Moreover, if the Bloch bundle is Chern trivial, then an

exponentially localized Wannier basis always exists for d < 3 [13,72].

To avoid any source of confusion, we emphasize here that the Localization—
Topology Correspondence (LTC) refers to a different kind of localization mech-
anism than the one appearing in the well-known Anderson localization. More-
over, while Anderson localization concerns the decay properties of eigenfunc-
tions of Schrodinger operators with random potentials, the LTC refers to the
decay properties of particular orthornormal bases, namely generalized Wannier
bases, that span the spectral subspaces of a (possibly non-periodic) Hamilton-
ian operator.

This paper aims at the generalization of the LTC from the periodic set-
ting considered in [62] to the non-periodic one. Since both sides of the corre-
spondence, namely Wannier bases and Chern numbers, are defined by using
periodicity in an essential way, even the formulation of a reasonable conjecture
requires some care.

On the side of Wannier bases, a generalization of this concept to non-
periodic systems has been discussed since the early work of Kohn and Onffroy
[46]. Later, Kivelson noticed that for d = 1 a generalized Wannier basis is
provided by the eigenfunctions of the reduced position operator X = PX P,
where X is the usual position operator [44]. This intuition has been put on
solid mathematical grounds in [71], where it is proved that for any gapped
one-dimensional Schrodinger operator the spectrum of X is discrete, and the
corresponding eigenfunctions form a generalized Wannier basis (GWB)?,
as reviewed in Example 2.7. While the above construction does not gener-
alize to d > 1, the existence of a GWB can be proved for several specific
d-dimensional systems, as discussed in Sect. 2.1 following [70] and [10]. More-
over, in [26] it has been shown that the construction of [71] is optimal, in the
sense that the obtained GWB has the same exponential decay of the associated

IThe vanishing of the numbers below expresses the vanishing of the first Chern class c1(P)
as an element of the cohomology space H'(T2,R), which also implies the vanishing of the
integer first Chern class in H!(T2,Z); see [72].

2Whenever we use the adjective “generalized” we refer to Wannier functions for non-periodic
systems. However, this terminology is far from universal. The reader is warned that the
adjective “generalized” has been occasionally used referring to Wannier functions for a multi-
band periodic system (which are called composite Wannier functions in the mathematical
literature), as, for example, in [60].
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Fermi projection. An alternative strategy to construct a GWB for a generic
two-dimensional non-periodic system has been recently suggested and numer-
ically validated [79]. We shortly review the whole topic of GWB in Sect. 2.1.

On the other side of the correspondence, for d = 2 the Chern number
of the Bloch bundle is naturally generalized to non-periodic models by the
Chern character, defined, for a sufficiently regular orthogonal projection P
acting on L?(R?), by

O(P) =21 T(iP[[Xl,P], [XQ,P]]) (1.3)

where 7(-) is the trace per unit volume. Whenever P is periodic the above
formula reduces to (1.1), so that C(P) = ¢1(P). Physically, 3-C(P) gives in
Hartree units® the Hall conductivity of the system, which agrees with the Hall
conductance under mild technical assumptions [5].

In connection with solid-state physics, formula (1.3) first appeared—to
the best of our knowledge—in 1986 in a conference proceedings by J. Bellissard
[6], where C'(P) is baptized Chern character and it is specified that formula
(1.3) applies to orthogonal projectors affiliated to a specific C*-algebra of
ergodic operators (reducing to periodic operators in the deterministic case).
However, as early envisaged by Bellissard himself, the same formula makes
sense in a broader context, for projectors P whose kernel is sufficiently fast
decreasing away from the diagonal [66]. In an ergodic setting, this viewpoint
and its relation with non-commutative geometry have been deeply explored in
[7]. The relation with the index of a pair of projections and with the Fredholm
index has been also clarified [5,6,42], see the review paper [34] and references
therein.

The same formula (1.3) has later been reconsidered in a non-ergodic
and non-covariant setting, provided the trace per unit volume exists, which it
happens in particular for exponentially localized projections, as in Definition
2.3. Interpreted in this broader sense, formula (1.3) still produces an integer
whenever the trace per unit volume exists, as proved in [29] for discrete models.
The latter proof, which is essentially based on the identity between the Chern
character and the index of a Fredholm operator as previously established in
the covariant and ergodic setting [5,42], is generalized to gapped continuum
models in Proposition 2.13.

Finally, in 2011 physicists rediscovered an equivalent version of formula
(1.3), namely C(P) = 2wi7([PX, P, PX3P]), labeling the corresponding quan-
tity as Chern invariant [8] and Chern marker [14,40]. The latter name has
been also used in the recent mathematical literature [21,55].

In this paper, we conjecture a Localization—Topology Correspondence
for non-periodic gapped systems (Conjecture 3.2) and we prove one of the
conjectured implications, with a non-optimal threshold (Theorem 3.1): if an

3In this system of units the reduced Planck constant, the electron charge and the electron
mass are dimensionless and equal to 1. In particular, the quantum of charge conductivity

2
in the quantum Hall effect is % = i, where —e is the electron charge and h is the Planck

constant.
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orthogonal projection P, which acts on L?(R?) and is exponentially localized
in the sense of Definition 2.3, admits a GWB {1+ 4}y 1<a<m(y) (here D is
a discrete set, as in Definition 2.5) which is s-localized for some s > 4, i.e. ,
for s > 4 there exists M < 400 such that

/ (x=* [y a(®)Pdx <M VyeD, 1<a<m(y)
R2

then the corresponding Chern character C'(P) vanishes. Notice that neither
periodicity nor covariance with respect to the action of a group is required. The
fact that our result does not assume periodicity or covariance makes it suitable
for applications also to random Schrédinger operators [1]. In that context, it
has been proved that localized eigenfunctions, whose localization might be
caused by very different mechanisms, do not contribute to the conductivity:
The case of localization of eigenfunctions due to deep wells has been analyzed
in [66], while the case of Anderson localization has been treated in [32]; see also
the earlier work [49]. Although Wannier functions are not eigenfunctions, our
results say—coherently with the latter papers—that the existence of a well-
localized GWB implies the vanishing of the transverse charge conductivity.

1.1. Further References

We conclude the Introduction mentioning some results appeared during the
revision of our manuscript. The result in this paper was first announced in [55],
and a preliminary version of the proof was provided in the PhD thesis of one
of the authors [64]. These preliminary papers, together with the results in [62],
resparked the interest of part of the community for the analysis of Wannier
bases for non-periodic systems. Besides the aforementioned [79,80], we notice
the preprint by Lu and Stubbs [52] (see also [51]) where they manage to show
Theorem 3.1 with s > 1. Nevertheless, Theorem 3.1 with the optimal threshold
s > 1 is still an open problem. Finally, it is worth to notice that the LTC has
been recently generalized also in a different direction, within the C*-algebraic
approach to solid-state physics [9,53].

2. Setting and Fundamental Concepts

As explained in the Introduction, the aim of this paper is to generalize results
from the periodic setting to the non-periodic one. In order to model materials
that are not exactly crystalline we have to replace the Bravais lattice*, which
models the periodicity of a crystalline system, by a discrete set ©. We require
some uniformity as in the following definition, where B,(x) C R? denotes the
open ball of radius p > 0 centered in x € R

Definition 2.1. A set ® C R? is said to be r-uniformly discrete if there exists
r > 0 such that Vx € R? the set B,.(x) N® contains at most one element.

4Recall that a Bravais lattice T' C R? is defined as a discrete subgroup of (R%,+) with
maximal rank. It follows that there exist a (non-unique) linear basis {a1,...,a4} C R? such
that T' = Spany {a1,...,aq} ~ Z%.
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Obviously, a Bravais lattice I' ~ Z? is a r-uniformly discrete set for a suitable
r > 0.

A central role in our analysis will be played by the concept of localization
in space; hence, the following Definition will be useful.

Definition 2.2 (Localization function). We say that a continuous function
G:[0,00) — (0,00)

is a localization function if lim,_ ., G(x) = +oo and there exists a constant
Ca > 0 such that

G(lx-yl) < CaG(lx - zG(lz - yl)  ¥VxyzeR.  (21)

Natural examples of localization functions are G(z) = e** for some a > 0, and
1

G(z) = (z)? for some s > 0, where (z) := (1 +2%)? as usual.

Our aim is to investigate the relation between localization of GWBs
and transport properties in non-interacting gapped quantum systems, whose
dynamics is generated by a one-particle (magnetic) Schrodinger operator [3].
The spectral projections onto an isolated component of the spectrum of such
operators provide archetypal examples of exponentially localized projections,
defined as follows.

