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Significance 

In this work, we address a 

question that has attracted 

intense interest in recent 
years: whether machine 

learning-assisted algorithms can 

genuinely outperform classical 
approaches in challenging 

combinatorial optimization 

problems. While numerous 

studies have explored this 

possibility (particularly using 

generative or reinforcement 
learning models), clear, 
reproducible evidence of a true 

advantage has remained elusive. 
Our paper provides a robust 
demonstration that a machine 

learning–assisted Monte Carlo 

algorithm can surpass 

state-of-the-art classical solvers 

under controlled and 

well-benchmarked conditions. By 

carefully comparing the machine 

learning–assisted Global 
Annealing algorithm to 

state-of-the-art Simulated and 

Population Annealing on a 

prototypically hard Quadratic 

Unconstrained Binary 

Optimization problem, we 

establish that the inclusion of 
learning-assisted global moves 

leads to a consistent and 

significant performance gain. 

Combinatorial optimization problems are central to both practical applications and the 
development of optimization methods. While classical and quantum algorithms have 
been refined over decades, machine learning–assisted approaches are comparatively 
recent and have not yet consistently outperformed simple, state-of-the-art classical 
methods. Here, we focus on a class of Quadratic Unconstrained Binary Optimization 
problems, specifically the challenge of finding minimum energy configurations 
in three-dimensional Ising spin glasses. We use a Global Annealing Monte Carlo 
algorithm that integrates standard local moves with global moves proposed via 
machine learning. We show that local moves play a crucial role in achieving optimal 
performance. Benchmarking against Simulated Annealing and Population Annealing, 
we demonstrate that Global Annealing not only surpasses the performance of Simulated 
Annealing but also exhibits greater robustness than Population Annealing, maintaining 
effectiveness across problem hardness and system size without hyperparameter tuning. 
These results provide clear and robust evidence that a machine learning–assisted 
optimization method can exceed the capabilities of classical state-of-the-art techniques 
in a combinatorial optimization setting. 

disordered systems | machine learning | Monte Carlo | optimization | QUBO problems 

Combinatorial optimization problems appear in a variety of real-world applications as 
well as in fundamental theoretical studies. They consist of finding an optimal state, 
specified by N discrete variables, that minimizes an objective function over a finite, but 
exponentially large in N , set. They include, but are not limited to, maximum-satisfiability 
(MAX-SAT) (1), graph coloring (2), MAX-CUT (3), maximum independent set (4), job 
scheduling (5), set cover (6, 7), and the traveling salesman problem (8). 

Many different algorithms have been introduced in the course of the years to 
study combinatorial optimization. Exact deterministic solvers are available, but their 
applicability is limited to moderately large sizes (9–14) due to an exponential increase 
in the computational cost. Hence, state-of-the-art scalable solvers for combinatorial 
optimization are instead based on simple local stochastic rules, in which one or a few 
variables are updated at each step. Starting from a random assignment of variables, local 
moves are proposed by some heuristics, and accepted according to the achieved gain 
in the objective function. A prominent example is Simulated Annealing (SA) (15), but 
other effective heuristics exist (16–21). Quantum algorithms such as Quantum Annealing 
(22–26) and Quantum Approximate Optimization Algorithms (27, 28) have also been 
proposed (29). However, these algorithms often fail to find the best solution and can 
only find approximate ones, often with large relative errors. To date, they do not seem 
to outperform classical ones (30). 

Recently, it has been proposed to use machine learning (ML) methods as a way to 
generate better heuristics for stochastic search algorithms, in particular because such 
methods can propose global moves in which most of the variables are updated in a single 
step (31–38). 

Yet, until now, most results have been limited to moderately large sizes and do not 
seem to outperform classical algorithms. Claims of superiority (39) have been contested 
(40, 41). Some works have focused in particular on the task of finding the minimum 
energy configuration of spin glass models (35, 42–44). Also in this case, claims of 
superiority (36) have been contested (45, 46). Therefore, it is still unclear whether a 
novel ML-based method can outperform or even perform comparably with state-of-the-
art classical algorithms. 

To give a clear answer to this question, in this work, we consider a hard benchmark 
for combinatorial optimization, namely the three-dimensional Edwards-Anderson spin 
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glass model that provides instances of Quadratic Unconstrained 
Binary Optimization (QUBO). We perform a fair comparison 
of an ML-assisted Global Annealing (GA) algorithm with two 
state-of-the-art solvers, namely SA and Population Annealing 
(PA) (Fig. 1). We present robust evidence that an ML-assisted al-
gorithm can outperform state-of-the-art solvers under controlled 
conditions. 

More specifically, our main results are as follows. 

• We show (Fig. 2) that the GA procedure requires a combination 
of ML-assisted global moves and simple local moves to be 
effective, thus confirming intuition from previous theoretical 
works (47, 48). 

