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In Part I of this study, it was shown that all
the three known types of monohedral hexagonal
tessellations of the plane, those composed of equal
irregular hexagons, have just a single deformation
mode when tiles are considered as rigid bodies hinged
to each other along the edges. A gallery of tessellated
plates was simulated numerically to demonstrate
the range of achievable deformed shapes. In Part
II, the displacement field was first derived and a
continuous interpolant for each type of tessellated
plate. It turns out that all corresponding metasurfaces
are described by quadrics. Afterwards, a parametric
analysis was carried out to determine the effect of
varying angles and edge lengths on the curvature, and
the values of the geometric Poisson ratio of the plates.
Finally, a method of fabrication is proposed based
on the additive manufacturing of stiff tiles of
negligible deformability and flexible connectors.
Using this modular technique, it is possible to join
together different monohedral tessellated plates able
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to deform into piece-wise quadrics. The nodal positions in the deformed configuration of the
realized plates are measured after enforcing one principal curvature to assume a chosen value.
The estimate of the other principal curvature confirms the analytical predictions. The presented
tessellated plates permit to realize doubly curved shape-morphing metasurfaces with assorted
shapes, which also can feature a certain surface roughness, and they can be employed in all
applications demanding high surface accuracy and few actuators or just one.

1. Introduction
We refer the reader to Part I of this report [1] to find the background information, the motivation
and the goal of our investigation, together with the related literature survey (table 1).

After proving in Part I that each type (Type 1, 2, 3) of tiled plates based on monohedral
hexagonal tessellations possesses just one deformation mode, we begin Part II by presenting
the derivation of the displacement field of the plates and of a continuous interpolant of their
deformed configuration. Such an interpolant turned out to be a quadric whose geometric
properties depend on those of the chosen tile. Different results were found for Type 1 and Type 2,
in which the Gaussian curvature can be positive, negative or null, and for Type 3 plates, in which
the Gaussian curvature is always non-negative with equal principal curvatures.

A parametric analysis was conducted to evaluate the effects of varying the edges lengths and
the angles of a tile on the directional curvature of the corresponding metasurface, also in relation
to the geometric Poisson ratio, defined here as the negative of the ratio between the maximum
and minimum principal curvatures.

Subsequently, it is presented the experimental testing of physical models realized by
assembling additively manufactured stiff tiles of negligible deformability with soft connectors.
Three cases were examined for the basic tile, the regular hexagon, the hourglass shape and the
arrow head shape, which correspond to metasurfaces with synclastic, anticlastic and monoclastic
shapes, respectively. Measurements were collected by laser scanning the realized plates after
enforcing one of their principal curvatures to assume a given value by using an arched beam
in contact with the plate. We found that the estimate of the other principal curvature obtained in
the experiments was in excellent agreement with the analytical values.

The implications of our findings, together with some considerations on future work, are
discussed in the last section of this report.

2. Kinematics of monohedral hexagonal tessellations
We start our analysis by recalling some results derived in the companion paper. We denote by R

3

the three-dimensional Euclidean space and we endow it with a right-handed orthonormal basis
{e1, e2, e3}. We consider mechanical metasurfaces composed of rigid tiles. Let T = {τ (i)}N

i=1 be a
finite family of closed sets (the regions occupied by the tiles), of R

3
0 = {x ∈ R

3 : x · e3 = 0}, with
disjoint interiors and let u : ∪N

i=1τ
(i) → R

3 be a Lipschitz map. We say that the pair (T , v) is an
infinitesimal origami map if u is affine on each τ (i), i = 1, . . . , N, and ∇u(x) is a skew-symmetric
tensor for almost every x ∈ ∪N

i=1τ
(i). If the tile undergoes an infinitesimal origami map, the

displacement u(1)(x) ∈ R
3 of the point x ∈ τ (1) is given by

u(1)(x) = u(1)(x(1)
0 ) + W(1)[x − x(1)

0 ], (2.1)

where x(1)
0 is a generic point of the tile, W(1) is a skew-symmetric tensor. If two tiles are connected,

we proved that the following condition holds:

W(1) − W(2) = ϕ{1,2} e3 ⊗ n(1,2), (2.2)
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Table 1. Nomenclature.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

e1, e2, e3 = canonical basis ofR3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d1, d2 = (covariant) directors spanning the monohedral tessellation lattice
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d1, d2 = contravariant directors
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

τ (i) = region occupied by the ith tile
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

τ (i,j) = translated tile
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

T = tessellation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

n(i,j) = unit normal vector to the segment shared by tiles i and j
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

t(i,j) = unit tangent vector to the segment shared by tiles i and j
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

u= displacement
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

w0 = continuous interpolant of u · e3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x= point inR
3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

W(i) = skew-symmetric tensor for τ (i)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

W(i,j) = skew-symmetric tensor for τ (i,j)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ωωω(i) = axial vector ofW(i)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ϕ{i,j} = relative rotation between tiles i and j
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

α = interior angle in a polygon
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

α(i,j) = angle between e1 and t(i,j)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�= side length
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�= geometric Poisson ratio
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

K= curvature tensor of the monohedral tessellation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

· = canonical inner product inR
3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∧ = canonical exterior product inR
3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

⊗ = dyadic (tensor) product
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

δαβ = Kronecker’s delta
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

where ϕ{i,j} denotes the relative rotation between the tiles τ (i) and τ (i), and n(i,j)the normal that
goes from τ (i) to τ (j).

