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Abstract

This paper provides a comprehensive and critical review of the literature on
stochastic control methods applied to sovereign debt management. In the face of
increasing economic uncertainty and fiscal constraints, stochastic control theory has
emerged as a powerful framework for modeling the dynamics of the debt-to-GDP
ratio and designing optimal fiscal policies. We present an overview of existing
models based on their methodological foundations, spanning from deterministic
benchmarks to advanced stochastic formulations that account for multiple sources
of randomness and partial information. The review highlights key theoretical
contributions, including the use of dynamic programming, Hamilton—Jacobi—Bellman
(HJB) equations, HIB-variational equations and filtering techniques which are applied
in partial information frameworks. We compare models across different controlled
dynamics for the debt-to-GDP ratio, objective functionals, information structures, and
policy implications. Moreover, we highlight some areas where further refinement
could enhance current approaches, including assumptions, empirical calibration, and
interpretability. Finally, we suggest promising avenues for future research, focusing
on models that combine endogenous growth, robust fiscal policy design, and advanced
mathematical techniques.
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1 Introduction

The management of sovereign debt remains one of the most pressing challenges
in contemporary macroeconomics. In periods characterized by persistent uncertainty,
recurrent economic and financial shocks, and increasingly binding budgetary constraints,
governments face the delicate task of balancing fiscal sustainability with growth and welfare
objectives. The ratio of public debt to gross domestic product (GDP) is widely recognized as
the central indicator of debt sustainability, and its stabilization constitutes a cornerstone of
ensuring fiscal credibility and long-term economic stability (see, among others, Ferreira de
Mendonga et al. (2025); De Soyres et al. (2022); Dornbusch et al. (2017); Domar (1944);
Delong and Summers (2019); Reinhart et al. (2012); Woo and Kumar (2015)).

At the same time, a large body of economic literature emphasizes the welfare-enhancing
role of public debt. In particular, public borrowing has long been viewed as an effective
instrument for tax smoothing, starting from the seminal contribution of Barro (1979), as
well as a mechanism for absorbing excess savings (see, among others, Domar (1944) and
Neck and Sturm (2008)). However, the historically high levels of public debt observed in
several advanced economies have renewed concerns about fiscal sustainability, especially
in relation to their potential implications for future taxation (see again Domar (1944) and
Neck and Sturm (2008)). These concerns have also found institutional expression in the
European context, most notably in the Maastricht Treaty, which introduced an explicit
reference value of 60% for the debt-to-GDP ratio as an attempt to define an upper bound on
sustainable public debt European Union (1992). This threshold, however, has been widely
criticized, both on theoretical and empirical grounds. As a result, the issue of sovereign debt
management, in a broad sense, remains highly controversial, largely because, as pointed out
by Wyplosz (2005), “we simply do not have a theory of the optimal level of public debt”.

Over the last decades, a substantial body of literature has attempted to model the
dynamics of the debt-to-GDP ratio and to characterize optimal fiscal policies under
uncertainty. Among the different methodological approaches, stochastic control theory has
emerged as a particularly powerful and versatile tool. Within this framework, debt dynamics
are modeled as a stochastic process influenced by fiscal variables (such as taxation,
public expenditure, and the primary balance), as well as by exogenous factors, including
interest rate fluctuations and broader macroeconomic conditions that characterize economic
regimes, such as productivity changes and demographic trends. The policymaker’s problem
is typically cast as an intertemporal optimization problem, where the objective is to
minimize the costs associated with debt accumulation or to maximize social welfare, subject
to uncertainty and dynamic constraints (see, Cadenillas and Huaman-Aguilar (2015);
Callegaro et al. (2020); Ferrari and Rodosthenous (2020); Annicchiarico et al. (2022)). The
use of stochastic control methods, including dynamic programming (Bellman (1957)) and
the Hamilton—Jacobi-Bellman (HJB) equation approach, has led to significant theoretical
advances. For the general theory of optimal control of diffusion processes, we refer to
Fleming and Soner (2006). A treatment with a focus on financial applications can be found
in Pham (2009). Moreover, @ksendal and Sulem (2005) discusses optimal control problems
of jump diffusions and their applications.

