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A B S T R A C T   

This paper shows how tunable dampers can help control the instant centre of rotation of a 2D rigid body and its 
polode in planar motion, which in turn implies that the inertia tensor can also be controlled. For mechanisms 
equipped with some elasticity the results show that damping can also control their natural frequencies. The 
foundation of a general theory to control the polode is presented, exploring the chance of an optimal control 
formulation of the problem via a variational control principle, approached by the LQR (Linear Quadratic 
Regulator) method, after a suitable linearization. Application to automotive suspension linkages is presented that 
demonstrates the control of the instant roll centre and axis and consequently its instant roll vibration frequency 
to optimize the response, when excited by lateral inertia forces.   

1. Introduction 

Mechatronics in modern engineering is a powerful technology that 
enables achieving performances that purely mechanical devices cannot 
obtain. The field of automotive engineering is one of the branches that 
employs this technology at any level. Interestingly, mechatronics helps 
in making revolutions in traditional mechanical devices with ancient 
origin and for which the use of electronics, optics, electro-mechanical 
and control engineering produces an extraordinary injection of nov-
elty (Isermann, 2005; Fijakowski, 2011). It is clear, for example, how the 
mechatronic technology is progressively permeating both suspension 
and tire technologies, improving fundamental but old mechanical 
components (Carcaterra and Roveri, 2013; Roveri et al., 2016; Coppo 
et al., 2017). For example, suspension devices in many cases employ 
tunable dampers that control internal dissipation effects by active and 
semi-active control technology, evidencing an increasing technical and 
scientific interest in this area. 

Nowadays, damping represents the main object of semi-active con-
trollers, since can be easily controlled through sophisticated damping 
devices, which permit to change the damping coefficient of the viscous 
fluid by modifying its rheological properties through voltage control 
(Brennan et al., 1995; Choi et al., 1998; Sims et al., 2000; Kitching et al., 
2000; Choi and Wereley, 2001; Choi and Wereley, 2002; Xia, 2003; 
Guglielmino and Edge, 2004; Boada et al., 2011). Depending on the 

working principle, such smart actuators are classified as 
Magneto-Rheological (MR) dampers, if the change in fluid characteris-
tics is based on the variation of the magnetic field within the damper, 
and Electro-Rheological (ER) ones, if the rheology depends on the 
applied electric field. Since they guarantee very fast responses and a 
large range for the eligible dissipative force, their usage has become a 
standard in semi-active control applications. 

In general, the semi-active control of the impedance parameters of a 
system, i.e. stiffness and damping, by tunable actuators has been largely 
explored in many different fields such as in civil engineering for seismic 
protection of buildings (Bitaraf et al., 2010), in robotics for 
trajectory-tracking problems (Baser et al., 2020; Jiang et al., 2020), in 
acoustics to reduce the elastic vibrations and acoustic noise (Pepe et al., 
2015). Nevertheless, its fundamental expression falls in the vehicle 
context (Guglielmino et al., 2008; Savaresi et al., 2010; lahcene, 2010; 
Aubouet, 2010; Spelta et al., 2010; Spelta et al., 2011; Poussot-Vassal 
et al., 2012; Metered and Šika, 2014; Pepe and Carcaterra, 2014; Pepe 
and Carcaterra, 2016; Pepe and Carcaterra, 2015; Nguyen et al., 2016) 
by equipping the suspension architectures with tunable-stiffness and/or 
tunable-damping actuators to improve the vehicle performances and 
mitigate its oscillatory motion depending on the working scenarios. 

This paper belongs to the semi-active control field, but it is devoted 
to show how dampers can be used for both the kinematic guidance of a 
rigid mechanism, for path and motion generation purposes and to 
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indirectly modify the inertial properties of a rigid body system, by 
modifying its polodes and, in turn, its natural frequencies. 

This investigation differs from previous works. Jensen (1992) pro-
posed a polode synthesis method where the concepts of centrodes and 
polodes are used to synthesize planar mechanisms for path generation 
and motion generation purposes. Fu et al. (1994) established a synthesis 
procedure to construct a spherical four-bar linkage by analysing the 
polodes and their derivatives, in a way that the motion of the coupler 
matches a given spherical motion up to a certain order. Jimenez et al. 
(1997) proposed a general method for the optimum kinematic synthesis 
of multibody systems, where the design parameters are provided as 
output of a minimization problem of an objective function with respect 
to some geometric and functional constraints. Russel et al. (2002) pre-
sented an instant screw axis approach for the precision point synthesis of 
a RRSS motion generator, by specifying a set of successive points to the 
instantaneous screw axis. Bai et al. (2014) described a synthesis method 
for constructing minimally invasive robot mechanisms characterized by 
two or multiple remote centres of motion. Wang et al. (2008) defined a 
new approach for the rigid body guidance where the adaptive curve 
fitting method is applied for the optimum synthesis of spherical four-bar 
linkages. Finally, Cera et al. (2022) developed a path-constrained points 
synthesis method for the kinematic synthesis of higher-order path 
generator mechanisms, by prescribing higher-order curvature features. 

While these studies are focused on investigating different ways to 
synthesize mechanisms for kinematic guidance tasks, the present 
research, in a similar fashion, offers a method to kinematically emulate 
reference mechanisms by changing the kinematics of the constraints 
through a suitable tuning of the corresponding damping coefficients. 
Moreover, the aim is to describe a general theory that shows how 
damping can affect the inertia parameters of a mechanical system. In 
fact, we show how the kinematic and inertial characteristics of a rigid 
body depend on the viscosity coefficients of the dampers included in a 
system of restraining linkages and, consequently, how the dampers 
control its instantaneous natural frequencies. 

The use of dissipation to control the inertia properties of a body is 
new and is of practical interest. In fact, technically, the inertia tensor is 
difficult to be directly controlled by variable masses in a rigid body 
system, while its indirect control can be achieved through the usage of 
semi-active dampers that can be tuned in real-time simply by modu-
lating electrical currents within the actuators. 

This idea is illustrated in a simple form in Section 2, starting from an 
elemental example in which the different settings of two tunable 
dampers can modify the instant centre of rotation of the body and, as a 
consequence, its natural frequency. Moreover, by taking advantage of 
the Hamilton’s variational principle together with the Lagrangian mul-
tipliers method (Belfiore et al., 2011), the proposed approach unveils a 
general relationship between the dampers tuning and the inertia effects. 

In Section 3, the control of the instant centre of a moving body in 
planar motion is investigated, suggesting how its moment of inertia can 
be strongly influenced by the action of the dampers. 

Once the equations of motion of the system are determined, and the 
equivalent damping is found, the problem of optimal control is attacked 
in the context of OCT (Optimal Control Theory) (Bryson, 1975; Kirk, 
2004; Pepe et al., 2019; Antonelli et al., 2019; Pepe et al., 2020; Pai-
felman et al., 2021). Through a suitable linearization of the problem, the 
LQR control method is applied, and the results are very encouraging. 

Finally, in Section 4, the technique illustrated in Sections 2 and 3 is 
applied to the control of the motion of a more complex system, the 
suspensions of a car. In this case, it is shown how the combined effect of 
the kinematic control of the car body through the dampers modifies its 
roll moment of inertia and, as an effect, its oscillation frequencies, with 
benefits in the roll response under harmonic excitation. In fact, a 
particular linkages arrangement, defined as multi-damper suspension 
system, is employed to progressively modify the suspension kinematics 
and its instant roll centre position and, finally, the instant roll frequency 
of the car. Suitably implemented, the present control method permits 

the car body to better react to the lateral inertia forces, invariably born 
when the car is turning, especially along sequential wild left-right 
steering maneuvers. 