• We compare the runtimes of SA, PA, and GA, which can 
all be implemented in a similar way using the torch (49) 
environment, thus allowing for a fair comparison of wall-clock 
times. We show that, for large systems of N = 103 variables, 
GA consistently outperforms SA (Fig. 2). Moreover, while it 
performs worse than PA on easy instances of the problem, 
it appears to perform on par or better on harder instances, 
thus showing improved robustness with respect to instance-to-
instance hardness fluctuations (Figs. 3 and 4). 

• Once scaled to even larger systems of N = 143 = 2,744 spins, 
we show that GA consistently outperforms PA (Fig. 5). We 
note that this is achieved by using the same hyperparameters 
as in the N = 103 case, hence showing greater robustness of 
GA to changes in problem specification. We also point out 
that these sizes approach the limit for what can be solved with 
state-of-the-art algorithms. 

We stress once again that our comparison is performed using one 
of the hardest QUBO benchmarks, with problems of large size, 
under comparable implementations, and using wall-clock times. 
Hence, we believe that our analysis is fair, and we can make 
a robust claim of the superiority of ML-assisted algorithms. We 
also provide some tentative explanations for why GA outperforms 
state-of-the-art solvers by examining how the combinatorial space 
is explored along the annealing process (Fig. 6). 

The paper is organized as follows. In Algorithms, we define 
precisely the optimization problem under study and the algo-
rithms we consider. In Results, we present the main numerical 
results for our study. In particular, we present extensive results 
for N = 103 spins and additional results for N = 143 spins. 
In Discussion, we discuss our results and present possible future 
directions for research. Finally, in Materials and Methods, we give 
a detailed description of the algorithms used and of the details of 
our simulations. Additional data can be found in SI Appendix. 

Algorithms 

Combinatorial Optimization. A wide range of combinatorial 
optimization problems belongs to the QUBO class (50), where 
one wants to find x∗ = argminx E(x) for 

E(x) = − 
Σ 

i<j 

Qij xixj − 
Σ 

i 

bixi, [1] 

where x = (x1, · · · , xN ), with xi ∈ {0, 1}, being a set of N 
Boolean variables. In statistical physics language, the QUBO class 
is equivalent to Ising optimization (51), where one wants to find a 
configuration of N binary Ising variables, 𝜎 = (𝜎1, . . . , 𝜎N ) with 
𝜎i ∈ {−1, +1}, called spins, that minimizes an energy function 

H(𝜎) = − 
Σ 

i<j 

Jij 𝜎i𝜎j − 
Σ 

i 

hi𝜎i, [2] 

hence 
𝜎 ∗ = argmin𝜎 H(𝜎). [3] 

We note that, in general, there can be multiple degenerate 
minima, i.e., solutions of Eq. 3. Many of the previously 
cited optimization problems can be recast as Ising optimization 
problems (51). 

The energy function, Eq. 2, also plays a very important role 
in statistical physics, where it is associated with the Gibbs-
Boltzmann (GB) distribution, 

𝜌GB(𝜎) ∝ e−𝛽H(𝜎) , [4] 

which defines the probability distribution of configurations at 
thermal equilibrium with temperature T = 𝛽−1 . Depending on 
the specific choice of the couplings Jij and the fields hi, Eq. 4 
can describe a variety of different systems and phenomena, 
such as the paramagnetic–ferromagnetic transition at the Curie 
temperature (52). A particularly interesting choice is considering 
random symmetric coupling Jij = Jji ∼ N (0, 1) between nearest 
neighbors on a d -dimensional square lattice. This choice defines 
the Edwards-Anderson (EA) model (53) for spin glasses, whose 
energy landscape is particularly complex and hard to optimize 
for d ≥ 3. In particular, it has been shown that finding the 
minimum energy configuration of the system, i.e., solving Eq. 3, 
is NP-hard for any d ≥ 3 (36, 54). In this paper, we are interested 
in studying the d = 3 EA model without external magnetic fields 
(hi = 0), as it provides a set of hard benchmarks in the QUBO 
class. 

Sampling Solvers. Apart from the methods mentioned in the 
Introduction, energy optimization can also be performed using 
sampling algorithms, that is, techniques whose broader goal is 
to obtain configurations distributed according to Eq. 4. Indeed, 
when 𝛽 → ∞, the probability distribution in Eq. 4 concentrates 
on the configuration(s) of minimum energy. Therefore, if one 
can sample correctly from 𝜌GB(𝜎) at all temperatures, then 
one can also find the minimum energy configuration of the 
system by slowly decreasing the temperature down to zero. This 
idea was first implemented by the famous SA algorithm (15). 
Following this idea, several improved sampling algorithms have 
been developed, such as Simulated Tempering (55), Parallel 
Tempering (56) and its modifications (57, 58), and PA (59–61). 
For completeness, we mention that other classical algorithms 
based on dynamical systems (62, 63), or tensor-networks (64, 65) 
exist. 

More recently, following the machine learning revolution, it 
was proposed to use generative modeling architectures to assist 
sampling (66). This led to a variety of proposals, using architec-
tures such as autoregressive networks (67, 68) and transformers 
(69), normalizing (70–73) and equivariant (74–79) flows, dif-
fusion models (44, 80–82), stochastic interpolants (83, 84), 
Boltzmann machines (85) and renormalization-group inspired 
models (86, 87), which were implemented in different algorithms 
such as Sequential Tempering (88), Adaptive Monte Carlo (47) 
and variational neural annealing (89, 90). Additional work has 
been carried out to use nongenerative techniques (91, 92), as 
well as mixing quantum and machine learning methods (93). 