Early contributions often focused on stylized settings, where the growth rate of GDP or
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the real interest rate could be treated as deterministic or exogenous quantities, that is, not
influenced by fiscal policy. These models, while limited in realism, allowed researchers to
derive explicit or semi-explicit solutions, providing economic intuition and methodological
clarity. Recent works have enriched the modeling framework by incorporating additional
sources of randomness (see, Ferrari and Rodosthenous (2020) and Brachetta and Ceci
(2022)) and considering partially unobservable settings Callegaro et al. (2020). These
contributions have significantly advanced the understanding of stochastic environments
in economic modeling. Nevertheless, some challenges remain open. In particular,
aspects such as the endogeneity of macroeconomic fundamentals, the empirical calibration
of the models, and the integration of political economy factors still call for further
investigation. Moreover, there is an inherent trade-off between theoretical tractability and
practical relevance: while simpler models offer valuable analytical insights, more realistic
frameworks often rely on advanced mathematical approaches that can make interpretation
less straightforward. This tension is especially salient in the context of sovereign debt,
where credibility, transparency, and policy communication are crucial for effectiveness.
The purpose of this paper is to provide a critical review of the literature on stochastic
control frameworks applied to sovereign debt management. Our analysis is structured
along three main lines. First, we present an overview of the existing models according
to their methodological foundations, ranging from tractable deterministic benchmarks to
general stochastic formulations involving multiple sources of randomness and incomplete
information. Second, we evaluate the main findings and contributions of these models,
paying particular attention to the fiscal and policy implications derived from their optimality
conditions. Third, we summarize key limitations identified in the literature and point
to several promising avenues for future work, including the integration of heterogeneous
variables, the treatment of hidden states via filtering techniques and the design of robust
fiscal policies under model uncertainty.

2 State of the Art

The literature on optimal public debt management spans multiple traditions. In
deterministic models of economic growth, debt sustainability is often studied through
intertemporal budget constraints and deterministic policy rules. However, these approaches
neglect uncertainty and sequential decision-making under risk.

Recent developments have emphasized stochastic control methods. In Cadenillas and
Huaman-Aguilar (2015) and Cadenillas and Huaman-Aguilar (2018), the authors develop a
government debt management model to study the optimal debt ceiling. Their approach
focuses exclusively on the taxation problem, employing a one-dimensional stochastic
control framework in which fiscal policies (specifically, the primary surplus) reduce public
debt but leave the GDP growth rate unaffected. More precisely, government debt generates
a disutility assumed to be an increasing and convex function of the debt ratio, while debt
reduction entails an intervention cost. The government’s objective is to minimize the
expected total discounted cost, defined as the sum of the disutility of debt and the cost
of debt reduction.

In contrast, Ferrari and Rodosthenous (2020) introduces a two-dimensional singular
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stochastic control model, in which the government can intervene through either tightening
or expansionary fiscal policies, though these actions still do not affect GDP growth. As
in the previous studies, the government aims to reduce the debt ratio, and the model
incorporates both a debt disutility function and a cost functional designed to capture the
beneficial or adverse effects of fiscal interventions. More precisely, the first component
of the control represents the cumulative amount, e.g., of spending cuts made up to time
t > 0 in order to reduce the debt-to-GDP ratio, and the second component represents,
e.g., the cumulative amount of investments made up to time ¢ > (0. Unlike Cadenillas
and Huaman-Aguilar (2018), where a government’s action is described through a regular
control process (i.e., it affects the system gradually), in Cadenillas and Huaman-Aguilar
(2015) and Ferrari and Rodosthenous (2020), the action is modeled as a singular control,
which generalizes regular controls by allowing both gradual adjustments over time and
instantaneous interventions that produce immediate changes in the system. Moreover,
Ferrari and Rodosthenous (2020) incorporates a stochastic economic factor affecting the
real interest rate on debt.

In Callegaro et al. (2020), the authors extend the existing literature by considering a
partial observation setting, in which the GDP growth rate is influenced by an unobservable
stochastic factor describing the country’s economic regime. Empirical evidence suggests
that government debt management policies are highly dependent on underlying
macroeconomic conditions, which affect the GDP growth rate and, consequently, the
evolution of the debt-to-GDP ratio. In practice, however, neither the GDP growth rate nor
the underlying business cycle is observable in real time, which motivates the use of a partial
observation framework.