Definition 2.3 (Ezponentially localized projection). We say that an orthogonal
projection P acting on L?(R?) is exponentially localized if P is an integral
operator with a jointly continuous integral kernel P(-, -): R? x R? — C and
there exist two constants C, 3 > 0 such that

|P(x,y)| < Ce Pl vx y e R (2.2)

The following proposition provides examples of exponentially localized
projection for a large class of two-dimensional quantum systems, including
magnetic Schrodinger operators with constant magnetic field.

Proposition 2.4. Let V : R? — R be in L%,
uniformly locally square-integrable, i.e. ,

sup / V(y)|’dy < oc. (2.3)

lx—yll<1

(R?%), which means that V is

Assume that the magnetic vector potential A : R? — R? is in L (R? R?) with

distributional derivative V-A € L% (R?). Consider the Hamiltonian operator

1
Hpa = —§AA+V,

where —Ap = (—iV — A)2. Then,
(i) Ha is essentially self-adjoint on C°(R?). We denote its closure again
by HA.
(ii) The domain Da of self-adjointness of Ha is contained in C(R?).
(iii) Ha is bounded from below.
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Moreover, assume that o(Ha), the spectrum of Ha, has an isolated compo-
nent, i.e. , there exist two non empty sets og,01 C R and E+ € R\ oc(Ha)
such that

o(HaA) = og Uoy, o0 C(E_,E}) and (E_,Ei)No(Ha) = 0p.
(2.4)
Let Py be the spectral projection corresponding to og. Then,
(iv) Py is an exponentially localized projection in the sense of Definition 2.5.

We refer to Py as the Fermi projection, interpreting it as the projection onto
the space of “occupied” states of a system of non-interacting particles.

Sketch of the proof. The statements (i) and (iii) are a special case of [50, The-
orem 3|. The property (ii) is a consequence of the fact that the Schrodinger
semigroup e~ 4 is a bounded operator from L?(R?) to L°°(R?) [12, equation
(2.40)] and maps L?(R?) into the space of continuous functions [12, Theorem
4.1]. Therefore, repeating the proof of [77, Corollary B.3.2, Theorem B.3.3] one
can show that, for A > 0 large enough, the resolvent (Ha + )\)71 maps L*(R?)
into the space of continuous functions. Regarding the statement (iv), the exis-
tence and joint continuity of the integral kernel of Py is a standard result in
the theory of Schrédinger operators [12, Remarks 6.2.(ii)] [77]. The exponen-
tial localization of the integral kernel is a consequence of the Combes—Thomas
estimates on the resolvent [17], which can be shown by adapting the proofs of
[24, Proposition 3.1, Appendix A], coupled with the spectral gap assumption
on o0g, which allows to choose an integration contour C C C with a uniform
positive distance from o, and the fact that Py = *i $odzz(Ha — 2)72; see
[64, Appendix A.1.1] for details. O

2.1. Generalized Wannier Bases: A Short Review

Following the seminal idea in [70,71] we define generalized Wannier bases and
functions as follows.

Definition 2.5 (Generalized Wannier basis). Let P be an orthogonal projec-
tion acting on L?(R?) . We say that P admits a generalized Wannier basis
(GWB) if there exist a localization function G, a discrete set ® C R?, a con-
stant m, > 0 and a set {10 }yem,1<a<m(y) C L2(RY) with m(y) < m, for
every v € O, such that:

(i) {¥,a}ye® 1<a<m(y) is an orthonormal basis for Ran P;

(ii) there exists M < oo such that every v, o is G-localized around ~, i.e. ,

/Rd [y a®)PC(x—9l)dx <M VyeD, 1<a<m(y).  (25)

If the above conditions are satisfied, we say that P admits a GWB which is
G-localized around the set ®. One also says that 1, , is a generalized Wannier
function (GWF) G-localized around v € ©.

Notice that the localization center v € ® is far from being unique, even
in the periodic case. In the physics literature, the vector (15 q, X1, o) is called
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centroid of 1. ,. Moreover, in contrast with the usual definition of Wannier
functions for periodic systems, the index m(y) might depend on v € ®. Indeed,
without a periodicity assumption, one may in general expect a different number
of orbitals in different lattice sites. The only constraint we require is that such
a number is uniformly bounded, namely m(y) < m,, Vy € D.

Finally, it might seem natural to require, in the definition of GWB, that
the set ® is a Delone set, i. e. , both uniformly discrete and uniformly nowhere
sparse’. However, as we do not use both these properties in our Theorem
(only uniform discreteness is assumed), we preferred not to include them in
the definition.

The following terminology agrees with [62]:

o if (2.5) holds true with G(||x||) = e**I¥ll, for some a > 0, we say that
the GWB is exponentially localized;

o if (2.5) holds true with G(||x||) = (x)?* for some s > 0, we say that the
GWB is s-localized.

In the case of an exponentially localized projection P, the L?-localization
estimate (2.5) implies a L*>°-estimate on any GWF 1, ,, as in the following

Lemma 2.6 (From L?-estimates to L*-estimates). Let P be an exponen-
tially localized projection acting on L?(R%). Assume that P admits a GWB
{50 }ved,1<a<m(y) With localization function G(||x||) < C1eNXIl with Cy > 0
and A < 2[3 for 8 as in (2.2). Then, there exists a constant K > 0, independent
of v €D, such that each GWF 1, , satisfies

[0 ()] < K G(Ix—AI)72 ¥x € RY, Vo €. (2.6)
Proof. Using the fact that v, , = P, 4, one has

Gl =) 0000)] < [ Ay Gllx =AD" 1P )
Rd
1/2
<clf* ([ aveix-y 1P )

([ av 6t 1) a?)

where in the second and third inequality we have used property (2.1) and the
Cauchy—Schwarz inequality, respectively. In view of (2.2) and of the hypothesis
on G, there exists a constant K > 0, independent of v € ©, such that

1/2
ctf* sup ([ av 6=yl 1Py
R

x€R
1/2
2
([ avots =y o) < 5.
Therefore, (2.6) is proved. O

5A discrete set is said to be R-uniformly nowhere sparse if there exists R > 0 such that
Vx € R? the set Br(x) N®D contains at least one element.
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Whenever the projection P admits a GWB, it can be written as (using
the Dirac notation)

P= 3 )l (2.7)

YED 1<a<m(y)

where the series is understood as the strong limit of the finite sums of the
projections on the one-dimensional spaces spanned by each GWF. Notice that
the strong limit is independent of the ordering of the series. Moreover, if the
set ® is r-uniformly discrete, it is convenient to rearrange the above series as

Po=lim 3 > (ya@)iye VeeL’®RY,

YEDNAL 1<a<m(y)

with A7 = [~L, L]%. Furthermore, if P = Py is the Fermi projection of an
operator satisfying the hypotheses of Proposition 2.4 and admitting a GWB
that is exponentially localized or s-localized, with s > 1, the equality

Py(x,y) = Z Z Vrya(X) 0 (¥) 5 Vx,y € R?, (2.8)

YED 1<a<m(y)

holds true pointwise, since 1., , € Ran Py C Da C C(R?) by Proposition 2.4(ii)
and v , satisfies (2.6).

We emphasize a crucial point: The fact that Py is an exponentially local-
ized projection does not imply that the GWFs appearing in (2.8) are them-
selves exponentially localized, as it is explained in [62] for the periodic case.
While the exponential localization of Fj is a mere consequence of the gap con-
dition, via Combes—Thomas estimates, the existence of an exponentially local-
ized Wannier basis is related—in the periodic case—to the Chern triviality of
the vector bundle associated with Py [13,19,22,31,48,72]. Notice, moreover,
that not every orthonormal basis is able to capture the topological properties of
the former vector bundle. Indeed, if one relaxes the definition of GWB, allow-
ing, for example, an orthonormal basis whose elements are localized around
circles of increasing radii as in [75], it is always possible to find an exponen-
tially localized orthonormal basis such that (2.8) holds true; see [65]. In this
sense, the definition of GWB is a good compromise between generality and
ability to “read” the vanishing of the Chern character.

