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ABSTRACT. We consider a composite material made up of a hosting medium con-
taining an e-periodic array of perfect thermal conductors. Comparing with the
previous contributions in the literature, in the present paper, the inclusions are
completely disconnected and form two families with dissimilar physical behaviour.
More specifically, the imperfect contact between the hosting medium and the in-
clusions obeys two different laws, according to the two different types of inclusions.
The contact conditions involve the small parameter € and two positive constants
D1, Dy. We investigate the homogenization limit € — 0 and the limits for D;, Do
going to 0 or +oo, taken in any order, with the aim to find out the cases in which
the two limits commute.
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1. INTRODUCTION

In this paper, we consider a composite made by a plastic material containing a peri-
odic array of heat conductors, having infinite thermal conductivity. Such materials
are widely used in practical applications, as remarked in [27, 30, 34, 35, 37, 39]. For

the mathematical aspects behind the behaviour of these kinds of materials, we refer
1
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to [2, 14, 15, 16, 17, 22, 24, 28, 29, 31, 32, 33], where such problems are studied in var-
ious contexts like heat diffusion, electric conduction, petroleum engineering industry,
wave equations or elastic properties of perforated materials.

A crucial feature of our and similar models is represented by the fact that, while the
temperature u" in the hosting medium satisfies a standard heat equation, inside each
inclusion the temperature u™ depends only on time and is governed by an ordinary
differential equation, involving a non-standard condition of non-local type, in which
the time-variation of the temperature of the inner phase is determined by the global
thermal flux coming from the outer phase (see, for instance, [6, 7, 11]). However,
differently from the previous contributions, where only one type of inclusions was
considered, in the present paper we address the case in which we have two types of
fillers, having dissimilar thermal features.

The thermal potentials u2" of the hosting medium and u™!, 42 of the two fillers,
respectively, are coupled through imperfect contact transmission conditions across
the interface between the different conductive phases of the medium. Actually, the
models treated in the references quoted at the beginning of the Introduction deal with
perfect contact conditions which can be seen as an approximation of the more realis-
tic imperfect contact conditions. The imperfect contact conditions we propose here
involve the microscopic geometry of the problem through the characteristic length e
of the inclusions and two amplitude factors, similarly as described in [11], where a
hierarchy of possible scalings in the period of the microscopic geometry is considered.
As a consequence of the investigation in [11], only two scalings result to be critical,
in the sense that they preserve memory of the amplitude factor in the macroscopic
model, obtained after passing to the limit e — 0. It is worthwhile to notice that hier-
archies of scalings are often considered in homogenization problems (see, for instance,
[5, 13, 16, 25, 29, 36 and the references therein).

Therefore, in the present paper, we focus our analysis on the two critical scalings
mentioned above, prescribing the first one in the contact condition of the first family
of inclusions and the second one in the contact condition of the other family of
inclusions. Moreover, in each one of these two contact conditions it appears a different
amplitude factor, D; and Dy, respectively. More precisely, the jump [u.] between the
hosting material and the inclusions is proportional to the external heat flux through
the coefficient Die™! and Dae, respectively (see (2.6), (2.7)).

The presence of these two types of parameters (the microscopic scaling and the am-
plitude factors) justifies the need to perform different limits.

One of the goals of the paper is to perform the homogenization limit ¢ — 0, in
order to obtain the macroscopic description of the material. To this end, we apply a
procedure based on the periodic unfolding technique (see, among others, [21]). The
other goal of the paper is to perform the limit in D; and Dy. We consider not only the
case where D; and/or Dy go to 0, for which the perfect contact condition is recovered
(see [6, 11]), but also the case where Dy and/or Dy go to +oo, which accounts for
insulated materials.

The limits in € and in Dy, Dy are considered in different orders, with the aim of
comparing the final results and identifying the cases in which the two limits commute.
This happens only in the case Dy — +oo0 and Dy — 0, in which we obtain a sort
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of bidomain model, where the temperature of the leading phase is governed by a
parabolic equation and in the other phase the temperature satisfies an algebraic
condition. This can be explained by taking into account that, in this case, the
behaviour of the two amplitude parameters is in agreement with the one of the scaling
factor depending on ¢, i.e. we have Die! and Dse in (2.6) and (2.7), respectively.
The commutativity of the limits makes the starting model more robust, because one
can choose the three parameters (¢, D; and Dy) essentially independently (close to
their limiting value). For all the rest of the cases, there is no commutation and the
limit problems involve a monodomain, a bidomain or even a tridomain structure (see
Section 8, in which we provide a summary of all our results).

From the technical point of view, the main difficulty of the paper, also due to the non-
locality of the problem, resides in combining different homogenization techniques, in
order to treat the different contributions of the two inclusions. The homogenization
procedure leads to a non-variational limit problem, which requires a careful analysis.
Besides, even the limits in Dy, D5 involve some non-standard arguments, used in the
investigation of the cell functions behaviour.

The paper is organized as follows: in Section 2, we define our geometrical setting
and we state the microscopic problem. Section 3 contains some preliminaries about
the unfolding techniques and the main compactness results. Section 4 is devoted to
the construction of the cell functions needed for the homogenization procedure. In
Sections 5 and 6, we provide the homogenization result and the limits of the obtained
problem with respect to the two amplitude parameters, respectively. In Section 7,
we perform the limit in D, Dy and then in £, namely in the opposite order with
respect to what we have done in the previous two sections. Finally, in Section 8, we
summarize and compare the results we obtained in Sections 6 and 7.

2. STATEMENT OF THE PROBLEM

Let Y = (0,1)Y denote the unit cell of R, N > 2, and consider a smooth bounded
subset £ C RY, which we assume to be periodic in the sense that E + 2 = E for
all z € ZN, setting also By = ENY, By = Y \ E, I’ =0ENY. We suppose
that Ei C Y, implying that 0F,, = I', and we assume that Ei, = Eing1 U Bigg 2,
where Ejn 1 and Eiy o are two disjoint connected sets, whose boundaries are I} and
I, respectively, so that I = I'71 U I's. Notice that, in particular, also I7 and I are
disjoint sets.

Let 2 be a smooth bounded domain in RY and, for a given T' > 0, define 27 =
2% (0,T). For any € € (0,1), we define the set

E={ceZ, e+Y)cCn},
and, for £ € =Z¢ and 1 = 1, 2, we introduce

E€7§

int,?

= (Lt + €) I, = OES

int,s *



4 M. AMAR - D. ANDREUCCI - C. TIMOFTE

Moreover, for i = 1,2, we let

‘Qiant,i = U Eiarf,m Fia = aQianm = U Fge,z‘ ) Qiant = Qiant,l U Qiant,m
§eze §EES
Qo =02\, I"=ITUI3.

We remark that (25, is connected, while (2, is disconnected. According to the
applications outlined in the Introduction, (2, and (2, represent the hosting medium
and the perfect conductive inclusions, respectively (see Figure 1). Finally, let v denote
the normal unit vector to I" pointing into E,,, extended by periodicity to the whole

of RN so that v.(x) = v(x/e) denotes the normal unit vector to I'® pointing into

Jo Do Do Do Do
Do Jo Jo Jo Jo Do Jo Jo Jo
Jo Jo Do Jo Jo Do Jo Jo Jo Je
o Do Do Jo Jo Jo Do Do Jo Jo Jo Do
Do Jo Jo Jo Do Do Jo Do Do Do Jo Jo Do
Do Jo Jo o Jo Jo Jo Jo Jo Do Jo Jo Jo Jo
e Jo Jo Jo Jo Do Jo Jo Do Do Jo Jo Jo Do
Do Do Do Jo Jo Jo Jo Jo Do Jo Jo Jo o Do
Do Do Do Jo Jo Jo Jo Jo Do Jo Jo Jo o Do
Do Jo Jo Jo Jo Jo Jo Jo Do Do Jo Jo Jo Do

Do Jo Jo Jo Jo Do Ja Jo Jo Jo Jo Jo
Jo Do Jo Jo Do Jo Jo Do

e

FIGURE 1. On the left: the unit cell Y. On the right: the domain (2.

In the following, by v we shall denote a strictly positive constant, independent of ¢,
which may vary from line to line, and we denote by xo the characteristic function of
the set O C RV.