2. Control of inertial properties and natural frequencies of the 
body by tunable dampers 

The general idea presented here is varying the inertial characteristics 
of a body through the semi-active control (Bitaraf et al., 2010; Baser 
et al., 2020; Jiang et al., 2020; Pepe et al., 2015; Guglielmino et al., 
2008; Savaresi et al., 2010; lahcene, 2010; Aubouet, 2010; Spelta et al., 
2010; Spelta et al., 2011; Poussot-Vassal et al., 2012; Metered and Šika, 
2014; Pepe and Carcaterra, 2014; Pepe and Carcaterra, 2016; Pepe and 
Carcaterra, 2015; Nguyen et al., 2016) of its inertia tensor, based on the 
real-time variation of the damping coefficients (Brennan et al., 1995; 
Choi et al., 1998; Sims et al., 2000; Kitching et al., 2000; Choi and 
Wereley, 2001; Choi and Wereley, 2002; Xia, 2003; Guglielmino and 
Edge, 2004; Boada et al., 2011) that characterize the constraints of the 
system. As a consequence, the natural frequencies of the system change 
too. 

2.1. Fixed polode and equivalent inertia tensor of a rigid body 

The position xIC of the instant centre of rotation IC of a rigid body 
simply is: 

xIC = xG +
ω x vG

|ω|
2 (1)  

where ω is the angular velocity vector of the body. The parametric curve 
xIC(t) when varying t is the fixed polode (Belfiore et al., 2011). 

To show the change of the inertial characteristics of the body, the 
equivalent inertia tensor Jeq is computed, the components of which are in 
the frame with origin IC, and axes oriented as the fixed reference frame. 

The Huygens-Steiner theorem states: 

Jeq = RJ′
GRT + JHS (2)  

where J′
G is the inertia tensor of the body with respect to its mobile 

reference frame centred in G, R is the rotation matrix between mobile 
and fixed reference frames, JHS = m|xIC − xG|

2, i.e. it depends on the 
body mass and the squared distance between G and IC. Therefore, the 
proposed method indirectly controls Jeq, by controlling the fixed polode 
of the body. 

Finally, the change and control of the natural frequencies is a 

Fig. 1. Planar mechanism.  
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consequence of controlling Jeq. 

2.2. An elemental example 

To show in the simplest way the concept investigated here, consider 
a planar mechanism restraining a square rigid body B of dimension 2l, as 
represented in Fig. 1, characterized by the presence of two springs, with 
stiffness k, a rigid link, and a pair of telescopic links, both equipped with 
tunable dampers, whose characteristic damping coefficients are c1 and 
c2. 

A simple kinematic analysis shows 2 do.f. for a general regulation of 
the parameters c1 and c2. If s1 and s2 represent the axial displacements 
along the directions n1 and n2 of the links axes, the corresponding in-
tensity of the axial forces can be modelled simply as c1 ṡ1 and c2 ṡ2, 
respectively, assuming viscous velocity-proportional actions (note that 
more complicated constitutive relationships can be adopted, without 
significant modifications of the proposed approach). 

One could set, for example, c1 very large (leaving c2 small enough) so 
that the corresponding sliding guide becomes axially rigid. An analo-
gous condition is obtained for c2 large and c1 small. In both cases (①: 
c1→+ ∞, c2 < +∞ or ②: c1 < + ∞, c2→+ ∞) the 2 do.f. system col-
lapses into a single d.o.f. mechanism. This leads to a change of the 
overall kinematics of the body, and remarkably to the change of the 
position of its instant centre of rotation IC, as it can be observed in Fig. 2. 

This simple example demonstrates how the settings of both c1 and c2 
can affect the inertial characteristics of the body causing the migration 
of its instant centre position from IC1 to IC2, consequently making its 
inertia moment dependent on the two damping coefficients. How vis-
cosity can affect the body inertia and how this effect is useful for the 
rigid body motion control is the main novelty investigated in this paper 
compared with the existing literature (Bitaraf et al., 2010; Baser et al., 
2020; Jiang et al., 2020; Pepe et al., 2015; Guglielmino et al., 2008; 
Savaresi et al., 2010; lahcene, 2010; Aubouet, 2010; Spelta et al., 2010; 
Spelta et al., 2011; Poussot-Vassal et al., 2012; Metered and Šika, 2014; 
Pepe and Carcaterra, 2014; Pepe and Carcaterra, 2016; Pepe and Car-
caterra, 2015; Nguyen et al., 2016; Jensen, 1992; Fu and Chiang, 1994; 
Jiménez et al., 1997; Russell and Sodhi, 2002; Bai et al., 2014; Wang 
et al., 2008; Cera et al., 2022). This inertia modification produces a 
change in the body natural frequencies as illustrated below. 

In fact, if the damping coefficients of the linkages are set as in case ①, 
the instant centre of rotation collapses to IC1 and, in this configuration, 
the body shows a single d.o.f. represented by the rotation θ1 about that 
point (see Fig. 2). In this circumstance, the Lagrangian function of the 
system is: 

L =
1
2
J1

b θ̇1
2
−

1
2

k(2lθ1)
2 (3)  

with J1
b = JG + 2ml2 the equivalent moment of inertia of the body with 

respect to IC1, where JG = 2
3 ml2 is the moment of inertia of the body 

with respect to G and m the body mass. 
From Eq. (3) it is easy to derive the equation of motion of the system: 

J1
b θ̈1 + 4kl2θ1 = 0 (4)  

and its natural frequency: 

ω(1)
n =

̅̅̅̅̅̅̅̅
4l2k
J1

b

√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4l2k
JG + 2ml2

√

=

̅̅̅̅̅̅
3k
2m

√

(5) 

If the damping coefficients are set as in case ②, the instant centre of 
rotation migrates to IC2 (which in this case coincides with G, i.e. the 
centre of the square) and, in this configuration, the only available d.o.f. 
is described by the rotation θ2 about this point (see Fig. 2). 

Therefore, the system now behaves according to the new dynamic 
equation: 

Jsqθ̈2 + 2kl2θ2 = 0 (6)  

with natural frequency: 

Fig. 2. Migration of the instant centre of rotation due to change in damping coefficients settings.  

Fig. 3. General 3D rigid body constrained with telescopic links and springs.  

S. Mesbahi et al.                                                                                                                                                                                                                                



Applications in Engineering Science 15 (2023) 100143

4

ω(2)
n =

̅̅̅̅̅̅̅̅

2l2k
JG

√

=

̅̅̅̅̅
3k
m

√

(7) 

Thus, the comparison between the two determined natural fre-
quencies in Eqs. (5) and (7) shows clearly how the setting of the dampers 
can affect the resonance response of the analysed system. 

This effect can be investigated in general for arbitrarily complex 
systems in the next section. 

2.3. General method 

The general method relies on the use of a set of Lagrangian variables 
that include 6 components for the rigid body motion in 3D (only 3 
components in 2D), and a number N of axial sliding variables sj (j = 1, …, 
N), associated to an equal number of telescopic linkages. For example, 
the Lagrangian variables in Fig. 3 are chosen as xG, yG, zG, φ, θ, ψ, s1, …,

sN, the first three are associated with the gravity centre position G, the 
second set of three with the body rotation and the last N are the auxiliary 
variables introduced to represent the axial displacements of the links. 
Since the total number of variables is higher than the 6 strictly necessary 
variables to describe the rigid body motion, constraints among the 
selected variables must be introduced: 

vPj ⋅nj − ṡj = 0 j = 1,…,N (8)  

where nj is the axial direction of the j-th telescopic linkage and vPj is the 
velocity of the point Pj (see Fig. 3) provided by the fundamental formula 
of kinematics as: 

vPj = vG + ΩxGPj (9)  

with Ω the skew-symmetric matrix of the body angular velocities and 
xGPj the vector from G to Pj. 

