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Abstract

Let L be a non negative, selfadjoint operator on L%(X), where X is a metric space endowed with a
doubling measure. Consider the Schrodinger group for fractional powers of L. If the heat flow e ™! L satisfies
suitable conditions of Davies—Gaffney type, we obtain the following estimate in Hardy spaces associated
to L:

_ i /2
[+ L)7PR Ty < CA+ D P U f gy

where p € (0, 1], y € (0, 1],/3/)/:n|% - %|:n5p and 7 e R.

If in addition e 'L satisfies a localized L0 — L2 polynomial estimate for some pg € [1, 2), we obtain

— i /2
[+ )PP f | < CA+ TN P fllpy, VT ER,

providedO <y #1, 8/y = n|% - %| =nsp and T € R. By interpolation, the second estimate implies also,

for all p € (po, p6), the strong (p, p) type estimate
; 2
[+ D) PR | <+ 1) I f 1.
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The applications of our theory span a diverse spectrum, ranging from the Schrodinger operator with an
inverse square potential to the Dirichlet Laplacian on open domains. It showcases the effectiveness of our
theory across various settings.

© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The Schrodinger flow eTEA ith y > 0 is a group of isometries on L2(R") but is un-
bounded on every other L? space with p # 2. It is well known, however, that boundedness in L?
can be recovered at the price of a loss of derivatives. More precisely, forO <y #1,1 < p < oo
and 7 > 0 one has

_ iT(—A)/2 1 1
(2= ARV, S A+ 1) I f s 5p= ‘5 =5 B=yns
while for 0 < p <1, 7 € R one has
_ iT(—A)Y/2 1 1
I = 8) PPN fllgp ey S A+ 1TD" 7 I flar@n,  sp= ’E =5 B=vnsp.
(2
where H” (R") denotes the classical Hardy spaces (see [37]). A similar situation holds for the

half-wave flow /!~ corresponding to ¥ =1, but with a loss (n — 1)s,, see for example

[27,28,26,32]. These results can be regarded as instances of general L” estimates for Fourier
integral operators ([34,29,30]) and are strongly connected to the Schrodinger equation with a
fractional Laplacian

24 CayPu=o,
ot
u(x,0) = f(x).

3

Indeed, estimate (1) implies that any solution u of equation (3) satisfies

luCx, Ol S A+1TD 7 fllwsrwny, 1<p<oo, B=ynsp.
Since the flows e/'L"* are well defined for arbitrary non negative selfadjoint operators via
spectral calculus, it is natural to investigate possible extensions of the previous results beyond the
case of the Laplacian. The study of Schrodinger flows beyond the Laplacian case is an interesting
topic and has attracted a great deal of attention, see [29,30,6,17,16,7,13,14,9].

To introduce our results, we give a brief overview of related research. In the case y = 2, Lo-
houé [24] (see also [1]) proved a similar result to (1) for 8 > 2ns, on Lie groups with polynomial
growth and manifolds with nonnegative curvature. In [12], Carron, Coulhon and Ouhabaz prove
the following inequality

I+ L) ™ fl, SA+ 1) N flly, 1<p<oo “4)
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for s =ns, and € > 0, where L is a nonnegative self-adjoint operator satisfying the Gaussian
upper bound on spaces of homogeneous type space. It is easy to see that in comparison with the
classical case (1) the above estimate is not sharp.

In [16], given a selfadjoint, non-negative operator L on L>(R") whose heat kernel satisfies a
mild smoothness effect and a mild off-diagonal decay, the following estimate is proved for k € Z,
T > 0 and a suitable p € (1, 00):

L e , 1o
L2 kL]/z)pr5(1+22k|r|)’51’||f||p where 51,:‘5—;

, ®

where ¢ € C2°(R") is a cut-off function. This result includes the case of Schrédinger operators
with Kato class electromagnetic potentials. Note that (5) implies the estimate (4). The results in
[16] were extended in [7] to the very general setting of metric measure spaces with a doubling
measure (homogeneous spaces). This goes far beyond the Euclidean case and includes Rieman-
nian manifolds, homogeneous groups, sublaplacians on Heisenberg groups, and operators with
singular potentials. Hence, it is natural to raise a question on the validity of a sharp estimate for
s =nsp

I+ L) ™ fll, SA+ 1Dl fllp,, 1< p<oo. ©6)

Recently, the sharp estimate (6) was proved in [13] (see also [19]) under the assumption of
Gaussian upper bounds of order m > 2 on the heat kernel of L. The estimate was later extended
to Hardy type spaces, see for example [14,4]. However, to the best of our knowledge, only partial

: 2
results are known for the general flows eitL?!

itL" with 0 < y # 1 generated by arbitrary fractional powers of the

. This leads to our purpose to establish sharp

estimates for the flows e
operator L.

We now introduce the setting of our results. Let (X, d, i) be a metric space with distance d,
endowed with a nonnegative Borel measure . Denote by B(x, r) the open ball of radius r > 0
and center x € X, and by V(x,r) = u(B(x,r)) its volume. We say that (X, d, u) is a space of
homogeneous type (in the sense of Coifman and Weiss [15]) if it satisfies the doubling property,
i.e. there exists a constant C > 0 such that

Vx,2r)<CV(x,r) @)
for all x € X and r > 0. Notice that the doubling property (7) implies the following properties:
V(x,ar) <CA'V(x,r); 8)

and

d(x,y)

r

n
v sc(l+ ) Ve, ©)
for all x, y € X and r > 0. A direct consequence of (9) is that V (x,r) =~ V(y,r) whend(x, y) <
r.
Let L be a non-negative, self-adjoint operator L on L?(X) which generates an analytic semi-
group {e "L};~0. If Er(}) is the spectral decomposition of L and F : [0, 00) — C is any
bounded Borel function, we denote by F (+/1) the bounded operator on L3(X ) defined as
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F(L)= / F(\dEL(M).
0

We shall consider two different assumptions on the semigroup. We say that e’ satisfies

the Davies—Gaffney estimates if there exist constants C, ¢ > 0 such that for any open subsets
U, U CX,

dist(Uy, U,)?