For the unknown u,., we introduce the following piecewise notation:

w1l in 25, x(0,7),
ue =  ulnh? in 25, x(0,7), (2.1)
Wi 25, % (0,7),

where u'™ i = 1,2, and u®" represent the thermal potentials (or the temperatures)
of the three phases. Accordingly, the jump of such a function across I's x (0,7"), i =
1,2, is denoted by [u.] = u2"® — u". The same notation will be used for other
functions, namely for test functions . which may exhibit jumps across 1 x (0, 7).
The thermal diffusion properties of the medium under study are described by the

Y -periodic symmetric matrix
x
Re(x) = /<;<—> :

£
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where k = (k;;), with &;; € L®(Y), is such that there exists a constant vy > 1
satisfying

WU < R)C-C < olC,  forae yeY, W ERY.
Further, for two given constants A, Ay > 0, we set

At

T in ‘(21811 )

|Eint,1‘ i
a.(x)=4¢ _"2 o F (2.2)

|Eint,2| ’ 22

1, in (2¢,,

which accounts for the capacities of the three phases.
We state, now, the problem for wu.:

8ugut : out : 13

5 div(k. Vud™) = f, in (25, x (0,7); (2.3)
auisntJ 1 ou : 2 e
A1 5 = g—N/,%EVu8 "y do, in Enif@ x (0,T), e =% (24)
I,
auient,Q 1 o ) . e
A2 5 8—N//<;€Vu€ Yy do, in EiIﬁ2 x (0,T), &€ =% (2.5)
Ie,

D, out B
[u.] = ?REV% Ve, on It x (0,7); (2.6)
[us] = Doek. Vul™ - v, on Is x (0,7); (2.7)
u. =0, on 012 x (0,7); (2.8)
us(x,0) = ug(z), in £2. (2.9)

We assume Dy, Dy € (0,+00), f € L*(Q2r) and u; € L*(2). The initial datum u;
is assumed to be constant in each E;Ei, 1 = 1,2, with possibly different values, and
such that w; — u strongly in L*(£2), as € — 0.

This choice of the initial datum g, together with (2.4) and (2.5), implies that the
function u. depends only on (&,t) in each component EZS. of (22, so that it is

int,z int»
piecewise constant in (2.

Remark 2.1. We point out that one can consider also other scalings with respect to ¢
in (2.6) and (2.7) (see [11]), leading to different macroscopic problems; however, we
decided to treat here only the present case, which seems to be the most interesting
one, as pointed out in the Introduction. We also remark that our homogenization
results can be obtained, without additional difficulties, even for a diffusion matrix
k = k(x,y), Y-periodic in the second variable and sufficiently smooth in the first
one. However, the extension of the results proved in Section 6 to this case seems to
require a more technical analysis. U

By integrating, formally, by parts, we arrive at the following rigorous formulation of
the problem (2.3)—(2.9).
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Definition 2.2. Let the function u. be as in (2.1) and, with a slight abuse of
notation, u™(z,t) = u™(¢,t) in Efnfl and u"* € L*(£2%,, x (0,1)), i = 1,2,
ut™ e L*(0,T; HY($25,,)), [ue] € L*(I'* x (0,T)), u®™ = 0 on 9§2. Then, u. is said to

be a weak solution of problem (2.3)—(2.9) if

T

T
//{—agugp&t + Xz, e Vud™ -V 2"} dz dt + Di / /[Us] [pe] do dt
1

0 0
D //ug | dodt = //fgpoutdxdtJr/aEu_ggoa(O) dz, (2.10)
2&

0 ¢

out

int,2

for all test functions ¢, such that ¢™* is constant with respect to = in each Emfz,

ottt e L5, 5 HY(0,T)), 1= 1,2, 92" € H' (125, % (0, 7)), [¢c] € L*(I* x (0, 7)),

0e(-,T) =0 and . = 0 on 012 x (0,T). O

Here, by ¢.; we denote the time derivative of the function ¢, and similar notation
will be used in what follows.

Existence of solutions to (2.3)—(2.9), for each fixed ¢ > 0, can be proven by means of
an approximation argument with strictly parabolic equations in the whole domain, by
replacing (2.4) and (2.5) with equations similar to (2.3) with . = 1/0 and f = 0, and
then letting 0 go to 0. The well-posedness result for the d-approximating problems
follows from the abstract parabolic theory as in [38, Theorem 23.A]. Finally, the
uniqueness follows from the energy inequality.

By means of routine approximation procedures (as in [9, Proposition 2.2]), we arrive
at the following energy inequality:

sup/ d:z:—l—//\Vu"“t|2da:dt+—//u6 do dt
0<t<T

0 ¢

out

DQE // u] dodt < /Y(HfHLQ ©r) T ||u€||L2(_Q ), (2.11)

which implies, since u; converges strongly,

T

sup /ug(t)der/ /|Vug“t|2dxdt
0<t<T )

0 ¢

out

T
JrDi//[uE dcrdt+—//(u€) dodt <~, (2.12)
1
0 If

where v does not depend on € or Dy, Ds.
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3. TIME-DEPENDENT UNFOLDING OPERATOR

We start this section by briefly recalling the definitions and the main properties of
a space-time version of the unfolding operators studied in [18, 21, 25, 26] (see, also,
3,4, 6,7,8,12]). For a complete survey on the unfolding technique, we refer directly
to [21].

If [r] and {r} denote the integer and the fractional part of r € R, respectively, for

UL me Eho ().
=l 2.

so that
Moreover, let Y¢(x) = E( [—} + Y) be the space cell containing x.
ely
For £ € =°, we set
(* = interior { U e(& + ?)} : Ao =27 % (0,T).
¢ezs

Definition 3.1. Let w be a Lebesgue-measurable function on {27. Then, the (time-
dependent) unfolding operator 7; is defined as

w(& E] +6y,t) , (x,t,y) e AL XY,
Y

0, otherwise.

T-(w) (2, t,y) =

Similarly, if w is a Lebesgue-measurable function on I'7, the (time-dependent) bound-
ary unfolding operator 72 is defined as

w(g[f] +ey,t), (x,t,y) € AT x I,
ely

0, otherwise.

T2 (w)(w,t,y) =

g

Definition 3.2. If w is an integrable function on 27, the local (time-dependent)
space average operator is defined by

S [ wendc, it g,
M (w)(z,t) = {7 vy (3.1)
0, otherwise.

g

One can see that M (w) = My (Tz(w)), where, for a general set O, Mo(-) denotes
the integral average on O.
In the following, we will use the subscript # to denote spaces of periodic functions.
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Proposition 3.3. Let w € L*(0,T; H'(£2)). Then,

[To(w) — M.(w)] = y°-Vw,  strongly in L*(27 xY), (3.2)

—_ |

- [T2w) = Mo(w)] =y - Vw,  strongly inL(2r x I, (3.3)
where yc = (y01, Ce 7yCN) =Y — MY<y)

We recall the following general compactness result, which can be found, for instance,
in [21, Chapters 1 and 4], [25, Theorems 2.17, 2.18 and 2.19] and [26, Theorem 4.3].

Proposition 3.4. Let w, = (w"!, w? w™), with w*" € L*(0,T; H'(12,,)).

3 3 3

i=1,2, and w € L*(0,T; H'(£2,,)). Assume that there exists v > 0 (independent
of €) such that

/ lw,|? dz dt + / |Vw.[*dzdt <7, Ve > 0. (3.4)
QT QT

Then, there exist w™* € L*(Q2r), fori = 1,2, w*™ € L*(0,T; H'(12)), W € L*(2p; Hy(Eouw))
and W™ € L*(Qp; HY (Ei)), i = 1,2 such that, up to a subsequence,

Te(xo:, we) — wnt weakly in L*(Dp X Eiei), i=1,2; (3.5)
ﬁ(xggu;we) — weakly in L*(2p x Eyy) (3.6)
ﬁ(ngntin;nt’i) — vV, weakly in L*(2p X By y), i =1,2; (3.7)
E(ngu;ng) — Vu™ + V,©, weakly in L*(2p X Eyu), (3.8)
for e = 0. Moreover, due to (3.4), we have
5/[w€]2da dt <7, Ve >0, (3.9)
I

with ~y independent of €, and then (see [10, Proposition 2])

T2 ([w.]) — w — w™ | weakly in L*(Q2p x I}), i=1,2. (3.10)

Remark 3.5. We recall that, when w. — w, strongly in L?(Qr), then Tc(w.) — w
strongly in L?(27 x Y'). However, the only classes for which the strong convergence
of the unfolding 7.(w.) is known to hold in L?*(27 x Y), without assuming the
strong convergence of w,, are sums of the following cases: w.(x,t) = fi(z,t) fo(e71z)
with f1, fo suitable Lebesgue-measurable functions, w,(z,t) = w(z,e 1z, t) with w €
LYY ;C(027)) or w € L*(27;C(Y)) (see [1, 19, 20] and [4, Remark 2.9]). O

Next, we collect some compactness results for the unique solution u. of problem
(2.3)-(2.9). As usual, the convergences below hold up to extracting subsequences.

