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Universal photon-based quantum computing requires optical
nonlinearities, which can be induced by intermediate measurements and
by adaptivity, to be supplied to linear-optical elements. In a near-term
perspective, itis essential to probe whether dynamics going beyond linear
optics canbe accessed with alimited amount of resources. Although

recent results show how linear-optical dynamics implies bounds on the

set of photonic states that can be generated, quantitative methods for
studying the emergence of nonlinear dynamics are largely missing. Here
we analyse aregime in which such bounds can be surpassed. We do this by
leveraging an adaptive boson sampling architecture in which the optical
evolutionimplemented in a photonic device is progressively adapted via
measurement-based feedback. We introduce practical methods to quantify
the emergence of agap with respect to linear optics and derive nonlinearity
witnesses from the properties of linear-optical evolution. Then, we validate
the toolbox developed within adaptive boson sampling architectures of
increasing complexity implemented on a state-of-the-art photonic platform,
both by realizing real-time adaptivity and by emulating adaptive protocols
via post-selection for more complex configurations. In particular, we probe
experimentally a regime in which nonlinear dynamics, unobtainable within
alinear-optical paradigm, can arise, thus showing how optical architectures
with limited adaptivity are a powerful testbed for exploring new regimes.

Although current photonic technologies' still require a technological
leap to reach the functionalities of a fully fledged universal photonic
quantum computer, several instances of architectures tailored to real-
ize non-universal models of photon-based computation, based on the
boson sampling (BS) paradigm and its variants*™'°, have been recently
implemented" . However, the dynamics underlying the standard
BS proposal—obtained with solely linear-optical elements—while
still being hard to simulate with classical hardware, is known to be a

restricted model for photonic quantum computation®. To realize a
fully universal scheme, itis necessary tointroduce asufficient number
of effective optical nonlinearities'. Recent studies have investigated
howtointroduce such effects, either directly via effective interaction
dynamics within nonlinear media or by supplying other ancillary
resources together with measurement-based adaptivity of the optical
evolution®%, The former approach is technologically challenging
to achieve’®, whereas the latter introduces an overhead in terms of
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the number of optical components® or of the dimensionality of the
required photonic resources*%.

Between linear-only BS evolution and universal schemes based
on a sufficient number of nonlinearities, which can be understood
as the extreme scenarios for photonic quantum computing, one can
define a range of intermediate cases where only a moderate number
of nonlinearities is present. Specifically, research efforts'***~° have
focused onwhether the BS paradigm could be progressively extended
by adding specific elements and functionalities. Indeed, the BS model
integrated with asufficient number of nonlinear features doesretrieve
universality?*. The so-called adaptive boson sampling (ABS) paradigm
was recently developed as such anintermediate regime’. The ABS archi-
tecture uses an adaptive optical interferometer. Specifically, a given
number of intermediate measurements are carried out and, according
to the measured outcome, the subsequent optical evolution is adap-
tively reconfigured. The protocol was firstimplemented on a photonic
platforminref.17, where adaptivity was emulated via post-selection.

Given such partial adaptivity and the presence of coalescence
effectswith ancillary photons, one might ask whetherinsucharegime
one can access a dynamical evolution that goes beyond linear optics.
Are there ABS output photonic states that cannot be prepared deter-
ministically in an equivalent linear-optical picture? How can we char-
acterize this new regime?

Specifictools must be developed to probe theemergence of sucha
gap.Some previousresultsin this direction have been reported, largely
focused ongiving bounds on the set of accessible linear-optical evolu-
tions in Fock space using group-theoretic and geometric methods® ¢
orinacontinuous-variable paradigm® .

Inthis work, we develop specific tools to probe nonlinear dynam-
ics, employing them in an experimental setting to show that via ABS
one can access aregime that, indeed, goes beyond linear optics. A set
of witnesses for the emergence of optical nonlinear dynamics areintro-
duced. These witnesses are based on the measurement of the output
Fock-basis density matrix, and they use quantities associated with the
Lie algebraic structure at the core of a linear-optical framework®**°,
Furthermore, such witnesses are tested in experiments of increasing
complexity by employing a hybrid photonic architecture tailored for
multi-photon experiments™*°**, Adaptivity is implemented through
real-time feed-forward, such that the optical circuitis actively reconfig-
ured conditioned on measurement outcomes, for an ABS configuration
with two output photons and two output modes. For more complex
experiments with up to n =4 input photons and increasing numbers
of output photons and modes and involving two different photonic
integrated devices, the ABS protocol is emulated via post-selection.
Although this approach requires sampling over several fixed inter-
ferometric configurations and requires the data to be recombined to
emulate a single ABS experiment, post-selection provides an experi-
mentally accessible route for emulating adaptive protocolsinincreas-
ingly complex regimes.

Overall, our results show how the ABS paradigm enables
one to access resources that are not obtainable when relying on
only linear-optical dynamics, namely the dynamics implied by a
BS architecture.

The ABS paradigm
The generalidea underlying the ABS protocol, asintroducedinref. 9,
isdescribed below. Consider an optical interferometer with m spatial
modes and an n-photon state |s) = [1®70®(m=-1) at the input. In the
general case, the ABS paradigm caninvolve a cascade of adaptive stages
in which several intermediate measurements are performed sequen-
tially, and each measurement outcome conditions asubsequent adap-
tive unitary acting on the remaining modes.