Whenever the Hamiltonian operator is I'-periodic and satisfies suitable
regularity conditions, see, e.g., [62, Remark 3.2], the Fermi projection Py com-
mutes with a unitary representation of the group I' ~ Z%, denoted by {Tv}ver’
and one constructs via Bloch-Floquet theory the usual composite Wannier
basis for Py, denoted by {T,wo,q}ver,1<a<m, for some fixed integer m > 1
(equal to the number of Bloch bands associated with Fy). It is easy to see that
such composite Wannier basis satisfies Definition 2.5, so it is indeed a GWB.
According to the value of the first Chern number(s) of P, such a GWB can be
chosen exponentially localized if ¢;(P) = 0, or s-localized for any s < 1 (but
not for s = 1!) if instead ¢;(P) # 0 [62].

It is of relevance to note that there are non-periodic systems in which is
not possible to construct a composite Wannier basis—in view of the lack of
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periodicity—but is still possible to have a generalized Wannier basis. In this
direction, we review here some examples®:

Ezample 2.7 (Generic one-dimensional insulators). — Consider the one-
dimensional Schrodinger operator

2

d
H = —1= +V with V € L2 (R). (2.9)

H is a self-adjoint operator in L?(R), bounded from below. Assume that the
spectrum of H has an isolated component o(, such that the range of the
spectral projection Py corresponding to oy has infinite dimension. Inspired
by Kivelson [44], the authors of [71] consider the reduced position operator
PyX Py with domain D(PyX Py) = D(X) NRan Py and prove that:
(i) the resolvent of PyX Py is a compact operator; hence, the spectrum of
PyX Py is purely discrete. The corresponding eigenvectors 1, , € L?(R)
satisfy

Py X Pothya = Vy.a Vy €o(PhXF),1<a<m(y),

where m() is the degeneracy index of the eigenvalue ~;
) there exist two constants 0 < a, M < oo such that

/ 1hy (x) 2 dx < M Vv € 0(PXPy), 1 <a<m(y).

Setting D9 = o (PyX P), the orthonormal basis {w%a}’yeﬁmlgagm(w) is
a GWB in the sense of Nenciu—Nenciu, as defined in [71], exponentially local-
ized around the discrete set . To prove that {1y, .} is a GWB according
to our (stronger) Definition 2.5, one has to show that Im, : m(y) < m, for
all v € ©, which is not known in general. Whenever the Hamiltonian is peri-
odic, the generalized Wannier basis constructed with the previous strategy [71]
coincides with a usual composite Wannier basis [25,64]. Furthermore, in [26] it
has been proved that the number of eigenvalues of Py X Py, counted with their
multiplicity, contained in an interval of length L, grows at most linearly with
L. However, this result does not imply that the set o(PyX Pp) is r-uniformly
discrete or R-uniformly nowhere sparse for some r, R > 0. The proof of the
latter claims is, to our knowledge, still an open problem.

The previous construction for one-dimensional systems does not directly
generalize to higher dimensions, essentially for two reasons:

(i) generically, the compact resolvent property of Py X Py holds true only in
L3(R), as one can easily see for d = 2 when P, is Z2-periodic;

(ii) in general PyX; Py and PyX; Py do not commute for ¢ # j, so the attempt
to simultaneously diagonalize them fails. It is worth noticing that the
topological and transport properties of the system are encoded exactly
in the commutator between Py X, Py and Py X5 Py; see Sect. 2.2 and specif-
ically equation (2.14). The relation with the theory of almost-commuting
operators has been explored in [37].

6See (2.3) for the definition of L R?), which can be easily generalized to any dimension.

uloc(
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Some proposals to circumvent these difficulties appeared recently in [79,80],
where the authors show that, under the additional crucial assumptions of uni-
form spectral gaps for the spectrum of the operator PX; P, it is possible to
prove the existence of an exponentially decaying GWB for the projection P.
Proving that PX; P satisfies such uniform spectral gaps hypothesis is still an
open problem, but in [79] the authors present numerical simulations show-
ing that in explicit tight-binding models the spectrum of PX; P has spectral
gaps only when the projection P is Chern trivial, which is in accordance with
Conjecture 3.2.

Despite the difficulties to deal with generic non-periodic systems for d >
1, there are several specific d-dimensional models for which the existence of a
well-localized GWB has been proved, as in the following examples.

Ezample 2.8 (d-dimensional insulators with weak disorder). Generalized Wan-
nier bases can be useful in the analysis of periodic systems perturbed by impu-
rities and weak disorder. Given A € R and a Bravais lattice I" C Rd, d < 3, we
consider the Hamiltonian operator, acting in L?(R%),

Hy=-A+Vr+\W
where Vp € L2, _(R?) is I-periodic. Assume that W € L2, _(R%), so that H)

uloc uloc
is an entire family of type A in the sense of Kato. The potential VI models
the periodic background of the crystalline insulator, while W models either a
sum of localized impurities or a delocalized disorder.

Assume that the spectrum of Hy has an isolated component oq. Since
Hj is time-reversal symmetric, the projection Py onto the isolated component
oo admits a Wannier basis {¢y,q 1= t0,a(- = V) },er 1<qem> for some m > 0,
where each Wannier function 1, , is exponentially localized around « in the
sense of Definition 2.5. By standard perturbation theory [41, Remark VII.2.3,
p. 379] one can prove that there exists a A9 > 0 small enough such that,
for |A| < Ag, the spectrum of Hy has an isolated component o) that varies
continuously with A in the Hausdorff distance. Denote by P, the spectral
projection onto oy.

In [70], it is shown how to transport an exponentially localized GWB from
the range of P to the range of Py. Let us review here the main steps of the proof
rewritten in our setting. First of all, since H) is an analytic family of type A,
the family of projections is analytic in A [41, Theorem VII.3.1.7], in particular
|Py — Pyv| < C|A — N| for some positive constant C. It follows that, for
[A—X\| small enough, there exists a unitary operator which intertwines the two
projections and, as a consequence, it unitarily maps an orthonormal basis for
the range of P into an orthonormal basis for the range of Py/. Furthermore, in
view of the hypothesis on the Hamiltonian and the gap condition, one can prove
that the projections, Py and P/, are both exponentially localized projection in
the sense of Definition 2.3. In addition, using again the Riesz formula, together
with the Combes—Thomas rotation and the relative smallness of W, one gets
that, for some § > 0 small enough, supycga [|e70¢72 (Py — Py) et~ || <
C|A — X| which implies that the intertwining unitary, explicitly given by the
Kato—Nagy formula, preserves the exponential localization; see [70]. Therefore,
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starting from an exponentially localized GWB for P, and iterating the unitary
transport a finite number of times, one obtains a GWB for every Py, with
[A] < Ao, which is exponentially localized around the same discrete lattice T
as the original one.

Notice that this argument relies on the fact that Py is a spectral pro-
jection onto an isolated component of the spectrum, namely we are assuming
that the Fermi energy lies always in a spectral gap. In the setting of random
Schrodinger operator, it is usually considered also the case of the Fermi energy
lying in a region of mobility gap. In such a situation, even though the integral
kernel of the Fermi projection is not exponentially localized, it might still be
possible to construct special orthonormal basis that is localized in space; see,
for example, [32] and references therein.

Ezample 2.9 (Deformed d-dimensional insulators: the Gubanov model). A
class of examples of non-periodic gapped quantum systems that admit an
exponentially localized GWB is provided by a Schrodinger operator modeling
the deformation of a periodic d-dimensional insulator. We recall the defini-
tion of this model, following [10], where it is called quasicrystalline model of
Gubanov.

The Hamiltonian Hy describing the undeformed system, acting in L?(R%)
for d < 3, is given by

Hy=-A+V with V € L2 .(RY).

uloc

We assume that the spectrum of Hj has an isolated component o, and denote
by Py the corresponding spectral projection. In order to describe the deforma-
tion of the system, we consider g € C?(R%,R%) and 2 C R? and set

b(g;x) = | Jnax [10:0;9x(%)| ; |9igr (x)]]

b(g; Q) = sup b(g; x).
xe)

Let V, be the potential given by V,(x) = V(x + g(x)), for all x € R?. Then
the Hamiltonian of the deformed system is Hy = —A + V.