As a consequence of the energy estimate (2.12) and Proposition 3.4, applied to the
solution u., and using the fact that u""" is piecewise constant in (25, ;, i = 1,2, it fol-

lows that there exist suitable functions u™! ™% € L2(r), v € L*(0,T; Hy(£2))
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and U € L*(Q27; Hy(Eoy)) such that

7;(Xgism . o) — umtt weakly in L*(2p x Eint1): (3.11)
7;(Xgism’2u€) — g2 weakly in L*(2p x Eint2): (3.12)
Te(x 0z, 1) — u weakly in L*(2p X Eoy); (3.13)
Te(x:, Vu) = Vu™ +V,u, weakly in L?(27 X Eoy); (3.14)
T2 ([ue]) — u®™ — u™ weakly in L2(£2p x I3), i=1,2. (3.15)

We point out that the limit functions v u™? € L?((27) are independent of y.
More precisely, still using (2.12), we get

[ TP, dede< s, (5,10
_QTXF1

/ T2 ([ue])? doy dz dt < ye?. (3.17)
_QTXFQ

As a consequence of (3.15) and (3.16), we obtain
T2 ([ue]) = — u™ weakly in L*(02r x I1). (3.18)
On the other hand, (3.17) immediately implies
T ([ue]) — 0, strongly in L*(02p x I}), (3.19)

and therefore, u™? = y°" =: 4 € L*(0,T; H}(§2)), again in virtue of (3.15). More
precisely, we have

Ue — (|Eout| + |Eint72\)u + \Eint,1|umt’1 s Weakly in L2(QT) (320)
Moreover, we get

7;1’(@) —~u+y°-Vu+( weakly in L2(02p x I3), (3.21)
£

for a suitable function ¢ € L*(§27). For the convergence in (3.21), we refer to [25,
Theorem 2.20] and [26, Theorem 4.3].

Remark 3.6. We point out that all the above convergences take place as ¢ — 0 and
D, and D, are fixed. In Sections 6 and 7, we will discuss also the limits on D; and
Ds, after and before the homogenization procedure, respectively. O

4. CELL FUNCTIONS

In this section, we assume all the hypotheses introduced in Section 2 and we gather
the problems for the cell functions used in what follows.
We start by recalling the following well-known result (see, e.g., [23, Section 2]).



10 M. AMAR - D. ANDREUCCI - C. TIMOFTE

Lemma 4.1. For each j = 1, ..., N, there exists a unique Y’ € H;#(Eout) which
satisfies
—div, (k(y) Vy, (X (y) —97)) =0, in Eou; (4.1)
Ky) V(X (y) —y)) v =0, on I =I1UIy;
/ X' (y)dy = 0. (4.3)

Eout

Then, we recall the following lemma stated in [7] and [11], in the case of a single hole
and, for instance, in [9, Proposition 2.6] and [22, Section 5], for the case of multiple
holes.

Lemma 4.2. For each j = 1, ..., N, there exists a unique Y’ € H#(Eout) which
satisfies

— div, (k(y) V, (X’ (y) —¢')) = 0, in Eou; (4.4)
[ #) V0 0) = ) - v, =0, =12 (45)
I;
X (y) -y 1s constant on I7; (4.6)
X' (y) -y 15 constant on I5;

/ X (y)dy = 0. (4.8)
Eout

Arguing as in [7, Lemma 4.7], one can prove also the following result.

Lemma 4.3. There exists a unique Y, € H;#(Eout U Eint2) which, for each j =1,
, N, satisfies

— div, (k(y)V,(X(y) —y7)) =0 in Eou; (4.9)

c(Y)Vy(X(y) —y?) v =0 on I; (4.10)

/ﬂww%@—www%zm (4.11)

Iy

Cy) —y9 is constant in Eiyo; (4.12)
W(y)dy =0. (4.13)

EoutUEint,2

We conclude this section by constructing a new type of cell functions which will be
used in the main homogenization theorem (see Theorem 5.1).
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Lemma 4.4. For j=1,..., N, let us consider the problem

— divy (k(y)V, (X (y) — y)) =0, in Bow; (4.14)
K(y)Vy (X (y) = y¥)-v =0, onTy; (4.15)
K(y) V(X (y) — y9) v= D% (;zﬂ‘ T / daz>, on Iy; (4.16)
/ VY (y)dy =0. (4.17)

Then, problem (4.14)~(4.17) admits a unique solution X7 € Hy(Eou).

Proof. For j =1,..., N, consider the Neumann-Robin problem

- ley(F;(y)vy(f)Zj<y) - ycj>> = 07 in Eout; (418)
K(Y)Vy (X () = y¥) v =0, on I7; (4.19)
KV, ) = y7) v = (@ =y =0, on L (4.20)

whose unique solution Y’ € H;#(Eout) can be obtained by a standard application of
Lax-Milgram Lemma. Set

= 4.21
|Eout| ( )

and define

X(y) =X'(y) = ¢ (4.22)
Integrating by parts the differential equation (4.18) and taking into account (4.20)
and (4.22), it follows that

= 7 do 4.23
T / . (4.23)

Replacing Y/ with %7 + (7 in (4.18)—(4.20), we get
- diVy(“(@J)vy(f(j (y) — QCJ)) =0, in Eout; (4.24)
K(Y)Vy (U (y) —y?) v =0, on I3; (4.25)

y o 1 v

ROV (X (W) —y7) v = 5-(Fy) —y? +¢7), - on D, (4.26)
By (4.23)-(4.26), it is not difficult to see that ¥’ solves the problem (4.14)-(4.17).
Its uniqueness is a consequence of routine energy estimates. U

Remark 4.5. We remark that (4.23) can be also written as

/ W (y) -y + ) do, = 0. (4.27)

Iy
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5. HOMOGENIZATION OF THE £-PROBLEM FOR DD; AND Dy FIXED

In this section, we study the homogenization of problem (2.3)—(2.9), for D; and D,
fixed. In the next section, we will perform the limit of the homogenized problem
for the parameters D; and Dy going to 0 or +0o. The converse procedure will be
addressed in Section 7.

Theorem 5.1. The limiting pair (u™*', u) € L*(27) x L*(0,T; H}(£2)), appearing
in (3.20), is the unique solution of

— (|Eout| + )\2) u QtdZL' dt — )\1 Uint’l 1tdZL' dt
Po, ¥,

.QT QT

I :
+/AhD§mVu-Vg02dxdt+%/(u—umm)(cpg—gpl)dxdt
7

Q7

= |Eout|/fg02dxdt+(|E0ut|+)\2)/ﬂg02(0)dx+Al/ﬂcpl(O)dx, (5.1)
Qr Q Q

for all o = (1, p2), with vy € HY(27), o2 =0 on 02 x (0,T) and fort =T, and
all o1 € HY0,T; L*($2)), with o1 = 0 for t = T. Here, the constant homogenized
matriz AP is defined by

hom

~ c c 1 ~ c - c
AthmZ—/HVy(X-y)-Vyy dy—E/(x—y +¢) @y doy, (5.2)
Eout FQ
where ¥ = (X, ..., xN) and ¢ = (C*, ..., CN) have been introduced in Lemma 4.4.

Proof. Without loss of generality, we can first choose the admissible test function
po(,t) = £0(x, 3=, 1), where

\I]<x7y)z<t> ) in QT X Eoutu

) 7t = 1
gb(l‘ Yy ) {O, in 27 % (Eint,l U Eint72)'

Here, z € C1([0,T]), 2(T) = 0, the function ¥ € C®(£2 x E,y) vanishes near 92 and
is Y-periodic. By unfolding the integrals appearing in the weak formulation (2.10),
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we arrive at

e / T () Te() T2 () dy dardt

027 X Eout

vo [ TOTLITT ) TV ) dydrd
027 X Eout

s [ IOV W) TV, B dyde

027 X Eout

s [ T T T doy do
1QT><F1

i b [ue] b b

+D2 / 1. ( 5 ) 2 ()T (2) doy, de dt
D x1Ty

13

- / To(f)Teloe) dy deedt — / T.@)Te(pe(0) dyde 0, 0.