If three tiles are considered, by applying (2.2) three times we have that⎧⎪⎪⎨
⎪⎪⎩

W(1) − W(2) = ϕ{1,2} e3 ⊗ n(1,2),

W(2) − W(3) = ϕ{2,3} e3 ⊗ n(2,3),

W(3) − W(1) = ϕ{3,1} e3 ⊗ n(3,1).

In part I, we have proved that

ϕ{2,3} = −ϕ{3,1} sin(α(3,1) − α(1,2))
sin(α(2,3) − α(1,2))

and ϕ{1,2} = ϕ{3,1} sin(α(3,1) − α(2,3))
sin(α(2,3) − α(1,2))

. (2.3)

The meaning of the symbols is clarified in figure 1.
We say a tessellation of R

3
0 is monohedral if all tiles are congruent. We call the basic tile monotile.

The tessellation is then obtained by rotations, reflections and translations of the monotile. It has
been shown [2,3] that there exist exactly three types of hexagonal, convex monotiles, reported
in figure 2.

In the companion paper, we have shown that assuming the tessellation to have degree three
(every interior vertex of the tessellation is in common to three tiles), and |αi| �= {0,π}, then the
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t(3,1)
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t (1)t (3)

t (2)

a(1,2)
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Figure 1. Geometry of three adjacent tiles.

a3
a4

a5

a1

a3a2

a1
a2a1

l4
l5

l1

l1

l6
l3

l3

l2

l4 l4

l1

(c)(b)(a) l5

Figure 2. Types of hexagonal monotiles. Type 1: α1 + α2 + α3 = 2π , �1 = �4. Type 2: α1 + α2 + α4 = 2π , �1 = �4,
�3 = �5. Type 3:α1 = α3 = α5 = 2

3π , �1 = �2, �3 = �4, �5 = �6. (a) Type 1, (b) Type 2 and (c) Type 3.

tessellations obtained by the three types of hexagonal monotiles have (under some additional
conditions for the Type 2 case) one degree of freedom. Such a result is valid also for the concave
counterpart of the three types.

3. Displacements of the periodic tessellations
In the companion paper, we conducted a comprehensive exploration of the degrees of freedom
of metasurfaces fabricated using the three aforementioned hexagonal tessellation types. Building
upon this foundation, our current focus shifts towards the derivation of the displacement field
and the introduction of a systematic methodology for attaining a macroscale description of the
displacement field through a continuous interpolant.

(a) Type 1
To describe the configurations of Type 1, we need seven parameters. We take the four angles,
α,β, γ and δ, as depicted in figure 3a, and three lengths

CD = AF = EL = GH = a, ED = FG = b, EF = c.

As it should be clear from the figure, the angles α and β, as well as γ and δ, should satisfy some
constraints in order to avoid unbounded tiles or tiles overlapping each other. We refrain from
writing them and simply assume that the four angles are fixed appropriately.

By means of the seven parameters, we can find the coordinates of the vertices:

E = (0, 0), F = c(cosβ, sinβ), A = F − (a, 0),

D = −b(cosα, sinα), C = D − (a, 0),
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(b)

(a)

A

B

C D

E

F
G H

I

La

b
d

g

x2

x1

t̃ (i,j + 1)

t̃ (i + 1, j)
t (i + 1, j)

t̃ (i + 1, j + 1)

t (i + 1, j + 1)
t (i,j + 1)

t̃ (i,j)

t (i,j)

E(i,j + 1)

E(i + 1,  j)
E(i,j) d1

d2
n

m L(i,j)

Figure 3. Unit cell and general tessellation, Type 1. (a) Geometry of the Type 1 unit cell and (b) Type 1 tessellation.

while to determine the coordinates of B we solve the two equations

A − t(cos γ , sin γ ) = C + s(cos δ, sin δ).

Denoting by t◦ and s◦ the solutions of these equations we have that

B = A − t◦(cos γ , sin γ ).

Also,
G = F + b(cosα, sinα), H = G + (a, 0)

and
L = E + (a, 0), I = L + t◦(cos γ , sin γ ).

The hexagonal region whose vertices are A, B, C, D, E and F will be denoted by τ , while the region
delimited by the vertices E, F, G, H, I and L will be denoted by τ̃ . We shall refer to τ ∪ τ̃ as the unit
cell. By means of the vectors

d1 = L − B =
(

2 a − c cosβ − cos γ (b sin(α − δ) + c sin(β − δ))
sin(δ − γ )

)
e1

−
(

c sinβ + sin γ (b sin(α − δ) + c sin(β − δ))
sin(δ − γ )

)
e2

and
d2 = G − E = (b cosα + c cosβ)e1 + (b sinα + c sinβ)e2,

we generate a tessellation of R
3
0 (figure 3b). In particular, for i, j ∈ Z, we denote by

τ (i,j) = id1 + jd2 + τ = {id1 + jd2 + x : x ∈ τ }
and

τ̃ (i,j) = id1 + jd2 + τ̃ = {id1 + jd2 + x : x ∈ τ̃ },
and similarly we denote the translated vertices, for instance, we set

E(i,j) = id1 + jd2 + E.