Assume that b(g,R%) = ¢ < +o0o and that Py admits a GWB which is
exponentially localized around some r-uniformly discrete set . A consequence
of [10, Proposition 4] is that, for £ small enough, the spectrum of H, has an iso-
lated component o, that varies continuously with £ in the Hausdorfl distance.
The corresponding spectral projection P, of H, is not norm continuous with
respect to £. However, if, for £ small enough, one defines the unitary operator
[10] (Y1) (x) = (det (18;(x + g(x))iD)) "/ t(x + g(x)) for every v € L2(R2),
then Y P,Y™* depends continuously on ; hence, |[Y PY™* — Byl < 1 for & suf-
ficiently small. Therefore, by repeating the steps described in Example 2.8
one can unitarily transport the GWB from the range of Py to the range of
Y P,Y*, without spoiling the localization properties. Let {1y a}yem,1<a<m(v)
be the GWB of Y P, Y. Exploiting the explicit expression of the operator Y*
and the fact that the derivatives of ¢ are uniformly bounded by &, one gets
that {5, := Y*w%a}fyeé,lgagmm is an exponentially localized GWB for the
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range of P, where D = {x e R | x =7+ g(7),y € D} is an r"-uniformly
discrete set and m(%y) = m(y).

Ezample 2.10 (Magnetic perturbations of Chern-trivial 2D insulators). Gen-
eralized Wannier functions naturally appear when a two-dimensional system
is subjected to a constant magnetic field whose flux through the periodicity
cell does not necessarily satisfies a commensurability condition with respect
to the quantum of magnetic flux. While it is not possible, in such a case, to
rely on any type of magnetic Bloch-Floquet transform, it is still possible to
exploit the covariance with respect to magnetic translations. This problem has
been tackled in [19] and [22]. Consider a Z?-periodic insulator modeled by a
Bloch-Landau Hamiltonian, acting in L?(R?), that is

H, = (=iV — Agz — boA — €A)’ + Ve (2.10)

where V72 is a smooth Z2-periodic scalar potential, Ay is a smooth Z2-periodic
vector potential, € € R, by € 27Q and A(x) = %(—xQ,xl) is the magnetic
potential of a constant magnetic field in the symmetric gauge. Assume that
the spectrum of Hy has an isolated component og and let Py be the corre-
sponding spectral projection. Then, for |e| small enough, the spectrum of H,
has an isolated component o, which varies continuously with € in the Hausdorff
distance. If Py has a vanishing Chern number, then Py admits a (magnetic)
Wannier basis {¢y,a}, cz2 1 <q<,,s for some m > 0, where each Wannier func-
tion v, is exponentially localized around 7. A consequence of the results
in [19] is that, if |e| is small enough, then P, admits a GWB exponentially
localized around the same lattice Z2. Notice that the “magnetic” GWB for
the perturbed projection P. present an almost-ladder structure, in the sense
that it can be written just using a finite set of vectors together with magnetic
translation and a position dependent phase, as explained in [22], where also a
constructive algorithm for the GWB is provided.

2.2. A Topological Marker in Position Space

The TKNN approach to the quantum Hall effect [82] established that the
Hall conductivity, as given by the Kubo formula for linear response, is always
an integer in units of % = i Shortly after, the topological origin of such
an integer has been recognized [4,78], thus establishing a Transport—Topology
Correspondence: For gapped periodic magnetic systems, the Hall conductivity
equals (up to a universal constant) the Chern number ¢; (P) of the (magnetic)
Bloch bundle corresponding to the Fermi projection. Later, Haldane noticed
that such a correspondence and the existence of a non-trivial topology only
rely on the breaking of TRS, thus paving the way to the flourishing new field
of topological insulators [35,36].

The former Transport—Topology Correspondence for periodic systems has
been later extended to non-periodic models, either by methods from non-
commutative geometry [6,7,66], or by using the index of a pair of projections
[5,6]. As mentioned in the Introduction, in the non-periodic setting the Chern
number is replaced by the Chern character C(P), given by formula (1.3)
[6,7]. Tts main advantage is that it provides a topological marker defined in
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position space, with no reference to a quasi-momentum space which is available
only in a periodic setting.

We emphasize that the Chern character can be defined without any ergod-
icity or covariance assumption on P, as in the following

Definition 2.11 (Chern character). Let P be an orthogonal projection in
L?(R?). Let X; and X, be the multiplication operators by the respective com-
ponent of the position operator, i.e. , (X;¥)(x) = x;9(x), for v € D(X;).
Given L > 1 and Ay := [~L, L]?, we denote by xa, the characteristic func-
tion of the set Ar. Assume that [X;, P],[X2, P] uniquely extend to bounded
operators and xa, P [[X1, P],[X2, P]] Pxa, is a trace class operator for every
L>1.

Under these assumptions, the Chern character of P is defined by the
following trace per unit volume:

C(P) = lim 2y (iXALP[[Xl, Pl, [XQ,P]}PXAL) (2.11)

412
whenever the limit exists.

Formula (2.11) coincides up to a universal constant with the Hall conduc-
tivity in gapped systems, in the linear response regime, provided Kubo formula
holds true. For the validity of the latter, see the recent papers [54,56,63,81]
and references therein; concerning the Kubo formula for spin conductivity, see
[67,58] and references therein.

The limit in (2.11) equals 27 times the trace per unit volume of the
operator

Cp = iP[[X1, P],[Xs, P]| P, (2.12)

hence, it agrees with formula (1.3) in the Introduction. It is interesting to notice
that it is possible to rewrite (2.12) in terms of commutators of the so-called
reduced position operators. Let P be an exponentially localized projection
and )?j := PX,P be the reduced position operator in direction j € {1,2}. A
direct computation”, exploiting only P2 = P and [X1, X3] = 0, yields

Xa,Cp = Xa iPX1PXoP — xa, iPXoPX P = x4,i[X1, Xs], (2.13)
so that
C(p)=2nt (i[)?laXZ]) ; (2.14)

where 7(-) denotes the trace per unit volume, which is conditionally cyclic®.
Notice that the operator [X 1, Xg] is densely defined since the projection P

"Notice that all the terms involved in the direct computation are trace class operators, as
it is proved in Proposition 4.1.

8Here, we use the adverb “conditionally” to stress the fact that 7(-) is cyclic under some
additional conditions, e.g., the operators involved in its arguments are periodic. Indeed, even
if the Chern character can be expressed as the trace per unit volume of the commutator
between the reduced position operators X, and )2'2, it may very well be nonvanishing. (The
reduced position operators are not periodic.)
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maps pointwise exponentially decaying functions, with exponential decay less
than g in (2.2), into pointwise exponentially decaying functions.

Definition 2.11 contains two relevant constraints: the trace class condition
of xa,€pxa, and the existence of the limit of (2.11), which are not trivial
when P is a generic orthogonal projection. Whenever the orthogonal projection
is exponentially localized and time-reversal symmetric, the Chern character
vanishes, independently of any periodicity hypothesis, cf. [5, Theorem 3.9], as
detailed in the following.

Proposition 2.12 (Chern character vanishes under TRS). Let P be an expo-
nentially localized projection acting on L*(R?). Let time-reversal symmetry be
encoded by’ an antiunitary operator © such that ©% = +1 and [0, X;] = 0 for
any i € {1,2}. If P is time-reversal symmetric in the sense that OPO~1 = P,
then C(P) = 0.

Proof. First, notice that by Proposition 4.1, the sequence of traces defining
the Chern character is well defined. Then, by using that Tr(A) = Tr(© A©—1)
for every trace class operator A and exploiting the time-reversal symmetry of
P, we have the chain of equalities

1Tr (xa,, P [[X1, P, [X2, P]] Pxa,)
=1iTr (Oxa, P[[X1, P],[X2, P]| Pxa,©71)
= i Tr ((xa, P[[X1, P), [ X2, P]] Pxa,)")
= —i Tr (xa, P [[X1, P], [ X2, P]] Pxa,)

which implies that the Chern character is zero. O

Notice that the exponential localization hypothesis in Proposition 2.12
is only used to justify the formal computations with the double commutator
formula; however, a sufficiently fast polynomial decay of the integral kernel
would be sufficient to prove the statement.

Even though the limit (2.11) defining the Chern character might not exist
for generic orthogonal projections, this is never the case when P is an exponen-
tially localized projection. Moreover, in such situation, the Chern character is
an integer. This fact has first been proved in [29, Appendix, Proposition 3 and
Remark 3] in the discrete setting and using a different terminology!?, covering
also the more general case of a mobility gap. The proof in [29] is based on
the index of pair of projections defined in [5,6,66], and here we adapt their
argument to our setting, i.e. , exponentially localized projections on the con-
tinuum. We notice that the profound reason for the quantization of such index
can be traced back to the Fedosov formula for the index of elliptic operators
[30,39]. Before formulating the results, let us briefly remind the definition of
the index of pair of projections.