QT XEout QXEout

However, it is easily seen that all the terms above, except the third and the fifth
integral, vanish in the limit independently of the previous relation, which therefore

yields, together with (3.14) and (3.21),

/ k(y)(Vu+Vyu) -V, Uz(t)dydedt

QT X Eout

Dy
QTXFQ

The distributional formulation of (5.3) is given by
—div,(k(Vu+ V,u)) =0, in 27 X Eoy;
kK(Vu+V,u) - v=0, on 2p x I7;

1
/-c(Vu+Vyﬂ)-1/:D(ﬁ+yc-Vu+C), on Qp x I,

2
Notice that (5.4)—(5.6) imply
/ (t+y°-Vu+()do,dzdt =0.
QTXFQ

Then, we will apply below the factorization

U,y t) = =X(y) - Vule,t) = ¢ Vule,t) = ((a.t),

1
+ = / (W+y° - Vu+ W 2(t)do,dedt =0.

(5.7)

(5.8)
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where ¥ is given in Lemma 4.4 and (, ¢ are given by (3.21) and (4.23). Next, we
select the test function ¢.(x,z/¢e,t), where

z(t)w(x), iIl QT X Eouta
Ge(x,y,t) =  z1(t)wi (), in 27 X By 1,
Z(t)Me(w)(z),  in 2p X Eiy o,

with 2,2, € C1([0,7)), 2(T) = 2,(T) = 0, w € C(2) and w;, € C=(2). We get

/ Te(ue)Te(2'w) dy de dt — / Te(ue)Te(2) T (wy) dy dz dt

|E1nt 1|
_QT X Eout QT X Emt 1
|E | / To(u) T (2 M (w) dy de dt + / To(zk)To(Vug) - T-(Vw)dyde dt
lnt2 .QTXEth QTXEout
/ T2 ([ue]) zw—zlwl)daydxdt
QTXF1
1 b b ( (U] \ o (0 — M(w)
"D, / T () T () doydadt
QTXFQ
- / T-(f)T:(zw) dy dz dt
QT><E‘out
[ (o X+ T ) T T(0) dy e 0
7 ot |Eint71| et |E1nt 2| e e ‘ ’

as € — 0. Thus, in the limit, we obtain

— | Eout| /uz/w dedt — N\ /umt Ywydedt — Ay / wz'wdx dt

QT QT
+ / 2k(Vu+V,u) - Vwdydedt
07 x Eout,
1 int,1
+ D / (uw —u"™") (2w — zywy) doy, dz dt (5.9)
_QTXF1
1
+D— / 2(u+y° - Vu+ )y - Vwdo, dzr dt
QQTXFQ
= \Eout\/fzwdxdt—i- (| Eout| +)\2)/ﬂz(0)wdx+Al/ﬂzl(())wl dz .
Or 19 19

Equation (5.9) is, up to the usual density argument, the weak formulation of the lim-
iting problem. Next, we insert into it the factorization for w given in (5.8), obtaining
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(5.1). By Proposition 5.2 below, it follows that the homogenized matrix A ' is sym-
metric and positive definite. Moreover, following the same ideas as in [11 Section
7], the pair (u™! u) solution of (5.1) is unique, and then all the above convergences
hold true for the whole sequence. O

Proposition 5.2. The constant matriz A can be rewritten as

om

(Af2 ) = / KV, —y9) - V(X' —y™) dy

Eout
1 S Y B N R
b [ =y + O -+ oy, (.10
I
fori, 5 =1, ..., N. It follows that AhDjm s symmetric and positive definite.

Proof. On using X' in (4.14) as test function and taking into account (4.23), we find

) . 1 ) . Al
[ =) Vi [ g, =0, (G
2

Eout FQ
On the other hand,
/(% —y? + )¢ oy, =0, (5.12)
Iy
owing to (4.27), since ' is a constant. By adding (5.11) and (5.12) to (5.2), we prove
(5.10). The positive definiteness of A”2 is then standard. 0

hom

Remark 5.3. Tt can be easily proved that the following energy estimate

sup /u2 dz + /(umt’l)2 dz
0<t<t \ J

2

+/\Vu|2dxdt+—/ — ™2 dedt <y (5.13)

holds, for a suitable v > 0, independent of D;. Moreover, if the ellipticity constant of
the matrix Ah(fm is independent of D, (as we will prove in Lemma 6.3, for Dy small

or large enough), we get that v is also independent of Dy. In addition, the following
estimate

. 1
sup /u2 dz + /(umt’l)2 dz | + — /(u — a2 dg dt < v (5.14)
o<t<r \ J J D1Q

holds with v > 0 always independent of D, and Ds. O
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Remark 5.4. Notice that the distributional formulation of the problem (5.1) is

I .
([Bout | + o) e — div (A3, V) + ‘D—”(u —uY) = | Byl £, in 027
1
i I .
Aluint’l _ M(u _ ulnt,1> _ O7 . QT;
o (5.15)
u=0, on 02 x (0,7);
u(®,0) =1, in ;
uint,l(l,’o) =, w0,

t

We point out that the homogenized diffusion matrix A}l1)02m depends only on D,, while
both equations depend on D;. This calls for a second limit for D; and Dy going to
0 or 400, which will be performed in the next section.

6. LIMIT WITH RESPECT TO D; AND Dy OF THE HOMOGENIZED PROBLEM

This section is devoted to perform the limit for D; and Dy going to 0 or +o00 of the
homogenized problem (5.15). For the sake of simplicity, the dependence on Dy, Dy of
some quantities is not denoted explicitly, but it is let understood from the context.

6.1. Limit Dy, Dy — 0. Let us define the functional space

X#Q(Eout) ={y € H;%(Eout) : 1 is independent of y on I3} . (6.1)
Theorem 6.1. For Dy, Dy — 0, there exists u, € L*(0,T; Hy(£2)) such that
™t — oy, weakly in L*(927);
U— Uy, weakly in L*(0,T; H}(2)); (6.2)
u—u" =0, strongly in L?(827),

where u, is the unique solution of the problem

— (| Fout| + A1 + A2) / Uptpy d dt + /A?lomVuO -Vepdrdt

Qr Qr

:\Eout\/fwdxdtjt(\Eout\+)\1+)\2)/ﬂg0(0)dx, (6.3)
Q7 02

for any o € HY(Qr) with ¢ =0 on 02 x (0,T) and fort =T. Here, A is defined
by

(Ahom)” = = / ik () 0y, (X — y) dy — / KV (X —y) vy doy,  (6.4)
Eout F2
o)

fori, j=1,..., N, where X, = (X,..., X)) is given in Lemma 4.5.
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Proof. Similarly as in the proof of Theorem 5.4 in [11], we consider the weak formu-
lation of problem (4.14)—(4.17) given by

/ KV, (F ) - V,0dy + o / £ {)pdo, =0, (65)

Eout

for every ¢ € Hj(FEoyu). However, problem (4.14)~(4.17) can be written in a varia-
tional form. For j = 1,..., N, we can introduce the function U’(y) = ¥’ (y) —y“¥(y),
where U € C®(E,y) is a function such that ¥ = 0 on 9Y, ¥ = 1 on I, and
onut Yy dy = 0. Clearly, U7 = {/ —y“ + y(1 — ¥). Moreover, set

g{ = — diVy (mvy(ycj(l — \I’>>) s in Eout
and
g%:ﬁvy(ycj<1—\1/))'y, OHF1UF2.

By (4.14)-(4.17), we obtain that U’/ € Hj(Eqy) and it satisfies the following varia-
tional problem

— div, (kV,U?) = ¢] in Fout; (6.6)
KV, U7 v =g}, on I7; (6.7)
) 1 . al .
HvaJ~V:D—(U]—|—C])+g%, on Iy; (6.8)
2

/ Ul(y)dy = 0. (6.9)

Eout

Multiplying equation (6.6) by U’ (which is an admissible test function), integrating
by parts and using (6.8), we arrive at

[ o v s o [0 o as,
2
Eout

= /g{Ujdy— / gngdoy:/Wy(ycju—\p))-vajdy. (6.10)

Eout Fl UFQ Eout

Taking into account that, by construction, U/ = 9 — ¢y on I and that {7 is a
constant, by (4.27), it follows

[+ &0, = [0 -+ do, =0,
FQ FQ
so that the equality (6.10) can be rewritten in the form

. . 1 . . . o . .
/wyUﬁ-vaﬂ dy+3/(w+cf)(w+gﬂ)day: //{Vy(ycj(l—\ll))-va]dy.
2

Eout FQ Eout
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This leads to the energy estimate

. 1 ) ~.
/ IV, U7 > dy + o /(U] +¢)do, <, (6.11)
2

Eout FQ

where v depends on 7y and ||V||¢1(g,,,), but it is independent of D,. Therefore, we
obtain that, for j =1,... N,

Vg9 450, strongly in L?([3), (6.12)
when D, — 0; moreover, there exists Y/ € H#(Eout) such that, up to a subsequence,
X = %3, weakly in H}(Fou), (6.13)

when Dy — 0. In particular, from (6.12) and (6.13), it follows that xJ — y“ is
independent of y on I5.