Let ϕ be the relative rotation between tiles occupying the regions τ (i,j) and τ̃ (i,j), and let m =
− sinβe1 + cosβe2 be the normal to the segments EF outward to τ̃ and inward to τ . Similarly,
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let ϑ and ψ be the relative rotations ‘around’ the segment EL and LI, respectively, and let n −
sin γ e1 + cos γ e2 be the inward normal τ̃ (i,j) and outward to τ (i+1,j).

By means of (2.3)1 and (2.3)2, we find

ψ = ϕ
sin δ sin(β − α)
sinα sin(δ − γ )

and ϑ = ϕ
sin(β − α)

sinα
.

Denoting by W(i,j) and W̃
(i,j) the infinitesimal rotation tensors of the tiles occupying the regions

τ (i,j) and τ̃ (i,j), respectively, and applying (2.2) three times, we find

W̃
(i,j) = W(i,j) + ϕe3 ⊗ m,

W(i,j+1) = W(i,j) − ϑe3 ⊗ e2

and W(i+1,j) = W̃
(i,j) + ψe3 ⊗ n.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (3.1)

For j = 0, from the first and the third of these identities, we deduce that

W(i+1,0) = W(i,0) + e3 ⊗ (ϕm + ψn),

and iterating this identity we find that

W(i,0) = W(0,0) + e3 ⊗ (iϕm + iψn). (3.2)

To avoid rigid motions we set u(x) = 0 for all x ∈ τ (0,0), thus, in particular, W(0,0) = 0. Successively
applying the second of (3.1) and (3.2) we find

W(i,j) = e3 ⊗ (iϕm + iψn − jϑe2),

and from the first of (3.1) we deduce that

W̃
(i,j) = e3 ⊗ ((i + 1)ϕm + iψn − jϑe2). (3.3)

By applying (2.1), we have that

u(E(i,j+1)) = u(E(i,j)) + W̃
(i,j)

d2,

u(L(i,j)) = u(E(i,j)) + aW̃
(i,j)

e1

and u(E(i+1,j)) = u(L(i,j)) + W(i+1,j)p,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (3.4)

where we set
p = E − B.

By successively applying the first of (3.4), we find

u(E(i,j)) = u(E(i,0)) +
j−1∑
k=0

W̃
(i,k)

d2, (3.5)

and for j = 0, from the second and third of (3.4) and the third of (3.1) we deduce that

u(E(i,0)) = u(L(i−1,0)) + W(i,0)p

= u(E(i−1,0)) + aW̃
(i−1,0)

e1 + W(i,0)p

= u(E(i−1,0)) + aW̃
(i−1,0)

e1 + W̃
(i−1,0)

p + ψn · p e3

= u(E(i−1,0)) + W̃
(i−1,0)

d1 + ψn · p e3,

since d1 = ae1 + p. Iterating this equation we find

u(E(i,0)) = u(E(0,0)) +
i−1∑
k=0

W̃
(k,0)

d1 + iψn · p e3,
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and combining this equation with (3.5) we arrive at

u(E(i,j)) =
i−1∑
k=0

W̃
(k,0)

d1 +
j−1∑
k=0

W̃
(i,k)

d2 + iψn · p e3,

since u(E(0,0)) = 0. By making use of (3.3), we find

u(E(i,j)) =
i−1∑
k=0

e3 ⊗ ((k + 1)ϕm + kψn)d1 +
j−1∑
k=0

e3 ⊗ ((i + 1)ϕm + iψn − kϑe2)d2 + iψn · p e3

= e3 ⊗
(

(i + 1)i
2

ϕm + (i − 1)i
2

ψn
)

d1

+ e3 ⊗
(

(i + 1)jϕm + ijψn − (j − 1)j
2

ϑe2

)
d2 + iψn · p e3.

Let w(E(i,j)) = u(E(i,j)) · e3. Then

w(E(i,j)) =
( (i + 1)i

2
ϕm + (i − 1)i

2
ψn

)
· d1

+
(

(i + 1)jϕm + ijψn − (j − 1)j
2

ϑe2

)
· d2 + iψn · p. (3.6)

For every i, j ∈ Z, (3.6) allows to evaluate the vertical displacement of the vertex E(i,j).
Equation (3.6) prescribes the displacement on the vertices E(i,j) = id1 + jd2 ⊂ R

3
0, for i, j ∈ Z.

Here we extend the function w to R
3
0, that is we define w0 : R

3
0 → R such that w0(E(i,j)) = w(E(i,j))

for every i, j ∈ Z. To define w0 it suffices to take i, j ∈ R and to write the correspondence between
i, j and x1, x2. Since a generic point x ∈ R

3
0 can be written as

x = x1e1 + x2e2 = id1 + jd2,

we have that

i = x · d1 and j = x · d2,

where the contravariant vectors d1 and d2 are such that dα · dβ = δαβ . By substituting these
identities in (3.6) we find the extension

w0(x) = 1
2

Kx · x + v · x, (3.7)

where

K = (ϕm + ψn) · d1 d1 ⊗ d1 − ϑe2 · d2 d2 ⊗ d2 + (ϕm + ψn) · d2 (d1 ⊗ d2 + d2 ⊗ d1),

and

v = 1
2

[(ϕm + ψn) · d1 + ψn · p] d1 + 1
2

[(ϕm + ψn − ϑe2) · d2] d2.

