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Modelling multilevel ordinal response under
endogeneity: application to DTC patients’ outcome.

Silvia D’Elia?
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Abstract

Ordinal data are widely used in medicine as they help to summarise health states or responses to
treatment. Cumulative link models are useful because they explicitly consider the order in response’s cate-
gories, and they allow to model the probability of observing a value that does not exceed a specific category.
In this contribution, two situations that often arise in real data analysis will be investigated: i) data with
hierarchical structure; ii) presence of endogenous covariates. We describe this framework by discussing the
application to the response to treatment at 3 years in patients with differentiated thyroid cancer (DTC)
diagnosis. The application aims to evaluate potential predictors for the response at 3 years considering both
repeated measurements from the same patient, and data from several clinical centres. The analysis of the
response over time is of interest as it evaluates whether the improvement can be attributed to the time that
allows to obtain clearer eco images. Consequently, it could lead to a reduction in the use of radioactive
iodine therapy, which is essential both to limit the side effects it produces on patients and to reduce the
production of waste that are difficult to dispose of.

Keywords: Ordinal data, Cumulative link models, Multilevel structure, Endogenous covariates.

1. Introduction

Ordinal data are widely used in health and social science, where ordinal scales are used to measure
response to a treatment or summarise the severity of a disease. Ordinal data are characterized by the fact
that they can assume values in a discrete set of ordered categories with no assumption on distance be-
tween adjacent categories. Cumulative link models are a powerful models’ class since they allow to treat
the observations as categorical and explicitly consider the order in response’s categories.

The structure of this paper follows. In section 2 we review basic regression models for ordinal data
with a focus on random effects and endogenous covariates. In section 3 we introduce the relevant appli-
cation; the results are briefly described in section 4.

2. Regression models for ordinal data

Let us start considering a response variable Y; which is measured on an ordinal scale taking values
in the ordered set {1, ..., J}. Cumulative link models are widely used to analyse ordinal response variable
as they allow to model the cumulative probability y;; = P(Y; < j)[1] as

]/l]=h(7’]l]), ThJ= 6]—x;ﬁ l=1,,7’l,]=1,,]—1 (1)

When we adopt a so-called underlying latent variable framework, the response function & in equa-
tion (1), is usually a cumulative distribution function of an unobserved, continuous, latent variable. This
choice allows to explicitly consider the order in response categories, by using category-specific thresh-
olds 6; and a common parameter vector B. In the following we will assume that the underlying latent
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variable is Gaussian and, therefore, adopt the Gaussian cdf as the response function, leading to the or-
dinal probit model. To be more specific, the observed categorical variable Y; is obtained by discretizing
a latent continuous variable ¥;" according to the following scheme:

Yi=j o6 ,<YV <6 ()

where —o =6, < 6, < -+ < 6, = +oo are non-decreasing category-specific thresholds on the continu-
ous scale, when latent variable falls in the j-th interval the observed variable is equal to j [2]. The la-
tent continuous variable Y;" is described via a standard regression model where error terms are inde-

pendent and identically distributed Gaussian random variables:

Y =x|B+e,  &~N(01) 3)

Given the previous hypotheses, the probability of Y; not exceeding the j-th category can be written as
in equation (4). Therefore, fixed a category specific threshold 6;, a positive value of g coefficient means
that the probability of not exceeding the j-th category decreasing.

P, <) =Py <6,)=P(xjp+&<6,)=P(e; <6, —xiB) = ®(6; — xiB) 4)

The probability associated with a specific category j can in fact be written as the difference between two
consecutive values of the cumulative distribution function of a standard normal random variable.

P(Y; = j) = (8, — x;B) — ®(6,_, — x}B), i=1..,] (5)
For the last category probability, the following equality holds:
P, =D =P <6,)—-P(Y <0_,)=1—D(0_,—x{p) (6)

The likelihood function, given the sample, is defined, according to Wooldridge (2010) [3], as

n J
vo.m =] [[ [poe=n" ™

i=1 j=1

The parameters can be estimated by maximizing the corresponding log — likelihood function that can be
written as follow:

i=1

n J-1
16.6)=) {1[Yi = 1]logl®(6; — xif)] + ) 1[%; = jllog[®(6; — xif) — (6)- — xi6))]
= ®)
+ 10, = llog [1 = &(6; — xéﬁ)]}

2.1 Random effects in ordinal regression models

When data has a hierarchical structure, it is possible to consider the information within the model
specification. A random effects ordinal model may be proposed for the analysis of clustered ordinal data
to account for potential dependence of responses recorded from the same higher-level unit.