)il Ll V=00 (10)

e f1, )] = Cexp(

for every f; € L?(X) with supp fi C U;, i = 1,2, where dist(Uy, Uz) :=infycy,, yev, d(x, y).
We also consider the following condition: there exist pg € [1, 2) and constants C and ¢ > 0
such that for all balls B C X and ¢ > 0,

an

1
1 —tL 7tLl < —
I1ge ||p0—>2 + lle B”po—)Z Njgg V(x, ﬁ)l/PO—l/z

Note that assumption (11) is implied by the following generalized Gaussian condition GGE(py):
there exist constants C, ¢ > 0 such that

B d(x,y)2>

1
—1L
e, vne™ po,vnlp—2 S V. U2 exp( o (12)

forall > 0 and x, y € X. It is important to note that the generalized Gaussian GGE(1) is equiv-
alent to the Gaussian upper bound, i.e., there exist constants C, ¢ > 0 such that

le™E(x, y)I S

1 (_ d(x,y)2>
Vv P ot

forallx,y e X and 7 > 0.
Recalling the notation

1 1
5 :‘———) for p € (0, <],
p 27 p

the main results of this paper are the following two theorems.

Theorem 1.1. Let L be a nonnegative self-adjoint operator on L*(X). Assume that L satisfies
(10) and (11). Then, for 0 <y # 1 and B = yns,, we have

|+ Ly PR f < CA+ [Tl fllp. VT ER. (13)
By interpolation, we obtain

|2+ Ly PR f | <+ [z £, (14)
forall t e R and p € (po, p}).
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The Hardy space H f (X) mentioned in the next statement is defined in Section 2:

Theorem 1.2. Let L be a nonnegative self-adjoint operator on L*(X). Assume that L satisfies
(10). For 0 <y # 1 and B = ynsp, we have

— i /2
[+ D72 f gy = CA+ D" 1 g (1

forall T e R and p € (0, 1], where Hf (X) is the Hardy space associated to the operator L.
Moreover, if L satisfies (11) additionally, then the estimate (14) holds true by the interpolation.

Note that Theorem 1.2 gives only a weak type estimate at the endpoint pg. Hence, Theo-
rem 1.1 is not a consequence of Theorem 1.2. In the special case L = —A, the Hardy space
H If’ (R™) turns out to be the classical Hardy space H”(R") (see [11]), and hence our estimate
recovers the classical estimate (2).

We emphasize that Theorems 1.1 and 1.2 are non-trivial extensions of the classical results.
Indeed, the Fourier transform is not available in the setting of metric spaces. Moreover, while
the proof of the classical cases relies heavily on the Calderén-Zygmund theory, it seems that this
theory might not be applicable in our setting due to the mild assumption on the main operator L,
hence new ideas and techniques are required. As a consequence, our paper not only extends, but
also provides new proofs for the classical results. Further comments on Theorems 1.1 and 1.2
will be given after Corollary 1.4 below.

As it is well-known, Theorem 1.1 is closely connected with the Schrédinger equation

ou

el v/2, —

lar+L u=0, (16)
u(x,0) = f(x),

where 0 < y # 1. Indeed, from Theorem 1.1 we have:

Corollary 1.3. Let L be a nonnegative self-adjoint operator on L*(X). Assume that L satisfies
(10) and (11). If u(x, ) is a solution to (16) with O < y # 1, then for p € (po, p;) and B = yns ),

lu(-, Ol < C(A+ )™ |I(I + L2 fll,, TeR.

Another application of Theorems 1.1 Theorem 1.2 concerns the Riesz means associated to L,
defined via the following operator:

t
Iy (L) =5t~ /(r — e P g s >0,
0
while I; ;(L) = I_S,,,(L) fort < 0. See [27,36] for the study of these operators in the case L is the
standard Laplacian on R” and [24,1] for extensions to more general contexts. From Theorems 1.1

and 1.2, by standard arguments we obtain the following:
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Corollary 1.4. Let L be a nonnegative self-adjoint operator on L*(X). Assume that L satisfies

(10).

Thenfor p € (0,1], 0 <y # 1 and s =ynsp,

|1 f | p oy < CUANgpexy i 1> 0.

If in addition L satisfies (11), then for p € (po, p) we have

|, <Clfl, i t>0.

Some comments regarding Theorems 1.1 and 1.2 are in order:

®

(i)

(iii)

(iv)

v)

By a careful examination of our proofs, the results in Theorem 1.1, Theorem 1.2, Corol-
lary 1.3 and Corollary 1.4 hold true also for 8 > yns,. Our approach could be modified to
study the case y = 1, but the resulting estimate is not sharp in comparison with the classical
cases (1) and (2). Hence, we do not pursue the case y = 1 here.

As mentioned above, boundedness of the Schrédinger group, corresponding to the case
y =2, has been studied extensively. L”-boundedness of the Schriodinger groups when y =
2 under the assumption of Gaussian upper bounds of order m > 2 was proved in [13].
Boundedness on the Hardy spaces H f (X) was obtained in [14,4]. Boundedness under the
generalized Gaussian estimates of order m > 2 was obtained in [19].

Much less was known for y 5 2. In the special case of the Hermite operator, boundedness
on L?(X) and on Hardy spaces associated to the operator (with the exception of the weak
type estimate) was obtained in [8].

Theorem 1.2 is new even when y = 2. Boundedness on the Hardy space H Ll (X) was ob-
tained in [14], but the approach there does not work for the case 0 < p < 1. Although
Theorem 1.2 also implies the boundedness of (I + L)_ﬁ/ze"’”/2
the weak type boundedness (po, po) in Theorem 1.1 is unique.
We emphasize that the techniques in [13] do not work in our setting. The approach in
[13] relies heavily on estimates for operators of the form e~/Le/™% | leading to Besov norm

estimates of the function e~“~7). This approach fails completely if we replace the flow
itLY/?

on L? for py < p < py,

¢'*L by the general flow e . To overcome this problem, we need to establish new
operator estimates in Lemma 2.10, which play a crucial role in the proofs of our main
results. Our approach can be used to obtain sharp estimates for imaginary powers of L, and
this will be the topic of an upcoming paper.

Our theory is highly comprehensive, encompassing a broad range of significant opera-
tors in harmonic analysis and partial differential equations (PDEs). Notable examples include
Schrodinger operators with inverse-square potentials [5,25], the Kohn-Laplacian on pseudocon-
vex manifolds of finite type, as studied by Nagel-Stein [31], and the Laplace-Beltrami operators
on doubling manifolds [2]. Additional operators of interest can be found in references such as
[7,10] and the references therein. To demonstrate the practical applications of our theory, we
present two compelling instances in the realm of PDEs.