Overall, an adaptive interferometer U associated with agiven ABS
scheme can be understood as a set of non-adaptive interferometers
described by a unitary matrix U, each associated with an adaptive

outcomestringp=(p"”, ..., p™), where the outcomes p® = (py, ..., py,)
are obtained from the measurement of r,photons in k, modes at each
adaptive stage:

U :={Up.|P) € 1@ )

@
Up 1= [ ® VOPD)] - [, & VO(PD)] - Up,

where k = Zlek,and r= Eler,, {VO(p")}denotes asequence of adap-
tive unitaries, each conditioned on the corresponding intermediate
measurement outcome p, and 1, denotes the identity matrix on
kmodes.

Conditioned onthe observation of a given adaptive measurement
outcome, the output state encoded by a superposition of Fock-basis
statesof n’ = n — r photonsin m’ = m — k modes is given by:

Wo)tpl = Trl(PYPI ® L0 Upls)SITp ) @

where the hat notation (for example, 0) is used to denote quantum
operators acting on the Fock space.

Unless otherwise specified, in the following sections we focus on
asingle adaptive unitary, which is shown schematically in Fig. 1a, as it
captures the essential features of the ABS paradigm. Extended con-
figurations involving several adaptive stages are discussed explicitly
whenrelevant.

Reference 9 provides a complete analysis of the classical simula-
bility of the ABS protocol and how it can be employed as a primitive
for typical quantum machine-learning architectures**. Moreover, a
firstexperimental implementation of the ABS protocol on a photonic
platform, in which adaptivity was emulated via post-selection, was
performedinref.17.

Witnessing nonlinear dynamics

By focusing on the outputresources generated by an ABS architecture,
the overallgoal of this work is to analyse whether aregime going beyond
linear optics can be accessed in a scenario with limited adaptivity
(Fig. 1b). Specifically, we focus on scenarios involving more than one
output photon (n’ > 1)traversing the m’ output modes, in contrast to
our previousimplementation” where n’ = 1.Indeed, n’ > 1isaminimal
requirement to access nonlinear dynamics, as it has been shown that
all possible states of a single photon in m modes are obtainable from
agiven input using linear optics only* by providing a suitably con-
structed and sufficiently deep m’ mode linear-optical network. Con-
versely, when considering n’ > 1, it has been proven that due to
arguments related to the physics of linearly interacting bosonic sys-
tems, some constraints do arise that effectively reduce the set of acces-
sible output states from agiven Fock state input® *. Therefore, within
an ABS protocol with n’ > 1 photons atthe outputand where adegree
of measurement-induced nonlinearity is present, it may be possible
to observe adynamical evolution that bypasses these constraints with
respect to an equivalent linear-optical model, thus allowing an ABS
architecture to generate at its output photonic resources that would
otherwise be inaccessible.

Passive separability and emergence of optical nonlinearities

Toverify the generation of resourcesinaccessibleinthe linear regime,
oneneeds todefine suitable and measurable witnesses attesting to the
emergence of dynamics going beyond linear optics. As described below,
we employ two parallel approaches, which can both be related to the
general concept of passive separability introduced in ref. 38. Namely,
astate |@)is passively separable if there exists a passive linear unitary
operator V such that V|g) is separable*. The role of this concept in
photonic quantum computational advantage was analysed in ref. 46,
which also showed how the lack of passive separability implies the
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Fig.1| Conceptual scheme of ABS and its verification. a, The BS paradigm uses a
passive linear-optical dynamics to implement non-universal models for photonic
computation. By supplying a sufficient amount of ancillary resources and
measurement feed-forward, universal functionalities can be achieved. Between
these two extremal scenarios for photonic quantum computing, the ABS
paradigm was developed as an extension of BS in which a finite amount of
measurement-induced adaptivity isintroduced. In the single-stage ABS
architecture considered here, n denotes the number of input photons, m the total
number of modes and k the number of modes dedicated to adaptive
measurements. The interferometer is constructed as a sequence of a unitary U,
acting on all mmodes followed by a unitary V(p) acting on the last m — k modes,
which depends on the measurement outcome p for the photons detected in the k
adaptive measurement modes. b, To probe the dynamical evolution going
beyond linear optics, a set of measurement-informed quantifiers on the output
state |¥) of an optical network is introduced. Such quantifiers are employed as
witnesses for the emergence of nonlinear dynamics.

emergence of a so-called non-Gaussian entangled resource that has a
direct impact on bosonic-based quantum computation. Notably, this
means that states lacking passive separability are entangled inany mode
basis. Crucially, here we show explicitly that passively separable states
that are eigenstates of the number operator have a specific structure:
Theorem 1. Let N = Zm a'a; be the number operator over m=0
modes. Let |) be a pure state ouerm modes such that N|) = n|y), with
n=0. A Fock-basis state |¢) is passively separable zf and only if there
exists an n-photon pure state 7" 1), with Z Ny =n, and an
m-mode interferometer Usuch that |y = UQT",|n;).

