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Abstract. Space charge forces represent main induced effects in an RF-injector that degrade
the beam quality. In this scenario the laser distribution sent on the photocathode acquires an
important role in the emittance compensation process, as the slice analysis shows. Starting
from the preliminary studies performed on [1], a novel semi-analytical model of space charge
forces is proposed in detail for bunch with arbitrary charge distribution to derive expressions
of self-induced forces. The performance of the fields at low energy regime (as the field has
not expired RF forces) is under present analysis, we can investigate use of this model in low
charge regime. Further, the model has been bench-marked with the behavior of the distributions
present in the literature and studied for new ones. It has also been applied for the study of the
optimization of a C-band hybrid photoinjector now being commissioned, thus explaining the
factor two reduction of the emittance observed at the exit of the gun by changing the initial
distribution at the cathode.

1. Introduction
In modern accelerator applications such as free-electron lasers [2, 3], inverse Compton scattering
sources[4, 5] and ultrafast electron diffraction[7, 8], producing high brightness beams with large
peak currents and low transverse emittances is essential [9, 10, 11, 12]. However, the presence of
space charge can lead to unwanted emittance growth [13], which negatively impacts accelerator
performance. To address this issue, researchers have been working to better understand the
mechanisms behind space charge growth [14] and develop effective strategies to prevent it.
One promising approach to mitigating emittance growth involves linearizing the spatial charge
forces [15, 16]. Recently, a new analytical model based on the Green function method has been
proposed, which can be used to study the behavior of space charge fields in the presence of
any longitudinal and transverse laser distribution. This model has the potential to significantly
improve our understanding of space charge effects in particle accelerators and could lead to the
development of more effective mitigation strategies.
In this study, we applied this analytical model to investigate the impact of the transverse
distribution of a laser on the emittance of a C-band hybrid photoinjector developed by Luigi
Faillace et all [17]. The C-band hybrid photoinjector[18, 19]is a type of particle accelerator that is
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designed to produce high-brightness electron beams for use in a variety of scientific applications,
including free-electron lasers, synchrotron radiation sources, and ultrafast electron diffraction.
The design of the C-band hybrid photoinjector is based on a combination of radiofrequency (RF)
acceleration and photoinjection, which allows for precise control over the energy and emittance
of the electron beam, thanks also to velocity bunching approach [20].
Through simulation, we found that modifying the transverse distribution of the laser resulted
in a significant reduction of the emittance, by a factor of 2. By applying slice analysis[21] and
an analytical model[1], an explanation for the observed phenomenon has been then obtained.

2. Space charge analytical model
A beam with a charge density of ρ(r, t) and traveling at a speed of v = ẑβc within a circular
pipe with a radius of b generates a scalar potential ϕ, which satisfies the inhomogeneous wave
equation [22]: (

∇2 − 1

c2
∂2

∂t2
)
ϕ = − ρ

ϵ0
. (1)

Assuming cylindrical symmetry of the beam pipe, where the position vector is defined as
r = (r, θ, z), the Green’s function method can be used to describe an arbitrary beam distribution
[23, 24]. The scalar potential ϕ(r, z) can be expressed as the integral of the Green’s function
G(r, z; r′, z′) with respect to the charge density ρ(r′, z′), where the variables in superscript refer
to the beam sizes. The Green’s function G(r, z; r′, z′) for an asymmetric charge distribution
ρ(r′, z′) with no θ dependence can be computed by solving the inhomogeneous wave equation
for a unit ring of charge (in r, z space) located at the source point (r′, z′). The Green’s function
method can then be used to analyze the beam distribution and the resulting solution can be
expressed as the sum of two terms: a direct charge term and an image charge contribution.
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where k is the wave number in the Fourer space, r< = min{r, r′}, r> = max{r, r′} and I0(x)
and K0(x) are the modified Bessel function.
The image charge is due to the presence of the circular beam pipe and can be ignored if the
transverse dimensions of the beam are much smaller than the pipe radius.
The scalar potential for an arbitrary charge distribution density using standard properties of
Fourier transform is:

ϕ(r, z) =

∫
dτ ′G(r, r′, z − z′)ρ(r′, z′)

=

∫
dS′

∫
dk

2π
eikzG̃(r, r′, k)ρ̃(r′, k)

(4)

where ρ̃(r′, k) is the volumetric charge distribution on the Fourier space.