Therefore, the metasurface generated with Type 1 tessellations takes the shape of a quadric.

(b) Type 2
To describe the configurations of Type 2, we need six parameters. We take the three angles, α,β
and γ , as depicted in figure 4a, and three lengths

EF = CQ = a, FR = b, QR = DE = c.

The regions occupied by the four tiles are denoted by τ , τ̃ , τ̂ and τ̄ , as depicted in the figure.
Let ϕ be the relative rotation between tiles occupying the regions τ (i,j) and τ̂ (i,j) and let m be the

normal to the segments QR outward to τ̂ and inward to τ . Similarly, let ϑ , ψ and η be the relative
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(b)
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L
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g

x1
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R(i,j + 1)

R(i,j)

d1

d2

nm

h L(i,j)

t–

t̃

t̂
t

Figure 4. Unit cell and general tessellation, Type 2. (a) Geometry of the Type 2 unit cell and (b) Type 2 tessellation.

rotations ‘around’ the segment LM, ON and FR, respectively, and let h be the normal inward to
τ̃ (i,j) and outward to τ (i,j), and n be the normal inward to τ̂ (i,j) and outward to τ (i+1,j) (figure 4b).

Ŵ
(i,j) = W(i,j) + ϕe3 ⊗ m,

W(i,j) = W̃
(i,j) + ηe3 ⊗ h,

W̃
(i,j+1) = Ŵ

(i,j) − ϑe3 ⊗ e2

and W(i+1,j) = Ŵ
(i,j) + ψe3 ⊗ n.

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

From these equations, we deduce that

W(i,j) = W(0,0) + e3 ⊗ (
(i + j)ϕm + jηh − jϑe2 + iψn

)
. (3.8)

Let us define the vectors p1 = R − G, p2 = R − D. We have that

u(R(i,j+1)) = u(R(i,j)) + Ŵ
(i,j)[O − R] + W̃

(i,j+1)
p1

= u(R(i,j)) + W(i,j)d2 + (
ϕm · d2 − ϑe2 · p1

)
e3,

and u(R(i+1,j)) = u(R(i,j)) + Ŵ
(i,j)[L − R] + W(i+1,j)p2

= u(R(i,j)) + W(i,j)d1 + (
ϕm · d1 + ψn · p2

)
e3,

from which it follows that

u(R(i,j)) = u(R(0,0)) +
i−1∑
k=0

(
W(k,0)d1 + W(i,k)d2

) + i
(
ϕm · d1 + ψn · p2

)
e3 + j

(
ϕm · d2 − ϑe2 · p1

)
e3.
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(b)(a)
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M

N

P

mn
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Figure 5. Unit cell and general tessellation, Type 3. (a) Geometry of the Type 3 unit cell and (b) Type 3 tessellation.

Assuming that u(R(0,0)) = 0 and W(0,0) = 0, and by using (3.8), we finally deduce that

w(R(i,j)) = i(i − 1)
2

(
ϕm + ψn

) · d1 + ij
(
ϕm + ψn

) · d2

+ j(j − 1)
2

(
ϕm + ηh − ϑe2

) · d2 + i
(
ϕm · d1 + ψn · p2

)
+ j

(
ϕm · d2 − ϑe2 · p1

)
.

Finally, we determine the continuous interpolant, which has the same expression as (3.7), with

K = (ϕm + ψn) · d1 d1 ⊗ d1 + (ϕm + ηh − ϑe2) · d2 d2 ⊗ d2

+ (ϕm + ψn) · d2(d1 ⊗ d2 + d2 ⊗ d1),

and

v =
[

1
2

(ϕm − ψn) · d1 + ψn · p2

]
d1 +

[
1
2

(ϕm − ηh + ϑe2) · d2 − ϑe2 · p1

]
d2.

Therefore, the metasurface generated with Type 2 tessellation is again a quadric. The explicit
formulae relating the contravariant vectors d1, d2, the angles ϕ, ψ , ϑ , and the vectors m, n, h
to the six geometric parameters are quite convoluted and involved. For brevity and clarity, we
choose to omit them in this context.

(c) Type 3
To describe the configuration of Type 3, we need three parameters. We choose the two lengths a
and b and the angle α represented in figure 5.

The hexagonal region whose vertices are A, B, C, D, E and F will be denoted by τ , while the
region delimited by the vertices AGHLI, and B will be denoted by τ̂ ; the third region, delimited
by AFMNP, and G, will be denoted by τ̃ . We shall refer to τ ∪ τ̂ ∪ τ̃ as unit cell. By means of the
vectors

d1 = L − E and d2 = C − M,

we generate a tessellation of R
3
0. We also introduce the vectors p1 = I − A, p2 = B − A, and the

translated vertices

A(i,j) = id1 + jd2 + A, Â(i,j) = A(i,j) + p1, Ã(i,j) = A(i,j) + p2.