In the case of Fig. 1, the mechanism is two-dimensional, so the 
Lagrangian variables are xG, yG, φ, s1, s2. These 5 variables are con-
strained by 3 equations, and vP1 and vP2 depend on xG, yG, φ and their 
derivatives through the fundamental formula of kinematics in Eq. (7). 
More precisely, the constraint equations are: 
⎧
⎨

⎩

vP1 ⋅n1 − ṡ1 = 0
vP2 ⋅n2 − ṡ2 = 0

vA⋅nA = 0
(10)  

where the last equation imposes that the velocity of the point of the body 

connected with the rigid linkage is orthogonal to its longitudinal axis. In 
the general case of 3D, the set of constraint equations between the total 
set of Lagrangian variables xG, yG, zG, φ, θ, ψ , s1, …, sN can be writ-
ten in the form: 

aj(q, q̇) − ṡj = 0 j = 1,…,N (11)  

where aj(q, q̇) = vPj ⋅nj with q, q̇ the vectors of the Lagrangian variables 
and their derivatives associated with the 6 body d.o.f. In particular, q 
can be partitioned as follows: 

q =

⎡

⎣
q(G)

−

q(R)

⎤

⎦ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

xG
yG
zG
−

φ
θ
ψ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(12)  

to separate the translational d.o.f. from the rotational ones. 
Considering the presence of possible external forces acting on the 

body and also elastic potential forces, an elegant way to approach the 
system dynamics is the application of the Hamilton’s variational prin-
ciple together with the Lagrangian multipliers method (Belfiore et al., 
2011). 

The Hamiltonian functional is defined through an integral over a 
generic observation time T, as: 

H =

∫T

0

{

K(q, q̇) − U(q)+
∑N

j=1
λj
[
aj(q, q̇) − ṡj

]
}

dt (13)  

where H depends on the kinetic energy of the system K, on its potential 
energy U and on the constraint relationships in Eq. (11) through the 
introduction of the Lagrangian multipliers λj. Moreover, the virtual work 
of the non-conservative external forces is: 

δWn =
∑6

i=1
Qiδqi −

∑N

j=1
cjṡjδsj (14)  

where Qi are the Lagrangian components of the external forces acting on 
the virtual displacements δqi and cjṡj the virtual works done by the 
viscous forces on the virtual displacements δsj. 

The Hamilton’s principle states: 

δH +

∫T

0

δWn dt = 0 (15)  

δ
∫T

0

{

K(q, q̇) − U(q)+
∑N

j=1
λj
[
aj(q, q̇) − ṡj

]
}

dt +
∫T

0

δWn dt = 0 (16)   

Taking advantage of the integration by parts, neglecting the 
boundary conditions, grouping the terms associated respectively with 
the 3 independent perturbations δqi, δsj, δλj, the following three sets of 
equations hold: 

∂K
∂qi

−
∂U
∂qi

−
d
dt

∂K
∂q̇i

+
∑N

j=1
λj

∂aj

∂qi
−
∑N

j=1
λ̇j

∂aj

∂q̇i

−
∑N

j=1
λj

[
∑N

r=1

(
∂2aj

∂q̇i∂qr
q̇r +

∂2aj

∂q̇i∂q̇r
q̈r

)]

+ Qi

= 0 i = 1,…, 6 (18)  

λ̇j − cjṡj = 0 j = 1,…,N (19) 

∫T

0

{
∑6

i=1

[(
∂K
∂qi

−
∂U
∂qi

)

δqi +
∂K
∂q̇i

δq̇i

]

+
∑N

j=1
δλj

[
aj − ṡj

]
+

∑N

j=1
λj

[
∑6

i=1

(
∂aj

∂qi
δqi +

∂aj

∂q̇i
δq̇i

)]

−
∑N

j=1
λjδṡj +

∑6

i=1
Qiδqi −

∑N

j=1
cjṡjδsj

}

dt = 0 (17)   
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aj(q, q̇) − ṡj = 0 j = 1,…,N (20) 

By considering both Eqs. (19) and (20), a simple relationship be-
tween λj and cj emerges: 

λ̇j = cjṡj = cjaj (21) 

The coefficients cj are functions of time, as well as the aj’s, since they 
depend on the Lagrangian variables. Eqs. (18–21) shows the way the 
control vector c = [cj] appears in the equation of motion. Our goal is to 
control the motion of the body through c. The form of these equations 
show the problem is highly nonlinear, and difficult to solve in general. 
For this reason, it is solved recurring to a time-by-time linearization to 
apply an algorithm of control that is robust, the Linear Quadratic 
Regulator (LQR) (Anderson and Moore, 2007). This approach is used in 
the next sections. 

A first question emerges: how do the coefficients cj affect the inertial 
properties of the body, i.e., how do the controllable terms cj appear into 
the inertial terms? 

The only terms in Eq. (18) associated with the inertial properties of 
the system are those containing q̈, i.e.: 

−
d
dt

∂K
∂q̇i

(q, q̇) −
∑N

j=1
λj

[
∑6

r=1

(
∂2aj

∂q̇i∂q̇r
q̈r

)]

(22)  

that, in fact, is: 

∑6

r=1

(
∂2K

∂q̇i∂qr
q̇r +

∂2K
∂q̇i∂q̇r

q̈r

)

−
∑N

j=1
λj

[
∑6

r=1

(
∂2aj

∂q̇i∂q̇r
q̈r

)]

(23) 

However, since the terms aj are linear in the Lagrangian velocity 
components, it can be demonstrated that: 

∂2aj

∂q̇i∂q̇r
= 0 (24) 

Therefore, the inertial effects remain with the terms 
∑6

r=1

(
∂2K

∂q̇i∂q̇r
q̈r

)

Now, by considering the expression for the velocity of the point Pj in 
Eq. (9): 

Ω = Ṙ
(
q(R), q̇(R))RT ( q(R)) (25)  

vG = q̇(G) (26)  

and: 

vPj = q̇(G) + Mj(q)q̇(R) (27)  

with: 

Mj(q)q̇(R) = Ṙ
(
q(R), q̇(R))RT ( q(R))xGPj (28) 

By substituting the expression in Eq. (27) into Eq. (11), it holds: 

q̇(G)⋅nj(q) + Mj(q)q̇(R)⋅nj(q) = ṡj (29)  

q̇(G)⋅nj(q) + MT
j (q)nj(q)⋅q̇(R) = ṡj (30)  

that written in a more compact form is: 
[

nT
j (q) nT

j (q)Mj(q)
]
q̇ = wT

j (q)q̇ = ṡj j = 1,…,N (31) 

Derivation of Eq. (31) with respect to time yields: 
[∂wT

j

∂q
q̇
]

q̇ + wT
j (q)q̈ = s̈j j = 1,…,N (32) 

By deriving with respect to time the expression for ṡj from Eq. (19) 
and then by substituting it into the previous equation, one obtains: 

wT
j q̈ =

1
cj

[

λ̈j − ṡjċj

]

−

[∂wT
j

∂q
q̇
]

q̇ j = 1,…,N (33) 

For example, in the particular case of N = 6, i.e. if the number of 
tunable dampers equals the number of degrees of freedom of the rigid 
body, Eq. (31) can provide the direct expression for q̇ in terms of the 
damping coefficients: q̇ = W(q)ṡ, hence, by considering Eq. (21), q̇ =

W(q)C− 1λ̇ and q̈ = ∂
∂q W(q)q̇ C− 1 λ̇+ W(q)Ċ − 1λ̇+ W(q) C− 1 λ̈, with C =

diag(cj). 
This implies that the inertial terms in the equation of motion, that are 

represented by 
∑6

r=1

(
∂2K

∂q̇i∂q̇r
q̈r

)

, are affected by the tunable dampers 

through the control variables cj. In fact, from Eq. (33), the implicit 
relationship between q̈ and cj emerges. As clarified by the simple ex-
amples in the introductory part of this section, the change of the inertial 
properties also affects the natural frequencies of the system. 

