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We consider prophet inequalities under general downward-closed constraints. In a prophet inequality prob-
lem, a decision-maker sees a series of online elements with values and needs to decide immediately and irre-
vocably whether or not to select each element upon its arrival, subject to an underlying feasibility constraint.
Traditionally, the decision-maker’s expected performance has been compared to the expected performance
of the prophet, i.e., the expected offline optimum. We refer to this measure as the Ratio of Expectations (or, in
short, RoE). However, a major limitation of the RoE measure is that it only gives a guarantee against what
the optimum would be on average, while, in theory, algorithms still might perform poorly compared to the
realized ex-post optimal value. Hence, we study alternative performance measures. In particular, we suggest
the Expectation of Ratio (or, in short, EoR), which is the expectation of the ratio between the value of the
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algorithm and the value of the prophet. This measure yields desirable guarantees, e.g., a constant EoR im-
plies achieving a constant fraction of the ex-post offline optimum with constant probability. Moreover, in the
single-choice setting, we show that the EoR is equivalent (in the worst case) to the probability of selecting
the maximum, a well-studied measure in the literature. However, the probability of selecting the maximum
does not generalize meaningfully to combinatorial constraints (beyond single-choice), since its direct equiv-
alent is the probability of selecting an optimal overall set. We, thus, introduce the EoR as a cardinal variant
of the probability of selecting the maximum, which extends naturally to combinatorial settings. Our main
goal is to understand the relation between RoE and EoR in combinatorial settings. Specifically, we establish
two reductions: For every feasibility constraint, the RoE and the EoR are at most a constant factor apart on
worst-case instances. Additionally, we show that the EoR is a stronger benchmark than the RoE in that, for
every instance (feasibility constraint and product distribution), the RoE is at least a constant fraction of the
EoR but not vice versa. Both these reductions imply a wealth of EoR results in multiple settings where RoE
results are known.

CCS Concepts: » Theory of computation — Online algorithms; Algorithmic mechanism design;
Additional Key Words and Phrases: Online algorithms, stopping time algorithms, posted price mechanisms
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1 Introduction

Prophet Inequalities are one of optimal stopping theory’s most prominent problem classes. In the
classic prophet inequality, a decision-maker must select an element e from an online sequence
of elements E immediately and irrevocably. The sequence is revealed one-by-one in an online
fashion, and the decision-maker wants to maximize the weight of the chosen element, where each
element’s weight is drawn from some distribution D.. The decision-maker knows the distributions
and is compared to a prophet, who knows all the realizations of the weights in advance. A classic
result of Krengel and Sucheston [44, 45] and Samuel-Cahn [53] asserts that the decision-maker
can extract at least half of the prophet’s expected reward and that this result is tight.

A vast body of research has studied the classic prophet inequality and its variants, where the
objective function is to maximize the ratio between what the algorithm gets in expectation and the
expected weight of the ex-post optimum. We use the shorthand RoE to signify this Ratio of Expec-
tations. However, this benchmark has shortcomings for many applications of prophet inequalities.
Oftentimes, the decision-maker is not only concerned about the expected value, but she also wants
to have some guarantees with respect to the ex-post outcome.

A first suggestion for a guarantee against ex-post outcomes is the Probability of Selecting the
Maximum (PSM). This was introduced by Gilbert and Mosteller [34] for the case of i.i.d. valued
elements, for which the PSM = 0.5801. In the non-i.i.d. case, in worst-case order, Allaart and Islas
[4] show a tight bound on PSM of 1/e.

Another different performance measure that has been studied for ex-post guarantees in stochas-
tic optimization problems is the Expectation of Ratio (EoR) between what the algorithm achieves
and what the ex-post optimum achieves. This was originally suggested as a performance measure
in stochastic minimization problems: Scharbrodt et al. [54] study scheduling algorithms average-
case performance through EoR. Garg et al. [33] examine the connection between RoE and EoR in
minimization problems, including stochastic Steiner Tree and Traveling Salesman Problem.

We introduce the study of EoR in the Prophet Inequality problem and consider its connection
to the PSM. Specifically, in Appendix A, we establish that PSM and EoR are essentially identical
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measures of performance in single-choice settings for worst-case instances. This result, however,
no longer holds for richer variants of prophet inequalities beyond single-choice. In the natural ex-
tension of classic prophet inequalities, termed prophet inequalities with combinatorial constraints
[50], the decision-maker is allowed to select more than a single element according to a prede-
fined (downward-closed) feasibility constraint. These types of constraints capture the idea that
if a given set is feasible, then so are all its subsets: examples include knapsack, matchings, and
general matroids as well as their intersection. In the next example, one can observe that, for any
online algorithm, the probability of selecting the maximum is exponentially small in the number
of elements; put another way, the probability of selecting the exact optimum offline is negligible
and, thus, the guarantees of the PSM measure do not extend to combinatorial prophet inequalities.
We formalize these considerations in the next example:

Example 1.1. Consider a setting with n pairs of boxes, such that, for each pair i, one box has
weight wy ; = 1 deterministically, and the second has weight w; ;, equal to 0 with probability 1/2
and to 2 with probability 1/2 (see Figure 1). The (downward-closed) feasibility constraint is that at
most one box from each pair can be selected (this is a special case of a partition matroid), and the
decision-maker gets the sum over the selected set.

The probability of selecting the maximum is the probability that the algorithm chooses the larger
realized value for each pair of boxes. An online algorithm cannot select the maximum of each pair
with probability greater than 1/2. Since all realizations are independent, we have an upper bound
of PSM = 1/2" for every online algorithm (see formal proof in Claim B.4). This motivates choosing
a different measure of performance in combinatorial settings. In particular, for this example, the
algorithm that always selects the first box for each pair guarantees good expected ratio. Indeed,
by Jensen’s Inequality (see Appendix C), we have

[ALG] N ~
OPT| " E [Zie[n] max{wy ;, wy;}| 3n
Note that this algorithm also guarantees ALG > (% — ¢) - OPT with high probability.

n

| =

w

2
3"

Combining that EoR and PSM are equivalent in single-choice settings for worst-case instances
and that PSM is unachievable beyond single-choice supports the conclusion that EoR is the “right”
alternative to the PSM in combinatorial settings. In Appendix E, we discuss other possible exten-
sions of PSM and show their shortcomings in combinatorial settings.

Another possible interpretation of the EoR is that of a cardinal version of the PSM that
guarantees to approximate the ex-post optimum with reasonable probability. More precisely,
in Appendix B, we provide a series of claims (Claim B.1, Claim B.2, and Claim B.3), which
establish that our definition of EoR (in contrast to the RoE) guarantees the best-we-can-hope-for
when comparing to the ex-post optimum. More specifically, Claim B.1 shows that a “good” (i.e.,
relatively high constant) EoR directly implies that we attain a constant fraction of the optimum
with constant probability. Moreover, as shown in Claim B.2 and Claim B.3, no (qualitatively) better
bi-criteria approximation can be achieved; there exist simple feasibility constraint-distribution
pairs for which either no constant approximation to the maximum is possible with high probabil-
ity or no near-optimal approximation to the maximum can be attained with constant probability.
Therefore, settling for a constant of the ex-post optimum with constant probability (which is
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guaranteed by having a constant EoR) is the best we can hope for. Moreover, instead of aiming
directly for such bi-criteria results, our main goal in this article is to suggest a natural alternative
performance measure and present its properties and insights it provides.

We further investigate how the notions of the ratio of expectations and the expectation of ratio
are connected to each other. As a first step, we illustrate the behavior of algorithms trying to
maximize the EoR and RoE and show that one does not imply the other even in a single-choice
setting. First, Example 1.2 shows that an algorithm achieving a constant RoE is not necessarily
constant competitive in the EoR sense.

Example 1.2. Consider a setting with two boxes. The first box’s weight w; is deterministically 1,
and the second box’s weight w is 0 with probability 1 — ¢ and 22 with probability &, for £ € (0, 1)
(see Figure 2).

The canonical 1/2-competitive (and tight) RoE algorithm for the single-choice problem is that
of setting a single threshold 7 := E[OPT] /2 = E [max {w;,w2}]/2=(1 -+ 1+2¢)/2=1+¢/2
and accepting the first box whose weight exceeds 7. We now analyze the performance of such
algorithm, measured according to EoR:

ALG 0 (1+2¢e)/e

E[ﬁ]z(l"‘g)i” (A+20/e

since the algorithm would only accept if the value is at least 1 + £/2, which only happens if the
second box realization is (1 + 2¢)/¢. This algorithm has no EoR guarantee, since ¢ can be arbitrarily
small.

Second, Example 1.3 shows that an algorithm achieving a constant EoR is not necessarily con-
stant competitive in the RoE sense.

Example 1.3. Consider a setting with two boxes, one with a weight w; = 1 deterministically,
and the second with a weight w,, which is £* with probability 1 — ¢ and 1/¢* with probability ¢, for
€ € (0,1) (see Figure 3).

The algorithm that always selects the first box achieves E[%] =(1-¢)- % +é€- 1/% >1-c
On the contrary, E[ALG] = 1 and E[OPT]| =1—-¢ + % > % Thus,
E [ALG] 1

<—=c¢
E[OPT] 1/¢
As ¢ can be arbitrarily small, this algorithm does not guarantee a constant RoE.

