
Composite material identification as micropolar continua via an
optimization approach

Colatosti Marco1,a, Carboni Biagio1,b, Fantuzzi Nicholas2,c and Trovalusci
Patrizia1,d

1DISG Department, Sapienza University of Rome, Via A. Gramsci 53, 00197, Rome, Italy
2DICAM Department, University of Bologna, Viale del Risorgimento 2, 40136, Bologna, Italy
amarco.colatosti@uniroma1.it, bbiagio.carboni@uniroma1.it, cnicholas.fantuzzi@unibo.it,

dpatrizia.trovalusci@uniroma1.it

Keywords: Composite materials, Multiscale procedures, Micropolar continua, Dynamics, Material
identification.

Abstract A strategy based on material homogenization and heuristic optimization for the structural
identification of composite materials is proposed. The objective is the identification of the constitu-
tive properties of a micropolar continuum model employed to describe the mechanical behaviour of a
composite material made of rigid blocks and thin elastic interfaces. The micropolar theory (Cosserat)
has been proved to be capable of properly accounting for the particles arrangements as well as their
size and orientation. The constitutive parameters of the composite materials, characterized by different
textures and dimensions of the rigid blocks, are identified through a homogenization procedure. Thus,
the identification is repeated exploiting the static or modal response of the composite materials and us-
ing the Differential Evolution algorithm. The benchmark structures assumed as target are represented
by discrete models implemented in ABAQUS where the blocks and the elastic interfaces are modeled
by rigid bodies and elastic interfaces, respectively. The obtained results show that proposed strategies
provide accurate results paving the way to the experimental validation and in field applications.

Introduction

The study of composite materials such as ceramic and metal composites, poly-crystals, but also of
classical materials such as masonry structures and porous rocks is a non trivial task. The reason is due
to the presence of discontinuities and heterogeneities in the internal microstructure of these materials:
microcracks, voids, inclusions are important because they influence the macroscopic behaviour of this
kind of media.

A composite material made of rigid blocks and elastic interfaces is a heterogeneous material and it
may be studied using a micromechanical approach, that provides an accurate evaluation of the mate-
rial response. However, the drawback is the high computational costs deriving from the many degrees
of freedom of the model [1]. A different approach is the macromechanical modeling of the material,
which assumes the composite material as a continuum model, whose mechanical properties are de-
rived from a homogenization process. In this way, the individual phases of the inner microstructure are
not distinguished. This involve less computational effort than a micromechanical modeling. The ref-
erenced continuous model, on the other hand, must be suitable to provide the fundamental mechanical
properties of the material.

For these reasons, to account for the microscopic effect on the macroscopic mechanical behaviour,
a non-local description is necessary. In the presence of internal length parameters and dispersion char-
acteristics [2–4], continuum theories have a non-local nature and Cosserat or micropolar model, that
can be considered as ’implicitly non-local’ [5,6], has been used to explain materials made up of rigid
particles that interact through elastic surfaces at various scale levels [7–13]. In the micropolar theory
additional degrees of freedom are included: the rotation of the the particles, the microrotation, is intro-
duced. It is useful to distinguish between the microrotation and the macrorotation, the classical local
rigid rotation, defined as the skew-symmetric part of the gradient of displacement. The effects of these



rotations, on composite material, such as masonry materials, have been already highlighted [14, 15].
Moreover, many various types of composite materials have beenmodelled as micropolar continua, like
masonry structures [16–26], as well as ceramic materials [27,28], granular and geo-materials [29–31]
and heterogeneous materials in general [32–35].

It is important to emphasize the wide applicability of multiscale homogenization both for periodic
[36,37] and random composites [38–40]. Normally, the Cauchy continuum is not always adequately to
catch the mechanical response of a composite material, instead, a micropolar model is able to provide
more satisfactory results [20, 41, 42].

In static and dynamic analyses [12,43], it has been shown that, unlike the classical model, a microp-
olar continuum is capable of recreating the dynamic behaviour of a (discrete) micromechanical system
with significant fidelity. As a result, there is interest in establishing a methodology for estimating the
constitutive parameters of a composite material as a micropolar continuum, which is a challenging
task due to the presence of features that account for the internal dimensions of the microstructure.