More recently, the authors in Brachetta and Ceci (2022) present, for the first time, a
stochastic control framework in which the government’s actions simultaneously affect both
public debt and the GDP growth rate. This modeling choice is supported by empirical
evidence showing that debt-expansion policies (i.e., fiscal deficits) can stimulate GDP
growth, which may in turn contribute to a reduction in the debt-to-GDP ratio; see, for
example, Alesina et al. (2017) and Alesina et al. (2015). Moreover, the authors in Brachetta
and Ceci (2022) allow for a stochastic interest rate and for possible correlation with the GDP
growth rate, arising from the dependence of both processes on a common stochastic factor,
which may represent a relevant macroeconomic variable such as the state of the economy.
This model also accounts for both tightening and expansionary fiscal policies, but, unlike
Ferrari and Rodosthenous (2020); Cadenillas and Huaman-Aguilar (2018, 2015), it does
not include the special case of a cost functional associated with the implementation of fiscal
measures. Finally, in Brachetta and Ceci (2022), besides the debt reduction problem, a debt
smoothing problem is also discussed.

3 Critical Comparative Review

This section presents a detailed comparison and evaluation of the principal stochastic
control frameworks for sovereign debt management. We structure the discussion along the
following key points: (i) the dynamics of the controlled state variable that is, debt-to-GDP
ratio, (ii) the formulation of the objective functional and the associated HJB-equations,
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(iii) the nature of the optimal control process and (iv) the economic interpretation of the
resulting optimal policies. All the models we discuss come from the classical deterministic
macroeconomic literature (see, among others, Blanchard and Fisher (1989); Dornbusch
et al. (2017)). The debt ratio X = {X;,¢ € [0,00)} of a country is defined by

_gross public debt at time t
N GDP at time t '

Xt : (1)

Let r denote the real interest rate on debt and g the rate of economic growth both assumed
to be positive constants. In Section 22.2 of Blanchard and Fisher (1989), a discrete-time
deterministic model is introduced in which the change in the debt-to-GDP ratio is given by

primary deficit at time t

X1 — Xy =(r—9)X 2
t+1 = (r—g)Xi+ GDP at time t (2)
The continuous-time version of Eq. (2) can be written in integral form as
t t
Xi=x+ / (r—g)Xsds — / usds, 3)
0 0

where z € (0, 00) is the initial debt ratio, € [0, 00) is the interest rate on debt, g €
(—o00, +00) is the rate of economic growth, and u = {u, ¢t € [0,00)} is the rate of the
primary balance (equivalently, the negative of the primary deficit). The dynamics we discuss
from now might be seen as a stochastic version of Eq. (3).

3.1 Controlled Dynamics

Let (2, F,P) be a probability space endowed with a filtration F = {F; }+>0, satisfying
the usual hypotheses.

In Cadenillas and Huaman-Aguilar (2018), both the real interest rate on debt r and the
GDP-growth rate g are assumed to be constant, and the policymaker controls debt-to-GDP
ratio X% = {X;"" }4> via a fiscal policy {u; }+>0 in the following way:

dXP" = XPU(r — g)dt + o dW;] —wdt, X§ =, @)

where o > 0 denotes the GDP volatility and W = {W; };>¢ is a standard Brownian motion.
Moreover, the authors assume that the control process takes values in the set [0, U], with
U > 0. This means that the ability of the government to produce primary surpluses is
limited, as it is in reality. The bound U differs across countries because it depends on
structural economic and political characteristics.

The dynamics in Eq. (4) can be justified as follows. Under a fiscal policy {u;}+>0, the
nominal debt D; evolves as dD; = rD;dt — usdt and the GDP, denoted by the stochastic
process {t;}+>0, as a geometric Brownian motion dipy = (gdt + odBy), for some
Brownian motion { B }+>¢. Thus the pair (D, 1)) follows this dynamic

{th = rDydt —wdt, Dy >0 )

dl/)t = ’l]Z)t(gdt + O'dBt), QIZJQ > 0.
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An application of Itd’s formula to the ratio X;”" := D;/v; and a change of probability
measure yields the dynamics in (4). We highlight that all the dynamics of the controlled
debt-to-GDP ratio, which we present below, can be justified using the same steps as above,
such as the application of 1t6’s formula and the change of probability measure, but with
different dynamics for the pair Dy and 1/;.

In Cadenillas and Huaman-Aguilar (2015), the authors discuss an optimal reducing
strategy for the government public debt formulated as a singular stochastic control problem.
For this purpose they introduce a non-negative and non-decreasing singular control process
{vt}+>0 that represents the cumulative surpluses in the primary balance generated by the
government with the explicit goal of reducing the debt ratio. Therefore, similarly to
Cadenillas and Huaman-Aguilar (2018) the controlled dynamics are:

dX{" = X (r — g)dt + o dWy| —dvy, X7V ==z (6)
but with the difference that the control process is now singular, that is, the government’s
actions are not necessarily implemented continuously at rates, but may also involve
lump-sum interventions.