The aforementioned examples demonstrate that algorithms exhibiting a constant guarantee for
one performance measure (such as the optimal RoE algorithm, which gives a guarantee of 1/2
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for any instance) might fail miserably in some instances for the other performance measure. This
motivates us to deeper understand whether, and for which settings, a good algorithm for RoE can
be transformed to a good algorithm for EoR and vice versa. The guiding question of this article
is, therefore,

What is the relation between RoE and EoR?

1.1  Our Contribution

As a motivation for our study, in Appendix A, we show the equivalence under worst-case instances
between PSM and EoR in the single-choice setting. We present two proofs for this equivalence;
one is an adaptation of the worst-case example for the PSM measure by Esfandiari et al. [28]. The
second proof'is based on the observation that for each product distribution, we can construct a new
product distribution for which the EoR is arbitrarily close to the PSM of the original distribution.

Our main results establish two reductions between EoR and RoE. In particular, we show that for
every downward-closed feasibility constraint, RoE and EoR are at most a multiplicative constant
factor apart in the worst-case (see Sections 3 and 4). For the following informal statements of the
three main results, we first introduce some basic notation. We use RoE(¥) (similarly EoR(¥F)) to
denote the ratio between the performance of the best algorithm against the offline optimum on
the worst-case distribution, given a family of feasibility constraints . Note that, in principle, we
expect the worst-case distributions to be different for the two measures. In the second and third
statements, we use the stronger notions of RoE(¥, D) and EoR(7, D). Here, the ratio expresses the
guarantee of the best algorithm against the offline optimum on the specific constraint-distribution
pair (¥, D). This means that the input now consists not only of a family ¥, but also of a product
(i-e., the distributions of the elements’ weights are independent) distribution D.

THEOREM (EQUIVALENCE BETWEEN ROE AND EOR, COROLLARY 4.2). For every downward-closed
family of feasibility constraints F, it holds that

RoE(F)

EoR(F)

In the next result, we show that the EoR is a stronger benchmark than the RoE in the sense that,

for every instance composed of a feasibility constraint and a product distribution, the RoE is at
least a constant of the EoR.

€ 0(1).

THEOREM (EOR TO ROE REDUCTION, THEOREM 4.1). For every downward-closed family of feasi-
bility constraints ¥ and a product distribution D, it holds that

RoE(¥,D) > %.

We complement this by showing that the parallel result cannot be achieved in the other direction
(i.e., from RoE to EoR).

THEOREM (ROE TO EOR IMPOSSIBILITY, COROLLARY 5.1). For every e > 0, there exist a feasibility
constraint & and a product distribution D in which EoR(¥, D) < ¢ and RoE(¥, D) € Q(1).

1.2 Our Techniques

A key ingredient of our proof is a distinction between cases where the contribution to the value of
the prophet comes from a large number of boxes and cases where the contribution mainly comes
from a small set of boxes. If we are in the latter case, then one can just run a simple threshold strat-
egy and have a good guarantee. Otherwise, we use our second key ingredient, which is analyzing
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the structure of the offline optimum function (value of the prophet) in the event that the thresh-
old algorithm does not have a good enough guarantee. In particular, we show that, under such
event, the normalized offline optimum function is self-bounding (see Definition 2.3) and, therefore,
well-concentrated [11]. Our Proposition 2.1 and Proposition D.1 generalize claims about the self-
bounding property of normalized offline optima shown in References [9, 56] (see Appendix D.2 for
further discussion).

Feasibility-based reduction: RoE(¥) vs. EOR(¥). To prove that the EoR(¥) is at least a constant
times RoE(¥), we first calculate the threshold for which the maximal value exceeds it with prob-
ability of half. We use this to perform a tail-core split: Intuitively, if the expected offline optimum
is not too large (i.e., close to the threshold), then our algorithm tries to catch a “superstar” (i.e.,
the first element with a weight above the threshold). To simplify our analysis, we count only the
gain in the cases where exactly one such element is realized (the tail event). This happens with
constant probability, and since the expected offline optimum is relatively small, we always get a
good fraction of it by picking this unique element.

When, instead, the expected offline optimum is large (i.e., far from the threshold), we run a
constant competitive RoE algorithm in a black-box fashion. As already pointed out, an algorithm
with constant RoE does not necessarily achieve any guarantee for EoR. We overcome this obstacle
through our case distinction and the self-bounding properties we show for the optimum. In par-
ticular, we upper bound the value of the offline optimum with high enough probability and lower
bound the RoE algorithm expected value conditioned on the optimum not being too large.

An immediate corollary of our result and Reference [50] is that, for downward-closed feasibility
constraints, the EoR is in Q(Mg+n). However, we prove a much stronger result: For every specific

feasibility constraint, the EoR is a constant away from the RoE (which implies trivially the former
assertion). In particular, if for some feasibility constraint the RoE is Q(m), then our result

shows that the EoR is approximately the same (and not that it is just bounded by Q(log+n)).

Instance-based reduction: RoE(7, D) vs. EoR(7, D). For the other direction, we show a stronger
result in that, for every instance (a feasibility constraint, and a product distribution), the RoE is at
least a constant fraction of the EoR.

To achieve this result, we show that either the original EoR algorithm achieves up to a constant
the same RoE guarantee or that the simple threshold algorithm that achieves half of the expectation
of the maximal element guarantees a good RoE.

We remark that both our reductions are constructive: We could interpret them as using an RoE
algorithm black-box to design an EoR one and vice versa. Further extensions and implications
(XOS objectives, unknown prior, different assumptions on the arrival order, etc.) are discussed in
Section 6.

1.3 Related Work

For early work on prophet inequalities, starting from the classic model and some of its most impor-
tant variants, we refer the reader to the comprehensive survey of Hill and Kertz [38]. The topic of
prophet inequalities has recently regained strong interest, primarily among researchers in theoret-
ical computer science, due to its connections to (algorithmic) mechanism design and, in particular,
posted price mechanisms [14, 18, 36, 43]. The surveys of Correa et al. [17] and Lucier [46] provide
detailed overviews of recent results in prophet inequalities and their connections to mechanism
design, respectively.

This recent surge of interest has given rise to a stream of work, extending the classic prophet
inequality to more general objective functions beyond single-choice (including submodular [15],
XOS [31] and monotone subadditive functions [51]), different assumptions on the arrival order,
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and rich combinatorial feasibility constraints. Among the latter, some notable results include k-
uniform matroid [2, 36, 40], matching [3, 29, 31, 35], general matroid or knapsack [14, 23, 26, 32, 43],
and polymatroid constraints [25]. Among the most general environments considered (in which
non-trivial positive results can be achieved) are arbitrary downward-closed feasibility constraints
[50, 51]. Combined with our framework, these results immediately give corresponding (lower and
upper) bounds on the EoR. Note that Reference [50] also considers non-downward-closed feasibil-
ity constraints but shows that it is impossible to achieve an RoE larger than O(1/n).

One of our goals in this article is to go beyond the traditional measure of performance in prophet
inequalities, i.e., the ratio of expectations, and understand how natural alternatives perform in a
wide range of scenarios. While the EoR measure has not been studied before in the context of
prophet inequalities, Garg et al. [33] considered it for Bayesian cost minimization problems, such
as the Online Stochastic Steiner tree problem, where they show an upper bound of O(loglog n)
on the gap between RoE and EoR: Whether this gap is constant is an open question up to this
day. Furthermore, Hartline and Johnsen [37, Appendix A.1] study a similar notion to the EoR and
compare it to the RoE in the context of prior independent mechanism design. Their goal is to
measure the performance of an algorithm without knowledge of the input distribution against the
best algorithm with full distributional knowledge.

In the prophet inequalities literature, a common underlying assumption is that the decision-
maker has full knowledge of the distributions from where the values of the arriving elements are
drawn. This is arguably a strong assumption in many practical applications; therefore, a parallel
line of work has focused on settings where the distributions are unknown, but a limited number of
samples from these distributions is available to the decision-maker. Azar et al. [6] pioneered this
idea and showed positive results in several combinatorial settings. In fact, in the classic prophet
inequality, just a single sample from each distribution suffices to recover the tight result with full
distributional knowledge [52]. Similar insights are obtained when the distributions are identical;
this problem was initially studied by Correa et al. [21] and subsequently improved several times
[16, 20, 22, 41, 52]. Azar et al. [6], Caramanis et al. [13], Kaplan et al. [41] extended the single-
sample framework (which can be viewed as the minimum amount of available information) to
several combinatorial problems.

Directly related to prophet inequalities, a limited number of recent papers consider differ-
ent performance metrics; we can loosely divide them into two main categories. In the first one
[5, 12, 24, 30, 47, 49], the goal is to compare against the computationally unbounded optimal online
policy. Similar in spirit is the work of Reference [1], where the decision-maker can choose the order-
ing of the elements, and the main question is whether finding the optimal ordering can be done in
polynomial time. In general, given an online Bayesian selection problem, the natural questions are
whether it is hard to compute an optimal solution and, if that is the case, how well can we approxi-
mate this benchmark with polynomial-time algorithms. The second group of papers [20, 28, 30, 48]
studies single-choice problems with the goal of maximizing the probability of picking the element
with the highest value. Note that this is the objective of the secretary problem, but in problems
with stochastic input (as is the case in prophet inequalities), i.e., where elements are generated
from distributions. Alternative measures of performance have also been proposed to capture the
behavior of biased (as opposed to rational) agents [42] or to address fairness considerations [19].