Despite the numerous and diverse ML-assisted algorithms 
proposed, there is currently no evidence that any of these can be 
effective in solving challenging optimization problems. A proper 
benchmarking of a solver based on an ML-assisted sampling 
solver approach is the scope of this work. 
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A 

B 

Fig. 1. (A) Schematic description of the three algorithms considered in this work: the well-known Simulated Annealing (SA) and Population Annealing (PA), and 
the novel machine learning–assisted Global Annealing (GA). 𝜃l and 𝜃g represent the number of local and global steps, respectively. At each annealing step, the 
temperature is updated according to 𝛽 ← 𝛽 + Δ𝛽(𝛽), where Δ𝛽(𝛽) is a (generally not constant) temperature schedule. (B) Example of how the minimum energy 
decreases during three different runs of various lengths for a given instance of the problem. The difference ΔE between the minimum energy found by the 
algorithms and the exact one [here found using the Gurobi solver (13)] is plotted as a function of the simulation time for a short (15 s), a medium (50 s), and a 
long (150 s) run. As the running time increases, the three algorithms manage to progressively find lower energy states. The chosen instance is the same hard 
instance used for the Right panel of Fig. 2 and has L = 10, N = 103 . 

Details of the Implemented Algorithms. In this work, we com-
pare three different annealing techniques (that is, techniques in 
which the temperature is monotonously lowered): two classical 
algorithms, Simulated Annealing and Population Annealing, and 
the machine learning–assisted Global Annealing. The choice of 

SA and PA as benchmarks is motivated by two main reasons: 
i) they are among the algorithms currently achieving the best 
results, and can therefore be regarded as state-of-the-art solvers 
for Eq. 3; and ii) their implementation is very similar to that of 
GA, which ensures a fair comparison (Fig. 1). More specifically: 

Fig. 2. Success probability as a function of the mean running time for SA, PA, and GA (with and without local moves), together with sigmoidal fits, for easy and 
hard realizations of the couplings at N = 103 . GAk identifies the GA algorithm with k local MCSs per global move, so that GA0 identifies the case in which no 
local moves are performed. 

PNAS 2026 Vol. 123 No. 19 e2534768123 https://doi.org/10.1073/pnas.2534768123 3 of 10 

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.
or

g 
by

 F
ed

er
ic

o 
R

ic
ci

-T
er

se
ng

hi
 o

n 
M

ay
 8

, 2
02

6 
fr

om
 I

P 
ad

dr
es

s 
14

1.
10

8.
44

.5
.



Fig. 3. Median success probability (solid lines) over 200 instances for 
N = 103 instances as a function of the running time for PA (red) and GA 
(blue), together with the 25th and the 75th percentiles (dotted lines, shaded 
area) and the best (dash-dotted lines) and worst (color dashed) instances. 
The black dashed line corresponds to a 90% success probability. To reduce 
computational cost, instances whose runs achieved a 90% success rate were 
terminated, and a 100% success rate was assumed thereafter for computing 
the average quantities. While PA tends to outperform GA on the majority 
of the runs, there are some instances, like the worst case shown here, in 
which PA performs much worse than GA. For PA, we have performed 10 MCS 
for every temperature, as in ref. 61. For GA, we performed 5 global moves 
per temperature, and 15 local MCS per global move. Both algorithms used a 
logarithmic spacing of the temperatures during annealing. 

• Simulated Annealing (SA) (15, 94) uses classical local Monte 
Carlo (MC) moves, in which a single variable 𝜎i is updated at 
each time step, by flipping its sign (95). A set of N such moves 
is referred to as a Monte Carlo Sweep (MCS). The algorithm 
attempts to sample according to the GB distribution, Eq. 4, at 
different temperatures: the sampling starts at high temperature, 
and then T is progressively lowered in small steps. Since Eq. 4 
collapses on the minimum energy states when 𝛽 → ∞, as the 
temperature is lowered, the typical energy of the states sampled 
by the local MC progressively decreases. If equilibration can 
be maintained at all temperatures, one obtains a solution of 
Eq. 3. Otherwise, one might get stuck at a higher energy, 
only achieving an approximate solution to the optimization 
problem. 

• Population Annealing (PA) (59–61, 96, 97) works similarly 
to Simulated Annealing, but evolving a whole population of 
configurations at once. At each step, when the temperature is 
lowered, the population of configurations is resampled in order 
to better adapt to the lower temperature. Previous studies (61) 
found comparable performances with another state-of-the-
art classical algorithm, Parallel Tempering (56). Due to its 
inherently parallel nature, PA is well suited to be implemented 
on modern GPUs (98). 