Schrodinger operators with inverse-square potentials. Consider the following Schrodinger
operators with inverse square potential on R”, n > 3:
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a

L, =—AN+—
=TT

N
with az—("2 ) (17

Set

-2 1
=" —5\/(n—2)2—|—4a.

2

The Schrodinger operator £, is understood as the Friedrichs extension of —A + # defined

2
initially on CZ°(R"\{0}). The condition a > —("—52> guarantees that £, is nonnegative. It is

2
well-known that £, is self-adjoint and the extension may not be unique as —("—52> <a<

2
ne = oo if o < 0. It was proved in [3, Theorem 3.1], for any n, < p < ¢ < n, there exist
C, ¢ > 0 such that for every ¢ > 0, any measurable subsets E, F C R”, and all f € LP(E), we
have:

2
1— (u) . For further details, we refer the readers to [20,33,38]. Set ny, =n/o if 0 > 0 and

S (18)
e ct .
Li(F) — Lr(E)

Je1

Hence, the operator £, satisfies (10) and (11) with pg = n/,. Therefore, from Theorem 1.1, for
0 <y #1and B =yns,, we have

_ . v/2
|1+ L) f| < CU+ )™l £,
forallr €eR and p € (n,ns).

Dirichlet Laplacians on open domains. Let 2 be an open subset of R". Note that 2 may
not satisfy the doubling condition. Let —A p be Dirichlet Laplacian on the domain 2. It is well
known that the semigroup kernel e’22 (x, y) of e’2? satisfies the Gaussian upper bound

e'"AP(x,y) <

1 ( lx — y|2>
——exp( — ,
@nny2 P 41

for all t > 0 and all x, y € Q2. By the extension argument as in [ 18], we can obtain the estimates
for the Schrodinger group associated to the fractional Laplacian (—A p)?/2. More precisely, we
have for 0 <y # 1 and B = yns,, we have

— iT(— /2
[ = ap) PR A £ < (U4 ey £,

forall Tt € R and p € (1, 00). To the best of our knowledge, this result is new.

In the next Section, we recall the properties of Hardy spaces associated to the operator L,
and some estimates for functions of the operator. The proof of Theorems 1.1 and 1.2 is given in
Section 3.
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Notation. Throughout this paper, we use C to denote positive constants, which are independent
of the main parameters involved and whose values may vary at every occurrence. By writing
f < g, we mean that f < Cg. We also use f ~ g to denote that C~!g < f < Cg.

To simplify notation, we will often just use B for B(xp,rp) and V(E) for w(E) for any
measurable subset E C X. Also given A > 0, we will write AB for the B(xp, Arp). For each ball
B C X we set

So(B)=0, S;(B)=2/B\2/"'B for jeN.
2. Preliminaries
2.1. Hardy spaces associated to the operator L

In this section, we assume that the operator L is a nonnegative self-adjoint operator on L2(X)
satisfying the Davies-Gaffney estimates (10). We first recall from [22,23] the definition of the
Hardy spaces associated to an operator. Let L be a nonnegative self-adjoint operator on L?(X)
satisfying the Gaussian upper bound (A2). Let 0 < p < 2. Then the Hardy space H f (X) is
defined as the completion of

{feL*(X):S.f € LP(X)}

under the norm ||f||H{(X) = ||SL fllLr, where the square function Sy, is defined as

. i 27 2L 2dp(y)diy1/2
suf=([ [ 1Lt roPE)
0 d(x,y)<t

Definition 2.1 (/22,23]). Let 0 < p <1 and M € N. A function a(x) supported in a ball B C X
of radius rp is called a (p, 2, M, L)-atom if there exists a function b € D(L™) such that

(i) a=L"p;
(ii) suppL*bC B, k=0,1,..., M;
i) [IL*bll 2y < VB k=0,1,.... M

Definition 2.2 (Atomic Hardy spaces for L). Given 0 < p <1 and M € N, we say that f =
> Xjajis anatomic (p, 2, M, L)-representation if {A ; }°° o €47, eachajisa(p,2, M, L)-atom,

and the sum converges in L?(X). The space H I{”m’ 1 (X) is then defined as the completion of

{f € LZ(X) : f has an atomic (p,2, M, L)—representation} R
with the norm given by

||f||ZL,, L= inf{z AP f= Z)‘/af is an atomic (p, 2, M, L)-representation} .
.at,
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Theorem 2.3 ([23]). Let p € (0, 1] and M > %(% — 1). Then the Hardy spaces Hf’m’M(X) and

H f (X) coincide and have equivalent norms.

We note that if L = —A on L%(R"), then H f (R™) reduces to the standard Hardy space
HP(R™) on R" for p € (0, 1]. In general, depending on the choice of the operator L, it may
happen that either H”(R") C H} (R"), or HY (R") C HP(R"), or H”(R") # H} (R") without
inclusions. See for example [11].

Proposition 2.4 ([2]]). Let 1 < pg < p < p1 <2 and L be a nonnegative self-adjoint operator
on L*(X) satisfying the Davies-Gaffney estimates (10). Then we have

[H]*(X), H{" (X)], = H[ (X) 19)

where

1 1-6 06

p po pi

and [-, -1p stands for the complex interpolation brackets.
Proposition 2.5 (Theorem 3.7, [21]). Let L be a nonnegative self-adjoint operator on L*(X)

satisfying the Davies-Gaffney estimates (10) and generalized Gaussian GGE(pg) (12) for some
po €[1,2). Then we have

H (X)=L"(X)
forall po < p < p,.

Remark 2.6. Let € C2°(R) be an even function such that suppy C {& : 1/4 < || <4} and
Y =1on{£:1/2 < |&| <2}. Define

([ Ldp(y)diy 112
spfor=([ [ wevDrorae)”
0 d(x,y)<t

By a careful examination of the proofs in the papers [22,23], it can be verified that the Hardy
space Hf (X) can be defined by using Sy ; instead of Sy.

2.2. Some estimates on the functional calculus

Assume that the operator L is a nonnegative self-adjoint operator on L2(X) satisfying the
Davies-Gafiney estimates (10). It is well-known that the kernel K st of cos(r+/L) satisfies

Supchos(t\/Z) C{(x,y)eX x X:d(x,y) <t}. (20)
See for example [10]. We first recall the following result in [15, Lemma 1].
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Lemma 2.7. Let L be a nonnegative self-adjoint operator on L*(X) satisfying the Davies-
Gaffney estimates (10). If F is an even bounded Borel function with supp F C [—r, r] for some
r >0, then

supp Kz C{lx,y) € X x X :d(x,y) <r}.