After demonstrating that the inertia is affected by the setting of the 
dampers through the cj, a second question is related to the control of q 
through the vector c. The equations of motion are nonlinear since 
through Eq. (33) the control variables cj are multiplied by the state 
auxiliary variables ṡj. Reduction of the previous problem to a linearized 
form is useful and proceeds as shown below in combination with the 
OCT technique (Bryson, 1975; Kirk, 2004; Pepe et al., 2019; Antonelli 
et al., 2019; Pepe et al., 2020; Paifelman et al., 2021). 

2.4. An optimal control algorithm 

OCT uses a key performance index (KPI) or functional J∗. It is defined 
through an integral over a prescribed observation time T. J∗ depends on 
the system response x = [q, q̇]T , on the adopted control u (that coincides 
with c), and, in general, on the external uncontrolled force y: 

J∗ =

∫T

0

{
|x − xr |

2
+ |u − ur |

2
}

dt (34)  

where ur is the control required to guarantee that the state vector rea-
ches the reference value xr. The statement of the control problem can be 
formulated as (Bryson, 1975; Kirk, 2004): 

min (x, u) J∗ =

∫T

0

L(x, u, y)dt (35)  

Fig. 4. 4-actuators mechanical system.  
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where L is called the Lagrangian function or penalty function and U is the 
admissible set of values for the control solution u. Furthermore, u ϵ U 
and J∗ is subject to the differential dynamic system equations constraint: 
{

ẋ − f (x, u, y) = 0
x(0) = x0

(36) 

In case the system dynamics is linear, i.e. f = Ax+ Bu + y, the LQR 
method can be applied (Anderson and Moore, 2007), and the solution of 
the optimization problem leads to the subsequent control vector: 

u = R− 1BT [S[x − xr] + p] + ur (37)  

where S and p are determined by the Riccati’s equation and the comple-
mentary equation, respectively, as: 
{

Ṡ + AT S + SA − SBR− 1BT S + Q = 0
ṗ + AT p − SBR− 1BT p + Sy = 0

(38)  

with boundary conditions: 
{

S(T) = 0
p(T) = 0 (39) 

The linearization process can be systematically applied as the 

configuration of the system modifies when time is spent (see Appendix), 
and each sequential linearization is considered valid along the small- 
time interval during which the configuration does not modify sensibly. 
Along this time interval, since the differential problem is linear, natural 
frequencies can be considered as the eigenvalues associated with the 
given configuration about which the problem is linearized. Under this 
point of view, the inertia of the system and its instantaneous natural 
frequencies change through the control of the damping coefficients. 

3. LQR control of the instant centre and the body inertia by 
four/eight sliding couplers 

The LQR algorithm is here applied to the control of the instant centre 
of rotation IC of a planar rigid body, i.e. of its fixed polode, and conse-
quently of its inertia tensor. 

The system model consists of a rigid rectangular body constrained 
through four or eight sliding linkages equipped with controllable 
dampers, as shown in Figs. 4 and 5, respectively. 

Two cases are considered. The first, in Fig. 4, shows the 4-actuators 
system, while the second, in Fig. 5, the 8-actuators system, and the LQR 
method finds the optimal damping coefficients ui to let the body kine-
matically emulate a reference mechanism, such as the pendulum system 
in Fig. 6. 

Fig. 5. 8-actuators mechanical system.  

Fig. 6. Reference mechanism.  

Fig. 7. External applied force.  

Fig. 8. Trajectory emulation of the 4-actuators system.  
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It consists of a rigid body of mass m = 1 kg and dimensions a = 0.75 
m, b = 0.5 m, which is hinged through a rigid pendulum of length l =
0.5 m to a point P. If the body is considered rigidly linked to the 
pendulum in its centre of gravity G, it undergoes a pure rotation around 
P. 

Therefore, the controller task is to guarantee that G remains over a 
circumference of given radius and centre P (see Fig. 6), that means the 
fixed polode of the body motion is imposed. In fact, in this particular 
scenario, the instant centre of rotation of the body must collapse exactly 
to point P. 

The requirement on the instant centre of rotation determines an in-
direct modification of the inertial characteristics of the body, i.e., of its 
moment of inertia with respect to the fixed frame. 

Being xG, yG, ϕ the Lagrangian variables necessary to describe the 
rigid body motion (see Figs. 4 and 5), one could set the subsequent target 

state vector for the control problem, provided as laws of motion from the 
reference system: 

xr =
[

xGr ẋGr yGr ẏGr
ϕr ϕ̇r

]T (40)  

where all the components are known functions of time, computed over 
an observation period T = 5 s. 

To induce a motion in the system, an external force is applied with 
constant magnitude at the centre of mass and directed towards the 
origin, as shown in Fig. 7 (any other choice is plausible, but without 
changing the strategy of the proposed method). 

At each linearization step (see Appendix), the optimal damping 
vector u obtained by the LQR algorithm assumes the form: 

u = R− 1BT [S[x − xr ] + p] − Θ(xr)
+
[Φ(xr)+ y − ẋr] (41) 

Fig. 9. Comparison between the optimal damping coefficients of the 4-actuators system (4D) and of the 8-actuators system (8D) for the same four actuators.  

Fig. 10. Optimal damping coefficients of the four added actuators of the 8-actuators system.  
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The tracking of body rotation and its angular velocity poses a chal-
lenge for the control problem. 

Fig. 8 shows the controlled trajectory of G obtained by the control 
method described in Section 2 and in the Appendix for the 4-actuators 
system. The actual trajectory (violet solid line), as expected, does not 
exactly overlap with the desired target (black dashed line). One can 
expect that additional actuators can improve the quality of the solution. 
Indeed, in the next figures, the comparison between the 4-actuators 
system and the 8-actuators one is presented. 

By observing the comparison of the optimal damping coefficients in 
Fig. 9, obtained through Eq. (41), one can notice how the 8-actuators 
system (see also Fig. 10) shows smoother solutions with reduced chat-
tering, that indeed seems to characterize the case of the 4-actuators 
system. 

Figs. 11 and 12 shows the comparisons between the target quantities 

and the optimal solutions found by the controller. The 8-actuators 
configuration provides more accurate results by guaranteeing lower 
instabilities and better matching with the targets, with respect to the 
system equipped with 4 actuators only. 

The coordinates of the corresponding IC, which define the fixed 
polode associated with these solutions and computed through Eq. (1), 
are shown in Fig. 13. These quantities are compared with the target 
values, which coincide with the coordinates of point P of the reference 
mechanism, i.e. the reference fixed polode (see Fig. 4). 

The ability of the controller in tracking the polodes has its counter-
part in controlling the inertial characteristics of the body. The better the 
polode tracking, the better the equivalent inertia tensor Jeq tracking, as it 
can be deduced by Fig. 14. This shows the non-zero components of the 

Fig. 11. Comparison between the solutions for the 4-actuators (4D) and 8-actuators (8D) systems and the target quantities provided by the reference mechanism.  

Fig. 12. Comparison between the trajectories of G for the 4-actuators (4D) and 
8-actuators (8D) systems with the target trajectory provided by the refer-
ence mechanism. Fig. 13. Coordinates of the instant centre of rotation IC for the controlled so-

lutions with respect to the corresponding targets provided by the refer-
ence mechanism. 
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tensor, computed by Eq. (2), with J21eq = J12eq and J13eq = J23eq = J31eq =

J32eq = 0, since the body performs a planar motion. 
Again, it is clear how the 8-actuators system is better in emulating 

the inertial properties of the reference system. 