In order to pass to the limit in the weak formulation (6.5), let us take a test function
(VRS X#Q(Eout). Then, using (4.27), we get

/ R()V, (0 — y)  Vybdy =0, Vb € XL (Eoy). (6.14)

Eout

Taking into account that x? —y“ is independent of y on Iy, we can extend X/ to Fiy o
in such a way that yJ —y“ remains independent of y (still denoting this extension by
). Hence, it is easy to see that such a x? belongs to the space H;#(Eout U Eint 2) and,
if we add to it a suitable constant, it satisfies problem (4.9)—(4.13), for j =1,..., N.
Now, proceeding as in the proof of Theorem 5.4 in [11], we pass to the limit, for
D, — 0, in the homogenized matrix obtaining that AP2 — A9

hom hom*
By Remark 6.2 below, it follows that the matrix AY _ is symmetric and positive
definite. Thus, as shown in Lemma 6.3, we have that AhD(fm is positive definite,
independently of Ds, for Dy small enough. Hence, by taking into account Remark
5.3, we have that, as Dy, Dy — 0, u — u™! — 0, strongly in L?({27); moreover, up

to a subsequence, we get that there exists u, € L*(0,T; H({2)) such that
U — Uy, weakly in L?(0,T; Hi(£2)).

Therefore, also u™! — w, in L*(27). Thus, passing to the limit for Dy, Dy — 0 in
the weak formulation (5.1), where we have taken ¢; = ps = @, we arrive at (6.3),
whose uniqueness is standard. Hence, the above convergences hold true for the whole
sequences. ]

Remark 6.2. The distributional formulation of the limit problem (6.3) reads like

(|Eout| + )\1 + )\2) uo,t - diV(AgomVUo) = |Eout|fa in QTa

u, =0, on 02 x (0,7); (6.15)
uo(z,0) =1, in (2.
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Following the same ideas as in [11, Remark 5.5], we can rewrite the homogenized
matrix in the symmetric form given by

M= [ SV =) Vol 1) dy

EoutUEint,2
— [ KW~ 1) Vo~ )y (610
Eout
whose positive definiteness is a standard matter. O
Lemma 6.3. Let A> be the matriz defined in (5.2). Assume that there exists a
positive definite matriz A such that AL2 — A, for Dy — 0 (or Dy — +00). Then,

for Do sufficiently small (or sufficiently large), also Aﬁfm 18 positive definite with
ellipticity constant independent of Ds.

Proof. Since, by assumption, the matrix A is positive definite, there exists y4 > 0
such that
AC-C2mal¢P V¢ eRY.
Moreover, for any € > 0, if D, is sufficiently small (or sufficiently large), we have that
Ao —Al<e = (4G, — A)C- (| <el¢).

Choosing € = v4/2, it follows
2 7. g
A€ € 2 AC- ¢ = ¢ = I
Then, the thesis is achieved. O

We point out that, passing to the limit for Dy, Dy — 0 in the right-hand side of
(3.20), we obtain

i i i ) ] int,1
DI%IDTHO Ql—% u€> B DJIDTHO ((1Bouwt] + [ Binto [y + | Bigga[u™")
= (|Eout| + | Bt 2| + | a0 = 1o (6.17)

6.2. Limit D; — +o00, Dy — 0.

Theorem 6.4. For D; — +o00 and Dy — 0, there exist u™ € L*(Qr) and uo, €

L*(0,T; H}(2)) such that
N T weakly in L?(2r);
e 1( ) (6.18)
U — Uoop weakly in L*(0,T; Hy(£2)),

where the pair (U™, us,,) is the unique solution of the problem

(| Bout|+A2) | too oz dzdt—A; [ u™p dedt+ [ A} Vi o Voo do dt
, , s hom )
Qr Qr Qr

= |Eout|/f§02 dxdt + (‘Eout| + AQ)/H(,OQ(O) d.T"—)\l/ﬂgOl(O) d.CL’, (619)
Qr N N
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for any @ = (p1,02), with pa € HY(27), 2 =0 on 92 x (0,T) and fort =T and
01 € HY(0,T; L*(2)), with o1 =0 fort = T. Here, A is the same matriz defined
in (6.16).

Proof. As in the proof of Theorem 6.1, for Dy — 0, we obtain that, for every j =
1,..., N, up to a subsequence, x/ — ¢ weakly in H;#(Eout), where x7 satisfies (4.9)—
(4.13). Thus, the homogenized matrix A2 — AP . Moreover, from Lemma 6.3
and Remark 5.3, there exist uoo, € L?(0,T; H}(2)) and u™ € L*(£27), such that
(6.18) holds. Hence, passing to the limit in (5.1), we get (6.19).

The uniqueness is a consequence of the symmetry and the positive definiteness of the

matrix A)  (see Remark 6.2 above). Hence, the above convergences hold true for
the whole sequences. O
Remark 6.5. The distributional formulation of the limit problem (6.19) reads like

(| Eout| + A2) Ottoc,o — div(AgomVuooﬂ) = |Eout| [, in £27;

u;nt =0, in (27;

Usoo =0, on 02 x (0,7); (6.20)

Usoo(2,0) =T, in (2;

u™(z,0) =1, in (2.

Notice that we obtained a decoupled bidomain problem made by a parabolic equation
for U o, similar to the one found in Subsection 6.1, but with a different capacity, and
an ordinary differential equation for ™, which leads to u™(z,t) = u™(x) = u(x)
a.e. in {2r. No memory of \; is preserved. ]

We point out that, passing to the limit for D; — +o00 and Dy — 0 in the right-hand
side of (3.20), we obtain

lim (hm Ug) = lim ((|Eout| + |Eint72|)u + |Eint71|uint’1)
Dj—+oo \e—0 Dy 400
D2—=0 D2—0

= (|Eout| + |Eint,2|)uoo,o + |Eint,1|ﬂ- (6.21)
6.3. Limit D; — 0, Dy — +00.

Theorem 6.6. For D; — 0 and Dy — +o0, there exists u,o € L*(0,T; H}(£2))
such that

wl weakly in L*(927);
U= Ugoo weakly in L*(0,T; H}(2)); (6.22)
u— it 0, strongly in L2(~QT>7

and U, 15 the unique solution of the problem
— (|Fout] + A1 + A2) / Up oot A dt + /Aﬁ'nguom -Vedrdt
QT QT

= |Eout|/f<pdxdt+(\Eout\ + M\ +)\2)/ﬂ<p(0) dz, (6.23)
Or Q
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for any o € HY (Qr) with ¢ =0 on 002 x (0,T) and for t = T. Here, A  is the
matrix defined by

(A55)7 = = [ Ral), (¥ — ) dy, (624
Eout
fori, j=1,..., N, where x = (X', ..., x") is given in Lemma 4.1.
Proof. As in the proof of Theorem 6.1, we arrive at the energy estimate
. 1 . .
/ IV, U7 > dy + R /(UJ +¢?)?do, <7, (6.25)
2
Eout I

where v does not depend on Dsy. Therefore, for any j = 1,..., N, there exists
a function X7 € H#(Eout) such that, up to a subsequence, ¥/ — ¢/, weakly in
HJ,(Eoy). Then, passing to the limit in the weak formulation (6.5), we arrive at

/ R () V(0 — ) - Yy =0, (6.26)

Eout

for every ¢ € H #(Eout), whose distributional form is given by

- dlv(ﬁ(vy(XéO - ycj)) = 07 n Eout;
k(V,(X, —y9) v =0, on I' = 17U Iy;
! (6.27)
| -
Eout
This implies that Y. coincides with the cell function y given in Lemma 4.1.
Now, we can pass to the limit in (5.2), obtaining AhD(fm — AP |, with
B = [ KOV V0, (6.25)

Eout

where we have taken into account that x., = x. By Remark 6.7 below, it follows that
the matrix Ap° =~ is symmetric and positive definite; hence, by Lemma 6.3, we can
assure that also A2 is positive definite independently of Dy, for Dy large enough.
Now, invoking Remark 5.3, we have that (6.22) is in force and, hence, we can pass to
the limit in (5.1) with @1 = ¢ = ¢, arriving at (6.23), whose uniqueness is standard

and, so, the above convergences hold true for the whole sequences. O

Remark 6.7. The distributional formulation of the limit problem (6.23) reads like

(‘Eout‘ + )\1 + )\2> atuo,oo - diV( ﬁgmvuo,w) = |EOUt|f7 in “QT;
Upoo =0, on 012 x (0,7T); (6.29)
Upoo(2,0) =T, in (2.