Lemma 2.8. Let L be a nonnegative self-adjoint operator on L*(X) satisfying the Davies-
Gaffney estimates (10). Assume that the operator L satisfies (11) for some po € [1,2) addi-
tionally. Then for p € [po,2] and N > ns, /2, we have

1
I +tL)™Nigllpsr+ 11U +1L) ™| psa S sup —————
g b veB V(x, /1)5r

forany ball B C X.

Proof. Forany N € N,

o]

1
-N _ N—1 _—s —stL
I+:tL)y ™" = N fs e e ds.
0
Note that under the Davies-Gaffney estimates (10) and (11), by the interpolation we have, for
any p € [po, 2],

e "l pma+ e 15l 2 S sup

1
xeB Vix, ﬁ)sp'

Therefore,
)
||<1+tL>—lenpez</ veh V. lm e
This, together with (8),
)
e T A et

< 1
= Sup EE———
xeB V(x, /1)

aslongas N > ns,/2.
Similarly,

s +1L) N pon S sup ————
P e V(x, f )
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aslongas N >ns,/2.
Hence, this completes our proof. O

We have the following useful lemma.

Lemma 2.9. Let L be a nonnegative self-adjoint operator on L*(X) satisfying the Davies-
Gaffney estimates (10). Let ¢ € C3°(R) be an even function with suppe C (-1, 1) and [o=27.
Denote by ® the Fourier transform of ¢. Then the kernel K oV of ®(tv/L) satisfies

supqu)(tﬁ)C{(x,y)eXxX:d(x,y)St} 21

forallx,ye X andt > 0.
If the operator L satisfies (11) for some pgy € [1, 2) additionally, then for p € [po, 2] we have

@EVL) | p2 + 1 DEVL) 5] 2 < sup

veB Vx, 1) 22

Proof. For (21), we refer to [35, Lemma 2].
For the inequality (22), we fix p € [pg,2] and N € N, N > ns,, and then we write

O(vL)= (I +12L)"NU +2L)No(V/L).

It follows that
VL) po2 < 11U +2L) N[ poall(I +2L)N VL) 22

Since [|(1 + 2L)N ® (/L) |l2—2 < ||(1 + 122N & (1) oo < constant, by using Lemma 2.8 we
have

VLY po2 SN +12L) N pesa

Ssup ————.
xeB V(x’ t) P

Similarly,

®(rvV L)1 < —_—
19V 5llp~2 S sup 7y

This completes our proof. O

Lemma 2.10. Ler L be a nonnegative self-adjoint operator on L*(X) satisfying the Davies-
Gaffney estimates (10) and (11) for some pg € [1,2). Let ® be the function in Lemma 2.9 and
let € C°(R) be an even function such that suppy C {£:1/4 < |&| <4} and ¢y =1 on {£:
1/2 < |&| < 2}. Let E, F be two measurable sets in X such that d(E, F) > 0and B,y > 0. Then
forevery p € [po,2],s>0,7eR, M, ko e N and £ € Z, we have
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_ — itLY/?
Iy Q= NLYUI + L) P2 ™ (1 — WV I I Lo 5y 1208

C

<sup————d(E, F)"f2=t%oq 4 26 &*o=B/v)y(1 4+ |z )k min{1, (2¢5)*M

Ssup e d(E. F) ( )(1 4 |T)* min{1, (2%5)*™}
(23)

and
_ _ i /2
1y @~“VLYT + L) PR ™ (1 — W(sVIDM Nl gy 1200

(24)

< sup 1429 P min{1, 2%5)*M},

ek V(2,279
where C is a constant independent of s, t, £ and the sets E, F.
The inequalities (23) and (24) still hold true if we replace (I — W(s/L)M by (I — e’SZL)M.

In the case p =2, the condition (11) can be omitted.

Proof. We need only to give the proof for the case p # 2 since the case p =2 can be done
similarly.

Proof of (23).
Setd:=d(E, F) and
Fos(@®) =9 Q01 + 372 (1 — wis)™. (25)
Let ¢ € CZ°(R) be an even function supported in [—1/2, 1/2] such that
=1 on[—1/4,1/4].

Then the Fourier transforms of F; s and Fy g * (8 — @a) =: Hy ¢ agree on {§ : || > d/2}, where
§ is the Dirac mass at 0 and ¢q (&) = ¢(£/d). This, along with Lemma 2.7, implies that

Kp D& =Ky, (o)),

whenever d(x, y) > d/2.
Consequently,

| Fe.s (\/z) ||LP(E)—>L2(F) = ||He.s (\/Z) ||LP(E)—>L2(F)~

From Lemma 2.8, we have for a fixed N > n/2,

1 He.s VD) gy 2y < M +22L) ™M Loy 1200 1T+ 22 L)Y Hy (VL) 22

< sup

1
PV O I+ 22 L)Y Hy s (VL) 22
Z€E ’

(26)

< sup 11+ 224N Hy 5 (1) [l oo

ek V(z,276%
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It reduces to estimate the L°° norm of the function
t> (142725 Hy ().

Since supp Hy s C {t: 2672 < |¢| < 2¢+2}, it suffices to estimate | He 5]l o To do this, we borrow
some ideas in [35]. Recall that

HE,S = Fl,s * (8 - @i)s
which follows that for any kg € N,
Hpy=d M F* 5iq,

where 7(€) = (i&) 5 (1 — ¢(£)) and na(&) = n(&/d).
It follows that

Hy () =d ™ / F ¢t — uyia(u)du.
R

Recall that
Foo(t) =y Q7)1+ )PP (1 — d(st)™.

Since @ is an even Schwartz function with ®'(0) =0, 1 — ®(¢) ~ 12 as r — 0. Hence, it is easy
to verify that

[FP OIS 2750+ oo (1 427 @AMy min(1, 2%)*M),

This, along with (26), implies (23).
This completes our proof of (23).

Proof of (24).