91In our setting, a canonical time-reversal operator is simply given by the complex conjugation
operator.

1ONotice that in [29] the authors focus on the Hall conductance, which, however, for d = 2, as
in our setting, equals the Hall conductivity and hence is proportional to the Chern character.
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Consider the unitary multiplication operator U, defined by (Uv)(x) =
U(x)y(x) with

+ i .
% z1 +izo ¢ [0, +00)
U(x) = Vi + 23 (2.15)

1 x1 +izg € [0, +00).

The unitary U represents a singular gauge transformation associated with
the insertion of a magnetic flux tube carrying one unit of quantum flux. As
emphasized in [5], it is not restrictive to consider only unitary operators with
unit winding number, like (2.15), see [5, Theorem 4.2]. Then, the index of pair
of projections P, UPU™, is defined by

Index(P,UPU™) := dim (ker(P — UPU™* — 1))
—dim (ker(UPU* — P — 1)) € Z. (2.16)

We show that the Chern character coincides with the index of a pair of
projection and hence is an integer, with no ergodicity or covariance assumption
on P.

Proposition 2.13. Let P be an orthogonal projection acting on L*(R?%) which
s an exponentially localized projection in the sense of Definition 2.3. Let U be
the unitary multiplication operator defined in (2.15). Then,

C(P) = Index(P,UPU*) (2.17)

where C(P) is the Chern character defined in (2.11) and Index(P,UPU™) is
the index of pair of projections defined in (2.16).

The proof is postponed to Appendix A.

3. Main Result

We can now formulate our main result.

Theorem 3.1 (Localization of GWB implies Chern triviality). Let P be an
orthogonal projection acting on L?*(R?), which is an exponentially localized
projection in the sense of Definition 2.3. Let ® C R? be a r-uniformly dis-
crete set and let s > 4. Suppose that P admits a generalized Wannier basis
{%y,a}yeD 1<a<m(y) which is s-localized around ©, in the sense of Defini-
tion 2.5. Then, the Chern character of P is zero.

Notice that periodicity plays no role in Theorem 3.1. In non-periodic
context, one might think that a natural generalization of Bravais lattice is
a Delone set, which is both r-uniformly discrete and R-uniformly nowhere
sparse(5). However, in the proof of the above theorem only the property of ©
to be uniformly discrete is used, via the “Generalized Maclaurin—Cauchy test”
(Lemma B.1).

As we have already mentioned in the Introduction, in the periodic context
the relation between the localization of Wannier bases and the topology of
the Bloch bundle is a well-established paradigm [62]. Inspired by the latter
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result, we conjecture that the remarkable dichotomic character that pertains
to periodic systems is actually a more general phenomenon.

Conjecture 3.2 (Localization dichotomy for non-periodic gapped systems).

Let Py be the spectral projection, acting on L*(R?), corresponding to an isolated
component oy of an operator satisfying the hypotheses of Proposition 2.4. Then
there exists a number s, > 1 such that the following statements are equivalent:

(a) Py admits a generalized Wannier basis that is exponentially localized
around a r-uniformly discrete set, for some r > 0.

(b) Py admits a generalized Wannier basis that is s-localized, with s > s.,
around a r'-uniformly discrete set, for some 1’ > 0.

(¢) Py is Chern trivial in the sense that its Chern character C(Py) exists and
is equal to zero.

Clearly, (a) implies (b) by a simple inequality. The implication from (b)
(with s, > 4) to (c) is the content of Theorem 3.1, which is proved in the next
section. The open problem in the conjecture is to show that (c¢) is implies (a).
Moreover, since for any time-reversal symmetric system the Chern character
vanishes, see Proposition 2.12; proving that (c) is implies (a) would solve a
long standing conjecture about the existence of generalized Wannier bases for
time-reversal symmetric systems [70].

Furthermore, in view of the periodic counterpart, the threshold s, > 4 appear-
ing in Theorem 3.1 does not seem optimal. In fact, a generalization of the local-
ization dichotomy for periodic systems proved in [62] would require s, = 1.

Theorem 3.1, coupled with the techniques used in [70], allows to show
that the nonexistence of a well-localized GWB is stable with respect to suitable
perturbations, as detailed in the following Corollary. A similar stability result
concerning the vanishing of the Chern character holds also true.

Corollary 3.3 (Stability of the GWB delocalization). Consider the family of
Hamiltonian operators, acting in L*(R?),

1
Hy = 5(—iV—b0A—Azz)2 + Vg2 + AW, AER

where Vg2 is a smooth Z2-periodic scalar potential, Az is a smooth Z2-
periodic vector potential, by € 271Q and A(x) = %(—xg,xl). Assume that
W is infinitesimally relatively bounded with respect to Hy and that the spec-
trum of Hy has an isolated component oy C (E_,E}), Ex € R\ o(Hy). For
[A| small enough, say |A| < 6, Ex belong to the resolvent set of Hy. Denote by
Py the spectral projection onto the spectral island oy == o(Hx) N (E_, EL). It

holds true that
(i) if the Chern number of Py is different from zero, then for |\ < & the
projection Py does not admit any GWB that is s-localized for s > 4;

(ii) if Py admits an s-localized GWB around a certain r-uniformly discrete
set for s > 4, then C(Py) =0 for |\| <§.

Proof. Let us prove statement (i). We first consider A = 0. Suppose by con-
tradiction that Py admits a s-localized GWB, with s > 4. Then, in view
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of Theorem 3.1, the Chern character of P, vanishes. This leads to a con-
tradiction since, as Py commutes with a unitary representation of Z2, one
has C(Py) = ¢1(Py) # 0. Consider now A # 0. Since W is infinitesimally
small with respect to Hy, Hy defines an entire family of type A; hence, for |)|
small enough Ey belongs to the resolvent set of Hy and o) is a well-defined
isolated component of the spectrum [41, Remark VII.2.3, p. 379], such that
| Py — P|| < C|A| < 1. Assume now by contradiction that Py admits a GWB
that is s-localized for s > 4. Therefore, following the idea in [70], it is possi-
ble to unitarily transport the GWB back to the original system by using the
Kato—Nagy unitary operator U that intertwines Py and Py. Moreover, since
H), satisfies the assumptions of Proposition 2.4, we can apply the result of
[22, Lemma C.1], which implies that U — 1 is an integral operator with an
exponentially localized kernel, that is a kernel satisfying (2.2). Hence, via a
Schur—-Holmgren estimate we get that
sup [|(- —a)"U(- —a)~°[| < 400
acR?

which implies that U preserves the localization properties of the GWB. There-
fore, Py admits a GWB that is s-localized. Then, Theorem 3.1 implies that
the C(Py) = 0, which is a contradiction.

The proof of statement (ii) follows a similar argument. O

4. Proofs

4.1. Well-Posedness of the Chern Character
The main result of this section is the proof that the operator xa, €pxa, with
P an exponentially localized projection, see (2.12), is trace class, and that its
trace is O(L?).

As anticipated in Sect. 2.2, the topological properties of the system are
encoded in the commutator [)? 1s )22} , and the Chern character is proportional
to

e = (%) = i o (o [Bo] ).

Now, we prove that for all L > 1, each summand of the commutator
XAL [Xl, XQ]XAL, and the terms involved in the direct computation (2.13) are
trace class.

Proposition 4.1. Let P be an exponentially localized projection acting on
L?(R?), let X;, for i € {1,2}, denote the components of the position oper-
ator, and let xa, be the characteristic function of the set Ay = [~L,L]?.
Then

(i) for every m,n,m’,n’ € N={0,1,...} the operator
xa, P(X3)™(X5)™ P(X;)" (Xq)"

is a trace class operator.
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(ii) Moreover, there exists C > 0 such that
|Tr(XALP[[X1vP] ) [XQ,P]] XAL)‘ < CcrL? VL > 1.

Proof. (i). Consider g as in inequality (2.2). Let n < (/3 and consider the
multiplication operators e~ "IXIl and el XIl, One has

X POX3)™(X5)™ P(XG)™ (Xa)™
= XA, AnlIX | g=4nll X1 p 20l Xl (Xi)m(Xj)m’ e 2nlXIl P(Xj)”(XZ-)”/ )
From estimate (2.2) and the triangle inequality it follows that
‘(e—4n\|X|\ pelXI (Xi)m(Xj)m/) (x, y)‘ < CeMxllg=(B=3n)lx=y
‘(e—%uxn p(Xj)n(Xi)n’> (X,y)) < Cle=B=mlx=ylg=nlx|

Thus, the two operators appearing on the 1.h.s above have both integral kernels
in L?(R? x R?) and hence are Hilbert-Schmidt operators. Since the product
of two Hilbert—Schmidt operators is in the trace class ideal, and xa, enlIXT g
a bounded operator, the first part of the proposition is proved. In particular,
choosing m = 0 = m/ and n = 0 = n’, one concludes that x5, P? = xa, P is
trace class.