Moreover, the matrix Ap° is the standard matrix appearing in the homogenization

of perforated domains. Therefore, it is well-known that it can be written in the
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symmetric form

M= [ K Vx = 9) - V(= ) dy (6.30

Eout
and it is positive definite. Notice that problem (6.29) represents formally the same
monodomain obtained in Subsection 6.1, but with a different diffusion matrix, corre-
sponding to the one given in a perforated domain with two insulated holes. O

We point out that, passing to the limit for D; — 0 and Dy — 400 in the right-hand
side of (3.20), we obtain

lim (hm u€> = lim ((‘Eout‘ + | Eint 2] )u + ‘Eint,1|uint’1)
D1—0 e—0 D150
Da=+oo Dy—+o0

= (|Eout‘ + ‘Eint,2| + |Eint,1‘)uo,oo = Up,00 - (631)

6.4. Limit D;, Dy — +oo. Combining the results obtained in Theorem 6.4, for
D; — +00, and in Theorem 6.6, for Dy — 400, we arrive at the following statement.

Theorem 6.8. For Dy, Dy — +oco, there exist u,, € L*(0,T; H}(2)) and u™ €

L2(027) such that
U — Uso , weakly in L2<O7 T; H&(Q»’ 6.32
uint,l N ’U/int7 w@akly m LQ(QT)7 ( . )

where the pair (us, u™) is the unique solution of the problem

— (|Fout| + A2) / Usopar dzdt — Aq /uintgoltd:c dt + /Aﬁ';mVuoo - Vo drdt

Q7

|Eout|/f¢2d$dt+ ([Eout| + A2) /wpz daH—)\l/ﬂgol(O)d:c, (6.33)
0 1)

for any ¢ = (g01,<p2), with s € HY(27), 02 =0 on 2 x (0,T) and fort =T and
any o1 € HY0,T; L*(2)) with ¢, = 0 for t = T. Here, A  is the same matrix
defined in (6.24).

Remark 6.9. The distributional formulation of the limit problem (6.33) reads like

(| Eout] + A2) teor — div(Ape . Vus) = |Eoutf in Or;
ul™ =0, in (2r;
Uoo =0, on 02 x (0,7); (6.34)
Uso(z,0) =T, in §2;
u™(z,0) =1, in (2.

Notice that we obtained a decoupled bidomain problem similar to the one found in
Subsection 6.2, but with a different diffusion matrix. Again, no memory of A; is
preserved. O
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We point out that, passing to the limit for D;, Dy — 400 in the right-hand side of
(3.20), we obtain
lim (lim u€> = lim ((|Eout| + | Eint 2] )u + |Eint,1|uint’1)

D1,Da—+0o0 \e—0 D1,Da—+00
= (|Eout| + | Eint 2]) oo + |Eint1|w. (6.35)

7. LIMIT WITH RESPECT TO D7, Dy FOLLOWED BY HOMOGENIZATION

In this section, we shall perform the limit with respect to the parameters Dy, Dy and
¢ in the opposite order with respect to what we have done in Sections 5 and 6, i.e. we
first pass to the limit with respect to Dy, Dy and, then, we homogenize the resulting
systems.

Theorem 7.1. Let € > 0 be fized and u. be the unique solution of (2.10). Then,
there exists u? € L*(0,T; Hy(£2)) such that, for Dy, Dy — 0, we have

ul"t =yl weakly in L*(0,T; H'($25.,)); (7.1)
u{i?nt N ug’ weakly m L2<Qi€nt X <O7 T))7
[u.] =0, strongly in L*(I%),

where u? is the unique solution of problem

85;6 —div(k. Vu?) = f, in §25,, x (0,T); (7.4)
oue 1
)\i% = g—N/HEVu‘; -v.do, in Efnfl x (0,7, €=, 1=1,2; (7.5)
IE,
u? =0, on 002 x (0,7T); (7.6)
ul(z,0) = u(z), in £2. (7.7)

Proof. From the energy estimate (2.12), we get (7.1)—(7.3), which, in particular,
also imply that u™ — u? weakly in L?*(I’%). Thus, taking into account that u"*
is independent of x on each Efr;gi, from (7.2) it follows that the same property is
satisfied by u2. Now, in order to pass to the limit in the weak formulation (2.10), we
choose a test function ¢. € H'(§27) such that ¢. = 0 on 92 x (0,T) and for t =T,

and ¢, is independent of x on each E £ Then, we obtain

int,i*

T T
//{—aguggoe,t—l-xggm/iEVug-Vgoe} dx dt ://fgo6 d:cdt+/a€u_€<p€(0) dz. (7.8)
02 008 17

out

Recalling (2.2), we notice that (7.8) is the weak formulation of problem (7.4)—(7.7).
U
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Remark 7.2. We remark that in (7.5) we can replace the set Efnfz x (0,T) with
I¢; x (0,T), so that problem (7.4)~(7.7) is the same problem studied in [6] (see
problem (2)-(5)), the only difference being the fact that here we have two isolated
inclusions in each periodic cell. Therefore, the procedure carried out in [6] leads to a

homogenized limit function u° satisfying the problem

(‘Eout‘ + )\1 + )\2) uto - diV<AhomvuO) = |Eout|f7 in QT;
u’ =0, on 02 x (0,T); (7.9)
u’(z,0) =1, in (2.

Problem (7.9) is analogous to [6, Problem (50)], with a new capacity A = A\; + Ay and
a new diffusion matrix A., given by

Ao = / BV 00 — 1) - Vy(x — 5°) dy

— [T, - 1) V- ) dy, (700

where yx is the cell function obtained in Lemma 4.2. In the last equality, we have
extended the function x — y© to the whole of Y, by taking it constant in Fj, ; and
Eint,2- O

We point out that, taking the limit of u., first for Dy, Dy — 0 and, then, for ¢ — 0,
we obtain

iy () = (e v )

= tim ((xos,, + Xy, + Xog,.)u?) = limu? = (7.11)

e—0
7.2. Limit D; — 400 and D, — 0. For later use, we introduce the space

( ) —{’U_( int,1 ,Uout,Q) . out2 GH (Qe

e U ), o2 is constant

in z in each B¢ 9§ €25, ™ e L2625, ,), v™! is constant in x

in each Ef;;ﬁl, £€=F, v=v""=0o0n 0N} (7.12)

Theorem 7.3. Let € > 0 be fized and u. be the unique solution of (2.10). Then,
there exists u>>° € L*(0,T; X5(£2)) such that, for D; — +oo and Dy — 0, we have

ud™t — 20 weakly in L*(0,T; H'(£25,,)); (7.13)
utt s 0 weakly in LQ((Zlnt L x(0,7)); (7.14)
T e weakly in L*(£2,, 5 % (0,T)); (7.15)
[us] = 0, strongly in L*(I5 x (0,T)), (7.16)
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where uZ>? s the unique solution of problem

Hu>-°
“8; — div(k. VuX°) = f, in 2., x (0,T); (7.17)
augO7O 1 0,0 e

Ao 5~ N ke VU’ v.do, in E1nt2 x (0,7), £ € =5 (7.18)

re,

ke VuZ? v, =0, in Ig, x(0,T),§ €= (7.19)
Ou>°

M =0, in BSE, % (0,T), € € =5 (7.20)

u?’ =0, on 082 x (0,T); (7.21)

u®(x,0) = ug(x), in (2. (7.22)

Proof. From the energy estimate (2.12), we get (7.13)—(7.16) which, in particular,
imply that u2>° has no jump across I';, x (0,T), for £ € =°. Moreover, taking into
account that u™ is independent of z on each Efnf ;, from (7.14)-(7.15) it follows
that the same property is satisfied by u2>°. Then, u>° € L*(0,T; X5(2)). Now, in
order to pass to the limit in the weak formulation (2.10), we choose a test function
0. € L2(02; HY(0,T)) N L*(0,T; X5 (£2)), such that ¢. = 0 for t = T. Then, in the
limit, we obtain

T T
Jfcaz o s xan e Vo dsdr = [ [fodeat + om0,
0

0928 2

out

(7.23)