Let ϕ be the relative rotation between the tiles occupying the regions τ (i,j) and τ̃ (i,j) and let n be
the normal to the segment AF outward to τ and inward to τ̃ . Since the three segments emanating

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

27
 F

eb
ru

ar
y 

20
24

 



10

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A480:20230449

..........................................................

from A form an angle of 2/3π with each other, the relative rotations between the three tiles τ , τ̃
and τ̂ are the same. Moreover, let r denote the normal vector outward to τ̃ (i,j+1) and inward to
τ (i,j), while let ψ be the relative rotation; analogously, let s denote the normal vector outward to

τ (i+1,j) and inward to τ̂ (i,j), while let ϑ be the relative rotation. Denoting by W(i,j), W̃
(i,j) and Ŵ(i,j)

the infinitesimal rotation tensors of the tiles occupying the regions τ (i,j), τ̃ (i,j) and τ̂ (i,j), respectively,
and applying (2.2), we find:

W̃
(i,j) = W(i,j) − ϕ e3 ⊗ n,

Ŵ
(i,j) = W(i,j) + ϕ e3 ⊗ m,

W̃
(i,j+1) = W(i,j) + ψ e3 ⊗ r,

W(i+1,j) = Ŵ
(i,j) + ϑ e3 ⊗ s = W(i,j) + e3 ⊗ (ϕm + ϑ s)

and W(i,j+1) = W̃
(i,j+1) + ϕ e3 ⊗ n = W(i,j) + e3 ⊗ (ψ r + ϕ n).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.9)

For j = 0, from (3.9)4, we deduce

W(i+1,0) = W(i,0) + e3 ⊗ (ϕm + ϑ s),

and iterating, we find:
W(i,0) = e3 ⊗ (iϕm + iϑ s),

where we have set W(0,0) = 0 to avoid rigid motions. From (3.9)5, we then find

W(i,j) = e3 ⊗ (iϕm + iϑ s + jψ r + jϕ n).

Finally, from (3.9)1,2 we get

W̃
(i,j) = e3 ⊗ (iϕm + iϑ s + jψ r + (j − 1)ϕ n)

and Ŵ
(i,j) = e3 ⊗ ((i + 1)ϕm + iϑ s + jψ r + jϕ n).

⎫⎬
⎭ (3.10)

By applying (2.1) we have that

u(Â(i,j)) = u(A(i,j)) + Ŵ
(i,j)

p1,

u(Ã(i,j)) = u(A(i,j)) + W(i,j)p2,

u(A(i+1,j)) = u(Â(i,j)) + W(i+1,j)(d1 − p1) = u(A(i,j)) + Ŵ
(i,j)

p1 + W(i+1,j)(d1 − p1)

and u(A(i,j+1)) = u(Ã(i,j)) + W̃
(i,j+1)(d2 − p2) = u(A(i,j)) + W(i,j)p2 + W̃

(i,j+1)(d2 − p2).

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

With similar calculations as those already presented, we get

u(A(i,j)) =
j∑

k=1

W̃
(i,k)(d2 − p2) +

i−1∑
k=0

Ŵ
(k,0)

d1 + iϑ s · (d1 − p1) e3 +
j−1∑
k=0

W(i,k)p2,

where we have set u(A(0,0)) = 0. By making use of (3.10), we finally obtain:

w(A(i,j)) =
(

j(iϕm + iϑs) + (j + 1)j
2

ψr + (j − 1)j
2

ϕn
)

· (d2 − p2)

+
(

(i + 1)i
2

ϕm + i(i − 1)
2

ϑs
)

· d1 + iϑ s · (d1 − p1)

+
(

ij(ϕm + ϑs) + (j − 1)j
2

ψr + (j − 1)j
2

ϕn
)

· p2.

Finally, we determine the continuous interpolant, which has the same expression as (3.7), where

K = (ϕm + ϑs) · d1 d1 ⊗ d1 + (ψr + ϕn) · d2 d2 ⊗ d2 + (ϕm + ϑs) · d2(d1 ⊗ d2 + d2 ⊗ d1) (3.11)
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and

v =
[

1
2

(ϕm + ϑs) · d1 + ϑs · p1

]
d1 +

[
1
2

(ψr − ϕn) · d2 − ψr · p2

]
d2. (3.12)

Therefore, the metasurface generated with Type 3 tessellation is again a quadric. Remarkably,
for α= π , K = 0, while v = √

3/2(a + b)ϕ d2; therefore, the deformed metasurface turns out to
be planar (see fig. 18 (c) of Part I). Furthermore, due to the presence of a threefold symmetry
axis in the unit cell, the curvature tensor K is proportional to the identity, which can be easily
observed by expressing (3.11) in Cartesian coordinates. Consequently, the metasurface always
exhibits synclastic curvature.

4. Parametric analysis
To comprehend the significance of geometric parameters in programming metasurfaces, this
section explores several basic examples. Although these examples do not encompass the entirety
of every possible scenario, they offer sufficient representation of the potential benefits of our
design approach. Ultimately, this knowledge will enable us to optimize our design methodology,
leading to more efficient and effective tessellated plate designs.