This newresultis provenin ‘Proof of the main theorem about pas-
sive separability’ in Methods. It states that the class of passively sepa-
rable states with a well-determined total number of photons n
correspondstothe overall set of resourcesthat canbe generated at the
output of an equivalent passive BS device fed with one fromamongall
the possible Fock-basis states in the form ®,|n;) with Zgilni =n.In
otherwords, iftheinitial state at the input of aninterferometer is sepa-
rableacrossthe optical modes, thenshowing that the output state lacks
passive separability means that it can be generated only with an evolu-
tion that goes beyond linear optics.

The first approach developed here aims to quantify a distance
metricbetween the set of optical states constrained by a linear-optical
evolution and a fixed output state obtained in an ABS configuration.

This approach relies on the full reconstruction of its density matrix
in a Fock-basis representation. Although some general schemes have
been proposed to performtomography of statesin a high-dimensional
Fock space*, such procedures become increasingly impractical for a
high number of photons or modes. Therefore, in this experimental
validation, this criterion is applied only in a two-photon, two-mode
regime, following the procedure detailed in Supplementary Section 1.

Givenknowledge of the output state Fock-basis density matrix p;,
one can check for the lack of passive separability by evaluating the
distance between p; and the set of states that can be obtained in an
equivalent linear-optical framework. This is equivalent to solving the
following problem:

W(®) = min (1- F(,6)) > 0. 3)

O\ny,ny)

Here @, ,,) identifies the set of states achievable by a passive BS
scheme with an input two-photon state |n;, n,) and an arbitrary two-
mode optical evolution. F(p, &) denotes the standard fidelity metric*s.
Overall, if one can show that W(p,) > 0 holds with respect to both
0/, and @, ), then p; will lack passive separability, here understood
as the emergence of anonlinear signature associated with the optical
evolutionimplied by the ABS architecture.

Violation of Lie algebraic invariants as a nonlinearity witness
When a full reconstruction of an output state in the Fock-basis rep-
resentation becomes unfeasible, one can still probe deviations from
linear-optical dynamics. This can be achieved by leveraging Lie alge-
braicinvariants. These invariants were proposed in ref. 34 to study the
fundamental constraints associated with a linear-optical evolution,
specifically ina passive BS paradigm, from the perspective of photonic
state preparation. Notably, it was shown how the unitary dynamics
implemented by passive linear-optical interferometers can be related
tothestructure of Lie algebras. As a consequence, numerical quantities
that can be computed from suitable measurements on a Fock-basis
state are invariant throughout a linear-optical evolution.
Specifically, the following expression can be considered:

mZ
1p) = Z (Tr(O,p)) 4)
which depends on the expectation values of a set of m? operators a,.,
as defined in ‘Lie algebraic observables’ in Methods. It can be proven
thatunder alinear-optical evolution, described by a unitary operator
Ujin, the value attained by equation (4) is invariant:

~ Uin ~ A~ A~
Pin — Pout = 1Bin) = IPour): )

where p;, identifies a fixed input state for the linear-optical network.
The invariance properties defined by equation (5) and the associated
linear-optical dynamics were recently tested and experimentally con-
firmed in a broad range of passive BS experiments*°

Conversely, whenever I(D;,) # I(Doy:), one can conclude that one
of the underlying constraints, namely the assumption of the optical
dynamics being linear, is violated. Overall, one can interpret a Lie
algebraicinvariant not only as atool to evaluate whether a photon state
canbe prepared vialinear optics but also asawitness of theemergence
of nonlinear-optical dynamics. In the present context, the lack of pas-
sive separability for a given m’-mode, n’-photon state p at the output
ofan ABS dynamics canbe probed by showing that its associated invari-
ant /(p)deviates from the set of possible invariants that can be obtained
inany passive BS experiment, thatis those computed onall n’-photon
statesintheform|s) = ®j”;/1|n’j) withn' = Zj'iln’j. Finally, we also note
thatif we are to draw conclusions about the lack of passive separability
ofthestate p at the output of agiven optical protocol, adescription of
the underlying optical evolution generating it is not required.

Nature Photonics | Volume 20 | August 2026 | 941-949

943


http://www.nature.com/naturephotonics

Article

https://doi.org/10.1038/s41566-026-01959-3

Quantum dot

c Stabilization signal

Integrated
processor

Stabilization
/ photon
o

Piezo

Coherent delay
Rhoton
for
stabilization

Fig. 2| Experimental scheme used to verify the nonlinear behaviour of the ABS
scheme via QOLOSSUS-PRO. a, Experimental scheme to generate multi-photon
input states. A quantum-dot single-photon source is interfaced with a time-to-
space demultiplexing stage to generate synchronized multi-photon states with
up to four photons distributed over distinct spatial modes. b, Experimental
layout of the reconfigurable photonic processing stage. The multi-photon states
areinjected into programmable photonic integrated circuits (PICs) with either 8
or 12 spatial modes, which are configured to implement the ABS interferometric
configurations employed in this work. ¢, Experimental scheme for the realization
of adaptive measurements and real-time feed-forward operations. A three-
photoninput state is first processed by an initial unitary U, implemented on

the eight-mode PIC. Six modes are used in the adaptive measurement of one
photon, and the remaining two-mode, two-photon state is routed to the adaptive