4. Automotive suspension system for instant roll centre control 

The system illustrated in Fig. 15 is a double-arm suspension, which is 
a classic setup in automotive applications. The positions of the pivots of 
the linkages and their characteristic inclinations determine the position 
of the roll centre RC, which lies under the road plane. The instant centre 
position determines many important characteristics of the roll response 
of the car, together with some effects related to the interaction between 
yaw and roll motion (partly depending on the inclination of the roll axis 
with respect to the road plane). 

An actively controlled suspension drives the position of the roll 
centre, depending on the operating conditions the car is approaching. 
This effect can be obtained by varying actively the positions of the pivots 
of the suspension system, but it is technically difficult, expensive, and 
not robust. 

The alternative solution proposed here is that of equipping the sys-
tem with a suspension mechanism of the type shown in Fig. 16, defined 
as multi-damper suspension architecture. For each wheel, a double upper 
arm pivots each arm about two distinct points, by a pair of dampers that 

control the sliding couplers. 
Fig. 16 emphasizes the driving of the roll centre: if c1→ + ∞ and c2 =

0 the roll centre is RC1; if c1 = 0 and c2→ + ∞ then the roll centre mi-
grates to RC2. The fine tuning of the four upper arms enables the system 
to move the roll centre within an entire region (as it will be clear later), 
adapting its position to kinematic constraints that can be defined and 
tracked by using the technique described in the previous sections of this 
paper. 

The migration of the roll centre position helps in the indirect control 
of the inertia characteristics of the body, and consequently of its instant 
natural roll frequency. Indeed, such a particular suspension mechanism 
can be used to reduce the roll angle of a vehicle when cornering, and 
simultaneously reduce vertical jerking in straight motion over a rough 
road. 

To show the benefits coming from equipping a vehicle with multi- 
damper suspensions, a specific case will be analysed: a vehicle body 
excited at its centre of mass by a harmonic lateral force at its roll 

Fig. 14. Equivalent inertia tensor components of the controlled solutions with respect to the corresponding targets provided by the reference mechanism.  

Fig. 15. Classic double-arm suspension system with identification of the roll 
centre RC. 

Fig. 16. Schematic of the multi-damper suspension for driving of the roll centre 
from RC1 to RC2. 
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resonant frequency, a prototype case including maneuvers of lateral 
shaking of the car body induced by rough left-right steering sequences. 

4.1. A half-car model 

The vehicle body of the car is modelled as a half-car planar mecha-
nism. The Lagrangian formulation is used to derive the car dynamics 
when the double-arm suspension system and the multi-damper archi-
tecture are employed. In particular, an analogous mathematical pro-
cedure and dimensioning to those described in (Balike et al., 2011; 
Balike et al., 2013) will be considered. 

4.1.1. Dynamics of the vehicle equipped with double-arm suspensions 
The vehicle equipped with the Double-Arm Suspension Systems 

(DASS) is represented in Fig. 17. It consists of a rigid body of mass MV 
(with centre of mass G) which is linked to the two tire-wheel assemblies, 
each of mass mT (with centres of mass CL, CR), through four rigid links 
(in transparent grey between points ML − NL, MR − NR, OL − PL, OR −

PR) two telescopic linkages (in red between points BL − PL, BR − PR) 
characterized by controllable damping coefficients uL, uR and posed 
within two springs (in blue) with constant values kS. In particular, the 
tire-wheel assemblies are considered as hinged to the frame in corre-
spondence of the tires contact points WL, WR. 

The vehicle system is characterized by the subsequent set of 5 
Lagrangian variables q = [xG yG ϕ χ ψ ]T, where the first 3 components 
describe, respectively, the planar displacements of the body car centre of 
mass G and the vehicle rotation about this point, while the last two 
components describe the lateral rotation of the tire-wheel assemblies 
with respect to the hinges (points WL, WR in Fig. 17). 

Because of the presence of the four rigid links, the following four 
constraint equations must hold: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Γ1 = |xML − xNL |
2
− l2

MNL
= 0

Γ2 = |xMR − xNR |
2
− l2

MNR
= 0

Γ3 = |xOL − xPL |
2
− l2

OPL
= 0

Γ4 = |xOR − xPR |
2
− l2

OPR
= 0

(42)  

where lMNL , lMNR , lOPL , lOPR are the lengths of the four rigid links and the 
coordinates of the points of the vehicle and of the tire-wheel assemblies 
are: 

xML = xG + RV xML (43)  

xMR = xG + RV xMR (44)  

xOL = xG + RV xOL (45)  

xOR = xG + RV xOR (46)  

xNL = xWL + RTL xNL (47)  

xNR = xWR + RTR xNR (48)  

xPL = xWL + RTL xPL (49)  

with: xG = [xG yG]
T; xML , xMR , xOL , xOR the position vectors of the vehicle 

points in the vehicle mobile reference frame centred in G; xNL , xNR , xPL , 
xPR the position vectors of the tires points in the tire-wheel assemblies 
mobile reference frames centred, respectively, in the two contact points 
WL and WR, of coordinates xWL , xWR with respect to the fixed reference 
frame. RV is the rotation matrix between the fixed and mobile body car 
frame and RTL , RTR are the rotation matrices between the fixed and 
mobile frames of the left and right tires, i.e.: 

RV =

[
cos(ϕ) − sin(ϕ)
sin(ϕ) cos(ϕ)

]

(50)  

RTL =

[
cos(χ) − sin(χ)
sin(χ) cos(χ)

]

(51)  

RTR =

[
cos(ψ) − sin(ψ)
sin(ψ) cos(ψ)

]

(52) 

Therefore, the system shows a single d.o.f. This means its dynamics 
can be derived as function of a unique independent variable by 
expressing the others as functions of this one. However, since the 
constraint relationships in Eq. (42) are nonlinear, it would be difficult to 
obtain such dependence. 

To simplify the problem, one could consider a linearization at the 
first order of the j-th constraint equation with respect to a generic time 
instant ti, as: 

∇qΓj
⃒
⃒ti ⋅

[
q − qti

]
+ Γj

⃒
⃒

ti
= 0 j = 1,…, 4 (53)  

where ∇qΓj is the gradient vector of Γj with respect to the Lagrangian 
variables vector q. 

Such linearized expressions represent a system of four algebraic 
equations in qi. Thus, it is possible to obtain the expression of the 
dependent Lagrangian variables as functions of ϕ (which is chosen to be 
the independent variable), as: 

xG = x̃G

(
∂Γj

∂q
⃒
⃒ti ,Γj

⃒
⃒

ti
,ϕ

)

(54)  

yG = ỹG

(
∂Γj

∂q
⃒
⃒ti ,Γj

⃒
⃒

ti
,ϕ

)

(55)  

χ = χ̃
(

∂Γj

∂q
⃒
⃒ti ,Γj

⃒
⃒

ti
,ϕ

)

(56)  

ψ = ψ̃
(

∂Γj

∂q
⃒
⃒ti ,Γj

⃒
⃒

ti
,ϕ

)

(57) 

The Lagrangian formulation is then considered to produce the 
equation of motion of the vehicle system, which can be written as: 

d
dt

(
∂K
∂q̇i

)

−
∂K
∂qi

+
∂D
∂q̇i

+
∂U
∂qi

=
δW
δqi

i = 1, …, n (58)  

where, in this case, n = 1 since the system possesses 1 do.f. 
Being K, D, U, respectively, the kinetic energy, the potential dissi-

pative energy, the potential elastic energy of the system, and δW the 

Fig. 17. Vehicle equipped with classic double-arm suspensions.  
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virtual work done by the external forces, they are expressed as: 