We limit ourselves to Type 1 tessellations. Let us denote by (a0, b0, c0,α0,β0, γ0, δ0) the geometric
parameters corresponding to the regular hexagon with unitary side, i.e. a0 = b0 = c0 = 1, α0 = γ0 =
π/3, β0 = δ0 = 2/3π .

(a) Role of the sides length
We first consider a family of tiles for which a = na0, parametrized by n≥ 1; all the other geometric
quantities are those of the regular hexagons. In this case, the tensor K admits a simple spectral
representation:

K = −
√

3
1 + 2n

e1 ⊗ e1 −
√

3
3

e2 ⊗ e2. (4.1)

Therefore, the principal curvatures are always negative and the principal directions coincide with
e1 and e2. The curvature in direction e2 is constant, while that in direction e1 decreases for n
increasing. The Gaussian curvature turns out to be 1/(1 + 2n); it is therefore always positive and
tends to decrease for n increasing.

For e(φ) = cosφ e1 + sinϕ e2, φ ∈ [0, 2π ), let us denote by κ(φ) the curvature in direction e(φ),
i.e., κ(φ) = Ke(φ) · e(φ). In figure 6a, we represent the polar diagram of κ(φ) for various values of
n. This makes evident what (4.1) predicts: the circle corresponds to regular hexagons, for which
the curvature is the same in every direction; for n increasing, the hexagon tends to become more
and more elongated in direction e1, which results in a decrease in curvature in the e2 direction.
In figure 6a, we also associated to some curves the shape of the deformed configuration and the
corresponding tile.

We now consider a family of tiles for which b = nb0. In this case, the curvature K admits the
following spectral representation:

K = −
√

3
1 + 2n

v1 ⊗ v1 −
√

3
3

v2 ⊗ v2, v1 = 1
2

e1 +
√

3
2

e2, v2 = −
√

3
2

e1 + 1
2

e2. (4.2)

For every n, the principal curvatures are in direction v1 and v2, being constant the curvature in
direction v2; as in the previous case, the curvature in direction v1 decreases for n increases. The
Gaussian curvature is always positive. Figure 6b reports the polar diagram of the curvature κ(φ),
with some deformed configurations and the corresponding tiles.
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Figure 6. Parametric analysis for Type 1 tessellation, exploring the role of the sides length. (a) Polar diagram of the curvature
κ (φ) for a= na0. (b) Polar diagram of the curvature κ (φ) for b= nb0. (c) Polar diagram of the curvature κ (φ) for c = nc0.

Finally, we consider the case c = nc0. For this geometry, the spectral representation of K is
quite complicated and we omit it. We notice that both the principal curvatures and the principal
directions (slightly) depend on n. In figure 6c, we reported the polar diagram of the curvature
κ(φ), with some deformed configurations and the corresponding tiles.

(b) Role of the angles
Unlike the previous case, varying the angles can lead to the generation of concave tiles, which
ultimately results in surfaces with Gaussian curvature that is not necessarily positive. We first
consider a family of tiles for which α = nα0, β = β0/n, while all the other parameters coincide with
those of the regular hexagon. In figure 7a, it can be observed that, as n increases, the principal
curvature directions are rotated compared with the case of regular tiles, and one of the two
principal curvatures tends towards zero. This latter case corresponds to a cylindrical surface with
zero Gaussian curvature. If n continues to increase, then the curvature in the opposite direction
begins to grow, while the other curvature decreases, tending towards zero and creating a new
cylindrical surface with zero curvature in the direction opposite to the first.

A similar scenario is shown in figure 7b. In this case, we have fixed α = nα0, β = β0/n, γ = nγ0
and δ = δ0/n. As n increases, it can be observed that the principal directions rotate slightly. In
contrast to the previous case, where both principal curvatures initially decreased, now one of
the curvatures tends to increase significantly, while the other decreases. This happens until one
of the curvatures becomes zero, producing a cylindrical surface. As n continues to increase, the
previously zero curvature begins to increase again.

(c) The geometric Poisson ratio
By considering the continuum displacement w0(x), we can introduce the concept of Poisson ratio
in relation to bending. The displacement of rectangular elastic, isotropic plate, whose edges are
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Figure 7. Parametric analysis for Type 1 tessellation, exploring the role of the angles. (a) Polar diagram of the curvature κ (φ)
forα= nα0 andβ = β0/n, (b) polar diagram of the curvature κ (φ) forα= nα0,β = β0/n, γ = nγ0 and δ = δ0/n.

aligned with the x- and y-axes, can be determined as:

w(x, y) = −Mx

2D(1 − (ν(b))2)
(x2 − ν(b)y2), (4.3)

where D is the bending stiffness, and

ν(b) = −∂yyw
∂xxw

, (4.4)

is the bending Poisson ratio, representing the negative ratio between the transverse curvature and
the axial curvature for a uniaxial bending state.

The expression (4.3) holds if the material is elastic, isotropic. Nevertheless, inspired by (4.4) we
can define the geometric Poisson ratio

�= − Km

KM
, (4.5)

where Km and KM are the minimum and maximum principal curvatures, respectively. Note that
� is a purely geometric quantity and does not have limits.