In Callegaro et al. (2020), the authors consider an optimal public debt reduction problem
under incomplete information, formulated as a singular stochastic control problem as
in Cadenillas and Huaman-Aguilar (2015), where the GDP growth rate depends on an
unobservable economic regime {Z; };>¢. Precisely, the GDP growth rate at time ¢, g(Z;),
is modulated by a continuous-time Markov chain modeling the different business cycles of
the economy, so that a shift in the macroeconomic conditions induces a change in the value
of the growth rate of the GDP. The controlled debt-to-GDP ratio follows

dX" = XV (r — g(Zy)) dt + o dWy] — duy, ng’ =z >0. @)
Similarly to above, the Eq. (7) follows from the pair dynamics of the Debt and GDP, given
by

dpr = (g(Zy)dt + odBt), o > 0, ®
where 1, as in Eq. (6), denotes the cumulative reduction of the debt-to-GDP ratio
implemented by the government up to time ¢, and the GDP growth rate is no longer
constant but depends on the business cycles of the economy. The novelty of Callegaro
et al. (2020) lies in the fact that the policymaker cannot directly observe the economic
regime, but only the current levels of the debt-to-GDP ratio and a macroeconomic
indicator. The latter may be, for example, one of the so-called “Big Four”: employment in
non-agricultural businesses, industrial production, real personal income less transfers, and
real manufacturing and trade sales. These indicators are typically regarded as proxies for the
industrial production index and constitute the information set available to the government.
This naturally leads to a filtering problem, where at any time ¢, the objective is to estimate
Zy, using information available up to time ¢. Filtering techniques allow one to reduce the
partially observable problem to an equivalent problem under full information; further details
are provided in Section 3.2.

{th = rDydt —dv,, Do >0
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We highlight that in the problems addressed by the authors above, the fiscal policy is
only affecting the taxation level. The novelty introduced by the next authors in our analysis,
Ferrari and Rodosthenous (2020) and Brachetta and Ceci (2022), is that they allow the fiscal
policies to be expansionary.

The model in Ferrari and Rodosthenous (2020) extends the dimensionality of the
government’s acting in a singular stochastic control framework by introducing two
cumulative bounded-variation non-decreasing stochastic processes, {{;}¢>o that is the
cumulative amount of investments made up to time ¢ > 0 (expansionary policy) and {7 }+>0
the cumulative amount of spending cuts made up to time ¢ > 0 (tighten fiscal policy).
Moreover, the real interest rate on debt is given by r + pz,, with r a fixed deterministic
component and pz, a stochastic component driven by a finite-state continuous-time
Markov chain {Z;}+>0 modeling the economic regimes. The dynamics of the controlled
debt-to-GDP ratio is given by:

AX7S" = (r+ pz, — 9) XDt + o X AW, + dEy — dny, XD =2 (9)

This dynamics follows from both the Debt and GDP dynamics below,

dDy = (r+ pz,)Dedt — d&y — dny, Do >0
Ay = y(gdt +0dBy), o > 0.

Finally, in Brachetta and Ceci (2022), the authors extend the model by making the GDP
growth rate to be affected by fiscal policies. They introduce a stochastic interest rate of the
form r; = r(Z;), with r a positive measurable function and Z = {Z, };~ a stochastic factor
described by a diffusion process: dZ; = bz (Z;)dt + 07(Z;)dW# with Zy = z € R where
W% = {W#}>0 is a standard Brownian motion. The process Z describes any stochastic
factor, such as underlying macroeconomic conditions, which affects the real interest rate
on debt of the country as well as the GDP growth rate. The contribution of Brachetta and
Ceci (2022) lies in modeling the real GDP growth rate at time ¢ of the form g(Z;, u;), with
g(z,u) being a measurable function of its arguments, capturing the joint dependence on
macroeconomic conditions and fiscal policy interventions. The pair (D, 1)) follows

dD; = Dt(T(Zt) — ut)dt, D() >0
dy = i(9(Zs, ue)dt + odBy), 1o > 0,

(10)

(11

where B = {B;}>0 is a standard Brownian motion correlated with W< via a correlation
coefficient p € [—1,1]. We observe that, in system (11), the fiscal policy {u;}+>¢ is
expressed in terms of the debt level.