8-mode universal reconfigurable processor

Integrated
processor

12-mode universal reconfigurable processor

Feedback from
measurements

Displaced
_Sagnac

processing stage. The latter undergoes polarization conversion and active phase
stabilization, assisted by an auxiliary stabilization photon counter-propagating
through the chip, which provides feedback to a proportional-integral-derivative
controlloop acting on a piezo-electric element. To enable real-time feed-
forward, the polarization-encoded state is delayed with a240-m-long optical
fibre compensated with a polarization controller. The state is converted back

to spatial encoding via a displaced Sagnac interferometer. An electro-optic

phase modulator applies at this stage a measurement-conditioned phase

shift depending on the outcome p measured by an avalanche photodiode

and processed by a logical unit, effectively implementing the adaptive
transformation V(p). Finally, the output state is analysed using a pseudo-number-
resolving detection scheme exploiting fibre beam splitters. PC, polarization
controller; PID, proportional-integral-derivative; PM, phase modulator.

Experimental results

To provide an experimental demonstration of the nonlinearity of
the resource states produced via the ABS scheme, we employed a
state-of-the-art set-up comprising several interconnected stages.
The QOLOSSUS-PRO photonic machine has a demultiplexed
quantum-dot-based source (Fig. 2a), interfaced with either an 8-mode
oral2-mode programmable integrated interferometer*°** (Fig. 2b).
For more details of the experimental apparatus, refer to ‘Experimental
apparatus’in Methods.

As mentioned in ‘Witnessing nonlinear dynamics’, within an ABS
scheme, the minimal requirement for observing nonlinear dynamics
going beyond linear optics is to have n’ > 1 photons distributed on
m' > loutput modes.

To benchmark the experimental platform and validate its ability
toimplement ABS protocols, we performed two kinds of experiments
inthis non-trivial regime.

Thefirst employs real-time adaptivity and effectively implements
a single-stage ABS experiment that probes nonlinearity in the case
with n’ = 2 output photons and m’ = 2 output modes. In this experi-
ment, genuine feed-forward control is implemented following the
scheme shown in Fig. 2c and described in detail in Supplementary
Section 2. We briefly summarize it below. After the intermediate
detection of asingle photon (r=1) in k=6 modes, the two undetected
outputs are converted into polarization-encoded modes through a

path-to-polarization converter with active phase stabilization (Fig. 2c).
This procedure is crucial for phase-stable propagation outside the
photonic chip. Then, the two-photon polarization state is temporally
delayed using a 240-m-long optical fibre, which provides sufficient
time to process the measurement outcome and apply the correspond-
ing adaptive operation. The photons are then converted back into
spatial modes using a polarization-to-path interferometric stage
(adisplaced Sagnac interferometer), during which an adaptive phase
shift is applied in real time to one interferometer arm via a fast
electro-optic modulator. The applied phase depends explicitly onthe
detected measurement outcome, which determinesthe voltage applied
to the electro-optic modulator within a predefined evenly spaced
range, thereby realizing an outcome-conditioned unitary transforma-
tion V(p). The corresponding ABS configurationisillustrated in Fig. 3a,
in particular in the upper left diagram for (n’,m’) = (2,2). The green
arrow indicates the real-time implementation of adaptivity.

The second kind of experiment implements single-stage ABS
architectures featuring output states with n’ = {2, 3} photons across
m' = {3,4,5} modes. In these cases, the experiments are performed
by emulating adaptivity through post-selection, which allows the
exploration of more complex output configurations within the same
single-stage ABS paradigm. In these experiments, the programmable
device with m = 8 modes is programmed into two blocks, the first
implementing afixed and randomly extracted unitary transformation
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Fig. 3| Implementation of ABS experiments with an increasing number of
output photons and modes. a, Diagrams of theimplemented ABS experiments
with m=8modes and increasing numbers of output modes m’ and output
photons n’.Inthe (2,2) case, the experiment implements real-time adaptivity,
whichis represented by the solid green arrow. Data from the real-time adaptive
experimentare also highlighted in greenin c. Inall other configurations,
adaptivity is emulated via post-selection (dashed arrows). In this case, the
experiments have n=4 input photons and detect r photons in the adaptive
measurement modes, thus resulting in an output state of n’ photons in m’ modes.
b, Summary table reporting, for each configuration, the number of sampled
input transformations U,, the number M of measurement outcomes and
corresponding adaptive unitaries (p;, V;), and the average value of 1-TVD,,,
where TVDy;,, is the total variation distance with respect to the numerical

simulations (with amodel accounting for experimental imperfections), averaged
over all sampled instances of U, and V. Configurations in which bunching events
arealso considered to be valid adaptive measurement outcomes p;are marked
withanasterisk: (n’,m’)". ¢, Violin plots showing the distribution of the values
for1-TVDy,, taken as a metric of the quality of the overall implementation, for
the different output configurations (n’, m"). Each data point corresponds to a
distinct experimentally sampled adaptive configuration, defined by asampled
input interferometer U, and ameasurement-conditioned adaptive evolution (p,, V).
Foreach (n’,m’) configuration, the total sample size is given by the total number
of sampled adaptive instances reported inb, namely Ny, = ZX#USX)M(X),

where the sumincludes both standard and starred configurations when present.
The violin plots report the full distribution of the sampled values. Central
markers and error bars indicate mean values + standard deviations.