The Differential Evolution Algorithm (DE) is a genetic algorithm [44] and and it can be a suitable
tool for estimating the micropolar constants of a material exploiting the results obtained from static
or dynamic analyses. The algorithm has been already applied in various structural problems [45–48],
such as systems identification [49, 50], health monitoring [51, 52] and optimization [53].

In this paper, 2D composite materials with two different textures and two different internal length
scales are investigated. A continuum model, for simulating the static and dynamical behaviours of
the materials, is implemented while a discrete model, realized in ABAQUS and constituted by rigid
particles and linear elastic interfaces, is assumed as the benchmark. The equivalent constitutive ma-
trices of the relative micropolar continuum are estimated using a homogenization technique. Thus,
the identification is performed again exploiting the static response for a given load condition or the
eigenfrequencies of the discrete model trough an optimization procedure based on the Differential
Evolution (DE) algorithm. In particular, the constitutive parameters are identified by minimizing the
difference between the displacement field or the eigenfrequencies of the micromechanical model with
respect to the reference values provided by discrete model. The obtained results show that very ac-
curate identifications can be achieved with both approaches and the proposed strategies seem to be
promising for real applications.

The paper is organized as follows. A brief introduction to micropolar theory is provided, then, the
identification of the material constants trough the homogenization technique and the DE algorithm is
illustrated. Finally, the results are compared and discussed and the conclusions are formulated.

Micropolar continuum

In the 2D dimensional case, the micropolar theory provides three degrees of freedom: two translational
displacements u1, u2 and the micro-rotation ω. Therefore, the displacement vector is defined as:u⊤ =[
u1 u2 ω

]
. At this point, the strain vector is ε⊤ =

[
ε11 ε22 ε12 ε21 κ1 κ2

]
: the terms εij are

the normal and tangential strain components, where ε12 and ε21 are different, and two new components
arise with respect to the classic model, the microcurvatures κ1 and κ2. The stress field is represented
by the vector σ⊤ =

[
σ11 σ22 σ12 σ21 µ1 µ2

]
: the terms σ12, σ21 are not equal, and the terms µ1,

µ2 denote the microcouples.
In elasticity, the strain and stress fields are linked trough the constitutive matrix C. Thus, the

micropolar anisotropic constitutive equation has the form:

σ = C ε (1)



where:

C =


A1111 A1122 A1112 A1121 B111 B112

A2222 A2212 A2221 B221 B222

A1212 A1221 B121 B122

A2121 B211 B212

D11 D12

sym D22

 =

[
A B
B⊤ D

]
(2)

For hyperelastic materials, the constitutive matrix is symmetric (C ∈ Sym), and in particular,Aijhk =
Ahkij; Bijh = Bhij; Dij = Dji [54].

In a 2D framework, two microstructured materials are considered and a reference block of dimen-
sions 0.05 ×0.25 is assumed, where 0.05 is the height and 0.25 the width of the block. In order to take
into account the internal length scale of the material, a scale factor s is considered and it is defined as a
pure scalar value that provides a homothetic transformation of the microstructure. A scale factor s = 1
implies that the considered microstructure of the composite material has the blocks with dimensions
equal to the reference block. On the other hand, a scale factor equal to s = 0.5, means that the block
dimensions are all multiplied for a 0.5 factor, therefore a homothetic transformation of the blocks is
applied. The dilatancy effect is not taken into account [15,55,56]. The two different textures in ques-
tion are reported in Fig.1: for the texture 1 we have interlocking among the blocks, instead for the
texture 2, there is no interlocking. In the same figure, the representative volume elements (RVEs) nec-
essaries for the homogenization procedure are depicted. The RVE is defined as the elementary volume
element consisting of the minimum number of elements sufficient to correctly catch the mechanical
behavior of the material. It is also crucial that it maintains the material symmetry. Here, the adopted
homogenization technique, based on the Cauchy-Born rule, is founded on an equivalence energy cri-
terion between a complex lattice model and a continuum model whereas a kinematic correspondence
map is assumed. Details about these aspects can be found in [2, 57, 58].
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Fig. 1: Rectangular microstructures and respective RVEs of texture with interlocking and texture with
no interlocking.



