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Abstract

Inverse self-assembly seeks to design building units, through their shape and
interactions, that spontaneously organise into a target structure. This is challeng-
ing due to kinetics pathways and the emergence of alternative, often unforeseen,
structures. A promising route employs multiple building units with simple shapes
and interaction potentials, achieving selectivity through specific, directional inter-
actions. However, mixtures introduce a combinatorial challenge in exploring the
space of candidate designs and add thermodynamic complexity: phase behaviour
and self-assembly become more intricate, the latter often occurring via non-classical
nucleation pathways. The SAT-assembly approach addresses the first challenge by
mapping a patchy particle design problem into Boolean equations. Here, we focus
on the second challenge: using theoretical analysis and numerical simulations, we
study the thermodynamics of mixtures, identify optimal self-assembly conditions,
and encode them directly into the design. Crystallisation often proceeds via a
two-step nucleation process. While liquid-vapour metastability is known to enhance
nucleation through density fluctuations, its coupling with composition fluctuations in
mixtures remains poorly understood. We find that higher nucleation rates and larger
assemblies emerge when the species concentration in the liquid phase matches that
of the target structure. However, during phase separation, mixtures do not preserve
the initial component ratio, making it difficult to identify starting conditions for
optimal self-assembly. Our strategy is to design azeotropes and incorporate them
into the nucleation pathway, since at the azeotrope vapour and liquid phases coexist
at the same starting composition, mimicking one-component systems. We derive
design rules linking bond connectivity and energy to locate the azeotrope at a desired
concentration, integrating these as supplementary clauses into SAT-assembly. In
this way, we extend inverse self-assembly into an inverse-thermodynamic framework,
capable of engineering not only structural but also thermodynamic properties. Be-
yond design identification, SAT-assembly enumerates all possible ways to populate
a lattice with particles of a given design, thereby listing all polymorphs, which
interestingly share the same free energy. We use them to build a falsifiability test
for classical nucleation theory (CNT), challenging the assumption that macroscopic
properties alone predict nucleation outcomes. These polymorphs can also have dis-
tinct photonic properties, motivating us to explore how to design chiral crystals using
the SAT-assembly framework. Ultimately, we outline a protocol from the design to
the experimental realisation with DNA nanotechnology, towards creating colloidal
photonic crystals. DNA is a perfect construction material due to its predictable and
selective base-pairing, and the SAT-assembly naturally integrates the concept of
complementarity to control interactions.
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Introduction

From informatics to medicine, an increasing number of fields depend on the
fabrication of highly customised materials. The desired functionalities often manifest
at the macroscopic scale, but their emergence is governed by precise structuring
at the nano- or meso-scale. Advanced and sophisticated approaches are therefore
essential to engineering these properties. Among those, a particularly fascinating
one is the inverse self-assembly that combines the goals of nanostructure design with
the principles of self-organisation. When the interactions between particles exceed
the strength of thermal fluctuations, the system typically becomes unstable. To
minimise the free energy, particles spontaneously form bonds, condensing into either
liquid or crystalline phases. This process by which particles organise themselves
into equilibrium structures is known as self-assembly. But what if we can control
the assembly of a structure? This is precisely the aim of inverse self-assembly:
determine how to design building blocks that spontaneously aggregate into a desired
structure. Unlike conventional chemical synthesis, inverse self-assembly deals not
just with atoms and molecules, but with building blocks at the nano- or meso-scale.
These units can be engineered in terms of their chemical, physical, and geometric
properties to drive specific behaviours to self-assembled structures. Because the
interactions involved are not fixed by quantum-mechanics, they can be intentionally
designed. These are weak, non-covalent interactions that allow the structures to
form without external guidance, relying on the spontaneous formation and breakage
of bonds. This results in thermodynamically stable assemblies. The reversible,
rather than irreversible, nature of the interactions underlies the reconfigurability of
the assembled structures, something rarely observed in materials created through
traditional fabrication methods. Moreover, because the assembly process is highly
sensitive to external conditions, this technique offers a remarkable degree of tunability.
By adjusting environmental parameters, it is possible to guide the formation of
different structures and to dynamically influence the properties of the assembled
material. The structures can reversibly switch between distinct configurations of
functional states, enabling responsive or adaptive behaviour. This expands the design
space even further, opening new pathways for materials that can be reconfigured or
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controlled through external stimuli.

Inverse self-assembly approaches have traditionally focused on tuning two key aspects
of the building blocks to achieve selective assembly: their shape and their pair
interaction potential. This strategy has led to increasingly complex designs of
single-component systems since achieving selectivity requires not only promoting the
spontaneous assembly of the desired structure, but also suppressing the formation of
competing structures. In contrast, we propose a shift in focus: instead of designing
a single particle type with complex shape and interactions, we mix simpler but
distinct building blocks. Specifically, we employ patchy particles as elementary
units. These particles have a fixed spherical shape, while the required anisotropy of
interactions is introduced through patches, attractive sites located on their surface.
The number and the spatial arrangement of these patches are chosen to match the
bond geometry of the target structure. Different types of building blocks differ in
the type of patches they have, with each patch type encoding specific binding ability.
These patch types and interaction rules are what drive the mixture to assemble
the target structure, and must be designed accordingly. To this end we adopt an
approach named SAT-assembly, an inverse design approach that determines
how different patchy particles must be defined and how they should interact (i.e.
what are the matchable patches) in order for the target structure to emerge as a
free energy minimum. This algorithm iteratively refines the design, providing a
systematic route to inverse tailor the building units for self-assembly into complex
and programmable materials.

Crucially, successful and efficient inverse self-assembly requires controlling not only
the target structure, but also the intermediate steps leading to its formation. This
aspect, often overlooked, is the central focus of this thesis. Our goal is to identify op-
timal self-assembly pathways and to extend the SAT-assembly framework to include
this level of control. To this end, it is fundamentally important to understand how
nucleation occurs in mixtures. In particular, we focus on how density fluctuations
couple with composition fluctuations, a phenomenon absent in single-component
systems. The phase behaviour of mixtures is characterised by a phase separation
process where the species concentration of the resulting coexisting phases typically
deviates from the one of the starting homogeneous system. In our case, the co-
existing vapour and liquid phases reach equilibrium at different concentrations of
the constituent species. Without explicitly computing the full phase diagram, it is
generally not possible to predict the final equilibrium concentrations from a given
initial condition. There is, however, a notable exception: azeotropic mixtures. At
the azeotropic point, the mixture separates into phases that retain the initial species
ratio, effectively behaving as a single-component system. We explore the possibility
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of inverse designing this specific thermodynamic property by tailoring the interac-
tions between particles. Our aim is to identify general rules that inter-particle bonds
need to satisfy, both in terms of allowed bonding configurations and their energies,
in order to generate azeotropic mixtures. Furthermore, we investigate how this
inverse thermodynamic approach to tailor phase behaviour can be integrated into the
SAT-assembly framework. This capability is crucial in the context of self-assembly.
Molecular dynamics simulations indicate that nucleation typically occurs within
the denser phase following phase separation. Hence, for efficient and high-yield
self-assembly, it is critical that this dense phase has the same stoichiometric ratio as
the target structure. By designing the azeotrope at the same stoichiometric ratio of
the crystal, we can optimise the self-assembly process.

The design rules for azeotropy are identified within the Wertheim first order per-
turbation theory and validated by computing the vapour-liquid coexistence regions
using both numerical integration techniques and Gibbs ensemble simulations. To
assess the impact of the azeotropic point on self-assembly, we correlate these phase
diagrams with the nucleation behaviour by performing extensive direct nucleation
simulations in the canonical ensemble. These simulations take advantage of the
use of biased Monte Carlo moves to efficiently capture rare nucleation events. In
addition, we employ advanced sampling techniques to compute surface tensions and
free energy barriers to investigate the validity of Classical Nucleation Theory (CNT).
Our results reveal a significant deviation from CNT predictions: polymorphs that
share the same bulk and interfacial free energies exhibit different nucleation rates.
This finding challenges the capillarity approximation that underlines CNT. It is the
assumption that macroscopic thermodynamic properties alone can predict nucleation
rates, and provides insights into nucleation mechanisms in presence of polymorphs.
The polymorphs we leverage in our test differ not in crystal structure, but in the
arrangement of species on equivalent lattice sites, a consequence of the system’s
multi-component nature. These subtle arrangement differences lead to variation not
only in the nucleation frequencies, but also in the optical properties of the structures.
This instance motivates us to explore how constraining specific species to occupy
specific lattice sites can be used to impart chirality to the final assembled structure.

While this work is primarily theoretical and computational, it is strongly motivated
by the possibility to experimentally realise the designed assemblies. This is why in
investigating the thermodynamics and the nucleation process of mixtures, we focus
on a case study: a SAT-designed binary mixture able to exclusively self-assemble
into a cubic diamond crystal without defect and stacking faults. This crystal lattice
is extremely promising for nanotechnology applications as, if realised on colloidal
scales, it acts as a photonic crystal capable of manipulating radiation in the visible or
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infrared wavelengths. For experimental realisation, the idea is to use DNA-origami
whose patchy particles are an ideal coarse-grained model. Our goal is to establish a
general framework that support the colloidal realisation of target structures. We
believe this work contributes to that goal by extending the SAT-assembly design
ability beyond topological requirements alone. Indeed, beyond the SAT-assembly’s
core ability to automatically identify particle designs that self-assemble exclusively
into a target structure while avoiding alternative assemblies, we introduce the
capacity to hold additional requirements acting also on thermodynamic and photonic
properties, such as the presence of an azeotrope or of chiral structures. This expanded
framework offers a powerful tool set for material design, helping to bridge the gap
between theoretical models and experimental realisation: SAT-assembly allows us to
approach experiments with the optimal and tailored design for a desired structure.

The thesis is structured as follows. Chapter 1 provides a quick overview of
self-assembly, specifying the difference between direct and inverse approaches and
highlighting the importance of tunable interactions in soft matter. Chapter 2
presents the SAT-assembly framework. We introduce the combinatorial problem
that arises when working with mixtures, and show how the design problem can be
reformulated, firstly as a colouring task, and then as a Boolean satisfiability problem.
To illustrate the method, we focus on the meaningful example of the cubic diamond
assembly, introducing the SAT-designed N2c8 binary mixture. Chapter 3 bridges
the gap between theory, simulations and experiments. We describe how patchy
particles are simulated, and how they can be realised with DNA origami, providing
an algorithm to identify possible pairs of single DNA strands satisfying our bond
constraints. In Chapter 4, we explore numerical and simulation techniques useful
for constructing phase diagrams of mixtures. We apply them to the N2c8 solution,
and we underline the thermodynamic differences between multi-component systems
with respect to single-component ones. Chapter 5 is devoted to investigating the
nucleation behaviour in mixtures. We explore the role of density and composition
fluctuations and the relevance of specific thermodynamic conditions, such as the
critical and the azeotropic points. In Chapter 6, we present our falsifiability test
for CNT, demonstrating the failure of the capillarity approximation on which CNT
is based. Chapter 7 is the chapter of inverse thermodynamic, where we define
design rules to tailor the phase diagrams, focusing on the appearance of azeotropic
points at desired concentrations. Finally, Chapter 8 investigates how assigning
designated patchy particle species to specific lattice positions can induce chirality in
the assembled crystal structures.

The results presented in this thesis have been published in the following peer-
reviewed papers:
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1. Beneduce, C., EP Pinto, D., Šulc, P., Sciortino, F., and Russo, J., “Two-step
nucleation in a binary mixture of patchy particles”, The Journal of Chemical
Physics, 158(15), 154502, 2023, https://doi.org/10.1063/5.0140847, which
is primarily discussed in Chapter 5.

2. Beneduce, C., Sciortino, F., Šulc, P., and Russo, J., “Engineering azeotropy to
optimize the self-assembly of colloidal mixtures”, ACS nano, 17(24), 24841-
24853, 2023, https://doi.org/10.1021/acsnano.3c05569. Chapter 5 and
Chapter 7 are the main chapters presenting this work.

3. Beneduce, C., Pinto, D. E., Rovigatti, L., Romano, F., Šulc, P., Sciortino,
F., and Russo, J., “Falsifiability test for classical nucleation theory”, Phys-
ical Review Letters, 134(14), 148201, (2025), https://doi.org/10.1103/
PhysRevLett.134.148201, which is analysed in detail in Chapter 6.

4. Beneduce, C., Mastriani, G., Šulc, P., Sciortino, F., and Russo, J., “Inverse
Thermodynamics: Designing Interactions for Targeted Phase Behavior”, The
Journal of Physical Chemistry B, 129(39), 10153–10161, 2025, https://doi.
org/10.1021/acs.jpcb.5c04056, which is the focus of Chapter 7 .

https://doi.org/10.1063/5.0140847
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Chapter 1

Self-assembly

This chapter provides a concise introduction to self-assembly and explores how
soft matter systems can be engineered to replicate and control this phenomenon.

1.1 Direct and inverse self-assembly

Self-assembly refers to the spontaneous organisation of single components into
defined structures without external guidance. This phenomenon underpins many
natural processes such as protein folding, virus capsid formation, liquid bi-layer
organisation in cell membranes, shell and coral biomineralisation, as shown in
Figure 1.1. The underlying mechanism is increasingly being harnessed in materials
science to build complex structures with tailored functionalities.
Association processes occur when particles within a system bind, driven by a balance
between the energetic gain from bond formation and the entropic penalty associated
with the resulting loss of translational entropy. At high temperatures, the system is
in a fluid phase: aggregation does not occur because the thermodynamic behaviour
is dominated by entropy, which is maximised when particles remain unbonded. Only
when interactions between particles have strength comparable or larger than the
thermal energy, the fluid becomes unstable and the particles condense searching
for a lower free energy state. The spontaneous formation of inter-particle bonds
gives rise to aggregates whose final state can be either that of an ordered lattice or
a quasi crystal [4], a connected percolating structure (e.g. a liquid), or a collection
of finite size clusters, as illustrated in Figure 1.2. This spontaneous search for the
lowest free energy state is called self-assembly [5, 6]. While the computation of the
free energy of a structure is a laborious but solved problem in statistical mechanics,
several challenges hamper our understanding of self-assembly and our ability to
mimic natural systems. Efforts focused on both direct and inverse self-assembly.

In the direct self-assembly problem, one starts from a set of predetermined elementary
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Figure 1.1. Self-assembly in nature. Examples of different spontaneous aggregation
processes occurring in biological systems: (a) protein folding; (b) virus capsid assembly
(c) amphiphilic phospholipid organisation into a bilayer. Images adapted from [1–3],
respectively.

units with known inter-particle interactions and is tasked with selecting structures
that correspond to free energy minima. This is done either with intuition (for simple
structures), with brute force approaches (direct molecular simulations), or with
specialised algorithms [7, 8].

An even more interesting and challenging task is the inverse self-assembly problem,
which goes beyond merely understanding how self-assembly occurs, and seeks to exert
precise control over the process. The goal is to design elementary units that reliably
self-assemble exclusively into a desired structure [12, 13]. As Richard Feynman
famously pondered, “What would happen if we could arrange the atoms one by one
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(a) (c)(b)

Figure 1.2. Target structures. Examples of different types of assemblies: (a) cubic
diamond crystal; (b) snub-dodecahedron cages; (c) quasi crystal. Images adapted
from [9–11], respectively.

the way we want them?”, achieving a similar level of control over colloidal units
promises to unlock new frontiers in material science [14]. This thesis is centred on the
problem of inverse self-assembly, which involves addressing two main challenges: first,
the identification and design of suitable building blocks which are meso- nano-scale
units and not atoms or molecules; second, ensuring that no competing structures
can form that would prevent the assembly of the desired one [15]. Indeed, kinetic
pathways can drive the assembly towards amorphous aggregates, or structures
different from the desired one. The elementary units can be designed by tailoring
either their shape or their interaction potential. Both strategies have been explored,
and we will briefly describe them in the following section.

1.2 Soft Matter: the world of tunability

A key point one is tasked in the inverse self-assembly problem is the design of the
building units. Various strategies have been proposed, and these include geometrical
approaches and optimisation algorithms. In the first case, some properties of the
building units, such as the shape and the directionality of the bonds, are tuned in
order to match the geometric features of the target structure [16–23]. Optimisation
algorithms, instead act on the inter-particle potential to establish a pair potential
whose free-energy minima is guaranteed to be the desired structure [13, 24–32].
However, the inter-particle interactions resulting from such procedures are often
too complex and require a degree of precision that is out of reach in experiments.
In contrast, geometrical approaches are experimentally feasible, but demand high
degree of geometrical intuition. Moreover, both strategies are strongly system
specific, typically rely on ad-hoc engineer to make the desired structure the system’s
free energy minimum and get rapidly complex. In this work, we aim to establish a
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general and automated framework capable of systematically addressing the inverse
self-assembly problem.

Before introducing our approach, it is important to emphasise that the ability to tune
both the geometrical and interaction properties of the building blocks is a unique
feature of soft matter systems. Owing to their colloidal dimensions (ranging from
nm to µm) these systems are soft, meaning they are easily deformable. Conversely
to atomic and molecular systems where interactions are fixed by quantum mechanics
and the ability to engineer specific behaviours is severely limited, soft matter systems
exist at a mesoscopic scale that grants them a remarkable degree of tunability. They
are bigger with respect to atomic and molecular systems to be easily deformable,
yet still small to be affected by thermal fluctuations and accurately described
by statistical mechanics. This intrinsic tunability allows soft matter systems to
exhibit rich phase behaviour, self-organisation, and responsiveness, making them
ideal platforms for studying emergent phenomena and for designing materials with
programmable structure and function, as we will show in this work.

In summary, our goal is to explore a novel approach to material fabrication
that leverages the inverse-self assembly of soft matter systems. Specifically, we aim
to establish a general procedure for designing building units at nano- meso-scale
that spontaneously and selectively aggregate into a predetermined structure. This
framework, referred to as SAT-assembly, is introduced in the next chapter.
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Chapter 2

SAT-assembly

In this chapter, we review the SAT-assembly approach to address the inverse
self-assembly problem. This framework combines the two routes so far exploited, the
geometrical strategies and the optimisation algorithms, and it provides a general and
automatic design procedure. The main novelty of this framework is the extension
of the number of building blocks. By moving from single-component systems to
mixtures, simpler interacting potential can be used, shifting the challenge to introduce
specificity through selective bonding between components.

2.1 Patchy Particles

The building units we employ are patchy particles. They are spherical hard core
colloids of diameter σ whose surface is decorated by attractive sites named patches.
As shown in Figure 2.1, a bond is formed when patchy particles are sufficiently
close and properly oriented such that two compatible patches come into proximity.
While it is rather uncommon, we note that we can also generalise this definition to
non-spherical and poly-disperse systems.
Different species of patchy particles can differ either by the number, the arrangement,
and the type of the patches. The bonding rules, i.e. which types of patches can
establish a bond are encoded in a square matrix, termed the interaction matrix Γ,
with dimensions equal to the total number of patches. For example, in a ternary
mixture where each species has five patches, Γ is a 15 × 15 matrix. The first five
rows and columns correspond to the patches of the first species, rows and columns
from 6 to 10 to those of the second, and the last five to those of the third species.
Each element Γ(α,i),(β,j) is set to 1 if patch α on particle i interacts with patch β on
particle j, and to 0 otherwise.

Mathematically, the short-ranged and anisotropic inter-particle interaction between
patchy particles, can be modelled by the Kern-Frenkel potential [34,35]. The excluded
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Figure 2.1. Schematisation of patchy particles. Two bonded patchy particles with
four equal patches coloured in blue and tetrahedrally arranged. The pair interaction can
be modelled by the Kern-Frenkel potential which is based on two key parameters: the
depth δ and the wideness θmax of the patches. Image reproduced from [33].

volume interaction is included as an isotropic hard-sphere repulsion embedded within
a square well potential VSW of depth ϵ and width δ that provides an attractive range
extending from σ to σ + δ. To introduce the directional nature of patchy particle
interactions, this isotropic potential is modulated by a term F depending on the
relative orientation of the particles. Specifically, F is a function of the scalar product
between ri,j , the centre-to-centre distance between particles i and j, and r̂α,i and
r̂β,j , the unit vectors that define the position of patch α on species i and β on species
j, respectively. More precisely, the total interaction potential V is:

V (rij , r̂α,i, r̂β,j) = VSW (rij)F (rij , r̂α,i, r̂β,j) (2.1)

where F is defined as

F (rij , r̂α,i, r̂β,j) =


Γ(α,i) (β,j) if

r̂ij · r̂α,i > cos (θmax)

r̂ji · r̂β,j > cos (θmax)

0 otherwise

(2.2)

In summary, at distances shorter than σ, patchy particles i and j interact via
isotropic hard sphere repulsion that prevents overlap. In contrast, at intermediate
distances, in between σ and σ + δ, an attraction between patch α on particle i

and patch β on particle j occurs if: (a) the two patches are compatible, that is if
Γ(α,i)(β,j) = 1, and (b) they are correctly aligned, i.e. the line connecting the centres
of the two particles (dotted yellow line in Fig 2.1) intersects the volume of both
patches. We notice that Γ(α,i)(α,i) = 1, i.e. a diagonal element of the interaction
matrix equal to one, indicates a self-compatible patch. In this case, a bond can form
between two identical patches located on two distinct particles of the same species.

We notice that the Kern-Frenkel potential is suitable for Monte Carlo simulations,
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but must be converted to a differentiable form if Molecular Dynamics simulations
are performed. Usually, the hard sphere like repulsion is translated into a Weeks-
Chandler-Anderson potential and the overall square well potential into a Lennard-
Jones potential truncated with a quadratic smoothing function. At the same time,
the dependence on the relative orientation between the particles is given by Gaussian
like functions. Importantly, the Kern-Frenkel potential and its continuous versions,
are characterised by two independent geometrical parameters δ and θmax that specify
the range and the angular width of the patches, respectively (see Figure 2.1). By
tuning these values, different thermodynamic and kinetic behaviours are observed.
In particular, phase diagram computations varying θmax [36, 37] reveal that both
excessively large and overly narrow angular widths can hinder the self-assembly
process. When θmax is too large, the nucleation rate is significantly suppressed. This
is because the free energy difference between the disordered and ordered phases
becomes small, reducing the thermodynamic driving force for nucleation. As a result,
even under slow cooling, nucleation may not occur within the accessible observation
timescales, and the system may eventually end up in a glass state. Conversely,
when θmax is too small, the bonding volume becomes extremely small, leading
to a substantial entropic penalty that makes bond formation thermodynamically
unfavourable. Moreover, narrow patches can kinetically favour the closure of rings
of specific size which can hamper the growth of the desired structure and drive the
assembly towards competing aggregates, even when they are metastable with respect
to the target one. Narrowness also affects the kinetics of the assembly: narrower
patches slow down the process since particle encounters are less likely to result in
successful binding. This analysis further highlights the high degree of tunability
and flexibility inherent to inter-particle interactions in soft matter systems. In the
following, we fix the Kern-Frenkel potential parameters to cos (θmax) = 0.98 and
δ = 0.2, values known to readily access nucleation within simulation times. All
energies are expressed in units of the square-well depth (ϵ), and distances in units of
the patchy particle diameter (σ).

It is apparent that the Kern-Frenkel potential in Eq. 2.1 is significantly simpler
than the ad-hoc interaction potentials typically required for controlling self-assembly
in single-component systems. However, to reliably aggregate only the desired
structure using patchy particles, it becomes necessary to consider multi-component
systems. Then, the inverse self-assembly complexity shifts from designing a precise
functional form of the interaction potential to determining number, positions, and
types of patches of each particle, along with the interaction matrix guaranteeing the
formation of the desired assembly. This shift in focus introduces a new combinatorial
challenge, which we address by introducing the SAT-assembly framework.
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2.2 A satisfiability approach to a design problem

The inverse self-assembly goal is to design building units and their interactions to
spontaneously self-assemble, without defects, a desired structure. It is a challenging
task since the formation of specific structures is not devoid of problems [12, 13].
First of all, even if the target structure is the stable state, kinetic pathways can
drive the assembly towards amorphous aggregates, or structures different from the
desired one. To address this hurdle, several strategies have been suggested. They
focus on single-component systems that are easier to handle from a thermodynamic
perspective, and examples include: optimisation of preparation protocols [32, 38, 39],
accurate design of inter-particle potentials [13,24–31], and geometrical approaches
where the inter-particle interactions accurately match the geometric features of the
target structure [16–23]. However, these strategies are often not experimentally
feasible since complex interaction potentials [13] and/or shapes tuning [19] are
required to avoid the appearance of alternative structures. Rather than increasing
the complexity of the inter-particle interactions, another route is to increase the
number of building blocks. Abandoning the one-component approach in favour of
multi-component systems shifts the challenge from designing complex single particle
potentials to optimising simpler and more geometrical interactions between multiple
components [15,40–45]. We can use less complicated potentials because, expanding
the alphabet of building blocks, i.e. increasing the number of components, reduces
the degree of symmetry in the final structure. This, in turns, decreases the number
of competing structures, and simplifies the assembly pathway towards the target
design. However, aside from experimental challenges, mixtures introduce a significant
drawback compared to single-component systems: a combinatorial problem. As the
number of building units grows, so does the existing interaction matrices. Each
additional component exponentially increases the space of possible solutions, and
with that the computational effort required to find a good design. To tackle this, an
approach called SAT-assembly has recently been introduced [41,46].
SAT-assembly integrates concepts from both geometrical approaches and optimi-
sation algorithms while offering a general and automatic procedure for designing
self-assembling systems. Building units are patchy particles and the geometric
information is encoded in the number and the placement of the patches selected
to match the bond geometry of the target structure. For example, patchy parti-
cles with four tetrahedral arranged patches are used to assemble a cubic diamond
crystal. The central goal is to design multiple species of patchy particles and their
interactions such that only the target structure corresponds to the system’s free
energy minimum, an objective aligned with traditional optimisation methods. How-
ever, rather than engineering complex interaction potentials for a single-component
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system, SAT-assembly focuses on designing multi-component systems with simpler
pairwise interactions. This is achieved through a colour programming strategy. Each
patch type is assigned a specific colour and selectivity towards the target structure
is obtained by introducing compatible colours: bonding is allowed only between
complementary colours. The challenge then becomes to determine whether a set
of particle species, patch types and colour complementarity exist such that the
target structure is a fully bonded minimum-free energy state while also ensuring that
competing structures cannot form using the same components or any of their subsets.
Figure 2.2 presents a simple example to illustrate this colouring approach for the
inverse self-assembly task. The purpose is to design patchy particles that can form
six-membered rings while preventing the closure of five-membered rings. The simpler
solution uses patchy particles with two patches. The key design question becomes:
how should the patches be coloured to meet this requirement? An alternating
colouring scheme provides a possible solution. Because no particle has two identical
patches, odd-membered rings such as pentagons cannot close, while even-membered

(a)

(b)

Figure 2.2. Illustration of the colouring problem. The SAT-assembly framework
recasts the design problem into a colouring problem that for the simpler situations can be
solved manually. (a) In order to close six-membered rings while forbidding the formation
of five-membered rings, we can use a single species of bifunctional patchy particles with
two different coloured patches. (b) For the inverse task five species and five colours are
required. In this case, patches cannot be self-complementary. Hence, in general a given
colour does not represent a single patch type but rather a pair of distinct, mutually
compatible patch types. As a result, the total number of different patch types is ten.
Image reproduced from [41].
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rings like hexagons can form. Thus, using just one particle species and two different
patch types is sufficient. Interestingly, solving the inverse problem, i.e. designing
particles that can form five-membered rings while excluding six-membered ones,
requires a far more complex design. In this case, five species and five colours are
necessary. How the correspondence between colours and patches is defined? In the
first case, it can be a one-to-one correspondence where a single colour represent a
single patch type. Then the design in (a) consists of two different self-interacting
patches (the green and the red). This is not the case in the second example where
each of the five colours represents a pair of complementary but distinct patch types.
None of these colours can stand for self-complementary patches since each vertex
of the pentagon must be occupied by a different species. In the following we use
the terms colours and patch types interchangeably, while in figures, to make them
quicker and easier to interpret, we often represent two interacting patches using the
same colour, even if their types differ.

Although the simple example in Figure 2.2 can be solved manually, this procedure is
rarely feasible in more complex scenarios. As the number of different species and
patch types increases, structural competition can be more effectively suppressed,
but at the cost of expanding the solution space, making manual design impractical.
To handle this complexity, the colouring problem is translated into a boolean
satisfiability problem (SAT), which can be efficiently solved using SAT solvers.
Specifically, SAT-assembly, encodes the bond topology of the target structure into a
system of Boolean equations whose solution gives the interaction matrix between
different patches. The sophistication of modern SAT solvers [47] allows to effectively
tackle the combinatorial problem for complex assemblies, including open crystalline
structures, clathrate structures, and finite size aggregates. In the next two sections
the SAT-assembly methodology is deeply outlined.

2.2.1 Variables and clauses

In this section we explain how, when the building blocks are patchy colloids,
the process of designing the bonding rules to assemble one specific structure (and
selectively avoid the formation of any other competing assembly) can be turned
into a set of boolean satisfiability (SAT) equations, which can be solved using
modern SAT solver algorithms. This strategy, named SAT-assembly, was shown
to overcome the combinatorial challenge of manage all the possible solutions for
multi-component systems by leading to the successful assembly of several complex
target structures, including the coveted colloidal diamond crystal [9, 41, 46]. The
SAT-assembly methodology is summarised in Figure 2.3.
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Figure 2.3. Overview of SAT-assembly framework. (a) Definition of the target unit
cell, here a 16-particle cubic diamond. (b) Selection of the building units: the valence
of the patchy particles and the arrangements of the patches are fixed according to the
bond geometry of the target structure. (c) Determination of the bond topology: the
neighbours of each particle in the target cell and the specific patches through which
bonding occurs are identified. (d) Definition of the boolean variables and clauses: a
set of equations is defined for a given number of lattice positions, species, patches,
orientations and different patch types. (e) Running of SAT-solvers: if a set of values for
the boolean variables making simultaneously true all the clauses exists, the interaction
matrix is determined. (f) Design test via molecular dynamics simulations: if trajectories
successfully assemble the desired structure the inverse self-assembly problem is solved. If,
instead, undesired structures appear, the algorithm goes through points (g), (e) and (f)
iteratively. It stops when a good solution is found in (f) or when all possible interaction
matrices are not exclusively compatible with the target structure. In this last case,
a restart from point (c) by changing the number of patch types or/and species can
be attempted. (g) Insertion of additional clauses to avoid competing structures: for
each already known, or spotted in (f) undesired topology (here a 32-particle hexagonal
diamond), point (e) is executed. If a solution is possible, before running (e) for the
target structure, an additional clause preventing the interaction matrix to be the one
just found is added.
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Firstly, the number and the placement of the patches are chosen to match the bond
geometry of the target structure. Then, the topology of the target structure unit cell
is introduced. It defines i.e. where each particle is located, what its neighbours are
and through which patches bonds are established. What is left to determine is how
many different types of species and patches are needed and how they should interact
in such a way that the target structure is the minimum free energy fully-bonded
state. This task is converted into a colouring problem: by deciding that different
colours encode different binding properties, the goal is to define how each patch of
each species is coloured and which colours are complementary allowing the formation
of a bond. Since it is impossible to proceed by looking directly for all possible
combinations, the colouring problem is transformed into a Boolean satisfiability one
(SAT) that can be solved efficiently through SAT solvers [47]. The mapping is done
by defining binary variables and binary clauses. The first ones encode the design
problem and the second ones impose constraints that variables need to satisfy. A
solution to the design problem is found if it exists a set of Boolean variable values
ensuring all clauses are simultaneously satisfied. However, the SAT solver guarantees
the solution to be compatible with the target structure, but does not prevent particles
to arrange themselves into some other competing structure. For this reason, an
appropriate design is determined by checking the solution against competitors. An
iterative approach is used: each time a solution satisfies also alternative topologies,
it is excluded by adding a new clause that prevents the interaction matrix and
each patch colouring to be the same as the one just found. If competing structures
are already known it is not necessary to test each solution directly, by performing
numerical simulations and verifying the nucleation outcomes. Indeed, SAT-assembly
can be formulated to check if there is a lattice placement for all or a subset of species
that is compatible with an undesired topology, by keeping the interaction matrix
and the patch colouring fixed to the one of the solution we want to test. If the
SAT solver finds a set of unit cell placement variables, the solution tested must be
discarded. Whereas, if the SAT solver gives no solution, we found a design that
avoids that particular competing structure.

Given the overall flow of SAT-assembly, we focus on its core aspect, i.e. expressing
the colouring problem as a set of Boolean equations. The desired topology is given by
the position and the orientation of each particle in the lattice. To any lattice position
L, V slots representing the possible bonds are assigned. Hence, to each patchy
particle we attribute a position l among the L available ones and an orientation
o among the R possible ways to orient the particle in such a way that its patches
overlap with the slots. Each orientation o defines a mapping ϕo from slots to patches,
such that ϕo(k) = p, meaning that slot k is occupied by patch p when the particle
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is in orientation o. The goal is to determine if it exists a set of patchy particles
satisfying the given topology. Is there a design that allows to fill the desired lattice
positions such that the neighbouring patches have complementary colours? The
different Nc colours encode for different binding properties. Each patchy particle
has the same number of patches Np and the same placement of patches on its
surface, but we allow having Ns different species of patchy particles distinguishing
them by the colours that their patches have. Ns and Nc are the parameters of
the algorithm. Starting from the lowest number of different species and colours
we progressively increase them looking for a solution compatible with our target
structure while avoiding competing assemblies that are iteratively excluded by means
of additional clauses. An alternative approach that avoids reformulating the SAT-
assembly problem repeatedly is to vary only the parameters Ns and Nc, rather than
systematically excluding previously insufficient designs. While this method can be
faster, it likely overlooks the minimal solution, i.e. the one that uses the fewest
species and colours, is skipped. This is a drawback as minimal designs are generally
more practical and cost-effective to implement experimentally. If minimal solutions
are also the most efficient from a yield and kinetic point of view, will be the object
of further studies. The opposite limit occurs when all patches are different, and we
have a fully-addressable design that uses the maximum number of colours (Ns times
Np).
The design is enclosed in the following binary variables that can be either true (equal
to 1) or false (equal to 0).

• colour interaction variables xint
ci,cj

defining the way patchy particles interact.
There are (Nc)(Nc+1)

2 of such variables and if true, colour ci is complementary
to colour cj ;

• patch colouring variables xpcol
s,p,c defining the colour assigned to each patch of

each species. There are NsV Nc of such variables and if true, the patch p of
particle of species s has colour c;

• unit cell placement variables xL
l,s,o defining the occupancy of the desired lattice.

There are NsLR of such variables and if true, the position l is occupied by a
patchy particle of species s with orientation o;

• auxiliary variables xA
l,k,c helping in formulating the design problem. There are

V LNc of such variables and if true, the particle located at position l is oriented
in such a way that the slot k has a patch of colour c.