In this case, the model in equation (3) could be modified to account for unobserved, time-constant,
features of the higher-level units by considering the model below.

Yijk = h( nijk)' Nijk = 05 — xif — ay

a, ~ N(0,062), & ~N(0,1), a, L g )
i=1..nj=1..,;k=1,.., K.
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We must consider that random effects account for unobserved, time-constant, features of the higher-
level units. As they may be correlated with observed covariates, according to Nehuaus and Kalbfleish
(1998) [4] and Neuhaus and McCulloch (2006) [5], we need consider also higher-level specific averages,
obtaining the following model structure:

Yie = h(Miji)s Nijk = 0; — xif — Xy — ay,
ay ~N(0,02), & ~N(0,1), ap L g (10)
i=1,.nj=1.k=1.,K

For sake of simplicity, we did not consider a random effects approach, but we used the linear predictor
above and employed a robust estimator for the standard errors of model parameters.

2.2 Endogenous variables in ordinal regression models

A complication in the model is given by potential endogenous covariates. The model in equation
(3) restricts all the covariates to be independent of unobserved heterogeneity and error terms. Some
observed covariates may be endogenous in the sense that they are correlated with the error terms. It is
possible to formulate the model for the response variable Y;"considering exogenous covariates and an
ordinal covariate w;.

V" = xif1 + wifer + & (11)
The probability in equation (4) can be written as:

P, <) =Py <0;)= P(xif+WPer +&<6) =

12
= P(6; < 6, — X, — Wifar) = D(6; — X — WiBor) (12)

The endogenous covariate w; in the model (11) is assumed to be correlated with the error term ¢; as,
for example, both response and the observed covariates are produced by a (partially) common data gen-
eration process. In order to account for such data generation process, a model for the endogenous co-
variate taking values in the ordered set {1, ..., G}. is fitted as follow:

w = zia +1; (13)
The errors 7; have a standard normal distribution.
Given the assumption in formula (2), the cumulative probability for the observed endogenous vari-

able is:

P(w; < g) =P(wj <6,) =P(zia +n;,<6;) =P(n; <60, — zja) = (0, — zja) (14)

To account for the dependence between the errors in equation (11) e (13) we assume that they are biva-
riate Gaussian random variables:

€ _ 1 ps,n)
(m) MVN(0,%), 2_(/)&" 1 (15)

The likelihood function, according to Winship and Mare (1984) [6], can be written as:
n J] G
o8 =] [[ ] [Pt =jwi = 9y (16)
i=1 j=1 g=1

where d;j4 is an indicator for ¥; = j and w; = g. The corresponding conditional probabilities can be
written as follow:
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‘I’(ej - xif — Wiﬂel) - (I)(ej—l —xif - Wi.Eel)
(D(eg - Z;a) - q)(gg—l - Z;a)

P(Y; = jlx;, z;,w;) = (17

3. Application: Italian Thyroid Cancer Observatory

We used the approach described so far to analyse data from the Italian Thyroid Cancer Observatory
(ITCO). ITCO, founded in 2013, is a database that collects data about patients with diagnosis of thyroid
cancer, treated in different clinical centres in Italy. The thyroid cancer is associated with a high survival
rate with mortality less than 1x100.000. The concern for this pathology is due to the considerable prev-
alence of disease relapse. For this reason, long-term management through follow-up protocols is neces-
sary. ITCO has the aim to evaluate the response to treatment over time, enrolling patients from 54 clin-
ical centres and following each of them periodically after the initial surgical treatment.

The analysis of the response to treatment over time is important to evaluate if there are conditions
that define a change in the patient’s clinical status among those recorded at each follow-up, such as the
residual tumoral tissue, or at baseline such as neck dissection, initial treatment, or assessment of the risk
level. The analysis includes only patients that did not undergo further treatments as this allows to check
whether changes in the response is associated to information available at baseline or at each follow up.
Alternatively, changes may be just due to time passing by that allow to obtain clearer and more definite
eco imaging.

The response to treatment is measured on an ordinal scale based on information obtained during the
follow up. When compared to other staging systems, that include only primary characteristic of the
tumour, the response to treatment we analysed is a dynamic one; it is based on clinical advice, thy-
roglobulin levels and eco imaging. Given such information, the status of the disease is classified into 4
classes in non-decreasing order of desirability as excellent (ER, no evidence of disease), indeterminate
(IND), biochemical incomplete (BIR) and structural incomplete (SIR, evidence of disease).