2 Preliminaries
2.1 Model and Notation

We consider a setting where there is a ground set of elements E, and each element e € E is
associated with a non-negative weight w, ~ D,. We assume that the distributions have no point
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masses,! and we denote by D = X.cgD. the product distribution. The elements are presented
with their weights in an online fashion to a decision-maker who needs to decide immediately
and irrevocably whether to accept the current element or not. The decision-maker must ensure
that the set of selected elements belongs to a predefined family of downward-closed feasibility
constraints 7 at all times. The goal of the decision-maker is to maximize the weight of the
selected set. We make use of the following definitions and notations:

Definition 2.1. Let w € Rleo‘ be a non-negative weight vector. We define OPT : Rleol — ¥ to be
the function mapping a vector of weights to a maximum-weight set in family . Namely,

OPT(w) = m .
() = rgmae ) v

eeS

Moreover, we abuse notation of vector w and use w(S) to denote the sum of weights in set S, i.e.,

w(S) = Z We.

ecS

Definition 2.2. Given a downward-closed family of feasible sets ¥, we define f# : Rleol — Rto
be the function that, given a weight vector w, returns the maximal weight of a feasible set in 7,
ie., fr(w) := w(OPT(w)). When clear from context, we omit ¥ and use f instead of fi#.

Given an online algorithm ALG, we denote the (possibly random) set chosen by it given an input
w by ALG(w). We will denote by aa c(w) := w(ALG(w)) the weight of the feasible set chosen by
the algorithm for a specific realization w, and when clear from context, we omit ALG from the
notation and use a(w) instead of ap g(w). Our objective is to design algorithms that maximize the
expected ratio between what the online algorithm gets and the weight of the offline optimum. To
measure our performance, given a downward-closed family ¥, a product distribution D, and an
algorithm ALG, we define
EoR(F. D, ALG) := E [M] ,
fw)
where the expectation runs over the stochastic generation of the input as well as the (possible)
randomness of the algorithm. Similarly, we define

EoR(¥, D) := sup EoR(¥, D, ALG), (1)
ALG
and
EoR(¥F) := irg)f EoR(¥, D). (2)

We will compare our results to the standard objective of maximizing the ratio of expectations
between the algorithm and the offline optimum. Accordingly, we denote
E [w(ALG(w))]
E[f(w)]
The final benchmark we will compare our results to is the probability of selecting an optimal
(offline) set, defined by

RoE(F, D, ALG) :=

PSM(¥, D, ALG) := Pr [w(ALG(w)) = f(w)].
Analogously to Equations (1), and (2), we define RoE(¥, D), RoE(¥), PSM(F, D), and PSM(¥).

!We assume that there are no point masses for simplicity of presentation. All of our theorems can be adjusted to the case
where there are point masses.
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2.2 Structural Properties

As a first step before stating and proving the main results, we derive several properties of f that
may be of interest beyond this article. The main technical tool that we use throughout to guaran-
tee only a constant-factor loss in the reduction is the self-bounding property of the (normalized)
offline optimum. Since this property resembles a “smoothness” condition when removing one of
the coordinates of the input vector, we can only prove it if we restrict the support of the weights.

Definition 2.3 (Self-bounding Functions). Let x := (x1,...,x,) be a vector of independent random
variables and X the corresponding product space. Similarly, let xD = (Xq, 0 X1, Xid s - oy Xn)
be the same vector deprived of the ith coordinate and X the corresponding product space. A
function g : X — R is said to be self-bounding if there exists a series of functions {g; : X!} —
R}i<i<n, such that:

Vi:0 < g(x) —g,-(x(i)) <1,
and Z (g(x) —g,-(xm)) < g(x).

i€[n]
PROPOSITION 2.1 (PROPERTIES OF f). For every downward-closed family of sets ¥, the function
f (= f#) satisfies the following properties:
(1) f is 1-Lipschitz.
(2) f is monotone, i.e., ifu > v point-wise, then f(u) > f(v).
(3) For every T > 0, the function f /7 restricted to the domain [0, 7]'F! is self-bounding.

PrOOF. Let u,v € RLEO‘ be nonnegative weight vectors and OPT(u), OPT(v) be, respectively,

their optimal feasible subset.
(1) Lipschitz. We assume, without loss of generality, that f(u) > f(v). Then,

| f@)-f0)| = f-f(v)

=D wem )
e€OPT(u) ecOPT(v)

< Z Ue — Z Ve
e€OPT(u) ec€OPT(u)

< D lue-ve|
ecOPT(u)

< D lue—vl = llu-woll,
ecE

where the first inequality is by Definition 2.1. We conclude that f is 1-Lipschitz.
(2) Monotonicity. Let u, v be two vectors such that o < u component-wise. It holds that

f(v) = v(OPT(v)) < u(OPT(v)) < u(OPT(u)) = f(u),

where the first inequality is by our assumption that u > v, and the second inequality is by
the definition of OPT.

(3) Self-boundedness. For every element e € E, we define w© = (Wi, ooy Wet,
We+1, - - - » Wig|) to be the weight vector w deprived of eth coordinate and f, : leol_l — R
to be the function f that takes as input a weight vector w'® and apply f to the vector
(w'®), w, = 0). Thus, f/7 in the range of [0, 7]* is self-bounding since:

— The first condition of Definition 2.3 that 0 < %f(w) - %fe(w(e)) < 1 is satisfied by mono-
tonicity, the 1-Lipschitzness, and the fact that w, is restricted to the range of [0, r].
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7:10 T. Ezra et al.

— The second condition of Definition 2.3 holds, since

PN LR ) B W C RS ) EETD SRR Y )
ecE T T ecOPT(w) r T r ecOPT(w) r

where the first equality derives from the fact that if e ¢ OPT(w), then f(w) — f.(w'®)) = 0,
the inequality is by the 1-Lipschitzness, and the last equality is by the definition of f.

This concludes the proof. ]

In Appendix D.2, we generalize the above proposition to arbitrary (extended) XOS functions.
The main attribute of self-bounding functions that we will use is the following inequality:

THEOREM 2.1 (BLM INEQUALITY [10]). For a self-bounding function g : X — R, it holds that:
22
For every z > 0, Pr{g(x) > E[g(x)] +z] < ¢ T

22

For every z < E[g(x)], Pr[g(x) < E[g(x)] —z] < e &),

Given a distribution D and an event I, we denote by D|; the conditional distribution of D condi-
tioned on event I.

3 From RoE to EoR: Feasibility-based Reduction

Before presenting our reduction from RoE to EoR, we start with a few definitions and observations.
We defer their proofs, as well as other auxiliary claims, to Appendix C. Fixing a parameter y € (0, 1),
we define the threshold 7 given a set of elements E with corresponding distributions {De }ccE, to
be such that

Pr

T > maxwe] =y. (3)
ecE

Such a 7 exists and is unique for every y, since we assume that there are no point masses. For
every e € E, we denote by D, the distribution D/, <;, as per the 7 defined in Equation (3). This
is well defined, since y > 0, and, therefore, the probability that w, < 7 is at least y > 0. Given a

realization of w, let w € Rleol be the weight vector determined by the following process: For each
e, if we < 7, then w, = wg; otherwise, let w, be a fresh (independent) draw from D,. Note that the
distribution of w is a product distribution, where for each e € E, w, is distributed according to D,.
We next define the two events that we will use in our analysis.
Definition 3.1. Let us define the following events:
(1) Core. &y :={Ve € E: w, < 7}
(2) Tail. &; := {Fle € E : w, > 7},
where the symbol “3!” signifies the existence of a unique such element.

The next observation enables us to flexibly change whenever needed from conditioning on &
to working directly with the truncated distribution and vice versa.

OBSERVATION 3.1. The distribution D is identical to the distribution D conditioned on event &;.
We are now ready to present our reduction from RoE to EoR.

THEOREM 3.1. For every downward-closed family of feasibility constraints , it holds that
RoE(F)

EoR(F) > ———. )
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ALGORITHM 1: RoE-to-EoR
Data: Ground set E, distributions D, feasibility family ¥, a subroutine ALGRog
Parameters: y € (0,1), ¢ > 0
Assumption: ALGR.E satisfies E [aALGRoE (w) | 80] >a-E[f(w)] Eo]
Result: Subset ALG(w) C E such that ALG(w) € ¥
Calculate 7 according to Equation (3);
Calculate W := E [f(w)];
if W <c-7then
Return the first element e* € E such that we+ > 13
If no such element exists, return 0;

else
As long as we < 7 run ALGRop(w);

If we > 7, reject all remaining elements;
end

Note that in the reduction of Algorithm 1, part of the input is a subroutine ALGgo that
has an RoE at least as large as . The condition on the event &, just means that all we need
to know is that this a-guarantee holds when all weights are below the chosen threshold .
Starting from ALGger, we design an algorithm that uses ALGgop as a black box in one of the
two cases and achieves an EoR, which is at most a multiplicative constant factor away from
the RoE.