The correct design rules are established through Boolean clauses that, by coupling
the binary variables, constrain their values. The clauses we use are listed below.
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• Cint
ci,cj ,ck

= ¬xint
ci,cj

∨¬xint
ci,ck

ensuring that each colour has a single complementary
colour;

• Cpcol
s,p,ck,cl

= ¬xpcol
s,p,ck

∨ ¬xpcol
s,p,cl

imposing that to each patch of each species is
assigned only one colour;

• CL
l,si,oi,sj ,oj

= ¬xL
l,si,oi

∨ ¬xL
l,sj ,oj

guaranteeing that each lattice position is
occupied by a only one particle of specific species and orientation;

• C lint
li,ki,lj ,kj ,ci,cj

= ¬xA
li,ki,ci

∨¬xA
lj ,kj ,cj

∨xint
ci,cj

assuring neighbour patchy particles
in the lattice interact with patches of colour that respect the interaction matrix;

• CLS
l,s,o,c,k = (¬xL

l,s,o ∨ ¬xA
l,k,c ∨ xpcol

s,ϕo(k),c) ∧ (¬xL
l,s,o ∨ ¬xA

l,p,c ∨ xpcol
s,ϕo(k),c) ensuring

that the colour assigned to each patch is compatible with the orientation
assigned to the particle;

• Calls. =
∨

∀l,o xL
l,s,o preventing that only a subset of species is used;

• Callc. =
∨

∀s,p xpcol
s,p,c avoiding that only a subset of colour is used.

Importantly, in SAT clauses, the variables or their negation (obtained with the NOT

(¬) logical operator) must be connected only through OR (∨) operators since AND

(∧) operators are used to link together the different clauses. Indeed, the design
problem has a solution if there is an assignment of truth values (true or false) to the
variables so that every clause is satisfied (is true). Technically speaking, when this
condition is met, the Boolean problem is said to be satisfiable. Finally, we note that
the last two clauses Calls. and Callc. must be removed when checking a particular
solution against a competing structure to take into account that it can arise from the
self-assembly of a subset of patchy particles. Further discussion of Boolean clauses,
aimed at supporting non-expert readers, is provided in Appendix A.

The SAT-assembly framework is an effective, general, and versatile approach for
determining designs that lead to desired assemblies without defects and stacking
faults. Notably, by combining it with the patchy particles model, we outline a
design strategy that is not system specific. Moreover, we emphasise that additional
clauses can always be incorporated to enforce specific properties, allowing for precise
tailoring of the design. This ability for customisation is the central theme of the
thesis.

Once the Boolean satisfiability problem is defined, the seeking of determining if
it is satisfiable or unsatisfiable is committed to SAT-solvers. The following section is
devoted to these powerful solvers.
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2.2.2 Sat-solvers

The colouring problem defined above falls into the class of NP complete problems,
problems for which no polynomial time algorithm is currently known. NP problems
are a class of decision problems where each instance has a “yes” or “no” answer.
While a proposed solution can be verified in polynomial time, it is not known
whether a solution can be found in polynomial time. In practice, solving these
problems typically involves algorithms that systematically explore the space of
possible solutions in an intelligent way, i.e. by using constraint-solving strategies,
rather than performing a brute-force search, in order to find a variable assignment
that satisfies all constraints or to determine that none exists. This is precisely the
strategy employed in our SAT-assembly framework.

Although challenging, the development of modern SAT-solvers allows us to
determine a solution to problems of our size in times ranging from few second to
few hours. Then, it is worth nothing that different solvers perform differently, and
the best choice depend on the specific design problem. While deepening into the
details of each solver is out of the scope of this thesis, where only the MiniSAT [47]
solver is used, we believe it is worthwhile to briefly outline the common underlying
mechanisms shared by different solvers.
The Boolean formula to determine if a problem is satisfiable is represented in
Conjunctive Normal Form (CNF): it is a conjunction (AND ∧ operators) of clauses,
where each clause is a disjunction (OR ∨ operators) of variables or of their negations
(NOT ¬ operators). The first variables assigned with a value are the ones entering
the so called unit-clauses, clauses where only one variable appear. Assigning each of
these variables with the value making true the clauses, can generate new unit-clauses
that are readily considered. When there are no unit-clauses left, the solver makes a
decision by picking a variable and assign it a value. It continues until a conflict is
detected, that is when a clause is false due to the values assigned to the variables that
define it. In this case, the solver backtracks to the most recent decision point and
try the opposite assignment. Additionally, it learns a new clause that prevents the
same conflict to happens again. For each detected conflict a new clause is inserted.
This procedure is named CDCL (Conflict Driven Clause Learning). In particular,
when the algorithm hits a conflict, it constructs an implication graph that illustrates
all the assignments that led to the conflict, starting from the current decision level.
Within this graph, the first UIP (unique implication point) is identified. This point
corresponds to the variable assignment closest to the conflict that lies on all the
paths from the decision assignment to the conflict. Finally, to avoid repeating the
same conflict, the solver learns a new clause that is added to the Boolean formula.
This clause prevents the variable involved in the first UIP to assumes the same value
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under the same conditions, i.e. when the other variables leading to the UIP are
assigned to the same values. After the new clause is added the solver back jumps to
the highest decision level that appears in that clause. The algorithm continues until
it finds an assignment that makes the formula true, or it determines none exists.
When the solvers have to make a decision, heuristic methods are used to choose both
the variable to assign and its value. While they do not ensure to find the optimal
solution, they can significantly speed up the process. Firstly assigned variables are
the ones appearing in the largest number of clauses since in this way the formula
is simplified more quickly. Other prioritised variables are the ones that have been
involved in recent conflicts or have been assigned frequently. Indeed, it means that
they are active variables that have an important influence on the outcome. Finally,
regarding the value assigned, usually a variable is provided with a value according
to the one that it has assumed most often in previous conflicts.
These are the most common heuristic strategies that allow to reduce the number
of decisions and to improve the chance of find a satisfiable assignment. While
using heuristic strategies during the resolution, these algorithms are not stochastic;
they follow well-defined logical procedures and given the same input and decision
heuristic, the result is the same. It is worth to mention that it exists also stochastic
solvers. Unlike deterministic ones, they do not rely on clause learning but rather
perform a random search over the assignment space. In essence, they start by
randomly assigning values to all variables and while there are unsatisfied clauses,
they randomly select one of them and flip the value of a randomly chosen variable
within that clause. They are generally faster in proving the satisfiability of a specific
variable assignment with respect to deterministic algorithms, however they can get
stuck and, above all, cannot prove that a problem is unsatisfiable.

Having defined our methodology that uses patchy particle mixtures, SAT clauses
and deterministic SAT solvers, we put it to work on the inverse self-assembly task
of the cubic diamond crystal.

2.3 Cubic diamond crystal

One of the most interesting and challenging bottom-up realisation of a target
structure is that of the cubic diamond crystal [48, 49]. Realising a perfect cubic
diamond on colloidal scale would enable the creation of a photonic crystal. Just like
semiconductors have an electronic band-gap, photonic crystals have an optical band
gap that allow for light manipulation in a controlled way [50–52]. The wavelengths
of photons that are unable to propagate through the crystal are of the same order
as the cavity sizes of the cubic diamond lattice.
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Cubic diamond self-assembly is as fascinating as it is complex. Indeed, its lattice is
an open structure which competes with the hexagonal diamond structure preventing
the cubic diamond from forming without defects, such as stacking faults [53]. Several
studies have been performed to overcome these difficulties [53,54], including solutions
obtained within the SAT-assembly framework [41, 46]. In order to convert the cubic
diamond inverse self-assembly task into a colouring problem, we follow the procedure
outlined in the previous section. Specifically, we select patchy particles of valence
four with a tetrahedral arrangement of the patches as the building units, since
each particle in the cubic diamond lattice form four bonds oriented at angles of
109.5 degrees. Since cubic and hexagonal diamonds share the same tetrahedral
coordination, we already know that the hexagonal diamond is also likely to assemble
from these building units. Hence, each design that is tested for the cubic diamond is
also tested against the hexagonal one. While the two crystals have the same local
bond geometry, they differ in crystal symmetry and in the long range stacking. This
constrains the cell size on which the topology must be defined. Picking a 8 or 16
particle cell will result in designs that are not able to discard the hexagonal lattice
since both crystals share the same first and second neighbours. We need to go up
to third neighbours to observe a difference. Hence, we construct our SAT problem
around a cubic diamond 16-particle cell and a hexagonal diamond 32-particle cell.
The minimal SAT-designed solution is found by progressively increasing the number

Figure 2.4. 3D representation of the N2c8 solution, SAT-designed to self-assemble
a cubic diamond crystal. It is a mixture consisting of two species of patchy particles
(N2), the cyan and the red one, that differ in their patch types. There are eight (c8)
different patch types, i.e. colours, referred to by letters from A to H. Complementary
colours identify patches that can bind and are reported in the bottom part of the table.
Image adapted from [55].
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(c)

(a)

(b)

Figure 2.5. Interaction matrix of the N2c8 solution, SAT-designed to self-
assembly a cubic diamond crystal . The two species composing the binary mixture
are depicted in cyan (a) and red (b). They both have four different patches (numbered
from 1 to 8) tetrahedrally arranged that bind according to the interaction matrix (c)
where the ones indicate the interacting patches. Matching colours appear for comple-
mentary patches (off-diagonal ones), while unique colours represent self-complementary
interactions (diagonal ones). Image reproduced from [56].

of colours and species. All single-component systems are compatible with both cubic
and hexagonal topologies. However, a binary mixture is sufficient to exclusively
select the cubic diamond lattice. The SAT-designed binary mixture identified is
referred to as N2c8 solution [9] as it consists of two species (N2) and eight colours
(patch types) (c8). Figure 2.4 illustrates this system.
The bonding rules are conveniently captured by the interaction matrix, which
mathematically encodes patch compatibility. The interaction matrix for the SAT-
designed N2c8 binary mixture is shown in Figure 2.5. It is a square matrix whose
dimension is equal to the total number of patches and whose elements mij are equal
to 1 only if patches i and j can bind. Hence, it is a 8 × 8 square matrix that can be
partitioned into four 4 × 4 blocks. The upper left block is defined by the first four
rows and columns, representing the patches of the first species as highlighted in cyan
in Figure 2.5. It defines the complementarity between distinct particles of the first
species. The same information but for the second species is enclosed in the lower
right block made by the last four rows and columns, depicted in red. Finally, the
upper-right (first four rows-last four columns) and lower-left (last four rows-first four
columns) blocks specify the possible bonds that two different species can establish. In
summary, the diagonal blocks express the intraspecies bonds, while the anti-diagonal
ones define the interspecies bonds. This is why the matrix is symmetric, diagonal
ones signal patches that are self-complementary, and off-diagonal one the simply
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(a) (b)

(c) (d)

Figure 2.6. Cubic diamond self-assembly from simulations. The N2c8 SAT-designed
binary mixture is tested via Monte Carlo simulations in the canonical ensemble. (a)
The evolution of the number of crystalline particles indicates a nucleation event. (b)
Final configuration snapshot showing the successful self-assembly of the two species of
patchy particles into the cubic diamond crystal. Snapshots of the final configuration
viewed from a hexagonal plane (c) and a cubic plane (d), where only bonds between
particles are shown. Their colour indicate the phase each particle belong to; blue/green
corresponds to the cubic diamond phase. All images are taken from a trajectory at
temperature T = 0.1, density ρ = 0.35, and with 500 patchy particles.

complementary ones. Additionally, we note that the number of self-interacting
patches is also the trace of the matrix.
By means of molecular simulations, we verified that this mixture crystallises in the
diamond-cubic phase, and notably cannot form the hexagonal diamond. A snapshot
of the final configuration from a nucleating trajectory is reported in Figure 2.6.
A detailed discussion about the nucleation process is presented in the following
chapters. Here, we only aim to provide a general overview of the inverse self-assembly
task for the cubic diamond and introduce the minimal design identified through the
SAT-assembly approach.

In summary, inverse self-assembly sets out to design building units in such a
way they spontaneously and exclusively aggregate into a target assembly. However,
the route to assembling a specific structure is riddled with obstacles. Even when
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the desired structure represents the system’s solely thermodynamically stable state,
kinetic traps can prevent successful nucleation, leading instead to amorphous ag-
gregate or alternative structures. To overcome these challenges, we propose to rely
on the SAT-assembly framework, a methodology that combines patchy particles
with Boolean satisfiability equations, to systematically search for successful designs.
Among the most sought-after targets is the cubic diamond crystal, valued for its
potential application as a photonic crystal. For this crystal, we found the N2c8
design: a binary mixture of patchy particles that not only promotes the formation of
the cubic diamond lattice but also suppress the competing hexagonal phase, which
can cause stacking faults detrimental to the material’s photonic properties. In the
following chapters, we delve deeper into this design, using it as a case study to
derive valuable, broad insights into the nucleation behaviour and the thermodynamic
properties of multi-component systems.
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Chapter 3

Patchy Particle’s mixtures:
theory, simulations and
experiments

In this chapter we provide a comprehensive overview of the theoretical methods
and computational tools employed to investigate the thermodynamics and the nucle-
ation processes in mixtures of patchy particles. These techniques serve to confirm
the effectiveness of the SAT-designs and offer deeper, generalised understanding
of multi-component systems, an area less explored compared to single-component
systems. Special attention is also devoted to explain why patchy particle level
of coarse-graining is meaningful and how colloidal scale building units with such
specificity in binding can be experimentally realised.

3.1 DNA nanotechnology

Patchy particle models are particularly suited for addressing the inverse self-
assembly problem, as they allow precise control over the number (valence), the
placement, and the type of patches that can effectively encode the desired topology
requirements. The successful experimental realisation of such systems requires ensur-
ing the binding specificity defined by the interaction matrix. Various strategies have
been developed to create the short ranged, anisotropic, and selective interactions
characteristic of patchy particles. Most approaches rely on particle shape mod-
elling [57], and on chemical surface patterning [58–62]. One of the most promising
technique involves the use of DNA nanotechnology. DNA is an ideal construction
material: nucleic acids, through predictable and programmable Watson-Crick base
pairing, enable the design of highly specific interactions [63–65]. For example, col-
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Figure 3.1. Self-assembly of a pyrochlore lattice with DNA origami. SEM image
showing the successful assembly of a pyrochlore lattice, schematised in the bottom right
using patchy particles. The lattice is formed from octahedral DNA origami, whose shape
is highlighted in the upper right inset. The upper left corner shows the position of the
single stranded DNA overhangs at the vertices of the origami via coloured cones. The
white scale bar represents 1µm. Image adapted from [77].

loidal surfaces can be patterned by attaching single DNA strands to well-defined
positions [62, 66–71]. Alternatively, DNA-origami offers a powerful approach for fab-
ricating nanoparticles with exact shape and interaction specificity [48,72–76]. This
methodology has recently been successfully employed to self-assemble a pyrochlore
lattice, as shown in Figure 3.1. This achievement demonstrates the feasibility of the
method [77], and the following section highlights its key concepts.

3.1.1 From patchy particles to DNA-origami

DNA-origami are three-dimensional structures obtained by a nanoscale folding
of a DNA sequence. In Figure 3.2 the main steps towards their synthesis are
illustrated. The fabrication of DNA origami involves folding a long single stranded
DNA molecule, known as the scaffold strand (ssDNA), into a desired shape using
many short DNA strands, called staple strands. These staples provide high precision
in directing where the scaffold bends and connects, allowing for the formation of
complex three-dimensional structures. The first step is the identification of the
scaffold and the staple strands required to obtain the target DNA origami, which
consists of tightly packed and interconnected DNA helices. Software tools such as
caDNAno [78] facilitate this design process.
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Figure 3.2. Overview of the main steps in DNA origami fabrication. (a) Two
types of DNA sequences are required: a long scaffold sequence and numerous short
staple sequences. The nucleotide sequences of each staple are designed, based on the
target origami, using specialised software. (b) The scaffold and the staple strands are
mixed together in a buffer solution. (c) Thermal annealing enables the staples to bind to
specific sites on the scaffold leading to the correct folding of the scaffold into the desired
shape. (d) The assembled DNA origami are isolated through purification procedures. (e)
The size of the DNA origami is determined by the length of the scaffold. Image adapted
from [79,80].

In practice, the user defines the desired structure by placing DNA helices on a grid,
specifying the path of the scaffold along this grid so that it spans all parts of the
structure, and indicating the crossover points between helices where staples will
be placed. The software then automatically generates the nucleotides sequence for
each staple strand. These staples are designed to be complementary to specific
regions of the scaffold and to have similar melting temperatures to ensure thermo-
dynamic stability, while also minimising sequence repetition to reduce the risk of
misfolding. Typically, hundreds of staple strands are required, each composed of
tens of nucleotides, while the scaffold is a single long strand made up to thousands
of nucleotides. The scaffold sequence is usually known in advance: a common choice
is the circular M13mp18 viral DNA, consisting of 7249 nucleotides. Alternatives
choices can be made to control the finale size of the origami [79]. Once the DNA
strands have been synthesised, they are mixed together in a buffer (a water based
solution containing salts and ions that neutralise the negatively charged DNA back-
bone and promote base pairing between scaffold and staples) and subjected to a
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Figure 3.3. Sketch of two patchy particles realised through DNA origami. The
four patches tetrahedrally arranged are mapped in single-stranded overhangs at each
vertex of a tetrahedron DNA origami made by a nanoscale folding of the DNA scaffold
sequence. Different interacting patches correspond to complementary single DNA strands
and the self-interacting ones to palindromic DNA strands. Image reproduced from [33].

thermal annealing process to induce folding. Annealing begins with a denaturation
step, where the solution is heated to high temperatures (80–90◦C) to disrupt any
pre-existing folding in the scaffold and break any unintended connection between
staple strands. This step is essential to avoid partial folding, secondary structures,
or incorrect pairings that can lead to misfolding or low yield. After denaturation,
the temperature is gradually reduced to 65◦C at a rate of about 1◦C per minute.
During this phase, staple strands hybridise with their complementary regions on
the scaffold. Slow cooling is required to prevent kinetic traps. Small misfolding are
corrected during a much slower cooling to room temperature in a range of 10-70
hours that fine-tunes the structure. A final purification step removes excess staples
and other contaminants. One common method is precipitation, which isolates the
folded DNA origami while leaving unbonded staples in solution. After purification,
the assembled origami are typically stored at 4◦C until use and remain stable for
days to weeks.

In the context of inverse self-assembly DNA-origami can be used as building units.
The idea is to map patchy particles into DNA origami, whose shape mirrors the patchy
particle bond geometry, and the interacting patches into single complementary DNA
strands located at the vertices of each origami. In particular, compatible patches [81]
correspond to complementary single DNA strands and self-compatible patches to
self-complementary sequences. Figure 3.3 shows a possible realisation of a binary
mixture of patchy colloids with eight different patches (colours). The decorated
hard-sphere colloidal model (which can be closely experimentally realised [82]) is
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displayed together with a DNA-origami implementation [48]. The vertices of the
tetrahedron are functionalised with DNA strands, exploiting DNA addressability to
encode patch-patch interactions. Therefore, we propose using DNA-origami as the
experimental building units. However, patchy particles simulations remain essential,
as current coarse-grained DNA model, such us oxDNA [83–85], are not coarse-grained
enough to observe the full self-assembly process within practical simulation times.
The detailed nature of the interactions in oxDNA makes it computationally infeasible
to simulate the complete self-assembly dynamics. Instead, oxDNA can be effectively
used to assess the overall stability of the final assembly and that of individual
origami units. This limitation underscores the importance of employing patchy
particle models, which offer a more abstracted representation, allowing the study of
large-scale assembly behaviour.

In conclusion, DNA origami represents an ideal approach for the realisation of
colloidal assemblies, offering accurate control over both geometry and interaction
specificity. Beyond their structural versatility, DNA origami also enables the tuning
of the photonics properties of the assemblies. This is achieved by designing nanoscale
scaffolds capable of hosting different nanoparticles, thereby enabling the fabrication
of structures with a periodically modulated refractive index.
In the following section, we present an algorithm we developed to determine DNA
sequences that fulfil a specified interaction matrix. This method supports the engi-
neering of a wide range of interaction schemes, including same-colour, distinct-colour
and multiple-colour interactions, the latter occurring when colour complementarity
is not exclusive.

3.1.2 An algorithm to generate DNA strands from the interaction
matrix

We explained that the interaction matrix encodes the binding rules which must
be satisfied by the mixture of patchy particles. We also briefly outlined how to use
single-stranded DNA sequences to translate such rules into experimental systems,
either in DNA wireframe origami [48] or in DNA-functionalised patchy colloids [49].
To bridge the gap between patchy particle models and their DNA based experimental
realisation, we present an algorithm that identifies single DNA strands satisfying a
desired interaction matrix.

We recall that DNA is a double helix composed of two strands, each of which
is a sequence of four types of nucleobases: adenine A, guanine G, thymine T and
cytosine C. The nucleobases can selectively bind to each other forming hydrogen
bonds and the only possible base pairs are A − T and C − G. We also recall that
the melting temperature of a DNA oligomer is a function of the length of the
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DNA complementary sequences. For example, at a temperature at which DNA
complementary sequences of length four are bonded, DNA complementary sequences
of length two rarely bind.
We illustrate and demonstrate the algorithm on a specific interaction matrix, but the
method is general and can be applied to satisfy arbitrary binding rules. Specifically,
we focus on a binary mixture of particles with four patches each, interacting with
the interaction matrix in Eq. 3.1



0 1 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 1
1 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1


(3.1)

It is a 8 × 8 square matrix, as the one of the N2c8 solution, introduced in the
previous chapter (see Figure 2.5). However, there is a key difference in between the
two. In the N2c8 interaction matrix, each row contains a single element equal to
one, indicating that each patch has a unique complementary partner. In contrast,
matrix 3.1 features two elements equal to one per row, meaning that each patch
has two possible complementary partners. This implies that, unlike the previous
case, colour complementarity is not exclusive; a patch does not form multiple bonds

Figure 3.4. Bond topology of the double binding matrix. The patch connections
required by the interaction matrix in Eq. 3.1 result into two disconnected bonded
"clusters": a ring of four patches, and a chain of four patches.Image reproduced from [33].
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Figure 3.5. Schematic example of a single DNA strand satisfying the double
binding condition. Three single DNA strands in which the central one is able to
binds through four consecutive nucleotides with two other strands (reversed in their 3’-5’
order). Image reproduced from [33].

simultaneously but can choose between two valid binding partners. For example, the
colour of the first patch of the first species is complementary both to the colour of
the second patch of the first species and to the colour of the first patch of the second
species. We are therefore considering a more general scenario where multiple binding
options are possible. In particular, the interaction matrix 3.1 encodes a design in
which each patch can bind either to another patch of the same species, or to one of
a different species. As we will see in the next chapters, this type of multiple binding
introduces an interesting thermodynamic behaviour in the system. The interaction
matrix 3.1 can also be represented as a list of nodes (the eight patches, labelled
from 1 to 8 in Figure 3.3) connected by lines representing the 1 in the interaction
matrix, resulting in the connected graphs in Figure 3.4. We name the left graph in
Figure 3.3 ring graph while the right one chain graph. In the ring graph each patch
binds to two different patches, while in the chain graph the first and the last node
bind to one identical patch and to a different patch.
Our goal is to find single DNA strands that represent, as close as possible, the
interaction matrix in Eq. 3.1 or equivalently the bond topology in Figure 3.4.
Specifically, each strand must be able to bind with up to two different other strands.
This double binding condition can be realised by defining as bonded two single DNA
sequences having a number of nb consecutive base pairs (a realistic value could be
nb = 4) that is smaller than the total number of nucleotides ns of the sequences. An
example for ns = 6, is shown in Figure 3.5.
To implement interactions among multiple colours, we design each complementarity
using only a specific subsequence of nucleotides. To identify eight DNA single strands
of length ns which satisfy the interaction matrix in Eq. 3.1, we propose the following
algorithm:

• we generate all the 4ns different oligomers of length ns and evaluate, for each
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pair of them the maximum number of consecutive bases nmax that bind to
each other. It is important to remind that DNA has directionality and the
two complementary strands that form it have opposite directions: one goes
from the five-prime end to the three-prime end 5′ −→ 3′ and the other one
from the three-prime end to the five-prime end 3′ −→ 5′ . We then construct
a 4ns × 4ns matrix whose elements are the strength of the binding between
the two strands. For clarity, we identify here the strength with the nmax value.
A more elaborate formulation could use the binding Gibbs free energy or the
strand pair melting temperature, calculated for example with the SantaLucia
nearest-neighbour model [86].

• We set a threshold nthreshold for the largest value of nmax which can be safely
assumed as non-bonding. In the case of nb = 4, this can be chosen as 2. Indeed,
at the melting temperature of sequences of length 4, the binding probability of
sequences of length 2 is negligible. Put zero in the 4ns × 4ns matrix of nmax for
all elements nmax ≤ nthreshold. In this way, the 4ns × 4ns matrix has non-zero
elements only for pairs of sequences which bind to each other.

• Eliminate from the set of all possible strands (randomly) one of the two
strands for which nmax is larger than nb (nmax = 5 and 6 in our example). This
eliminates, among others, one of each pair of complementary strands and one of
the two self-complementary sequences (palindromic in the DNA nomenclature).
To eliminate the strand, it is sufficient to fill with zero the row and column
associated to that strand. This makes sure that, among the remaining set of
strands, the strongest binding is indeed the ones with nmax = nb.

• By now, the 4ns × 4ns matrix contains, weighted by their strength, all possible
bonds between all possible strands, with values of nmax from nthreshold + 1
to nb (from 3 to 4 in this specific case). This matrix can also be seen as a
network of bonds (links) between the 4ns strands (nodes). We then run a
search on this network to identify the desired bonding clusters. In the specific
case (Figure 3.4)we first identify all rings of four nodes connected by links with
nmax = nb. We then eliminate the rings which can be short-cut by a intra-ring
bond and all rings in which one of the node is able to self-bind.

• For each of the remaining ring, we eliminate from the list of all possible DNA
strands, the strands (i.e. the nodes) which are connected to the ring strands.
This guarantee that the four strands defining the ring do not interact with any
other remaining strand. Among the remaining nodes, we search for all chains
of length four (in this specific case) on the network starting and ending with
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a node which is able to self-bind. As for the ring, we eliminate all chains in
which intra-chain bonds are present.

• Iterating this procedure for each ring results in a list of DNA strands, all
good candidates to experimentally realise the required interaction matrix. In
a more refined treatment, each of these possible solutions can be examined to
select the smallest variance in the ∆G of binding between different patches
(compensating the different strength of the A-T and G-C pairing), and further
restrict sequence selection so that ∆G distance between pairs with nb and pairs
with nthreshold is as large as possible to minimise crosstalk. ∆G of binding
between any pair of sequences would be calculated using SantaLucia’s model,
and can be obtained from with available strand analysis and optimisation tools
such as NUPACK [87].

In Eq. 3.2 we report one of the possible sets of 6 bases for 8 sequences that bind
according to the requested topology in Figure 3.4.

① = AAGGGG

② = CCCCCC

③ = ACACAA

④ = AAGTGT

⑤ = CCCTCA

⑥ = AGGGGA

⑦ = AATTGT

⑧ = CACTAG

(3.2)

These sequences correspond to the following matrix of maximum number of paired
base pairs.
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

0 4 1 1 4 0 2 2
4 0 0 1 0 4 1 1
1 0 0 4 1 1 4 1
1 1 4 1 2 1 2 4
4 0 1 2 1 4 2 2
0 4 1 1 4 0 1 2
2 1 4 2 2 1 4 2
2 1 1 4 2 2 2 4


(3.3)

Considering as bonded only the elements filled with a 4 (i.e. neglecting pairing
of one or two nucleotides that are smaller than the threshold we set), this matrix
coincides with the matrix in Eq. 3.1. We call attention on the fact that Eq. 3.1 has
two identical row/columns. This makes it possible to reduce, if needed, the number
of distinct colours from eight to six without altering the connectivity table. Strand
⑤ in Eq. 3.2 can be substituted with strand ②, and strand ① can be substituted
with strand ⑥ (or vice versa).

Having established both the computational advantages and the experimental
feasibility of patchy particle systems, we now introduce the theoretical and compu-
tational frameworks we employ in the study of multi-component systems of patchy
particles.

3.2 Wertheim’s perturbation theory

Theoretical predictions about the thermodynamic behaviour of mixture of patchy
particles can be obtained by the Wertheim first order perturbation theory [88]. While
it was originally developed to derive a mean-field theory for associating fluids, it
can be easily generalised to patchy particles [89, 90]. A brief overview of the key
aspects of Wertheim’s theory is provided in Appendix B. In several works [91–97],
the theory has been adopted to study, in detail, the static (e.g. percolation) and
thermodynamic (e.g. phase behaviour) properties of patchy particle systems, both
in pure components and in mixtures, showing excellent qualitative agreement with
numerical simulations.
Wertheim developed a perturbative method that estimates the effect of the attractive
patches on the Helmholtz free energy of a reference system of hard spheres. By
following the conventions of Refs. [92, 95], the Helmholtz free energy per particle in
units of kBT of an n-component mixture can be expressed as the sum of a reference
and a bonding contribution:
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βf = βfreference + βfbonding (3.4)

The reference contribution does not account for association process and contains an
ideal gas term and the hard sphere excess term:

βfreference = βfideal + βfHS with

βfideal = ln ρ − 1 +
n∑

i=1
x(i) ln (x(i)Vi)

βfHS = 4ϕ−3ϕ2

(1−ϕ)2

(3.5)

where ρ is the density, x(i) is the molar fraction of species i, Vi is the thermal volume,
and ϕ is the packing fraction that is equal to ρVs, where Vs = σ3π/6 is the volume
of a single particle. The bonding contribution contains the sum over the species
(
∑n

i=1) and the sum over the patches of a certain species i (
∑

α∈Γ(i)); the number of
patches of species i is denoted as n(Γ(i)).

βfbonding =
n∑

i=1
x(i)

[ ∑
α∈Γ(i)

(
ln X(i)

α − X
(i)
α

2

)
+ 1

2n(Γ(i))
]

(3.6)

The quantity X
(i)
α is the probability that a patch α on species i is not bonded, and

it is defined by the following mass balance equation

X(i)
α =

[
1 + ϕ

∑
j=1,n

x(j) ∑
γ∈Γ(j)

X(j)
γ ∆(ij)

αγ

]−1
(3.7)

where ∆(ij)
αγ does not depend on the species (i, j) if the diameter of all patchy particles

is always the same, and it is given by

∆(ij)
αγ = ∆αγ = 1

Vs

∫
Vαγ

gHS(r)(eβϵαγ − 1)dr (3.8)

where gHS is the radial distribution function of hard spheres, Vαγ is the bonding
volume and ϵαγ is the bonding energy, both related to a bond between patches α

and γ. As for any short-ranged potential, the static properties are controlled by
the bonding volume [97], i.e. the volume in which a particle can move while being
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bonded to another particle. Considering the Kern-Frenkel potential, introduced in
Section 2.1, the bonding volume assumes the following simple expression

Vb = 4π

3 ((σ + δ)3 − σ3)
[1 − cos (θmax)

2

]2
. (3.9)

While patches are generally different and therefore interact via distinct Kern-Frenkel
potentials, in the following, we consider that all bonds have the same bonding
volume, i.e. Vαγ = Vb. As a result, the dependence of ∆αγ on patch types arises
solely from the bonding energy ϵαγ . Specifically, ϵαγ = 0 when two patches are not
compatible, and ϵαγ ̸= 0 otherwise with the exact value that can vary across different
pairs of compatible patches. The parameter ∆αγ characterises the bond formed
between patch α on a patchy particle of species i and patch β on a patchy particle of
species j. It highlights that a bonding event results from a competition between the
energetic gain in forming a bond, i.e. the Boltzmann factor, and the entropic cost in
forming a bond, which is due to the reduction in translational entropy because of the
confinement within the bonding volume. Since the bonding volume Vb is typically
much smaller that the particle volume Vs, the ratio Vb/Vs is much smaller than one
and the entropic loss is significant. As evident from equation. 3.9, the more the
attraction is short-ranged, the more the bonding volume is small. Therefore, binding
occurs only if the attraction is sufficiently strong, i.e. when kbT/ϵ < 1. According
to the Arrhenius law, this ratio also governs the bond lifetime: an extended network
forms when kbT/ϵ < 1, while a stable network emerges only when kbT/ϵ ≪ 1. We
can also approximate the radial distribution function with an expansion around its
value at contact, as detailed in Refs. [98,99]. With these approximations, affecting
the results only quantitatively, but not qualitatively, equation 3.8 becomes:

∆αγ = 1
Vs

4πχ2
{[(1 + δ)3 − 1

3 A0

]
+
[(1 + δ)4 − 1

4 A1

]}
(eβϵαγ − 1) (3.10)

with

A0 = 1− ϕ
2 + 9ϕ

2 (1+ϕ)
(1−ϕ)3

A1 = − 9ϕ
2 (1+ϕ)

(1−ϕ)3

χ = 1−cos θmax
2

(3.11)
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In summary, Wertheim’s first order perturbation theory serves as the theoretical
foundation for our predictions of the thermodynamic behaviour of patchy particle
mixtures. Its strength lies in its ability to provide a good estimate of the Helmholtz
free energy for multi-component systems of patchy particles by relying solely on
the structural properties of the reference system and on the interaction potential
characterising patchy particles. We underline that the Wertheim first order pertur-
bation theory is a mean-field theory. The key element in the bonding contribution,
X

(i)
α , is a bonding probability that represents, on average, the fraction of unbonded

sites of type α on particle i. Spatial correlations are neglected beyond the reference
pair correlation function, sites cannot be engaged in more than one bond at the
same time, loop formations are forbidden, and many-body bonding effects are not
considered. Binding events are treated as pairwise, site-site interactions that are
statistically independent and can only occur between particles belonging to different
clusters. Nearby particles are accounted for only via the reference pair correlation
function, and the theory does not consider the specific bonding arrangement, but
rather how likely a site of type α is unbonded. This average probability is computed
self-consistently, losing site-specific detail and retaining only site-type specificity. Al-
though it operates under the same assumptions as a mean-field theory, it nonetheless
captures the core thermodynamic behaviour of patchy particle mixtures, exhibiting
strong qualitative agreement with the numerical simulations, whose practical details
are introduced in the following section.

3.3 Monte Carlo simulations

Beyond theoretical analysis, we explore the SAT-design mixtures via numerical
simulations. Specifically, we focus on studying their nucleation by performing Monte
Carlo (MC) simulations, in preference to Molecular Dynamics (MD) simulations.
MC simulations use a stochastic sampling approach, wherein the system eventually
explores its equilibrium configuration through the acceptance or rejection of randomly
proposed moves, while MD integrates Newton’s equations of motion to evolve the
system in time. As a result, nucleation events are typically observed in significantly
less computational time with MC simulations. This is because nucleation is an
activated process and, in MD simulations, the system must wait for sufficiently large
and rare thermal fluctuations to overcome the nucleation free energy barrier. In
contrast, a single MC move can, in principle, directly take the system across the
barrier and sample the state corresponding to the free energy minimum. Thus, MC
simulations allow for a more efficient exploration of the configurational space relevant
for the thermodynamic characterisation of nucleation. Although MC simulations do
not capture the dynamics of the process as MD simulations do, this limitation is
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minor because nucleation outcome is mainly controlled by equilibrium properties.