4. Real world analysis of the response to treatment at 3 years.

Table 1: Distribution of the response at 3 years by response at 12 months

3 years
Response
SIR BIR IND ER TOTAL
SIR 16 (34%) 6 (12.8%) 14 (29.8%) 11 (23.4%) 47
12 BIR 10 (8.4%) 37 (31.1%) 51 (42.9%) 21 (17.6%) 119
months IND 18 (1.9%) 33 (3.6%) 434 (46.7%) 444 (47.8%) 929
ER 2 (0.2%) 17 (1.5%) 202 (18%) 904 (80.4%) 1125

Table 1 shows transitions between the response at two, pre-specified, different timepoints 12 months
and 3 years since initial treatment. It is possible to observe some changes with direction from the lower
categories (SIR, BIR, IND) at 12 months towards the higher ER category at 3 years. On the main diag-
onal there are percentage of patients that do not register changes in their disease status after (approxi-
mately) 24 months. The percentage are calculated over row totals.

The response to treatment can assume 4 values j = {SIR, BIR,IND, ER}. According to the literature
[7], the response to treatment at 12 months (rtt,,,,) is analysed conditionally to three covariates, that
represent different patient’s baseline information: level of risk as defined by the American Thyroid As-
sociation (z,), the type of initial treatment (z,), and the possible neck dissection (z5). We defined the
following ordered probit model:

P(rttizm; < g) = P(rttiom, < 6y) = P(zy;a1 + 20, + 23,03 +1; < 0,) =
= P(Th' < ng = Z1i0 — ZpiAp — Z3i“3) = ‘D(Gg — Z1;0y — Zpi0p — Z3;Q3)

(18)

Then, we model the response to treatment at 3 years (rtt;,) conditional on the response at 12 months
and residual tumoral tissue. Obviously, responses to treatment observed at different times cannot be
considered independent since they come from the same data generation process.
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P (rtt3yi Sj) = P(rttiy; < ;) = P(xiB + WiiPer + WyiBer + W3iBes + & < 6)) =
= P(& < 6; — XiB — W1iBer — WaiBez — W3iBes) = (19)
= @) — x;f — W1iBer — W2iBez — W3ife3)

Here, the response to treatment at 3 years rtts, is analysed conditional on a potential exogenous
predictor, the residual suspicious tissue in thyroid bed (x), and the endogenous covariate rtt,,,, . The
latter is ordinal and, when we come to the regression model it is represented by a series of binary varia-
bles, one for each level minus one (w;).

Considering the response at 12 months as endogenous in the model for the response at 3 years, it is
important to evaluate the relation between these two variables and estimate the correlation py ,, between
the errors in models (17) and (18).

To properly consider the effects of covariates on response, given that patients are nested in clinical
centres, we inserted in both equations the centre-specific mean value of each covariate, as in equation
(10). To account for similarities within the same centre, we used a robust estimator for the standard
errors of model coefficients.

Acknowledgments

The drafting of the paper was possible thanks to the contribution of ITCO, Italian Thyroid Cancer Ob-
servatory, the research group of the Prof. Cosimo Durante and all the clinical centre that collaborate on the
project.

References

[1] A. Agresti, An Introduction to Categorical Data Analysis, 2™ ed., 2007.

[2] W.H. Greene, D. A. Hensher, Modeling Ordered Choices: A Primer and Recent Developments, 2008.

[3] Wooldridge J. M., Econometric Analysis of Cross Section and Panel Data, 2nd ed., Cambridge MA, MIT
Press, 2010.

[4] J.M. Neuhaus, J.D. Kalbeisch, Between- and within-cluster covariate effects in the analysis of clustered
data Biometrics, 54, 638-645, 1998.

[5] J.M. Neuhaus and C.E. McCulloch, Separating between- and within-cluster covariate effects by using
conditional and partitioning methods Journal of the Royal Statistical Society, Series B, 68, 859-872, 2006.

[6] Winship C., Mare R. D., Regression models with ordinal variables, American Sociological Review, Vol.
49, 1984.

[7] G. Grani et al., Real-World Performance of the American Thyroid Association Risk Estimates in Predict-
ing 1-Year Differentiated Thyroid Cancer Outcomes: A Prospective Multicenter Study of 2000 Patients,
Thyroid, 2020.

826