U, and the other an adaptive unitary V;acting on m’ modes. Diagrams
of the implemented configurations are given in Fig. 3a. The dashed
arrows indicate that adaptivity is emulated via post-selection. Note
that, here and thereafter in the post-selection experiments, the inter-
ferometer configuration for the adaptive unitary V;is chosenaccording
to a fixed, deterministic rule, which is not optimized for any specific
task butrather serves asageneric prescriptionto probe the ABS frame-
work. Specifically, the phases defining V; are chosen according to a
fixed mapping between the ordered measurement outcomes p;, with
i=1,...,M, and a set of phase values, for example, 6,= ¢, = in/(M +1).
Post-selection ensures a consistent correspondence between each
adaptive measurement outcome and the applied unitary V;.

The full output photon-count distributions are reconstructed in
the experiment via a pseudo-number-resolving technique that also
detects events where more than one photon ends up in the same mode,
following the data analysis procedure described in ref. 40. We note
that we record only events in which the number of photons detected
atthe output of the interferometer is equal to the number of photons
injected atits input.

To assess the accuracy of the experimental implementation, we
use the total variation distance TVDgj;,, = % | P —Pgnll, computed
betweenP, the measured distribution, and P, obtained with anumeri-
cal simulation of the experiment that incorporates realistic noise
sources affecting the apparatus. Specifically, P, is numerically com-
puted using a model that captures the dominant non-idealities of the
experimental platform, namely partial photon distinguishability and
multi-photon emission from the source but assuming that both the

unitary transformation U, and the adaptive evolution V;are correctly
implemented with no errors. Further details of the numerical model
employed are provided in Supplementary Section 3. The table in Fig. 3b
listsforeach {m’, n'}configuration the number of sampled U, instances,
the number M of different possible adaptive measurement
outcomes p; and adaptive unitaries V;and also the average values
Atyp = 1= TVDgj,. The full distributions of A, across all the imple-
mented ABS instances are shown in Fig. 3c. On average, values
of 4;,p in excess of 0.85 are obtained, thus confirming the high
accuracy of the implementation and the overall control of the
experimental apparatus.

As a subsequent step, the methods previously described to
probe the emergence of nonlinear-optical dynamics within the
ABS paradigm are applied. For this purpose, we performed new
experimental acquisitions.

First, we consider two experimental implementations yielding
two-photon, two-mode output states (n',m’) = (2,2), as shown in
Fig. 4a,b. The first one is an extension of the real-time adaptive ABS
experiment introduced before, with n =3 input photonsand r=1
measured photon. Thesecondimplementation has n=4input photons
and r =2 measured photons, and in this case, adaptivity is emulated
through post-selection. Inbothimplementations, after afixed evolu-
tion U,, measurement events withr={1, 2} photons arerecorded. Each
configurationisassociated with adifferent adaptive unitary V.. Then,
after the adaptive block, the projective measurements needed to
performacomplete tomography of the output state are implemented,
as detailed in Supplementary Section 1. For the real-time adaptive
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Fig. 4| Experimental results for two-photon, two-mode ABS with full output
state tomography. a,b, Diagrams of the experimentally implemented schemes
yielding a two-photon output state in two modes, (n’,m’) = (2,2).a, Real-time
adaptive ABS protocol with n=3 input photons and r=1measured photon. An
initial eight-mode unitary U, is followed by an intermediate measurement
yielding an outcome p,, which conditions the application of an adaptive
two-mode unitary V,via active feed-forward (solid green arrow). b, Post-selected
implementation with n =4 input photons and r=2 measured photons. The
adaptivity of the operation V,, conditioned on the outcome p,, isemulated in
post-selection (dashed arrow). In both cases, the final two-photon output state is
characterized via full quantum state tomography, implemented through a set of
tomographic projections T acting on the output modes. ¢,d, Fidelity kernel
matrices K;computed from the reconstructed output states obtained for a fixed
choice of U, and different adaptive unitaries V. ¢, Kernel matrix for the real-time
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adaptive experiment, constructed from the six reconstructed output states.

d, Kernel matrix for the post-selected experiment, constructed from the 15
reconstructed output states. e,f, Minimum distances 1 — F(, p'”)and

1— F(p, p'2°) between the reconstructed output states and the sets of states
obtainable via linear-optical evolution from the input states |1,1) and |2, 0),
respectively. e, Distances for the six states in the real-time adaptive experiment.
f, Distances for the 15 post-selected output states. In all cases, the distance is
approximated by sampling arepresentative set of ©O(10%) linear-optical states for
eachinput. Data are presented as mean values + standard deviation, obtained
from Monte Carlo resampling of the experimentally measured tomographic
counts assuming Poissonian counting statistics. For each reconstructed output
state, the distances were evaluated over N=100 resampled datasets generated
from the measured photon-count distributions.

experiment, this is performed by exploiting the polarization-encoded
representation of the modes, which enables the implementation of
the required tomographic projections T through a set of wave plates
located after the adaptive stage, as described in Supplementary
Section1.