(ii). We have that

ITr(xa,Crxa,)| = Tr(xa, €pPxa, )| < lIxa,€pPxa,ll
< lIxa,€pPl2l[Pxay 2

By writing explicitly the integral kernel of €p and exploiting that the kernel
of P is jointly continuous and satisfies (2.2), we obtain that there exist two
positive constants « and C such that

| (xa,€pP) (x,y)| < Cxp(x)e =¥l

Hence, we can easily estimate the Hilbert—Schmidt norm of x5, €p P and Py,
by explicit integration and conclude the proof of the proposition. 0

4.2. The Proof in a Nutshell

Let P be an exponentially localized projection that admits a GWB localized
around a r-uniformly discrete set @, with localization function G (see Defini-
tion 2.5). In general, one cannot expect the operators )~(Z to be diagonal in the
GWB representation, as the expectation value of the position operators in the
GWB, namely (¢ 4, X;t; ), has nonvanishing off-diagonal elements. How-
ever, in order to understand the main idea behind our proof, let us suppose
for the moment that P admits a GWB made of generalized Wannier functions
localized on a r-uniformly discrete set © and with compact and mutually dis-
joint supports. In this setting, we have

(Vy,as Xithn o) = (.0, Xithn,p) =1 65.n0a,0fi(7,a), ie{l,2}, (42)
in view of the mutually disjoint support property of the GWFs. Then, the
operators X 1 and )?2 are diagonal operators in the generalized Wannier basis,
which implies that [)?1,)22] = 0. Therefore, we can easily see from (4.1) that
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in such oversimplified setting the Chern character vanishes and Theorem 3.1
holds true.

Hence, we find convenient to introduce the operators T';, for i € {1, 2},
by setting

Tii=> > %ltva) Gyl s (4.3)

YED 1<a<m(y)

acting on the maximal domain D(T;) := {cp € L*(R?) | Yo Vi 2| (00,05 )]

< +oo}.
The orthonormality of the GWB implies that

I,P=T,=PI;, TI,0;=I,T;,

and, obviously, one has 7([I';,I';]) = 0. The strategy of the proof of Theo-
rem 3.1 is to control “how far” the commutator between the reduced position
operators is from the commutator between the operators I';, when they are
localized on the compact region Ay,. In particular, we show that

T (ea ([%1, %] = 0my)) )| = 00, (4.4)
which implies that
T ([)?1,)22}) =T ([)21,5(:2} — [F“I‘J}) = 0
The proof consists in splitting the contribution of the difference of com-
mutators appearing in (4.4) in several terms and to show that each of these
terms separately goes at most linearly in L as L — oco. The main ingredients

of our analysis are the estimates contained in the Proposition 4.2 which are of
two types:

e Estimates (4.6) and (4.5) show that the L? norm contribution in Aj
(resp. in A ) coming from the GWFs that have a center outside Ap
(resp. inside Ap) is at most of order L. Loosely speaking, when we look
at the norm of GWFs in a certain region of the plane, the error we make
by considering only the ones with the center in such region grows only
like the boundary of the region.

e The estimates (4.8-4.11) are used to analyze the contribution to the trace
in (4.4) coming from the fact that the reduced position operators )Z’l are
not diagonal in the generalized Wannier basis, namely (4.2) does not hold
true in general. From the proof of (4.11), we have that such error is again
of order L as L — oc.

4.3. Proof of Theorem 3.1

To make the proof as clear as possible, we first recollect in the next technical
proposition all the important estimates on the GWB that we need for the
proof. Notice that in order to estimate the values of certain series over the
r-uniformly discrete set ® we make use of a generalized Cauchy—Maclaurin
test, see Lemma B.1, to obtain an upper bound using Lebesgue integrals over
the plane.
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Proposition 4.2. Let the hypotheses of Theorem 3.1 be satisfied. Then, there
exist two positive constants Lyo, Ly such that, for every L > 1, one has

Z HXAchg,cH <Zw L, (4.5)
EeAr, c

> Ixasveel < Tw L. (4.6)
EEAL c

Moreover, there exists a function F : [0,400) — [0,+00) such that

bl

and the following integrability conditions are satisfied:

’L/)'y,aa 'Yz)wn b>| (H’Y 77”) Vie {1?2}’ (47)

WMJ

/ dx F(|x])) = I < oo, (4.8)

R2

/ dx F(|x]))? =: I» < oo, (4.9)

R2

[ Il = 2 < . (4.10)
2 —

Jim g [ [ ay Py = (@.11)

The proof of Proposition 4.2, postponed to Appendix B.3, shows that one
can choose F' in the form F(||x]|) := k4(x)~ (7279 for an arbitrary 0 < e < 1.
However, we prefer to state the Proposition in the form above, to single out
the properties of F' that will be used in the proof of Theorem 3.1. Indeed,
we now prove the statement of Theorem 3.1 using only the estimates (4.5)—
(4.11). For the sake of better readability, in the following the generic series
D oveoniy 2i<a<m(y) Alr,a) and 30 o537 o ciniy) Ay, a) will be written
shortly as >° , ,A(v,a) and }°  A(7,a), respectively.

Let us start by noticing that by a simple algebraic manipulation one has

o ([0 5] ) = [ (1), (1)

+ XxaAp [(Xl - Fl) ,1—‘2} + Xxap [1"1, ()?2 - F2)]
=TT +T>+1T3.

In the following, we show that each of the traces Tr(T;), i € {1,2,3}, goes at
most linearly in L as L — oo.

First of all, note that all the terms in the commutators appearing in
xa.Tj, j € {1,2,3} are trace class due to Proposition B.4. Let us start by
analyzing the trace of xs,7T>. By substituting xa, =1 — xa: and by exploit-
ing the fact that P is an orthogonal projection and that the GWB is an
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orthonormal basis of Ran(P), we obtain

Z Z (Ve e Xap Py,a) (Pry,as (X1 —71) e ) (§2 — 72)

&,c vha
< Z Z5v755a,6| (Vs (X1 = 71)%e ) (§2 —72) |
EeNL, c v,a
+ 3D K xas Yees Yyia) (Vs (X1 = 1)) (&2 — 72))]
(€N, c v,a
+ ) D I Yee Yya) (Y (X1 = 11)vec) (&2 — 72)]
EEANL ,c VHa

=:To1 + Ty +To3.

The first series, namely 751, is zero after the summation in ~. The series
T5o reads

D0 [ as e ra) (Wy.an (X1 — 1)vee) (G2 — 2)]

§eAL,c v,a (4 12)
< Y Ixageell DO FUly = €Dly — €l < KilsToo L,
EeAL, c vED

where we have used (4.5), (4.7) and (4.7), together with Lemma B.1 to estimate
the series with the integral. Analogously, by using (4.7), Lemma B.1, (4.6) and
(4.10), we get that |Ths| < K, 13Ty L.

Therefore, we have obtained an upper bound for the trace of xa, 75, that
is |Tr(xa,T2)| < CL as L — oo. An upper bound on the trace of x, T3 is
obtained by a similar computation: it goes also at most linearly in L as L — oc.
Hence, both these terms do not contribute to the thermodynamic limit (4.1).