Thus, the debt-to-GDP ratio X** = {X;""};>¢, controlled via a fiscal policy u =
{ut}+>0, solves the following stochastic differential equation (SDE)

dX;" = X ((1(Zy) — g(ue, Zy) — wg) dt + o dW), X" = . (12)

3.2 Objective Functionals and HJB Characterization

The most studied problem in the literature on public debt management is the reduction
of the debt-to-GDP ratio, which is formulated as a continuous-time stochastic control
problem with an infinite horizon.
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In Cadenillas and Huaman-Aguilar (2018), the government aims to minimize the
expected total cost, which includes both the cost of reducing the debt ratio and the disutility
associated with maintaining debt. Thus, the government minimizes, over a suitable class of
admissible strategies {/, the following cost functional

o0
J(u,z) =E [/ e M(R(X]Y) + kuy) dt | (13)
0

with h(z) = Cx™, m € {2,3...}, k > 0 that represents the proportional cost for reducing
debt and A > 0 the government discount rate (that is, the rate at which future costs are
discounted relative to current ones), that also measures the degree of impatience of the
government; higher values of A imply a stronger preference for short-term outcomes, while
lower values correspond to a greater concern for long-run effects of fiscal policy. The value
function associated to the problem is given by

V(z) = érelzg J(u, z). (14)

Similarly, in Cadenillas and Huaman-Aguilar (2015), the government wants to select a
singular control {14 }+>( that minimizes the total cost functional J defined by

J(x,u):E[ / e Mh(XPY)dt + / e‘”k:dz/t] (15)
0 0

where h(z) = Ca™, m € {2,3..}, k > 0, and the term [;° e *kdv; represents the
cumulative discounted cost associated with the specific goal of reducing debt. This cost
is generated by fiscal adjustments, which can take the form of raising taxes or reducing
expenses. In contrast to Cadenillas and Huaman-Aguilar (2015), the problem is formulated
using singular controls.

In Callegaro et al. (2020), the cost functional has a similar structure, but the cost
to make debt is more general (h it is a strictly convex, continuously differentiable, and
nondecreasing function on z € (0, +00)) and depends on the economic regime, as well as
the cost of intervention k. The government aims to minimize the following expected total
cost functional

J(x,z,y):E!/ e”h(Xf”,Zt)dH/ e”k(Zt)th]. (16)
0 0

Here the economic regime, {Z;};>0, is modeled as an unobservable continuous-time
finite-state Markov chain with values in Z = {z,...,2x}. The policymaker observes
the current levels of the debt-to-GDP ratio and a macroeconomic indicator, modeled as
a jump-diffusion process {7;}+>o correlated with the debt-to-GDP ratio. Specifically, it
satisfies the following SDE

dny = bi(ne, Zy) dt + o1(ne) AWy + o2 () dBy + e(ny—, Z,- ) ANy, nmo=q €Z, (17)

where {B;};>0 is a standard Brownian motion independent of {W,;};>¢ and {Z;}+>o.
Moreover, {N;}+>0 is a point process, with stochastic intensity {\(Z;-)}+>0 depending
on the current state of the economy. The information flow is so given by

G =o{X% n,s <ty CF, t>0, (18)
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and admissible strategies are naturally adapted to the information flow {G; }+>¢. This setting
leads to study a partially observable control problem, which involves two filtrations {G; }+>0
and {F:}+>0 and has not a Markovian structure. Via advanced filtering techniques with
mixed-type observations, the authors reduce the original problem to an equivalent problem
under full information, the so-called separated problem involving only the information flow
{Gt}+>0. This is based on a classical procedure used to handle optimal stochastic control
problems under partial information (see e.g. Fleming and Pardoux (1982); Bensoussan
(1992); Ceci and Gerardi (1998)) which needs to solve a filtering problem. Here, it consists
of characterizing the conditional distribution of the unobservable Markov chain {Z;};>
given by the filter process m(i) = P(Z; = z;|Gi), i = 1,... N. The cost functional in (16)
can be rewritten in terms of observable quantities as