From (25), we have
I Fe.s VI Loy 200y < U+ 22 L) ™M ooy 200 1T + 22 LN Fr s (VD) 22

< sup I+ 22 LYV Fo s (WD) 22

1
ek V(z,276%

< sup I+ 22N Fo s () lloo

ek V(2,276%

< sup ———— (1 + 29 P min{1, 2°s)M}.
en V(z, 2708

Similarly, it can be verified that the inequalities (23) and (24) still hold true if we replace
(I —W(svI)M by (I — e LYM,

This completes our proof. O
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Arguing similarly (but simpler) to the proof of Lemma 2.10, we also have

Lemma 2.11. Assume that the operator L satisfies (11) for some pg € [1, 2) additionally. Let ®
be the function in Lemma 2.9 and let v € C2°(R) be an even function such that suppy C {£ :
1/4<|é| <4} and v =1o0on{£:1/2 < |&| <2}. Let E, F be two measurable sets in X such
thatd(E, F) > 0and B,y > 0. Then for every p € [po, 2], s >0, M, ko, € N and £ > 0 we have

I @~ VLY + L) P2 = VDN | Loy 120y

@7)
<sup —————d(E, F) 027 t®0th) min(1, (2¢5)*M
=S Y e (E, F) min{l, (2°s)""}
and
lv @ NLYUT + L) P = VIVl o5y 120x)
(28)

<sup 2P min{1, (ZZS)ZM},

ek V(2,279
where C is a constant independent of s, £ and the sets E, F.
itLY/?

3. Sharp estimates for the Schrodinger flows e

3.1. Sharp weak type estimates for the Schridinger flows e'! L2

This section is dedicated to proving Theorem 1.1.

Proof of Theorem 1.1. Set = yns, and F(£) = (1 + £2)7P/2£/"1" 5o that F (VL) =
(1+L)~B26i7L"" ‘Fix p € [po, 2) and recall s, = 1/p—1/2. Since the estimate (14) follows di-

rectly from the complex interpolation, the estimate (13) and the trivial estimate ||e”Ly/2 l2—2 =
1, it suffices to prove the following weak type (p, p) estimate
s, I1F15
w({IF- (VD 11> 2]) S a+peprmer 2r 29)

forall f € LP(X) and A > 0.
To do this, let f € LP(X) and A > 0. Then by the Calderén-Zygmund decomposition [15] we
can decompose f =g+ > by =: g + b such that
k

lg)| SAforaexeX, gl SIflp. (30)
and

(1) suppby C By for some ball By;
(i) Nbllh S APV (By);
P
(i) Y, V(B < e
@iv) Zk Iop, <.
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Define

1
0= ————,
4M(1 + |z |)P/?

where M is an positive integer which will be fixed later. We have
n([IF-D 1> 1)) s u({IF Dl > 22)) + u({IF VDbl > 212)).
Using Chebyshev’s inequality and the L?-boundedness of F; (+v/L),

u({IF/Dgl >)\/2})5||Ft(kw

lgl3
< lIglpr®™” _ligl
Yoo
P
Sl

For the bad part, let ® be the function in Lemma 2.9. Setting ®g , B (t) = ®(0rp, 1), then we have

n(firDpi=52}) = u({

FWD[X (1 (1= @0, WD) )] | = 24))

k

+ M(H Z Fr (ﬁ)(l = Po.rp, (\/Z))Mbk‘ > )»/4})
k

=:E{+ E».

We will take care of the first term E;. Note that

M
Wo,rp, (VL) =1 = (I = @y VD))" =" el @1, (VDT

k=1

where ¢ are coefficients.
From Lemma 2.9,

Ky WD) €O 2 (x,y) <7 /2],
which implies
ly@,rgk (\/z)bk C 2B, 31
and

274



T'A. Bui, P. D’Ancona and X.T. Duong Journal of Differential Equations 381 (2024) 260-292

1
Wy ., (VL).1 - sup —. 32
” 0, Bk( ) BAHP 2 ZEBE V(Z eer)sp ( )

By the Chebyshev inequality and the L2-boundedness of Fy (v/L),

I X Vo, VDb

Eq 7

A

This, along with (iv), (31), (32) and (ii), implies that

> | Wo.rp, WD)k

)\2
Z I1bx 13
~ L (2V (6 By)?/ P!

Eq

A

o VB
N VOB

We now apply (8) to further obtain

< o~/ p=Dy ()P
El NZ V(Bk)Z/p—l

k

SUA+" PPN V(B
k

B ||f||,,

where in the last inequality we used (iii).
It remains to estimate E,. To do this, we set

Forg, (1) = Fr(1)(1 = ®g,p, ()M

Then,

Es < M(U4B,f) +,u<{x ¢| J4B;: ’ > For, (ﬁ)bk) > x/4])
k k k
=:En+ En,
where B = o By with o = (1 + |t|)P®r.

275



T'A. Bui, P. D’Ancona and X.T. Duong Journal of Differential Equations 381 (2024) 260-292
By (8) and (iii),
Ey <) V4B

So" Yy V(B
k

< (1 e 115 ||f||p

Hence, it suffices to estimate the term Ez;. Let ¢ € C2°(R) be a even function supported in
{€:1/4<|é|<4}andy =1o0n {£:1/2 <|&| <2} such that

Y v =1, g#0.

LeZ

Then we have

En=u({r ¢ J4B; |32 v VD For VD] > 1/4})
k

k (eZ

<u({xeJdBi: |2 v VD Fory VDb | > 2/12])
k

k £<0

n(fr e Jas:: |Z > Ve VDF,, VD] = 1/12})
k

>0
2001)rp 0>1

u(freJasi: |Z S v VD, WD > 1/12})
k

>0
20— V)rg o<1

=: Exn1 + Exn + Exs.

We now take care of each term E»»1, E227 and E»;3 individually.

3.1.1. Estimate of the term E2);
By Chebyshev’s inequality,

|5 5 w@ VD) Fo g VDb

LY(X\UdB})

E221 < k €<0
A (33)
Y Y M@ VL) Fopy (VL )bk||Ll(x\43*)
< k £<0
~ A

For each k and ¢ < 0, by Holder’s inequality, the doubling property (8) and (ii),
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W @~ VL) Fo,ry, VDbl 1 xvamr)

i 1/2
<> V@IBYIFg VDbl 205, 1)

Jj=2
i _ 34
< 3" @02V (B 21 QNI Fory VDll o5 120,50 il O
Jj=2
=2 Ay V(B Q7L Fo g (VD)o 1265800
Jj=2

Using (23) in Lemma 2.10, for a fixed kg > n/2 we have
||1ﬂ(2_£\/Z)F9,er (\/Z)”LP(Bk)%LZ(Sj(BZ))

< sup 2/ arg)~r02=%0 (1 ¢ |z %o min{1, 2°0rp,)*M)

e Vi(z, 270
x (1+ zye(ko—nsp))