• Global Annealing (GA) (47, 88, 99) works similarly to 
Simulated Annealing, but instead of performing local, single-
spin-flip moves, a generative model is used to propose global 
moves, in which all the spins are updated at the same time. 
These global moves are then accepted with a generalized 
version of the Metropolis criterion (see Materials and Methods 
for the details).* The procedure starts with a population of 
configurations at high temperature, where sampling from Eq. 4 

*Note that, at variance with local MC moves, these global moves require the knowledge 
of the probability 𝜌NN (𝜎) of the configuration 𝜎 generated by the model. Therefore, in 
principle, only models for which 𝜌NN(𝜎) can be computed (such as autoregressive models 
or normalizing flows) fit in this scheme. 

is easy. These configurations are used to train a generative 
model. The temperature is then lowered, and the previously 
trained network is used to propose moves at this lower 
temperature. After enough moves, the configurations are used 
to retrain the generative model. Then, the temperature is 
lowered once again, and the procedure continues. As in SA 
and PA, once the temperature is low enough, one considers the 
minimum energy configuration found as the estimated solution 
to Eq. 3. Notice that local MC moves can be alternated with 
the global ones to improve performances (47, 48). 

A schematic description of the three algorithms is given in 
Fig. 1A, which shows that they can be implemented in a very 
similar way, hence allowing for a fair comparison. A more in-
depth description is given in Materials and Methods for GA and 
in SI Appendix for SA and PA. 

We highlight the difference between Global Annealing and an-
other widely used training scheme, Variational Neural Annealing 
(89). The latter approach aims at training the neural network 
by minimizing the reverse Kullback–Leibler (KL) divergence 
between the GB distribution and the distribution obtained via 
the neural network. This approach does not require samples 
distributed according to the GB distribution and corresponds 
to minimizing the free energy of the network distribution. In 
practice, the network is first trained at high temperature (that is, 
minimizing the divergence with respect to GB at high T ) and 
then progressively retrained at lower and lower temperatures. 
Instead, the GA method described above minimizes the direct 
KL divergence, therefore requires data distributed according to 
the GB distribution. These data are obtained via a recursive series 
of Monte Carlo steps, as described above. While there is no direct 
comparison of the two procedures in the literature, the property 
of the direct KL to be mode covering (with respect to the reverse 

Fig. 4. Scatter plot (in log–log scale) of the times it takes on each instance to 
reach a 90% success rate with PA and GA15, together with the corresponding 
histograms. Dierent colors of the data points highlight dierent ratios 
between the runtimes of the algorithms. The dashed line corresponds to 
equal times. Crosses are points for which PA fails to achieve a 90% success 
rate within the time limit of about 550 s. Data are the same as those used to 
obtain Fig. 3. 
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KL, which is mode seeking)† suggests the GA procedure to be 
better suited for optimization problems. 

Fig. 1B presents representative examples of the energy 
evolution with running time for the algorithms considered 
in this work. In this case, PA initially attains lower-energy 
approximate solutions, whereas only GA eventually reaches the 
exact minimum energy configuration (MEC) (the details on how 
the MEC is found are reported in Materials and Methods). While 
this example provides a preliminary indication of a potential 
advantage of GA, it remains anecdotal; in the remainder, 
we examine this observation systematically through a detailed 
comparative analysis. 

Results 

We present a systematic comparison between Global Anneal-
ing (GA)—in which local moves alternate with global moves 
proposed by a generative model—and two state-of-the-art al-
gorithms, Population Annealing (PA) and Simulated Annealing 
(SA). The minimum energy is found either exactly for smaller 
system sizes or it is estimated using longer runs for larger system 
sizes (see Materials and Methods for the details). As described 
in Algorithms, in GA simulations, we employed the properly 
modified Metropolis acceptance criterion for global moves, which 
accounts for the probability that the generative model produces 
a given configuration (see Materials and Methods for details). 
We observed that neglecting this correction leads to a severe 
degradation in GA performance. This emphasizes the importance 
of using generative architectures for which the probability of 
generating a specific configuration can be efficiently computed. 

Local Moves Are Essential. We start by comparing GA with and 
without local moves. We call GAk the GA algorithm with k local 
MCSs per global move (each sweep being a sequence of N local 
MC moves), so that GA0 identifies the case in which no local 
moves are performed. We consider an easy and a hard‡ realization 
of the couplings Jij for a d = 3 EA model on a cubic lattice of side 
L = 10 with periodic boundary conditions, hence with N = 103 

variables in total. 
In Fig. 2 we plot the success probability as a function of the 

running time for GA0 and GA15 together with sigmoidal fits. 
Easy and hard are here defined qualitatively, simply based on 
the time it takes for the algorithms to find the solution. The 
runs use a temperature schedule uniformly spaced in logarithmic 
scale. The running time is varied by changing both the number 
of global moves and the number of temperatures, and the success 
probability is computed by running 50 independent runs and 
then checking which fraction reaches the minimum energy con-
figuration, estimated as discussed in Algorithms. We note that the 
same running time can correspond to different pairs of parameters 
(number of temperatures and number of local/global moves), 
which explains the noncomplete monotonicity of the scatter plot. 
Some longer runs correspond to choices of parameters that take 
a long time but are not effective at finding the minimum energy 
configuration. 