To quantify the accuracy of the reconstruction, the state fidelity
between the experimentally reconstructed states p; and the corre-
sponding states obtained from a numerical simulation that accounts
for the dominant noise sources of the experimental apparatus is
evaluated. For the real-time adaptive experiment with n = 3, we
obtained an average fidelity F,_; = 0.83(6). For the post-selected
implementation with n = 4 input photons, the obtained average
fidelity was F,_, = 0.91(1).

The output state distribution in the output Fock space is shown
via the pairwise fidelzity kernel matrices (Fig. 4c,d), computed as

K = (Try/ \/Eﬁ,\/ﬁ) . We note that the distribution of ABS output

statesin Hilbert space can be substantially reshaped by different asso-
ciations between measurement outcomes and adaptive operations,
asdiscussed in Supplementary Section 4.

Giventhe knowledge of agiven ABS output state, one can numeri-
cally evaluate its minimal distance with respect to the set of states
obtainable via an equivalent passive linear-optical dynamics, as
described in ‘Passive separability and emergence of optical nonlineari-
ties’. To do so, ~10* random states were numerically sampled from the
sets of passive separable states 6, jyand 8),0). Asshownin Fig. 4e,f, the
values obtained for the minimized distances are, in most cases, greater
than zero, even when considering the associated experimental
errors. Overall, this demonstrates that, even in a small-scale ABS

implementation, the observed dynamics can hardly be traced back to
equivalent linear BS evolutions. For m’ > 2, we discuss a similar
approach based on the trace distance in Supplementary Section 5,
which we apply to the output distributions obtained from post-
selection experiments in these regimes.

Asafinal step, we experimentallyimplemented ABS schemes with
m' ={2,3,4}and n’ = {2,3}, focusing on the measurement of the Lie
algebraic quantity of equation (5).

First, we consider again the real-time adaptive set-up introduced
above and also extended configurations withupto n’ = 3output pho-
tons and m’ = 4 output modes. The corresponding interferometer
diagramsareillustrated in Fig. 5a,b, respectively. For the post-selection
regime, we show as arepresentative case the set-up with n’ = 2 output
photons and m’ = 4 output modes. In all cases considered, the final
layers of the interferometer were employed to implement the trans-
formations required to measure the observables O; used to compute
the quantity /(s ) for agiven output state p,gs. Specifically, we used
asuitable configuration of both balanced and cross beam splitters to
couple non-adjacent modes*’. A schematic representation of the cor-
responding interferometric architecture is shown in the lower right
parts of Fig. 5a,b. In this way, the average number of photons output
(;) was experimentally measured and used to estimate Tr(O;Pags)-
Note that, in general, measuring Lie-invariant observables requires
fewer measurements than full state tomography. When n’ =m’ = 2,
the observables required to evaluate /(p) are a subset of the tomo-
graphic measurements, and thus, no further measurements are
required in this case.

Figure 5d shows the measured values of /(Dags) for the real-
time adaptive experiments with n’ = 2 and m’ = 2. Figure 5e depicts
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Fig. 5| Lieinvariants as witnesses of nonlinearity in ABS. a-c, Conceptual
diagrams of the ABS protocols employed to probe Lie invariants. a, Real-time
adaptive ABS configuration with n=3 input photons and r=1measured photon,
yielding an output state with (n’, m’) = (2,2). Anintermediate measurement
outcome p conditions the application of an adaptive unitary Vviaactive
feed-forward. The final output state is characterized by directly measuring the
expectation values of selected Lie observables. b, Single-stage adaptive
configuration with n=4 input photons. A measurement outcome p conditions a
single adaptive unitary V,shown here for arepresentative case with m’ = 4
output modes. ¢, Two-stage adaptive configuration with n=4 input photons. Two
sequential measurement outcomes (p®, p?) condition two adaptive unitaries V¥
and V2. In these latter two cases, adaptivity is emulated through post-selection.
Inall cases, the lower right parts illustrate the linear-optical transformations that
need to be implemented to measure the expectation values of specific Ozj Ojk
and 0’;.,( observables. Inthe real-time adaptive experiment, these unitaries

were implemented using polarization-encoded wave plates, as described in

2.0 25 3.0

I(p)

Supplementary Section 1. In the post-selection experiments, they were
implemented directly on the integrated photonic chip. d-f, Experimental results
for the measured Lie-invariant quantities /(p) obtained from ABS experiments.
d,Measured Lie invariants obtained in the real-time adaptive experiment withn=3
input photons and output configuration (n’,m’) = (2, 2). e f, Histograms of
measured Lie-invariant quantities /(p) obtained from ABS experiments. In the
single-stage configuration (e), invariants are reported for different output
photon and mode numbers (n’,m’) = {(2,3), (2,4), (3, 3), (3,4)}.Inthe
two-stage adaptive configuration (), invariant values are shown for the probed
case (n’,m’) = (2,2).Inall cases, the histograms include results from different
output states generated by permuting the association of the adaptive unitary to
the measurement outcomes. Vertical dashed lines indicate the theoretical values
for I(p) from Fock states with the corresponding number of photons and modes,
as well as the theoretical minimum and maximum values allowed in each
configuration. We also show results obtained from simulating random ABS
output states within the corresponding configuration.
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the distribution of the measured values of /(9 ) for several emulated
ABS configurations defined via the parameters (n’, m’). Note that the
post-selection regime in these experiments allows one to consider
permutations of the association between measurement outcomes and
adaptive unitaries, as explained in Supplementary Section 6, thereby
increasing the available statistics. For comparison, the values of /(p)
associated with the relevant passively separable statesin each configu-
ration are reported, together with the minimum and maximum value
that canbe obtained in each configuration. The latter quantities were
computed following the procedure reportedinref.40 and are, respec-
tively, I(D) i, = N'2/m’ and I(D), ., = n".