Let us consider a family of tiles with a = a0, b = b0, c = c0, α= nα0, β = β0/n, γ = mγ0, δ = δo/m),
parametrized by the numbers n≥ 1, m≥ 1.

In figure 8, we plotted the values of the coefficient η in terms of n, for several values of fixed
m. For n= m= 1, i.e. for hexagonal tiles, the coefficient turns out to be −1: the surface is synclastic
and the two principal curvatures are the same. Varying n and m it is possible to obtain a large
spectrum of target geometric Poisson ratio, including anticlastic and monoclastic cases.

5. Experimental analysis
In this section, we show the design, manufacturing and experimental testing of physical
prototypes of the tessellated metasurfaces with 1 d.f., resulting from the periodic repetition of
hexagonal monotiles with three different shapes.

(a) Design of the hexagonal monotiles
We adopt a modular building approach for the assembly of the tessellated plates, using rigid
monotiles and flexible connectors. We resort to additive manufacturing technologies, namely
fused-deposition modelling (FDM), to three-dimensional print the hexagonal monotiles and the
connectors. The rigid monotiles have a side length of 20 mm and are built of two complementary
rigid pieces, which can be clamped together, nesting up to six flexible connectors. Once the two
pieces are clamped, the connectors become secured and can be linked to adjacent monotiles.
The overall thicknesses of the monotiles and connectors is 4.0 and 2.0 mm, respectively. Three
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Figure 8. Geometric Poisson ratio� in terms of n, for several fixed values of m.

different types of hexagonal monotiles are considered, in order to obtain synclastic, monoclastic
and anticlastic metasurfaces. The flexible connectors are designed to be interchangeable, allowing
to connect tiles of different configurations. In figure 9, we show the design drawings of the
tiles, connector and tile assembly. The gap between the rigid tiles is limited to 1 mm, providing
sufficient clearance to allow for the full development of the rotations along the edges of the tiles.
In figure 10a–c we show the tessellated metasurfaces assembly principle, for the three types of
monotiles considered. One can see that the same universal connector is used for all the hexagonal
monotiles. One of the advantages of using universal connectors is that one can use distinct
monotiles, within the same tessellated plate combining surfaces with different geometric Poisson
ratios.

(b) Manufacturing of the tessellated metasurfaces
The tessellated plates are manufactured resorting to a FDM three-dimensional printer (Original
Prusa i3 MK3S). Polyethylene terephthalate glycol (PETg) and polyurethane (Flexfill TPU
92A) filaments are used for the materialization of the rigid monotiles and flexible connectors,
respectively. In figure 11 is presented the assembly process of the tessellated plates, using the
three different three-dimensional printed hexagonal monotiles with the flexible connectors. In
figure 11a–c are shown the anticlastic, monoclastic and synclastic cases, respectively. In figure 11d
is shown an assembly scheme of a tessellated metasurface combining all the different tiles. In this
figure, it is also possible to see both the top and bottom pieces of the rigid monotiles, and the
positioning of the universal connectors.

(c) Experimental tests
Each tessellated metasurface comprises 37 rigid hexagonal monotiles and 90 flexible connectors.
To test the behaviour of the plates when subjected to a given curvature, a curvature enforcer was
three-dimensional printed, with a radius of curvature equal to 600 mm, as shown in figure 12. The
plates were placed over the curvature enforcer with double-sided mounting tape. The curvature
enforcer was positioned along the armchair directions of the tessellated plates, which responded
quite reactively to the imposed curvature. In figure 13, one can see the plates subjected to an
imposed curvature along the armchair direction with a curvature radius of 600 mm. An Artec3D

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

27
 F

eb
ru

ar
y 

20
24

 



15

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A480:20230449

..........................................................

20.0 11.0

1.85

7.5 Ø15.0

1.75

20.0 7.5

1.0

2.0 1.0

Ø15.0

1.75

7.5

 30.0

11.0

30.0

7.5 Ø15.0

1.75

7.540.0

11.0 7.540.0

1.0

4.0

4.65

14.5

16.65

1 2 3

654

7
8 9

1.0

2.0

Figure 9. Design drawings: 1 and 4, Convex top and bottom pieces; 2 and 5, Convex - concave top and bottom pieces; 3 and 6,
Concave top and bottom pieces; 7, Transversal section along the mid-axis of the tiles; 8, Transversal section along the mid-axis
of the tile assembly; 9, Universal connector (all dimensions in mm).

(a) (b) (c)

Figure 10. Three-dimensional rendering of the tessellated metasurfaces assembly for different types of hexagonal monotiles.
The same universal connector is used for all the monotiles. (a) Convex monotile. (b) Convex–concave monotile. (c) Concave
monotile.