The Differential Evolution Algorithm for material identification

The estimation of the constitutive parameters for the micropolar continuum necessitates special care
due to the internal scale dependency of the model. The elastic parameters for a Cauchy continuum
may be evaluated using traditional material characterisation tests as well as for the Cosserat model.
However, in a number of actual applications, the determination of the micropolar elastic properties
based on direct measurements on the examined structure may be required. The Differential Evolution
(DE) is a genetic algorithm that belongs to the class of the heuristic optimization techniques. It is
used in several applications for optimisation and identification because of its adaptability to different
objective functions. Here, the static and modal responses of a 2D rectangular panel, clamped at the
bottom, are considered. For the first case, the goal is to minimize themean square error (MSE) between
the displacement fields induced by an external load computed with the micropolar model and those
provided by the reference discrete model (Eq. 3). In the second case, the mean square error function
to minimize is represented by the difference between the natural vibration frequencies of the panel
computed with the micropolar model and those obtained with the reference discrete model (Eq. 4).

The procedure begins by defining an initial population that includes the parameters to be identified
in defined searching spaces. The population is represented by a (m× n) matrix, wherem denotes the
number of parameters and n denotes the number of discrete values defined in each assumed interval
according to appropriate probability distributions. The initial population is improved with regard to
the objective function yielding a new enhanced population by performing the operations of mutation,
crossover, and selection. The method is iterated until a certain accuracy of the objective function is
attained and the best vector of the last population is assumed as optimal solution. Further details about
the algorithm can be found in [44, 59].

The parameters of the constitutivematrixCwhich have been identified areA1111, A2222, A1212, A2121,
D11, D22 while the remaining parameters have been assumed according to homogenization-based pro-
cedure. Each parameter is discretized with a number of 50 values normally distributed on its research
space obtaining an initial population of size 6 × 50. The coefficient for the differential perturbation
is assumed equal to 0.9 and the crossover operation is performed according to a uniform probability
distribution in the range (0− 1) with discriminant value 0.5 [59].

For the static case, the objective function to minimize is the mean square error (MSE) defined as:

MSEs =
100

Nef

N∑
k=1

[uk(p)− uk]
2 (3)

where uk(p) represents the displacement vector obtained by the solution of the continuum FEM prob-
lem; p indicates the vector collecting the tentative constitutive parameters and uk is the displacement
fields obtained with the discrete FEMmodel. The term ef indicates the variance of the target displace-
ments uk in the N nodes of the FEM mesh.

In the dynamic case, the objective function is defined as:

MSEd =
100

Nef

N∑
k=1

[fk(p)− fk]
2 (4)

where fk(p), with k = 1, ..,N, represents the lowest N natural frequencies of the continuum microp-
olar model, p indicates the vector collecting the tentative constitutive parameters and fk is the kth
natural frequency obtained with the discrete FEM model. The term ef indicates the variance of the N
(set to 10) lowest target frequencies (fk with k = 1, ..,N).



Numerical simulations

The panel is clamped at the bottom and it is subjected to a horizontal load, distributed on a footprint of
width a = Ly/4 starting from the top left edge and whose resultant is equal to a force F = 1 · 105 N.
For the same panel with the same boundary conditions, the natural frequencies have been computed. In
the next sections, the static and the dynamic analyses of the micromechanical models are reported. The
discrete systems are modeled with the help of the commercial code ABAQUS, meanwhile the code of
the Cosserat model is an in-house based on the Finite Element Method (FEM) and it is implemented
in MATLAB environment [60]. For the texture 1, the panel has dimensions Lx = 3.2 and Ly = 2.4,
while, for the texture 2, the dimensions are Lx = 2 and Ly = 2.4 and, for simplicity, the thickness of
the panel is assumed unitary. The material density is assumed equal to ρ = 1800 for both panels.

Texture 1 - Scale factor s=1

The displacement fields provided by the discrete FEM model are reported in Fig.2: the displacement
vectors represent the target in the objective function expressed by Eq.3 for the identification of the
micropolar constants.

Horizontal displacement. Vertical displacement.

Fig. 2: Displacement fields provided by the discrete FEM model for the texture with interlocking and
scale factor s = 1.

The lowest ten natural frequencies obtained with the discrete model are reported in Tab. 1. These
values represent the target in the objective function expressed by Eq. 4 for the identification of the
micropolar constants based on the DE algorithm.