The figure clearly shows that the addition of local moves is use-
ful in finding the minimum energy configuration of the system. 
†That is, the direct KL tends to be large for distributions that are zero when the target 
distribution is nonzero, while the reverse KL tends to be large for distributions that are 
nonzero where the target distribution is zero. So the former favors distributions that cover 
all the modes of the target, while the latter favors distributions that are only concentrated 
on (some of) the modes of the target, even without capturing all of them. 
‡Here, easy and hard are loosely defined by simply looking at the time it takes for the 
different algorithms to find the ground state. Other criteria have been studied in the 
literature (96). 

Fig. 5. Same plot as in Fig. 3, here obtained with 10 instances with N = 143 . 
The choices of the hyperparameters for both algorithms are the same as 
in Fig. 3. In this case, GA outperforms PA both in the median and in the 
best/worst case runs. 

Not including them leads to heavily deteriorated performances, 
with GA0 almost always failing to find the minimum energy 
configuration in the hard case. We find that while k = 0 is not 
a good choice, performance quickly saturates upon increasing k, 
hence k = 15 is a suitable choice (SI Appendix). 

Instance-to-Instance Fluctuations. Having assessed the need for 
local moves, from now on we discard GA0 and we focus on 
GA15, which we call GA for simplicity. In Fig. 2 we compare GA 
with SA and PA. We observe that GA outperforms SA on both 
instances, hence we will discard SA from subsequent discussions. 
In contrast, while GA is outperformed by PA on the easy instance, 
the two methods achieve comparable performance on the hard 
instance. This seems to suggest that, at this system size, PA 
performs better than GA on easy instances but on par or worse on 
harder instances. Yet, we observe an important difference: While 
PA starts having a nonzero probability of finding the minimum 
energy configuration before GA, it has a much less sharp transi-
tion from low to high success probability. This is an indication 
that GA is more robust than PA, in the sense that its outcome 
is more reproducible between distinct runs on the same instance 
(the success probability jumps very sharply from zero to one). 
Additional results for other annealing schemes are reported as 
SI Appendix. 

In order to obtain a more systematic assessment of the 
performance of GA versus PA, we consider an ensemble of 200 
random independent realizations of the Jij and we repeat the 
analysis. As we have observed that increasing the number of 
temperatures improves the performance more than increasing 
the number of temperatures (especially for PA), here and in 
the following we vary the runtime by changing the number of 
temperatures in the annealing while keeping the other parameters 
fixed. Because random instances of the EA model at the size we 
are now considering (N = 103) are typically easy (100), PA 
tends to outperform GA on the majority of cases. This can be 
observed in Fig. 3, in which the median success rate over 200 
realizations of the couplings Jij, each estimated on 10 different 
runs, is plotted as a function of the runtime for PA and GA. 
Remarkably, as evidenced by the worst-case curves, GA tends to 
perform better on hard instances. 
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Fig. 6. Probability density of the overlap as obtained by SA, PA, GA (green, red, and blue, respectively) compared to the one obtained by a much longer PA 
run (gray) at different temperatures for different runs at which the energy minimum is reached. The three different algorithms use runs of different lengths, 
chosen in order to correspond approximately to the first time at which a 100% success rate is achieved. 

This intuition is further confirmed by Fig. 4, in which we 
compare the time it takes to reach a success rate equal or greater 
to 90% for the different runs used in Fig. 3. In the majority 
of instances PA outperforms GA, mainly due to the cost of 
training the architecture. However, on some harder instances PA 
is outperformed by GA and in some cases even fails completely 
to reach a 90% success rates within the given time limit (crosses 
in Fig. 4). This highlights a greater robustness of the GA 
algorithm. Moreover, this result also shows the importance of 
including the training time of the generative model, which is 
often nonnegligible, to achieve a fair comparison. 

Scaling to Larger Sizes. The previous results seem to indicate a 
greater robustness of the GA algorithm with respect to PA when 
the problem hardness is increased, with the former not requiring 
tweaks in the hyperparameters. Yet, at N = 103 PA remains 
more efficient in most cases. We thus tested the two algorithms 
for larger (and therefore harder) instances with L = 14, hence 
N = 143 = 2,744. In Fig. 5 we consider the success rate as 
a function of running time for 10 different such instances. We 
clearly see that in this case GA outperform PA when the same 
hyperparameters of the N = 103 case are used. While it is 
known that for PA one has to increase the population size when 
N increases (60), this result confirms the better robustness of GA 
to changes in the problem specification. Moreover, additional 
tests on PA with a half-as-big or three-times-bigger population 
did not seem to yield better performances when the total runtime 
is taken into account. 

Fig. 5 presents clear evidence that an algorithm exploiting ma-
chine learning techniques can be much more effective than state-

of-the-art classical algorithms. The difference in performance 
between PA and GA is remarkable, with the worst run of GA 
taking less than 3,000 s, and being not far from the best run of 
PA that takes more than 2,000 s. 