To prove Theorem 3.1, by the definition of RoE(¥), we will assume the existence of an algorithm
ALGRgoE that satisfies:

Ew-p [aALGROE(w) | 80] =E- 5 [aALGRoE(w)]
>a-Eg 5lfwW)]=a-Ew.p[f(w)]&El, (5)

where the equalities hold by Observation 3.1. Our analysis distinguishes between two cases ac-
cording to whether W := E[f(w)] < ¢ - 7. Lemma 3.1 analyzes the case where W < ¢ - r and
Lemma 3.2 the case where W > ¢ - 7. In the remainder, for ease of notation, we use a(w) instead

of GALGp,e (W)-

LeEMMA 3.1 (“CATCH THE SUPERSTAR”). For all constants§ > 2,k > 3 andc > g log § ifW<ecr,
then Algorithm 1 satisfies

a(w) ylog(1/y)
E [f(w)] > | ©)

c+1
Proor. In this scenario, we know that Algorithm 1 will select the first element e € E such that
we > 7, which we denote by e*. It may happen that no such element exists, in which case the
algorithm gets a contribution of 0. However, by Claim C.5 (deferred to Appendix C), Pr[&;] >
v log (1/y). Then, conditioned on this event, Algorithm 1 surely (with probability 1) selects e*, and
we have

a(w) Wer

fw)  — we + f(w)

(7

T+ f(w)’
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7:12 T. Ezra et al.

where the first inequality follows from Claim C.4 (deferred to Appendix C) and the second by
observing that, since w, > 7, the ratio is minimized when w, = 7. Hence, we get that

a(w)] CE [a(w)
fw)| — [ f(w)

>E

E

81] -Pr{&4]

] -y log(1/y)

4 ylog(1/y)
> —— -ylog(1 >—° 7
2 — gy rlee(/y) 2 —==—.
where the first inequality is by the law of total expectation, the second follows from Equation (7)
and Claim C.5, the third is by Jensen’s inequality (see Claim C.2), and the last inequality is due to

our assumption that W < c - 7. O

T+ f(w)

In the following, Lemma 3.2, Claim 3.1, and Claim 3.2 are mainly dedicated to expressing the
expected ratio through various manipulations in a convenient form, such that the concentration
property of the offline optimum (see Theorem 2.1) can be repeatedly applied.

LeEMMA 3.2 (“RuN THE COMBINATORIAL ALGORITHM”). For all constants § > 2,k > 3, and ¢ >
% log S, then Algorithm 1 satisfies

a. (8)

To prove Lemma 3.2, we will make use of the two following claims:

Craim 3.1. For all constants § > 2,k > 3 andc¢ > %log §, if W > ¢ -, then we have

Prf(w) > 6W | &] < %

Proor. By Theorem 2.1, choosing z = % (6 —1) W, we have

w oW (5-1)2 (5-1)% a
Pr [f(W) > oW | 80] = Pr —f( ) > — 80] < e_34+215 % < e_s4+215 ¢ < E’
T
since W > ¢ - 7 by assumption, and since ¢ > % log § > 3(4(;'_2;5)2 log g m|

CramM 3.2. For all constants§ > 2,k > 3, andc > & log § if W > ¢ -1, then we have

6-1

E [a(w) ‘ f(W) < 5W, 80 > (1 - T) aW.

Proor. We know that

a-W<E [a(w) 80] =E >a(w) f(w) < 5W,80< “Prf(w) < W | &l

+E |a(w) ‘ f(w) > W, 80] Pr[f(w) > W | &]

<E 7a(w) f(w) < 6w, 807

+E| f(w)| fw) > 5w, &| - pr [f(w) > 6W | &, )

where the first inequality is by Equation (5), the equality is by the Law of Total Expectation, and
the second inequality is since a probability is bounded by 1, and a(w) < f(w).
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Next, we show that

Pr[f(w) > W | & -E[f(w) | f(w) > W, E]
1
Pr(f(w) > 6W | &l |

:/mPr[f(w)>z|S(J]dz:/DO Pr[f(w) > W + z | &ldz
SW 6-nyw

® €)) 8/
:/ [f(w) > (W+ z) dz < / e oW/rwez/t dz
( s-nw

s-nw
@ /"" 351 z 4+25 612w (3) 4+26 I
" Je-yw

=Pr[f(w) > W | ] - 5:: Pr[f(w) > z | Eldz

Eo

e 4+25 rdz— 4426 T — We 4+26

36-1) ¢ S 3G -1

?@-n%w. (10)

Here, (1) follows from applying Theorem 2.1, (2) from noticing that W < z/(6 — 1) within the
integral limits, (3) from the fact that W > ¢ - 7, (4) since ¢ > 2 log > 3?(;2;5)1 log §

Combining Equations (9) and (10), we get

E [a(w) f(w) <6W, &

>15_1 w
= k()l,

which concludes the proof of the claim. O

ProoF oF LEMMA 3.2. We conservatively assume that if there is at least one element with a
weight exceeding 7, then the contribution of the algorithm is 0. By Claim C.5, Pr[&¢] = y. We
then have that:

eI
w

50] - Pr[&]

aw)
=E [f(w)

E [a(w) | f(w) < OW. &]
- W

= W (1=Pr[f(w)> W | &l -Ela(w) | f(w) < W, &E]. (11)

We bound Pr [ f(w) > SW | ] from above in Claim 3.1 and E [a(w) | f(w) < W, E] from below
in Claim 3.2.
Combining Equation (11) with Claim 3.1 and Claim 3.2, we get that

a(w) 4 a -1 yk=296
E[f(w) (“;)(“T)“-ST“

which concludes the proof. O

‘f(w) < oW, 80] -Pr{f(w) < W | &) - Pr(&o]

~(1=Pr[f(w) > W | &l) -y

To complete the proof of Theorem 3.1, we need to carefully choose the parameters of the pre-
vious claims and lemmas (including the threshold of Equation 3, used for the case distinction and
beyond) so the multiplicative loss from the two cases balances to a (relatively good) constant.

Proor oF THEOREM 3.1. If « = RoE(¥), then there exists an algorithm ALGgog that satisfies
Equation (5). Algorithm 1 guarantees the minimum between the expected competitive ratios of
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ALGORITHM 2: EoR-to-RoE
Data: Ground set E, distributions D, feasibility family ¥, a subroutine ALGgor
Assumption: ALGg r(w) satisfies that E,, ~p [aAchoR(W)/f(W)] =a
Result: Subset ALG(w) C E such that ALG(w) € ¥
Let A:= E,,~p[maxecg wel;
if A> a-E, .p[f(w)]/34 then
Return the first element e* € E such that we+ >
If no such element exists, return 0;

A
2!

else
| Run ALGgor(w);
end

Lemma 3.1 and Lemma 3.2. Since the only parameter we do not control is «, as it depends on the
feasibility structure ¥, we choose y = 1/2,0 = 2,k =3,¢ = %log % and we get

%logz a}_a

EoR > min{ ————, — = —.
510ga+1 12 12

This concludes the proof of the theorem. ]

4 From EoR to RoE: Instance-based Reduction

In this section, we show an instance-based reduction from EoR to RoE. Unlike Theorem 3.1, our
next result shows that the RoE is always at least a constant fraction of the EoR for every pair of
(downward-closed) feasibility constraint # and product distribution D. We will assume the exis-
tence of an algorithm ALGgor(w) that satisfies E,y~plaaLce,(W)/f(w)] = a. For ease of notation,
we denote the value of Algorithm 2 on w by a(w).

THEOREM 4.1. For every downward-closed family of feasibility constraints F and every product
distribution D, it holds that
EoR(¥, D) ' (12)
68
Before proceeding with the proof of the above theorem, we show the following claim, which
will prove useful in the remainder. To this end, let w, = w, - 1,,, <24, for every e € E, let D;, be the
distribution of w, and let D’ be their product distribution.

Ew-plf(w)]
34 -

RoE(¥,D) >

Cram 4.1. It holds that Ey.p|Y.ccg We — Wi < 2a -
Proor. Let event B, = {we < 2A, Ve’ # e}. We have that

’
Z We — W, Z We * 1we>2A Z We * 1we>2A : 1BE

ecE ecE ecE

E =E <2-E < 24, (13)

where the first inequality follows from noting that (1) B, is independent of the realization of we,
and (2) Pr[B.] > %, since Pr[B.] > Pr[max.cg we < 2A] and by applying Markov’s Inequality on
random variable max.cg w.. The second inequality follows from the fact that we are accounting
for selecting the maximum only when there is a unique element whose weight exceeds 2A (which
is at most the expected maximum). The claim then holds by combining the last inequality and the

assumption on A from being in this case. ]

PrROOF OF THEOREM 4.1. Let@ = EoR(¥, D), andlet A = E,,.p[max.cr w] (as per Algorithm 2’s
pseudocode). Our algorithm has two cases, depending on the value of A.
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In the first case, A > « - w: Algorithm 2 sets a threshold of % and selects the first element
that exceeds it. The algorithm achieves

E[a(w)] > ? >a- E[];(gw)],

where the first inequality follows by the Prophet Inequality [53] and the last from the assumption
on A in this case.