It remains to estimate the trace of xa,77. By similar computations as the
ones above, we can write x5, 71 =: Ry + Ro+ R3, where R;, i € {1,2,3} are (a
posteriori absolutely convergent) series such that Rs contains the localization
function y AS Rs contains the localization function x, and R; does not con-
tain neither yA, nor yae. By using (4.6), (4.5) and (4.8) in a similar way as
in (4.12), one can show that Ry and Rj are absolutely convergent series that
go at most linearly in L, as L. — oco. This means that the only contribution to
the limit L — oo can come from R;. However, this is not the case as we now
show. Consider the series R;:

Ry = Z Z Z 0y,60a,c (Vy,a, (X1 = 71)Unp) (Ynp, (X2 = m2)e.c)

;e nb EEAL,c

=YD Y Syl (e (X2 = 92)vn0) (Wnps (Xa = 1)) -

Ve nb EEAL, c

By using Lemma B.1 and (4.9), one easily gets that R; is absolutely convergent
together with a non-optimal estimate (quadratic in L) for its sum. Let us now
show that also R; goes at most linearly in L. By using the shorthand notation
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D(n,&,b,¢) = (e, (X1 — &)nb) (Wb (X2 — 02)0e.c), Ri can be written as

Ri=>_ Y Dn&be)— Y Y D0, be)

n,b EEAL, C neEAL,b &,c
= Y. Y Dm&be— Y, > D bo).
neED\AL,b £EAL, c neEAL,b E€ED\AL, ¢

Notice that |D(n, &, b, c)| < F%(||n — £]|) . For our purposes, we just need
to study the asymptotics of the absolute value of the series of Ry, namely

Rl < D Y IDmEbl+ Y Y (Db

T]G@\AL, b EEAL7C WEALyb §€©\AL~, c

<2 > > F(In—¢l

neD\Ar E€EAL

From the proof of Proposition 4.2, it is clear that F' is not in /1 (D x D).
As we cannot invoke Lebesgue dominated convergence theorem in order to
perform the limit I — oo, we explicitly estimate the series with Lemma B.1,
obtaining that

1 2( 2
ngI;O4L2 Z ZF (Iln—¢&l) < K: hm 4L2/ dx

neED\AL {EAL

/ dy F2(|x —y]) (4.13)
R2\Ap

where the limit vanishes in view of (4.11). Taking into account the last esti-
mate, and all the previous ones, we get (4.4), and the proof is concluded.
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Appendix A. Proof of Proposition 2.13

Before starting with the proof of Proposition 2.13, let us recall some known
facts about the index of a pair of projections. First, let p € R? and Uy, be the
multiplication operator associated with the function U(- — p), clearly Uy = U.
As it is proved in [5], we have that, for every p € R

Index(P, Up PU;) = Index(P, UPU*) = Tx (P — UPU*)?)

— [ dxdydzP(x.y)P(y,2)P(z,x)
]RG

(-5 (-5 (1- 29,

In particular, the first equality shows that the index (2.16) is translation invari-
ant.

(A1)

A second crucial ingredient of the proof of Proposition 2.13 is the Connes
area formula [18, Lemma 9.2] regarding the area of the oriented triangle
spanned by three points in the plane. For every p,x,y € R?, let sin(/(x,p,y))
be the sinus of the angle of view Z(x,p,y) € (—m, ) from p of x relative to y
(which is the angle formed by the segment y — p and x — p). One can easily
check that

)= G =)
= —2i(sin £(x, p,y) +sin £(y,p, z) +sin Z(z,p, x)) =: S(p,x,y,2).

Then, the Connes area formula gives
/2dpS(p,X,y,Z) ZQWi(X_y)/\(y_Z)
R

where %(x —y) A (y —z) is the oriented area of the triangle formed by x,y, z.
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The proof of Proposition 2.13 exploits the translation invariance of the
index, expressed by (A.l), jointly with the Connes area formula, following
essentially the same strategy used in [29] for discrete models.

Proof of Proposition 2.13. To shorten the notation, let N := Index(P,UPU™)
and Ny = Index(Pp, Up PUy). Moreover, we will denote by K the irrelevant
strictly positive constants appearing in the proof. From (A.1) we have N, = N
for every p € R?; hence,

N = \AL|*1/ dp N,
A

— AL /A dp / dx / dy / dz P(x,y)P(y,2) P(, x)S(p, %, y,2)
L R2 R2 R2

: |AL|1/AL dp/RQ dx f(p, x).

By suitable estimates on the decay of f, we have that f is integrable in both
R? x Az and A x R? see (A.3). Therefore, the proof is reduced to show that
it is possible to exchange the role of the integral in p with the integral in x up
to an error of order L~!/2, which eventually goes to zero by taking the limit
L — oo. More precisely, by adding and subtracting the same term, we get

/AL dp/RQ dxf(p,x) = /RQ dp/AL dx f(p,x) /R2\AL dp/AL dx f(p, x)

+/ dp/ dxf(p,x) ::/ dx/ dp f(p,x) + Ry + Ra.
Arp Rz\AL Arp R2

By using the exponential localization of the integral kernel of P, we now prove
a decay estimate on f; after that, exploiting such estimate, we show that the
error terms Ry and Ry are of actually of order VL.

First, by using the trivial inequality |S(p,x,y,z)| < 3 and the expo-
nential localization of the integral kernel of the projection, we get that f is
uniformly bounded, that is |f(p,x)| < K, for all p,x € R2.

Assume now that |x — p| > 1. We first consider the contribution to the
integral in case either y or z are outside the ball of radius |p — x| centered in
x, denoted by Bjp_x|(x). We can bound such contribution by

3 / dy [ dzlP(x,y)P(y,2)P(z,x)|
Y¢B\pfx\(x) R2
3 / dy / dz|P(x, y)P(y,2)P(z, )|
RZ Z¢B‘p_x‘(x)

: Kl/ dy|P(X7y)‘ < Ke_g‘P—x|
|y—x|2‘P—x|

where we have used that P has an exponentially localized integral kernel. It
remains to control the contribution coming from the points where both y and
z are inside B|p_|(x). By a geometric argument, one can prove that Z(y, p, x)
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and Z(z,p,x) must be in (—7, ). Then, consider the following two estimates:
for o, B € (-5, 3)
|sin(a) + sin(B) — sin(a + B)| = | sin(a)(1 — cos(B3)) + sin(B) (1 — cos(a))|
< | sin(e)*| sin(8)| + | sin(3)]?| sin(c)|
and, for every y such that |y — x| < |p — x|, we obtain |sin(Z(y,p,x))| <
ly — x||p — x|7!. Therefore, we get
ly = xP’|x — 2 + |y — x[|x — 2
Ip—x[?

15(p,x,y,2)| < (A.2)

Hence, by using (A.2) together with the exponential localization of P, we
obtain
1 —Bix—y| .~ 8lz—x]| 1
lf(p.x)| < K—— [ dy [ dze 2 Ve 2 <K—0.
Ix —pl® Jre R2 Ix — p|
For |x — p| > 1, we have % < 2. Therefore, putting together all the
previous estimates, we obtain
1f (P, x)| < KaoXx—p|<1(X,P) + KsX|x—p>1(X,P)(x = p) > < K(x —p)~°.
(A.3)

By simple estimates and integration exploiting (A.3), one can show that
the error terms are of order Lv/L as L — oo; thus, we obtain

/AL dp /]R2 dX/R2 dy /R2 dzP(x,y)P(y,z)P(z,x)S(p,X,y, )
= /AL dx/]Rz dp/RQ dy/RQ dzP(x,y)P(y,z)P(z,x)S(p,x,y,z) + O(LVL).

Finally, by performing first the integral with respect to p and then using
Connes area formula the proof is concluded. O

Appendix B. Technical Results
B.1. Generalized Maclaurin—Cauchy Test

The proof of Theorem 3.1 is based on the estimates of series evaluated on
points of the discrete set ©. Because of that, it is useful to have an efficient
tool to estimate the value of the series we are interested in. The next lemma
concerns a generalized Maclaurin—Cauchy estimate that serves exactly this
purpose.

Lemma B.1 (Generalized Maclaurin-Cauchy test). Let ® C R? be a r-
uniformly discrete set. Consider a continuous function

D:R?> R,
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such that |D(x)| > |D(y)| whenever |x| < |y|. Then, there exists a constant
K., depending on r but independent of L, such that for every L > 2r it holds
that

> IDWI<K, | dx|D(x)|. (B.1)
YEDNAL Ar

Proof. The proof is based on the same argument of the well-known Maclaurin—
Cauchy integral test. First of all, by the hypothesis on ®, it holds that

DNB(v)={7} ., Yy €.

Fix p = 2r. By hypothesis on ®, the number of points of ® such that |y| < p
is finite, so their contribution to the series is finite, say K, € R.. Hence, one
has

Y. DWI=K,+ > DO (B.2)

~YEDNAL YEDNAL,|Y[>p

For every point v € ® N Ay, such that |y| > p, one constructs a square A, ()
of area g such that one of its vertices is v and for all x € A,.(7) it holds that
|x| < |y|. (For example, A,.(y) might be the open square of diagonal length
equal to r constructed along the line passing through the origin and ). It is
also true that

AT(’}/) no = {’7} ’ Ar(y) - AL .
Therefore, we obtain that

> obel=% Y ey

r
YEDNAL,|YI>p YEDNAL,|y[>p

2 / 2/
— dx | D(x)| < —= dx|D(x)|.
7 > ) axIDeI< g | D)

YEDNAL,|Y[>p

IN

Then, considering (B.2) and A, C Ar, we get that

> D)l < f(/A dx|D<x>> 1) % [ axipGo).