Mode 1 2 3 4 5 6 7 8 9 10
Freq. [Hz] 176.3 387.4 431.7 735.5 802.8 1036.4 1163.9 1178.7 1291.3 1328.4

Table 1: Natural frequencies provided by the discrete FEM model for the texture 1 and scale factor
s = 1.

The parameters of the constitutive matrices, for the case of texture with interlocking and internal
scale size s = 1, obtained via the homogenization approaches and via the DE algorithm, are shown in
Tab 2. For both static and dynamic case, the elastic constants are identified performing 500 iterations
with DE algorithm.



Constants Elastic constants
Homogenization Static ID Dynamic ID

A1111 [Pa] 127600000000 215604940688 255200000000
A2222 [Pa] 25000000000 24913323520 24943328701
A1212 [Pa] 10420000000 10626106611 20220248394
A2121 [Pa] 182290000000 122340403964 18229000000
D11 [Pa] 940000000 94000000 94000000
D22 [Pa] 140000000 14000000 95219108

Table 2: Elastic constants for the texture 1 scale s = 1.

The constitutive matrix of the continuum model is centrosymmetric and orthotropic (see Eq. 2).
Only the submatrixD takes into account the internal scale of the microstructure. Because of the central
symmetry and due to the absence of dilatancy effect in the discrete original model, the submatrixB = 0
and there is no coupling between normal and shear stresses/strains with curvatures/microcouples.
Moreover, no Poisson effect is present.

As shown in Tab.2, the elastic constantA1111 presents similar values in the case of the identification
procedures based on DE while the lowest value is related to the homogenization technique. The values
A2222 are very close for all three cases as well as for the values ofA1212. As regards the value ofA2121,
the lowest value is obtained trough the DE-based static identification. Finally, the micropolar terms
D11 is exactly the same for the DE-based identifications while there is an one order of magnitude of
difference with respect to the homogenization. The values of D22 are different for the three cases.

The MSEs computed according to the displacement fields with respect to the discrete FEM model
(i.e. Eq. 3) are 1.55 · 10−1 and 9.34 · 10−4 for the homogenization procedure and the DE-based static
identification, respectively. Figure 3 shows the horizontal and vertical displacement fields evaluated
with the micropolar continuum model using the constitutive parameters provided by the homogeniza-
tion procedure and the DE algorithm according to the static and modal responses of the composite
panel. In all three cases, the displacement fields have a good correspondence with the discrete system.
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Fig. 3: Displacement fields of the Cosserat continua for the texture 1 with interlocking and scale factor
s = 1.

Table 3 reports the comparison of the lowest 10 natural frequencies obtained with the discrete
model and the Cosserat models, considering the three constitutive matrices provided by the three dif-
ferent approaches. The percent variations of each natural frequencywith respect to the reference values
provided by the discrete FEM model are also shown. The MSEs considering the natural frequencies
(see Eq. 4) are 7.69·10−1 and 1.33·10−3 for the homogenization procedure and the DE-based dynamic
identification, respectively. As expected, a lower error is achieved with the DE identification based
on the modal response according to the fact that the frequency differences are specifically minimized.
However, a good accuracy is achieved for all the cases.

Mode Frequencies [Hz]
Discrete Homogenization Error [%] Dynamic ID Error [%] Static ID Error [%]

1 176.3 180.8 -2.57 178.9 -1.47 180.8 -2.57
2 387.4 388.2 -0.21 387.8 -0.11 388.2 -0.21
3 431.7 435.1 -0.77 434.5 -0.64 435.1 -0.77
4 735.5 753.9 -2.50 734.8 0.09 753.9 -2.50
5 802.8 817.0 -1.77 801.1 0.20 817.0 -1.77
6 1036.4 1053.7 -1.67 1036.5 0.0 1053.7 -1.66
7 1163.9 1165.7 -0.15 1164.3 -0.03 1165.7 -0.15
8 1178.7 1285.7 -9.1 1180.3 -0.13 1285.7 -9.08
9 1291.3 1292.2 -0.07 1290.3 0.075 1232.2 4.58
10 1328.4 1354.7 -1.98 1327.3 0.08 1354.7 -1.98

Table 3: Natural frequencies for the texture 1 and scale factor s = 1.

Texture 1 - Scale factor s=0.5
The displacement fields provided by the discrete FEMmodel for the texture 1 with a internal scale

s = 0.5 are depicted in Fig.4 while the natural frequencies are reported in Tab.4.