Recalling (2.2), we notice that (7.23) is the weak formulation of problem (7.17)-
(7.22). By standard computations and exploiting the linearity of the problem, as a
consequence of the associated energy estimate, we get that system (7.17)-(7.22) is
well-posed. Hence, all the above convergences hold true for the whole sequence. [J

Remark 7.4. We remark that problem (7.17)—(7.22) is a decoupled system where the
solution uZ®° = @z in 2, , x (0,T). Then, for e — 0, there exists ug, € L*(£2p)
such that uZ X0z, — ufrft’f)l, weakly in LZ(QT), where, from our assumptions on the
initial datum, it is easy to see that ug) = |Fin,1 [T O

Theorem 7.5. Let u2>° be the function appearing in Theorem 7.3. Then, there exists
u™° € L*(0,T; H}(£2)) such that, for e — 0, we have
u’ — (‘Eout‘ + ‘Eint,2|>uoo’o + |Eint,1‘ﬂ7 weakly in L2<QT)7 (724)

£

00,0

and u>° is the unique solution of

— (| Eous| +)\2)/u°°’0<ptdxdt—|—/AﬂomVuw’o-Vgodxdt

QT QT

|Eout|/f90dxdt‘|‘ (| Eout| + A2) / (0 (7.25)
(%



26 M. AMAR - D. ANDREUCCI - C. TIMOFTE

for all o € H' (1), with ¢ = 0 on 92 x (0,T) and for t = T. Here, A} is the
same symmetric and positive definite homogenized matriz defined in (6.16).

Proof. From the weak formulation (7.23), we get the energy estimate

T
sup /|u§°’°(t)|2dx+/ /|Vu§°’0|2dxdt§7, (7.26)
0<t<’1"!2 Y

out

with 7 independent of €. Then, by Proposition 3.4 and the fact that u2*° is piecewise
constant in (25, ,, there exist u> € L*(0,T; Hy(£2)) and & € L*(Q2p; Hj,(Eou)) such
that, up to a subsequence, we have

Te(x 0z, u?) — u™?, weakly in L*(02p X Eoy); (7.27)
Te(xas, ,u?) — u™’, weakly in L?(£27 X Eio); (7.28)
Te(xas, VuZ?) = Vu + Vi,  weakly in L*(2p X Eoy). (7.29)

The two limit functions in (7.27) and (7.28) are equal, invoking (3.10) and the fact
that [u>°] = 0 on ¢, x (0,T), since u2®® € L*(0,T; &5(£2)). Moreover, taking into
account Remark 7.4 and the properties of the unfolding operator (see [21]), we obtain
that also convergence (7.24) holds true.
In order to pass to the limit in the weak formulation (7.23), we choose first the test
function p.(z,t) = ep(x, z /e, t), where

V()M (w(z,t)) + w(z, t)o(y) , in Q27 X (Eou U Fing2),

t) =
o(z,y,1) {0, in 27 X Fig.1,

with w € C'(27), w(z,t) = 0 on 32 x (0,T) and for t = T'; the function ¢ € C*(Y"\
FEint,1) vanishes near 0Y and it is constant in i o, and the function ¢ € C¥ (Y\ Eint,1)
vanishes in Fi, 2. Then, unfolding, passing to the limit and using a density argument,
we get

/ k(y)(Vu™’+V,a) -V, Udydedt =0, (7.30)

QT X Eout

for every W € C®(27 X (Eout U Eint2)), with W(z,t,y) = 0 on 982 x (0,T) X (Eout U
FEin2) and for t = T and ¥ independent of y in Ei 0. By standard computations,
we obtain that @ can be factorized as u(xz,t,y) = —xo(y) - Vu>°(z,t), where x, is
given in Lemma 4.3. Now, we take as test function ¢.(x,z/e,t), with

PMe(w(z, 1) +w(e, ) (1 =P(y), i 2r X (Eow U Ein ),

Ne’;‘ Y, 1) = 1
¥ (l’ Y ) {0’ m QT X Eint,la

where w and v are as before, but ¢(y) = 1 in Eiy 2. Then, following the same idea as
in [7] and [22], unfolding the weak formulation (7.23), passing to the limit for ¢ — 0
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and adding (7.30) to the resulting formulation, we arrive at

—// uoo’owtdydxdt+// K(Vu’+V,0) - [Vw+V, (U —(y°- Vw)y)] dy dz dt

QTEout QTEout

A
|E2 ‘// uw’awtdydxdt:// fwdydxdt
int,2

Q7Fing,2 Q7Eout

A
+// uow(z,0) dy dz + |E2 |// uow(z,0)dydz. (7.31)
int,2

QEwout QEint,2

Now, inserting the factorization of @ in (7.31) and following the same ideas as in [7,
Theorem 4.10], by a density argument, we obtain (7.25) where AY  is the symmetric

and positive definite matrix given in (6.16). Then, we have that problem (7.25) is well-
posed and, hence, all the above convergences hold true for the whole sequence. [

Remark 7.6. Taking into account Remark 7.4 and Theorem 7.5, we arrive at the
distributional formulation of the homogenized problem, which reads like

(| Bous| + A2) 0™ — div(ARe,, Vu™*) = [ Eou| f , in Qr;
u = |Einer|w, in 27;
int,1 | t71| T (732)
u™? =0, on 02 x (0,7);
u™°(x,0) =1, in (2.

Notice that, starting from a decoupled system (see (7.17)—(7.22)), we arrived at a
decoupled bidomain system, made by a parabolic equation and an algebraic one. [

We point out that, taking the limit of u,, first for D; — 400, Dy — 0 and, then, for
e — 0, using (7.24), we obtain

lim lim w. | =lim lim (u e 4u e 4w .
€0 | Dyt - e—0 D14>+oo< X EXQ“‘“J 6XQth=2)
D2—0 D2—0

00,0

- 1‘1—1;% (<XQ§M + XQign:,Q)ugo,O + X“Qisnt,lu€ >
= (|Bout| + | Bint2|)u™° + |Eea|a.  (7.33)

7.3. Limit D; — 0 and Dy — +o00. Proceeding in the same way as in the previ-
ous subsection, with I and I3 interchanged, we obtain that, letting first D; — 0
and Dy — +o0o and, then, ¢ — 0, there exists a pair of limit functions u®> €
L2(0,T; Hy(£2)) and ugyy € L*(£27) such that

(| Bout| + A1) ug™ — div(Bp,,, Vu>®) = | Eowl f in 2r;
ulS = | Bt 2|, in Qr;

11'1t,2 | t72| T <7.34)
u”* =0, on 052 x (0,T);

u”*®(z,0) =1, in £2,
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where B is defined as in (6.16), but with respect to a cell function {° constructed
as in Lemma 4.3, with Ejy o and I replaced by FEiy 1 and I, respectively.
Moreover, as in the previous subsection, taking the limit of u., first for D; — 0, Dy —
+o00 and, then, for £ — 0, we obtain

lim lim Ue | = (|Eout| + |Eint71|)ug’°° + |Eint,2|ﬂ- (735)
e—0 D1—0
Do——+oc0

Theorem 7.7. Let ¢ > 0 be fized and u. be the unique solution of (2.10). Then,

there exist uzi’im € L*(02,, % (0,7)), i =1,2, and uZ°"* € L*(0,T; H'({2,,)), with
u2>® =0 on 952 x (0,T), such that, for Dy, Dy — 400, we have
u™ — ugi-’int, weakly in L*(£2,,; % (0,7)), i = 1,2; (7.36)
ud™ — w20 weakly in L*(0,T; H'(§2,,)), (7.37)
where u® := (u;’f’l’im, Z}’im, uZo°") s the unique solution of problem
au:o,out : 00,out ;
e div(ke VuZ>) = f, in £25, x (0,7); (7.38)
au:oiJHt . .
T’t =0, in $25,,x(0,T),i=1,2 (7.39)
ke VU .y, =0, in I'® x (0,T); (7.40)
uX>" =0, on 052 x (0,T); (7.41)
uX"(z,0) = uz(x), in §2; (7.42)
u:j-’mt(x, 0) =u(x), in (2. (7.43)

Proof. From the energy estimate (2.12), we get (7.36) and (7.37). Now, in order to
pass to the limit in the weak formulation (2.10), we choose a test function ¢. =
(@i, p2") such that " e L*(£2,,;; H'(0,T)) with ¢ constant with respect
to x in each Eii;fm i =1,2, oo € H' (25, x (0,T)), [p:] € L*(I'* x (0,T)), and

0:(+,T) =0, . = 2" =0 on 92 x (0,T). Then, in the limit, we obtain
T T

/ {—acuZ®pes + Xz, ke VUV } da dt ://fSDE da dt +/aau_esoe(0) dz,

0 092 2

out

(7.44)
where we have taken into account that u!"* is constant on 5% (0,T),1=1,2.