< V(Br)~*r max{1, (2%rp,)"*7} 2/ orp,) T*027%0 (1 4 ||)k min{1, (2%0rp, )M}
x (1 + 2vtko=nsp)y (35)

where in the second inequality we used (8).
Consequently, we have

YD Aoy PV (BRI @V L) Fo i (VD Lo 5o 125, 1)

<0 j>2
S DAV BT max(1, 2l ) a2 2L ) H
LeZ j=2
x (14 |z)* min{1, 2%0rp,)*M}
S Y AVBYmax{l, 2'rp)" o PR 2 rp) TR (1 + T))* min(1, (2075, )M}
LeZ

<D AV(B max{l, 2" 0" 2R 2 g, ) RO (1 + [T))* min{l, 2°0rp,)*M}.
£<0
(36)
This, together with the fact that

max{1, 2%rp,)"*r} < max(l1, (2%6rp,)"r}o"%r,
implies

DD r@Ia)y PV (B PP Iy QT VL) Fo ry WD (80— 1265, 81

£<0 j>2

<D AV(Boymax(1, (2°0rs, )" }(2"0rp,)* min(1, (2°0rp,)*M o/ > R0
14
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x (14 ]z]ylogtoner
SAV(Bro™ 21 4 [ryloghomer,
as long as M > ko /2.

Recalling that 0 = (1+ |t N~P/? and o = (1+4|7])!~P/? and by a simple calculation, we come
up with

Y3 AT 2V (B g @7 VL) Fp (VI Loy 126581
<0 j>2

<AV (Bp)o"/?e7"5r

S A+ TP P AV (By).

(37

Therefore,

Exi S (L4 [thP"raV (By)
k

£
< pns P
S frprrer =L,

3.1.2. Estimate of the term Ej2)
This term can be done similarly to the term E;7 with some modifications. Indeed, similarly
to the term E»31, we also obtain

Em3Sy Y. Y @)V Py @ VL) oy (VD sy 12800
k >0 Jj=2
280=1)rp 6>1

Since ¢ > 0 and 20=")rp 6 > 1, we haven (1 + 27¢%o=nsp)y ~ ovtko=nsp) and 26rp >
2t9rp, > 2¢1=Y)rp 6 > 1. Hence, similarly to (36) we obtain that

Do D@y VB QT VL) Fory, WD (50 12, 81
=0 j=2
2001 p 0>1
S Z )LV(Bk)(ZZQer)_(ko_"ﬁp)2£V(k0—"5p)a”/2—ko(1+|T|)k09k0—n5p
>0
A=)y, 91
rg 0z a8)
SAV(Bk)Un/Z—ko(l + |r|)k09ko—n5p Z (ZE(I—V)eer)—(ko—nsp)
>0
280=V)rp 0>1
SAV(BRo" PR 4 [epyloglomer

> (L4 [ThP" PV (By).
Hence,
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Exp1 Y (1+ TP 0V (By)
k

[
< pns P
S A +feprmer =k,

3.1.3. Estimate of the term Ej»3
This term is quite complicated and can be estimated by the duality argument.

By Chebyshev’s inequality and L2-boundedness of L! TLV/Z,

2
; go v 2~V L)Go ry (VL)bx
Exs S T 2 2,
where
Go.rg, (1) = (14127702 (1 = By 1M
By duality,
XY w@ VD) Fauy WD
k >0
2801 p <1 )
= / Yo > V@ VDGen VDbu@)du )
=y ok €20

ZK(I_V)er9<1

= sup Yy Y / V(2 VL) Gy, (VDu()bi(x)dp(x)
B

flull2=1 k >0
280=1rp 0<1

o0

= sup Y Y Y / Y@ VL) Gy, (VDU ()b (x)d (),

lull2=1 j=0 k >0

B
210-Virg <1

where uj =u.ls;(By)-
By Holder’s inequality, we have

/ Y2 V)G ry (VLU j(x)by (x)d pu(x)

Bx

<@ VL)Gory VDl 5, 1kl

< 1¥ Q™ VD) Go.ra, VDl 125, (83> 1 (80 147 12168 15
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=Y Q™ VL)Go,rg, VDo () 1205, B0y 1 1215k -

Therefore,

YooY w@VL)Fs VL
k

>0

L(1—y)
2 Vr3k9<l 2

o
= sup Y > Y WQTVLGh s VDllr sy 1265,y 147 12115k -

llull2=1 j=0 k >0
2801 p <1

We will claim that

o0
Z Z ||1/f(2_e\/Z)G0,er (\/Z)||LP(Bk)—>L2(sj(Bk))||Mj||2||bk||p
—

>0
28071y 0<1

12
Sat+ e [ (M) dnc).

By

Indeed, for j =0, 1,2, using Lemma 2.11 we obtain

—L
> W@ VLYo WD) o 120580 1B
>0
280=1)rp <1

< Z AV (B)'P sup 2775 min{1, 2r5,0)*M).
£>0 2€By

280=1rp <1

1
V(z,276%

This, in combination with (8), implies that

Y WV Fouy WD) Loy 12580 10Kl
>0
2((1_V)r3k(9<1
S Y AvBYYPV (BT max{l, 2%rp) )27 " min{l, (2°rp,0)*M)
>0
2801y p <1
S D0 Av(BYPmax{l, 2%rp)" 277" min{l, (2r5,0)*M)

>0
2601)rp <1

D DI DS
>0 >0
280 1)rp 0<1, 2% 6<1 280=1)rp <1, 285,61
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If 2°rp,0 < 1, then
max{1, (zeer)nﬁp} < 9 "%p ~ 1+ |.C|)pn5p/2'
It follows that

> AV (Bi)? max{1, 2 p,)"*r}277"» min(1, (2°rp,0)*M}
£>0
2M0=1rp <1, 2% 0<1

S Z)\.V(Bk)l/29_nﬁp2_yensp
>0

SAV(BY A+ )P,
If 2¢rp,0 > 1, then
max{1, 2'rp,)"*r} = 07" 2101 yror 207150
Therefore,