3. Hybrid photoinjector Space charge Analysis
The hybrid photoinjector use a new way to create bright beams. This device combines a
photocathode with a 2.5 gun cell SW section and a TW section through an input coupling
cell[17]. It has advantages over a standard split SW-TW system, including eliminating rf
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reflections and avoiding the bunch lengthening effect. The rf coupling between the SW and TW
sections creates a 90° phase shift, which produces a strong velocity bunching effect resulting in
very short bunch lengths [20]. In the framework of beam dynamics optimization the process of
shaping beams during photocathode injection has been studied using two different transverse
laser distributions. The first distribution is a uniform flattop distribution in r, while the second
is a truncated Gaussian with a hard radial edge achieved through collimation at a radius of
0.5 mm. This study showed that using a truncated Gaussian transverse laser distribution
provides two significant operational advantages. The use of the truncated Gaussian transverse
laser distribution provides a significantly emittance lowering compared to previous designs. In
initial studies, a uniform transverse laser illumination yielded an optimized rms normalized
emittance of approximately 0.75 mm mrad. However, when using the truncated Gaussian laser
profile on the photocathode, the normalized emittance decreased dramatically to 0.46mmmrad.
The simulation of this case (performed by using the General Particle Tracer (GPT) code [25]),
using 1 million macro-particles to ensure conclusive results, is depicted in Figure 1.

Figure 1. Comparison of Cut-Gaussian and Uniform transverse distributions in emittance performance
of the hybrid photoinjector and two subsequent accelerating sections. Red curve: Cut-Gaussian
distribution emittance. Blue curve: Uniform distribution emittance.

To explain the observed behavior, we used slice analysis to divide the particle distribution into
longitudinal slices and track the beam’s evolution over time. Then, the analysis of the transverse
phase space of the beam showed significant non-linearities for the uniform distribution, even at
low energies, in contrast with the truncated Gaussian distribution. These results are displayed
in Figure 2. Where the respective longitudinal slices were overlapped for the two different
distributions. To reproduce and justify the observed behavior of the transverse phase space, the
described model was applied to the beam generated by the hybrid photocathode. Then, the
longitudinal distributions used was:

λ(z) =
e−z2/2σ2

z

√
2πσz

(5)
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Figure 2. Comparison of Uniform and Cut-Gaussian Transverse Distributions: Beam Slice Analysis.
The figure displays the transverse phase space of a newly generated beam, using uniform and cut-gaussian
distributions. The plot consists of 10 small images, each representing a slice of the beam. Nonlinearities
are observed in the transverse phase space of the uniform distribution, even at low energies, while the
cut-gaussian distribution shows a smoother and more uniform behavior, leading to enhanced beam quality
and efficiency.

while the uniform transverse distribution is given by:

R(r) =
1

πa

{
1, if 0 < r ≤ a

0, otherwise
(6)

and the truncated Gaussian one is given by:

R(r) =

{
R0 + (R1 −R0)

(
1− r2

a2

)
, if 0 < r ≤ a

0, otherwise
(7)

where a and σz are respectively C-Band hybrid photo injector beam radius and the beam length
at the cathode (beam just emitted) and the constants R0 and R1 are defined taking into account
the 1σ cut and normalization conditions.
Therefore, by applying equations 5 and 6, 7, the radial spatial charge distribution shown in
figure 3 was obtained using the parameters described by the hybrid model.
The figure3 shows the variation of the space charge field as a function of the beam radius

r. As evident from the plot, there are non-linear components for both distributions, i.e., Cut-
Gaussian (continuous red curve) and Uniform (dashed black curve). However, in the case of
the Cut-Gaussian distribution, the linear components dominate in the core of the beam. The
image was analyzed for different values of fixed z, but the shape of the field does not significantly
change with the longitudinal position within the beam. This is also confirmed by the observation
of the slice analysis reported in Figure 2, where it is evident that the distortion effect of the
phase space due to space charge forces is more or less the same for all the slices.
The qualitative agreement between the transverse space charge electric field (Fig. 3) and the
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Figure 3. The plot depicts the variations of the normalized radial space charge fields within the beam
as a function of the normalized transverse position. Specifically, the results are presented for two distinct
transverse distributions: the Cut-Gaussian distribution, which is illustrated by the continuous red curve,
and the Flat-Top distribution, which is represented by the black dashed curve.

prediction derived from the slice analysis model (Fig. 2) provides compelling evidence of the
accuracy of the model in describing the underlying dynamics of the beam. Moreover, the
agreement between the two suggests that the model is capturing the essential features of the
beam’s transverse behavior, as well as the influence of the space charge forces that are known
to impact the beam’s emittance.

4. CONCLUSION
In conclusion, we have applied a new analytical model based on the Green function method to
study the impact of the transverse distribution of a laser on the emittance of a C-band hybrid
photoinjector. Through simulation, we found that modifying the transverse distribution of the
laser resulted in a significant reduction of the emittance, by a factor of 2. We also used slice
analysis and an analytical model to explain the observed phenomenon. Our findings suggest that
linearizing the spatial charge forces can be an effective approach to mitigating emittance growth
in particle accelerators. The analytical model presented in this study can be used to further
investigate the behavior of space charge fields in the presence of arbitrary longitudinal and
transverse laser distributions. This could lead to the development of more effective mitigation
strategies and ultimately improve the performance of particle accelerators used in a wide range
of scientific applications.
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