Horizontal displacement.
a)

Vertical displacement.
b)

Fig. 4: Displacement fields of the Cosserat continua for the texture 1 with interlocking and scale factor
s = 0.5.

Mode 1 2 3 4 5 6 7 8 9 10
Freq. [Hz] 180.3 383.8 428.9 737.3 798.6 1038.5 1163.0 1187.4 1293.9 1325.8

Table 4: Natural frequencies provided by the discrete FEM model for the texture 1 and scale factor
s = 0.5.

The constitutive matrices obtained via the homogenization and DE-based identifications for the
case of blocks with interlocking and scale size s = 0.5 are reported in Tab. 5.

Constants Elastic constants
Homogenization Static ID Dynamic ID

A1111 [Pa] 127600000000 196117732316 204098165389
A2222 [Pa] 25000000000 24923994248 24840986104
A1212 [Pa] 10420000000 10649230684 10542599120
A2121 [Pa] 182290000000 119204399689 141338068988
D11[Pa] 240000000 111164609 25952956
D22 [Pa] 40000000 40180131 47552061

Table 5: Elastic constants for the texture 1, scale s = 0.5.

The submatrix A not depends on the internal length of the microstrcuture, for this reason the same
values obtained for the scale equal to 1 have been found (see Tabs. 2 and 5). The internal size is taken
into account by the submatrixD. We can observe that respect to case with the scale equal to 1, the terms
D11 has the same order of magnitude for the homogenization and the identification performed with the
DE algorithm. Moreover, the values of the elastic constantD22 provided through the homogenization
and through the DE identification based on the static response are similar. The appreciable decrease
of the values contained in the submatrix D, by means of the homogenization procedure with respect
to the case s = 1, is a further evidence of the need for a theory that accounts for the scale effect.

The MSEs computed according the displacement fields (see Eq. 3) are 3.02 · 10−2 and 4.75 · 10−4

for the homogenization procedure and the static identification using the DE algorithm, respectively.
The errors are for both cases lower than those obtained for the scale s = 1. This result is expected
considering that the material internal length decreases. Figure 5 shows the horizontal and vertical
displacement fields evaluated with the micropolar continuum model using the constitutive parameters
provided by the homogenization procedure and the DE algorithm according to the static and modal
responses of the composite panel.
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Fig. 5: Displacement fields of the Cosserat continua for the texture 1 with interlocking and scale factor
s = 0.5.

The comparison between the lowest 10 natural frequencies provided by the discrete FEM model
and the Cosserat model, whose constitutive matrices have been computed through the homogenization
procedure and the DE-based identifications, is shown in Tab. 6. The MSEs according to Eq. 3 are
1.57 · 10−1 and 2.02 · 10−3 for the homogenization procedure and the DE identification based on the
dynamic response, respectively. Also in this case, the MSEs decrease for both cases with respect to
the results obtained for the scale s = 1.

Mode Frequencies [Hz]
Discrete Homogenization Error [%] Dynamic ID Error [%] Static ID Error [%]

1 180.3 179.4 0.79 178.4 1.35 178.6 1.23
2 383.8 388.2 -1.13 387.0 -0.82 387.7 -1.00
3 428.9 434.6 -1.31 432.5 -0.83 433.1 -0.96
4 737.3 742.1 -0.64 736.0 0.17 737.4 0.00
5 798.6 792.8 0.72 799.7 -0.13 805.1 -0.82
6 1038.5 1046.0 -0.72 1039.4 -0.08 1042.0 -0.33
7 1163.0 1165.7 -0.23 1161.9 0.08 1163.9 -0.08
8 1187.4 1234.4 -3.96 1187.3 0.01 1211.5 -2.03
9 1293.9 1292.4 0.11 1293.4 0.04 1297.8 -0.30
10 1325.8 1308.8 1.28 1325.1 0.05 1327.7 -0.14

Table 6: Natural frequencies for the texture 1 and scale factor s = 0.5.

Texture 2 - Scale factor s=1

The displacement fields due to the horizontal load employing the discrete FEM model are reported in
Fig.6 while Tab.7 shows the natural frequencies.



Horizontal displacement. Vertical displacement.