Otherwise, we have that A < « - IM

in which case Algorithm 2 simply runs the ALGgqr
f ( )

subroutine as a blackbox. By Proposmon 2.1, the function is self-bounding in the domain

[0,2A]'El. Let Q = Ex=o O] 1 ol ds that
Ew-p[f(W)] _ 34-Ewerr[f()

Q=—""5 2¢ Ey ol f(0)]
17 - Byop[f(w)] —24) 17 (. 2a\ 16
2 T Eyolfw] @ (1 34) 3 (14

where the first and third inequalities follow simply by using A < « - w. The second inequality
follows by Claim 4.1, by Lipschitzness of f, Inequality (13), and the value of A. The last inequality
is since o < 1. We, therefore, have that

fw) _

08D e @ (15)
o 2A 2 -2

2

where the first inequality follows from Theorem 2.1, and the last inequality is by the identity
e* <1/xforallx > 0.Let V = E,.p[f(w)], then it holds that

V _ Ewplfn] =24 Bw-plfW)l_ (16)

4 = 2 - 2
where the first inequality is by using A < a- EV(W) , and the second inequality is again by Claim 4.1,
by Lipschitzness of f, Inequality (13), and the value of A. Thus,
(

< Pr[fw) < Q- Al 'S

- 17)

Pt [f(W) < %

0| R

where the first inequality holds, since f is monotone, since w’ < w component-wise, and since, by
Equation (16), % < Q- A We next bound E,, . p| a(w) | f(w) > ] By definition of «, it holds that

f(w)
a2
e | Fot | f0) < | [f(w) < H
B ;’f(‘;)) fonz 2| e [f(w) 27
cxn g2l
By rearranging, we get that
el s
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This implies that

Ey-pla(w)] 14 V] 1
> w2l s > |- > .=
RoE(F, D) > =2 > By la(w) | fn) 2 = | Pr[fn = = |-
a- ay 1 o4
z—'(l——).—z—,
8 2/ V16
where the third inequality holds by Equation (17) and Equation (18), and the last inequality is since
a < 1. This concludes the proof. O

An immediate corollary of Theorem 4.1 is:

COROLLARY 4.1. For every downward-closed family of feasibility constraints ¥ it holds that
EoR
RoE(F) > ——= ° (7:)

The above corollary and Theorem 3.1 imply

COROLLARY 4.2. For every downward-closed family of feasibility constraints F, it holds that
RoE(F)
EoR(F)

€ 0(1).

5 From RoE to EoR: an Impossibility of Instance-based Reduction

In this section, we show that an instance-based reduction from RoE to EoR is unachievable. This
is in contrast to the reduction of Theorem 4.1 from EoR to RoE. In particular, we show that there
are a feasibility constraint ¥ and a product distribution D for which RoE(#, D) is constant but
EoR(¥, D) is sub-constant. We show this using the following stronger claim:

PROPOSITION 5.1. For every feasibility constraint ¥ there exists a product distribution D such that
EoR(F, D) € O(RoE(F)) while RoE(F, D) € Q(1).

Proor. Let RoE(F) = x. By definition of RoE(¥) as an infimum over all product distributions
D, there exists a product distribution D such that RoE(¥, D) < 6:;‘ We now consider the product
distribution D’ constructed from leaving all elements’ distributions unaltered but modifying the
distribution D,+ of an arbitrary element e* into D/,. as follows: Consider the random variable w,-

representing the weight of element e* and let

E
W o= 4 EAZecEWel
X

where X ~ Bernoulli(x). It is easy to see that RoE(#,D’) > 3, since the algorithm that always se-
lects element e* obtains E[w’.] > E[},cr W, ], while the prophet can achieve at most 2-E[, ¢ we.
To conclude, we have that
EoR(F,D’) < Pr[X = 1] - 1 + Pr[X = 0] - EoR(F, D)
< x+ EoR(F,D) < x + 68 - RoE(F, D) < 70x,

where the first inequality above derives from the fact that, if the Bernoulli random variable X is 1,
then we upper bound the algorithm’s performance by that of the optimum; otherwise, we upper
bound the performance by EoR(F, D), the third inequality follows from Theorem 4.1, and the last
by recalling that RoE(F, D) < £X. ]

- 68

We know by the example presented in Appendix B of Reference [50] that is based on an example
from Reference [7] for a different setting that there exists a feasibility constraint with n elements
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such that RoE(F) € O(lolg0 {go(i()" )). Combining Proposition 5.1 with this example for large enough n

implies that:
COROLLARY 5.1. For every € > 0, there exist a feasibility constraint ¥ and a product distribution
D in which EoR(7, D) < € and RoE(¥, D) € Q(1).

6 Discussion

In this article, we studied the performance of combinatorial prophet inequalities via the expected
ratio (EoR). We focus on its connections to the standard measure of performance in the literature,
i.e., the ratio of expectations (RoE). We establish that, for every downward-closed feasibility con-
straint, the gap between RoE(¥) and EoR(¥) is at most a constant. Moreover, we show that the
EoR is an even stronger benchmark in the sense that RoE(#, D) is at least a constant of EoR(7, D)
but not vice versa.

We want to remark that Algorithm 1 and Algorithm 2 are constructive ways to prove The-
orem 3.1 and Theorem 4.1. For example, the purpose of Algorithm 1 is to show that for every
family of feasibility constraints #, EoR(¥) > RoE(¥)/12. For @ = RoE(¥), by definition of
RoE(F), there exists an algorithm that satisfies the assumption made in the algorithm, and for the
proof of the theorem, this can be used to show an existence of an algorithm with EoR(F) > «/12.
Therefore, the assumption simply restates the starting point of the reduction of Theorem 3.1.

In the remainder of this section, we state some remarks and discuss extensions that follow from
our proofs and techniques.

Arrival order. We first note that our results hold for any arrival order of the elements, such as
random order [27], free order [57], or batch arrival order [29], since neither do our algorithms use
any knowledge of the order, nor do our results rely on any restricting assumptions on this.

Single-sample. We can also consider scenarios in which the decision-maker does not have full
knowledge of the distributions of the elements’ weights. In fact, our reductions can be adjusted
(with slightly worse constants) to scenarios in which the decision-maker has only a single sample
from each distribution (see Appendix D.1 for a formal discussion).

Extension to XOS functions. Our results extend beyond additive functions over downward-
closed feasibility constraints, namely, to extended-XOS functions (see Appendix D.2 for a
formal discussion). We generalize the optimum function (Definition 2.1) to be OPT(w) :=
arg maxgseg max;eps] (bi, ws), where wg € RIE! is the vector of elements weights in S (and 0 for
elements not in S), while each b; € RI!El is a vector of nonnegative coefficients. Similarly to the
additive case, we have that f(w) = max;¢[¢] (bi, ws). We can show that, by setting afj = bjj - 1jes,

SeF
f(w) can be expressed as f(w) = max;¢ (af, ws>. Moreover, the functions resulting from pro-
SeF
jecting all such f’s onto {0, 1}'F! not only are XOS but describe all XOS functions. We can now
run Algorithm 1 and perform the case distinction with the modified threshold z being such that

Pr [EIj € [IEI]] : w; > = y. With this at hand, the “catch the superstar” subroutine

becomes selecting the first element j with w; >

Faa ]
maXije[s] Qij

T
maX;e[s] ij’
rithm” remains unaltered (up to slight modifications, described in Appendix D.2). For Algorithm 2,
we redefine A := E[max; ; a;; - w;] and repeat a similar analysis to the one above. All in all, we lose
an additional max; ; a;; factor in the expected ratio of Theorem 3.1 and Theorem 4.1, and we get

that:

while the “run the combinatorial algo-

RoE EoR(F, D
EoR(#) > —ET) 14 RoE(F, D) > —RD)
12 - max; ; a;; 68 - max; ; a;j
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Other measures of performance. In this work, we study the expected ratio as our measure of
performance. Another natural performance measure is the expected inverse ratio. We now show
that such a measure may be unbounded even for the single-choice case. Let us consider again
Example 1.3 and denote by D the product distribution of the first and second box distributions.
Fix a (randomized) algorithm that selects the first element with probability p, and let a,(w) be its
performance on input w. Then, we have

EolR(¥) > EolR(F, D)

ZminED[f(w)
P ap(w)

2 2
ann(l—f)‘(f"%+(1—P)'£iz)+£-(p~—11€ +(1—p)._1§;

o 1—¢ 1—¢ 1 1 1
= min + - ——=1+4+2|p=z2-+1—-€>—,
p &2 &2 £ £ £

where both EolR(F), EoIR(F, D) are defined analogously to the other quantities in Equation 2.
Hereby, the second inequality holds, since the algorithm selects the second box (given it is re-
alized) with probability at most 1 — p, while the third inequality follows from setting p = 1
to minimize the expression. As ¢ can be made arbitrarily small, we have an unbounded EolR.
Note that, in Example 1.3, ﬁ is unbounded only for that specific algorithm, but we know that
there exists an algorithm with ﬁ < 2, while for EolR any algorithm gives an unbounded
ratio.

In spite of the above simple impossibility result in maximization problems, the same mea-
sure of performance could be of use when the decision-maker seeks to minimize a function sub-
ject to, e.g., covering constraints with stochastic inputs. As mentioned in Section 1.3, Garg et al.
[33] study the relation between RoE and EoR for minimization problems, such as Online Steiner
Tree and Traveling Salesman Problem with stochastic inputs. However, the EolR measure in this
setting remains unexplored. It would be interesting to understand whether the reductions pro-
vided in Sections 3 and 4 are generalizable to the minimization setting (both for the EoR and
the EolR).