Note that the measured Lie invariant /(Dags) can substantially
deviate from any Lie-invariant value obtainable in an equivalent pas-
sive BS dynamics with n’ photons in m’ modes, which shows that the
resources pags obtained via ABS can be obtained only in a regime
going beyond linear optics. We emphasize that the nonlinearity affect-
ing the invariant /(p) originates from the measurement operation. In
fact, different values of /(p) are observed for different outcomes p.,.
However, for a fixed measurement outcome p,, the value of /(D)
remains unchanged when permuting the association between p;and
different adaptive unitaries V.. This reflects that, in the single-stage
configuration, the conditional evolutioninduces alinear transforma-
tion of the output state. Thisis discussed in detail in Supplementary
Section 6.

Allthe analysis presented so far has been for asingle adaptive stage
after the application of the first unitary U,. Indeed, interesting dynam-
ics arise when several adaptive stages are cascaded. We studied this
regime in a set-up where two sequential measurement outcomes
(p®, p?) condition two subsequent adaptive unitaries V¥ and V®. This
configuration, schematically illustrated in Fig. 5c and described in
detail in Supplementary Section 6, results in an output state with
(n’,m") = (2,2), which is again analysed by measuring Lie-invariant
observables. Experimentally, this configuration isimplemented on a
12-mode integrated photonic processor. We exploited the increased
interferometric depth to include several sequential adaptive stages
within a single device. Figure 5f shows the experimentally obtained
distribution of /(pgs) in this configuration. In contrast to the single-
stage case, the measured invariant values now depend on the choice
of the adaptive unitaries, as detailed in Supplementary Section 6.
Although V® acts only as afinal linear evolution layer, ¥ reshapes the
state before the subsequent measurement, thus effectively changing
the nonlinear dynamics.

Furthermore, from data obtained in the m’ = {2,3} scenarios,
the spectrum of the state density matrices projected onto the subal-
gebraoflinear-optical Hamiltonians can also be computed. This offers
analternative criterion for showing that the states obtained inthe ABS
regime are nonlinear, as discussed in Supplementary Section 7.

Finally, note that evenif ABS could be employed to access aset of
states whose preparation is forbidden with only linear optics, there
still exists a regime in which such dynamics is not efficient, for exam-
ple, when kscaleslinearly with m. Notably, when kand rare allowed to
increase, the strategy proposed inref. 17 is to consider mixed states
formed by averaging over all (or subsets of) adaptive measurement
outcomes. Although the main analysis is focused here on pure states,
the mixed-state scenario is investigated in Supplementary Section 8,
which confirms that signatures of dynamics beyond linear optics
persistin this regime.

Discussion

In this work, we characterized the quantum resources that can be
obtained via the recently proposed ABS paradigm’, an intermedi-
ateregime towards universal photon-based computation in which
alinear-optical apparatus is augmented via measurement-induced
adaptivity. In particular, we probed whether the output states of an
ABS protocol lack passive separability*®, meaning that they can be

obtained only via beyond linear-optical dynamics. This was validated
by introducing practical witnesses for the emergence of such nonlinear
behaviours. These witnesses rely either onafull knowledge of the state
or on the measurement of the Lie algebraic quantities introduced in
refs.34,40. Through the present experimental implementation of ABS
schemes of increasing complexity with up to n =4 photons injected
into fully programmable integrated photonic processors with either
8 or12spatial modes and realized either through real-time adaptivity
in simple configurations or through the emulation of more complex
schemes via post-selection, the aforementioned witnesses provided
experimental evidence for the emergence of an optical dynamics going
beyond the passive linear-optical paradigm.

In conclusion, here we have demonstrated a clear gap between
the ABS framework and an equivalent BS paradigm in terms of the
set of achievable photonic resources, understood as states in the
Fock-basis state emerging from an optical interferometer. Crucially,
we provided a set of witnesses for the lack of passive separability of a
photonic resource. Given the existing link between this concept and
bosonic-based quantum computation, our results may be useful as
characterization toolsin arange of existing photon-based implemen-
tations of optical computational tasks. Finally, although large-scale
implementations of the ABS paradigm are still out of reach with present
photonic technologies, this work highlights how ABS can provide a
powerful testbed for exploring nonlinear quantum dynamics going
beyond passive linear optics.
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Methods

Proof of the main theorem about passive separability

As stated in the main text, it can be shown that passively separable
states that are eigenstates of the number operator take a specific
form.

Theorem 1. For m = 0, the number operator over m modes
N =Y a'a.Letn>0andlet|p)beapurestate over m modes such that
Nig) = n|). Then, ) is passive separable if and only if there exists
ny,...,n, € Nwithn, + --- + n,,=nand an m-mode interferometer U such
that|p) = UL, In).