Jryq(V) =Eayq

/ e b (B(XY, ) dt + / () dw] (9
0

0

where m:(f(-)) = Y., f(z)m(i), and the controlled debt-to-GDP ratio {X}};>q is
expressed in terms of innovation processes, which are Brownian motions adapted to the
information flow {G; }+>0 (see also Ceci and Colaneri (2012), Ceci and Colaneri (2014) for
details). Notice that the expression in (19) no longer depends on the unobservable process
{Z:}+>0, which allows us to introduce a control problem with complete information (the
separated problem) where the new state variable is given by the triplet (X}, ¢, 1¢) ;-

In Ferrari and Rodosthenous (2020), similarly to Callegaro et al. (2020), the cost
functional, beyond the cost to make debt via the term h(Xf’", Z) (which may depends also
on the economic regime), includes the proportional costs of debt increases and reductions

via two constants c¢1, co > 0 and is in the following form
0 . 00 .
Jui(&) = Eas) [/ e~ o Az A h(XEN, Z)dt + ¢ / e~ Jo Azsds gy,
0

o ’ (20)
— / e~ Jo ’\stsdﬁt] .
0

Here, E(, ;) is the expectation such that the initial conditions are X§’_77 =z and Zy = 1.
The discount factor Az, is stochastic and depends on the economic regime at time ¢, Z;
as well as the cost function h. As in Cadenillas and Huaman-Aguilar (2015) and Ferrari
and Rodosthenous (2020), the problem is discussed within a singular stochastic control
framework.

In Brachetta and Ceci (2022), the cost functional is fully general:

+o0
J(szyu) =K |:/ ef)‘tf(Xtr’u, Zt,ut) dt ’ Zy = Z:| , (LU,Z) S (0, +OO) x R, (21)
0

where A > 0 is the government discounting factor and f : (0,+00) x R x [-Uy,Us] —
[0,+00) is the running cost function. The government problem can be formalized by
introducing the value function

V(z,z) = 116115 J(x,z,u), (x,2)€(0,400) xR. (22)
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Whereas all functions h introduced above are assumed to be strictly convex and monotone
increasing in z, thus leading to optimal debt-reduction problems, in Brachetta and Ceci
(2022) the function f is not required to be necessarily increasing in x, thereby enabling the
study of a broader class of problems, including debt-smoothing formulations.

We point out that the solutions of the singular stochastic control problems discussed in
Cadenillas and Huaman-Aguilar (2015); Callegaro et al. (2020); Ferrari and Rodosthenous
(2020) are obtained through the solution of auxiliary optimal stopping problems which,
in general, involve HJB-variational inequalities. For the sake of a more comprehensible
exposure we do not give further details on singular stochastic controls to focus instead on the
non singular stochastic control problems studied in Cadenillas and Huaman-Aguilar (2018)
and Brachetta and Ceci (2022) with the classical HIB equation approach. Precisely, if the
value function is sufficiently smooth it is known that it solves the associated HIB-equation
(see, among others, Fleming and Soner (2006); Pham (2009); @ksendal and Sulem (2005)).

In Cadenillas and Huaman-Aguilar (2018), the HIB-equation reads as

(r—g)zV'(z) + 20%2?V" (2) + H[lér[lj]{u(k —V'(z))} +Ca™ — AV (x) =0. (23)
ue|0,

Similarly in Brachetta and Ceci (2022), due to the presence of the stochastic factor { Z; }+>0,
the HIB-equation involved is given by

inf  {L"V(z,2)+ f(z,z,u)} — AV(x,2) =0, (24)
u€[-U1,Uz]

where £* is the Markov generator of the pair (X, Z), debt-to-GDP ratio and the stochastic
factor, which is given by

99 1 5 50%
LU, z) = x[r(z) — g(z,u) —u] 5~ (2,2) + 072" 55 (2, 2)
+poo(a 0L (2.2) + L70(a, ),

and £Z denotes the operator

1 2
£7(n,2) = ba(2) 9 (2, 2) + 2oa(2) 9 5
where ¢ : (0, +00) x R — Ris a function on C%*2((0, +00) x R). Putting the expression

in Eq. (25) in the Eq. (24) they end up having

(z,2), (26)

_ ov ov
i {x[g<z,u> 02w+ e, z,u>} ar() 9, 2)
27)
—1—1 2x28—%(x z) + poxo (z)i(x 2) + L%v(z, 2) — Mv(z,2) =0
27 ¥ 92\ POXOZE) 82 ’ .