Gap between EoR and RoE.. When RoE and EoR differ by a constant factor, we have shown that it
is possible to devise a policy that approximates both metrics. This allows for a “best of both worlds”
interpretation of our results, where even if the primary focus is RoE, the policy will also perform
well on the EoR metric. Despite the similarity between the benchmarks, it is not at all obvious
whether the maximal gap between RoE and EoR for prophet settings and every downward-closed
feasibility constraint would be constant (it is an open question whether this gap is constant in other
Bayesian settings [33]). In our feasibility-based reduction from RoE to EoR, we lose a constant of
1—12. Losing a constant is unavoidable already from the single-choice setting, where there is a (tight)
gap of % (since EoR = % and RoE = %). It would be interesting to study whether this is the worst
gap possible in all combinatorial settings. In the other direction (i.e., from EoR to RoE), the gap in
the reduction is also not tight; it is even possible that the RoE(¥) is at least the EoR(¥") for every
feasibility constraint ¥. However, we know that RoE(¥, D) can be smaller than EoR(¥, D) by a
factor of 2 by Example 1.2 and can be unboundedly larger than EoR(¥, D). Additionally, finding the
exact value of EoR(¥) for specific downward-closed constraints (e.g., matching, matroid, knapsack)
is an interesting open question.
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Appendices
A The Single-choice Case: PSM and EoR Are Equivalent

In this appendix, we will show that for the single-choice prophet inequality, the EoR is equivalent
to the PSM. The (tight) bound on the PSM of 1/e was already shown in Esfandiari et al. [28],
and Proposition A.1 shows that by similar arguments the EoR is also 1/e. On the one hand, it is
immediate to show that the EoR is at least the PSM. On the other hand, we show how to adapt the
tight example of the PSM to work also with respect to the EoR. Before proceeding, let us note that

in single-choice EoR = E[ "2 ], where wag is the value selected by the algorithm.

PROPOSITION A.1 (EOR-PSM EQUIVALENCE). In the single-choice prophet inequality (F = {S C
E | |S| < 1}), it holds that

EoR(F) = PSM(F).

Proor. The direction of EoR(F) > PSM(¥) is trivial, since, if we count only the cases when an
algorithm selects the maximum, then wa g/max.cg w. = 1, which happens with probability of at
least PSM(¥). The other direction follows by considering the following instance: for i € [|E|], let

0, wp. 1— ﬁ
ML wp. ﬁ

W1~D1=1,’Wi~Di= ,Vi> 1.

By Yao’s Minimax Principle [58], we assume without loss of generality that the best algorithm
(with respect to EoR) is a deterministic algorithm. Moreover, observe that any optimal algorithm
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can be assumed to never select zeroes and be history-independent. The latter is true, because either
the algorithm sees 0 (which should never be selected) or a value that is the maximum so far, and
thus, all the preceding values are irrelevant for both the algorithm and the optimum. Moreover,
for this instance, any deterministic, history-independent algorithm that does not select zeroes
can be described as selecting a value if and only if it belongs to a fixed subset of values S C
{1, M,. ..,M‘EH}. We now distinguish between two cases: If 1 € S, then EoR(ALG,D, ) <
1-(1- ﬁ)'El_l + ﬁ ~ %, where the approximation is since we can take arbitrarily large M and
|E|. If 1 ¢ S, then for every 0 < i < j, such that M* € S, and M’ ¢ S, the performance of the
algorithm improves by replacing S by S \ {M'} U {M/}. Repeating this argument, we get that S
can be described as {M’ | i > k}, for some constant k > 0, which means it can be described by a
single-threshold deterministic algorithm.

Note that if the algorithm picks a non-maximal element, then the EoR < 1/M, which tends
to 0 for M tending to infinity. This implies that any constant competitive algorithm (in terms of
expected ratio) has to select the maximum exactly. Let us now denote by p; the probability that
the maximum is selected, had the algorithm chosen threshold o = M i1 We have for all i > 1,

gl -

j=i k>i
k#j

pl.:pr[&zl

maXecfg We

1) 3 2

Jjzi k>i

where the first equality is since if the threshold of the algorithm is ¢ = M'~!, then ALG selects the

maximum if exactly one among (wj, . . ., w|g|) is not 0. We now simplify the above expression and
obtain
(1 1 )'E'—l : IE|—i+1 (1 1 )'E'—"
pri=[1-— and pj = ——— - |1 - — .
[E] L] [E|

We note that p; is a decreasing sequence and is maximized for i = 1. It holds that for every M, |E|,
EoR(F) < +; + p1, thus, when M, |E| are approaching infinity, we get that

1 1
EoR < 1l — + = -
°<7>—M,|}Eﬁim(M Pl) e

as desired. |

Below, we show an even stronger result for single-choice prophet. For a constant M > 0 and
a product distribution D of dimension n, we denote by MP the following product distribution: A
vector w is drawn from D, and the realized vector is then MY := (M™, ..., M™"). The next result
states that, for the single-choice feasibility constraint (¥ = {S C E | |S| < 1}), and every product
distribution D, PSM(¥, D) equals to the limit of EoR(F, MP), for M that goes to infinity.

PROPOSITION A.2. In the single-choice prophet inequality (F = {S C E | |S| < 1}), it holds that
Jim FoR(F, MP) = PSM(F, D).
Proor. Without loss of generality, let us assume that each distribution D, is defined over the

support Rs.. Furthermore, we discretize the support into e-sized bins and consider the distri-

bution Dy, resulting from the original distribution when each element in a given bin is asso-

ciated to the bin’s left endpoint. For each D, let us define distribution MP, whose support is
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{M" : w € support(D})}, to be the distribution obtained from drawing w, ~ D,, and raising M to
the power of w,. We observe that MP = X,cgMP, and has support U, {MW :wEsu pport(D;)}.

Suppose that ALG selects max,cg w, = M’ with probability PSM(¥, D). Note that for any s < t,
the ratio M*/M" < M~¢. We take M > 1/¢ and obtain

lim EoR(7, MP) < Jlim PSM(F, MP) + (1 = PSM(F, MP)) - M~¢ = PSM(F, D).
This concludes the proof. O

An alternative proof of Proposition A.1 follows immediately from Proposition A.2. This provides
an alternative proof to the fact that EoR and PSM are equivalent in the single-choice setting. Indeed,
we have

EoR(7) = inf lim EoR(7, MP) = inf PSM(F, D) = PSM(F).

B Implications of “Good” EoR

In this appendix, we formalize the discussion presented in the introduction, regarding the impli-
cations of a good EoR.

CramM B.1. For a (downward-closed) feasibility constraint ¥ and a product distribution D, if algo-
rithm ALG satisfies EOR(F, D, ALG) > «, then

Pr[a(w) > % : f(w)] > %
PROOF. Pr[a(w) > 2 f(w)] > EoR(¥) - Pr[a(w) < %f(w)] S22, O

Remark B.1. We remark that our RoE to EoR black-box reductions have stronger guarantees
than what Claim B.1 states. Indeed, Section 3 shows that with constant probability (as opposed to
a probability depending on «, and thus the feasibility constraint), an O(a) approximation of the
ex-post optimum can be achieved.

Craim B.2. Even in single-choice settings, no algorithm can select the maximum (or even any con-
stant approximation to the maximum) with probability larger than % (see Appendix A for details).

CrLaim B.3. For every constants c,e > 0, there exist a (downward-closed) feasibility constraint F
and a product distribution D for which EoR(F) is constant, and such that the probability that any
algorithm achieves better than (% + £)-approximation of the offline optimum is arbitrarily small. That
is,

Pr[a(w) > (g + 5) f(w)] < 5e_£an.

Proor. The proof of this claim derives directly from Example 1.1. Let us first show that the
expected ratio is constant (no matter what D is). This is indeed the case, because an algorithm that
selects either all the first elements or all the second elements of the pairs with probability % each
will achieve an EoR(F) > 3.

We now show the second part of the claim: By Chernoff bound, we have that
3—¢

2

_éln
<e ™

-n

s

Pr [ fw) <
since all boxes realizations are independent Bernoulli random variables and E[ f(w)] = %n. Let us
now consider any algorithm and define the following random variables: A is the number of times

the second box in each pair realized in a 2, while B; indicates whether or not the algorithm has
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selected the larger of the two boxes in the ith pair, and we denote B := ;¢ B;. It is easy to
verify that A is binomial and also B is, since B;’s are independent Bernoulli random variables, even
though A and B are dependent. We also observe that, by law of total probability,
3-¢ ]
-n
2

f.n]:pr[a(w» n'f(w><3_£-n]-Pr[f<w><
-n]-Pr[f(w)Z S_E-n]

2
2

2+ ¢

Pr [a(w) > 2t

<1
3—¢
2

2+¢

+Pr [a(w) > -n

fw) 2

<1

+¢€

£2n 2
<e 2 +Pr|A+B>

n

1_
A> g'n}.
2

Hereby, the last inequality derives from the fact that f(w) = n+ A, while a(w) =n+A—-(n—B) =
A + B. To bound the last term, we can write
1—¢ ]
n
2

2
+ Pr

2+
A> A+B> 28 al+pr|a<

+
Pr A+B>T€-n -n

g-n]SPr

2+ ¢
+ Pr|A >

n n

2+
SMP> £ A<

1—¢ ]
n
2

e2n
12

_etn .
< 2e Totie + ¢

£2n

<3e 2,

where the second step follows from the union bound. All in all, we can bound the probability that
2

any algorithm obtains a large overall value by Pr [a(w) > HTS . n] < 4e~% . Thus,

2 3-¢ 2+e¢
Pr[a(w)<(§+e)~f(w)] 21—Pr[f(w)< -nValw) > “n
FZVI an
>21—-e 12 —4e 12
an
>1-5 1z,
where the second step follows again from the union bound. ]

CraiM B.4. There exists a family of feasibility constraints & such that both RoE(7") and EoR(F)

are constants, but PSM(F) < 2“%, i.e, the probability of selecting the maximum is exponentially
small in the cardinality of the ground set.