’YGQQAL
(B.3)

This proves the claim, with the constant K. given by the bracketed expression
exhibited in the Lh.s of (B.3). O

Remark B.2. The result of Lemma B.1, namely inequality (B.1), still holds
true if, instead of the radial monotonicity of the function D : R? — R, we
require only a directional monotonicity, that is |D(x)| > |D(y)| whenever
|x;| < |yi|, for ¢ = 1 or i = 2. The strategy of the proof is exactly the same,
one just need to replace the square A,(y) with another suitable r-dependent

set such that A,.(y) C Az, |A-(7)| = %, and |x;| < || for all x € A,.(7).
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B.2. Properties of the Operators I';
In this section, we collect the properties of the operators I'; that are used in
the proof of Theorem 3.1.

Lemma B.3. Let © be a r-uniformly discrete set, and {Q/J.W}A/e@ 1<a<m(y) @

GWB G-localized around ®. Then, the operators I'; defined by (4.3 ) are integral
operators. Moreover,

() if G(||x])) = e**I*I with o < B for B as in (2.2), then the integral kernel
Ii(x,y) satisfies

ITi(x,y)| < Ce XYl 4 ¢/ |z;| =7 PV
for C,C" >0 and §' < a.
(ii) of G(||Ix]|) = (x)?* with s > 3, then the integral kernel T';(x,y) satisfies
IDi(x,y)| < Clx —y) " 7279 4 C'ay| (x — y) =779
3

for every 0 < e <s— 3.

Proof. Let us show only the proof of (ii), since the proof of (i) is similar and
simpler. The formal integral kernel of T'; is given by

Z’}%w'ya ¢'ya( )

For every fixed x,y € R?, the sum over the indices {v,a} is absolutely
convergent. Indeed, fix 0 < € < s — 3, since [[x — || (x — )" < 1, we get
that

DY) <Y (x =)y =)~ +Z\xzx 7Ny -1
¥,a
< Cyfx— “"“)Zy 7) (+‘)< y)~ (349
e () <5“>Zy )70 )1+

<Cx—y) 759 + x| <X —y)y 67179,
(B.4)

where again in the first inequality we have used L estimate on the GWF (2.6),
in the second inequality we have used the property (2.1) of the localization
function G (denoting by Cj the constant C¢ appearing in (2.1)) and in the
last inequality we have used Holder’s inequality. Hence, the operators I'; admit
an integral kernel. O

As a consequence of the previous estimates on the integral kernels, the
operators I'; enjoy some trace class properties.

Proposition B.4. Let P be an exponentially localized projection and X;, T';, for
i € {1,2} and xa, as defined above. Assume that P admits a GWB, G-localized
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around a r-uniformly discrete set ®, with localization function G(||x||) = (x)?
for some s > L. Then, for every i,j € {1,2} the operators

xa, PXiP Ty o xa, PP X xa, PT:P T,
are trace class in L?(R?).

Proof. The strategy of the proof is the same of Proposition 4.1. Let us show
the computations explicitly for the operator xa, P I't P X», the other cases
can be treated similarly.

Since I'; commutes with P, and P? = P, we have that

XAL PFlPX2:XAL PPF1X2:XAL PT Xs
o, X1 q=2alX1 p el X1 g=allXI Ty (X) (X)X,

where we have chosen the constant « strictly smaller than the exponent [
appearing in (2.2). Then, by using the estimate (2.2) and triangular inequality,
we have that

‘(e—muxn P eauxn) (X7y)‘ < Ce—lxlg=(B=)Ix-yll

for some positive constants C'. Therefore, (e_Q“HX” P e“”X”) is a Hilbert—
Schmidt operator. Similarly, considering (B.4) instead of (2.2), we have

(7 Ty (30) ()| < eI O — y) o9,

where 0 < & < «. Since s > %, we can choose e small enough so that the
integral kernel of (e~IXI Ty (X)) is in L2(R? x R?) and hence the operator
is Hilbert—Schmidt. Eventually, since (X)~' X5 and xa, e**IXIl are bounded
operators and the product of two Hilbert—Schmidt operators is trace class, the
proof is over. 0

Remark B.5. Although the proofs of Proposition 4.1 and Proposition B.4
appear similar, their hypotheses have a crucial difference. Proposition 4.1
requires only the localization of the integral kernel of the projection, which
follows from the existence of a gap in the spectrum of H, while Proposi-
tion B.4 requires, beyond the gap assumption, the existence of a GWB for
the projection with a particular decay of the GWF's.

B.3. Proof of Proposition 4.2

Consider A, = [-L,L]*> C R? and v € D N Ay. To estimate “how much of
1y.q 1s outside Ap,” we consider ||XACL wy,a” where ¢ is the characteristic
function of the complementary set of Ap. We get

2

s a| < <sup (uas (=) =>) [ - w>28|ww,a<x>|2dx)
xER2 R2

< M?E((L—|nl)™2 + (L - |pl)7%) .
(B.5)
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Using Remark B.2, one can see by explicit integration that, if s > =, then both
terms on the right-hand side of (B.5) are integrable in R and therefore there
exists a positive constant Z,, such that HX/\E ’(/J&CH < ZuolL .

(€A, c
If, instead, v is outside A we have that

Ins oyl < (sup (0= 2) ) [ 210, 0G0 )
R
1 o o (B.6)
M2 (] = L)% xa,(0) + (12| = L) ™2*x4,(7))
1 _

+ M= (V]ly] = L + [Je] = LI2) x4, ()
where Ay := ([—o0, —L]U[L, 00]) x[—L, L], As := [-L, L] x ([—00, —L]U[L, c0])
and Az := A§ \ (41 U As), and x4,, with ¢ € {1,2,3}, is the characteristic
function of the set A;. As in the previous case, using Lemma B.1 and Remark
B.2, one can see by explicit integration that, if s > 1 , then the first two terms
on the right-hand side of (B.6) are integrable in R and, if s > 1, the last term
is integrable in R2. Therefore, there exists a positive constant Z,; such that
ZggAL . IxaLYecll < Tl

It remains to prove the second part of Proposition 4.2, concerning the
off-diagonal terms of X;. Considering the generic matrix element of X; — I'y,
one has

3
3

m(y) m(n)

)

| (V0> (X1 = 71)¥n0) |

1

2
Il

( )7 max | (Vy.05 (X1 = 71)0n0) |

1<a<m('y) 1<b<m(17

< (my)? /Rz dx [¢ya(x)] |21 — 7] ‘%,z;(X)

IN§

where @ and b are the maximizers of | (1.4, (X1 — 71)n) |- Therefore, we get
that

(= m)? [ ax G0l o1 =l [, 500
< Culma)? [ by =27 a0 G k=) i )
M,

< Cs(m.)?

where in the last inequality we have used Cauchy—Schwarz inequality together
with property (2.5). This implies that

(m.)? /]Rz dx [1y.a(X)| |21 — 71| [P e(x)| < ks(y —n) =D,

As clear from the above computation, ks depends, actually, also on
my, K, Cs. The same computation goes through exchanging X; — 7; with
X5 — 5. Therefore, the function F defined by

F(llx]]) = ks(x)~ 71 (B.7)
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satisfies (4.7). A direct computation shows that F' satisfies also the require-

ments (4.8) for every s > 3, (4.9) for every s > 2, and (4.10) for every s > 4.
Finally, we show that (4.11) is satisfied for every s > 3. Indeed, let ¢ = %

and consider the integral

1
dx/ dy . B.8
/AL o, Y T =y e T0 (B8)

Since the integrand is positive, the order of integration does not affect the
result. For a fixed x € A;, and a := s — 1 — ¢, we have the inequality

1 1 1
< o N a -
(L+lx—yl?)* = (T4 x=y[*)= (1 + (dist(x,07))*) 2

Since s > 3, the right-hand side in (B.9) is integrable in y, and hence we
obtain

(B.9)

1 1
dx/ dy ————— <C dx - =
/AL rava, o (L [x=yl?)e ap (L4 (dist(x,0AL))%)2

for some positive constant C. By an elementary estimate and explicit inte-
gration, one can see that the integral with respect to x is of order L. This
concludes the proof. O
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