By classical Verification Theorems (see for instance Pham (2009), Section 3.5), whenever
there exists a classical solution to the HIB-equation, the optimal policy can be obtained
through the minimizer of the Hamiltonian appearing in that equation. In particular, in

10
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Cadenillas and Huaman-Aguilar (2018) it will be of the feedback form u} = u*(X}), where
the function u*(x) realizes the minimum of H (z,u) = u(k—V’(z)). In Brachetta and Ceci
(2022) from Eq. (27) one seeks a minimizer of the following function

H(z,z,u) = —z[g(z,u) + u}g:c(:c, z) + f(z,z,u). (28)
This leads to an optimal control of the form u; = u*(X;, Z;) where u*(z, ) realizes the
minimum in (27) and has a Markovian structure with respect to the state variable and the
stochastic factor. In general, without specifying the form of the running cost f, it is difficult
to prove the regularity of the value function, or, equivalently, to show the existence of a
classical solution to the HJB equation. This motivates the introduction of the concept of
viscosity solutions (see for instance Pham (2009), Chapter 4). Explicit solutions for the
value function and the optimal control are obtained by choosing either f(x,z,u) = Cz™,
m € {2,3, ...} (the debt reduction problem), or f(z, z,u) = (x — z)? (the debt smoothing
problem), in which the government aims to smooth the debt-to-GDP ratio by reducing its
deviation from a given threshold z.

3.3 Optimal Policies and some economic insights

In Cadenillas and Huaman-Aguilar (2018, 2015), the authors show that the optimal
strategy is such that the government intervenes fully whenever the debt-to-GDP ratio
process {th ’u}tzo in Eq. (4) exceeds an endogenous threshold Z (the optimal ceiling),
and refrains from intervention otherwise. When, as in Cadenillas and Huaman-Aguilar
(2018), there is a limitation to the maximum taxation applied, the upper bound U is low,
fiscal rigidity may prevent the government from achieving the desired debt ceiling, even in
the long run. The main contribution of the paper is the development of a novel analytical
framework that not only derives the optimal debt ceiling but also explicitly incorporates the
constraints governments face in reducing debt ratios. This constraint is shown to be crucial
in explaining why many countries struggle to bring their debt levels down to their intended
ceilings.

In Callegaro et al. (2020) the authors model the government’s problem as a singular
stochastic control problem in continuous time, where the debt-to-GDP ratio is observable,
but the underlying macroeconomic conditions are not directly observed. Instead, the
government relies on a macroeconomic indicator that evolves as a jump-diffusion process.
The key innovation lies in incorporating partial information through filtering techniques,
which transform the original problem into an equivalent one under full information (the
separated problem). In particular, the authors provide a complete analytical solution
in a case study with two economic regimes (fast and slow growth) by linking it to a
two-dimensional optimal stopping problem, where the solution determines the endogenous
debt ceiling as a function of the government’s belief about the state of the economy. They
show that the optimal policy is to keep the debt ratio below a belief-dependent threshold.
This work is the first to analytically solve the optimal debt reduction problem under partial
observation, accounting for realistic constraints on fiscal adjustment and uncertainty about
economic conditions.
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In Ferrari and Rodosthenous (2020), again in a singular stochastic control framework,
the debt is optimally kept within an interval [a,b] determined by smooth-fit conditions
derived from a pair of variational inequalities. When the debt-to-GDP ratio reaches b,
tightening policies are triggered; when it hits a, expansionary measures are implemented.
This symmetric structure formalizes the dual nature of fiscal policy under uncertainty.

In Brachetta and Ceci (2022) the authors address a broad class of debt management
problems formulated as stochastic control problems, where the cost functional depends on
the debt-to-GDP ratio, an exogenous stochastic factor {Z;};>o, and fiscal policy. They
characterize the value function as a viscosity solution to the associated HIB equation and
provide a verification theorem in terms of classical solutions. They also explore optimal
fiscal policy candidates across several relevant scenarios. The paper offers valuable insights
into government strategies for public debt management. Overall, the influence of fiscal
policy on GDP is a key determinant of the optimal taxation and spending levels, as well as
the corresponding debt-to-GDP ratio. Depending on macroeconomic conditions (captured
by the process {Z; }+>0) and the strength of fiscal policy’s impact on GDP, deficit policies
may be optimal even when the government’s objective is debt reduction.