Fig. 6: Displacement fields of the Cosserat continua for the texture 2 with no interlocking and scale
factor s = 1.

Mode 1 2 3 4 5 6 7 8 9 10
Freq. [Hz] 146.1 387.4 426.0 775.8 976.6 1081.2 1176.2 1336.3 1437.0 1506.0

Table 7: Natural frequencies of the discrete system for the texture 2 and scale factor s = 1.

The constitutive matrices obtained via the homogenization procedure and the identifications based
on the DE algorithm for the texture 2 (no interlocking) and scale size s = 1 are reported in Tab.8.

Constants Elastic constants
Homogenization Static DE Dynamic DE

A1111 [Pa] 125000000000 128261533654 248511143716
A2222 [Pa] 25000000000 24404348237 25472719233
A1212 [Pa] 10420000000 14110175388 15244814423
A2121 [Pa] 52080000000 21157038714 17890849722
D11 [Pa] 890000000 89000000 416908276
D22 [Pa] 170000000 226750433 233602617

Table 8: Elastic constants for the texture 2 and scale factor s = 1.

Differently from the texture 1, the elastic constantA1111 presents two close values obtained through
the homogenization procedure and the DE identification based on the static response. The values of
the term A2222 are similar, while the values of A1212, A2121, D11 and D22 are different for all three
approaches.

Fig. 7 shows the displacement fields evaluated with the micropolar continuum model using the
constitutive parameters provided by the homogenization procedure and the DE algorithm according
to the static and modal responses of the composite panel. The MSEs are 1.02 ·10−1 and 1.50 ·10−3 for
the homogenization and identification via DE algorithm based on the static response, respectively.
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Fig. 7: Displacement fields of the Cosserat continua for the texture 2 with no interlocking and scale
factor s = 1.

The comparison between the natural frequencies computed with the micromechanical model and
the reference discrete model are reported in Tab.9. We can observe a good accuracy in the identifica-
tion of the natural frequencies for all procedures. Moreover, the DE algorithm provide a very precise
identification of the higher structural frequencies. The MSEs are 1.52 · 10−1 and 1.67 · 10−3 for the
homogenization and the DE identification based on the modal response, respectively.

Mode Frequencies (Hz)
Discrete Homogenization Error [%] Dynamic ID Error [%] Static ID Error [%]

1 146.1 147.5 -0.93 147.45 -0.29 145.8 0.23
2 387.4 388.2 0.92 391.9 -0.03 383.6 2.09
3 426.0 426.2 -0.04 429.2 -0.74 425.0 0.23
4 775.8 789.3 -1.73 773.7 0.27 771.4 0.57
5 976.6 984.4 -0.80 979.5 -0.30 969.4 0.74
6 1081.2 1109.7 -2.63 1083.6 -0.23 1013.7 6.24
7 1176.2 1165.7 0.89 1176.6 -0.03 1151.7 2.08
8 1336.3 1335.8 0.04 1334.7 0.12 1315.3 1.57
9 1437.0 1472.9 -2.45 1435.9 0.07 1385.4 3.59
10 1506.0 1475.1 2.05 1504.3 0.11 1416.5 5.94

Table 9: Natural frequencies for the texture 2 and scale factor s = 1.

Texture 2 - Scale factor s=0.5
The horizontal and vertical displacement fields computed with the discrete FEM for the texture 1

with an internal scale s = 0.5 are shown in Fig. 8 while the natural frequencies are reported in Tab.
10.



Horizontal displacement. Vertical displacement.

Fig. 8: Displacement fields of the Cosserat continua for the texture 2 with interlocking and scale factor
s = 0.5.

Mode 1 2 3 4 5 6 7 8 9 10
Freq. 150.1 387.2 425.9 774.5 977.9 1074.8 1170.0 1334.9 1442.8 1510.9

Table 10: Natural frequencies (Hz) of the discrete system for the texture 2 and scale factor s = 0.5.

The constitutive matrices obtained via the homogenization procedure and the identification based
on the DE algorithm for the case of blocks with no interlocking and scale factor s = 0.5 are shown
in Tab. 11. With respect to the case with s = 1, the scale reduction involves a decrease of the elastic
constant A1111 for the modal-based identification and becomes closer to the values identified via ho-
mogenization and static response. The micropolar termD11 is the same for both identifications based
on the static and dynamic response, while the constantsD22 assumes different value between the three
approaches.