3.3.1 Metropolis algorithm and roto-translational moves

In Monte Carlo simulations, physical observables are computed as ensemble
averages over sampled configurations, weighted by their equilibrium probability
density, which depends on the chosen ensemble. Since we are interested in equilibrium
properties, such as energy and density, that depend only on particle positions,
momenta can be factorised and integrated out. Thus, the sampling is performed in
position space (and possibly volume or particle number, depending on the ensemble).
To explore this space, trial moves modifying particle positions (as may be system
volume or particle number) are proposed. Monte Carlo simulations take advantage
from the Metropolis algorithm to assign acceptance probabilities to these moves.
The Metropolis algorithm exploits the detailed balance sufficient condition to define
these probabilities in such a way that the sampled configurations follow the desired
equilibrium probability density. The method is statistically unbiased, i.e. the desired
probability distribution will be the one asymptotically sampled regardless of the
choice of the move. Nevertheless, the move definition influences the efficiency of
the sampling. By efficiency, we refer to the computational effort required to sample
configurations at equilibrium that, in turns, affects the statistical error. The best
moves are those leading to the lowest statistical uncertainty in a fixed computational
time.

When simulating patchy particle systems, the main trial moves attempted to
achieve equilibrium are roto-translational moves. For each move, a random particle
is displaced by a random radial displacement and rotated around a random axis of
rotation by a random angular displacement. The move is then accepted according
to the Metropolis acceptance probability, given by min{1, e−β∆U }, where ∆U is
the potential energy difference between final and initial states. If the move leads
to the formation of a new bond, then ∆U = ϵ < 0, indicating an energy gain;
in this case the move is always accepted. Conversely, if the move attempts to
break an existing bond, then ∆U > 0, and the acceptance probability decreases
as the temperature decreases, since the energy gain in keeping a bond becomes
more significant. When the displacement results in particles overlap, the potential
energy diverges yielding an acceptance probability of zero, and the move is always
rejected. Efficient sampling of the configurational space is achieved by applying
roto-translations to individual particles. Displacing multiple particles simultaneously
increases the likelihood of overlaps and consequent move rejections. This reduces
the efficiency of the simulation, leading to a slower system evolution, increased
autocorrelation, and higher statistical error. Roto-translational moves are well suited
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when working with anisotropic particles that require an accurate treatment of both
rotational and translational degrees of freedom. They are sufficient to sample the
canonical ensemble. However, for simulations in the isobaric-isothermal ensemble,
volume change moves must also be included. In the case of the gran-canonical
ensemble, particle insertion/deletion moves are additionally required.

3.3.2 AVB moves

When addressing association of patchy particles interacting via anisotropic and
short-ranged interactions, simply roto-translation moves are often not the more
efficient choice. Indeed, patchy particles self-assembly occurs when the thermal kBT

energy is much smaller than the bonding energy ϵ, which makes the Metropolis
acceptance probability of an MC move that breaks a bond extremely low. Thus,
almost all moves that try to break a bond are rejected, dramatically worsen the
sampling of the phase space. To overcome this drawback, aggregation-volume-bias-
moves (AVB) [100, 101] are introduced. They facilitate bond breaking by enhancing
the associated acceptance probability. Specifically, there are two types of AVB
moves (to satisfy the detailed balance): the AVB-B move and the AVB-U move. The
AVB-B move (B stands for bonded) attempts to form a bond by moving a patchy
particle into the bonding volume (Vb) of another patchy particle. This results in the
creation of a new a bond between a previously unbonded pair of patchy particles. In
contrast, the AVB-U move (U stands for unbonded) tries to break an existing bond
by moving a bonded patchy particle outside the bonding volume (Vo = 4πV − Vb,
where V is the volume of the simulation box) of its partner, thus eliminating the
bond between the patchy particle pair. These moves are biased, and their acceptance
probabilities are defined as

AAV B−B = min
{

1, (N−Ni−1)Vb

(Ni+1)Vo
e−β∆E

}

AAV B−U = min
{

1, NiVo
(N−Ni)Vb

e−β∆E

} (3.12)

where Ni is the number of particles that are bonded to particle i. Importantly, the
acceptance probability for breaking a bond using an AVB-U moves is significantly
higher than that of a simple roto-translation move. This is because the ratio Vo/Vb

is much greater than one, given that the bonding volume Vb is much smaller than
its complementary volume Vo. This effect is particularly pronounced in patchy
particle system, where Vb is extremely small, making AVB moves highly effective for
enhancing sampling.
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In studying our patchy particle systems, we use MC simulations with AVB moves,
but we checked with independent simulations that the same nucleation behaviour is
also observed with unbiased simulations, albeit requiring longer simulation times.

Roto-translational moves enhanced with AVB scheme are enough to sample the
stable phase of the system, but if we are interested in computing the free energy
barrier of nucleation, more advanced techniques are needed. In the following section,
we briefly report the Umbrella Sampling method.

3.3.3 Umbrella sampling

Nucleation phenomena are activated processes, i.e. in order to happen a free
energy barrier must be overcome. We do not aim at fully reconstruct the free energy
landscape, but rather we want to know the free energy cost F (n) of forming a nucleus
of size n in a metastable phase. We can obtain it from the probability P (n) that the
system is in a configuration where a crystalline cluster of size n is formed. Indeed:

F (n) = −kBT logP (n) (3.13)

Conceptually, the probability distribution along the reaction coordinate n is a
quantity easily measurable in Monte Carlo simulations. However, when states of
interest are rarely accessed, the statistical accuracy is poor and direct sampling
is ineffective. This is exactly the case of nucleation phenomena. Indeed, in this
scenario the system is stuck in a relative free energy minimum corresponding to the
metastable phase (liquid), and eventually, when a rare fluctuation great enough to
overcome the barrier (considerably larger than kBT ) occurs, it reaches the absolute
minimum, and we start sampling configurations in the stable phase (solid). This
means that with direct sampling we effectively probe only the configuration space
around minima. However, to construct the nucleation free energy barrier, we need
to sample the configuration space where crystalline clusters from small sizes to the
critical one are formed, i.e we aim to sample configurations along and on top of the
barrier. We can do it by modifying the Hamiltonian of the system when computing
the acceptance probability of a move: an additional term, named biasing potential
Vbias(n), is added in order to ensure that the system visits regions that it might not
otherwise explore sufficiently. The biasing potential depends only on the reaction
coordinate n and Vbias(n) = −F (n) would be the ideal choice since it guarantees a
uniform sampling in the whole reaction coordinate interval. However, F (n) is not
known, and it is exactly what we want to compute. A solution is provided by the
Umbrella Sampling (US) [102]: the range of interest of the reaction coordinate is
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divided into small windows and a potential that constraints the system to explore
regions close to the desired value of n is applied in each of them. The name derives
from the biasing potential effect to bridge energetically separated regions. Often a
harmonic potential is chosen such that:

H = Hsystem + Vbias(n) with Vbias(n) = 1
2k(n − n0)2 (3.14)

The system is forced to explore the phase space regions around n0 with fluctuations
depending on the value of k. By using a bias potential, we measure a bias distribution
Pbias(n) in each window, but we can easily retrieve the original unbiased one:

P (n) = Pbias(n)eβVbias(n) (3.15)

The overall P (n) is computed by combining the results from the different windows,
therefore it is necessary that single-window distributions overlap with the neighbour
ones. This means that the strength of the bias k must be carefully calibrated and
may change for different windows (in our case, a constant value of k = 0.005 was
sufficient). For instance a high k is required if the free energy is steep. However,
we do not know a priori the slope of the free energy. To minimise the problem of
selecting a bias potential for each window that ensures proper sampling, Virnau and
Muller proposed the Successive Umbrella Sampling technique (SUS) [103], a kind of
US in the limit of small windows size. In each window i the system is constrained to
explore values of the reaction coordinate n belonging to a small interval of size ω

(n ∈ [iω, (i + 1)ω]); Monte Carlo simulations are run in the grand-canonical ensemble
where all moves bringing the system outside the window ranges are rejected. The
windows size ω is so small, usually equal to 2 or 3, that the use of biasing potential
is not necessary. Free energy difference between a state with reaction coordinate
of n and the reference one n = 0 can be computed through the P (n)/P (0) ratio.
Here, this ratio is reconstructed by the product of the ratios between the boundary
histograms of each window.

P (n)
P (0) = H0r

H0l

H1r

H1l
· · · Hnr

Hnl
(3.16)

Indeed, during the simulation, for each independent window i, the number of times
each configuration n is visited is saved into a histogram Hi[n]. It is important to
underline that, in order to satisfy the detailed balance, the left boundary histogram
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Hil = Hi[iω] (and the right one Hir = Hi[(i + 1)ω]) must be incremented by one
even when we reject the moves overcoming the lower (or the upper) limit of the
interval. By computing the non boundary histograms it is possible to define an
adaptive weight if a biasing potential is still used. Both US and SUS are powerful
techniques that enable to compute free energy projection along a reaction coordinate
without knowing the free energy behaviour.

In brief, patchy particles are a valid coarse-grained model for all those systems
characterised by anisotropic interactions such us DNA origami that can naturally
mirrors the required bond geometry and specificity and whose self-assembly is hard
to simulate with finer coarse-grained models like oxDNA. To verify the impact
of combining the SAT-assembly methodology with DNA origami nanotechnology
we study the thermodynamic and nucleation properties of patchy particle systems
both theoretically, through the Wertheim first order perturbation theory and com-
putationally via Monte Carlo simulations. In the next chapter, we focus on the
determination of the thermodynamics behaviour of the N2c8 SAT-design binary
mixture, introduced in Section 2.3, after a general overview on how phase diagram
computation can be held.
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Chapter 4

Reconstructing phase diagrams

This chapter outlines the methodology used to compute phase diagrams of
mixtures and illustrates the phase behaviour of the SAT-designed N2c8 binary
mixture introduced in Section 2.3. The presented results are extracted form papers
C. Beneduce et al., J. Chem. Phys., 2023 [55] and C. Beneduce et al., ACS Nano,
2023 [33].

4.1 Isochoric thermodynamics

In single-component systems, the binodal curve is typically determined by in-
tegrating the Clausius-Clapeyron differential equation. This integration strategy
can be extended to multi-component systems. To this end, it is convenient to adopt
the isochoric thermodynamics framework [104,105]. It allows the formulation of a
set of differential equations that describe the thermodynamic behaviour at phase
coexistence and can be integrated numerically.
In the canonical ensemble, the thermodynamic state of a n-component mixture is
specified by temperature T , molar density ρ and mole fractions xi, where i runs over
the different n species. However, mole fractions have some disadvantages: they are
not independent variables and, conversely to density, they are dimensionless causing
the density mole fractions space to have an ill-defined metric. On the contrary, in
the isochoric thermodynamics, the independent variables are molar densities ρi and
the fundamental thermodynamic potential is the Helmholtz energy density Ψ. They
are defined as:

ρi = xiρ

Ψ(ρ, T ) = A
V = aρ

(4.1)
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where A is the Helmholtz energy and a is the molar Helmholtz energy, while ρ is
the molar density of the n-component mixture ρ =

∑n
i=1 ρi and ρ is the vector of

molar densities ρ = (ρ1, ρ2, . . . ρn).
The local curvature of the Helmholtz energy density is encoded in the hessian matrix:

H =
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
(4.2)

If it is positive defined, then the state is a stable state. We know that two phases
(labelled ′ and ′′ in the following) coexist in equilibrium at constant temperature
if, along the phase boundary, the pressure and the chemical potentials of each
component are equal for both phases. This means that the variation of the pressure
and of the chemical potentials along the phase boundary must be the same for both
phases:

dµ
′
i = dµ

′′
i with i = 1, 2, . . . n

dP
′ = dP

′′
(4.3)

having defined the chemical potentials and the pressure as µi = ∂Ψ/∂ρi and P =
−Ψ +

∑n
i=1 ρiµi, respectively. By exploiting these conditions, we can identify the

system of first order differential equations to be numerically integrated for evaluating
the coexistence region. For the isothermal phase equilibrium of a binary mixture we
must solve:

H
′
Ψ,1 · ρ

′′
H

′
Ψ,2 · ρ

′′

H
′
Ψ,1 · ρ

′
H

′
Ψ,2 · ρ

′

( dρ
dP
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T,σ

=
[
1
1

]

H
′′
Ψ

(
dρ
dP

)′′

T,σ

= H
′
Ψ

(
dρ
dP

)′

T,σ

(4.4)
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where the subscript σ indicates that derivatives are calculated along the phase
boundary, and HΨ,i indicates the i-th row of the Hessian matrix with n = 2

in Eq. 4.2: HΨ,1 =
((

∂2Ψ
∂ρ12

)
T

,

(
∂2Ψ

∂ρ1∂ρ2

)
T

)
, HΨ,2 =

((
∂2Ψ

∂ρ2∂ρ1

)
T

,

(
∂2Ψ
∂ρ22

)
T

)
. By

starting from available accurate initial values, the integration of the derivatives of
the molar densities in the coexisting phases over the desired range of pressure predicts
how molar densities of vapour and liquid change with pressure. This enables the
construction of the binary mixture pressure-concentration and density-concentration
binodal curves. A brief discussion of complementary methods for investigating the
role of fluctuations in these phase transitions is presented in Appendix C.

In summary, once a single pair of coexisting point is known, the entire coexistence
region can be reconstructed by calculating how these points evolve along the binodal
curve. This procedure relies on having a theoretical model, that is an analytical
expression for the systems’ free energy. Although effective, the integration gets stiff
and does not proceed further close to critical points: the step-size of the adaptive step-
size integrator [105] progressively decreases since the hessian determinant vanishes
at critical points.

Isochoric thermodynamics and numerical integration are used to compute the
coexistence region theoretically, while to estimate it computationally, Monte Carlo
simulations in the Gibbs ensemble are performed.

4.2 Gibbs ensemble simulations

The computational study of coexistence between two phases at a certain temperature
can be accomplished through Monte Carlo simulations in the Gibbs ensemble [106,
107]. Coexistence occurs between two simulation boxes that virtually interact with
each other, without the disadvantage of sharing an explicit interface. The virtual
interaction is set by specific Monte Carlo moves. In addition to roto-traslational
moves presented in Section 3.3, the Gibbs ensemble technique incorporates volume
moves and particle transfer moves. Volume moves alter the size of the two boxes
keeping the total volume fixed, while in particle transfer moves a particle is displaced
from one simulation box to the other. Figure 4.1 illustrates the Gibbs ensemble
scheme, which enables the two boxes to achieve coexistence conditions characterised
by internal, thermal, mechanical, and chemical equilibrium; as a result each box
eventually represents a distinct phase. The two boxes constitute a system in the
canonical ensemble where simulations are performed. Hence, thermal equilibrium is
set up by definition. Internal equilibrium is achieved by roto-translations, mechanical
one by volume moves, and chemical one by particle transfer moves.

It is important to note that Gibbs ensemble simulations are primarily suited for
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Figure 4.1. Schematic of Gibbs ensemble simulations. (a) Phase coexistence is
simulated without a direct interface by employing two virtually interacting boxes. (b)
As in standard MC simulations, particles in each box undergo roto-translational moves
to achieve internal equilibrium. (c) Volumes change moves of size ∆Vbox1 = −∆Vbox2 are
attempted to enforce mechanical equilibrium. (d) While the total number of particles in
the combined system (yellow selection) is conserved, particle exchanges between the two
boxes are allowed to reach chemical equilibrium. In MC Gibbs ensemble simulations, if
phase coexistence occurs at a given NV T state point, two initially identical boxes will
equilibrate at the characteristic densities of the coexisting phases.

studying vapour–liquid coexistence, which is the aspect of interest in this study.
However, for completeness, we signal that their extension to solid phases is funda-
mentally limited by the nature of the required Monte Carlo moves. First, particle
transfer moves become highly inefficient in dense phases. Inserting a particle into a
high-density box often results in overlap with existing particles, leading to a zero
acceptance probability. Additionally, the removal of a particle from a crystalline
solid can distort or destroy the long-range structural order, further destabilising the
system. Second, volume exchange moves also suffer from poor acceptance in the
presence of solid phases. Shrinking the volume of a dense box can induce particle
overlaps, while excessive volume expansion may disrupt the crystal lattice, leading
to bond breaking and loss of crystallinity. Even moderate volume fluctuations are
generally unfavourable in solids due to their low compressibility, making such moves
statistically rare. For all these reasons, phase coexistence involving a solid phase
cannot be reliably studied within the Gibbs ensemble framework.

The frequency at which each move characterising the Gibbs ensemble approach is
attempted is different since they have a different computation cost. While roto-
translation and particle transfer moves involve a single particle at a time, volume
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ones require the replacement of all particles of the system. This means that for
volume moves, to compute the acceptance probability, the potential energy variations
for all particles must be evaluated. This is why we set a frequency of 0.001 for these
moves. Particle transfer moves are instead attempted 1 out of 10. Typically, the two
boxes are initialised as identical. If the selected state point lies within the coexistence
region, their densities will diverge until they reach their respective equilibrium values.
Conversely, if densities keep fluctuating around their initial values, the state point
is outside the coexistence region. To accelerate equilibration, prior knowledge of
the approximate equilibrium densities of the vapour and the liquid phases can be
leveraged by initialising each box near its expected equilibrium density. Finally, is
worth nothing that, as it happens in thermodynamic integration, also with Gibbs
ensemble simulations, coexistence close to critical points cannot be investigated. At
these conditions, density fluctuations are important, and they cause the two boxes
to frequently change their identity continuously switching from vapour to liquid and
never equilibrating.

Having outlined the methodologies used to compute the liquid-vapour coexis-
tence region in mixtures, in the following section we briefly describe its typical
characteristics.

4.3 Phase behaviour of mixtures and azeotropy

In systems of two or more components, the pressure-concentration phase diagram
exhibits a coexistence region. This is the main difference with respect to one-
component systems where there is a single coexisting pressure for each temperature,
i.e. there is a coexistence line. The presence of a coexistence region implies that the
relative concentrations of the vapour and liquid coexisting phases are not the same.
Figure 4.2 shows a qualitative pressure-concentration phase diagram for both an ideal
(a) and a non-ideal (b) binary mixture. As expected, in both cases, the coexistence
pressures reduce to a single value when the concentration of the first component is
equal to zero or to one, i.e. when the binary mixture becomes a single-component
system. However, if the mixture strongly deviates from ideal behaviour, it can exist
another point, named azeotropic point [108,109], at concentration different from zero
and one, where the coexistence region reduces to a point. A mixture at the azeotropic
point will separate into phases sharing the same azeotropic concentration, therefore
behaving as a pure system that preserves the original ratio between components in
phase separation.
In the context of distillation, the azeotrope is defined as the point where the fractional
distillation process cannot modify the composition of the mixture since the distillate
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Figure 4.2. Comparison of the pressure-concentration phase diagram for an ideal
binary mixture (a) and for a binary mixture with a negative azeotrope (b). (a)
In binary mixtures the total vapour pressure varies in between the vapour pressure of the
pure components (1 and 2), but its variation depends differently on the concentration of
the liquid phase (x) and the vapour phase (y). Hence, unlike single-component systems,
where the phase diagram features a coexistence line, mixtures exhibit a coexistence
region. (b) Azeotropic mixtures still display a concentration where there is a unique
coexisting pressure. This concentration, named azeotropic concentration, is located at
the lowest (for a negative azeotrope) pressure at which the liquid and the vapour phases
can coexist at the specific temperature T . The inset highlights that at the azeotropic
point the bubble point curve and the dew point curve are tangent; the bubble point curve
is the locus of points where vapour begin to coexist with the liquid phase as pressure is
lowered starting from a point greater than the total vapour pressure, and the dew point
curve is where liquid begins to coexist with the vapour as pressure is increased starting
from a point in the vapour phase. Image reproduced from [33].

is again a solution with the same composition as the starting one. Indeed, to obtain
the distillate, the mixture in a liquid phase is heated until the bubble point curve
is reached and then the vapour resulting from the phase separation is collected
and condensed. Since phase separation occurring at the azeotrope preserves the
ratio between components, the distillate will have the same starting azeotropic
concentration. Conversely, by preparing the mixture off the azeotropic concentration,
the fractional distillation process can still be exploited, even if with some differences
with respect to the ideal case where it allows purifying the more volatile component
of the solution. In non-ideal pressure-concentration phase diagrams, the azeotrope
can be located at the lowest or at the highest pressure at which the liquid and the
vapour phases can coexist at a specific temperature T . The first case is referred
to as negative azeotrope and the second one as positive azeotrope. In a negative
azeotropic mixture it is possible to purify either the more volatile component or the
less volatile one depending on if the system is prepared at a concentration smaller
or greater than the azeotropic one. Whereas a positive azeotropic mixture cannot
be purified from any of their components because fractional distillation eventually
ends in the azeotrope. An example of a mixture having a negative azeotrope is the
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hydrochloric acid and water mixture, whereas for the positive case the most famous
example is the ethanol–water mixture.

This discussion highlights how the thermodynamic behaviour becomes signifi-
cantly more complex when moving from pure substances to mixtures, showing that
even the addition of a single component introduces considerable challenges. Hence, in
addition to the combinatorial problem, which we introduced in Chapter 2, when using
multi-component systems we also face to a thermodynamic problem. According to
Gibbs rule of phases [110], each component represents an additional thermodynamic
degree of freedom of the system, extending the phase behaviour phenomenology. As
a result, the composition of the liquid phase resulting from phase separation is not
known a priori, while computing phase diagrams becomes increasingly difficult and
time-consuming, and it is typically avoided in system with more three components.
No general strategy to tackle the thermodynamic difficulties associated with the use
of multi-component systems has so far been presented. We propose to overcome
this problem by working with azeotropic mixtures. To this end, we develop design
strategies to engineer azeotropicity at a specific concentration, as discussed in details
in Chapter 7. Moreover, we anticipate that thermodynamic programming will prove
crucial in self-assembly. Indeed, the transition from a dilute phase to a crystalline
one can follow multiple nucleation pathways, including non-classical ones, adding
complexity to the self-assembly process. A complex thermodynamic behaviour
can interfere with the self-assembly pathway and, as argued and demonstrated in
Chapter 5, self-assembly can be optimised by selecting nucleation pathways through
azeotropic points.

4.4 Phase diagram of the N2c8 SAT-designed binary
mixture

In this section, we present and analyse the phase behaviour of the N2c8 binary
mixture, SAT-designed to self-assemble a cubic diamond crystal. We compute
its phase diagrams both theoretically and computationally, using the techniques
previously described in this chapter. We start by determining the binodal curve
in the pressure-concentration and density-concentration phase diagrams through
Wertheim’s theory and numerical integration. Under conditions of constant pressure
and temperature, the equilibrium state minimises the Gibbs free energy per particle
g. g is the Laplace transform of the Helmholtz free energy per particle f , of which
the Wertheim theory provides an analytical expression (Eq. 3.4), and it is defined as

g = P

ρ
+ f (4.5)
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azeotropic point

(a)

(b)

Figure 4.3. Wertheim pressure-concentration (a) and density-concentration
(b) phase diagrams of the N2c8 solution. The (a) phase diagram is computed
at temperature T = 0.07 while the (b) one at temperature T = 0.08, and x is the
concentration of the first species. Symbols, connected by red tie-lines, represent the
coexistence points obtained from the common tangent construction on the Gibbs free
energy curve. In (b) tie-lines are not straight since the density axis is in logarithmic
scale. Blue lines indicate the binodal curve computed by numerically integrating Eq. 4.4.
Triangles are at the location of binary critical points. In (a) the coexistence region
reduces to a point at x = 0.5 and in (b) the only vertical tie-line is the one at x = 0.5,
confirming the azeotrope to be at equimolar concentration. Only when prepared as a
homogeneous mixture with equal amounts of each species, the systems phase separates
by preserving the original composition. Image reproduced from [33].
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where P is the pressure and ρ is the total number density. Since the same total
density can be achieved by mixing species at more than one pair of compositions
x1 ≡ x and x2 = 1 − x1, firstly, we must minimise g for each fixed composition
x with respect to the density ρ. In this way the Gibbs free energy becomes only
a function of composition. Then, coexisting phases having the same temperature,
pressure and chemical potential can be obtained by searching those points on g(x)
that are connected by a common tangent [90]. Finally, starting from a single pair
of coexistence points found with the common tangent rule, we use the isochoric
thermodynamics equations (Eq. 4.4) to trace the coexistence lines as a function of
composition and pressure.

The pressure-concentration phase diagram obtained at T = 0.07 is shown in Figure 4.3
(a). Temperature is in units of ϵ/kB , where ϵ is the potential energy gain from bond
formation. Throughout the text, we consistently use these dimensionless units also
expressing pressure in units of ϵ/σ3 and density in units of 1/σ3, where σ is the
diameter of patchy particles. In Figure 4.3 (b) we plot the coexistence region in the
density-concentration phase diagram, at T = 0.07. From both, it is apparent the
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Figure 4.4. Wertheim pressure-concentration phase diagrams of the N2c8
solution at temperatures T = 0.07, T = 0.08 and T = 0.084. Circles represent
points belonging to the dew point curve. Squares represent points belonging to the
bubble point curve. Triangles indicate critical points. The binodal curves are computed
by numerically integrating Eq. 4.4. With increasing temperature, the coexistence region
shrinks: the azeotrope stays constant at x = 0.5, whereas the critical points shift towards
the azeotropic concentration. Image reproduced from [33].
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azeotropic nature of the N2c8 solution when the two species are mixed at equal ratio.
In the pressure-concentration phase diagram it is exactly at x = 0.5 that the bubble
point curve (where the vapour phase first appears in the liquid one when pressure
is lowered starting from a point greater than the total vapour pressure [108]) and
the dew point curve (where the liquid phase first originates in the vapour one when
pressure in increased starting from a point in the vapour phase) are tangent and the
coexistence region reduces to a point. In the density-concentration phase diagram,
azeotropy at equimolar concentration is evident from the slope of the tie-lines, i.e.
the lines connecting each pair of coexisting point, depicted in red in Figure 4.3. Only
at x = 0.5 the tie-line is a vertical line connecting a high density and a low density
phases at the same concentration. Since the azeotrope is at the lower extreme in
the pressure-concentration phase diagram, the N2c8 binary mixture is a negative
azeotropic binary mixture [108,109].
The common tangent construction and the numerical integration of Eq. 4.4 are
repeated for temperatures T = 0.08 and T = 0.084, and in Figure 4.4 we plot
together the three resulting pressure-concentration phase diagrams. This makes
evident the behaviour of the coexistence region as temperature varies. The N2c8
binary mixture belongs to distinctive type of binary phase diagram, in which the
pure components (x = 0 and x = 1) do not have a liquid-vapour transition but
their mixtures do. Indeed, Figure 4.4 shows that by decreasing temperature the
coexistence region becomes larger without ever crossing the limit concentrations
x = 0 and x = 1. This unconventional behaviour is intrinsic to the N2c8 design. It
originates by the fact that patchy particles of the same species can bind to each
other with no more than two bonds, as encoded in the interaction matrix (the one in
Figure 2.5). Hence, at pure component conditions, particles can aggregate only into
chains as depicted in Figure 4.5. Therefore, even if particles have four patches, when
x = 0 or x = 1 they behave like bifunctional particles that have no liquid-vapour
phase separation [91]. We note that the idea that systems with two-patches have a
hidden critical point at P = 0 and T = 0 has been recently revisited in Ref. [111],
and generalised to coloured patches in Ref. [112].

Going beyond Wertheim’s theory, we study the phase behaviour of the N2c8
mixture computationally, via Monte Carlo simulations with AVB moves in the
Gibbs ensemble introduced previously in this chapter. Simulations are performed
at different temperatures (T = 0.1, T = 0.097, T = 0.09, T = 0.08) and, for each
temperature, at different averaged (over the two boxes) densities and concentrations
in order to compute the binodal curve in the density-concentration phase diagram.
Results are shown in Figure 4.6 (a). System size is fixed at N = 1000 particles for
temperatures T = 0.097 and T = 0.1 and at N = 500 particles for temperatures
T = 0.08 and T = 0.09. Moreover, while for the two higher temperatures simulations
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(a) (b)

Figure 4.5. In single-component systems obeying the N2c8 design, only chain
aggregates can form. When the SAT-designed N2c8 binary mixture is reduced to
a single-component system, composed solely of patchy particles of either first species
(a) or second species (b), the particles can aggregate only to forming chains, effectively
behaving as patchy particles with a valence of two.

are averaged over at least 8 independent runs, for the lowest ones we rely on
single trajectories. This is because equilibration of patchy particle systems at low
temperatures is particularly challenging [101]. This is reflected in the non-negligible
error bars in Figure 4.6; however we argue that they are more significant than
size-effect errors. The location of the binary critical point can not be estimated with
Gibbs ensemble simulations [113]. Approximately it is located at the intersection
of the binodal curve and the rectilinear diameter line (i.e. the line connecting the
midpoint of the different tie-lines), which, in Figure 4.6, is represented for each
temperature as a dashed line. Coexistence regions are plotted only for x < 0.5 since
they are symmetric with respect to the azeotropic line x = 0.5. The binodal curve
at each temperature is split in a liquid branch (square symbols), at high densities,
and a vapour branch (circle symbols), at low densities. The trend of the binodal
curves as well as the topology (as it is sometime called the shape behaviour of the
coexistence region [108,109]) of the density-concentration phase diagrams are the
same as the Wertheim theoretical ones, as shown in Figure 4.6 (b). Moreover, as
already noticed in pressure-concentration phase diagrams, the coexistence region
shrinks by increasing temperature. Finally, we notice that although Monte Carlo
simulations confirm the phase diagram topology and the presence of an azeotrope
at concentration x = 0.5, Wertheim’s theory tends to overestimate the size of the
coexistence region [114]. In detail, the bubble point curves align almost perfectly,
while Wertheim’s prediction places the dew point curves at higher densities than
the simulated ones.
The phase diagram analysis concludes with the temperature-density phase diagram
at azeotropic concentration plotted in Figure 4.7 from the knowledge of the coexisting
densities at different temperatures. As expected, it shows the peculiar signature
of limited valence colloids: a coexistence region that does not extend up to high
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Figure 4.6. Comparison of numerical and theoretical density-concentration
phase diagrams of the N2c8 solution. Binodal curves obtained from Monte Carlo
simulations (a) and within the Wertheim first order perturbation theory (b) are plotted
at different temperatures and they show good qualitative agreement. Circles represent
points belonging to the dew point curve, while squares represent points belonging to
the bubble point curve. The location of critical points is approximately indicated by
triangles in (b). Image reproduced from [33].

densities, as it happens instead for systems characterised by an isotropic interaction
potential [115, 116]. This is extremely important since it allows for the formation of
equilibrium colloidal gels [114,117], which do not age in time and do not require a
kinetic arrest of the phase separation process to originate [118, 119]. This is because
if there is a density interval where it is possible to cool down the system without
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Figure 4.7. Temperature-density phase diagram of the N2c8 solution at
azeotropic concentration. The black binodal curve, obtained with Monte Carlo
simulations in the Gibbs ensemble, highlights the characteristic behaviour of reduced
valence colloids: liquid-vapour phase coexistence occurs over a narrower density range
compared to colloids with isotropic interactions.

encountering phase separation, particles are able to originate a percolating cluster
where bond lifetime is much larger than the observation times. This is also a crucial
example showing that certain thermodynamic conditions are pivotal for functionality.
In the next chapter we will analyse the role of the azeotrope in self-assembly.

In conclusion, we computed the liquid-vapour coexistence regions of the SAT-
designed N2c8 binary mixture both theoretically, by numerically integrating first
order differential equations from isochoric thermodynamics and Wertheim’s per-
turbation theory, and computationally, by performing Monte Carlo simulations in
the Gibbs ensemble. The thermodynamic behaviour of the N2c8 binary mixture is
summarised in Figure 4.8. The mixture has a re-entrant binary critical point line,
which goes to zero temperature and pressure as the pure components are approached.
We explained that this characteristic is immediately apparent from the colour design,
where it can be seen than each species can form only two intra-species bonds, so when
the system is made of only one component it can just form linear chains, and thus
does not have a critical point at any finite temperature [120].The non-ideal nature
of the mixture manifests itself in a line of azeotropic points at concentration equal
to x = 0.5. Along such line the system always demixes at the same composition, i.e.
the liquid and the vapour phases have an equimolar composition of both species.
As we will see in the next chapter, this is particularly relevant for the nucleation
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Figure 4.8. Schematic of pressure-temperature-concentration phase diagram of
the N2c8 solution. The topology of the PTx phase diagram is equivalent to that of an
ordinary azeotropic binary mixture, but in which the binary critical point line (the blue
line) goes to (P, T ) → 0 for x → (0, 1). The red line, in the plane x = 0.5, represents
the line of azeotropic points. The shaded area represents the coexistence region on a
isobaric surface. Image reproduced from [55].

process, as the target cubic diamond crystal also has an equimolar composition.
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Chapter 5

Studying nucleation of
multi-component systems

In this chapter we focus on studying the nucleation of the SAT-designed N2c8
binary mixture. We verify it is an effectively working design able to exclusively
self-assemble into a cubic diamond crystal without defects and stacking faults, thus
validating the SAT-assembly framework. Additionally, we deepen our understand-
ing of nucleation process in mixtures. Nucleation in systems with a metastable
liquid–vapour critical point is the prototypical example of a two-step nucleation
process in which the appearance of the critical nucleus is preceded by the formation
of a liquid-like density fluctuation. So far, the majority of studies on colloidal
and protein crystallisation have focused on one-component systems, and we are
lacking a clear description of two-step nucleation processes in multi-component
systems, where critical fluctuations involve coupled density and compositional in-
homogeneities. By combining Gibbs ensemble simulations and direct nucleation
simulations over a wide range of thermodynamic conditions, we are able to pin down
the role of the liquid–vapour metastable phase diagram on the nucleation process.
The role of azeotropic points is also investigated. Given that the N2c8 solution is a
multi-component system and also exhibit azeotropy, it represents an excellent case
study for exploring these fundamental points. This chapter draws upon the findings
published in papers C. Beneduce et al., J. Chem. Phys., 2023 [55] and C. Beneduce
et al., ACS Nano, 2023 [33].