K =
1
2
MV

(
ẋ2

G + ẏ2
G

)
+

1
2

JVG ϕ̇
2
+

1
2

JTWL
χ̇2

+
1
2
JTWR

ψ̇2 (59)  

D =
1
2
u1v2

PBL
+

1
2
u2v2

PBR
(60)  

U =
1
2
ksΔl2

PBL
+

1
2

ksΔl2
PBR

(61)  

δW =
(
FcV +FgV

)
• δxG + FgTL

• δxCL + FgTR
• δxCR (62)  

with JVG be the moment of inertia of the vehicle body with respect to its 
centre of mass, JTWL

, JTWR 
be the moments of inertia of the two tire-wheel 

assemblies with respect to the corresponding contact points, that, by the 
Huygens-Steiner theorem, are: 

JTWL
= JTCL

+ mT r2
T = JTWR

= JTCR
+ mT r2

T (63)  

and JTCL
, JTCR 

are the moments of inertia of the tire-wheel assemblies 
with respect to their centres of mass. 

Moreover, it holds: 

ΔlPBL = lPBL0
− lPBL (64)  

ΔlPBR = lPBR0
− lPBR (65)  

lPBL = |xBL − xPL | (66)  

lPBR = |xBR − xPR | (67)  

vPBL = Δ̇lPBL (68)  

vPBR = Δ̇lPBR (69)  

xBL = xG + RV xBL (70)  

xBR = xG + RV xBR (71)  

xPL = xWL + RTL xPL (72)  

xPR = xWR + RTR xPR (73) 

In particular: lPBL0
, lPBR0 

describe the initial distances between points 
PL − BL, PR − BR; xBL , xBR , xPL , xPR are the position vectors of the points in 
the mobile reference frames of the body vehicle and the tire-wheel 

assemblies; FcV = [F(t) 0]T, FgV = [0 − MVg]T, FgTL
= FgTR

= [0 − mTg]T 

are, respectively, the lateral harmonic force acting on the centre of mass 
of the body car and the gravity force vectors acting on G and on the 
centres of mass CtL ,CtR of the two tires. Furthermore, δxG, δxCL , δxCR 

represent the virtual displacements of the corresponding points, that can 
be defined as: 

δxG = [δxG δyG]
T (74)  

δxCL = Ω̃TL RTL xCL (75)  

δxCR = Ω̃TR RTR xCR (76)  

with: 

Ω̃TL =

[
0 − δχ
δχ 0

]

(77)  

Ω̃TR =

[
0 − δψ

δψ 0

]

(78) 

Since the dependent variables xG, yG, χ, ψ can be expressed in terms 
of ϕ, their time derivatives can be computed simply by deriving with 

respect to time the relationships in Eqs. (54–57): ẋG = ∂̃xG
∂ϕ ϕ̇, ẏG =

∂̃yG
∂ϕ ϕ̇, 

χ̇ =
∂̃χ
∂ϕϕ̇, ψ̇ =

∂̃ψ
∂ϕϕ̇. And the same kind of relationships can be produced 

between the virtual displacements of the dependent variables and δϕ, as: 

δxG = ∂̃xG
∂ϕ δϕ, δyG =

∂̃yG
∂ϕ δϕ, δχ =

∂̃χ
∂ϕ δϕ, δψ =

∂̃ψ
∂ϕ δϕ. 

Finally, one can substitute the previous expressions into Eqs. (59–62) 
and then into Eq. (58) to obtain the dynamics of the vehicle equipped 
with the double-arm suspensions, which can be written as: 

Jϕϕ̈ = Qϕ −
∂D
∂ϕ̇

−
∂U
∂ϕ

(79)  

where Qϕ is the Lagrangian component of the external forces associated 
with the independent variable ϕ, and Jϕ is the resulting inertia term 

coming from d
dt

(
∂K
∂ϕ̇

)
. 

The Eq. (79) can then be attacked by the iterative LQR scheme (see 
Appendix). 

4.1.2. Dynamics of the vehicle equipped with multi-damper suspensions 
To derive the vehicle dynamics in case the vehicle is equipped with 

the Multi-Damper Supension Systems (MDSS) one can follow the same 
procedure prieviously outlined with some modifications. 

In this situation, the system shows, in general, 3 do.f. By observing 
Fig. 18, the points of attachement of the suspensions to the vehicle are 
the same seen for the DASS, except for the definition of the new vehicle 
points QL, QR. They are necessary to introduce the two new Upper 
Tunable Dampers (UTDs) between points QL − NL and QR − NR, of 
controllable damping coefficients uL2 , uR2 , respectively. 

Now there are only two rigid links, and so only two of the original 
four constraint equations hold: Γ3 and Γ4 in Eq. (42). Indeed, the old 
upper rigid links (between points ML − NL and MR − NR) have been 
replaced with two Lower Tunable Dampers (LTDss) of controllable 
damping coefficients uL1 , uR1 , respectively. The position of the springs is 
the same as for the DASS case, but they are not coupled with the 
dampers, as before. 

The Lagrangian variables xG, yG,ϕ are chosen now as the indepen-
dent variables, while χ,ψ remain the dependent ones, that can be 
expressed with analagous functions to those produced in Eqs. (56) and 
(57). 

By defining with K̃, D̃, Ũ, W̃ the kinetic, potential dissipative, poten-
tial elastic energies and the virtual work done by the external forces for 
this architecture, the system dynamics passes through the Lagrangian 
approach in Eq. (58), as before, with n = 3 and q = [xG yG ϕ]T . 

Fig. 18. Vehicle equipped with multi-damper suspensions.  
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The main difference is in the definition of the new potential dissi-
pative energy, which now is: 

D̃ =
1
2
uL1 v2

MNL
+

1
2
uR1 v2

MNR
+

1
2
uR2 v2

QNR
+

1
2
uL2 v2

QNL
(80)  

and, by following the same process seen for the DASS situation, the 
dynamics of the vehicle equipped with MDSS becomes: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

m̃xG ẍG = Q̃xG −
∂D̃
∂ẋG

−
∂Ũ
∂xG

m̃yG ÿG = Q̃yG −
∂D̃
∂ẏG

−
∂Ũ
∂yG

J̃ϕϕ̈ = Q̃ϕ −
∂D̃
∂ϕ̇

−
∂Ũ
∂ϕ

(81)  

where m̃xG , m̃yG , J̃ϕ are resulting inertia terms coming from d
dt

(
∂K̃
∂ẋG

)
,

d
dt

(
∂K̃
∂ẏG

)
, d
dt

(
∂K̃
∂ϕ̇

)
. 

In reality, the number of d.o.f. of a vehicle system equipped with 
multi-damper suspensions depends on the particular setting of the UTDs 
and LTDs. In fact, for an arbitrary setting of both UTDs and LTDs, the 
system shows the 3 do.f., and so the dynamics is the one just described. 
But, in case of very large value of damping coefficients imposed for UTDs 
or LTDs (c ≃ [107, 108] N s m− 1) the corresponding links behave as rigid 
connectors, causing the number of d.o.f. to collapse to only one. If this 
happens for the UTDs, the roll centre coincides with RC2 (see Fig. 18) if 
this happens for the LTDs, the MDSS emulates the DASS and, in this case, 
its roll centre coincides with RC1), which in fact represents the kinematic 
roll centre of the standard double-arm suspension system (compare 
Figs. 18 and 17). 

Again, the system in Eq. (81) can be easily attacked by the iterative 
LQR scheme (see Appendix). 