Proor. Let us take Example 1.1. For the first part, as seen in Claim B.3, the algorithm that selects
either all the first elements or all the second elements of the pairs guarantees an RoE and an EoR
of at least 1/2. Moreover, by Jensen’s Inequality, we have

<RoE(F.D)
—_—
E[a(w)]>E[a(w)]_ n n 2
fw)] " E[f(w)] E [Zie[n] maX{WLi,Wz,i}] %” 3
—_————
<EoR(¥,D)

For the second part of the claim, let us observe that the probability of selecting the maximum is
the probability that, for each pair of boxes i, any algorithm ALG chooses the larger realized value
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of the two boxes, wy ;, wy ;. Denoting by wai g, ; the weight of the box chosen by the algorithm for
pair i, we have

PSM(¥) = Pr[‘v’i € [n], wac.i = max{wl,i,wz,i}] <2™,

where the last equality follows from the following two facts: First, no online algorithm can choose

the maximum of each pair with probability greater than % by construction. Moreover, all realiza-
E|

tions are independent, and thus we get the claimed upper bound since n = =

]

C Auxiliary Notions from Section 3

In Section 3, we have used the following definitions and claims, as well as the properties of self-
bounding functions (see Definition 2.3).

Cramv C.1 (JENSEN’s INEQUALITY). Let u be a random variable and g be any function, then

g(E[u]) < E[g(uw)], ifg is convex.
g(E[ul]) = E[g(u)], ifg is concave.

Cramm C.2. Leta > 0 be a constant, and u,v > 0 two independent random variables, then we have

a a
ol ]
a+ E[u] a+u
a+ E[v] a+v
Proor. The first inequality is a direct consequence of Jensen’s Inequality (Claim C.1) with func-

tion g(X) = a/(a + X), which is convex. The second inequality above holds, because by indepen-
dence of x, y, we have

X 1 E [X]
E —E[X] E > :
a+Y a+Y a+E[Y]
where the last step follows again from Jensen’s Inequality. O

Cramm C.3. For any collection of p1, ..., pn € (0,1), letp := (Hie[n]pi)l/n. We have that

1- 1-p;
" PPSZ Pip'

i€(n]

Proor. Let us consider the base case for py, p, € (0, 1):

2(1 = \/p1p2) cLl-m Ll
VP1p2 B P2 -

We now obtain that

1/n
n(1-p) . 1 — elog(Miern pi) 1- e Dien10g pi

=p.—-——
p elog(nie[n] Pi)l/" e Sicin logpi
1= 1/n Yie[n) Pi
1/n Yicn Pi
<y h
iy P
where the first inequality is a consequence of the AM-GM inequality. O

Cramv C.4. For every realization of w, it holds that f(w) < f(W) + X eecg We - 1 [we > T].
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Proor. Let S = {e | w, < 7}. We have that

fw)y = DT wer > we
ecOPT(w)NS ecOPT(w)\S

T
ec€OPT(w)NS ecOPT(w)\S

FE+ > we=fow)+ ) we - 1[we > 7],

ec€E\S ecE

IA

where the second equality is since w, = w, for every element e € S, and the inequality is since
OPT(w) \ S is a feasible set, and OPT(w) \ S C E \ S. ]

Cramm C.5 (ADAPTED FROM THEOREM 1 IN REFERENCE [28]). For any set of distributions {De }ccE,
Pr(&] =,
1
Pr[&;] > ylog (—) .
Y
Proor. By the way we have defined 7, we have Pr [t > max.cg we| = y. This is equivalent to
saying
Pr[VeeE: w, <t]=Yy.

We immediately notice that the probability of the complement of the above is the same as the
probability that at least one of w, is with a value of at least 7, i.e.,

Pr

ecE

T<maxwe]=Pr[EleEE: We > T].

We also know that the RHS can be written as follows by union bound of disjoint events: Letting
pe := Pr[w, < 7], it holds that

Pr[decE: we>1]>Pr[3lecE: w, > 7]

=> ((1 ~pe)- ]_[pef)

ecE e'#e

1-pe

ey
ecE ecE Pe

Hereby, the first equality follows from the fact that events of the form “3'e € E : w, > T”
are disjoint, and the union bound holds with equality. Let us note that the threshold is larger than
the maximum over all realizations if and only if all w,’s realize in a value less than the threshold
7, which happens by definition with probability y, which means that [[,cg pe = y. By Claim C.3
(below), we let p := ([Tocg pe)” ' and get that

Y L g 22

e

e€E
1/1E|

1-y 1
ZIElwzlog(;)

The second inequality follows from noticing again that p = y'/If|, while the third by observing
that the LHS of the same inequality is non-increasing in |E| and the smallest value is attained for
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|E| — oco. All in all, we get that
1
Pr(3'ecE: we>1] > y'log(—),
Y
which concludes the proof of the claim. O

D Extensions of Our Results
D.1 Extension to Single-sample

In this appendix, we discuss an extension of our results to the case of single-sample settings. In our
results and definitions, we assumed that the algorithm has full knowledge of the distributions from
where the elements’ weights are drawn. This is used to distinguish between running two different
subroutines: The first selects a single element, while the second runs the combinatorial algorithm
(see also Algorithms 1 and 2). However, as mentioned in Section 1.3, there has been a significant
effort towards designing prophet inequalities with provable guarantees when the decision-maker
has only access to some samples from each distribution. We explain now how our result can be
extended to single sample settings. To do so, we first define equivalent definitions to those of
Section 2.

To measure our performance, given a downward-closed family ¥, an algorithm ALG, and a
product distribution D, we define

w(ALG(w))
fw) |

where the expectation runs over the stochastic generation of the input as well as the (possible)
randomness of the algorithm. Similarly, we define

S-EoR(F", ALG) := inf S-EoR(F", ALG, D), (19)

S-EoR(¥,ALG,D) := E [

and
S-EoR(¥F) := sup S-EoR(F, ALG). (20)
ALG

We note that, since we consider sample-based algorithms, the algorithm is oblivious to the dis-
tributions but may depend on the sampled values and the online values observed so far.
We will compare our results to the standard objective of maximizing the ratio of expectations
between the algorithm and the offline optimum. Accordingly, we denote
E [w(ALG(w))]
E[f(w)]
Analogously to Equations (19), and (20), we define S-RoE(¥, ALG) and S-RoE(F).

S-RoE(F, ALG, D) :=

CoROLLARY D.1 (SINGLE-SAMPLE SIMULATION). For every downward-closed family of feasibility
constraints ¥, it holds that

S-RoE(F)

ProOF. Let us first observe that we cannot compute the expected optimum of an instance and
perform the case distinction, but we can still flip a fair coin and run either of the two following
subroutines: With probability 1/2 (the coin lands heads), we select the first element that exceeds
T := maXeef Se, and with probability 1/2 (the coin lands tails), we run the S-ALGgog subroutine,
an algorithm that achieves S-RoE = « only using samples and which exists by the assumption of
the claim. Hereby, we denote by S = {s,. | e € E} the sample set and by O = {0, | e € E} the online
set. Moreover,let R=SUO and r; > ry > - - > 1y denote the weights in R sorted in decreasing
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order. Although the values W, 7 (see analysis of Theorem 3.1) are not known to the algorithm, the
analysis can still be partitioned as in the analysis of Theorem 3.1.

If W < ¢ - 7 and the coin lands heads, then our algorithm selects the first online value 0, > 7.
Let us only count cases where the following conditions occur jointly: (1) exactly one element in S
and exactly one element in O exceed 7, (2) the element with the largest weight is in the online set.
It is not difficult to see that this happens with probability at least 1 - y?log?(1/y). In this case, the
approximation, following the analysis of Lemma 3.1, is 1/(c + 1). From this first case, we obtain

y*log®(1/y)

4c+1)

If W > ¢ 7 and the coin lands tails, then we run algorithm S-ALGRg,g that, given a single sample
from each distribution in the input, satisfies E [S-ALGroe(w) | Eo] > a - E[f(w) | Eo]. As before,
we only count cases where no sample and no online element exceeds threshold 7, which happens
with probability y?. Following the analysis of Lemma 3.2, from this case, we have that

2k-96
S-EoR P
oR(F) 5 . a,
which means that we lose a multiplicative factor of y /2 compared to the full information case. All

in all, the described algorithm guarantees

S-EoR(¥F) >

log? 2
S-EoR(F) = min { ———2 - 21> L

where we have chosen the parameters as in Theorem 3.1. This concludes the proof. ]

Note that, for the other direction, running each of the subroutines used in Algorithm 2 with
probability 1/2, we get S-RoE(F, D) > S-EoR(¥, D)/136.
D.2 Extension to XOS Functions
In this appendix, we describe in detail the extension of results contained in Sections 3 and 4 to a

setting where the decision-maker’s objective function is XOS, rather than just additive.

Definition D.1. A function g : 21El R is XOS if there exist £ vectors by,...,bs € RLol, such
that g(S) = max;epe) 2 jes(bi);-

We extend Definition D.1 to vectors of weights in the following way:

Definition D.2. A function g : R‘ l — Ry is extended-XOS if there exist ¢ vectors by,...,br €
|E|
R

>0

such that g(w) = max;efz (b;, W>.

In Claim D.1, we show that the projection of an extended-XOS function to {0, 1} IEl is an XOS
function and that the projections of all extended-XOS functions to {0, 1}E! are all XOS functions.
We next extend Definition 2.1 to extended-XOS functions:

Definition D.3. Let w € R be a nonnegative weight vector. We define OPT : RlE‘ — ¥ to be
the function mapping a Vector of weights to a maximum-weight set in family . Namely,

OPT(w) = arg mag)tc max (bi,ws),
Se

where ws € RIElis the vector of elements weights in S (and 0 for elements not in S), while b; € RIZ!
is a vector of nonnegative coefficients. Moreover, we let f#(w) = maxgsesmax;e[¢) (bi, ws).