5.1 Order parameters

We run Monte Carlo simulations in the canonical ensemble for different state
points and multiple replicas looking for nucleating trajectories. Simulation progres-
sion is measured in Monte Carlo (MC) sweeps. Each MC sweep represents a single
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iteration of the simulation, during which multiple moves are attempted across the
system. Over the simulation we track the potential energy that, representing the
number of formed bonds, already give us information about a nucleation event. To
support this information, we also track the number of crystalline particles. In order
to classify particles to be in a liquid or crystalline phase, we use local bond order
analysis [121]. For each particle i the (2l + 1) dimensional complex vector qlm(i) is
computed as:

qlm(i) = 1
Nb(i)

Nb(i)∑
j=1

Ylm(rij) (5.1)

where j runs over the Nb(i) nearest neighbours of particle i, Ylm are spherical
harmonics, rij is the vector from particle i to particle j, m is an integer whose
values range from m = −l to m = l, and l is a free parameter (here set to 12). Two
particles are connected if the coherence Sij is larger than a certain threshold tij . Sij

is defined as the scalar product of Qlm, and considering l = 12 we have:

Sij =
12∑

m=−12
Q12m(i)Q∗

12m(j) (5.2)

where

Qlm(i) = 1
Nb(i)

Nb(i)∑
k=0

qlm(k) (5.3)

By using Qlm we take into account also the contribution from the second shell of
neighbours around particle i and not only the first shell as one would do by simply
using qlm. We set tij = 0.75, Nb(i) = 16 and the maximum distance to consider two
particles as neighbours to 2.5. Usually a particle i is labelled as crystalline if its
number of connections with its neighbours exceeds a certain value. In this work,
we instead evaluate if the total coherence

∑
j Sij is larger than a threshold. The

threshold is set by analysing the total coherence distribution of both pure liquid
and thermalised perfect crystal configurations as well as mixed configurations taken
from numerical simulations. In Fig 5.1 (a) we plot the distributions of the pure
liquid and crystal phases. From these, we observe that any threshold approximately
in between 13.5 and 15.5 would provide a reasonable distinction between the two
phases. However, our primary interest lies in identifying the onset and growth of a



61

5.1 Order parameters

0 2 4 6 8 10 12 14 16 18 20

total coherence

0

100

200

300

400

500

600

#
 c

o
u

n
ts

liquid from DC-24
liquid from DC-16
liquid from DC-8
DC-24
DC-16
DC-8

0 2 4 6 8 10 12 14 16 18 20

total coeherence

1

10

100

#
 c

o
u

n
ts

(a) (b)

Figure 5.1. Total coherence distributions. (a) Distributions for pure liquid and pure
crystalline configurations show distinct, and well separated peaks at different total
coherence values (b). In mixed configurations, where a crystalline nucleus is embedded
within a liquid, the distribution is broader, through the two picks remain discernible.
A suitable threshold for distinguish phases using total coherence is identified to be at
value equal to 14.2.

crystalline nucleus within a liquid phase, rather than distinguishing between fully
liquid or fully crystalline configurations. For this reason, we must also consider the
total coherence distribution of mixed phase configurations, shown in Fig 5.1 (b). As
expected, these distributions still exhibit signatures of both liquid and crystal peaks,
but they are significantly broader, and the viable threshold range is much narrower;
14.2 appears to be a suitable choice.

By tracking the evolution of this order parameter over MC sweeps, we can
immediately identify nucleating trajectories. However, we also require additional
information about the structural nature of the assemblies. In particular, since we
want to find a solution that is able to exclusively self-assemble the cubic diamond
crystal, we must be able to measure the fraction of particles in the cubic diamond
phase and the one in the hexagonal diamond phase. We check the nucleating
outcomes by means of additional order parameters always defined starting from
spherical harmonics. The first one is

Ql(i) =

√√√√ 4π

2l + 1

l∑
m=−l

|Qlm(i)|2 (5.4)

while the second is
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Figure 5.2. Averaged local bond order parameters. Each point represents the Q4 and
W4 values of a particle from a given structure: blue squares correspond to the hexagonal
diamond lattice, and red circles to the cubic diamond lattice. The dataset contains on
the order of 104 points. The two distinct clusters demonstrate that Q4 and W4 together
effectively distinguish between the two structures. The few points slightly deviating
from the main clusters arise because the crystal structures are taken from nucleating
simulations, where some particles may deviate from a perfect lattice arrangement.

Wl(i) =

∑
m1+m2+m3=0

(
l l l

m1 m2 m3

)
Qlm1(i)Qlm2(i)Qlm3(i)

(∑l
m=−l |Qlm(i)|2

) 3
2

(5.5)

where the term in parentheses is the Wigner 3-j symbol [122], m1, m2, m3 are integers
varying between −l and l under the constraint that m1 + m2 + m3 = 0, and l is
chosen based on the specific structures we aim to detect; for our purpose, we set
l = 4. We use both Q4 and W4, since only in a 2D plot of Q4 ∼ W4 we can clusterise
the two lattices, as illustrated in Fig 5.2. For further details we refer to [123].

We are now prepared to analyse and understand simulation outcomes, gaining
valuable insights into the self-assembly process of multi-component systems.

5.2 Density fluctuations and two step nucleation

In Section 3.1, we showed that DNA origami, of which patchy particles are
a valid coarse-grained model, once properly designed, are able to self-assemble
into ordered crystalline lattices even starting from quite dilute conditions [48, 73]
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suggesting the exploitation of complex nucleation pathways that are still not fully
understood. One such pathway is the so-called two-step nucleation pathway, in which
a metastable vapour-liquid transition can spontaneously generate local regions with
high particles’ concentration, thus greatly enhancing the nucleation rate [124–135].
In the last decade, this process has been observed in simple systems that are
either one-component systems, or ionic compounds: examples include hard particle
fluids [136], colloids [129,137,138], salt solutions [139], calcium carbonate [140,141].
Importantly, two-step processes play an important role in the crystallisation of
globular proteins [137,142–145]. The formation of amyloid fibrils, which is implicated
both in functional biological roles and in the emergence of diseases such as Alzheimer’s
disease and diabetes, arises from protein self-assembly via non-classical nucleation
pathways [146,147]. In these cases, fibrilisation is not the result of a single transition
directly from the initial to the final state, but rather a multi-stage process. For
colloidal particles, globular proteins and non-globular proteins, the short-range nature
of the inter-particle interaction generates a metastable vapour-liquid coexistence
which provides a mechanism for locally enhancing the density and triggering crystal
formation. Spinodal decomposition and/or liquid-phase nucleation are equally active
mechanisms. In addition, ten Wolde and Frenkel [137] have called attention on
the possibility to exploit critical fluctuations as a mechanism for locally increasing
density. In all these cases, a two-step nucleation process takes place, the first step
being the local increase of density, and the second the formation of a crystal nucleus
in one or several of such enhanced density regions.
We explore two-step nucleation mechanism in multi-component systems by analysing
the N2c8 solution. We focus on this binary mixture since it is a meaningful example
and since from Chapter 4 we already know its phase behaviour, but we highlight that
our results are general. We perform MC simulations with AVB moves over a broad
region of the phase diagram, looking for nucleation trajectories. Traditional molecular
dynamics (MD) simulations are indeed impractical for extensively studying nucleation
due to the slowness of particle diffusion. However, since the kinetic contribution to
the nucleation rate is usually negligible compared to the thermodynamic contribution
(i.e. the nucleation barrier) MC simulations provide a valid route for exploring
nucleation behaviour. In Figure 5.3, we plot the results at temperature T = 0.1.
Specifically, we run simulations for 500 particles over a density concentration grid
ρ ∈ [0.15, 0.4] with ∆ρ = 0.05, and x ∈ [0.15, 0.5] with ∆x = 0.05. We analyse
up to 10 (or 18 for state points where nucleation is more probable) independent
runs for more than 3 · 108 steps each, and measure the fraction of trajectories that
have nucleated, which is a quantity proportional to the nucleation rate. We define
a nucleation event as a run in which at least 20% of the particles are found in a
crystalline state. The fraction of particles in the cubic diamond phase are identified
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with local bond-order analysis [121], as described in the previous section.

In Figure 5.3 this fraction is proportional to the colour intensity of a tile centred
around the state point. To look at the interplay between phase separation and nucle-
ation, we superimpose this colour map to the density-concentration phase diagram,
already computed via Gibbs ensemble simulations in Chapter 4 (Figure 4.6(a)). It is
apparent that nucleation occurs in correspondence of the vapour-liquid coexistence
region, with the probability of nucleation being approximately the highest along the
liquid binodal, signalising a two-step nucleation process. We note in fact that no
nucleation events are observed at low concentrations, from x = 0.15 to x = 0.25,
i.e. outside the phase coexistence region. To confirm the results of Figure 5.3,
supporting the observations made for one-component systems, i.e. that density
fluctuations promote nucleation [129,133,137,148], we run additional simulations in
a density-concentration grid at a lower temperature, T = 0.097, which makes the
coexistence region wider. The obtained nucleation plot is presented in Figure 5.4.
Compared to the case at T = 0.1, nucleation events occur over a much wider region
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Figure 5.3. Nucleation plot for temperature T = 0.1. The binodal black curve
obtained via Monte Carlo simulations in the Gibbs ensemble is superimposed to a green
colour map reporting, for each considered state point, the ratio between the number
of trajectories that nucleate over the total number of trajectories analysed. For each
state point several Monte Carlo simulations with AVB dynamics in the NVT ensemble
are performed, and we consider as successfully assembled the runs exhibiting a fraction
of particles in the cubic diamond phase greater or equal to 0.2. Nucleation occurs in
correspondence of the coexistence region, with higher probability along the liquid branch.
Image reproduced from [55].
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of the phase diagram, following the widening of the coexistence region, as expected.
Size effects are also considered as the system size is increased to 1000 particles in
this second analysis.

Visual inspection of the nucleation trajectories confirm that the nucleation event is
preceded by the formation of a dense liquid phase, mostly via spinodal decomposition
(i.e. liquid drops do not nucleate, but instead a coarsening liquid networks appears
at the start of the simulations). In Figure 5.5, we show, as an example, the evolution
of a nucleating trajectory at temperature T = 0.097, density ρ = 0.3, and azeotropic
concentration. Specifically, in panel (a) we plot the potential energy per particle
as a function of MC sweeps. It displays a two-step drop: initially the system is
prepared in a metastable gas phase, which then forms a percolating liquid phase; in
the second step (from 1.9 · 108 MC sweeps) nucleation occurs within the liquid drop
and a cubic diamond crystal replaces all the liquid phase, finally coexisting with a
low-density gas. In panel (b) we report the snapshot of a configuration from the final
part of the first stage, where a liquid-vapour coexistence is established in the box.

0.1 0.2 0.3 0.4 0.5
x

0.0

0.1

0.2

0.3

0.4

ρ

Gibbs T=0.097
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

Figure 5.4. Nucleation plot for temperature T = 0.097. The binodal black curve
obtained via Monte Carlo simulations in the Gibbs ensemble is superimposed to a green
colour map reporting, for each considered state point, the ratio between the number of
trajectories that nucleate over the total number of trajectories analysed. For each state
point several Monte Carlo simulations with AVB dynamics in the NVT ensemble are
performed, and we considered as successfully assembled the runs exhibiting a fraction
of particles in the cubic diamond phase greater or equal to 0.2. Nucleation occurs in
correspondence of the coexistence region, with higher probability along the liquid branch.
Image reproduced from [55].
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Figure 5.5. Overview of Monte Carlo simulations Plots are obtained from MC
simulations with AVB moves in the NVT ensemble run at T = 0.097, x = 0.5 and
ρ = 0.3. (a) Potential energy per particle as a function of MC sweeps: the energy drop
signals nucleation event. (b) Snapshot of a metastable configuration before the energy
drop showing that we deal with a two-step nucleation since crystalline nucleus arise
in the denser liquid phase. (c) Snapshot of the last configuration showing that the
N2c8 binary mixture eventually self-assembles into a cubic diamond crystal. Neither
patches nor the two patchy particles species are shown, while blue/green colours indicate
particles belonging to the cubic diamond phase. Snapshots and crystal identification are
obtained with the Ovito software [149]. Image reproduced from [55].

Finally, panel (c) illustrates the last configuration of the trajectory, confirming the
formation of a large crystal of the diamond cubic phase. We underline the absence of
the hexagonal diamond phase and stacking fault defects. While notable, this result
is not surprising, as the incompatibility with the hexagonal diamond structure is an
inherent property encoded in the interaction matrix of the N2c8 mixture. Therefore,
we can conclude that this design effectively targets the desired cubic diamond crystal,
and that the SAT-assembly framework [9] provides a valid and robust framework for
the inverse design of mixtures.

We have thus identified the two-step nucleation process as an effective pathway
for promoting nucleation. Density fluctuations enhance the probability of overcoming
the diffusional barriers by generating regions of higher local density. In the following
section, we examine the role of composition fluctuations that are intrinsic of multi-
component systems. We argue that they play a crucial role in self-assembly process,
as we expect the formation of liquid like phase at compositions deviating from that
of the target unit cell to hinder and slow down crystal growth.

5.3 Composition fluctuations and azeotropy

Compared to the one-component case, crystal formation and two-step pathways
in multi-component systems have received much less attention. In these systems,
composition fluctuations couple with density fluctuations, and it is not a priori
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clear if the stoichiometric properties of the spontaneously generated liquid phase
are consistent with the corresponding properties of the selected crystal. Even when
the components are fully miscible in the solid phase (such as Pd and Ag), it was
shown that the competition between demixing and crystallisation has a big impact
on the growth process, causing large variations in the radial composition of the

(a) (b)

(c) (d)

Figure 5.6. Nucleation plots for temperature T = 0.097 and different crystalline
threshold. The binodal black curve obtained via Monte Carlo simulations in the Gibbs
ensemble is superimposed to a green colour map reporting, for each considered state
point, the ratio between the number of trajectories that nucleate over the total number
of trajectories analysed. For each state point several Monte Carlo simulations with AVB
dynamics in the NVT ensemble are performed, and we consider as successfully assembled
the runs exhibiting a fraction of particles in the cubic diamond phase (t) greater or equal
to 0.2 in (a), 0.5 in (b), 0.7 in (c) and 0.9 in (d). Purple squares represent averages of
each pair of coexisting points and, according to the rectilinear diameter law, the best
straight line passing through them (the dashed line) provides an indication of where the
critical point is. Nucleation occurs for almost each considered state point, but extended
cubic diamond lattice (t ≥ 0.7) can appear only close to the liquid branch and to the
azeotropic condition. Moreover, close to critical point crystallisation is not enhanced as
it happens instead close to the azeotropic point. Image reproduced from [55].
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nuclei [150]. Multi-component systems also display thermodynamic behaviour that is
not found in one component systems, such as lines of binary critical points, azeotropic
points, and re-entrant condensation. Experimental studies have already shown that
phase separation in multi-component systems does not preserve the original ratio
between the different species and that the phase behaviour strongly depends on the
components’ ratio [151–153], but it is yet unclear whether some of the peculiar
mixture features can affect crystal nucleation. The results presented in the previous
section clarify the role of density fluctuations in nucleation phenomena, explaining
why the liquid-vapour metastability region can promote them. We here focus on
composition fluctuations.
A target crystal has a fixed stoichiometric composition, while as explained in
Section 4.3 and verified by phase diagram computation of the N2c8 solution, mixtures
does not preserve the original ratio between the components upon phase separation
and the composition of the resulting liquid phase typically differs from that of the
target crystal. We illustrate the impact of this mismatch on nucleation efficiency in
the four panels of Figure 5.6. In each panel, the density concentration grid of state
points is coloured according to the fraction of independent trajectories in which
crystalline particles include at least 20% (a), 50% (b), 70% (c), and 90% (d) of
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Figure 5.7. Nucleation rate and final configuration snapshots. Nucleation rate
(black dots) as a function of concentration for systems of 1000 particles at temperature
T = 0.097 and density ρ = 0.3. The two snapshots display the last configuration of a
trajectory at x = 0.35 and at x = 0.5. Red and blue colours indicate the species to
which a particle belongs: blue for the minority component, and red for the majority
component. Self-assembly is promoted at the azeotrope. Image reproduced from [33].
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the total system at the corresponding state point. We observe that, while small
crystals can assemble along the coexistence region, the formation of larger crystals
is progressively shifted towards the x = 0.5 concentration line, i.e. towards the
azeotropic point.
Nucleation at the azeotropic point is advantageous as self-assembly can proceed
ideally up to 100% without one component depleting before the other and an extended
crystal can form. On the contrary, at off-azeotropic conditions, the self-assembled
cubic diamond coexists with a gas phase composed of the majority component, that
can only aggregate in chains. This behaviour is shown in the snapshots in Figure 5.7
depicting the last configuration of a mixture prepared at the azeotropic condition
(x = 0.5) and one away from it (x = 0.35). A visual inspection of these snapshots
highlights that crystal growth is limited when the concentration of the liquid phase
is different from the stoichiometric ratio of the target crystal components. Whereas,
going toward the azeotropic point, the density of the majority component diminishes
until eventually all particles belong to the crystalline phase.
This becomes evident upon examining Figure 5.8, too. It illustrates that for a
nucleating trajectory at temperature T = 0.1 and azeotropic concentration, nearly
all particles transition into the crystalline phase by the end of the process. It also
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Figure 5.8. Progress of nucleus size for a nucleating trajectory at the azeotropic
concentration x = 0.5, at temperature T = 0.1, density ρ = 0.3, and number
of particles N = 500. The blue and the red lines represent the number of particles in
the crystalline phase of the first and the second species, respectively. Nearly all particles
are crystalline. Image reproduced from [33].
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shows that the number of particles in the crystalline phase belonging to the first
and second species is identical. These are direct consequences of the compositional
match between the liquid and the crystal structure. This implies that we do not
need to wait for the concentration of the local environment to match the one of the
desired structure, and we can conclude that nucleation pathways along azeotropic
points located at a proper concentration can enhance self-assembly. In Figure 5.7,
we plot the nucleation rates computed at three different concentrations (x = 0.35,
x = 0.4, and x = 0.5) to directly compare azeotropic and off-azeotropic trends. The
nucleation rate is estimated as the number of trajectory that successfully nucleate
within 3.5 × 108 MC sweeps, per unit of time and volume, via 56 Monte Carlo
trajectories ran at temperature T = 0.097, density ρ = 0.3, and with N = 1000
particles. As expected, we observe that the nucleation rate increases towards the
azeotropic concentration. Finally, it is worth nothing the quality of the assembled
crystals: we observe nuclei free from defects. This confirms that the interaction
matrix was successfully SAT-designed to avoid the hexagonal diamond phase, and
this also forbids the formation of stacking faults that are the most common type of
defects in diamond cubic crystals.

As demonstrated originally in Ref. [137], critical fluctuations are able to trigger
crystal nucleation. However, we find here that in a binary mixture, it is instead
the azeotropic point which more strongly promotes crystallisation. Indeed, from
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Figure 5.9. Nucleation plot at the azeotrope. T − ρ phase diagram obtained from
Gibbs ensemble simulations (black lines). The red circles are drawn in correspondence
of the state points which nucleated. The radius of the red circles is proportional to the
fraction of runs that successfully assembled within the simulation time of up to 5 × 108

MC sweeps. MC simulations are run over the state points belonging to the green area.
We observe nucleation events aided by critical fluctuations. Image reproduced from [33].
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Figure 5.6 we observe that nucleation do not occur in correspondence of the critical
point that is approximately located at the intersection between the binodal curve
with the purple rectilinear diameter line. The rectilinear diameter line is the best
straight line that passes through the average of each pair of coexisting points.

We further investigate this apparent discrepancy. In Chapter 4, we observed that
the azeotropic point and the critical point coincide when the two corresponding
thermodynamic lines meet (Figure 4.8), which occurs at the maximum critical
temperature at the azeotropic concentration x = 0.5. Hence, we study deeper the
self-assembly process through the azeotropic point. In Figure 5.9, we illustrate
the nucleation behaviour of the N2c8 design in the temperature-density plane at
x = 0.5. We prepare disordered configurations at equimolar composition for different
state points on a regular grid, with ρ ∈ [0.1, 0.5] and ∆ρ = 0.05, T ∈ [0.920, 0.104]
and ∆T = 0.002. For each (ρ, T ) state point we run 5 independent trajectories
in the NVT ensemble with AV B biased moves [100]. The state points considered
are enclosed in the green shaded area in Figure 5.9, and each trajectory is run for
5 × 108 MC sweeps or until crystallisation. We mark the successfully nucleating
state points with red circles with a radius proportional to the fraction of trajectories
that have nucleated. We superimpose (black line) the results from Gibbs ensemble
simulations that have been initialised at equimolar conditions (Figure 4.7). Error
bars are computed from 10 independent runs at each temperature, and the black
lines connecting the points are guides to the eye, helping to identify the gas and
liquid branches. We confirmed that once phase separation has occurred, both boxes
(liquid and vapour) are still found at equimolar concentration for all temperatures,
i.e. we are always at azeotropic conditions. From Figure 5.9, it is clear that the
nucleation of the cubic diamond crystal occurs again in correspondence of the binodal
curve, confirming that self-assembly is aided by the formation of dense liquid regions
during the phase-separation process. Interestingly, some state points have nucleated
outside the binodal boundaries, but close to the critical temperature. Thus, we also
observe nucleation events at supercritical conditions. The system thus shows two-step
nucleation aided both by spinodal decomposition at sub-critical temperatures, and
by critical fluctuations at super-critical conditions, just as predicted by Ref. [137]
for isotropic one-component systems.

To summarise, the self-assembly pathway at the azeotropic point is the following:
an equimolar disordered solution first generates equimolar critical fluctuations or
first demixes in an equimolar dense liquid, which then crystallises in an equimolar
crystalline structure. Self-assembly at azeotropic conditions has the advantage of
bypassing the difficulties associated with composition fluctuations, which could oth-
erwise severely limit the nucleation rate. This behaviour confirms that at azeotropic
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conditions a multi-component system effectively behaves as a single-component one,
and it is a further evidence that azeotropy is an effective strategy to simplify the
thermodynamics of mixtures. How to design azeotropic mixtures is a challenge we
address in Chapter 7.

In conclusion, in this chapter, we examined the nucleation process of multi-
component systems via the case study of the N2c8 binary mixture of patchy particles,
SAT-designed to nucleate into a cubic diamond lattice. We verified that the desired
crystal is the unique nucleation outcome, and we showed that the strongest enhance-
ment of crystallisation occurs at an azeotropic point with the same stoichiometric
composition of the crystal. Indeed, while the two-step nucleation pathway is an
effective strategy to overcome diffusional barriers, azeotropic points are the key
to lower compositional barriers. This evidence, combined with the understanding
that azeotropy can help to overcome the thermodynamic problem of using multi-
component systems (Chapter 4), drive us to explore a route for introducing and
controlling azeotropy directly through interacting rules. We aim, therefore, to achieve
a specific thermodynamic problem by design. This represents a step forward in
inverse self-assembly, which has traditionally focused solely on addressing structural
challenges, ensuring that the target structure assembles exclusively, while preventing
the appearance of competing structures or kinetic traps. We instead demonstrated
that the ability to control by design not only the final structure but also the inter-
mediate steps leading to its formation are crucial for optimising self-assembly in
mixtures. Before investigating this direction, the next chapter remains focused on
nucleation, from a broader perspective. Specifically, we explore Classical Nucleation
theory (CNT), which is the most widely used theory for comparing simulated and
experimental nucleation results.
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Chapter 6

A falsifiability test for Classical
Nucleation Theory

In the previous chapter we examined the nucleation behaviour of the N2c8 SAT-
designed mixture. If we aim to compare our computational findings with theoretical
predictions, the most widely used framework is Classical nucleation theory (CNT).
In this chapter, we focus on evaluating the validity of its core assumption, the
capillarity approximation. This assumption posits that the nucleation properties
can be inferred from the bulk properties of the melt and the crystal. Indeed,
although CNT’s simplicity and usefulness cannot be overstated, experiments and
simulations regularly uncover significant deviations from its predictions, which are
often reconciled through phenomenological extensions of the CNT, fuelling the debate
over the general validity of the theory. By leveraging the polymorphs of the N2c8
binary mixture, we present a falsifiability test for any nucleation theory grounded
in the capillarity approximation. We focus on cases where the theory predicts no
differences in nucleation rates between different crystal polymorphs, and we rank
the nucleation frequency of polymorphs that have the same free energy (both bulk
and interfacial) across all state points. This chapter builds on the results reported
in paper C. Beneduce et al., PRL, 2025 [56].

6.1 CNT

Citing Baron Peters (who in turn paraphrases Popper [154]): “The most con-
vincing test of a theory comes from special cases where the theory should fail if it is
not true” [155]. Here, we show that the N2c8 system is ideally suited to test one
of the basic assumptions of Classical Nucleation Theory (CNT), i.e. the so-called
capillarity approximation. The capillarity approximation assumes that the critical
nucleus has the same thermodynamic properties (surface tension, density, etc.) of
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the bulk phase, which allows for a simple calculation of the free-energy barrier for
the phase transition. As detailed in Appendix D, CNT defines the nucleation rate as
Ke−∆G(nc)/kBT , where K is the kinetic prefactor that accounts for the attachment
rate of particles to the nucleus. ∆G(nc) is the free-energy barrier for nucleation and
is obtained by maximising ∆G(n) = −n|∆µ| + αn2/3γ, i.e. the Gibbs free energy
cost to form a nucleus of n particles at constant pressure and temperature, where
∆µ is the chemical potential difference between the crystal and the melt, γ is the
interfacial free energy, and α is a proportionality constant accounting for the shape of
the nucleus [156]. Due to its relative simplicity and predictive power, CNT has been
perhaps the most used theoretical model to describe nucleation processes. Although
it has been successful in many cases [157–160], there are also numerous cases where
its predictions do not align with experimental and simulation results [125, 161–163].
In such instances, various phenomenological extensions to the theory [164–178] have
been proposed to reconcile these discrepancies without abandoning the capillarity
approximation, for example by introducing temperature-dependent interfacial free
energies. Usual tests of CNT consists in comparing the measured nucleation rates
with theoretical values. The problem with this approach is that the results depend
strongly on quantities, notably γ, which are state-dependent and very difficult to
measure accurately at conditions where homogeneous nucleation occurs. Citing
Oxtoby, “Nucleation theory is one of the few areas of science in which agreement of
predicted and measured rates to within several orders of magnitude is considered
a major success” [179]. Here we propose a test that sidestep these challenges only
requiring to rank the structures based on how frequently nucleation occurs.

6.2 The model system

We present a falsifiability test not only for CNT but also for any nucleation theory
grounded in the capillarity approximation. Instead of accurately predicting nucleation
rates, we focus on the polymorphic composition of the crystalline phase [180,181], i.e.
the ability of a material to exist in more than one crystalline structure [15, 182–187].
We leverage the N2c8 binary mixture that has three polymorphs with identical free
energies (both bulk and interfacial) at all state points.

6.2.1 Three isotypic polymorphs

The SAT-assembly algorithm, introduced in Chapter 3, can also be used to list
all possible ways to fill the lattice positions of the target cell by particles belonging to
a selected design. We can indeed insert additional clauses fixing the patch colouring
and the colours interactions variable. In this way the SAT solutions represent all



75

6.2 The model system

(a) (b) (c)

Figure 6.1. Overview of cubic diamond polymorphs. The SAT-assembly framework
allows us to enumerate all the possible arrangements of the N2c8 particles in the 48
particle cubic diamond lattice. Three periodic patterns are identified: DC-8 (a), DC-16
(b), and DC-24 (c). They are labelled and displayed in increasing order of unit cell size
(black box). Image adapted from [56].

the different possible ways these fixed design patchy particles can be arranged in
the target unit cell. This is a great accomplishment since we can automatically
identify all the existing polymorphs that, regardless of their nucleation abilities, are
compatible with a target lattice of a certain size (defying McCrone’s law 1). These
polymorphs are isotypic forms of crystal, i.e. they share the same kinetic positions
and symmetry of the crystal lattice, but differ in the way the different species
are arranged on the lattice sites. Crucially they are fully degenerate structures
sharing the same bulk and interfacial free energies. For this reason, they constitute
an ideal system to test CNT since, given that there are no free-energy differences
between the different polymorphs and that they all form from the same liquid phase,
all these structures should have identical nucleation properties, according to the
capillarity approximation. Such isotypes whose specificity is necessary to meet the
desired requirements to perform our general test, can be generated via SAT-assembly
framework for any desired lattice. Here we choose a 48-particle cubic diamond cell
populated by particles belonging to the N2c8 design. Within the SAT-assembly
framework, by keeping the interaction matrix fixed, we find that there are three
possible periodically repeated patterns of N2c8 patchy particles within the lattice
positions. All these arrangements are illustrated in Figure 6.1 where we display the
[001] plane of the polymorphs. The three structures belong to the P1 space group,
meaning that there is no symmetry other than the translational one. Yet, they differ
in the unit cell size (black box in Figure 6.1), which we use for labelling: DC-X
where X ∈ [8, 16, 24] refers to the size of the unit cell of each polymorph. We use
here the word unit cell to indicate the smallest repeating unit of the two species,

1the number of forms known for a given compound is proportional to the time and money spent
in research on that compound
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Figure 6.2. Surface tension of the three polymorphs. Each estimate comes from an
average of four independent Monte Carlo simulations in the grand canonical ensemble.
All values are considered equal within an error of 3%. Image adapted from [56].

regardless of patch colouring, that, when stacked together, creates the crystal lattice,
as shown in Figure 6.1. It is worth noting that if the patch arrangement in the
unit cell is also considered (not shown in Figure 6.1), the DC-8, DC-16, DC-24 have
unit cells of 16, 16, and 48 atoms, respectively. In the following we will indicate the
size of the unit cell only referring to the species occupation, regardless of the patch
arrangement. Although other polymorphs with larger unit cell sizes exist, they do
not appear in our simulations because nucleation involves critical nuclei smaller than
30 particles under the conditions investigated. We speculate that crystals with unit
cells larger than the critical nucleus size nc, which is temperature-dependent, are
prevented from nucleating. The three polymorphs investigated here are isotypic,
their composition is always equimolar and they have only translational symmetry.
In each of the crystals the same number and type of bonds are established, and
lattice vibrations are controlled by the geometry of the patches, which is the same
for both species of the mixture. Therefore, all polymorphs have the same bulk
free energy. Moreover, we verify the equality of their (solid/liquid) interfacial free
energies. With successive umbrella sampling simulations [103], as explain in the next
paragraph, we have computed the free energy cost of forming an interface between
each polymorph and the same liquid phase at coexistence conditions (determined via
direct coexistence simulations). The resulting average values of surface free energy
are reported in Figure 6.2 for the [100] square plane: the surface tensions of the
three polymorphs are the same within the error (approximately 3%). The relevant
macroscopic properties on which CNT is based are therefore the same in the DC-8,
the DC-16 and the DC-24 structures.
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6.2.2 Liquid-solid interfacial tension with BSUS

The surface tensions of the three polymorphs is computed by using the bias
successive umbrella sampling technique (BSUS) testing this approach for the first
time on liquid-solid phases of a system of patchy particles. Monte Carlo simulations
are run in parallel in distinct but overlapping density windows in the grand-canonical
ensemble (µV T ); the first window consists of a perfect crystal box of N = 1536
particles and the successive ones are initialised by removing particles from the crystal,
two by two until N = 1290, in the direction perpendicular to the selected interface.
We choose a window size of three particles. In each window the number of times
each possible state ({Ni−1, Ni, Ni+1}) is visited is counted in order to eventually
reconstruct the probability distribution log(P (N)). The density at which the crystal
is prepared is the coexisting one ρcoex = 0.52, as evaluated by direct coexistence
simulations in NPT ensemble at T = 0.133 and P = 0.2. The activity z is fixed at
2.4 and the number of crystalline particles in each window is also calculated. Its
behaviour through the 124 windows is shown in red in Figure 6.3 (a): the coexistence
and the solid regions are easily identified. In the coexistence region the number
of crystalline particles grows linearly, while at N = 1300 it straightly goes to zero
indicating the sudden melt of the crystal due to interface fluctuations. A snapshot of a
configuration at coexistence is reported in Figure 6.3 (b). Identifying the coexistence
region allows us to reweight the probability distribution log(P (N)) (green line in
Figure 6.3 (a)) in order to obtain the equilibrium one log(Pcoex(N)) (black line in
Figure 6.3 (a)) that is plotted in black in Figure 6.3 (a). Indeed, the equilibrium
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Figure 6.3. Surface tension computation. (a) Not normalised probability distribution
function logP (N) from BSUS simulations of DC-16 cubic diamond crystal and liquid
coexistence at T = 0.133 and z = 2.25. The distribution has been reweighted (from
green line to black line) to have a flat profile at coexistence, as highlighted by black
circles. The number of crystalline particles (red line) emphasises the coexistence and the
crystalline regions. (b) Snapshot of a configuration from BSUS window of 1350 particles
showing the two coexisting phases; only bonds are represented. Image adapted from [56].
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distribution must be flat in the coexisting region since, at coexistence, there is no
free energy cost in moving the interface along the direction perpendicular to it. Since
Pcoex(N) = P (N)eβ(µcoex−µ)N , in a logarithmic y-axis plot we can straightforwardly
determine the coexistence activity zcoex = eβµcoex by linear fitting the coexistence
region of log(P (N)) vs. N . Then we can scale the distribution such that its slope
is effectively zero at coexistence. Having now the distribution at equilibrium we
compute the interfacial tension by measuring the height of the crystal peak and
dividing it by two times the area of the interface. Indeed, as visible in Figure 6.3 (b),
the planar interfaces are two since periodic boundary conditions are active. This
procedure is repeated few times for each polymorph and the resulting average values
of interfacial tension are reported in Figure 6.2. We can assert that they are all
the same within an error of 3%, thus confirming that the three polymorphs can be
considered equal in their interfacial properties.

6.3 The test

Having characterised the bulk properties of the three polymorphs, we now
consider their nucleation properties to perform our test and assess whether the
CNT prediction of complete equality holds false. To this end we select two state
points, identified in the previous chapter as favourable for crystallisation, and we run
extensive Monte Carlo simulations in the canonical ensemble to collect nucleation
events. Each simulation trajectory must then be classified to determine whether the
system is in the liquid phase or has crystallised, and, in this latter case, to identify the
specific polymorph formed. To distinguish between liquid and crystalline particles,
we can use local bond order analysis based on spherical harmonics, as explained in
the previous chapter. However, this method is not sufficient to differentiate between
the three polymorphs. Therefore, we introduce a new order parameter, which is
described in detail in the following paragraph and takes into account the bond
geometry and the particle orientations.

6.3.1 A new order parameter

Although total coherence allows us effectively label particles as liquid or crys-
talline, it fails to distinguish between the three polymorphs as their total coherence
histograms perfectly overlap. Other methods based on the Steinhardt order pa-
rameter [188], such as the one introduced by Frenkel [189] or the one using a
two-dimensional analysis, whether averaged [123] or not [190], are equally ineffective.
Indeed, all three structures are cubic diamond crystals with the same lattice positions
and the same tetrahedral bond geometry. They only differ in the species located
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Figure 6.4. Orientational order parameter to distinguish between the three
polymorphs. We are able to assign a polymorph label to each particle by analysing
the orientation of first (b) and second (c) neighbours of the same species: angle α0 and
α1 of first neighbours and α of second neighbours are evaluated. (a) DC-8 arrangement
of particles of the first species that serves as an example to illustrate the three analysed
angles. For perfect crystals, if the first neighbours have the same orientation (α0=α1=0),
we deal with a DC-8, whereas if α0=0 and α1=109 (or α0=109 and α1=0) it is a DC-24.
If α0=α1=109 it could be either a DC-24 and a DC-16 and we need second neighbours
angle α: if α=0 it is a DC-16 while if α=109 it is a DC-24. In simulations we do not
have perfect crystals so angles widen around the previous values as showed in (b) and
(c) using black circles for DC-24, purple triangles for DC-16, blue squares for DC-8 and
green circles for liquid. Image adapted from [56].

at each lattice point. Hence, we develop a system specific order parameter that
incorporates the species information. By looking at the three perfect crystals we
observe that it is possible to classify them as DC-8, DC-16 and DC-24 with a criterion
that only relies on the distance between a particle and its third neighbour of the
same species. By counting how many times each distance occurs we can identify
the crystal. However, this method does not work with thermalised crystals whose
distances are not sharply defined. Moreover, it is a global criterion that does not
provide a label to each particle. If we are interested in classify each particle we
have to extract information from the interaction matrix too; in this way we can
determine neighbours through the Kern-Frenkel potential definition and keep track
of the orientation of each patchy particle. Indeed, a particle can be labelled as DC-8,
DC-16 or DC-24 by looking at the relative orientation between its first and second
neighbours of the same species. In details, we measure the angles α0 and α1 for the
first neighbours and the angle α for the second neighbours, as shown in Figure 6.4
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(a) taking as an example the first species of the DC-8 and the DC-24 polymorphs,
respectively.
In the perfect DC-8 crystal, particles have the same orientation, i.e. α0 = α1 = α = 0.
Conversely, the perfect DC-16 is characterised by α0 = α1 = 109 and the perfect
DC-24 either by α0 = 0 and α1 = 109 (or vice versa by α0 = 109 and α1 = 0) or by
α0 = α1 = 109. This is why we need to go to second neighbours; we can distinguish
the DC-24 structure from the DC-16 one since for the first α = 109, whereas for
the second α = 0. In simulations, we do not have perfect crystals so the angles are
not sharply defined, and their distribution spreads out around the previous values.
Measured α0, α1 (and α0, α) angles in simulations are shown in Figure 6.4 (b) (and
Figure 6.4 (c)). Purple triangles are used to mark DC-16 angles and black circles
represent the DC-24 ones. Data come from nucleating trajectories ending in an
extended crystal. Having defined an effective order parameter, we can analyse the
nucleation properties of the three isotypes.