4.2. Control of the vehicle roll response in roll resonant conditions 

Two cases are considered when using the MDSS: (i) the LTDs are 
settled to a constant very large damping value and the UTDs are indeed 
tunable, which means only the UTDs are controlled (this solution will be 
labelled as MDSS2D); (ii) both the LTDs and the UTDs are tunable (this 
solution will be labelled as MDSS4D). Both of these solutions are 
compared with the purely passive DASS arrangement in the absence of 
control, where the damping coefficients are set both to c0 (this solution 
will be labelled as free) and the solution obtained by applying the 
control scheme even in the DASS case (this solution will be labelled as 
DASS). 

For the DASS and MDSS cases, the state vectors are respectively 
defined as: 

xDASS = [ϕ ϕ̇]T (82)  

xMDSS = [xG yG ϕ ẋG ẏG ϕ̇]T (83) 

Depending if the vehicle is equipped with the DASS or the MDSS, the 
objective function provided to the iterative LQR scheme has to be 
different too. 

Since the controller has to reduce the roll oscillation of the vehicle, 
the target state vectors can be defined, respectively, as: 

xrDASS = [0 0]T (84)  

xrMDSS = [xG yG 0 ẋG ẏG 0]T (85) 

Nevertheless, in the MDSS case, one could improve the objective 
function by providing a further information to the controller, that is 
related to the error between the current RC position and its target po-
sition. Indeed, one could consider as target for this point the current 

position of the vehicle centre of mass, to try to reduce the available arm 
for the external excitation, and so to mitigate the roll angle and angular 
velocity. This additional condition is imposed in an indirect form, i.e. by 
transforming the target requirement on the position of RC as a target 
requirement on the velocity vector of G. 

Therefore, if the target roll centre RCr = G, it means the target ve-
locity vector for the centre of mass must be: 

vGr = Ω(xG − xRCr ) = [0 0]T (86)  

with: 

Ω =

[
0 − ϕ̇
ϕ̇ 0

]

(87)  

and so, the expression of the target state vector for the MDSS (both 
MDSS2D and MDSS4D) architecture can be updated to be: 

xrMDSS = [xG yG 0 0 0 0]T (88) 

The controllable damping vector will assume the subsequent forms 
depending on the examined situation: 

uDASS = R− 1BT [S[x − xrDASS ] + p] − Θ(xrDASS )
+
[Φ(xrDASS )+ d] (89)  

Fig. 19. Optimal damping coefficients for the controlled DASS case.  

Fig. 20. Optimal damping coefficients for the controlled MDSS2D case.  
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uMDSS = R− 1BT [S[x − xrMDSS ] + p] − Θ(xrMDSS )
+
[Φ(xrMDSS )+ d − ẋrMDSS ] (90)  

with (Isermann, 2005, 50] kN s m1 as the admissable set for the damping 
coefficients values. 

4.2.1. Simulation results 
To perform the simulations the following dimensioning has been 

adopted (Balike et al., 2011; Balike et al., 2013): MV = 878.76 kg, JVG =

247 kg m2, mT = 42.27 kg, rT = 0.35 m, JTCL
= JTCR

= 1.86 kg m2, kS =

38,404 N m− 1. The starting position vector of the points of the vehicle 
and tire-wheel assemblies, given in the fixed reference frame, are: xG0 =

[0 0.718]T, xML0
= [− 0.43 0.718]T , xOL0

= [− 0.365 0.26]T, xQL0 
=

[− 0.75 0.8]T, xNL0
= [− 0.787 0.5]T , xPL0

= [− 0.787 0.25]T, xCL0 
=

[− 0.91 0.35]T, xWL0
= [− 0.91 0]T , xMR0

= [0.43 0.718]T , xOR0 
=

[0.365 0.26]T, xQR0
= [0.75 0.8]T, xNR0

= [0.787 0.5]T, xPR0 
=

[0.787 0.25]T, xCR0
= [0.91 0.35]T, xWR0

= [0.91 0]T. 
The selected parameters, together with a starting value for the 

damping coefficients equal to c0 = 3593 N s m− 1, produce, for the 
vehicle equipped with the DASS (or with the MDSS when the damping 
coefficients of the LTDs are set to very large values), a dampened roll 
resonant frequency f roll

n ≃ 1 Hz, close to the standard one for real 
vehicles. 

The observation time is T = 15 s and, in this case, a timing for the 
controller action is imposed as (Coppo et al., 2017; Bitaraf et al., 2010) s 
to better appreciate the comparison between the uncontrolled and 
controlled responses for the different scenarios. Furthermore, the 
exciting lateral force is chosen as F = 2sin(2πf roll

n t) kN (see Fig. 17). 
Figs. 19–21 represent the optimal damping values for the controlled 

DASS solution and the MDSS2D,MDSS4D schemes, respectively. 
In short, all the control laws alternate between the two saturation 

extremes for the tunable dampers. It is also clear how the damping laws 
for the MDSS4D are characterized by a more complicated pattern with 
respect to those corresponding to the DASS and MDSS2D. 

In Figs. 22 and 23, the comparison between the solutions for the 
vehicle and the tires, for all the four scenarios, is portrayed. While the 
free solution shows the expected resonant behavior, all the controlled 

Fig. 21. Optimal damping coefficients for the controlled MDSS4D case.  

Fig. 22. Comparison between the free and controlled DASS, MDSS2D,MDSS4D vehicle solutions.  
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solutions appear to dampen efficiently the system response. 
Among them, the MDSS2D and MDSS4D stand out for the best results. 

If one focuses the attention on the roll angle and angular velocity 
quantities (see Fig. 22), the MDSS4D performs even better, confirming 
the benefits coming from the controllability of the overall MDSS 
arrangement. 

It is interesting to observe Figs. 24–26. 
Fig. 24 shows the behaviour of the dynamic roll centre RCD for the free 

and controlled DASS arrangements, computed through Eq. (1), 
compared with the kinematic roll centre position RC which coincides with 
the original roll centre position in Fig. 17. It appears how the RCD is 
constrained to move along a curvilinear segment. 

In the MDSS2D scheme (see Fig. 25), the dynamic roll centre RCD 
spends most of the time close to the kinematic roll centre RC (defined by 
the DASS architecture), however it does not remain confined on the 
curvilinear path: in some instants, it moves away from it. 

In the MDSS4D scheme (see Fig. 26), RCD moves along a completely 
different and more complex pattern, produced by two new opposite 
conical branches with higher slope, and spending time even far from the 

two kinematic roll centres RC1 and RC2 (already observed in Fig. 18). In 
particular, left subplot of Fig. 26 shows a close up in the vicinity of the 
vehicle, of the roll center positions, while on the right plot, the overall 
behavior is displayed. In this case RCD reaches positions very far from 
the vehicle body. 

These effects are confirmed by examining the value of the roll (polar) 
moment of inertia of the vehicle, represented by the element J33eq of the 
equivalent inertia tensor of the car body, and evaluated through Eq. (2). It 
is interesting to see how such quantity behaves differently from the roll 
moment of inertia obtained for the free solution, which is evaluated with 
respect to the kinematic roll centre of the DASS arrangement RC, as shown 
in Fig. 17. 

While the inertia value for the free solution maintains a harmonic 
behavior around the middle value of about 2300 kg m2 (a little bit 
greater than the kinematic reference value of about 2000 kg m2), even 
after the intervention of the controller (see Fig. 27), the J33eq of the 
controlled DASS and MDSS2D solutions is moved towards it. Thus, for 
these two cases, the control action has the effect of reducing the roll 
oscillation by reducing the roll moment of inertia. 

On the other hand, the J33eq of the MDSS4D solution shows very large 

Fig. 23. Comparison between the free and controlled DASS, MDSS2D,MDSS4D wheels solutions.  