Overlap Probability Distribution. It is interesting to understand 
the mechanism that allows SA, PA, and GA to find the minimum 
energy. To this aim, for each algorithm we consider one successful 
run on the hard instance of Fig. 2. At each temperature, we 
consider the set of M = 217 configurations that are annealed in 
parallel by each algorithm. The overlap (similarity) between two 
such configurations 𝜎1 and 𝜎2 is defined as 

q = 
1 

N 
𝜎 1 
· 𝜎 2 = 

1
N 

NΣ 

i=1 

𝜎 1 
i 𝜎 2 

i , [5] 

and is a key quantity to verify whether the system has reached 
thermal equilibrium, i.e. if the distribution over the configura-
tions is given by Eq. 4. In Fig. 6 we compare the probability 
density of the overlap for SA, PA, and GA during annealing with 
the equilibrium distribution obtained from a much longer run of 
PA. 

Interestingly, we observe that SA finds the minimum but 
remains out of equilibrium at all temperatures, producing distri-
butions that differ significantly from the reference equilibrium 
ones. PA follows the correct distribution more closely across most 
temperatures, but at the lowest temperatures it fails to reproduce 
the relative weights of the peaks and even breaks the expected 
symmetry around q = 0. GA shows the opposite trend: It 
struggles to match the distribution at intermediate temperatures 
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(mainly due to the large temperature steps and the few training 
epochs), but at low temperatures it captures the peak weights 
much more accurately and preserves the symmetry, yielding a 
closer agreement with the equilibrium reference. 

These different mechanisms highlight the distinct ways in 
which the minimum energy configuration is reached. In SA, 
the different elements of the population have no means of 
communicating with one another. As a result, the ensemble as 
a whole cannot thermalize efficiently. Finding the minimum 
then becomes essentially a matter of rare events: By chance, 
one or a few elements of the population may end up in the 
correct configuration. In contrast, both PA and GA include 
mechanisms that allow information to be exchanged among 
different elements of the population. In PA this occurs through 
the reweighting step, in which lower-energy configurations are 
preferentially replicated. In this way, population elements that 
discover good states effectively share this information with 
others, leading to improved thermalization and facilitating the 
discovery of lower-energy configurations. However, this requires 
an increasing population size for larger instances, to maintain 
sufficient diversity. In GA this information-sharing role is 
played by the generative model, which extracts information 
from the entire population and can then propose new moves 
accordingly. 

Discussion 

In this work, we studied the application of the machine learning– 
assisted Global Annealing (also previously called Sequential 
Tempering) to the optimization of spin glass systems in finite 
dimension, which provide hard instances in the QUBO class. 
Specifically, we tested the capabilities of the algorithm on the 
NP-hard problem of finding the minimum energy configurations 
of the Edwards-Anderson model in three dimensions. We 
considered system sizes of N = 103 and N = 143 , comparable 
or larger than state-of-the-art studies in the field. 

First, we verified the theoretical prediction (48) that standard 
local Metropolis moves are needed to improve the performance 
of Global Annealing. An intuitive explanation is as follows. 
If the generative model proposes moves with the correct GB 
probability, 𝜌NN ∝ e−𝛽H(𝜎) , then global moves become 
equivalent to temperature-swap moves in Parallel Tempering 
(PT) (56): Indeed, the acceptance probability described in Eq. 6 
of Materials and Methods reduces to the temperature-swap 
acceptance probability of PT. This establishes a direct analogy 
between GA and PT: In GA, global moves take the role of 
temperature swaps, while the entire ladder of replicas in tem-
perature is effectively replaced by a single neural network (a 
substitution that underlies the potential speedup of the GA 
approach). A key feature of PT is that temperature-swap moves 
are alternated with local updates. By analogy, this provides a 
clear motivation for why local moves remain essential in the 
GA procedure. Additionally, this parallelism hints at the reason 
why GA is effective: It substitutes the long (and computationally 
expensive to run) ladder of temperatures of PT with a single 
generative model. 

Moreover, we compared the GA technique with two classical 
algorithms, Simulated Annealing and Population Annealing. 
Within a comparable torch implementation, we found that GA 
consistently outperforms SA. Instead, the comparison between 
GA and PA is less obvious. While we observed that PA 
outperforms GA on the majority of the N = 103 instances, 
we also noticed that GA is extremely robust and its running time 

depends weakly on the hardness of the instance. Finally, for some 
hard N = 103 instances and for all of the N = 143 instances, 
GA shows a clear superiority over PA, requiring much shorter 
wall-clock times to reach the energy minimum. As noted in the 
Introduction, demonstrating the advantage of machine learning 
methods over classical algorithms in hard optimization problems 
has been a long-standing goal. Our results provide clear evidence 
of this advantage. 

While the main focus of this work is to compare GA with 
the state-of-the-art annealing algorithms, it would be interesting 
to characterize the scaling of resources required by this class of 
annealing-based algorithms to find the exact minimum energy. 
This has recently been attempted in optimization problems where 
the minimum energy is known (101), but in the general case, 
much more work is needed, and we leave this open question for 
future work. 