For simplicity, when clear from context, we denote f# by f.
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Cramm D.1. f(w) can be expressed as f(w) = maX;e[¢] <ais, ws> and is extended-XOS. Moreover,

SeF
the function resulting from projecting f onto {0, 1}\F! (i.e., f : {0,1}/El — R is now a set function) is
XOS and describes all XOS functions.

Proor. For the first part of the claim, consider a set T. Then,

f(T) = max max Z bij

SeF ie€[l] jesnT

S
= max max as;;, 22
Se‘i:ie[é’]z Y ( )
jeT
where the second equality follows by setting afj :=b;j-1jes. Hence, f(w) = maxl;[gl <a‘l.9, ws> and
€
it is extended-XOS with coefficient vectors af , as per Definition D.3.

The second part of the claim follows immediately by Equation (22), since this is maximum over
additive functions.

The third part of the claim follows, since for every XOS function f, which is defined with additive
functions ay, ..., a, the projection of the extended-XOS function defined by the same additive
functions is f. O

We have the following properties for f:

ProrosITION D.1 (PROPERTIES OF XOS f#). For every downward-closed family of sets F, the func-
tion f (= f) satisfies the following properties:

(1) f is (max; j a;j)-Lipschitz.

(2) f is monotone, i.e., ifu > v point-wise, then f(u) > f(v).

(3) For every t > 0, the function restricted to the domain [0, 7]'F! is self-bounding.

T-max; j a;j

PrOOF. Let u,v € RLEO‘ be nonnegative weight vectors and OPT(u), OPT(v) be, respectively,

their optimal feasible subset.
(1) Lipschitz. We assume, without loss of generality, that f(u) > f(v). Then, letting i(u), i(v)
be, respectively, the indices of the coefficients maximizing f(v), f(u), we get

| fw) - f)| = f(u)-f(v)
= r_nax Z ajjuj — max Z ajjvj
el e OpTw) 5 OPT(w)
= Z Qi(u)jUj — Z Qi(0)jVj
j€OPT(u) jeOPT(v)
s Z Qi(u)jUj = Ai(v);Vj
j€OPT(u)
< maxay- », lu-o
LJ
jEOPT(u)

< max a;; - Z |u; —vj| = max a;; - lu —oll;,
Jj€EE
(2) Monotonicity. Let u, v be two vectors such that v < u component-wise. Then, we know
that (a;,v) < (a;,u) for all i € [£], and thus letting i(u), i(v) be, respectively, the indices of
the coefficients maximizing f(v), f(u), we get

f(@) = (ai(w), v) < (aiw).u) < (aiw),u) = f(u).
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(3) Self-boundedness. For every element e € E, we define f, to be the function f where the

weight of element e is 0; i.e., fe(w(e)) = f(wi,..., We_1,0, Weqt, ..., Wig|). Thus, 1'ma)J:W

in the range of [0, 7]/F! is self-bounding, since:

— The first condition of Definition 2.3 that 0 < mf(w) - mfe(w(e)) <1is
satisfied by monotonicity, the max; ; a;;-Lipschitzness, and the fact that w, is restricted to
the range of [0, 7].

— We multiply the second condition of Definition 2.3 by factor 7 - max; ; a;; and get

P(fon- )= 3 )~ fuw®)

ecE ecOPT(w) —— —
=(a;,w) 2<al—*,w(9)>

IA

<a,~*, w— w(e)>
ecOPT(w)

Ajxe * We = f(W),
¢cOPT(w)

where the first equality derives from the fact that if e ¢ OPT(w), then f(w) — f.(w'®)) = 0,
and the first inequality derives by setting a;+ to be the maximizing coefficient for f.

This concludes the proof. ]

Remark D.1. Before proceeding, we note that Proposition D.1 generalizes similar claims in pre-
vious literature. Namely, Vondrak [56] proves self-boundedness for set functions that are XOS or
submodular. The key difference between our claim and those in Reference [56] is that our function
f is not a combinatorial function, in that f receives a vector of arbitrary weights instead of a set.
Therefore, Lemma 2.2 in Reference [56] follows by projecting Proposition D.1 onto the hypercube.
Similarly, Proposition D.1 also generalizes Lemma 2.4 in Blum et al. [9], where they prove the
self-bounding property for the maximum matching cardinality function. Proposition D.1 is again
a generalization in the following senses: First, the constraint is not necessarily a matching but can
be a general packing one; second, f can be an arbitrary extended-XOS function and not just the
cardinality function.

Below, we illustrate generalizations of feasibility-based and instance-based reductions under
extended XOS functions.

Feasibility-based reduction with extended XOS functions. We redefine threshold 7 as follows
for reasons that will be explained later:

7:Pr EIjeE:wj>; =
maxie[g] a; j
Given the above, let us run Algorithm 1, performing the case distinction with the redefined
threshold 7. In the “catch the superstar” case (Lemma 3.1), the algorithm selects the first element
j for which w; > L. Hence, with probability y - log(1/y), we catch a unique element with

max,»em aij . ( / )
y-log(1/y
c+1

For the “run the combinatorial algorithm” case (Lemma 3.2), we have that, since

value w; - max; j a;; > 7. Since, in this case W < ¢ -7, we geta expected ratio.

_r
r-maxi,j aij
self-bounding in [0, 7] (Proposition D.1), we observe that to maintain the same concentration, we

need c > % log § -max; ; a;;. Thus, for the extended-XOS function f, we will achieve a similar
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performance to Theorem 3.1 but losing an additional factor of max; ; a;;: namely,

RoE(F)

12 - maxi,j aij ’

EoR(F) >

Instance-based reduction with extended XOS functions. An almost identical analysis to the
above follows in the case of Algorithm 2. Namely, let us redefine A to be

A:=E

max a;; - Wj] ~
L]

With this at hand, Theorem 4.1 now corresponds to the following statement, again with f# being
an extended-XOS function:
EoR(7, D)

RoE(F,D) > ———
68 - max; ;j djj

E Alternatives to the EoR

In this appendix, we delve into the discussion regarding alternative measures to the EoR, expanding
upon what we introduced in Section 1. In particular, the following extension of PSM, named for
simplicity PSM,,, is studied in References [8, 39, 55]. The algorithm’s goal is to select each element
in the ex-post optimal set with probability at least p for largest possible value of p. Formally, we
have that

PSM,(F, D, ALG) := miIIZ}Pr[e € ALG(w) | e € OPT(w)],
ec

and

PSM,(F) := inf sup PSM, (7, D, ALG).
D ALG

Note that for single-choice settings, the above measure reduces to PSM. In Bahrani et al. [8, Defini-
tion 3], this notion is referred to as probability-competitive algorithms. It is a major open question
whether, for general matroids in secretary settings, there exists a constant probability-competitive
algorithm.

We now show the shortcoming of this measure for downward-closed prophet settings via the
following example. In particular, we present a feasibility constraint and an instance in which it is
possible to achieve a good approximation, but no algorithm can guarantee a performance of better
than O(1/n) according to PSM,,.

Example E.1. Consider a setting with n pairs of boxes, such that, for each pair i, one box has
weight wy ; = 1 deterministically, and the second has weight w, ; ~ U[1, 2]. All the deterministic
boxes arrive first and the rest arrive later. The (dlownward-closed) feasibility constraint is that only
elements from at most one pair can be selected.

According to the measure of PSM,,, the optimal set will always be a pair of two boxes, and any
algorithm will have to guess what the pair exactly is to select each element of the optimal set,
which happens with probability at most 1/n. After the arrival of the first n deterministic boxes, let
us consider an element the algorithm has selected with probability at most 1/n: This element will
belong to the optimal set with probability 1/n. Hence, given that e € OPT(w) with probability 1/n,
the algorithm will have selected e with probability at most 1/n,i.e., PSM,(7) < 1/n. Since the triv-
ial algorithm that selects a random pair always achieves a PSM,,(#) = 1/n and, as shown, no other
algorithm can have better performance, this measure becomes uninformative of the algorithm’s
quality in combinatorial settings.

It is easy to see that both the RoE and EoR are both at least a constant for this specific 7: Let us
consider the single-choice algorithm that tries to catch the box of maximum weight out of the 2n
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’Dlﬁng AAAAAAAAA ’Dlﬁng

Fig. 4. n pairs of boxes: for each pair, w,; = 1, wa,; ~ D2 = U[1, 2].

boxes and then selects the pair corresponding to this box. This algorithm is essentially treating the
instance in Figure 4 as if 2n boxes arrived singularly. As discussed in Appendix A, an algorithm
aiming to catch the box with maximum weight achieves an EoR of 1/e. The algorithm then selects
the pair where this box belongs. This means that, with probability 1/e, any other box can have a
weight at most that of the maximum, i.e., the total weight in any other pair can be at most twice
as large as the weight the selected pair. Thus, EoR(#) > 1/2e. Furthermore, we have that, for all
w, the optimal pair weight f(w) < Zf(w), where f(w) is the maximum weight out of the 2n boxes.
Finally, this same algorithm satisfies

Ela(w)] > Ela(w) | a(w) = f()] - Pr|a(w) = fw)| > 1/e - E[fw)] > 1/2¢ - ELf(w)].
Hence, RoE(F) > 1/2e.
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