6.3.2 Nucleation properties of the isotypes

To inspect if the three polymorphs have the same nucleation ability, as predicted
by CNT, we rank them according to their nucleation frequency. We remind that
temperature T is in unit of ϵ/kB , density ρ is in unit of 1/σ3 and pressure P in unit
of ϵ/σ3, where σ is the patchy particle diameter, ϵ is the square-well potential depth
and kB = 1. In particular, we simulate N = 500 patchy particles [101] at equimolar
concentration in the canonical ensemble at T = 0.1, ρ = 0.35 (600 trajectories,
both with and without aggregation-volume bias (AVB) moves [100, 101]) and at
T = 0.104, ρ = 0.4 (300 trajectories with AVB dynamics). We label successfully
nucleated those trajectories having a fraction of particles in the cubic diamond phase

(a) (b) (c)

Figure 6.5. DC-8 growth. Snapshots of DC-8/liquid coexistence from NPT simulation at
T=0.096 and P=0.02. An initial slab of crystal is added to the box with liquid particles
(a) with the plane (b) serving as the interface. The crystal rapidly grows eventually
spreading throughout the entire box (c). Image reproduced from [56].
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greater than 0.5 and classify the obtained crystals. As shown in Figure 6.6 (a),
and conversely to CNT predictions, the three polymorphs have different nucleation
rates: the majority of nucleating trajectories form the DC-24 polymorph, the one
with the largest unit cell size, while only a single nucleation event is observed for
the one with the smallest unit cell size, the DC-8 polymorph. Specifically, for the
T = 0.1, ρ = 0.35 state point, out of 600 trajectories, 43 form the DC-24, 15 the
DC-16 and none the DC-8 with AVB dynamics and 30 form the DC-24, 11 the
DC-16 and 1 the DC-8 with no AVB moves. Similar results are observed for the
T = 0.104 , ρ = 0.4 state point (35, 6 and 0, respectively, out of 300 trajectories).
In Figure 6.6 (b) we report the progress in time of the nucleus size for two typical
trajectories: the blue one spontaneously self-assembling a DC-24 polymorph, and
the green one crystallising into a DC-16 structure. Snapshots of the critical nucleus
are also displayed, showing that the different polymorphs are already distinguishable
at critical sizes. Additionally, we analyse the growth of polymorphs to explicitly
exclude the presence of cross nucleation of one polymorph on top of another. In
particular, we perform additional simulations to test the growth of a crystalline slab
of each polymorph through the [100] cubic plane. Our purpose is to explicitly verify
if one polymorph can grow on a surface of a different polymorph. Simulations are
done in the NPT ensemble. As illustrated in Figure 6.5 (a) for the DC-8 structure,
the initial configuration involves placing a crystal slab in direct coexistence with
liquid particles. The crystal is oriented such that the plane we want to analyse
constitutes the interface with the liquid phase (Figure 6.5 (b)). The final snapshot
in Figure 6.5 (c) shows how the initial crystalline slab expands to occupy the entire
box, without the emergence of any other polymorph. Hence, we can conclude that
the lack of trajectories self-assembling the smallest unit cell size polymorph cannot
be attributed to the DC-8 initially nucleating and then changing identity as it grows.
Others crystalline planes were not analysed. Nevertheless, by tracking the time
evolution of the number of crystalline particles of each polymorph and by visual
inspection of initial configurations of nucleating trajectories, we confirm that each
polymorph originates and grows from a nucleus of the same polymorph.
The different nucleation rates of the three polymorphs are reflected by the height of
their free energy barriers, which we compute with the Umbrella Sampling technique,
described in Chapter 3. We run NPT Monte Carlo simulations at T = 0.104 and
P = 0.018 with a harmonic bias potential. Each simulation is prepared by inserting
in the liquid phase a crystalline seed of size n0, where n0 increases by 5 particles in
successive simulations. The initial seeds have a roughly spherical shape and the same
density for each polymorph. We carefully verify that the chosen bias potential and
thermodynamic conditions ensure a good sampling, i.e. that there is an appreciable
overlap between simulations with successive n0, that no spontaneous nucleation
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(a) (b)

(c)

Figure 6.6. Direct nucleation simulations and nucleation barriers (a) Fraction of
trajectories ending up into each polymorph out of 600 with snapshots of final configu-
rations. Simulations are run in the canonical ensemble at T = 0.1, ρ = 0.35, N = 500.
Interestingly, the polymorph with the largest unit cell size is the one that nucleates most
frequently. (b) Time evolution of the number of crystalline particles with a snapshot of
the critical nucleus for the DC-24 (blue) and the DC-16 (green) structures. (c) Gibbs free
energy for the formation of crystal nucleus of size n for the three polymorphs computed
by means of umbrella sampling technique at T = 0.104 and P = 0.018. The different
trend in nucleation simulations is confirmed: the smallest unit cell size polymorph has
the highest barrier. Image reproduced from [56].

occurs, and that there is no change in polymorph identity during the simulation.
The resulting barriers are reported in Figure 6.6 (c). In order of increasing barrier
height, we find DC-24, then DC-16, and finally DC-8, confirming that the polymorph
with the lowest barrier is the one with the largest unit cell. The height difference
between the DC-24 and DC-16 barrier is approximately 1kBT , a value that aligns
well with the fractions of trajectories nucleating into the two polymorphs. The same
comparison cannot be made for the DC-8 case as only a single nucleation event is
observed for this polymorph. The critical size nc for all nuclei is nc ≲ 30, i.e. smaller
than the largest unit cell (48 particles) used in our exhaustive search of competing
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polymorphs.

6.4 CNT failure

We have observed that the three polymorphs exhibit different nucleation properties,
specifically in terms of nucleation rates and barrier heights, and that these differences
cannot be attributed to variations in the bulk properties of the crystals. We ruled out
the capillarity approximation, but we still have to explain why the DC-24 structure
is the more frequently nucleation outcome. In the following, we investigate whether
the different nucleation properties of the polymorphs can be traced back to the
structural fluctuations within the melt. We follow the idea that if the liquid phase
from which the nucleus arises already exhibits some degree of order in particle
orientation, this will favour the nucleation of the polymorph that is structurally
closer to the melt [191]. The three polymorphs, DC-8, DC-16, and DC-24, differ
in fact by the orientation between neighbours of the same species. In particular,
for each patchy particle, we can consider the angle α formed between the patch
orientations of its two second-nearest neighbour of the same species (see inset of
Figure 6.7 (b)): as already shown in Figure 6.4 (c), for the bulk polymorphs we have
αDC-24 ∼ 109◦, αDC-16 ∼ 9◦, and αDC-8 ∼ 9◦. In Figure 6.7 (b) we plot the radial
profile of α from the centre of mass of nuclei of DC-24 (blue diamonds), DC-16 (green
circles) and DC-8 (red triangles) polymorphs. We use configurations and trajectories
from the umbrella sampling window of size n ∼ 50 and, in order to compute α, we
consider only particles having two second-nearest neighbours of the same species.
To show the crystalline profile, in Figure 6.7 (a), we show the radial distribution of
the total coherence which has high values (around 14) for the bulk diamond crystal,
and small values (around 9.5) for the melt, irrespective of the polymorph. The
figure shows the transition from the core of the nuclei at short distances to the melt
at large distances. In the core region, α assumes the value of the corresponding
bulk polymorph (αDC-24 ∼ 109◦, αDC-16 ∼ 9◦, and αDC-8 ∼ 9◦). In the interfacial
region, instead, the value of α is always that of DC-24 polymorph, irrespectively
of the nucleus type. This shows that the orientational order in the melt resembles
more closely that of the DC-24 polymorph, i.e., the polymorph which nucleates
more frequently and has the lowest nucleation barrier. A similar argument can be
made to rationalise why the DC-8 is the less frequently nucleating polymorph, as
the difference in the nucleation barrier heights of the DC-8 and DC-16 polymorphs
can still be traced back to the liquid structure by looking at the distribution of the
angle α0. α0 defines the relative orientation between first neighbours of the same
species, and it is illustrated in the inset of Figure 6.8 (b) for patchy particles of the
first species belonging to the DC-24 structure.
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Figure 6.7. Bond orientational order in the liquid phase. Total coherence (a) and α
angle (b) as a function of the distance of each particle from the centre of mass dc.m. of the
largest crystalline cluster. Points are computed by averaging on different configurations
and trajectories characterised by a crystalline nucleus of 50 particles: a DC-24 (blue
diamonds), a DC-16 (green circles), and a DC-8 (red triangles) nucleus. α defines the
relative orientation between second neighbours of the same species as illustrated for
patchy particles of the first species of the DC-24 polymorph in the inset of figure (b).
The coloured bands in (a) helps to locate the different regions: the nucleus, the interface
and the melt. The coloured bands in (b) define the range of α values typical of the
bulk DC-24 crystal (blue band) and of the bulk of both DC-16 and DC-8 (green band)
polymorphs; particles in the interfacial region as well as the ones in the melt have α
angles characteristic of the DC-24 structure. Image reproduced from [56].
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Figure 6.8. First neighbours radial profiles. Average radial profile of total coherence
(a) and α0 angle (b) from the centre of mass dc.m. of a 50 particles crystalline nucleus
of DC-24 (blue diamonds), DC-16 (green circles) and DC-8 (red triangles) polymorphs.
(a) α0 defines the relative orientation between first neighbours of the same species, as
illustrated for patchy particles of the first species of the DC-24 polymorph in the inset of
figure (b). The coloured bands in (a) helps to locate the crystalline, the interfacial and
the melt regions. The coloured bands in (b) define the range of α0 values common to
the bulk DC-24 and the bulk DC-16 (blue band) polymorphs and the one characteristic
of the bulk DC-8 (red band) structure. Red band deviates from the typical values of the
melt which are more closely approached by the blue band. Image reproduced from [56].
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(a) (b) (c)

Figure 6.9. Initial and final snapshots with a frozen DC-8 crystalline seed.
Snapshot of a typical initial configuration where a crystalline seed of 100 (coloured)
particles is surrounded by 1000 liquid (white) particles. (b) The nucleus is frozen and
the particles coloured blue are surface particles whose energy in vacuum is U0. During
the simulation, these surface particles can establish bonds with melt particles (c). This
allows us to evaluate how many new nucleus-melt bonds are formed in each crystalline
polymorph and determine if there is a structure where bond formation is more favourable.
Image reproduced from [56].

The DC-8 and DC-16 crystals share common α values that do not align with the
typical melt values. However, by plotting the radial profile of α0 angle for the three
polymorphs (Figure 6.8 (b)), we observe that their bulk values are different. In
particular, the DC-8 angle is the farthest from the melt values. This explains why the
DC-8 polymorph has the highest nucleation barrier and the DC-24 polymorph the
lowest one. Moreover, the similarity between the DC-16 and DC-24 bulk α0 angles
highlights the need to extend the analysis to second neighbours to fully understand
the distinct nucleation behaviours of the polymorphs.

Furthermore, a thorough analysis confirms that the observed difference in the
nucleation frequency between the polymorphs cannot be attributed to the presence
of favourable or unfavourable bonding sites on their surfaces. We verified that the
three polymorphs do not differ in the density of attachment on surface sites. We ran
additional Monte Carlo simulations in the canonical ensemble with 1000 particles.
In particular, we prepared the system by inserting in the liquid phase a crystalline
supercritical seed of size 100 (Figure 6.9 (a)). To prevent the nucleus from growing,
the state point is chosen to be unstable for the crystal phase (T = 0.16, ρ = 0.35),
while to prevent it from disappearing, the particles of the seed are kept fixed during
the simulations. We evaluated the potential energy difference (U − U0) of surface
particles, relative to the configuration where the nucleus is in vacuum (Figure 6.9
(b)). In this way, we measure the new bonds formed between surface particles and
melt ones (Figure 6.9 (c)). We underline that U0 and the orientation of the patches
are the same for all three frozen nuclei.
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Figure 6.10. Surface-melt particles bonds formation. The average surface-melt
bonding probability is the same (within the error) for the three polymorphs. This
indicates that the surface particles of the three nucleus share the same bonding ability.
Image reproduced from [56].

In Figure 6.10 we plot, for each polymorph, the average surface-melt bonding
probability. It is obtained by normalising the (U − U0) difference with respect to
the maximum number of bonds that surface particles can establish with the melt.
Values are obtained by averaging over different configurations and trajectories, and
they appear to be the same for the three structures. Hence, each nucleus has the
same ability to make bonds with melt particles.

We can assert that the differences in the heights of the nucleation barriers cannot
be ascribed to the presence of unfavourable surface particles that would lead to an
entropic penalty in the less frequent structures. This provides additional evidence
that the three polymorphs share the same surface tension. Hence, they are completely
degenerate and, according to CNT predictions, should not display any differences in
their nucleation frequency.

In conclusion, through extensive molecular simulations, our test shows that
fully degenerate polymorphs exhibit remarkably different nucleation properties,
directly contradicting CNT’s predictions. Unlike previous tests of classical nucleation
theory (CNT), which focus on accurately measuring nucleation rates and comparing
them to theoretical predictions, leading to a pass or fail outcome depending on
the system and/or state point, in this work we propose an alternative approach.
We examine cases where CNT predicts no difference in nucleation rates between
different polymorphs. This shift in focus sidesteps the common reliance on precise
free-energy measurements and their dependence on specific state points. Instead,
it only requires ranking the polymorphs according to their nucleation frequency.
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Crucially, while discrepancies between CNT and measured nucleation rates can
often be accounted for through ad hoc extensions to the theory, our test cannot
be satisfied by any modification of CNT built upon the capillarity approximation.
To run the falsifiability test we use the N2c8 binary mixture of patchy particles
where three different polymorphs, despite having identical bulk and interfacial free
energies, exhibit significantly different nucleation rates. We argue that CNT’s
primary limitation lies in its neglect of structural fluctuations within the liquid phase.
Indeed, the polymorph that nucleates more frequently is the one whose orientational
order more closely resembles that of the liquid phase where the nucleus arises; we
can attribute the difference in nucleation rate to structural fluctuations within the
melt. This test support all alternative theories beyond CNT that incorporate the
structural properties of the liquid phase [5,132,133,182,191–198], rather than relying
only on macroscopic quantities.

This analysis concludes our investigation of nucleation behaviour in multi-
component systems. We found that while density and composition fluctuations can
promote nucleation, by helping to overcome diffusional and compositional barriers,
respectively, structural fluctuations appear to play a key role in selecting the resulting
polymorph.
In the next chapter, we introduce the concept of inverse thermodynamics to explore
possible ways to control by design the thermodynamic behaviour of multi-component
systems. Achieving optimal self-assembly requires controlling not only the target
structure, but also the intermediate steps leading to its formation. Our goal is to
gain a more comprehensive control over the entire self-assembly pathway. Once
integrated in the SAT-assembly framework we will have an optimal tool for inverse
designing that allows to insert thermodynamic requirements in addition to the
topological ones. In particular, having demonstrated why nucleation pathways along
azeotropic points at a proper concentration can enhance self-assembly and claimed
why azeotropic mixtures are an effective strategy to also simplify the thermodynamics
of multi-component systems, we focus on how to originate and displace the azeotropic
point by design. We choose this thermodynamic condition because it is relevant
for self-assembly optimisation. However, we emphasise that this kind of control
holds broader theoretical significance, as it demonstrate a strategy for designing
interaction potentials with a targeted thermodynamic behaviour.
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Chapter 7

Inverse thermodynamics

The traditional goal of inverse self-assembly is to design interactions that drive par-
ticles toward a desired target structure. However, achieving successful self-assembly
also requires tuning the thermodynamic conditions under which the structure is
stable. In this chapter, we extend the inverse design paradigm to explicitly address
this challenge by developing a framework for inverse thermodynamics, i.e. the
design of interaction potentials that realise specific thermodynamic behaviour. We
demonstrate how precise control over both bonding topology and bond energetics
of patchy particle mixtures enables the programming of targeted phase behaviour.
In particular, having demonstrated that the inclusion of an azeotrope into artificial
designs reveals effective pathways for the self-assembly of complex structures and
provide a way to control the self-assembly of an arbitrary number of components, we
establish design principles for azeotropic demixing and show how to create mixtures
that exhibit azeotropy at any prescribed concentration. The results presented in
this chapter originate from papers C. Beneduce et al., ACS Nano, 2023 [33] and C.
Beneduce et al., J. Phys. Chem. B, 2025 [199].

7.1 Designing interactions for targeted phase behaviour

In atomic and molecular systems, interactions are fixed by quantum mechanics,
limiting the ability to engineer specific thermodynamic behaviours. Soft matter,
by contrast, thrives on tunability [31, 200–204]: interactions can be deliberately
designed, whether through colloidal functionalisation [75,205–208], DNA-mediated
binding [65, 77, 209, 210], or anisotropic shapes [205, 211–213]. This flexibility has
enabled the realisation of exotic states of matter, such as equilibrium gels with vanish-
ing coexistence regions [115, 116], re-entrant phase transitions [214–216], and empty
liquids stabilised by limited valence [217]. But beyond forward design (predicting
properties from interactions), a deeper challenge emerges: the inverse thermody-
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namics problem. That is, how should interactions be tailored to achieve a desired
thermodynamic outcome? Significant strides have been made toward solving this
problem [13, 218–226]. For instance, reducing the range of attractive potentials
systematically depresses the critical temperature, eventually rendering the liquid-gas
transition metastable [227,228]. Similarly, finely tuned short-range repulsions can
induce solid-solid transitions [229], while competing interactions generate re-entrant
phenomena like melting upon cooling or condensation upon dilution [230–233]. These
examples reveal general principles, but they often focus on qualitative trends (e.g.,
shifting phase boundaries) rather than quantitative control (e.g., prescribing exact
coexistence conditions). Certain thermodynamic conditions are pivotal for function-
ality. In equilibrium gelation, for example, the narrowing of the coexistence region
(a hallmark of “empty liquids” [114]) suppresses phase separation, enabling gelation
without interference of a glass transition [114,116,117]. In self-assembly, azeotropy,
a condition where liquid and vapour phases share identical composition, plays an
analogous role. Azeotropes act as thermodynamic attractors during nucleation: by
fixing the composition of coexisting phases, they maximise the yield of target struc-
tures when the azeotropic point matches the stoichiometry of those structures. In
Chapter 5, we demonstrated that azeotropicity accelerates self-assembly by matching
liquid and crystal composition. Here, we focus on the inverse problem: how can
interactions be designed to place an azeotropic point at any desired concentration?

7.2 Inverse design of azeotropic points

The effective assembly of complex structures often requires the use of multiple
components, each new component increasing the thermodynamic degrees of freedom
of the system and hence the complexity of the self-assembly pathway. In Chapter 4,
we demonstrated the possibility to use azeotropy as an attractive strategy to tame the
complex phase behaviour of multi-component systems. At the azeotrope, the mixture
behaves effectively as a single-component system and phase separation results into
coexisting phases having the same concentration as the parent homogeneous phase.
In Chapter 5, we also showed the advantages of combining azeotropic behaviour with
self-assembly by explicitly including azeotropic points along the nucleation pathways
of mixtures. They are summarised below:

• The ability to considerably enhance the reaction rates of the self-assembly
process by quenching the system in a region of liquid-vapour metastability:
in fact, it is well-established that for one-component systems nucleation rates
increase in proximity of density fluctuations like the ones found near liquid-
vapour critical points [234] and spinodal loci [148];
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(b)

(a)

Figure 7.1. The N2c8 design. (a) 3D representation of the N2c8 design. It is a binary
mixture of patchy particles, each featuring four patches tetrahedrally arranged. The
first species, whose type of patches are labelled 1 − 4, is coloured cyan, while the second
species, with type of patches labelled 5 − 8, is coloured red. The notation N2 refers
to the two species, and c8 represents the eight distinct types of patches. Each pair
of patches capable of forming bonds is represented by the same colour. (b) Graph of
the N2c8 design. The two central nodes represent the two species, with each species
connected to other nodes corresponding to its patches. Patches of same colour indicate
interacting patches. All the links are coloured accordingly: links from each species to
its patches are coloured to match the species, while links between pair of interacting
patches are coloured to correspond with the patches. Image reproduced from [199].

• Increase the kinetics of the self-assembly reaction: if the concentration of the
azeotropic point is the same as the crystal composition, one can avoid slow
diffusion-limited process, where the crystal nucleus has to wait for the compo-
sition of the local environment to match the one of the target structure [235];

• The yield of the self-assembly process can proceed theoretically until all
components are exhausted (to 100%), as the liquid phase will form at the same
composition of the target crystalline structure.

Having established why it is important to design azeotropic mixtures, we now show
how to select patchy particle systems that exhibit azeotropic points at a desired
concentration. We rely on patchy particles which, as presented in Chapter 2, are
a paradigm for programmable matter. They offer unparalleled control over both
bonding topology (via patch number and geometry) and interaction energetics (via
patch strength and specificity [236]) and are a valid coarse-grained model for all
associating systems characterised by anisotropic interactions. Among them there are
also DNA-origami, introduced in Chapter 3 as one of the most promising techniques
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for experimentally realise multi-component systems with such high binding specificity.
In a mixture of patchy particles, the design is determined by how the patches and

how they are distributed across the different components. As explained in Chapter 2,
this can be effectively represented using an interaction matrix. Here, we introduce
an alternative approach: a graph-based representation of designs. Larger nodes
correspond to species, smaller nodes to patches, and edges between patches indicate
complementary binding interactions. Self-loops represent self-complementary patches,
i.e. patches that can bind to identical patches on other particles of the same species.
The weight of each edge measures the interaction energy of the bond. A graph is
unweighted if all interactions have the same energy, or weighted otherwise. As an
example, in Figure 7.1 we plot the graph for the N2c8 mixture. In this framework,
the inverse thermodynamics problem consists determining how to modify the graph
topology to achieve target thermodynamic properties. This can be done by altering
either the edge configuration or the edge weights, thereby directly acting on the
key properties that define patchy particles. We aim to inverse design an azeotropic
line (extending from P = 0, T = 0 to a binary critical point) at a predetermined
concentration. This target concentration could correspond, for instance, to the
stoichiometric ratio of the crystalline phase, where nucleation rate is maximised [55].
In the following, we present both strategies that tune the bond connectivity (the list
of edges) or the interaction energies (the edge weights) to achieve control over the
location of the azeotropic point.

7.3 Azeotropy from bond connectivity rules

The effects of bond connectivity on the thermodynamics can be quantified within
the Wertheim perturbation theory, which, as described in Section 3.2, provides a
closed-form description of phase equilibria in associating fluids. In particular, in
deriving the azeotropy conditions we will make use of the law of mass action 3.7
[89,92,95], which quantifies the probability for a patch α of species i to be non-bonded.
This probability is denoted Xi

α and we rewrite here its expression:

X(i)
α =

[
1 + ϕ

∑
j=1,Ns

x(j) ∑
γ∈Γ(j)

X(j)
γ ∆αγ

]−1

where Γ(j) is the set of all patches of species j, ϕ is the total packing fraction, xj is
the molar fraction of species j, and ∆αγ , being proportional to eϵαγ , accounts for
the bond strength between patch α and γ. A detailed expression for ∆αγ is reported
in Eq. 3.10. Since we are acting exclusively on the bond connectivity, the following
simplification is considered: any pair of interacting patches forms bonds of the same
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type (bonding volume Vb and energy ϵ), so that ∆αγ = ∆ if α and γ interact, or
∆αγ = 0 if they don’t. The interaction matrix Υ has elements Υαγ = ∆αγ/∆ that
are ones if patches α and γ interact, and zeros if they don’t. In Chapter 2, we showed
that one possible strategy to compute Υ, i.e. and define which pair of patches
should interact such that the particles self-assemble into a desired structure is the
SAT-assembly framework [41]. Now we focus on general conditions one needs to
impose on Υαγ in order to obtain azeotropic mixtures, regardless of the desired target
structure. Here, our goal in no longer strictly tied to self-assembly optimisation,
but is broader: we aim to control thermodynamic behaviour through interactions
design. While we chose to focus on azeotropy as a case study due to its importance
in self-assembly, our free-energy framework is general. It depends explicitly on the
interaction graph, and although the specific constraints will vary depending on the
thermodynamic property of interest, the methodological foundation we introduce
provides a flexible route toward inverse design.
We know that at the azeotropic point the mixture behaves as a single-component
system. Hence, we can identify the condition where all patches α of each species i

have the same probability of being bonded (and equivalently of not being bonded)
as a sufficient condition for the appearance of an azeotrope. In the Wertheim
formalism this means that the mass balance Eq. 3.7 must be the same for all patches
of the system: X

(i)
α = X. We notice that for azeotropic solutions X

(i)
α = X the

Helmholtz free energy (Eq. 3.4) formally reduces to that of a single-component
system, confirming the thermodynamic simplification occurring at this special point.
Considering as an example a binary mixture with four patches, we indeed have:

βfbonding =
2∑

i=1
x(i)

[ ∑
α∈Γ(i)

(
ln X(i)

α − X
(i)
α

2

)
+ 1

2n(Γ(i))
]

=

= x(1)
[(

ln X1 − X1
2

)
+
(

ln X2 − X2
2

)
+
(

ln X3 − X3
2

)
+
(

ln X4 − X4
2

)
+
(

M

2

)]
+

+ x(2)
[(

ln X5 − X5
2

)
+
(

ln X6 − X6
2

)
+
(

ln X7 − X7
2

)
+
(

ln X8 − X4
8

)
+
(

M

2

)]
=

= x(1)
[
4
(

ln X − X

2

)
+
(

M

2

)]
+ x(2)

[
4
(

ln X − X

2

)
+
(

M

2

)]
=

=
(

x(1) + x(2)
)[

4
(

ln X − X

2

)
+
(

M

2

)]
=

= 4
(

ln X − X

2

)
+
(

M

2

)

(7.1)

since for a binary mixture with both species having four patches
2∑

i=1
x(i) = 1 and
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n(Γ(i)) = M = 4.
In summary, we look for bonding conditions under which all the Ns × Np

(number of species × number of colours) mass balance equations 3.7 become equiv-
alent. This provides a sufficient condition for the appearance of azeotropy in a
multi-component system. Following this idea, we identify three families of rules:

• the bond exclusivity condition for generating azeotropic points at equimolar
conditions;

• the bond multiplicity condition for locating azeotropic points at non-equimolar
conditions;

• the fully-connected bond condition for creating an ideal azeotrope, i.e. mixtures
that are azeotropic at any concentration.

A detailed analysis of each rule is reported in the following subsections, where we
confirm their validity not only within Wertheim’s theory, but also explicitly through
Monte Carlo simulations. We provide examples for each condition using specific
systems; however the rules are generally valid for an Ns-component mixture where
all species have the same diameter σ, the same number and placements of patches,
and differ only in the patches type that, while sharing the same binding energy, has
a proper binding specificity.

7.3.1 Bond exclusivity condition

One condition ensuring azeotropy is the bond exclusivity constraint requiring
that each patch has a unique bonding partner (that can be itself in case of self-
complementarity) among all patches of all species in the mixture [33]. This implies
that all patches are distinct and the graph consists of nodes uniquely connected in
one-to-one relationship; each node connects to exactly one other node, and no node
is targeted by more than one source. Equivalently, it means that the interaction
matrix Υ has a single one for each row, located at a different column for different
rows. Eq. 3.7 simplifies as follows: the sum over the patches (

∑
γ∈Γ(j)) and the

sum over the species (
∑

j=1,Ns
) reduce to a single contribution since the patch α

belonging to species i can interact only with its partner patch γ belonging to species
j (j can be also equal to i as well as α can be equal to γ). Therefore, the Ns × Np

mass balance equations for X
(i)
α reduce all to equations of the form

X(i)
α =

[
1 + ϕx(j)X(j)

γ ∆αγ

]−1
(7.2)
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which couple only X
(i)
α with X

(j)
γ . Moreover, since all bonds have the same strength,

∆αγ ≡ ∆ for all patches α and γ. By substituting the equations for X
(j)
γ in the

equation for X
(i)
α , one obtains, even without knowing the exact patchy particles

design, that under the bond exclusivity condition all the Ns × Np mass balance
equations become all equivalent to

X(i)
α + ϕ x(i)[X(i)

α ]2∆ + ϕ(x(j) − x(i))X(i)
α ∆ − 1 = 0 (7.3)

We observe that this equation admits the azeotropic solution X
(i)
α = X for all

patches α and species i of an Ns-component mixture, if x(i) = 1/Ns, i.e. at
equimolar conditions, where X is the solution of

X + ϕ

Ns
X2∆ − 1 = 0 (7.4)

Thus the bond exclusivity condition generates an azeotrope at equimolar conditions:
a Ns-component mixture will be azeotropic if it is prepared by mixing all the Ns

components at the equimolar composition 1/Ns. This rule can be exploited for
self-assembling designs where the target structure is composed of an equal number
of all species. Experimentally, it can be realised by functionalising particles surface
by complementary DNA strands [237,238], as described in Section 3.1.
The bond exclusivity condition is easily generalised to cases where multiple-bonding
is allowed, i.e. when one patch is capable of bonding to more than one patch (also
this case can be realised with single DNA strands functionalisation as explained in
Subsection 3.1.2) and/or when the patches are not distinct (when the interaction
matrix has repeated columns or rows, i.e. when its determinant is zero). An
azeotrope an equimolar conditions can be obtained by ensuring that every patch
has the same total number (m) of bonding partners (distributed over one or more
species). In this case, the mass-balance equation admits the solution X

(i)
α = X, with

X satisfying the following equation

X + ϕ
m

Ns
X2∆ − 1 = 0 (7.5)

The multiple-bonding between patches can also be leveraged to move azeotropy
away from equimolar concentrations, as explained in the following subsections.

7.3.2 Bond multiplicity condition

A simple generalisation of the bond exclusivity condition allows moving the
azeotropic point to off-equimolar conditions. Considering a binary mixture where the
ratio between the two species (denoted as (1) and (2)) is 1 : n, in order to have an
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azeotrope at x(2) = nx(1) (i.e. x(1) = 1/(n + 1) and x(2) = n/(n + 1)) it is sufficient
to enforce:

• bond exclusivity to all patches bonding to species (2), i.e. each patch has a
unique bonding partner with species (2);

• n-bond multiplicity to all patches bonding to species (1), i.e. each patch has
n bonding partners with species (1).

In this case, in the mass balance equations for X
(i)
α the sum over the species (

∑
j=1,2)

still drops out while the sum over the patches (
∑

γ∈Γ(j)) reduces to one or to two
terms depending on if patch α satisfies the bond exclusivity condition or the bond
multiplicity condition, respectively. With these conditions, we indeed observe that
all mass balance equations (Eq. 3.7), admit the azeotropic solution X

(i)
α = X with

X satisfying the following equation

X + n

1 + n
ϕX2∆ − 1 = 0 (7.6)

From a graph perspective the bond multiplicity condition constraints different nodes
to have different edge valences. Specifically, nodes connected to species (2) have
a single edge, while those connected to species (1) have n edges. Analogously,
the interaction matrix exhibits a block structure. The implications of this bond
multiplicity condition on both the form of the mass balance equations and the
topology of the graph and interaction matrix are examined in more detail in the
dedicated section through an example. We finally notice from Eq. 7.6 that this rule
reduces to the previous bond exclusivity case when n = 1.
This recipe is generalisable to multi-component systems with more than two species:
in this case, the bond multiplicity condition requires establishing a bond with m

patches belonging to certain species, where m is the least common multiple between
component ratios. While bond multiplicity provides a feasible way to shift the
azeotropic point away from equimolar conditions, once the number of species and
of patches is set, it is not possible to design a mixture exhibiting azeotropy at
an arbitrary concentration. For instance for a binary mixture with four patches
tetrahedrally arranged, there is no design satisfying the bond multiplicity condition
for the ratio 1 : 3. These cases can be addressed by a special condition, called
ideal azeotropy, for which azeotropy occurs at all concentrations, or by lifting the
requirement that all bonds have the same energy, ∆αγ ̸= ∆. We see both methods,
in this order, in the following.
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7.3.3 Fully-connected bond condition

In this subsection, we present a special set of bonding constraints ensuring the
mixture to exhibit azeotropic demixing across all concentrations, i.e. the composition
of the two coexisting phases always remains constant during phase separation. We
name such rule fully-connected bond condition and the resulting system ideal
azeotrope. For a general Ns-component mixture of patchy particles with Np patches,
the fully-connected bond condition is achieved when each patch can bind with Ns

patches, each located on a different species. In this case the sum
∑

γ∈Γ(j) in the
mass balance equation 3.7 drops out, as there is only one bonding partner on each
species, becoming

X(i)
α =

[
1 + ϕ

∑
j=1,Ns

x(j)X
(j)
β ∆αβj

]−1
(7.7)

where the patch β on particle j is the unique bonding partner of patch α on species
i. Now, assuming that all bonds are of the same type, ∆αγ = ∆, and remembering
that

∑
j x(j) = 1, we see that the mass balance equation admits azeotropic solutions

X
(i)
α = X, where X satisfies

X + X2ϕ∆ − 1 = 0 (7.8)

Similar to a graph that satisfies the bond exclusivity condition, a graph obeying the
fully-bonded rule also features an equal number of edges per node. However, unlike
to the bond exclusivity condition, each node in the fully-bonded case exhibits a Ns

degeneracy instead of a single exclusive connection.

Specific designs satisfying each presented rule are reported in the Example
section. Importantly, these conditions can be inserted as additional clauses in the
SAT-assembly framework. In fact, acting over bond connectivity constraints the
number of bonds each patch can establish and the type of species these patches
belong to. This implies that we can write boolean clauses ensuring azeotropicity by
handling the colour interaction variables and the patch colouring variables. Taking
the bond exclusivity condition, for example, we must add the following clauses for
each patch of the system:

¬xpcol
s,p,ci

∨ ¬xpcol
s′,p′,ci

(7.9)

where s′ runs over the Ns species and p′ over the patches of each species different
from p. In this way each patch will have a different colour; this, combined with the
clause Cint

ci,cj ,ck
= ¬xint

ci,cj
∨ ¬xint

ci,ck
ensuring each colour has a single complementary
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colour, guarantees the onset of a design featuring an azeotrope at concentration
1/Ns.

Before looking at some examples, we focus on the effect of differentiate the
bonding energy between the patches.