Recalling (2.2), we notice that, by a density argument, (7.44) is the weak formulation
of problem (7.38)—(7.42). Since uniqueness for system (7.38)—(7.43) is a standard

matter, all the above convergences hold true for the whole sequence. U

Remark 7.8. We remark that problem (7.38)—(7.42) is a decoupled system, where the
solution ug’i’mt = in 5, x (0,T). Then, for e — 0, there exists uSS € L*(f2r) such

int int
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00,int o)

that ugf’l’intxgism’l tugs Xog,, = Ui weakly in L?(§27), where, from our assumptions
on the initial datum, it is easy to see that u$ = (|Eint.1| + | Eint.2|)T. O

int —

Theorem 7.9. Let u® be the function appearing in Theorem 7.7. Then, there exists
u™ € L*(0,T; HY($2)) such that, for e — 0, we have

ul = |Eout|u™ + (| Einea| + [ B 2|)@, weakly in LZ(QT), (7.45)

and u™ s the unique solution of

—|Eout|/uoos0td$dt+/Aﬁf,mVu°°chdxdt
Qr

Q7

= |Eout|/fcpdxdt+|Eout|/ﬂcp(0) dz, (7.46)
O 0

for all ¢ € HY(27), with ¢ = 0 on 92 x (0,T) and for t = T. Here, A  is the

hom
same symmetric and positive definite homogenized matriz defined in (6.30).

Proof. From the weak formulation (7.44), it follows that an energy estimate analogous

to the one in (7.26) is still in force with w2 replaced by (u;’f’l’im, u:’éim, u2>°"). Then,

there exist u* € L*(0,T; Hy(£2)) and @ € L*(£2p; H,(Eoy)) such that, up to a
subsequence, we have

Te(x gz, uM) — u™, weakly in L*(02p X Eoy); (7.47)
ﬁ(xggutVugo’out) — Vu™® + Vi, weakly in L*(27 x Eqy), (7.48)

and, taking into account Remark 7.8, we obtain that also convergence (7.45) holds
true. We notice that (7.38) and (7.40)—(7.42) give a standard Neumann problem in
a perforated domain with two insulated holes in any reference unit cell; then, the
homogenization limit for such a Neumann problem is a well-known result and leads
to (7.46) (see [21] and the references therein). O

Remark 7.10. Taking into account Remark 7.8 and Theorem 7.9, we arrive at the
distributional formulation of the homogenized problem, which reads like

| Egut|[ug® — div(Ap2 . Vu™) = |Eowlf , in Qr;
U}ft,l = |Eina T, in (2r;
uior?t,Q = | B 2|, in (2p; (7.49)
u™ =0, on 002 x (0,7);
u>(z,0) =1, in (2.

Notice that, starting from a decoupled system (see (7.38)—(7.42)), we arrived at a
decoupled tridomain system, made by a parabolic equation and two algebraic ones.
O
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We point out that, taking the limit of u., first for Dy, Dy — +00 and, then, for e — 0,
using (7.45), we obtain

lim ( lim u€> = lim < lim  (xqs, ue + X, Ue + Xﬂfm,zus))

e—0 \ D1,D2—+00 e—=0 \ D1,D2—+o0
N K oo,out 00,int 00,int
= lim (v, 02+ X, U2 XS )

= |Eout|u™ + (| Eint1| + | Eint2|)u.  (7.50)

8. SUMMARY AND COMPARISON OF THE RESULTS

We end the paper by providing a scheme of our obtained models, with the aim to
better emphasize the different features of the limit problems.

e Limit Dy, D, — 0, two monodomains, no commutation. If we first per-
form homogenization and then we take the limit for Di, Dy — 0, the final
function u, satisfies the parabolic equation (see (6.15))

(‘EOUt‘ + )\1 + )\2)8tu0 - diV<Agomvu0) = ‘EOUt‘f7
with
M= [ K0)9, 000~ 1) Vo~ 1) do.

Eout

Instead, if we first perform the limit for D, Dy — 0 and then we homogenize,
the final limit u° satisfies (see (7.9))

(| Eous| + A1+ A2)0pu® — div(Apom VU°) = |Eow|f
with
Apoms — / W)V O — ) - Yy O — ) dy.

Eout

We have formally the same monodomain, described by two parabolic equations
with the same capacity, but in which the two diffusion matrices, though formally
analogous, are obtained by means of different cell functions.

e Limit D; — +o00 and D, — 0, two bidomains, commutation. If we first
perform homogenization and then we take the limit for D; — 400 and Dy — 0,
from (6.21), we have that

Ue —> (‘Eout‘ + Eint,2|)uoo,o + |Eint,1‘ﬂ7 (81)

int

and we get a bidomain where the two limit functions u.,, and u™ = u satisty,
respectively, the parabolic equation and the ordinary differential equation given
by (see (6.20))

(|Eout| + )\Q)atuoo,o - diV(A?lomvuoo,o) - |Eout|f;
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with the same diffusion matrix A)  as in the previous case. Instead, if we first
perform the limit for D; — 400 and Dy — 0 and, then, we homogenize, from
(7.33), we have that

Ue — (‘Eout‘ + Eint,2|)uoo’o + |Eint,1‘ﬂ7 (82)

and we get a bidomain where the two limit functions u®° and ug, satisfy the

int,

parabolic equation and the algebraic one given, respectively, by (see (7.32))

(| Eout| + X2)0u>? — div(A) Vu°) = | Egwl f ;

hom
00,0

Uing,1 = | B, |-

We have the same equation for the leading phase (i.e., u, = u*°) and then,
comparing (8.1) and (8.2), we get that the two limits commute.

Limit D; — 0 and Dy — +00, monodomain+bidomain, no commuta-
tion. If we first perform homogenization and then we take the limit for D; — 0
and Dy — +00, the final limit u, - satisfies the parabolic equation (see (6.29))

(‘Eout‘ + )\1 + )\2)615“0,00 - le( ﬁzmvuo,oo) = ‘Eout‘fa
with
Afom = / £(Y)Vy(Xo — ¥°) - Vy(Xo — y°) dy.
Eout

Instead, if we first perform the limit for Dy — 0 and Dy — 400 and, then, we
homogenize, from (7.35), we have

Ue — (‘Eout‘ + ‘Eint,1|>u07oo + |Eint,2‘ﬂ7

and we get a bidomain where the two limit functions u®> and ;5 satisfy the
parabolic equation and the algebraic one given, respectively, by (see (7.34))

(‘Eout‘ + Al)atuo,oo - div<BgomvuO7oo> = ‘EOUt‘f;
Uy = | Eine2|W,
where

Bl = [ W)V =) V& =) dy,
Eout
with x° defined as in Lemma 4.3, with Ej, o and I3 replaced by Ei,1 and I%,
respectively.
Notice that the parabolic equation for the leading phase differs from the one
governing the monodomain, both for the capacity and for the diffusion matrix.
Limit D;, Dy — +o00, bidomain + tridomain, no commutation. If we

first perform homogenization and then we take the limit for Dy, Dy — 400,
from (6.35), we have

Ue — (|Eout| + |Eint,2|)uoo + |Eint,1|ﬂ7

and we get a bidomain where the two limit functions u. and ™ = u satisfy,
respectively, the parabolic equation and the ordinary differential equation given
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by (see (6.34))
(| Eout| + A2)Optiog — div(Ape, Viieo) = [Eout| f 5
@uim = O,

with the same diffusion matrix AP = as in the case Dy — 0 and Dy — 400. In-

stead, if we first perform the limit for D;, Dy — +00 and, then, we homogenize,
from (7.50), we have

Ue — |Eout|uC>O + <|Eint,1‘ + ‘Eint,2|)ﬂ7

and we get a tridomain where the three limit functions u™, u, ¢, uiy o satisfy

the parabolic equation and the two algebraic ones given, respectively, by (see
(7.49))
| Egut |0pu™ — div(Ape \Vu™) = |Eouwlf ;

hom

U1 = | B 1 [T, U2 = | Eint2|W .

Notice that the two non degenerate parabolic equations differ, since though they

present the same diffusion matrix, they have different capacities. Therefore, the
two limits do not commute.
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