> AV (B2 max{1, (2p,)"*r}277 » min{1, 2rp,0)*M}

€0
210V rp 0<1, 26rp, 021

S Y VB e gy e

25(1*7)r3k9<1

SAV(BO)'2(1+ [e))Pree/2,

Consequently,

Yo WQTVLY oy VDl 125,y 10l S AV (B 4 [T hPrer2,
>0
280=1)rp <1

On the other hand, for j =0, 1, 2,

. 1 12
1 <V@/B 1/2( . / 2)
lujlla S V(2! By) VB |u|
2B

1/2
SVBO' inf [M(u@)] "
z€ By
where M is the Hardy-Littlewood maximal function defined by

= - d
Mu(r) = v / () du ().
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Therefore, for j =0, 1,2,

—L
> W@ VD Fo g VDo 120s; 8oy 10k pllu 112
£>0
280-Vrp 0<1

SAV(BOQ + [t/ inf [M('”'z)@]l/z “2)
ZED|

12
Sat+ e [ (M) dnc).

By

For j > 3, also using Lemma 2.11 and arguing similarly to (35), we have, for kg > n/2,

—L
Y. W VLYo VD128
>0
2M0=V)rp p<1

1 .
< sup —————— (2/rp, ) R0t kot rnsp) min(1, (2%0rp,)*M)
g zeB, V(2 2742 ¢ ¢
210V 6<1
S Y. VBT max{l, (25,)"ry(2 rp ) 02T 0t S min{1, (2°rp,)*M)
>0
260-Y)rp <1
< > 27hvBy T max{l, 24rp)" 7} 2 rp) O min(1, (27 5,)*M)
£>0
280=1)rp 0<1

<27koy (B0,

as long as 2M > ko > n/2 > 5.
It follows that

o0
Yoo D W@ VDGor VD120 12150
j=3 £>0

280=1rp <1

<D 27y (B =AY (B uj
j=3

<S> 27k (B ujla-
j=3

In addition,

. 1 12
1, <V@Q/B 1/2( . / 2)
lujll2 S V(2 By) VB |u|

2/B
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ip /2 2172
SVQIBY'? inf [M(uP) @]
Z€By
in/2 12 - 2 172
S22V (B2 inf (MDY@
ZEBy

These two last estimates give us that

o0
DY WC@TVDGh s VDl r2s; oy 1 1215k
Jj=3 >0

2M0=Y)rp o<1

) 12
< —Jj(ko—n/2) i 2
)2 AV (B inf | M(uP) )]

Jj=3
) 1/2
S T f (M @] dne
j=3 By

1/2
S x/ (Mt @] dne).

Bx

This and (42) prove the claim (41). We now insert (41) into (40) and raise both side to the power
of 2 to obtain further

2
oY v@VL)Far, VL)
k £>0
280=1rp <1 )
2 ns 2 12 2
SR+ [P lsl}lPl(Zf[M(lul @] dn)
ullr= X B,

<A2( + [P sup (/ [M(lulz)(z)]l/zdu(z))z.

llull2=1
3

Using Kolmogorov’s inequality, the weak type (1,1) of the maximal function M and (iii),

2
YooY v VLD)Fa,, VL
k >0
200-1)pp 0<1 )

SAAL+[ThP"sr sup w(UBK)|ull3
[lull2=1

2 pnay If 1l
S+ e 2L
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Plugging this into (39), we obtain

If1lp
< pnsp "J NP
Exn3 < (14 |t)Prsr 7

This proves (13) and completes our proof. O
3.2. Sharp estimates for the Schrodinger flows e on the Hardy spaces Hf (X)
This section is dedicated to proving Theorem 1.2.
Proof of Theorem 1.2. Fix ko > ns,. We also fix p € (0, 1] and an even function ¢ € C°(R)

such that suppy C{£:1/4<|&| <4}and ¢y =1on {£:1/2 < |&| < 2}. Without any confusion,
we still denote

di\1/2
SLF() = / [ wavDror)”.

tV(x,t)
0 d(x,y)<t

Suppose that a = LMp is a (p,2, M, L)-atom associated to a ball B = B(xp,rp), where
M~ max{%(% —1), k0/2}.

Recall that B = yns, and F;(§) = (1 1 £2) B2 TIEN g6 that Fy (VL) = (14-L)~P/2ei 7L
Using the identity

M
I=( —e B £ 3 (I CMe il = (1 — eH M 4 P(RL),
k=1

we write

SL(Fe(WD)a) = S.[(I — e 3 M F (VD)a] + SL[0 3 L)M PGAL)F, (VL)rg*Mb]
= E|+ E;.

Therefore, by Remark 2.6 it suffices to show that
IElp + I E2llp S (14 [z, 43)

Since the estimates of || E1]|, and || E2||, can be considered similarly. We need only to show
the contribution of || Ey||,. To do this, set B; = (1 + |t]) B, and write

P _ —r3L\M b
117 gy = |SLL0 =B FVDa] ||,

+ H Sc[d - e_rg’l‘)MFf(\/Z)a] ’ !

LP(X\4B:)

=:E1 + Epp.
By Holder’s inequality, the L? boundedness of S; and the properties of atoms, we have
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En S V(AU +12)B) T2 Sut — e # M F(VDyal Py

1-p/2
SV(A+1eB) " jal} 4
SV(A+IenB) v By
S +[eprer.

We now estimate E1,. To do this, setting
252
Frory Q) =y @)1 —e "M (),

we then write

o+l 172
2 du(y)dt
SL[UI = e B P (VD)a] )= | Y / / |Fyerp (WL)a(y )'sz( 5
CeZ 570 g(x,y)<t
y—t+1 1/2
du(y)dt
=y s
CeZ \ )=t q(xy)<t
Therefore,
gt 1/2p
du(y)dt
Eas Y| [ [ IR DaoP s
CeZ ||\ o=t d(x,y)<t LP(X\4B;)
Sy ey
(y—De=¢o (y—Det<ty
=: E121 + Eq22,
where £ is the smallest integer such that 2¢ > rp, which implies 2% ~ rp.
For the first term £, we can see that
2—(+1 1/2 14
du(y)dt
Epp < F, \/Z a 2
o _%% f R
PTUERIN T de< LP@B(xp 20~ DE(14[2]))
. 172 P
du(y)dt
+ F, VL 2
(y_%@:% y —12)(;—@ . / / Fiery (VDa)P 7 =0
=to J=y 0 2t d(x,y)<t LP(S;(By))

=: Ep211 + Ep2n2.
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By Holder’s inequality and (8),

Eons Y. Vg 207D+ o) =r2

(y—De=4y
—e41 2P 45)
du(y)dt
Frory (VL 2
f / ey VD
2-C d(x,y)<t L2(B(xp,2=DE(1+|7])))
On the other hand,
2= £+1 1/2 2
du(y)dt
Firry (WL 2
/ / Py VD) S
2 d(x,y)<t L2(4B(xp,20r=DE(14|7()))

o—t+1

_ 2dp(y)dt
_ f f f Frery VD) P dia(x)

4B(xp,20=DE(14|c)) 2-¢ d(x,y)<t

o—t+1

d d
ff f ‘ (x) |F,,T,r3<ﬁ>a(y)|27’du<y).