7.4 Azeotropy from bond energy control

While in the previous section we propose a precise control over azeotropic
composition through bond topology modifications, an alternative approach becomes
essential when the bonding topology must remain constrained. In such cases, we
can instead exploit the tunability of interaction energies to engineer the desired
azeotropic behaviour.

Two distinct phases (denoted as phase ′ and phase ′′) coexist at a certain
temperature and pressure when there is chemical equilibrium, i.e.:

µ′
i = µ′′

i

In multi-component systems, the chemical potential µi of each component depends on
the system’s composition. Since the mole fractions sum to unity (x1 + · · · + xn = 1),
only n − 1 composition variables are independent. For binary mixtures, we select one
independent composition variable (denoted x). The equilibrium condition requires:

d(µ′
i − µ′′

i ) = 0
∂µ′

i

∂x′ dx′ − ∂µ′′
i

∂x′′ dx′′ = 0

Along the azeotropic line, the compositions coincide (x′ = x′′ and dx′ = dx′′),
simplifying the condition to:

∂µ′
i

∂x

∣∣∣∣
x′

= ∂µ′′
i

∂x

∣∣∣∣
x′′

This equality of chemical potential derivatives, in addition to the equality of chemical
potentials themselves, defines the special thermodynamic state of an azeotrope. Our
algorithm exploits this relationship to control azeotropic composition.
The azeotropic point can be systematically shifted through controlled modifications
of interaction parameters. For each temperature and pressure, we theoretically
construct the Gibbs free energy per particle g(x) by minimising Wertheim’s free
energy (Eq. 3.5) with respect to density for each composition x. Under coexistence
conditions, g(x) forms a two-branched curve representing the competing phases, with
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Figure 7.2. Chemical potential behaviours near and far from azeotropic condi-
tions. The iterative process for shifting the azeotrope to a desired concentration follows
a trial and error approach. In the graph we illustrate a step of the algorithm where
setting ϵ

′ = 1.2 ultimately lead to an azeotrope at x ∼ 0.55. By changing the energy
from ϵ to ϵ

′ starting from a known azeotropic state (Tazeo, Pazeo, xazeo), the system
moves away from the azeotropic conditions. The chemical potential as a function of
the composition, shown in black (or the Gibbs free energy curve (in black in the left
inset) satisfying a common tangent construction) is tracked to identify when a new
coexistence condition is met by modifying the temperature and the pressure. Next, by
fine tuning the pressure, the thermodynamic conditions where the chemical potential
becomes continuous and with a single concavity (corresponding to a tangency in the
Gibbs free energy curves of the two phases) is progressively met, as illustrated by the
red curves. The azeotropic concentration xiter

azeo at these new conditions (T iter
azeo, P iter

azeo) is
found and used as a feedback for the next iteration of ϵ

′ . Imaged reproduced from [199].

their intersection determining the equilibrium concentrations through the common
tangent construction (illustrated by dashed blue lines in the insets of Figure 7.2).
At the azeotropic point, these branches become tangent at a single concentration
where both phases share identical composition. From g(x), we compute the chemical
potentials µi(x), which exhibit distinct signatures of phase behaviour. In coexistence
regions, µi(x) becomes multivalued (with multiple concentrations yielding identical
chemical potential) and develops discontinuities. The width of these coexistence
regions is pressure-dependent: it decreases with decreasing (increasing) pressure for
mixtures exhibiting negative (positive) azeotropes [108, 109], and vanishes at the
azeotropic point, as illustrated in Figure 7.2. Our algorithm begins with known
azeotropic conditions (Pazeo, Tazeo, xazeo). We apply small perturbations to the
target bond energy ϵ, then compute the updated µi(x). By adjusting pressure and
temperature, we track the evolution of the coexistence region until µi(x) becomes
single-valued, identifying the new azeotropic point (P iter

azeo, T iter
azeo, xiter

azeo). While these
adjustments can be performed manually for simple cases, the procedure could be
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automated through iterative schemes such as gradient descent. This process iterates
until convergence to the desired concentration xgoal

azeo is achieved.

In summary, we identified two approaches to designing azeotropic mixtures. The
first involves the equality of all bonding probabilities for all patches of the system,
while the second requires the simultaneous equality of chemical potentials and of
their derivatives across coexisting phases. In the following section, we put these
concepts in practice.

7.5 Examples

In this section we apply the presented azeotropic rules to specific cases, and we
verify their effectiveness.

7.5.1 Bond exclusivity

Our case study design, the N2c8 solution, which we explored in the previous
chapters, is able to exclusively self-assemble into a cubic diamond and satisfies the
bond exclusivity condition. Its graph is shown in Figure 7.1 and its interaction
matrix is

ΥN2c8 =



0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0


(7.10)

We can observe that each small node of the graph is exclusively connected to another
node and that the interaction matrix has a single one for each row located at different
columns for different rows. Hence, as required by the bond exclusivity condition,
each path has a unique bonding partner. Since this rule guarantees the appearance
of an azeotrope at equimolar conditions, and being the N2c8 solution a binary
mixture, we expect this design to feature an azeotropic line at the concentration
x(1) = x(2) = 1/2. The pressure-concentration and density-concentration phase
diagrams we have computed in Chapter 4, both theoretically within the Wertheim
perturbation theory and via Monte Carlo simulations in the Gibbs ensemble, confirm
the expected azeotropic nature of this design. In the pressure-concentration phase
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diagram 4.3 (a) the binodal curve reduces to a point at concentration equal to x=0.5
and in the density-concentration phase diagrams 4.3 (b) it is only at x=0.5 that the
tie-line is a straight line connecting two phases at different densities at the same
concentration.
For completeness, we report also the mass balance equations 3.7 for this specific
design:

if α = 2, 3

Xα + ϕx(1)Xα
2∆ − 1 = 0

if α = 5, 7

Xα + 2ϕx(2)Xα
2∆ − 1 = 0

if α = 1, 4

Xα + ϕx(1)Xα
2∆ + ϕXα∆(x(2) − x(1)) − 1 = 0

if α = 6, 8

Xα + ϕx(2)Xα
2∆ + ϕXα∆(x(1) − x(2)) − 1 = 0

(7.11)

We notice, as expected, that if x(1) = x(2) all the equations in Eq. 7.11 become equal
to:

X + ϕ

2 X2∆ − 1 = 0 (7.12)

7.5.2 Bond multiplicity in a binary mixture

If we want to move to off azeotropic condition the previous binary mixture, we
can redefine its binding rules according to the following graph (Figure 7.3) and
interaction matrix ( 7.13).

ΥN2c6 =



0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0
0 0 1 1 0 0 0 0
0 0 1 1 0 0 0 0
1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1


(7.13)
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Figure 7.3. Binary mixture obeying to the bond multiplicity condition. The
graph represents a design that ensures a binary mixture of patchy particles, each with
four patches, exhibits an azeotrope at 1 : 2 ratio. The two species are represented by the
bigger nodes, coloured red, and cyan. Each node is connected by links of the same colour
to its respective patches, indicated as smaller nodes. We have six different patches, i.e.
colours. The desired 1 : 2 ratio is reflected in the bond connectivity: each smaller node
connected to the second red species is incident to two links (one for the species and
one for the compatible patches), while nodes connecting to the remaining species are
incident to three links (one for the species and two for the two compatible patches).

Unlike the bond exclusivity case, not all patches are different and the number of
distinct mass balance equations is the smaller than Ns × Np. Indeed, the interaction
matrix features two pairs of equal rows, and the interaction energies are the same
for all patches of the system. This is why we name it ΥN2c6: there are two different
species, and six independent patches(colours). In particular, X

(1)
1 = X

(1)
2 and

X
(1)
3 = X

(1)
4 , and with simple algebraic steps, the mass balance equations 3.7 reduce

to one of the following four forms

if α = 1, 2

Xα + 2ϕx(1)Xα
2∆ + ϕXα∆(x(2) − 2x(1)) − 1 = 0

if α = 3, 4

Xα + 2ϕx(1)Xα
2∆ − 1 = 0

if α = 5

Xα + ϕx(2)Xα
2∆ + ϕXα∆(2x(1) − x(2)) − 1 = 0

if α = 6, 7, 8

Xα + ϕx(2)Xα
2∆ − 1 = 0

(7.14)

They further simplify to Eq. 7.15 if x(2) = 2x(1).

X + 2
3ϕX2∆ − 1 = 0 (7.15)
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Since x(1) +x(2) = 1, then x(1) = 1/3 and x(2) = 2/3: this binary mixture displays an
azeotrope at the specific non equimolar concentration of x(1) = 1/3 and x(2) = 2/3.
This is exactly what we expected, since the graph and the interaction matrix satisfy
the bond multiplicity condition for n = 2. In fact, we have that patches connecting
to the second species have a single one for each row (a single edge connection in the
graph), whereas patches connecting to the first species have two ones for each row
(a double edge connection in the graph). Hence, we have patches either under bond
exclusivity constraint or establishing n-bond multiplicity with n = 2, as required by
the bond multiplicity rule to design an azeotrope at 1 : 2 ratio.
A computational verification of the bond multiplicity rule is performed in the
following subsection, applied to a more representative case targeting the cubic
diamond assembly.

7.5.3 Bond multiplicity in a ternary mixture

In this subsection, we target a three component system capable of spontaneously
assembling into a cubic diamond at off-equimolar conditions. Specifically, the desired

Figure 7.4. Ternary mixture obeying to the bond multiplicity condition. The
graph represents a design that ensures a three component system of patchy particles,
each with four patches, to have an azeotrope at 1 : 1 : 2 ratio. The three species are
represented by the bigger nodes, coloured red, cyan and yellow. Each bigger node is
connected by links of the same colour to its respective patches, illustrated as smaller
nodes. We have ten different patches, accordingly represented with distinct colours.
Each smaller node connected to the third yellow species is incident to two links, while
nodes connecting to the remaining species are incident to three links, satisfying the bond
multiplicity condition for the 1 : 1 : 2 ratio.
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16 particle cubic diamond unit cell is made by tetravalent patchy particles that
are 4 of the first species, 4 of the second species and 8 of the third species. Hence,
in order to achieve optimal self-assembly we aim to select a nucleation pathway
through an azeotrope at the same 1:1:2 stoichiometry ratio as the species appear in
the target structure, as demonstrated in Chapter 5. To this end we can leverage the
bond multiplicity condition. The connectivity we must satisfy dictates that each
patch making a bond with the majority component (the third species) must obey
the bond exclusivity condition, whereas all other patches should have two bonding
partners among patches of the first and second species. A graph obeying this bond
connectivity is shown in figure 7.4 and its interaction matrix is reported in 7.16.

ΥN3c10 =



0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1



(7.16)

Each row has either a single one among the last four columns, or two one distributed
among the first eight columns. Equivalently, in the graph each node connected to
the third species features a single edge, while nodes connecting to the two other
species have two edges. We also highlight the presence of two identical pairs of
rows, meaning that two pairs of patches are equal. In the graph, this is illustrated
by using the same colours for those patches. This design is found by means of
the SAT-assembly framework, where in addition to clauses ensuring the exclusive
compatibility with the cubic diamond topology, we added clauses satisfying the bond
multiplicity condition. In particular, we opened to the possibility of forming two
bonds with the same patches while still maintaining bond exclusivity for all patches
interacting with the third species. This guarantees the appearance of an azeotrope at
concentration equal to x(3) = 2x(1) = 2x(2). To confirm the effectiveness of the design,
we run several Monte Carlo simulations with 500 particles for different temperatures
and densities at the expected azeotropic concentration. In Figure 7.5 (a) we show
a snapshot of a typical configuration after the metastable liquid has formed but
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before nucleation. Since vapour-liquid separation occurs at azeotropic conditions, the
vapour slab does not show excess particles for any component. Figure 7.5 (b) shows
a snapshot of a correctly assembled cubic diamond crystal that formed at the target
1 : 1 : 2 composition. The last (c) panel shows the number of crystalline particles of
each species as a function of Monte Carlo sweeps, demonstrating that the particles
belonging to the first and second species (blue and red line, respectively) always
have the same concentration, which is half as that of the third species (green line).
We also note that the final nucleus comprises almost all particles, demonstrating
that nucleation is indeed occurring at the same starting composition that matches
the one of the target crystal. Phase separation is occurring without changing the

(a) (b)

(c)

Figure 7.5. Self-assembly of a cubic diamond from a ternary mixture prepared
at the azeotropic concentration x(3) = 2x(1) = 2x(2). (a) Coexistence between the
vapour and the metastable liquid phase. (b) Largest crystalline nucleus in the final MC
configuration. (c) Size of the largest crystalline cluster as a function of MC sweeps (black
line). The number of crystalline particles belonging to the third species (green line) is
exactly double that of the first and the second species (blue and red lines, respectively)
during the whole nucleation process. Image reproduced from [33].
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Figure 7.6. Gibbs ensemble simulations at azeotropic conditions. We track
the evolution of the density and the concentration in two equally initialised boxes at
temperature T = 0.098, density ρ = 0.2, and number of particles N = 1000, with
different component ratios: x1 = x2 = 0.25, x3 = 0.5 in (a), and x1 = 0.2, x2 = 0.3,
x3 = 0.5 in (b). In both cases, phase separation occurred, as indicated by the densities
of the boxes equilibrating to different values, while preserving the initial component
ratio. Both (a) and (b) correspond to azeotropic conditions.

initialised component ratio, demonstrating we are at the azeotropic concentration.
Here, all particles in the liquid phase can participate in the formation of the crystal.
This confirm that we successfully designed a ternary mixture with an azeotrope at
1 : 1 : 2 through the bond multiplicity rule and that it correctly assembles in the
target cubic diamond crystal at these controlled and optimal conditions.

Furthermore, we draw attention to the fact that this system consisting of three
species and ten colours, shows multiple azeotropes. This becomes evident by directly
analysing its mass balance equations. Writing down Eq. 3.7 for each patch of the
system, and performing the required substitutions, we obtain four types of equations:
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Figure 7.7. Gibbs ensemble simulations at off-azeotropic conditions. We track
the evolution of the density and the concentration in two equally initialised boxes at
temperature T = 0.098, density ρ = 0.2, and number of particles N = 1000, with
different component ratios: x1 = x2 = 0.3, x3 = 0.4 in (a), and x1 = 0.1, x2 = 0.2,
x3 = 0.7 in (b). In both cases, phase separation occurred, as indicated by the densities
of the boxes equilibrating to different values, at off-azeotropic conditions. When the
condition x1 + x2 = x3 is no longer satisfied, the system enters the coexistence region,
and vapour and liquid phases coexist at different concentrations.

if α = 8, 11

Xα + ϕx(3)Xα
2∆ − 1 = 0

if α = 1, 3, 5, 7

Xα + ϕ(x(1) + x(2))Xα
2∆ − 1 = 0

if α = 0, 2, 4, 6

Xα + ϕ(x(1) + x(2))Xα
2∆ + ϕXα∆(x(3) − (x(1) + x(2)) − 1 = 0

if α = 9, 10

Xα + ϕx(3)Xα
2∆ + ϕXα∆((x(1) + x(2)) − x(3)) − 1 = 0

(7.17)
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In particular, the second type of equations comes from the equality of X1 = X3

(and X5 = X7) that holds for invariance under patches exchange. All the equations
become equal if x(3) = x(1) + x(2). Considering that x(1) + x(2) + x(3) = 1, then
x(3) = 0.5. Hence, we have a free parameter and the presented connectivity generates
an azeotrope at whatever x(1) and x(2) values whose sum is equal to 0.5, including the
targeted x(1) = x(2) = 0.25 composition. This is shown in Figure 7.6 through Gibbs
ensemble simulations run at temperature T = 0.098, and density ρ = 0.2, a state point
located inside the vapour-liquid coexistence region. We observe that the concentration
of the two boxes stays constant if we prepare them at: x(1) = x(2) = 0.25, x(3) = 0.5;
x(1) = 0.3, x(2) = 0.2, x(3) = 0.5; x(1) = 0.35, x(2) = 0.15, x(3) = 0.5.
Conversely, at x(1) = x(2) = 0.3, x(3) = 0.4, and x(1) = 0.1, x(2) = 0.2, x(3) = 0.7
phase separation does not preserve the original ratio between the components: we
are at off azeotropic conditions. In the following subsection we show an example of
a mixture exhibiting azeotropicity at any concentration.

7.5.4 Fully connected

Another possible approach to shift the azeotrope to off-equimolar concentration
is by altering its bond topology to fulfil the fully connected bond requirements. This
originates azeotropic demixing across all compositions, where dew and bubble curves
collapse into a single line, a condition we term an ideal azeotropy. Here we show
the striking example of a binary mixture of patchy particles with four patches. A
possible interaction matrix satisfying the fully-connected bond recipe is:

Υideal
N2c6 =



0 1 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 1
1 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1


(7.18)

Differently from the bond exclusivity interaction matrix that exhibits a single one
for each row, this matrix has two ones for each row: the first is located among the
first four columns (first species) and the other among the last four columns (second
species). This ensures that, as required, each patch has two interacting patches, one
on each specie as highlighted by the graph in Figure 7.8.
We now demonstrate that azeotropy is achieved without requiring equimolarity.
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Figure 7.8. Ideal azeotropic binary mixture. The graph features two central nodes,
representing the two species, coloured cyan and red. Each node is connected by links of
the same colour to its respective patches, indicated as smaller nodes. Each patch can
connect to two other patches, one from the first species and the other from the second
species. Each smaller node is incident to three links: two coloured according to the
patches it interacts with and the third one (cyan or red) indicating the species it belongs
to. Image reproduced from [199].

Even better, we show that this binary mixture exhibits azeotropy not only if the
system is at a particular concentration, but whatever ratio the two species are mixed
together. We begin by verifying that the interaction matrix 7.18 generates a law of
mass action (Eq. 3.7) admitting an azeotropic solution X

(i)
α = X of the form

X + ϕX2∆ − 1 = 0 (7.19)

that is independent of molar fractions xi. This demonstrates that the system has an
azeotrope at every concentration xA ∈ [0, 1]. In the mass balance equations for X

(i)
α

of a design obeying the interaction matrix in 7.18, the sum over the species
∑

j=1,2
does not drop out while the sum

∑
γ∈Γ(j) X

(j)
γ ∆αγ still reduces to one term as for

the case where each patch can make a bond only with another patch. Indeed now,
even if each patch makes a bond with two other patches, the patches involved in
the bonds are located one on the first species and the other on the second species.
Hence, for each patch α, ∆αγ is different from zero only for two patches, γ and δ,
not belonging to the same patchy particle species. Therefore, X

(i)
α is recast as

X(i)
α = 1

1 + ϕ

[
x(i)X

(i)
γ ∆αγ + x(j)X

(j)
δ ∆αδ

] (7.20)
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Now we impose the equal bonding energy condition that allows to set ∆αγ , for
whatever α and γ, at the same value denoted as ∆. In this way, for each patch α,
X

(i)
α becomes of the form

X(i)
α = 1

1 + ϕ

[
x(i)X

(i)
γ + x(j)X

(j)
δ

]
∆

(7.21)

In particular, we have eight equations. For example, the ones for the patches 1 and
2 are:

X
(1)
1 = 1

1+ϕ

[
x(1)X

(1)
2 +x(2)X

(2)
5

]
∆

X
(1)
2 = 1

1+ϕ

[
x(1)X

(1)
1 +x(2)X

(2)
6

]
∆

(7.22)

We notice that X
(1)
1 = X

(2)
6 ≡ X and that X

(1)
2 = X

(2)
5 ≡ X

′ . This implies that

X = 1
1+ϕ[x(1)+x(2)]X′ ∆ = 1

1+ϕX′ ∆

X
′ = 1

1+ϕ[x(1)+x(2)]X∆ = 1
1+ϕX∆

(7.23)

By replacing the expression for X
′ in the equation for X and vice versa we obtain

the two equal equations:

X + X2ϕ∆ − 1 = 0

X
′ + X

′2ϕ∆ − 1 = 0
(7.24)

Therefore, satisfying the same equations, X
(1)
1 = X

(2)
6 = X

(1)
2 = X

(2)
5 . We are left to

demonstrate that also X
(1)
3 , X

(1)
4 , X

(2)
7 , X

(2)
8 are defined by equations equal to the

ones in Eq. 7.24. Firstly we notice that if X
(2)
7 = X

(2)
8 then X

(1)
3 = X

(1)
4 and this

would imply that X
(2)
7 = X

(2)
8 = X

(1)
3 = X

(1)
4 ≡ X

′′ . Hence, we can write

X
′′ = 1

1 + ϕ[x(1) + x(2)]X ′′∆
= 1

1 + ϕX ′′∆ (7.25)

which can be rewritten as

X
′′ + X

′′2ϕ∆ − 1 = 0 (7.26)

i.e. the same equation as the ones reported in Eq. 7.24. Therefore, if X
(2)
7 = X

(2)
8
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then all the Xα, for whatever patch α, are equal. The equalities of all the Xα

are valid for whatever value x(1) (and so x(2)) takes. This means that this binary
mixture is always an azeotropic binary mixture. Finally, the equality X

(2)
7 = X

(2)
8

holds because, since the physics does not change if patch 7 is replaced by patch
8 and patch 3 is replaced by patch 4, then the equations must be invariant under
these exchanges satisfying equalities X

(2)
7 = X

(2)
8 and X

(1)
3 = X

(1)
4 . In conclusion

the bonding Helmholtz free energy is

βfbonding =x(1)
[
4
(

ln X − X

2

)
+
(

M

2

)]
+

+x(2)
[
4
(

ln X − X

2

)
+
(

M

2

)]
=

=
(

x(1) + x(2)
)[

4
(

ln X − X

2

)
+
(

M

2

)]
=

=4
(

ln X − X

2

)
+
(

M

2

)
(7.27)

where n(Γ(i)) = M = 4 (with i = 1, 2) since we deal with patchy particles species
having both four patches. As expected, we notice that, for whatever concentration,
βfbonding is equal to the free energy of a single-component system.

In order to verify this design, not only theoretically, but also computationally,
we construct its phase diagrams with numerical simulations. To study its demixing
behaviour, we perform Gibbs ensemble simulations [106, 107]. We initialise two
boxes at density ρ = 0.2 by randomly placing 500 particles in each. Specifically, the
two boxes were prepared by equally and randomly populating them with x × 500
particles of species A and (1 − x) × 500 particles of species B. We explore the
concentration range x ∈ [0, 1] with a step size of ∆x = 0.2 (where x denotes the
concentration of the first species A), and we run simulations over a temperature
range from T = 0.125 to T = 0.138. Within this temperature range, coexistence
between the two phases is observed. The density profiles for the case T = 0.138
and x = 0.8 are shown in Figure 7.9 (a), as an example: the two initially identical
boxes equilibrate to different values, each corresponding to the density of the liquid
and vapour phases. Moreover, as shown in Figure 7.9 (b) for the case T = 0.138,
each concentration remains equal to its initial value in both boxes, resulting in a
density-concentration phase diagram characterised by all tie-lines parallel to the
density axis.
For each simulated temperature T and each initial concentration x, we compute the
coexistence densities and concentrations by averaging the values assumed by each
box at equilibrium. The equilibrium densities become independent of concentration.
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Figure 7.9. Gibbs ensemble simulations of the always azeotropic mixture. (a)
The two starting equal boxes with density ρ = 0.2, N=500 particles, and temperature
T = 0.138 rapidly reach an equilibrium configuration with one box (liquid phase) denser
than the other one (vapour phases). The figure shows just the x = 0.8 case for clearness.
(b) Unlike density, the concentration values in both boxes remains constant throughout
the simulation. The concentration of the vapour phase (depicted in red) exhibits greater
fluctuations than that of the liquid phase (depicted in black) due to the smaller number
of particles in the vapour box, but in both cases the initial concentration is preserved.
This holds true regardless of the starting concentration, proving that the mixture is
always azeotropic. Image adapted from [199].

Consequently, the density-concentration phase diagram, shown in Figure 7.10 (a),
is characterised by a bubble point curves and a dew point curve both parallel
to each other and to the concentration axis. The system’s behaviour as a single-
component system is evident also from the temperature-concentration phase diagrams
in Figure 7.10 (b), which is plotted for each initial concentration of the two boxes.
The overlapping curves demonstrate the absence of concentration dependence.

The concentration independence properties of ideal azeotropes also reflects in their
crystallisation behaviour. To check this we run NVT simulations at T = 0.109 and
ρ = 0.3. As illustrated by nucleation snapshots in Figure 7.11, crystallisation, which
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Figure 7.10. Density-concentration and temperature-density phase diagrams
of the always azeotropic binary mixture. Monte Carlo simulations with AVB
moves in the Gibbs ensemble are performed for each concentration x of the first species,
ranging from 0 to 1 in steps of 0.2. The starting configuration consists of two equal
boxes with density ρ = 0.2 and N=500 particles. We study in parallel temperatures
ranging from T = 0.125 to T = 0.138. Once equilibration is achieved and one box
results in a liquid phase while the other in a vapour phase, equilibrium density and
concentration values are computed. (a) Density-concentration phase diagrams. Although
error bars are omitted for clarity, both the concentration and density errors are less
than 10−3. The dew and the bubble point curve are parallel to the concentration
axis and the tie lines (green dashed lines) are straight. Regardless of the starting
concentration, the two coexisting phases maintain the same concentration value: the
mixture is always azeotropic. (b) Temperature-density phase diagrams. The coexistence
region is independent of the concentration, confirming that the designed mixture always
behaves as a single-component system. Image reproduced from [199].

occurs in the denser liquid phase after phase separation, involves substitutional solids
where each lattice site occupied by one species can be replaced by the other. This
explains why extended crystals can form at any concentration. These observations
support the conclusion that the two species have equivalent bonding probabilities
in the mean-field approximation and that the mixture behaves effectively as a
single-component system.
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(a) (b)

(c) (d)

Figure 7.11. Nucleation of the always azeotropic binary mixture. Snapshots
of successfully nucleated trajectories at different concentrations x of the first species:
x = 0.2 in (a), x = 0.4 in (b), x = 0.6 in (c), x = 0.8 in (d). Regardless of concentration,
large crystal formation is observed, as each lattice position can be occupied equally
by either a particle of the first species (blue coloured) or of the second species (red
coloured). Monte Carlo simulations are performed with AVB moves in the canonical
ensemble at temperature T = 0.109, density ρ = 0.3, and number of particles N = 1000.
Image adapted from [199].

To further confirm the ideal character of the solution, we measure the chemical
potential at different compositions with the S0 method. Introduced in Ref. [239], it
provides a way of computing chemical potentials of mixtures from structure factors.
While leveraging the Kirkwood-Buff [240] theory in relating composition fluctuations
in the grand canonical ensemble with chemical potentials derivatives, it departs
from it in evaluating such equilibrium fluctuations. In fact, instead of using volume
integrals over the radial distribution function, static structure factor are employed.
This avoids boundary effects and the need of finite size corrections. An overview
of the Kirkwood-Buff theory and the S0 method is provided in Appendix E. The
following equation for the excess chemical potential of component A in a binary
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Figure 7.12. Chemical potentials from the S0 method. The total chemical potential
µ (full symbols) and the excess chemical potential µex (empty symbols) of both species
highlight the near-ideal behaviour of the always azeotropic mixture. In the inset, the
zero-wave number (k=0) limit of the three partial structure factors S0

AA, S0
BB and S0

AB

are plotted. The dashed lines indicate the analytic expression fitted to the data and
later on used to solve Eq. 7.28 for µex. Image reproduced from [199].

mixture is obtained.

µex
A (xA) = kBT

∫ xA

1

dxA

xA

[
1

S0
AA − S0

AB

√
xA/xB

]
(7.28)

Then, the whole chemical potential is obtained according to:

µA(xA) = µ0
A + kBT ln

(
xA

x0
A

)
+ µex

A (xA) (7.29)

where xA (xB) denotes the molar fraction of species A (B), and µ0
A is the chemical

potential at a standard molar fraction. We selected this reference to be the pure state
x0

A = 1. Simulations in the NPT ensemble are first carried out for different molar
fractions to compute the structure factors SAA, SBB, and SAB. Then, the values
of S0

AA, S0
BB, and S0

AB in k = 0 are extrapolated by fitting the Ornstein-Zernicke
relation [241], given by:

SAB(k) = S0
AB

1 + k2ξAξB
(7.30)

where ξi is the correlation length of species i. Finally, by numerically evaluating the
integral in Eq. 7.28, the excess chemical potential is calculated.
Simulations are performed in the NPT ensemble for species concentrations in the
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range x ∈ [0.05, 1]. The simulation parameters used are: N = 4000 particles, pressure
P = 0.125, and temperature T = 0.17. The system density for these parameters is
found to be ρ ∼ 0.352. The k = 0 values of the determined structure factors SAA(k),
SBB(k), and SAB(k) are shown in the inset of Figure 7.12, where the black dashed
line represents the fit performed on the obtained data according to Eq. 7.30. The
excess chemical potential is computed using Eq. 7.28, with uncertainties estimated
from variations in the fitted partial structure factors shown in the inset of Figure 7.12.
To determine the standard chemical potential for pure components, we perform grand
canonical ensemble simulations at temperature T = 0.17, systematically varying
the chemical potential until the measured density matches that obtained from NPT
simulations. This yield a standard chemical potential of µ0 = 0.152. As shown
in the main panel of Figure 7.12, the total chemical potentials closely follow the
ideal value (dashed black lines). This near-ideal behaviour confirms the system’s
ideal azeotropic character, where composition changes minimally affect the excess
chemical potential that constantly remains close to zero across all concentrations.

The discussion of a design that generates an always azeotropic mixture concludes
our set of examples illustrating azeotropic bonding rules based solely on bond
connectivity. The next subsection presents a case where bond energy control comes
into play.

7.5.5 Bonding energy control

Modifying the bond topology of a design has proven effective for precisely tuning
azeotropic concentrations. However, when the bond connectivity cannot be changed,
in order to achieve the targeted azeotropic concentration, another route becomes
necessary. We propose to manipulate the bonding energies. This situation occurs,
for instance, when we have already designed a mixture to exclusively self-assemble a
specific structure, and we want to change its azeotropic behaviour. Because lattice
selectivity is inherently defined by the bond topology, altering the connectivity would

Figure 7.13. The N2c8 design with differentiated bonding energies. Compared
to the original N2c8 design illustrated in Figure 7.1, the edge strength varies across
nodes. Specifically, self-interacting connections are emphasised in bold to indicate that
the energies of these self-interacting patches are higher relative to the others.
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compromise the system’s ability to nucleate the targeted structure. For example,
how can we change the bonding energies of the N2c8 binary mixture (Figure 7.1) to
shift its azeotrope from concentration equal to x = 0.5 to concentration equal to
x = 0.6?
By applying the methodology described in Section 7.4 we find it is possible by
modifying the interaction parameter of the self-interacting patches 2 and 3 from
ϵ22 = ϵ33 = 1 to ϵ′ = 1.35. This prediction is verified through the following
theoretical and numerical analysis. First, we compute the pressure-concentration
and density-concentration phase diagrams within Wertheim’s theory. They are
plotted in Figure 7.14 (a) and Figure 7.14 (b), respectively. For comparison, these
diagrams are superimposed with those of the original N2c8 mixture computed in
Chapter 4. The theoretical results demonstrate that while the original system shows
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Figure 7.14. Phase diagrams of N2c8 mixtures for different bonding energies.
Phase diagrams comparing two interaction schemes at T = 0.08: (1) uniform ϵi = 1
(black-magenta) and (2) differentiated ϵi = 1, ϵj = 1.35 (blue-red) for self-complementary
interactions. The azeotropic point shifts from x = 0.5 to x = 0.6 through selective
bond energy modification while preserving the topology. (a) Pressure-concentration
diagram shows the azeotrope as the point where coexistence region collapses. (b) Density-
concentration diagram identifies the azeotrope via vertical tie-lines (dashed lines). Image
reproduced from [199].
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azeotropic behaviour at concentration equal to x = 0.5 (manifested as a single
point where the coexistence region collapses), the modified system with ϵ′ = 1.35
exhibits this azeotropic point at x = 0.6. This shift is equally evident in the density-
concentration diagram, where the characteristic straight tie-line (dashed) moves
accordingly from x = 0.5 to x = 0.6.

To validate these theoretical predictions, we also perform Gibbs ensemble Monte
Carlo simulations at temperature T = 0.098 and density ρ = 0.1. Systems are
prepared with varying initial concentrations (x = 0.2, 0.4, 0.6, 0.8) in two equal
simulation boxes. As shown in Figure 7.15, only the system with x = 0.6 maintains
constant concentration in both boxes throughout the simulation, confirming this
concentration as the new azeotropic one. This agreement between theoretical
predictions and numerical simulations provides robust verification of our design
strategy. It is worth noting that Gibbs ensemble simulations, are a method ideally
suited for mapping phase diagrams of complex fluids with minimal computational
cost and for rigorously validate our predictions without determining the full phase
diagram. In fact, unlike brute-force free energy calculations, the Gibbs ensemble
directly samples coexistence conditions, bypassing the need for thermodynamic
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Figure 7.15. Gibbs ensemble simulations for the new N2c8 binary mixture. For
different concentration of the first species (x = 0.2, x = 0.4, x = 0.6), we initialised two
equal boxes with density ρ = 0.1, temperature T = 0.098 and N = 500 particles. By
tracking the concentration of the first species throughout the simulations, we observe
that the equilibrium value remains the same as the initial one when the two boxes are
prepared at x = 0.6. The new azeotrope is at concentration equal tox = 0.6. Image
reproduced from [199].
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integration, a critical advantage for multi-component [90,242].

In this chapter, we introduced the idea of inverse thermodynamics. We explained
how rules acting on bond connectivity and bonding energies can effectively lead
to a precise control over desired thermodynamic properties of multi-component
systems. This, in turns, facilitates a more effective solution to the inverse self-
assembly challenge [243–245]. We focused on azeotropy, a special thermodynamic
condition where the system behaves as a single-component systems and self-assembly
is promoted if the azeotrope appears at concentrations matching the ones of the
target lattice. Importantly, these rules can be integrated, as additional clauses,
directly in the SAT-assembly framework, which therefore can be used to insert also
thermodynamic requirements in addition to the structural ones. In the last chapter,
we explore how to control also the photonic properties of the assembly.
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Chapter 8

Controlling optical activity of
multi-component assemblies

The SAT-assembly framework has proved effective in designing interactions of
multi-component systems to achieve specific structural and thermodynamic prop-
erties. It can be leveraged to approach experiments with an optimal and refined
design that ensures the target structure is the unique outcome and forms through a
pathway that promotes the self-assembly process. In this final chapter, we aim to
further tailor the assembly by establishing, always by design, the onset of desired
photonic properties.