We stress that all algorithms have been implemented using the 
python library torch (49) and run on a single GPU with the same 
level of optimization, to make the comparison fair. Nonetheless, 
the algorithms’ implementations could be further improved. For 
instance, SA and PA could benefit from implementations in 
Cuda C (102) and multispin coding (103), while GA could 
become faster by the use of jax (104) or torch.compile to achieve 
a faster training of the generative model. The GA implementation 
in this work uses the shallow MADE architecture described 
in Materials and Methods. This architecture has a number of 
parameters scaling as N 2 = L6 in the d = 3 case. The use of 
lighter architectures, such as TwoBo (105), the three-dimensional 
HAN (106) or 4N (107), could be taken into account to achieve 
a better scaling. Future experiments could also involve more 
powerful autoregressive networks, such as transformers (108) or 
MAMBA (109). While these architectures are probably more 
expressive and could better fit the target distribution, it is not 
obvious that they would achieve better computational perfor-
mance: Indeed, their training could require orders of magnitude 
more time (e.g., for the transformer architecture introduced in 
ref. 69), thus severely degrading the overall performance. More 
advanced architectures could also be developed to incorporate 
the disorder realization as an additional input, as done, for 
example, in ref. 110 for the quantum setting. Such architectures 
would have the advantage of not requiring retraining for each 
disorder instance, which could in turn improve performance at 
inference time. Whether these approaches are feasible, applicable 
to annealing schemes, and more efficient than the one adopted 
here, especially when one scales the system to progressively 
larger sizes, remains an open question and a subject for future 
work. 

In this study, we have used GA only for the task of finding the 
minimum energy. However, GA is much more general, and can 
also be used for sampling from Eq. 4 at any given temperature. 
The question of whether GA is effective in sampling is still 
open (88, 99). The results shown in Fig. 6 suggest that GA can 
find the minimum energy configurations even if the procedure 
does not sample equilibrium configurations at the intermediate 
temperatures. The equilibration (or mixing) times of GA should 
be more systematically compared to state-of-the-art algorithms. 

Finally, in this study, we have considered only one ML-assisted 
algorithm, Global Annealing, and two classical algorithms, Sim-
ulated Annealing and Population Annealing. Many additional 
algorithms can be tested and compared, as described in the 
Introduction. Future work should focus on constructing proper 
benchmarks for a systematic comparison of existing algorithms, 
to avoid unsubstantiated claims of superiority. 
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Materials and Methods 

General Details. All annealing procedures begin at a high temperature of 
T = 1.92, which is gradually reduced to a low temperature of T = 0.1 
following a logarithmically spaced schedule. 

Local MC updates are carried out in a checkerboard scheme, where spins with 
odd and even indices are alternately updated in parallel. In this way, a MCS is 
made of a single odd-indices move followed by a single even-indices move, the 
two moves combined proposing a flip for all the N spins. 

Each algorithm is run with a population of 217 = 131,072 configurations 
and is implemented in torch (49). The initial configurations at T = 1.92 are 
assumed to be provided, and they are thermalized through 200 MCS. The 
runtime of this initial thermalization step is excluded from the reported timings 
of all algorithms. 

Reported runtimes refer to runs on single NVIDIA Tesla V100-SXM2-32GB 
GPUs for all data in the articles except for the example data in Fig. 1, which were 
obtained on a NVIDIA Tesla V100S-PCIE-32GB. 

General Description of the Global Annealing Procedure. In the GA 
procedure, one uses a generative model to generate configurations 𝜎  of the 
system, approximately at equilibrium, i.e., according to Eq. 4 at a temperature 
𝛽. These configurations are then used as global proposal moves for the MC 
procedure at 𝛽  = 𝛽 + Δ𝛽(𝛽) > 𝛽, instead of the standard single-spin-flip 
moves of the local MC algorithm. The move 𝜎 → 𝜎  is then accepted with an 
acceptance probability: 

Acc 
[ 
𝜎 → 𝜎  

] 
= min 

⌈ 

1, 
𝜌GB(𝜎 ) × 𝜌NN(𝜎) 

𝜌GB(𝜎) × 𝜌NN(𝜎) 

⌉ 

, [6] 

where𝜌NN is the probability that the generative model generates a configuration 
𝜎. This choice for the acceptance rate guarantees, under ergodicity assumptions, 
that the distribution over the states is asymptotically given by Eq. 4. The 
advantage of proposing global moves with the generative model is that all 
spins are updated simultaneously, making the procedure, in principle, much 
faster at sampling independent configurations than when only local moves are 
used. Notice that, if one neglects the ratio 𝜌NN(𝜎)/𝜌NN(𝜎 ) in Eq. 6, detailed 
balance is no longer satisfied, hence the convergence to Eq. 4 is not guaranteed 
anymore. Correspondingly, we found that the procedure’s performance worsens 
substantially (not shown). 

The general scheme of the Global Annealing procedure is sketched in Fig. 1. 
It is summarized in Algorithm 1. 