Eva scanner was used to build virtual models of the plates, which accurately reflect the physical
tessellated metasurfaces with the imposed curvature. In figure 14 are shown two-dimensional
images of the digital twins of the tessellated plates, for the synclastic, monoclastic and anticlastic
cases. Finally, with the virtual three-dimensional models of the tessellated plates it was possible to
identify the curvatures of the plates along the perpendicular direction of the imposed curvatures,
as a measure of the quality of the response of the plates. In figure 15 are plotted the configurations
of the plates when subjected to the imposed curvature along the armchair direction (input). The
output configurations represent the configurations of the plates along the perpendicular direction
(zig–zag) (all dimensions in mm).
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(a)

(d)

(b) (c)

Figure 11. Tessellated metasurfaces assembly with different hexagonal monotiles. (a) Anticlastic plate, (b) monoclastic plate,
(c) synclastic plate and (d) multi-tiled plate.

Figure 12. Curvature enforcer for the tessellated metasurfaces (R= 600 mm).

One can see in figure 15 that, when subjected to an input curvature with a radius of 600
mm, one obtains an equal output curvature along the perpendicular direction of the synclastic
metamaterial plate. This is a clear indicator that the plate behaves according to the analytical
results, showing a single mode behaviour. The response of the monoclastic plate shows that
one obtains almost zero curvature along the zig–zag direction of the plate, when enforcing a
curvature along the armchair direction. Regarding the anticlastic plate, one is able to obtain
a tessellated metasurface with negative Gaussian curvature. All the tested plates showed an
excellent behaviour, for the imposed curvature, presenting shapes that are consistent with the
theoretical results.
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(a)

(b)

(c)

Figure 13. Tessellated plates subjected to an imposed curvature along the armchair direction (R= 600 mm). (a) Synclastic
metamaterial plate, (b) monoclastic metamaterial plate, (c) anticlastic metamaterial plate.

After the validation of the proposed design scheme for the individual tessellated metasurfaces,
we close this section by showing two additional tessellated plates, combining different types of
monotiles. In figure 16, we show two models of a large tessellated metasurface with and without
the monoclastic transition.

6. Conclusion
This two-part report presented a comprehensive analysis of shape-morphing metasurfaces
obtained from infinitesimal origami maps of hexagonal tessellations. The three known types of
tessellations composed of congruent irregular hexagons were characterized both at the discrete
and continuum level. After showing that Type 1, 2, 3 of tessellated plates possess just one
deformation mode (under some conditions for Type 2), we simulated several cases numerically,
obtaining metasurfaces with synclastic, anticlastic and monoclastic shapes. In some cases, we
observed a marked surface roughness at the level of the repeating unit cell. An essential tool to
programme a specified shape consists in the analytical expression of the continuous interpolant of
the deformed configuration, which we calculated to be a quadric whose coefficients are expressed
in terms of the edge lengths and angles of the monotile. A modular fabrication method was
adopted to realize physical models of the proposed tessellated plates, which achieved excellent
geometric accuracy with respect to analytical predictions.
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(a)

(b)

(c)

Figure 14. Three-dimensional scanned surfaces of the tessellatedmetasurfaces. (a) Synclastic surface, (b) monoclastic surface
and (c) anticlastic surface.

0

–4.0

4.0

–8.0

8.0

–12.0
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0 20 40 60 80

input R = 600 mm
anticlastic output
monoclastic output
synclastic output

100 120 140 160 180 200 220

Figure 15. Configurations of the tessellated plates when subjected to imposed curvatures along the armchair direction (input).
The output configuration represents the configuration of the plate along the perpendicular direction (zig–zag) (all dimensions
in mm).
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Figure 16. Tessellated metasurface with and without the monoclastic transition.

We envisage practical applications of the proposed metasurfaces in all those areas where
geometric accuracy and/or a limited number of actuators are required. For instance, our
tessellated plates could be employed: in biomedical engineering to form bone plates [4,5] or
patches for tissues and organs [6] that can be customized and adapted to different shapes; as
elements of protective armours, exoskeletal systems and wearable devices [7,8] to better conform
to different body parts; for components of energy harvesters whose vibration mode is chosen
by design [9–11]; as metasurfaces with tunable wettability and friction [12,13] by regulation
of the surface roughness; as active architectural facades, tunable-focus mirrors or surfaces of
controllable aerodynamic properties [14–17].

Future extensions of this study may regard other monohedral polygonal tessellations, as well
as aperiodic and heterogeneous tessellations, to find out the number of deformation modes and
the modes shape. In addition, the problem of the inverse design of the tessellations to obtain
a target surface may be addressed. Moreover, the performances of plates realized by different
fabrication methods could be explored. For instance, tessellated plates could be obtained by laser-
cutting regular plates to form lamina torsion joints [18] between adjacent tiles. Another possibility
could be given by dual-material additive manufacturing [19], where the stiff and the soft material,
for tiles and junctions respectively, can be three-dimensional printed simultaneously. Carving
a regular plate along the edges of the tessellation to form flexible hinges could be another
alternative using CNC machines. Different fabrication solutions could then be tested with respect
to stiffness and strength, other than geometric accuracy. In relation to this point, the energy
required to deform the plate could be computed with the method presented in [20] by considering
angular springs between tiles. Finally, the problem of actuating origami structures has been often
addressed in the literature, and several solutions are available, such as light, magnetic, electric,
swelling, motor, thermal actuation (see the review article [21]), which could be adopted also in
the present case by taking advantage of the one-degree-of-freedom property.
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