8.1 The importance of isotypes

Colloidal structures can exhibit remarkable photonic properties when there is a
periodic spatial modulation of the refractive index [246]. Among these, the cubic
diamond structure, the prototypical example in this work, can function as a photonic
crystal when realised at colloidal scales using DNA-origami scaffolded particles
or surface functionalised nanoparticles [49, 50, 247]. The photonic band gap, the
range of frequencies forbidden from propagating through the crystal, can be tuned
by adjusting the size of the origami or nanoparticles and by carefully selecting
the materials of both the particles and the filling medium, thereby controlling the
refractive index contrast. Importantly, this tuning can be achieved even in single-
component systems. But what about mixtures? Can they give rise to additional or
enhanced photonic properties relevant to technological applications?
Mixtures are a central focus of this work. They are at the core of the SAT-assembly
design strategy and are responsible for the emergence of isotypes, thermodynamically
degenerate polymorphs that have been fundamental to build our falsifiability test
for Classical Nucleation Theory, as detailed in Chapter 6. These isotypes arise from
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different arrangements of the same set of components on identical lattice sites. This
suggests that more tailored optical functionalities can be achieved by appropriately
filling a crystal lattice with different particle species. For example, by intentionally
designing chiral motifs, we can induce intrinsic optical activity within the cubic
diamond structure, effectively transforming it into a polarising material. In this
chapter, we focus on this interesting case, and we present a chiral cubic diamond
crystal that can be realised with two different approaches.

8.2 A chiral isotype of the cubic diamond crystal

The importance and potential of different species arrangements from a photonic
perspective become evident in our leading example of the SAT-designed N2c8
binary mixture, summarised in Figure 8.1. Through Monte Carlo simulations in
the canonical ensemble, we confirmed its ability to exclusively self-assemble into a
cubic diamond crystal (Chapter 5) and we observed the emergence of three isotypes,
illustrated in Figure 6.1. Among these polymorphs we recognise the presence of
chiral patterns in the DC-16 structure. As detailed in Figure 8.1, the red species
exhibit helical arrangements. The same is true for the blue species if we set a
different cubic plane as the observation plane. This suggests the formation of a
chiral cubic diamond crystal.
To assess whether the structure exhibits the expected chiroptical properties, we
compute its band structure through the MIT Photonic-Bands software MPB [248].
We assign a refractive index of n = 2.6 to particles of the first species and n = 1.5

Figure 8.1. Chiral cubic diamond crystal. Within the cubic diamond unit cell, the
two species (red and cyan coloured) adopt distinctive helical arrangements that induce
chirality in the crystal structure.
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to those of the second species.

The band structure is computed by solving Maxwell’s equations in a periodic medium,
considering that the system is in linear regime and that the material is isotropic,
transparent, and non-magnetic. Since equations are linear, we can separate the
spatial and temporal dependence, and assume the electric field varies harmonically
in time: E(r, t) = E(r)e−iωt. This holds because any field can be expanded as
a combination of harmonic modes. Thus, we can focus on solving for the spatial
dependence. These assumptions lead to a master equation in the form of an eigenvalue
problem, where the eigenmodes describe the spatial variation of the electric field,
and the eigenvalues correspond to the allowed mode frequencies. The dispersion
relations are then obtained by sampling the Brillouin zone at various wave vectors k
and evaluating the eigenvalues at those points. In particular, due to the periodicity
of the structure, Bloch’s theorem is applied: the solutions to the wave equation
take the form E(r) = eik·ru(r), where u(r) is a periodic function with the same
periodicity as the lattice. The resulting band structure along the Γ → Y direction of
the conventional unit cell is shown on the left side of Figure 8.2. We observe a band
gap around the normalised frequency fa

c ∼ 0.85, where a is the lattice constant,

Figure 8.2. Chiroptical properties of chiral cubic diamond crystal. On the left is
the partial photonic band structure of the conventional unit cell of the cubic diamond
crystal in Figure 8.1 with cyan particles having a refractive index of n = 2.6 and red
particles of n = 1.5. The colours of the bands reflect the chirality of the eigenmodes.
The right panel shows the transmission spectra for right- and left-circularly polarised
light along this direction, in red and cyan colours, respectively.
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and c is the speed of light in vacuum. The photonic band structure computation is
accompanied by a polarisation analysis. The handedness of the bands is quantified
using the circular dichroism index, which is defined from the degree of right/left
circular polarisation of each eigenmode by using the overlap integral between the
Bloch mode under analysis and a right or left circularly polarised plane wave incident
perpendicularly to the mode. Hence, this index measures the preference of a mode
to couple with radiation of specific circular polarisation. For all details we refer to
papers [249–251]. Results are reported on the left side of Figure 8.2 assigning a colour
to the bands: red for right-handed and cyan for left-handed. Based on this analysis,
two chiral stop bands can also be identified in the frequency ranges fa

c ∼ 0.75 − 0.8
and fa

c ∼ 0.87 − 0.9. On the left side of Figure 8.2, we plot the transmittance
spectra for right circular polarised (RCP), in red, and left circular polarised (LCP),
in cyan, plane waves hitting a finite crystal slab at normal incidence. They are
computed using the finite difference time domain package MEEP [252]. It simulates
the time response of a material to an incident electric field by numerically solving
Maxwell’s equations in the time domain. Typically, a short broadband pulse (often
Gaussian) is introduced towards the structure. In this way, by Fourier transforming
the resulting time domain signal recorded at a transmission monitor, the spectrum
of transmitted radiation can be obtained over a broad frequency range in a single
simulation run. These spectra confirm the behaviour inferred from the polarisation
resolved band structure: at the fa

c ∼ 0.85 band gap, transmission of both RCP and
LCP is suppressed, whereas within the chiral stop bands, only RCP is transmitted
through the crystal.

The chiroptical properties of the DC-16 chiral cubic diamond are then verified,
and in the following section we illustrate a strategy to ensure its exclusive assembly.

8.3 A heterogeneous nucleation approach

The N2c8 design, while capable of assembling into the DC-16 chiral cubic
diamond, can also give rise to the DC-8 and the DC-24 polymorphs (Figure 6.1),
whose species arrangements do not introduce any additional photonic property
beyond those due to the cubic diamond geometry. As a result, this binary mixture
has the drawback of nucleating also in these two other, non-chiral structures. In
general, to reliably assemble a specific polymorph, the DC-16 one in the presented
case, the only viable strategy for a given design is to employ a heterogeneous
nucleation approach. Specifically, we must determine whether it exists a small
seed of particles, distinct for each polymorph, that can exclusively assemble into
the desired structure without transitioning into a different arrangement during the
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Figure 8.3. Nucleation of chiral cubic diamond from seeding. Time evolution of
the number of crystalline particle for a seeded trajectory in the canonical ensemble at
temperature T = 0.104, density ρ = 0.23, and number of particles N = 500. The system
is seeded with a plane of 8 particles (green box), as shown in the snapshot of the initial
configuration. The final configuration confirms that the chiral cubic diamond can grow
readily and selectively from the chosen seed.

growth. By examining, for simplicity, the cubic plane of the three polymorphs, we
identify a planar seed composed of eight particles, with a unique configuration for each
case. Figure 8.3 illustrates the seed corresponding to the chiral DC-16 polymorph,
oriented along the cubic [1, 0, 0] plane, in the green framed inset. Figure 8.4 does the
same for the DC-8 and the DC-24 structures, in (a) and (b), respectively. To assess
whether these seeds are valuable candidates, we perform Monte Carlo simulations
in the canonical ensemble at a state point favourable to nucleation (temperature
T = 0.104, density ρ = 0.23, with 500 particles). Initial configurations are prepared
by placing the seed at the bottom of a cubic simulation box with periodic boundary
conditions, while the remaining particles are randomly distributed in position and
orientation. A snapshot of such initial configuration is displayed in the bottom
left corner of Figure 8.3 for the DC-16 case and in the second panels of Figure 8.4
for the DC-8 and DC-24 polymorphs. During the simulation, the seeded particles
are constrained to prevent their unbinding. To mimic experimental conditions as
closely as possible, the seed is not kept completely fixed; instead, its particles are
allowed to move within harmonic constraints in both translations and rotations. In
practice, roto-translation moves are attempted for all particles, but, for the seeded
particles, additional harmonic potential terms are introduced in the potential energy.
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(a)

(b)

Figure 8.4. Nucleation of DC-8 and DC-24 from seeding. Snapshots across time
of configurations from seeding simulations in the canonical ensemble at temperature
T = 0.104, density ρ = 0.23, and number of particles N = 500. The DC-8 polymorph in
(a) and the DC-24 polymorph in (b) effectively grow from each initial seed consisting of
8 particles in a plane (green boxes).

Specifically, harmonic oscillators are applied to control displacements along the
three Cartesian axes, and rotations defined by Euler angles. The translational and
rotational stiffness constants are distinct and can be tuned to accurately reflect
experimental behaviour.
In Figure 8.3, we track the evolution of the number of crystalline particles for a
single simulated trajectory. As desired, the planar seed of eight particles readily
initiates the nucleation of the chiral cubic diamond, whose assembled structure
is depicted in the snapshot in the top right corner [253]. For completeness, in
Figure 8.4 we display a series of snapshots from seeded trajectories resulting in
the DC-8 and DC-24 polymorphs, respectively. It is worth noting that alternative
seeds with fewer particles are also possible, potentially simplifying the experimental
realisation. For example, we identified a viable seed consisting of only four particles.
However, its nucleation frequency is significantly lower compared to the eight particle
seed. Therefore, the optimal seed size represents a trade-off between feasibility and
performance.

In summary, the N2c8 design can selectively assemble the chiral cubic diamond
crystal only indirectly, by seeding the nucleation. In the next section, we explore how
to nucleate the DC-16 structure by design, looking for a new interaction matrix that
is not compatible with the other non-chiral arrangements, through the SAT-assembly
framework.
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8.4 An homogeneous nucleation approach

The direct formation, i.e. via homogeneous nucleation, of a cubic diamond
crystal with helical patterns requires a solution different from the N2c8 one and that
can suppress competing polymorphs by design. However, excluding the other two
possible arrangements is not straightforward. To avoid the formation of alternative
crystals, such as the hexagonal diamond, we can reformulate the SAT-assembly
problem to exclude a particular solution if it is also compatible with the undesired
topology, as already explained in Chapter 2. However, our two adverse polymorphs
of the cubic diamond, being isotypes, do not differ in their topology but only in the
arrangements of the species on the same lattice sites. As a result, the traditional
approach is ineffective in this case. Additionally, another challenge arises: the N2c8
design is the minimal solution to the inverse self-assembly problem for cubic diamond
crystal, using the smallest number of distinct species and patch types. Seeking an
alternative design thus requires increasing the number of building units. This, in
turns, necessitates verifying whether all possible arrangements, for each subgroup
choice that reduces the design to two species, display helical patterns.
We adopt a brute-force approach: we constrain the lattice positions that a specific

(a) (b) (c)

Figure 8.5. Selective design for chiral cubic diamond. A design exclusively compatible
with the chiral cubic diamond lattice is obtained by increasing the number of distinct
species to 5 and assigning 15 different colours. Interestingly, a different grouping of
particles species gives rise to opposite handedness, as indicated by the black and green
squares in panel (a) and detailed in panels (b) and (c) showing the bond arrangement of
each subgroup.
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(a) (b)

Figure 8.6. Self-assembly of chiral cubic diamond. (a) The snapshot on the left
shows the successful growth of a cubic diamond crystal obeying to the N5c15 design,
SAT-determined to exclusively self-assemble a chiral structure. (b) The snapshot on
the right clearly highlights the helical motifs that impart chiroptical properties to the
structure. Particles coloured in blue are identified as having cubic symmetry with Ovito
software [149]. Simulations are performed in the canonical ensemble at temperature
T = 0.102, density ρ = 0.25.

species can fill, thereby directly drawing the desired pattern. Specifically, in the
SAT-assembly framework, we progressively increase the number of species and patch
types, while also imposing that the first two species cannot occupy helical positions.
This can be done straightforwardly by acting on the unit cell placement variables
xL

l,s,o appearing in the boolean clauses. If Lchi is the set of lattice positions where
we aim to observe helices, then the additional clauses are: ¬xL

l,s,o for all l ∈ Lchi,
s ∈ [0, 1], o ∈ R, and ¬xL

l,s,o for all l /∈ Lchi, s /∈ [0, 1], o ∈ R. We always target
a 16 particle cubic diamond unit cell, while checking designs against a 32 particle
hexagonal diamond unit cell. We stop when we find a solution in which all possible
unconstrained rearrangements of species over the lattice sites always result in our
desired chiral pattern. Following this procedure, we identify the N5c15 solution
depicted in Figure 8.5 (a), which uses five species and fifteen different patch types.
This solution can be reduced to the original binary mixture by mapping species 0
and 1 (white and blue coloured, respectively) to the original species 1 (in red in
Figure 8.1), and species 2,3, and 4 (blue, yellow and magenta coloured, respectively)
to the original species 0 (in cyan in Figure 8.1). This last subgroup (green square
in Figure 8.5 (a)) defines the target chiral pattern, as shown in Figure 8.5 (c).
Interestingly, the first subgroup (black square in Figure 8.5 (a)) also defines a chiral
pattern as illustrated in Figure 8.5 (b), while it has the opposite twist direction with
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respect to the original one. This opens to a further tunability of photonic properties
since by selecting different subgroup of species, we can change the handedness of
the chiral crystal. Figure 8.6 (a) and Figure 8.6 (b) illustrate two final snapshots
confirming the large-scale formation of a chiral cubic diamond crystal with the
N5c15 design. Monte Carlo simulations are performed in the canonical ensemble at
temperature T = 0.102, density ρ = 0.25.

In conclusion, we illustrated how multi-component systems can originate assem-
blies with captivating optical properties. In particular, we investigated the design
of chiral patterns by controlling the particle arrangement over lattice sites. As for
binding rules for azeotropy appearance, the restrictions on the positions that different
species can occupy are easily incorporated into the SAT-assembly framework by
adding clauses to the unit cell placement variables xL

l,s,o. This final chapter, by
providing photonic consideration, completes our analysis of inverse self-assembly
in multi-component systems. We have shown the tunability of soft matter systems
and the efficiency of the SAT-assembly framework in designing building unit to
achieve desired structures with precise thermodynamic and optical properties. To
summarise, our framework allows to: automatically identify the minimal solution
able to self-assemble exclusively into a target structure, while avoiding alternative
assemblies; exhaustively enumerate all polymorphs of a given design, regardless of
their nucleation abilities; insert additional clauses for specific thermodynamic and
photonic requirements, such as the presence of an azeotrope or of chiral structures.
Together, these capabilities underscore the effectiveness of SAT-assembly as a general
tool for inverse designing complex materials.
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Chapter 9

Conclusions

To fulfil the potential of nanotechnology in engineering self-assembled materials
with desired mechanical, optical and thermodynamic properties, we sought general
principles underlying the crystallisation of multi-component systems, which can
be leveraged to optimise the process. Obtaining a complex target structure, such
as a photonic crystal, requires either carefully optimised interaction potentials
that make the target a free-energy minimum, or a mixture of simpler building
blocks that render the desired structure accessible by reducing its overall symmetry.
Moreover, it is essential to avoid competing local minima that could kinetically
frustrate the assembly process. In recent years, it has become increasingly clear that
using multi-component systems can shift the challenge from accurately designing
the shapes of the building units and the interaction potentials, e.g. by introducing
torsional interactions, to optimising a generic interaction matrix between the different
components. Recent advances in DNA-nanotechnology, which enables the design of
building blocks with arbitrary interaction rules, are promising, opening the door to
this latter approach.

Several strategies have been proposed to design interactions in multi-component
systems. One such strategy is the SAT-assembly framework, which translates
the design problem for patchy particles into a Boolean satisfiability problem. This
effectively allows handling the combinatorial problem inherent in exploring all
possible designs, as the interactions between the different components are amenable
to numerical solutions. However, enlarging the number of species also opens up a
thermodynamic challenge. Each additional component increases the thermody-
namic degrees of freedom, which considerably complicates the phase behaviour and
the assembly pathways. Hence, the ability to design interaction matrices exclusively
compatible with a target structure topology is a necessary but not sufficient condition
for observing the nucleation of such structures under experimental conditions. These
often involve preparing the system in very dilute phase, from which the classical
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nucleation rate is severely suppressed by both diffusional and compositional
barrier.

Regarding the diffusional barrier, probably the most promising strategy to overcome
it is two-step nucleation, a non-classical nucleation pathway where crystallisation
is aided by the formation of dense liquid drops. This mechanism has been the
subject of intense research, but especially in the context of one-component systems.
So far not much work has been devoted to mixture and particularly to the second
barrier, the compositional barrier, which controls the rate at which a particle of the
correct species enters in contact with the incipient nucleus. In this work, we have
presented a first study in this direction by using patchy particles, which represent
a convenient model for all systems whose interactions can be described by an
isotropic repulsion and strong directional attractions. We have examined the two-
step nucleation process in a binary mixture of patchy particles designed to assemble
exclusively into a cubic diamond crystal. In particular, we have investigated the role
that the metastable liquid-vapour phase diagram plays in nucleation. Comparing
Gibbs ensemble simulations with direct nucleation runs, we have established that
nucleating state points coincide with the locus of metastability of the mixture,
confirming the relevant role played by the thermodynamic instabilities, generating
local environments with a density enhanced in comparison to the average value.
Moreover, we have shown that compositional effects in multi-component systems
play a crucial role in the nucleation and growth of crystalline nuclei: crystallisation
is enhanced at state points where the emerging liquid phase has a composition
close to that of the crystal. In fact, we have observed that, because the crystal
has a fixed stoichiometric composition, the formation of a liquid phase at other
compositions slows down and limits the growth of the crystal. This presents a
major challenge in mixtures where the composition of the liquid phase resulting
from phase separation is not known a priori and typically differs from that of the
target structure. Unlike single-component systems, which are characterised by a
coexistence line, we have highlighted that mixtures exhibit a coexistence region.
As a result, phase separation does not preserve the original ratio between the
components and determining these coexisting compositions requires computing
the phase diagram, which is often extremely challenging. We have demonstrated,
within Wertheim’s perturbation theory and through numerical simulations, that
many of these thermodynamic difficulties can be removed by employing azeotropic
mixtures and by selecting a self-assembly pathway along an azeotrope that matches
the stoichiometry of the target crystal. We have illustrated that two-step nucleation
pathways in systems prepared under azeotropic conditions are analogous to those of
one-component systems and lead to optimal self-assembly. The coexisting liquid phase
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naturally adopts the ideal composition for templating the crystal, thereby overcoming
compositional barriers and significantly boosting assembly rates. Consequently, we
have revealed the importance of explicitly including azeotropic points in artificial
designs as a crucial step toward establishing of a fully consistent framework for
the self-assembly of arbitrary structures. We have proven that two-step nucleation,
augmented with azeotropic conditions, serves as a key guiding principle for achieving
optimal inverse self-assembly. Interestingly, we have also observed that nucleation in
mixtures, conversely to single-component systems, not occur close to critical points.
Nevertheless, we have found evidence of critical-like enhanced nucleation along the
binary critical line when it intersects the azeotropic line, confirming the unique
thermodynamic character of the azeotrope. In this condition, the system, regardless
of the number of components, behaves as a single-component system, with the liquid
and the vapour phases coexisting at the same initial composition.

We have then extended the inverse design paradigm beyond structure alone to include
selected thermodynamic properties. We have presented a framework for inverse
thermodynamics, i.e. the design of interaction potentials that realise specific
thermodynamic behaviours. We have demonstrated how to program azeotropy in
multi-component systems through precise manipulation of microscopic interactions.
Methodologically, we have combined Wertheim’s thermodynamic perturbation theory
with Gibbs ensemble simulations. This approach has avoided computationally expen-
sive full phase diagram calculations; instead, just a handful of targeted simulations
have sufficed to validate our azeotropic rules by confirming concentration stability
only under coexistence at the azeotrope. Rules for including azeotropy directly into
the design have been identified by exploiting the laws of mass-action within the
Wertheim perturbation theory. Specifically, we have presented design principles
for azeotropic demixing which involve complementary approaches acting both on
bond topology design, which alters the connectivity rules between components,
and on bond energy modulation, which selectively tunes interaction strengths. The
simplest condition on bond connectivity is the bond exclusivity condition, asserting
that an equimolar azeotropic point can be obtained by imposing that each patch
has a unique interaction partner. The equimolar condition can be relaxed, and the
azeotropic point can be located at a desired concentration vector x, by considering
the bond multiplicity condition, which requires some patches to have more than one
possible interaction partner. Finally, the fully-connected bond condition, where each
patch has one interaction partner on each of the species of the system, corresponds
to an ideal azeotrope occurrence, i.e.where demixing occurs azeotropically at any
concentrations. Our work aimed to bridge the gap between forward and inverse
thermodynamics. By establishing design rules for azeotropicity, we have provided a
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blueprint for tailoring phase behaviour in self-assembling systems. More broadly,
our approach has exemplified how soft matter’s tunability can be harnessed to
solve thermodynamic challenges that we face when dealing with multi-component
systems. The principles of inverse thermodynamics, which enable precise control of
phase behaviour, can synergistically enhance solutions to the inverse self-assembly
problem. Crucially, we have underlined that both inverse thermodynamics and
inverse self-assembly can be formulated through Boolean satisfiability constraints
on the building blocks’ interactions. This unified computational framework, termed
SAT-assembly, has already demonstrated remarkable success in engineering diverse
nanostructures, including novel crystals, viral capsids, quasi crystals, and amorphous
materials. Together, these advances establish a paradigm for materials by design,
where thermodynamic pathways and structural outcomes can be programmed in
tandem to unlock new functional materials.

We have also shown that the SAT-assembly framework can be leveraged to program
specific photonic properties. In particular, we have focused on chirality design,
and we have proposed a way to guarantee the appearance of helical structures by
requiring specific lattice positions to be occupied by specific species. This strategy
is readily implemented in SAT-assembly by introducing supplementary clauses that
constraint the placement of the different species.

The idea of leveraging the different arrangements that the same species can adopt on
identical lattice sites, an aspect unique to multi-component systems, has also been
crucial in designing a falsifiability test for Classical Nucleation Theory (CNT)
and for any extension of the theory that do not discard the capillarity approximation.
We have analysed a system in which all polymorphs originate from the same liquid
phase and have the same bulk and interfacial free energies to investigate a scenario
in which CNT predicts no differences in the nucleation rates of the polymorphs.
Conversely to predictions, through extensive molecular simulations, we have observed
that they exhibit remarkably different nucleation frequencies. Crucially, unlike
traditional tests that compare measured nucleation rates to theoretical predictions,
we did not rely on hard to measure and state dependant quantities, but we only
needed to rank the structures based on how frequently their nucleation occurred.
Our observations have revealed that the melt exhibits a local orientational order
typical of the polymorph with the highest nucleation rate. This has suggested that
the structural fluctuations in the melt, both in terms of their size and orientational
order, rather than the bulk properties of the infinitely large crystals, determine which
polymorph will nucleate. Hence, we have identified that one of the shortcomings of
CNT is its failure in accounting for the short-range order possessed by the super
cooled liquid state and that nucleation properties cannot be inferred solely from the
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bulk properties of the crystal and of the melt, as is assumed to be true within the
capillarity approximation.

In conclusion, by a deep study on how nucleation occurs in multi-component systems,
this works demonstrates that the receipt of mix, match, and assembly is an effective
strategy to inverse design tailored materials. Our analysis employed a combination
of theoretical, numerical, and simulation-based approach, focusing on patchy particle
model systems. Recent experimental advances, however, hold the promise to fully
unlock the potential of such systems, whose strength lies in achieving specificity
through directional and selective interactions. In particular, DNA nanotechnology
already allows the fabrication of patchy particles in the form of wireframe DNA
origami and gold nanoparticles with programmed patterning. In fact, DNA strands
naturally encode sequence complementary and thus allow the assembly of structures
with desired interactions. This versatile control makes DNA-based systems uniquely
suited to implement the highly specific, short-range and anisotropic bonding required
for inverse thermodynamics and inverse self-assembly.
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Appendix A

Boolean clauses in the
SAT-assembly framework

This appendix is intended to further explain the boolean clauses introduced in
Chapter 2. The SAT-assembly problem is defined by the building units and the
target structure. Given the topology of the target structure, the number of different
species of patchy particles Ns and the number of different patch types Nc, do a
patchy particle design and interaction rules exist such that each bond in the target
structure is formed?

Each patchy particle features a set of patches whose number and spatial arrange-
ment mirror the bond pattern of the target structure, with each patch is assigned
a type (colour). Moreover, as outlined in Figure A.1, each particle has a species,
defined by its set of patch types, and an orientation. The target structure, on the
other hand, is defined by sites and slots: each lattice site has slots that connect
it to neighbouring sites. The goal is to determine whether there are colour rules
and colour assignements for the patches of each species such that every site can be
occupied by a patchy particle, oriented so that its patches overlap the site’s slots,
while ensuring that neighbouring slots are filled with interacting patches (patches of
compatible colours). This information is enclosed in four boolean variables: xpcol

s,p,c,
xL

l,s,o, xA
l,k,c, xint

ci,cj
. When they are true, it means that species s has patch p coloured

c, site l has species s with orientation o, site l has slot k coloured c, and colour ci is
compatible with colour cj , respectively.
Requiring that a target structure be satisfied means controlling the bonds that each
patchy particle occupying a lattice site can establish and, in turns, the orientation
of the particles and the types of their patches, as well as the interacting patches.
For this reason, the SAT-assembly formulation requires clauses that constraint the
values the binary variables can take. These clauses are Boolean equations, and in
the following we show how they naturally arise.
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target unit cell building units

lattice position

slots

patchy particle

patches

o1 o2

patch types

species

Figure A.1. SAT-assembly dictionary. Visual overview of the fundamental elements
of the target unit cell and the building units that enter the SAT-assembly framework.
Left: the unit cell contains n lattice positions (in blue), where each position corresponds
to a specific location for a particle. The red slots indicate the direction in which bonding
between neighbouring particles occur. Right: patchy particles serve as the building units.
They are hard-core spherical particles with attractive sites, named patches, shown in light
blue. Patchy particles have various orientations, such as o1 and o2. Additionally, there
are different patch types which are represented by different colours. Two patchy particles
with different patch types constitute two distinct species; to aid in the identification, the
core regions are coloured differently.

The input of the colouring problem is the topology of the target structure, which
defines each bond in the lattice as, for example, "Site 0 slot 3 with Site 5 slot 1". This
means that lattice site 0 has lattice site 5 as a neighbour, and they interact through
slots 3 and 1, respectively. Hence, these two slots must have complementary colours.
It is then clear that the topology identifies neighbours sites and the interacting slots
to which complementary colours must be assigned; this is enforced with the following
clause:

C lint
li,ki,lj ,kj ,ci,cj

= (xA
li,ki,ci

∧ xA
lj ,kj ,cj

) =⇒ xint
ci,cj

(A.1)

Indeed, if lattice sites li is connected to lattice site lj via slots ki and kj , which
are coloured ci and cj respectively, then ci and cj must be complementary colours.
However, clauses in the SAT-assembly frameworks must be defined only in terms of
OR (∨) and NOT (¬) logical operator. Consequently, the previous more intuitive
form with the AND (∧) and IMPLICATION ( =⇒ ) operators is substituted with
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the equivalent expression

C lint
li,ki,lj ,kj ,ci,cj

= ¬xA
li,ki,ci

∨ ¬xA
lj ,kj ,cj

∨ xint
ci,cj

(A.2)

which is the one reported in the main text.

Orientation o Mapping ϕo

1 (1,2,3,4)
2 (1,4,2,3)
3 (1,3,4,2)
4 (2,4,3,1)
5 (2,1,4,3)
6 (2,3,1,4)
7 (4,1,3,2)
8 (4,2,1,3)
9 (4,3,2,1)
10 (3,1,2,4)
11 (3,4,1,2)
12 (3,2,4,1)

Table A.1. Mapping between patches and slots ϕo(k) = p for a tetrahedral patchy
particle. The tetrahedral symmetry comes with 12 possible orientations. For example,
the first one defines the identity mapping ϕ0 : (1, 2, 3, 4) → (1, 2, 3, 4) while the fourth
one the mapping ϕ4 : (1, 2, 3, 4) → (2, 1, 4, 3) meaning that slot number 1 is occupied by
patch number 2 ϕ4(1) = 2, slot number 2 is occupied by patch number 1 ϕ4(2) = 1, slot
number 3 is occupied by patch number 4 ϕ4(3) = 4, and slot number 4 is occupied by
patch number 3 ϕ4(4) = 3.

Next, each lattice site must be occupied by a specific species. Since patchy particles
admit multiple orientations, there are different ways to arrange patches over the
fixed slots of the lattice. The number of such possible arrangements is given by
the orientational symmetry of the building block, and each physical rotation of
the patchy particle can be expressed as a mapping between patches and slots, as
summarised in Table A.1 for a tetrahedral patchy particle.
Hence, for each lattice site, in addition to the species, the orientation must also be
specified, subject to the constraint that patches overlap with slots and have the same
colour as the slots, so that the existing bonds with neighbouring sites are satisfied.
Therefore, the clause CLS is required:

CLS
l,s,o,c,k = ¬xL

l,s,o =⇒ (xA
l,k,c ⇐⇒ xpcol

s,ϕo(k),c) (A.3)

if the lattice site l is filled by species s,then s must be oriented with orientation o

such that the patch ϕo(k), occupying the slot k coloured c, also has colour c. As for
the previous clause, the following extended form, which includes only the NOT and
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OR operators, is used.

CLS
l,s,o,c,k = (¬xL

l,s,o ∨ ¬xA
l,k,c ∨ xpcol

s,ϕo(k),c) ∧ (¬xL
l,s,o ∨ ¬xA

l,p,c ∨ xpcol
s,ϕo(k),c) (A.4)

As a matter of course, each site can be occupied by a single species with a specific
orientation, as well as each patch is assigned a single colour. This is guaranteed by
two additional clauses Cpcol and CL, defined as

Cpcol
s,p,ck,cl

= ¬xpcol
s,p,ck

∨ ¬xpcol
s,p,cl

CL
l,si,oi,sj ,oj

= ¬xL
l,si,oi

∨ ¬xL
l,sj ,oj

(A.5)

Indeed, by considering the NOT and OR truth tables, Cpcol
s,p,ck,cl

is false if both
negation of variables (¬xpcol

s,p,ck
and ¬xpcol

s,p,cl
) are false, hence if both variables (xpcol

s,p,ck

and xpcol
s,p,cl

) are true, i.e. if two different colours are assigned to the same patch. In
the same way, CL

l,si,oi,sj ,oj
is false if two distinct particles (differing either in species,

orientation, or both) are assigned to the same lattice position. If one of such cases
occur, the problem is unsatisfiable since one of these clauses would not be satisfied.
We indeed remind that a solution exists if there is a set of variables that makes
all the clauses true simultaneously, as guaranteed by connecting them with AND
operators. The exact same form characterises the Cint clause,

Cint
ci,cj ,ck

= ¬xint
ci,cj

∨ ¬xint
ci,ck

(A.6)

It enforces colour complementarity to be exclusive: i.e. if colour ci is complementary
to colour cj , then it cannot also be complementary to colour ck.
Finally, the colouring problem is defined for a specific number of species Ns and
colours Nc; we aim to know if it exists a solution for those fixed values. Hence,
clauses Calls. and Callc. are fundamental to avoid that only a subset of species and
colours is used. They are defined as

Calls. =
∨
∀l,o

xL
l,s,o

Callc. =
∨
∀s,p

xpcol
s,p,c

(A.7)

and they guarantee that each species (and each colour) is used at least once by
connecting all xL

l,s,o variables over all possible lattice sites, orientation and species
(and all xpcol

s,p,c variables over all possible species, patches and colours) with OR
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operators.
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Appendix B

Overview of Wertheim
perturbation theory

Perturbation theories aim to predict the thermodynamic behaviour of a system by
using its interparticle potential and a reference system with a well-known Helmholtz
free energy and correlation functions. Wertheim targeted fluids with short-ranged
and highly directional interactions, thereby moving beyond the isotropic case. This
appendix reviews the fundamental principles of the theory Wertheim developed across
a series of four papers [88,254–256] to describe associating fluids. While perturbation
theories are typically formulated in terms of the Helmholtz free energy difference
∆A = A−AR between the system under analysis and the reference one (denoted with
subscript R), the Wertheim formalism is grounded in graph theory. Consequently, it
is more convenient to employ the grand canonical ensemble (V, T, µ), which facilitates
the derivation of relations between the microscopic structure of the fluid and its
thermodynamic properties, as discussed in Appendix E. The characteristic potential
is the grand canonical potential Ω = −KBT lnΞ, where Ξ is the grand canonical
partition function defined as

Ξ =
∑
N≥0

eβNµ

N !Λ3N

∫
e−β[UN (r1,...,rN)+

∑N
m=1 ϕ(rm)]dr1 . . . drN (B.1)

where N is the number of particle, β = kBT with kB being the Boltzmann constant,
µ is the chemical potential, Λ is the de Broglie thermal wavelength, ϕ(r) encodes the
interaction between an external field and a particle at configuration r (specifying
both position and orientation), and UN (r1 . . . rN) =

∑N
m>n u(rmn) with u(rmn)

being the pair potential between particle m and n. It is useful to recast the grand
canonical partition function as a functional of the activity z(r) = eβ(µ−ϕ(r))

Λ3 ; Eq. B.1
thus becomes
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Ξ[z] =
∑
N≥0

∫ ( 1
N !

N∏
m=1

z(rm)
)

e−β
∑N

m=1 ϕ(rm)dr1 . . . drN =

= 1 +
∫

z(r)dr + 1
2!

∫
z(r1)z(r2)e−βu(r12)dr1dr2+

+
∫

z(r1)z(r2)z(r3)e−βu(r12)e−βu(r13)e−βu(r23)dr1dr2dr3 + . . .

(B.2)

Making the addends of Ξ[z] explicit gets rapidly complex, and a graph representation
is more concise:

Ξ[z] = 1 + 1
2! + 1

3! + 1
4! + . . . (B.3)

In graph theory the activity of a particle is represented as a node, named root point,
which becomes a field point when activity is integrated over the particle configuration.
Conventionally, root points are represented as empty circles , while field points as
full circles . Edges in the graph, represented as zigzag lines, correspond to the
Boltzmann factor e−βu(rmn), which is referred to as the e-bond. To further develop
Eq. B.3 through graph manipulation, it is convenient to introduce the Mayer function
f(rmn) = e−βu(rmn) − 1. In graph formalism then

e−βu(rmn) = 1 + f(rmn)

= + (B.4)

having represented the Mayer function as a straight line, referred to as an f-bond.
This is crucial since in this way the logarithm of the partition function can be
expressed as an infinite sum over connected graphs:

ln Ξ[z] = + 1
2 + 1

2 + 1
6 + 1

2 +

+ 1
6 + . . .

(B.5)
Each graph represents a multiple-particle integral involving Mayer functions. The
sum of all such integrals involving the same number l of nodes is defined as the
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l particle cluster integral and this approach is known as cluster expansion. The
introduction of Mayer functions allow for the elimination of disconnected graphs, i.e.
graphs in which not all nodes are connected by f-bonds. In fact, these disconnected
graphs can be factored into products of connected subgraphs (this means, as shown
below, that the integration can be performed independently), and by taking the
logarithm, these products are converted into a sum.