Proof. The state |¢) = U®™, |n;) is intrinsically passively separable by
definition. We prove that a passively separable state thatis an eigenstate
of N necessarily has this form, with Yn, = n. The state |¢) satisfies
11," ) = |y, where

= il ® - @ Lim) Ul )

Jub i =n

is the projector onto the eigenspace of N for the eigenvalue n.

By the definition of passive separability, there exists an m-mode
interferometer U and single-mode states |¢),..., |¢,) such that
|y = UQ™,|¢,). As U does not change the total number of photons, it
commutes with the projector 77" and thus

- (m) o (m) PN
11, @) = I1, Uy = U™ )

(7)
=U'y) = L1l

Writing [¢) := X, o¥i,li) in the Fock basis, this directly implies that
Y1), - Ymj, = Owheneverj, + .- +j, #n.Letn, ..., n,suchthat ¢, # 0
foralliefl,...,m}. Thenn,+..-+n,=n,andforallie{l, ..., m}andall
Jj#n,wehaven,+-..+n,_ +j+n,,+--+n,#n,so

¢1,n1 wi—l,n,v_lwi,j‘piﬂ,n,vﬂ lpm,nm =0, (8)

which implies ¢;;= 0. This shows that |¢,) = |n;) forallie{l, ..., m} and
concludes the proof.

Lie algebraic observables

Following ref. 34, we consider Lie algebraic invariants arising from
the expectation values of an orthonormal basis of the linear-optical
Hamiltonians acting on an m-mode system. A natural choice for such
abasisis given by the set of Hermitian operators:

O =m=0aq Jj=1...m
~ 1 /\"‘/\ /\-‘—/\ .
0; = 5 (@ac+aa). 1<j<k<m, )

The expectation values of these observables can be experimen-
tally accessed using multi-mode interferometry. The ﬁj operators
correspondto direct population measurements (detecting the num-
ber of photons) at the output of the interferometer without further
transformations. The 5/’.‘3 are reconstructed from the difference in
the mean number of photons (@) — (n,) between modesj and k after
theinterference between modes;jand kon abalanced beam splitter,
with arelative phase of O for a;k or /2 for 5¥k (ref. 49). Diagrams for
these measurements are illustrated in tP’le lower right parts of
Fig.5a-c.

We note that the experimental reconstruction of the observables
Oj’.;;y relies on the correct implementation of beam splitters and
phase shifters. Deviations from these ideal settings resultin systematic

shiftsin the estimated expectation values, leading to afinite precision
inthe evaluated invariants. The impact of such experimental imperfec-
tions on Lie algebraic invariants in linear-optical settings has been
analysedin detail in ref. 40.

Experimental apparatus

The experimental apparatus was a state-of-the-art photonic archi-
tecture tailored for multi-photon experiments. It comprises several
interconnected stages with a high degree of versatility. We employed
single-photon sources based on In/GaAs micropillar-embedded
quantum-dot emitters"*°~2, which were kept at cryogenic temperatures
and operated in two different excitation regimes. We refer to the two
different sources as QD1and QD2.For QD1, we employed the so-called
longitudinal acoustic phonon-assisted scheme™. In this scheme, the
excitation laser was slightly blue-detuned with respect to the signal
photons, thus making it possible to separate laser residues from the
photon signal via a set of narrowband spectral filters*>*. Conversely,
QD2 was operated in a typical resonant excitation scheme, where the
separation between the laser pump and the photon signal was achieved
via cross-polarization® >,

Forboththree- and four-photon experiments, the stream of single
photons emitted by the source was fed to an active time-to-spatial
demultiplexing system**>*%5 There, an acousto-optical modulator
actively distributed the single-photon stream into up to four output
spatial modes with a commutation time of T, = 180 ns between each
channel. With the addition of properly tuned delay lines, we obtained
sequences of up to four time-synchronized photons at the output of
the demultiplexing set-up. The average pairwise indistinguishabil-
ity amongst photons at the output of the demultiplexing set-up was
around 83% (90%) for QD1 (QD2), mainly because the photons that
constitute the multi-photon state were emitted at temporal distances
of hundreds of nanoseconds between each other*>**,

Theresource states generated were then fed into PICs fabricated
with femtosecond laser writing techniques®®. In the experiments
reported in this work, two different PICs were employed, implement-
ing reconfigurable linear-optical networks over either 8 or 12 spatial
modes, respectively.

The 8-mode PIC consisted of a rectangular mesh of 28 tunable
beam splitters and phase shifters arranged according to the scheme
proposed inref.57, which enabled theimplementation of anarbitrary
unitary evolution U over eight modes*®. The 12-mode PIC was based
onthesamearchitecture and had 66 tunable beam splitters and phase
shifters, thus enabling the implementation of an arbitrary unitary
evolution Uover 12 modes.

Reconfigurability in both devices is obtained via thermal phase
shifters®’, whose response was calibrated using coherent laser light at
approximately the same wavelength as the single-photon signal®®. In
practice, weachieved anaverage moduli-fidelity F,my = iEyKUt)y”(Ue)ﬂ
between the experimentally implemented on-device transformation
U.and the expected one U, in excess of 0.95, thus confirming our accu-
rate control of the interferometric settings.

Data availability

The data that support the finding of this study are reported in the main
textand inSupplementary Information. Source datasets are available
fromthe corresponding author uponrequest.
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