X 2=t d(x,y)<t

Since
d
/ w(x) <1, (46)
Vix,t)
d(x,y)<t
we have
o—t+1 172 :
du(y)dt
Frory(WL)a(y)?
FroernVDaG) P =S
2t d(x,y)<t L2(4B(xp,20r=DE(14|7()))
—t+1

dt
< / I Fr g (man%?
2—(

which, together with the fact that

I Frerg(WL)all2 < |Frrry (VL) ll22llal2
<|IFiergll22llall2

< Frerpllcllall
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Smin{l, 2 rg) ™M1 429770V (B2,

implies that

2= +1 1/2 2
du(y)dt
F VL 2
/ / oy VD)
2—t d(x,y)<t L2(4B(xp,2r=DE(1+7])))

<min{l, 2% p)*My(1 + 2577y (B! 7P
<V(B)!?P,

Inserting this into (45) we arrive at

Eouns Y. V(s 207D +1ep) P Pvmyr/2!
(y—De=¢ty

<D (prhrery gt
(y=1e=Lo

S D (i Tty
(y=1t=Lo

S+ TP,

where in the second inequality we used (8) and in the third inequality we used the fact 2¢0 ~ rp.
To estimate E1212, by Holder’s inequality,

LEREDY S v+ ) P2
(y=De=ty j=(y—Dl—Lo+2
2- 41 ]/2 14 (47)
du(y)dt
F VL 2
/ / |Fyrrp (VW L)a(y)] VD
2—t d(x,y)<t Lz(Sj(Bf))
Note that
o—t+1 1722
du(y)dt
/ / |Frrs VDaO) P 7=
2—¢ d(x,y)<t Lz(Sj(Br))

—l+1
d
/ / / P WDa() P “(”’ dp(x)

, 1)
Sj(Br) 2=t d(x,y)<t
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2—t+1

IA

d
/ V’(‘(x))|FmB<f Ya(y)P? —du(y)
2=t Uj (By)d(x,y)<t

—t+1

A

d
\Froers <ﬁ>a(y)|2du<y)7’,

2’5 Uj,t(Br)

where Uj (B;) = {x € X :d(x, §;(B;)) <t} and in the last inequality we used (46).
Using the properties of atoms we further obtain

@+1 1722
du(y)dt
F, VL 2
| Fy g (W L)a(y)] VoD
2 e dir, y)<’ L2(S;(Br))
27(4»1
dt
2
/ |FtTrB(\/—)”LZ(B)ﬁLZ(Uj,(B ))” ”2
2—2
2— £+1

dt
(B)—>L2(U;+(By)) ¢ °

<vB)r / |Fovers WD)

By a simple calculation, it can be verified easily that

d(B,U;(By)) =2/ (1+|t|)rg,

provided that 27¢ < <271 j > (y — )0 — £y +2.
Using (23) in Lemma 2.10 and the fact # ~~ 2% in this situation, we have, for ko > ns,
| Fy zrg (\/Z)||L2(B)HL2(UJ-J(B,))
< (@7 + [ehrg) 01+ yfo2 o1 4 27 R0=n9))y min{1, (27 5,)2M)
< (2 rp) 02t (1 4 27 € R0y ming 1, (2¢r,)7M)

<27k byg y~Ro (1 4 27 Eko=nsp)y ming1, (2475, )2M}.

Consequently,
2—£+| 172 2
du(y)dt
Frery WL)a(y)[?
[ [ Ve Daor
2=t d(x,y)<t L2(S;(Br))
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o—t+1
j dt
S VBT (1 4 22 omnen)) 272k (28 rp )70 min{1, (2¢rp, )M} —
2—t
< V(B)1—2/P2—2jk0(2Zer)—2ko(1 + 22y€(ko—ns[,))min{l’ (Zger)A;M}.
Inserting this into (47) and then using (8) and M > k¢ /2,
EonS ), > veia+ns) e
(y=De=ty j=(y—Dt—Lo+2
=0
X V(B)P/Z—lz—l’jko(2erk)—pk02pyl(k0—n5p) min{1, (ZKVB,{)ZPM}
+ Z Z VI + [t))B)! P2y (B)P/2 1 Piko (2t )Pk
(y=De=ty j=(y—Dl—to+2
<0
x min{1, (2°rg,)*PM}
< Z Z (1+ |-L-|)P”5p2*1P(k0*”5p)(zeer)fpkozpye(kofns,,)
(y=De=ty j=(y—DLl—Lo+2
>0
x min{1, (2°rg,)*PM}
D> S (et 2y )Pk min(1, (2t PV
()/*el)lz’)zlo J>(y—1)e—Lp+2
<

SA+leh?™r Y @) {1, Q)M
(y—Dt=£y
>0

+ Z (14 |z|)Prer (2(V*1)€*@0)*P(k0*n5p)(zeer)*pko min{1, (2Zer)2pM}

(y=Dl=to
£<0

S+ [zpPrer.
Therefore,
Ep1 S (14 [z)hPmer.
It remains to show that
Eip S (14 |ThPrer.

Applying Holder’s inequality,
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Exn S Z Z

(y—De<ty j=2

2— —{+1 1/2 g
du(y)dt
x V@' (1 +|z))B)' P2 / f |Firy (VL)aly )lth( )
2~ dxly)<t L2(5;(B.)

(48)
At this stage, arguing similarly to the estimate of the term Ej;; we come up with

E1n S (1L+[r)Per.

For the details we would like to leave to the interested reader.

This completes the proof of (15).

In order to reduce to the sharp estimate (14). We note that by interpolation, the Davies-Gaffney
estimates (10) and (11) implies that the operator L satisfies GGE(p) for all pg < p < p6. This,
together with Proposition 2.5, implies that

H](X)=LP(X) forall py < p < pj.

At this stage, by using the standard argument (see for example [27]) and Proposition 2.4 the
estimate (14) follows immediately from (15).
This completes our proof. O
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