= × (B.6)

∫
z(r1)z(r2)z(r3)z(r4)f(r23)f(r34)dr1dr2dr3dr4 =

=
∫

z(r1)dr1 ×
∫

z(r2)z(r3)z(r4)f(r23)f(r34)dr2dr3dr4

(B.7)

Wertheim exploits graph reduction in Eq. B.5 to derive an analytical expression for the
Helmholtz free energy. In perturbation theory, the starting point is the decomposition
of the pair potential into a reference contribution and a residual perturbation.
Typically, the reference potential represents a non-bonding interaction accounting for
particle repulsion, whereas the residual term describes the associative contribution.
Accordingly, the Mayer function can be expressed as a sum of two contributions:
a reference Mayer function, fR(rmn) = e−βuR(rmn) − 1, and a perturbation Mayer
function, fP (rmn) = e−βuP(rmn) − 1. The total Mayer function then reads f(rmn) =
fR(rmn) + e−βuR(rmn)fP(rmn). Wertheim chooses hard spheres as the reference
system and a pairwise attractive interaction that depends on both the distance
and the relative orientation of the particles. Indeed, to account for anisotropic
interactions, each particle is endowed with a set Γ of attractive sites distributed over
its surface. Hence,

u(rmn) = uR(rmn) +
∑
α∈Γ

∑
γ∈Γ

uαγ(rmαnγ)

f(rmn) = fR(rmn) + e−βuR(rmn)
[ ∏

α∈Γ

∏
γ∈Γ

(fαγ(rmn) + 1) − 1
] (B.8)

where |rmαnγ | is the distance between attractive sites α of particle A (oriented Ωm)
and γ of particle B (oriented Ωn).This type of interacting potential leads to a new
diagrammatic representation. Each node is a particle and carries labels identifying
attractive sites; edges exist both between particles (e-bonds and repulsive f-bonds)
and sites (attractive f-bonds). For example, considering a single species with a
single site, Eq. B.8 becomes f(rmn) = fR(rmn)+e−βuR(rmn)fAA(rmn) and its graph
representation is:
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= A A + A A (B.9)

This allows for grouping the several graphs according to the bonding state of its
nodes, i.e. according to the number and the type of attractive sites that are bonded.
A multiple-density formalism is introduced; the number density ρ(r) is defined
as

ρ(r) =
∑
γ⊂Γ

ργ(r) (B.10)

where γ runs over all possible bonding states Γ. For example, for a system of N
identical particles with two attractive sites A and B, the possible bonding states for
a particle are: none of the sites is bonded, only site A or B is bonded, both sites
A and B are bonded. Thus, ρ(r) = ρ0(r) + ρA(r) + ρB(r) + ρAB(r). Each ργ(r) is
proportional to the probability that a particle at configuration r has γ sites bonded.
Consequently, ρ(r) represents the probability of finding a particle at r regardless
of its bonding state. This framework effectively describes associating fluids where
particles are not equivalent, as they exist in distinct bonding states depending on
which attractive sites are bonded. From a statistical perspective, each bonding
state is treated as a distinct species with its own number density. Wertheim also
introduced the density function σα(r):

σα(r) =
∑
γ⊆α

ργ(r) (B.11)

where the summation is over all bonding states γ that contain the set of attractive sites
α. It represents the probability that a particle at r has set of sites α bonded. Following
the previous example, we have σA(r) = ρA(r) + ρAB(r), σB(r) = ρB(r) + ρAB(r),
and σAB(r) = ρAB(r). We also notice that σ0(r) = ρ0(r) and σΓ(r) = ρ(r).
This formalism is significant because the Helmholtz free energy difference between
the target and the reference system can be expressed via the logarithm of the
gran canonical partition function in terms of these densities. Specifically, the
Helmholtz free energy functional is related to the grand canonical potential through:
A[ρ] =

∫
ρ(r)(µ−ϕ(r))dr+Ω[ρ]. While the diagrammatic cluster expansion obtained

for the Helmholtz free energy difference is exact, it is intractable as it involves the
sum of an infinite number of diagrams.
To resolve this, Wertheim introduces an early consideration of the geometry
of interactions (Ⓢ1). The considered interaction potential leads to significant
cancellations of graphs due to steric incompatibilities, i.e. hard core repulsion and
excluded volume effects. As the attractive potential becomes short-ranged, the
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number of particles that can bind to a given interaction site decreases. Wertheim
considers the limiting case of the one bond per site condition, in which each site
can participate in only one association bond. This constraint can be viewed as a
restriction to a specific class of systems rather than as an approximation. He also
introduces the single-chain approximation (Ⓢ2): graphs, such as the following
ones, containing more than one single dimer are excluded.

A A

AA

(B.12)

A B

BA

B A

AB

(B.13)

The first case Wertheim takes into account consists of particles with a single associa-
tion site, and he demonstrates that (Ⓢ1 + Ⓢ2) allow the attractive fAA-bond to be
factorised and the resulting graphs to be summed into the pair correlation function
of the reference fluid g

(2)
R (r, r′). This yields a self-consistent density relation for the

monomer fraction ρ0(r)
ρ(r) :

ρ0(r)
ρ(r) =

[
1 +

∫
fAA(r, r′)g(2)

R (r, r′)ρ0(r′)dr′
]−1

(B.14)

Crucially, the fraction of unbonded particles in the system is obtained from a
pair correlation integral combining a well-characterised structural quantity of the
reference system with the associative Mayer function. Therefore, the Helmholtz free
energy difference admits an analytical evaluation for a given number density profile
ρ(r).
For two attractive sites, in contrast to the previous case where associated structures
(attractive f-bonds) are restricted to dimers, clusters with an arbitrary value of
attractive f-bonds may now form, including loops (see Eq. B.15 for a visual example).
Consequently, Wertheim introduces an additional approximation by neglecting
loops (Ⓢ3) and limiting the analysis to chain associates.

B A

B

A B

A

(B.15)

Under this further assumption, the diagrammatic cluster expansion can be expressed
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as a sum over subsets of graphs corresponding to s-mers. Consider all such graphs
would entail infinitely many contributions, which formally require up to ∞-order
particle distribution functions g

(2)
R (r, r′) . . . g(∞)

R (r, r′, . . . , r∞). To obtain an analytic
expression and self-consistent density expressions for the probability that each site
is bonded, the diagrammatic expansion must be closed perturbatively by truncating
it at a finite order, i.e. by neglecting contributions from higher order graphs.
Specifically, Wertheim truncates the expansion at orders n = 1 and n = 2, giving rise
to thermodynamic perturbation theory TPT-1 and TPT-2, respectively. In TPT-1,
only subgraphs up to dimers are retained, and these can be exactly resummed into
the two-particle distribution function of the reference fluid g

(2)
R (r, r′). As a result, the

Helmholtz free energy is expressed analytically in terms of the bonding probabilities
of the associative site A and B. These probabilities are determined via association
integrals, defined as the volume integrals of the product of the site-specific Mayer
function and the reference two-particle distribution function. In TPT-2, diagrams
containing up to one trimer are included. In this case the bonding probabilities
depend on both the two-particle and three-particle distribution function of the
reference system: g

(2)
R (r, r′) and g

(3)
R (r, r′, r′′), respectively. More generally, a TPT-n

theory can be formulated by retaining diagrams containing up to n + 1-mers. For
further details we refer to Ref. [257].

In conclusion, Wertheim transforms the formally exact multi-density description into
a probabilistic theory characterised solely by the fractions of unbonded sites which
obey mass-action equations and determine the associating free energy. The expression
for the Helmholtz free energy of patchy particle systems, provided in Chapter 3, is
derived by a further development of the ideas of Wertheim performed by Champan
and coworkers which extended the theory to describe particles with an arbitrary
number of attractive sites, allowing for different valences among particles [89,258–261].
In this case, results have been derived only in the first order approximation, i.e. by
effectively considering only two-body correlations.
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Appendix C

Stability analysis of mixtures

For completeness about theoretical tools for mixture phase behaviour analysis,
we note that Chen and Forstmann introduced a scheme to characterize the thermo-
dynamic instabilities of binary mixtures [262]. By linking macroscopic instability
to local compositional and density order, their approach identifies whether a phase
transition is driven by concentration and/or density fluctuations [263]. Stability is
determined via the second functional derivative of the grand canonical potential,
which is related to the direct correlation functions (see Appendix E). These functions
account for the non-local nature of particle interactions, i.e. how a fluctuation at
position r affects the system in r′. While a real space analysis requires solving
an eigenvalue problem for an integral equation, applying a Fourier transformation
converts spatial convolutions into algebraic products of wave vector dependent
fluctuations. The resulting stability matrix M(k) reduces to the macroscopic ther-
modynamic Hessian in the limit of k → 0. By analyzing M(k) across different
wave vectors, it is possible to identify the wavelength driving the instability. The
spinodal line is located where the smallest eigenvalue of the stability matrix vanishes.
The associated eigenvector can be expressed as a linear combination of two basis
vectors representing total density and concentration fluctuations and its direction
determines which physical process dominates the phase transition. The angle of
this eigenvector relative to the concentration axis quantifies the coupling between
demixing and condensation when the system becomes unstable. Angles of 0◦ and
90◦ represent the limiting cases of pure demixing (only concentration fluctuations
occur) and pure condensation (only density fluctuations occur), respectively.
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Appendix D

Overview of Classical Nucleation
Theory

This appendix is devoted to briefly summarise Classical Nucleation Theory (CNT)
of which a falsifiability test is presented in Chapter 6. CNT describes first order
phase transitions by considering nucleation as a homogeneous process in which a
spherical droplet of a more stable phase originates and grows within a metastable
parent phase. Particles can be either unbound or part of a cluster. A key assumption
of CNT is the capillarity approximation, which treats clusters formed in the parent
phase as having the same macroscopic properties as the bulk phase. Each cluster is
assumed to possess a uniform density identical to that of the stable bulk phase and
a surface tension equivalent to that of a flat interface. Therefore, the theory assumes
clusters evolve solely by changing size, maintaining a fixed structure and composition.
This allows the nucleation process to be described using a single reaction coordinate
which accounts for the cluster size. This is why CNT provides a simple expression
for the Gibbs free energy change associated with forming a nucleus of n particles of
the new phase, under constant temperature and pressure:

∆G(n) = −n |∆µ| + αγn
2
3 (D.1)

This expression is the sum of two competing contributions. A negative and favourable
volume term which reflects the free energy gain from transitioning to a more stable
phase and it is proportional to n and to the chemical potential difference ∆µ between
the two phases. A positive and unfavourable surface term which represents the free
energy cost of sustaining a phase boundary and it is proportional to n

2
3 and to the

surface tension γ. For small nuclei, the interfacial positive term (depicted with a
cyan line in Figure D.1) dominates, while for large nuclei, the negative term (shown
in blue in Figure D.1) becomes dominant. This results in a maximum in the free
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energy curve, which defines the critical nucleus size nC and the corresponding free
energy barrier ∆G(nC).

d∆G(n)
dn

= 0 =⇒ n = nC (D.2)

nC =
( 2αγ

3 |∆µ|

)3
and ∆G(nC) = 4(αγ)3

27 |∆µ|2
= 1

2nC |∆µ| (D.3)

In summary, according to CNT the nucleation barrier is given by the critical nucleus
size. This simple expression hides one of the shortcoming of CNT: the barrier
height depends on the choice of order parameter used to distinguish between liquid
and crystalline particles. This is why more rigorous techniques, such as Umbrella
Sampling, are used to evaluate the free energy profile and the nucleation barrier. We
also notice that another order parameter suitable for describing the size of spherical
clusters is their radius. By using the radius of the crystalline nucleus instead of the
number of crystalline particles, the same expression for the nucleation barrier can
be obtained.
The probability that a spontaneous fluctuation can overcome this barrier is pro-
portional to the Boltzmann factor. The CNT expression for the nucleation rate is
obtained by multiplying this probability by a kinetic prefactor related to the rate at
which particles attach to the nucleus:

J = Ke−β∆G(nC) (D.4)

Since, as expected, when the two phases are at coexistence (|∆µ| = 0) the nucleation
barrier diverges, homogeneous nucleation can happen only at supercooling, i.e.
when the liquid phase is below its melting temperature Tm (the temperature at
which it coexists with the solid phase). The further below Tm we go, the higher
the thermodynamic driving force toward the stable solid phase. However, this is
compensated by the decrease in kinetics, accounted for by the pre-exponential factor
K in the expression of the nucleation rate J , which represents the number of critical
nuclei originated per unit time and per unit volume. In fact, K can be written as

K = ρlw
+Z (D.5)

where ρl is the number density of nucleation sites, w+ is the attachment rate (i.e. the
number of particles in unit time that attach to the new nucleus and depends on the
diffusion coefficient and the diffusion distance), and Z is the Zeldovich factor, which
is related to the curvature of the free energy barrier and provides the fraction of
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Figure D.1. CNT overview. The formation of a new stable phase from a metastable
one is an activated process that proceeds via nucleation and growth of nuclei of the new
phase. The associated free energy barrier ∆G is a function of the cluster size n and its
maximum is determined by the critical nucleus size nc. The critical nucleus corresponds
to the size at which a cluster has equal probability to grow or dissolve. Only for n > nc

the system enters the growth regime because the gain in bulk free energy (cyan line)
outweighs the free energy penalty of creating an interface (red line).

critical nucleus that successfully overcome the barrier rather than dissolve [264,265].
In conclusion, as illustrated in Figure D.1, the formation of a new stable phase from
a metastable one occurs in two stages: nucleation and growth. For small nuclei the
surface to volume ratio is high, leading to a large free energy cost associated with
maintaining the interface. As a result, these small clusters are transient and tend to
dissolve. However, if the nucleus exceeds the critical size nC , it becomes energetically
favourable for it to grow into the new stable phase. The two key quantities that
govern this process are the chemical potential difference ∆µ between the two phases
and the surface tension γ. This highlights the core capillarity approximation of
CNT: the idea that emerging nuclei have the same thermodynamic properties as the
bulk phase.

CNT is the most widely used theoretical model to describe nucleation process,
mainly because of its relative simplicity and its ability to make useful prediction. In
many cases it works well, but in others, it does not. To fix the mismatches, various
modification to the original theory have been proposed. Most of these maintain the
core capillarity approximation, attempting to adjust the details without changing
the foundation: correcting terms are typically included into the nucleation rate
expression, either in the exponent (i.e. in the free energy cost) or as a multiplicative
factor. However, the success or lack thereof of such procedures are system dependent
and state-point dependent, and only provide a phenomenological assessment of CNT.
This has led to a situation where the reliability of the theory is unclear, and whether
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CNT validity is still a matter of debate. Our goal in Chapter 6 is to put to the test
the capillarity approximation directly by checking where the theory should fail if it
is not true.



155

155

Appendix E

The Kirkwood-Buff theory and
the evaluation of chemical
potentials in simulations

The Kirkwood-Buff theory serves as a fundamental bridge in statistical mechanics
between the microscopic structure of a multi-component system and its macroscopic
thermodynamic properties. At the heart of this connection is the response of the
system to changes in particle number which is enclosed in the chemical potentials.
In a mixture, the chemical potential µi of the i-component is defined as the change
in free energy resulting from a variation in the number of particle of that component
Ni. Kirkwood and Buff demonstrated that chemical potentials derivatives can
be mapped into equilibrium fluctuations of particle number, which are ultimately
expressed as volume integrals of radial distribution functions [240]. This appendix
outlines the derivation of these Kirkwood-Buff integrals, originally defined for
infinite, open, isotropic, and homogeneous systems, beginning with the statistical
mechanics of the grand canonical ensemble. This ensemble describes an open system
of volume V in thermodynamic equilibrium with a reservoir. Unlike closed systems,
which only exchange energy, permeable boundaries allow for the exchange of both
energy and particles. The reservoir acts as an infinite source of particles and energy,
maintaining the system at constant chemical potential µ and temperature T , i.e. in
a state of thermal and chemical equilibrium, while the system’s particle numbers
and energy fluctuate. Hence, the thermodynamic state of the system is defined by
the variables (µ, V, T ) and the characteristic thermodynamic potential is the grand
potential defined as

Ω = −kBT lnΞ = F −
m∑

i=1
Niµi (E.1)
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where m is the number of different species, F is the Helmholtz free energy, and Ξ is
the grand canonical partition function:

Ξ =
∞∑

NA=0

∞∑
NB

. . .
∞∑

Nm

e
∑m

i=1 βµiNi
1∏m

i=1 h3NiNi!

∫
e−βHdrNdpN (E.2)

where h is the Planck constant. By noting that the Hamiltonian H(rN, pN) =
K(pN) + U(rN) depends on the momenta only through the kinetic energy K,
the momenta can be integrated out. By defining the activities zi = eβµi

Λ3
i

and the
canonical configurational integral Z{Ni} =

∫
e−βUN (r1,...,rN)dr1 . . . drN for a specific

set of {NA, NB, . . . , Nm} Eq. E.2 becomes

Ξ =
∑
{Ni}

( m∏
i=1

zNi
i

Ni!

)
Z{Ni} (E.3)

where Λi are the de Broglie thermal wavelength and UN (r1, . . . rN) is the interaction
potential, a multi-body term depending on the configurational degrees of freedom
(positions and orientations). Thus, r = (x, Ω) generally denotes a one particle
configuation specifying both its position x and orientation Ω; however, in the original
derivation by Kirkwood and Buff, which considered isotropic fluids, r corresponds
simply to the particle position. The partition function is the normalisation of the
equilibrium probability density f0 which is a fundamental quantity entering in
ensemble averages. Given an observable O, its ensemble average is indeed defined as:

⟨O⟩ =
∫

O(r1, . . . , rN)f0(r1, . . . , rN)dr1 . . . drN

= 1
Ξ
∑
{Ni}

( m∏
i=1

zNi
i

Ni!

)∫
O(r1, . . . , rN)e−βUN(r1,...,rN)dr1 . . . drN

(E.4)

having considered the case where the observable does not depends on momenta.
We can define the instantaneous microscopic density of particles of species α as

ρα(r) =
Nα∑
i=1

δ(r − ri) (E.5)

where r is the spatial coordinate at which the density is evaluated, ri is the position
of particle i and the sum runs over all Nα particles of species α in a given microstate.
By integrating ρα(r) over r in the volume V , the total number of particle of species
α in the system in that specific microstate is obtained:

∫
V

ρα(r)dr = Nα (E.6)
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Averaging the microscopic density over all possible microstates yields the one particle
density distribution ρ

(1)
α (r). This quantity represents the probability density of

finding a particle of species α at position r:

⟨ρα(r)⟩ = ⟨
Nα∑
i=1

δ(r − ri)⟩ =

= 1
Ξ
∑

{Nk}

( m∏
k=1

zNk
k

Nk!

)∫ [ Nα∑
i=1

δ(r − ri)
]
e−βUN(r1,...,rN)dr1 . . . drN =

= 1
Ξ
∑

{Nk}

( m∏
k=1

zNk
k

Nk!

)
Nα

∫
δ(r − r1)e−βUN(r1,...,rN)dr1 . . . drN =

= 1
Ξ
∑

{Nk}

( m∏
k=1

zNk
k

Nk!

)
Nα

∫
e−βUN (r,...,rN)dr2 . . . drN =

= ρ(1)
α (r)

(E.7)

where r1 denotes the position of an arbitrary particle of species α and we have
considered that, for fixed Nα, ⟨

∑Nα
i=1 δ(r − ri)⟩ is equal to Nα⟨δ(r − r1)⟩ due to

permutation symmetry; each particle of species α contributes identically to the
ensemble average. Finally, by integrating ρ

(1)
α (r) over r in the volume, we obtain the

average number of particles α in the system:

∫
V

ρ(1)
α (r)dr = ⟨Nα⟩ (E.8)

We note that if the system is homogeneous, then ρ
(1)
α (r) is a constant, denoted

cα and the integral becomes
∫

V ρ
(1)
α (r)dr = cαV. Thus, cα = ⟨Nα⟩

V represents the
concentration of species α, following the convention of Kirkwood and Buff, this
quantity denotes the bulk number density (typically expressed in mol/L rather than
particle/m3).

The instantaneous two-particle density ραβ(r′, r′′) is defined as

ραβ(r′, r′′) =
Nα∑
i=1

Nβ∑
j=1
j ̸=i

δ(r′ − ri)δ(r′′ − rj) (E.9)

Similar to the one particle case, we can consider its ensemble average
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⟨ραβ(r′, r′′)⟩ = ⟨
Nα∑
i=1

Nβ∑
j=1
j ̸=i

δ(r′ − ri)δ(r′′ − rj)⟩ =

= 1
Ξ
∑

{Nk}

( m∏
k=1

zNk
k

Nk!

)∫ [ Nα∑
i=1

Nβ∑
j=1
j ̸=i

δ(r′ − ri)δ(r′′ − rj)
]
e−βUN(r1,...,rN)dr1 . . . drN =

= 1
Ξ
∑

{Nk}

( m∏
k=1

zNk
k

Nk!

)
NαNβ

∫
δ(r′ − r1)δ(r′′ − r2)e−βUN(r1,...,rN)dr1 . . . drN =

= 1
Ξ
∑

{Nk}

( m∏
k=1

zNk
k

Nk!

)
NαNβ

∫
e−βUN (r′,r′′,...,rN)dr3 . . . drN =

= ρ
(2)
αβ(r′, r′′)

(E.10)
which is the probability density of finding a particle of species α at position r′ and a
particle of species β at position r′′. By integrating ρ

(2)
αβ(r′, r′′) over the volume for

both r′ and r′′, we obtain

∫
V

ρ
(2)
αβ(r′, r′′)dr′dr′′ =

if α ̸= β

= 1
Ξ
∑
{Ni}

( m∏
i=1

zNi
i

Ni!

)
NαNβ

∫
e−βUN (r′,r′′,...,rN)dr′dr′′dr3 . . . drN =

= ⟨NαNβ⟩

if α = β

= 1
Ξ
∑
{Ni}

( m∏
i=1

zNi
i

Ni!

)
Nα(Nα − 1)

∫
e−βUN (r′,r′′,...,rN)dr′dr′′dr3 . . . drN =

= ⟨N2
α⟩ − ⟨Nα⟩

=⇒
∫

V
ρ

(2)
αβ(r′, r′′)dr′dr′′ = ⟨NαNβ⟩ − δαβ⟨Nα⟩

(E.11)
where δαβ is the Kronecker delta, which equals 0 if α ̸= β and 1 otherwise. Indeed,
since autocorrelation (the correlation between a particle and itself) is not considered
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being the sum over j limited to j ̸= i, when α and β belong to the same species,
we have Nα(Nα − 1) = N2

α − Nα (and not N2
α) distinct pairs of particles. The

Kirkwood-Buff integrals are defined starting from the following expression

∫
V

(ρ(2)
αβ(r′, r′′) − ρ(1)

α (r′)ρ(1)
β (r′′))dr′dr′′ =

=
∫

V
ρ

(2)
αβ(r′, r′′)dr′dr′′ −

∫
V

ρ(1)
α (r′)dr′

∫
V

ρ
(1)
β (r′′)dr′′ =

=⟨NαNβ⟩ − δαβ⟨Nα⟩ − ⟨Nα⟩⟨Nβ⟩

(E.12)

where the last equality holds because of Eq. E.11 and Eq. E.8. The two particle
radial distribution function g

(2)
αβ (r′, r′′) is then introduced. Its expression is:

g
(2)
αβ (r′, r′′) =

ρ
(2)
αβ (r′, r′′)

ρ
(1)
α (r′)ρ(1)

β (r′′)
(E.13)

When the system is homogeneous, ρ
(1)
α (r′) = cα, ρ

(1)
β (r′′) = cβ, and g

(2)
αβ (r′, r′′)

depends only on the distance r = |r′′ − r′| between the two particles. Hence,
ρ

(2)
αβ(r′, r′′) = cα cβ g(2)

αβ (r) and Eq. E.12 can be written as

∫
V

(cα cβ g
(2)
αβ (r) − cα cβ) dr′dr = V cαcβ

∫
V

[
g

(2)
αβ (r) − 1

]
dr =

= ⟨Nα⟩⟨Nβ⟩
V

∫
V

[
g

(2)
αβ (r) − 1

]
dr

= ⟨NαNβ⟩ − δαβ⟨Nα⟩ − ⟨Nα⟩⟨Nβ⟩

(E.14)

Finally, Kirkwood-Buff integrals Gαβ are defined as

Gαβ =
∫ ∞

0

[
g

(2)
αβ (r) − 1

]
dr

= V
⟨NαNβ⟩ − ⟨Nα⟩⟨Nβ⟩

⟨Nα⟩⟨Nβ⟩
− δαβ

cα

(E.15)

being V δαβ

⟨Nβ⟩ = δαβ

cα
as δαβ ̸= 0 only if α = β, i.e. Nα = Nβ . Hence, the Kirkwood-Buff

integrals express the structure of the system in terms of equilibrium particle number
fluctuations, which can be used to evaluate the derivatives of chemical potentials
with respect to concentration. For a binary AB mixture, at constant pressure P

and temperature T , the differential of the concentration of component A is given by



160

E. The Kirkwood-Buff theory and the evaluation of chemical potentials in
simulations

dcA = ∂cA

∂ ln zA
d ln zA + ∂cA

∂ ln zB
d ln zB =

=
[(

∂cA

∂µA

)
µB

dµA +
(

∂cA

∂µB

)
µA

dµB

]
=

=
[(

∂cA

∂µA

)
µB

− cA

cB

(
∂cA

∂µB

)
µA

]
dµA

(E.16)

where the subscripts indicate the thermodynamic variables held constant during
differentiation. The final equality is obtained by applying the Gibbs-Duhem relation,
which takes the form cAdµA + cBdµB = 0 at constant P and T [266]. Consequently,

(
∂cA

∂µA

)
T,P

=
(

∂cA

∂µA

)
µB

− cA

cB

(
∂cA

∂µB

)
µA

(E.17)

Let’s evaluate each addend of Eq. E.17 by considering that ∂
∂ ln zA

= zA
∂

∂zA
and that

∂
∂zA

(
1
Ξ

)
= − ∂Ξ

∂zA

1
Ξ2
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kBTV
∂cA

∂µA
= kBTV

∂⟨NA⟩
∂µA

1
V

= ∂⟨NA⟩
∂ ln zA

=

= ∂

∂ ln zA

( 1
Ξ

∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA

)
=

= 1
Ξ

∂

∂ ln zA

( ∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA

)
+

+ ∂

∂ ln zA

( 1
Ξ

) ∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA =

= zA
1
Ξ

∑
{NA,NB}

NA
zNA−1

A zNB
B

NA!NB! Z{NA,NB}NA−

− zA

( ∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA

)
∗

∗
( 1

Ξ2

∑
{NA,NB}

NA
zNA−1

A zNB
B

NA!NB! Z{NA,NB}

)
=

= 1
Ξ

∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}N2
A−

−
( 1

Ξ
∑

{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA

)2
=

= ⟨N2
A⟩ − ⟨NA⟩2 = ⟨∆N2

A⟩

=⇒ ∂cA

∂µA
= ⟨∆N2

A⟩
kBTV

= ⟨∆N2
A⟩

⟨NA⟩
cA

kBT

(E.18)
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kBTV
∂cA

∂µB
= kBTV

∂⟨NA⟩
∂µB

1
V

= ∂⟨NA⟩
∂ ln zB

=

= ∂

∂ ln zB

( 1
Ξ

∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA

)
=

= 1
Ξ

∂

∂ ln zB

( ∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA

)
+

+ ∂

∂ ln zB

( 1
Ξ

) ∑
{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NA =

= zB
1
Ξ

∑
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zNA

A zNB−1
B

NA!NB! Z{NA,NB}NA−

− zB

( ∑
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zNA
A zNB

B

NA!NB!Z{NA,NB}NA

)
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∗
( 1
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zNA

A zNB−1
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NA!NB! Z{NA,NB}

)
=

= 1
Ξ

∑
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zNA
A zNB

B
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−
( 1

Ξ
∑

{NA,NB}

zNA
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B

NA!NB!Z{NA,NB}NA

)
∗

∗
( 1

Ξ
∑

{NA,NB}

zNA
A zNB

B

NA!NB!Z{NA,NB}NB

)
=

= ⟨NANB⟩ − ⟨NA⟩⟨NB⟩ = ⟨∆NA∆NB⟩

=⇒ ∂cA

∂µB
= ⟨∆NA∆NB⟩

kBTV
= ⟨∆NA∆NB⟩

⟨NA⟩
cA

kBT

(E.19)

since ⟨∆NA∆NB⟩ = ⟨(NA − ⟨NA⟩)(NB − ⟨NB⟩)⟩ = ⟨NANB⟩ − ⟨NA⟩⟨NB⟩ This
simplification is valid due to the linearity of the ensemble average operation and to

the fact that average values are constant. The expression for the derivative
(

∂µA
∂cA

)
T,P

is the reciprocal of
(

∂cA
∂µA

)
T,P

because both partial derivatives operate in the same

thermodynamic space under the identical constraints of constant temperature and
pressure. Thus,
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∂cA

∂µA

)
µB

− cA

cB

(
∂cA
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)
µA

]−1

=

=
[

cA

kBT

⟨∆N2
A⟩

⟨NA⟩
− cA

cB

cA

kBT

⟨∆NA∆NB⟩
⟨NA⟩

]−1

=

= kBT

cA

[
⟨∆N2

A⟩
⟨NA⟩

− ⟨∆NA∆NB⟩
⟨NB⟩

]−1

(E.20)

having considered that cA
cB

1
⟨NA⟩ = ⟨NA⟩

V
V

⟨NB⟩
1

⟨NA⟩ = 1
⟨NB⟩ . Inserting the Kirkwood-

Buff integrals GAA and GAB

GAA = V
⟨N2

A⟩ − ⟨NA⟩2

⟨NA⟩2 − 1
cA

GAB = V
⟨NANB⟩ − ⟨NA⟩⟨NB⟩

⟨NA⟩⟨NB⟩
(E.21)

Eq. E.20 may be rewritten after some algebraic rearrangement as

(
∂µA

∂cA

)
T,P

= 1
1 + cA(GAA − GAB) (E.22)

In conclusion, in the thermodynamic limit, i.e. for an infinite large system, Kirkwood-
Buff integrals provide a rigorous connection between the microscopic structure
(the radial distribution functions) and the macroscopic thermodynamic properties
(chemical potentials) which describe the global response of the system to changes in
the concentration of its components.
Eq. E.22 is formally exact in the thermodynamic limit, and its application to evaluate
chemical potentials in molecular simulations, where the system is finite, presents
several difficulties. The primary issue stems from the definition of Kirkwood-Buff
integrals via radial distribution functions, which converge to unity g(2)(r) → 1 only
as r → ∞. In finite systems, the thermodynamic limit is never reached. Instead,
the integration of g(2)(r) is performed over a fluctuating tail; particle correlations
and particle number fluctuations are truncated. Moreover, since the surface to
volume ratio is large, a non-negligible fraction of particles is affected by boundary
effects. While periodic boundary conditions (PBC) effectively eliminate explicit
surfaces, they do not resolve the intrinsic finiteness of the system and the evaluation
of particle correlations and particle number fluctuations are distorted. In a cubic
box of side length L, correlations at distances exceeding L/2 are suppressed, and
spurious autocorrelations are introduced as particles interact with their own periodic
images. This prevents density fluctuations from dissipating naturally, leading to an
incorrect estimation of the variance. Furthermore, grand canonical Monte Carlo
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(µV T ) simulations suffer from poor sampling efficiency due to the low acceptance
rate of particle insertion moves caused by frequent overlap. For these reasons,
µV T simulations are avoided in favour of NPT simulations, where observables are
computed within small sub-volumes v that effectively act as open µvT ensembles.
However, this approach is still constrained by the closed nature of the global system.
As a consequence, Kirkwood-Buff integrals without finite-size corrections can be
reliably used only if simulations in the µV T ensemble of an infinite and open system
were feasible. To address these limitations, recent work by Cheng [239] proposes
reaching the thermodynamic limit in simulations by operating in reciprocal space:
structure factors S(k) are directly computed and their values are then extrapolated
to the limit k → 0. In a binary AB mixture the structure factor SAB is defined as

SAB(k) = 1√
NANB

⟨ρA(k)ρ∗
B(k)⟩ (E.23)

where k is the wave vector and ρα(k) is the Fourier transform of the instantaneous
microscopic density ρα(r), previously defined in Eq. E.5. ρ∗

α(k) is the complex
conjugate of ρα(k); since the density field is a real function ρ∗

α(k) = ρα(−k). ρ
(
αk)

takes the following expression

ρα(k) = F{ρα(r)} =
∫

e−ik·rρα(r)dr

=
∫

e−ik·r
Nα∑
i=1

δ(r − ri)dr =

=
Nα∑
i=1

e−ik·ri

(E.24)

Hence, the structure factor SAB(k) in Eq. E.23, becomes

SAB(k) =
〈NA∑

i=1

NB∑
j=1

e−ik·(riA−rjB)
〉

= δAB + 1√
NANB

〈NA∑
i=1

NB∑
j=1
j ̸=i

e−ik·(riA−rjB)
〉

(E.25)

The Kronecker delta δAB arises from the self-correlation terms (i = j), which exists
only when A = B. In that case,

∑NA
i=1 e0 = NA and NA√

NANB
= NA√

N2
A

= 1. The
second term, representing distinct particle correlations, can be rewritten using the
two particle density ρ

(2)
AB(r′, r′′) (Eq. E.10):
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g
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(E.26)

where we have used the definition of the two particle radial distribution function
g

(2)
AB(r) (Eq. E.13) and the assumption of translational invariance. Since g(2)(r) →

1 as r → ∞, the integral diverges. Its Fourier transform of g
(2)
AB(r) contains a

singular contribution: a Dirac delta function δ(k). This term contributes only
at k = 0, while it vanishes for all k ̸= 0. To obtain a well-behaved structure
factor, we introduce the edge function h(r) = g(2)(r) − 1. This subtraction removes
the δ(k) contribution, which corresponds to the uniform background density. In
scattering experiments, k = 0 coincides with the beam direction and is thus not
physically accessible. Consequently, this procedure isolates the relevant density-
density correlation fluctuations, yielding:

SAB(k) = δAB +
√

cAcB

∫
[g(2)

AB(r) − 1]e−ik·rdr (E.27)

By considering the thermodynamic limit, we observe that the structure factor is
defined through Kirkwood-Buff integrals

S0
AB = lim

k→0
SAB(k) = δAB +

√
cAcBGAB (E.28)

Consequently, the chemical potential variation with respect to the concentration in
Eq. E.22 can be computed through structure factors at k = 0. It can be readily
verified that

(
∂µA

∂cA

)
T,P

= kBT

cA

[
1

S0
AA − S0

AB

√
cA
cB

]
(E.29)

is equal to Eq. E.22.
In conclusion, the thermodynamic limit in molecular simulations can be reliably

accessed by computing structure factors in the NPT ensemble and extrapolating
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their values to k = 0. Although particle number fluctuations are rigorously related
to thermodynamic quantities via the limit k → 0 in the µV T ensemble, the NPT

ensemble can be regarded as an effective reservoir. For isotropic and homogeneous
systems, the local structure remains identical across ensembles, even though global
fluctuations vary between µV T and NPT . This interpretation allows the validity
of the obtained relations to be extended to any sub-volume v of the larger NPT

ensemble, including its whole volume. When using NPT simulations, the error
introduced by the closed nature of the ensemble, primarily affects the k = 0 point
(corresponding to infinite distances), which is precisely the value that is extrapolated.
Since it is not directly measured, the finite-size effects can be effectively regulated. In
summary, by shifting the analysis to reciprocal space, Cheng’s approach, named S0
method, overcomes the challenge of integrating non converging real space functions
over finite size volumes. By extrapolating structure factors to the k = 0 limit,
the thermodynamic limit becomes accessible, enabling the computation of chemical
potentials in mixture from molecular simulations of finite, closed systems.
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