In Ferrari and Rodosthenous (2020); Callegaro et al. (2020); Cadenillas and
Huaman-Aguilar (2015), the government’s optimization problem is formulated as a
singular stochastic control problem, a framework that extends regular control models by
allowing for interventions of bounded variation and instantaneous policy actions. This
setting is particularly appealing from an economic standpoint, as it captures the lumpy
and sometimes abrupt nature of fiscal adjustments. Nonetheless, the increased realism
of singular control formulations is accompanied by a loss of analytical simplicity. These
problems are generally more complex and often admit solutions only in non-explicit form,
typically characterized through variational inequalities or associated optimal stopping
problems. Consequently, the resulting policy prescriptions may be less transparent and
harder to translate into operational fiscal rules. This dichotomy underscores a central
tension in stochastic models of public debt management; while singular control frameworks
offer a more faithful representation of fiscal policy mechanisms, their analytical complexity
may limit their practical applicability and empirical implementation, especially when
compared to regular stochastic control models that allow for more explicit characterizations
of optimal policies. In contrast, the authors in Cadenillas and Huaman-Aguilar (2018);
Brachetta and Ceci (2022) formulate the government’s optimization problem within a
regular stochastic control framework, where fiscal policy affects the system through
an absolutely continuous control process. In these models, policy interventions are
implemented gradually over time and enter the dynamics through the drift of the controlled
state variables. A key advantage of regular control formulations lies in their analytical
tractability. Under suitable smoothness assumptions, the associated optimization problems
can be characterized by classical HIB equations, allowing for explicit or semi-explicit
representations of the value function and the optimal policy. In particular, optimal
fiscal strategies often admit a feedback (Markovian) form, which facilitates economic
interpretation and comparative statics analysis. Moreover, regular control models are
typically more amenable to numerical implementation and empirical calibration, making
them better suited for quantitative policy analysis and for comparisons with observed
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fiscal behavior. This feature enhances their practical relevance, especially in applied
macroeconomic and policy-oriented studies. On the other hand, the regular control
framework imposes structural limitations on the set of admissible policy actions. By
construction, it rules out instantaneous or discontinuous interventions, which may be
important in practice when governments implement abrupt fiscal consolidations or
expansionary measures in response to crises. As a consequence, regular control models
may provide a stylized representation of fiscal policy and potentially underestimate the
speed or intensity of real-world adjustments. Overall, while regular stochastic control
approaches, such as those adopted in Cadenillas and Huaman-Aguilar (2018); Brachetta
and Ceci (2022), offer greater analytical clarity and practical usability, they do so at the cost
of reduced flexibility in capturing the full range of fiscal policy instruments. This trade-off
mirrors the one observed for singular control models and highlights the importance of
choosing the modeling framework in accordance with the specific policy questions under
investigation.

4 Synthesis and Outlook

The evolution of stochastic control approaches to sovereign debt management illustrates
the progressive integration of realism and complexity. Early unidimensional frameworks
provided closed-form insights into debt ceilings; intermediate models captured two-way
fiscal interactions and economic regime switching; and the most recent contributions
incorporate hidden states, correlations between the real interest rate on debt and GDP
growth, as well as the dual effect of fiscal policy on both debt and GDP dynamics.
Future research should aim to combine these advances: (i) integrating endogenous growth
presented in Brachetta and Ceci (2022) in a partial information environment discussed
in Callegaro et al. (2020), allowing the GDP growth rate to be affected by both fiscal
policies and unobservable macroeconomic factors; (ii) calibrating model parameters using
macroeconomic data from real economies, including GDP growth, public debt, and
sovereign interest rates. Such an exercise would enable a comparison between the optimal
policies generated by the model and actual fiscal strategies, and allow for backtesting
analyses to evaluate the model’s ability to replicate observed dynamics; (iii) extending
stochastic control problems to uncertain settings, where parameters or even the underlying
dynamics are not fully known and are modeled through a family of probability measures,
often requires a worst-case (robust) approach. Also, while the robustness guards against
model misspecification, it can produce overly conservative policies, increase analytical
complexity, and create difficulties in economic interpretation, particularly when the set of
admissible models is hard to justify empirically; (iv) a further natural extension concerns
the incorporation of jump components into the GDP dynamics, so as to capture the effect of
sudden, macroeconomic shocks, such as pandemics, wars, and natural disasters, that cannot
be adequately represented by pure diffusion processes alone. Introducing such jumps would
give rise to a more general debt-to-GDP ratio evolving as a jump-diffusion process, thereby
providing a richer and more realistic framework that accounts for the inherent instability
and discontinuous nature of real-world economic dynamics.
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