Algorithm 1 Global Annealing 

b! 
1: Input: Initial inverse temperature 𝛽start, final inverse temperature 

𝛽end, temperature schedule Δ𝛽(𝛽), number of configurations M, 
number of global steps per temperature 𝜃g, number of local steps 
per global step . 𝜃l

2: Initialize: A set of M equilibrium configurations at 𝛽start (sampled 
e.g. using standard Metropolis MC) 

3: while 𝛽 < 𝛽end    do
4: Train a neural network (NN) using the set of M configurations 
5: Lower the temperature: 𝛽 ← 𝛽 + Δ𝛽(𝛽) 
6: for m in 1, . . . , M do 
7: Choose the m-th configuration from the set as the initial 

state 
8: for t in 1, . . . , 𝜃g do 
9: Propose a new configuration using the NN 

10: Accept or reject the configuration with probability Eq.6 
at the new temperature T = 1/𝛽 

11: for t in 1, . . . , 𝜃l do 
12: Perform a local MC step 

Details on the Architecture. In this work, we have used a shallow MADE 
[Masked Autoencoder for Distribution Estimation, (111)] autoregressive archi-
tecture, which is modeled as 

P(𝜎i|𝜎<i) = 
exp 

⎛Σi−1 
j=1 Wij𝜎i𝜎j 

⎞ 

2 cosh 
⎛Σi−1 

j=1 Wij𝜎j 

⎞ , [7] 

where 𝜎<i is the set of spins 𝜎<i = {𝜎1, . . . , 𝜎i−1}. We note that the 
autoregressive approach requires choosing an ordering of the variables. Here, 
spins are taken in raster order, i.e., from left to right, line by line, and plane by 
plane. 

In practice, the architecture consists of a dense autoregressive layer followed 
by a sigmoidal activation and has O(N2) parameters. This relatively simple 
design allows us to focus on the annealing procedure rather than on the 
architectural details. As mentioned in Discussion, alternative choices of the 
generative architecture could further improve the GA procedure. However, it 
is not obvious that more sophisticated architectures would necessarily yield 
better results, since (depending on the type of the architecture) their training 
could require orders of magnitude more time (as the transformers architecture 
introduced in ref. 69), which would severely degrade overall performance. 

Details on the Training Procedure. Training is performed by minimizing the 
binary cross-entropy loss (i.e., minimizing the KL divergence between 𝜌NN and 
𝜌GB). The initial training runs for 40 epochs using the Adam optimizer with 
learning rate 𝜂0 = 10−3 . We employ an exponential learning–rate schedule 
that halves the rate every 10 epochs. Early stopping is applied on the training 
set solely as a plateau detector for the training objective, with a patience of 10 
epochs. Each epoch processes the full set of 217 configurations in minibatches 
of size 256. For retraining at lower temperatures, we perform a single epoch per 
stage without the previously mentioned regularizations. 

Best Estimate of the Minimum Energy Configuration. We consider in-
stances of the d = 3 EA model with Gaussian couplings Jij, for which the 
solution to Eq. 3, i.e., the minimum energy configuration (MEC) or ground state, 
is unique with high probability. Finding the MEC may require a time scaling 
superpolynomially in N (as the problem is NP-hard), but we need a fast and 
reliable estimate of the MEC to perform the comparison among algorithms. For 
each instance, we define the MEC “best estimate” as the lowest energy state 
found by all the runs of GA, SA, and PA that we have performed. In many cases, 
we are confident these algorithms found the exact MEC, while in other cases, 
they may have found only a very good approximation to the MEC. In any case, 
the comparison among algorithms is fair and meaningful. 

In particular, for the N = 103 instances shown in Figs. 3 and 4, the MEC 
has been estimated by performing a set of ten longer runs of GA, with 10 global 
steps, 30 local steps per global step, and roughly 35 temperatures, each run 
taking approximately 800 s. For the N = 143 instances shown in Fig. 5, about 
60 temperatures have been used, and each run took about 7,000 s. 

For Fig. 2 and for many of the instances in Figs. 3 and 4 we checked that 
the MEC found with the above criterion coincides with the one obtained by the 
Gurobi solver (13), run with a 0% gap setting, which guarantees convergence 
to the exact MEC at the price of an unfavorable scaling of the running time 
(typically exponential in the problem size). As a further test, in the L = 10 case, 
we solved 2,500 more instances using the same hyperparameters described 
above (one run per instance). The mean ground state energy found across 
samples, −1.6977(5), is in excellent agreement with the value −1.6980(3) 
reported in ref. 61. 

For the above reasons, and since for long enough annealing times the 
best-performing algorithms consistently find the same configuration, we are 
confident that our best estimate for the MEC is often the exact ground state. We 
cannot exclude that, in some cases, another lower energy configuration exists, 
which is never found by any of the algorithms we tested. However, even in 
these cases, where our best estimate is just a very low energy configuration, the 
comparison among algorithms is meaningful and fair (which is the aim of the 
present work). 
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Data, Materials, and Software Availability. The code and data used in this 
paper are available at the GitHub repository https://github.com/Laplaxe/MLMC_ 
optimization. (112). 
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