Fig. 24. Comparison between the kinematic roll centre RC and the dynamic roll 
centre RCD for the free and controlled DASS solutions. 

Fig. 25. Comparison between the kinematic roll centres RC1, RC2 and the 
dynamic roll centre RCD for the MDSS2D controlled solution. 

S. Mesbahi et al.                                                                                                                                                                                                                                



Applications in Engineering Science 15 (2023) 100143

15

values (see Fig. 27), that, of course, reflect the behavior of the corre-
sponding RCD, observed in Fig. 26. Therefore, for this arrangement, the 
control action causes an increase in the roll resistance of the body. 

In all the cases, the roll moment of inertia follows specific periodic 
patterns (that reflect those coming from the damping control laws in 
Figs. 19–21). If one inspects such patterns, they show a characteristic 
frequency of about 2 Hz, which is twice the roll resonant frequency of 
the original system and twice the exciting frequency. 

This means the damping control move away the frequency response 
from the resonant conditions, originally at 1 Hz, with the effect of 
mitigating the roll amplitude. The response at frequencies other than 
those contained in the exciting force is a typical effect of nonlinear 
vibrational systems, and one of the most common is the doubling of the 
exciting frequency. In fact, it is clear the described damping control acts 
in a very nonlinear way, as emphasized by the analytical investigation of 
subSection 2.3, and the LQR linearization is valid only in a local 
approximation, where the system configuration does not change 
significantly with time. 

Finally, because of the polodes control, the roll inertia is changing, 
and with it the roll instant frequency, in the context of a highly nonlinear 
process. 

5. Conclusions 

This paper investigates the possibility to control the kinematic 
characteristics of a body through the use of tunable dampers. The 
explored configurations include sliding couplers, each with a tunable 
damper, controlled by an Optimal Control Theory algorithm. The instant 
centre of rotation of the rigid body, i.e. its polode, is controlled by the 
damping of the sliders. As a remarkable effect, the inertia tensor of the 
body and instant natural frequencies change too. 

The proposed theory shows the general form the problem takes by 
considering a generic 3D rigid body constrained through springs and 
telescopic linkages equipped with tunable dampers, where the control 
vector is the set of the tunable damping coefficients. Since the problem is 
highly nonlinear, Linear Quadratic Regulator is employed to determine 
the best instant tuning of the dampers. 

A detailed application to the automotive suspension system is pre-
sented: the roll centre and axis of the car are semi-actively controlled by 
a set of four dampers, which provides a better mitigation of the system 
response in respect to a standard double-arm suspension architecture. 
The multi-damper suspension clearly shows the chance of reducing the 
roll angle of a vehicle body under roll resonant condition. 

Fig. 26. Comparison between the kinematic roll centres RC1, RC2 and the dynamic roll centre RCD for the MDSS4D controlled solution.  

Fig. 27. Comparison between the equivalent inertia tensor element J33eq for the free and controlled DASS, MDSS2D,MDSS4D systems.  
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Appendix 

The linearization procedure to derive the LQR control law is here defined. 
The compact form of the system dynamics is represented by the following nonlinear differential equation, affine in the control term u as: 

ẋ = f (x, u, y) = Φ(x) + Θ(x)u + y (A.1) 

The control statement consists in the minimization of the functional J∗ with respect to the three a priori independent variables x, u, λ over an 
observation time T, i.e.: 

min (x, u, λ) J∗ =

∫T

0

{
L(x, u, xr, ur)+ λT [ẋ − f (x, u, y)]

}
dt (A.2)  

with u ϵ U and by considering the initial condition on the system dynamics x(0) = x0. 
Since the linearization process passes through the LQR method, this means that the penalty function is L(x, u, xr, ur) = 1

2[x − xr]
TQ[x − xr] +

1
2[u − ur]

TR[u − ur], with Q,R be the cost matrices on the errors on the state and control vectors, respectively. Thus, following the general approach 
(Anderson and Moore, 2007), the iterative LQR control scheme in presence of target reference values imposed on both the state and control vectors, 
respectively defined with xr, ur, proceeds as follows. 

The first requirement is that, once the system reached the target state, its dynamics must be ẋr (that in case of constant target is simply 0). 
Therefore, both xr, ur must satisfy the following condition: 

ẋr = Φ(xr) + Θ(xr)ur + y (A.3)  

and so, the control vector at the target state must be: 

ur = − Θ(xr)
+
[Φ(xr)+ y − ẋr] (A.4)  

where the apex ‘+’ represents the pseudo-inverse of the matrix Θ(xr). 
With the introduction of the target, the functional J∗ can be rewritten as: 

J∗ =

∫T

0

{
1
2
[x − xr]

T Q[x − xr] +
1
2
[u − ur]

T R[u − ur] + λT [ẋ − f (x, u, y)]
}

dt (A.5) 

To systematically apply the LQR algorithm, the second member in Eq. (A.1) is linearized with respect to variables x, u around the generic time 
instant ti as follows: 

Φ(x) ≃ Φ(xti ) + ∇xΦ(x)|ti [x − xti ] (A.6)  

Θ(x)u ≃ Θ(xti )uti +∇x[Θ(x)u]|ti [x − xti ] + ∇u[Θ(x)u]|ti [u − uti ] =

= ∇x[Θ(x)u]|ti [x − xti ] + Θ(xti )u
(A.7)  

where ∇ba is the gradient of quantity a with respect to quantity b. By substituting now the expressions in Eqs. (A.6) and (A.7) in Eq. (A.5) and by 
considering the subsequent change of coordinates x̃ = x − xr, ũ = u − ur, the i-esimal functional J∗i can be defined as: 

J∗
i =

∫ti+Δt

ti

{
1
2
x̃T Qx̃+

1
2

ũT Rũ+ λT [ẋ − [Φ(xti )+A[̃x+ xr − xti ] +B[ũ+ ur ] + y]]
}

dt (A.8)  

with: 

A = ∇x̃+xr
Φ(x̃+ xr)|ti +∇x̃+xr

[Θ(x̃ + xr)[ũ + ur]]|ti (A.9)  

B = Θ(xti ) (A.10) 

By performing perturbations of J∗i with respect to the three variables x̃, ũ, λ, it holds: 
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⎧
⎨

⎩

δx̃ : Qx̃ − AT λ − λ̇ = 0
δũ : Rũ − BT λ = 0
δλ : ˙̃x − [Φ(xi) + A[̃x + xr − xi] + B[ũ + ur] + y] = 0

(A.11) 

By introducing the Riccati Matrix S and the complementary term p, one could express λ as a function of the modified state x̃ as: 

λ(x̃, t) = S(t)̃x + p(t) (A.12) 

By substituting expression in Eq. (A.12) into the second equation in Eq. (A.11), it holds: 

ũ(x̃, t) = R− 1BT [S(t)x̃+ p(t)] (A.13) 

Now, by introducing the new expressions for λ, ũ in Eqs. (A.12) and (A.13) into the first and third equations of Eq. (A.11), after some mathematics, 
the control problem assumes the form: 
{

Ṡ + AT S + SA − SBR− 1BT S + Q = 0
ṗ + AT p − SBR− 1BT p − Sy = 0

(A.14)  

with boundary conditions: 
{

S(T) = 0
p(T) = 0 (A.15)  

and: 

y = Φ(xti ) + A[xr − xti ] + Bur + y (A.16) 

Therefore, the i-esimal optimal control feedback solution u in the original coordinates is: 

u = ũ + ur = R− 1BT [S(t)[x − xr ] + p(t)] − Θ(xr)
+
[Φ(xr)+ y − ẋr] (A.17)  
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