Constants Elastic constants
Homogenization Static DE Dynamic DE

A1111 [Pa] 125000000000 125710477280 154354211117
A2222 [Pa] 25000000000 24928417128 25198537401
A1212 [Pa] 10420000000 13222253106 12433457509
A2121 [Pa] 52080000000 24669487148 28689073333
D11 [Pa] 220000000 22000000 22000000
D22 [Pa] 40000000 80000000 30484201

Table 11: Elastic constants for the texture 2 and scale factor s = 0.5.

The displacement fields provided by static analyses of the micropolar continuum and by using the
elastic constants obtained through the three different approaches are depicted in Fig. 9. All the models
are capable to catch the mechanical behavior of the discrete system. The MSEs are 5.60 · 10−3 and
3.28 · 10−4 for the homogenization and identification based on the static response, respectively. As in
the previous case there is a decrease of the error as the internal size becomes smaller
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Fig. 9: Displacement fields of the Cosserat continua. Texture with no interlocking and scale factor
s = 0.5.

The natural frequencies obtained for the different identifications are reported in Tab.12. As for
s = 1, a good accuracy is achieved and the identification based on the modal response is very precise
for the higher frequency. The MSEs are 7.73 ·10−2 and 1.32 ·10−3 for the homogenization and modal-
based identification, respectively. As for the static case, a decrease of the internal scales leads to a
decrease of the MSE for both approaches.

Mode Frequency (Hz)
Discrete Homogenization Error [%] Dynamic ID Error [%] Static ID Error [%]

1 150.1 146.1 2.70 145.8 2.85 145.8 2.84
2 387.2 388.2 -0.26 389.8 -0.68 387.7 -0.14
3 425.9 426.9 -0.23 426.3 -0.08 427.8 -0.45
4 774.5 780.6 -0.78 773.7 0.11 774.0 0.07
5 977.9 983.8 -0.60 978.5 -0.06 983.8 -0.60
6 1074.8 1105.6 -2.86 1076.2 -0.13 1062.7 1.12
7 1170.0 1165.7 0.36 1170.3 -0.02 1164.0 0.51
8 1334.9 1337.8 -0.21 1334.4 0.04 1332.6 0.17
9 1442.8 1467.4 -7.70 1443.2 -0.03 1453.4 -0.73
10 1510.9 1519.3 -0.55 1509.9 0.06 1495.2 1.04

Table 12: Natural frequencies for the texture 2 and scale factor s = 0.5.

Conclusions

This work focuses on the derivation of the constituent terms of a micropolar continuum by exploiting
the comparison between a discrete-continuous homogenization procedure (which dates back to the
molecular theory of elasticity [6,54]), and an identification procedure based on structural optimization
approach.



The obtained results show that the micropolar continuum provides a proper mechanical modelling
for a composite material. Two different approaches for the estimation of the elastic constants of the
micropolar have been illustrated. Both procedures can be considered reliable according to the high
accuracy achieved in the computation of the displacement fields and natural frequencies with respect
to the discrete reference model.

For both homogenization and identification approaches, the mean square errors of the objective
functions return the lower values in the static case and the minimum error corresponds to the smallest
scale, this is expected because in the case of materials with elements of small size, the dependence on
the scale weakens.

The difference of the MSE between the homogenization and the identification procedures based
on the DE algorithm are of 1 and 2 order of magnitude. The identification of the elastic constants
via the optimization approaches provides satisfying results, however, to derive the elastic properties a
benchmark solutions or direct tests on the material are necessary. Differently, for the homogenization
procedure, only the detection of the representative volume element and the characteristics of the single
constituents of the material are requested to derive the constitutive matrices.

The use of the DE for the identification of the micropolar constitutive constants appears to be
a valid alternative to the homogenization procedure. This approach can be useful in the case of ex-
perimental tests, whereas significant measurements on the examined materials can be used to derive
the elastic parameters of the material. Moreover, the same approach can be extended to derive the
mechanical properties of other different materials.

A further extension of this study concerns the identification a non-linear micropolar constitutive
model (elasto-plastic model). In this framework, the identification procedure will be exploited for
characterizing the parameters of the yield domains and their evolution (hardening/softening).
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