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AN ABSTRACT APPROACH TO ALGEBRAS OF BRAIDS AND
TIES

RICCARDO FASANO, DOMENICO FIORENZA, AND PAOLO PAPI

ABSTRACT. Generalizing work of Marin (Artin groups and Yokonuma-Hecke
algebras. Int. Math. Res. Not. IMRN 2018, no. 13, 4022—-4062), we construct
in a unified way all the “braids and ties” algebras available in literature and
new ones.

1. INTRODUCTION

In the paper [1] Aicardi and Juyumaya studied an algebra &, defined by gen-
erators and relations; the relations were devised by an abstracting procedure of a
non-standard presentation for the Yokonuma-Hecke algebra [10], finalized to build
a Markov trace on it [11]. They also provided a diagramatic interpretation of this
algebra in terms of braid diagrams on n strands, by adding “ties” which can freely
move along the strands.

In subsequent papers, the algebra &,, named the braids and ties algebra, has
been extensively studied, e.g. in connection with link invariants [1, 3] or from
a representation theoretic point of view [17, 8]. From its algebraic presentation
the algebra &, can be viewed as a “type A” object, and indeed (inequivalent)
generalizations to type B have been introduced in [9], [13]. The paper [13] has
been another source of inspiration for the present paper. Marin introduced an
extension Cyy of the Iwahori-Hecke algebra of a Coxeter system (W, S) and built up
a family of generically surjective morphisms of k[By] — Cw (here By is the Artin
braid group attached to W). When W is of type A,,_1, it turns out that Cy = &,.

In the present paper we proceed along the lines of [13] at a more abstract level.
The main outcome is that the construction we outline in the next paragraphs pro-
duces in a unified way all the “braids and ties” algebras available in literature and
new ones.

We start introducing the category of Marin data, whose objects are quadruples
(W, S), A, p,a) consisting of a Coxeter system (W,S), of an action of W on the
commutative k-algebra A, and of a W-equivariant map a: S — A*. Starting from
such an object one can construct a ring £W-5) (A, p, a) as the quotient of A x k[Byy]
by the ideal generated by Hecke type relations on g5, s € S (here w — g, is the
standard set-theoretical section of the projection By — W).

The main result, stated in Corollary 2.16, generalizes [13, Theorem 3.4]: if A is
free over k, then the algebra £W:5)(A, p,a) is freely generated as an A-module by
the gy, w € W if and only if (1 — a(s))(1 — p(s)) = 0 in Endg(A).

To apply the previous constructions to instances nearer to diagram algebras

and at the same time to recover Marin’s algebra Cyy, inspired by his notion of
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meaningful quotients [13, §3.4], we introduce the notion of Marin-Iwahori-Hecke
monoid, as a triple (E, p,e) consisting of a commutative monoid F, a W-action
p on the monoid F, and a W-equivariant map e: S — Idempotents(E) satisfying
relation e(s)(1 — p(s)) = 0V s € S, which guarantees that £W-5)(R[E], p, €) is free
over the monoid algebra R[E]. Specializing to the monoid of root subsystem X (®)
of a root system ®, acted by W by conjugation, one recovers Marin’s algebras Cy
as well as a surjective algebra map EW:9)(R[Z(®)], p,é) — Hr(W, S)(us) to the
Iwahori-Hecke algebra of (W, .S).

Let now (W, S), (U,T) be Coxeter systems. A Juyumaya map (cf. Definition
2.21), is a pair (¢, e) consisting of a group homomorphism ¢ : W — U and a W-
equivariant map e: S — X (P ) satisfying condition (2.16). We can then prove the
following result, which appears as Theorem 2.23 in the body of the paper and to
which we refer for undefined notation.

Theorem 1.1. Let (W, S) and (U,T) be Cozxeter systems and let (¢, e) be a Juyu-
maya map between them. Let py denote the W -action on X(®y) induced by ¢: W —
U and by the canonical action of U on ®y. Then (E(Py)g, pg,€) is a Marin-
ITwahori-Hecke monoid.

1t follows that 5(W’S)(R[E(@U)[e]],p¢,é) is a free R[YX(®y)(e)]-module with basis
{gwlw € W}. Moreover, the augmentation map e: R[E(®y)g] — R induces a
surjective algebra homomorphism

EWI RIS (®y)ie)), por €) = HR(W, 5)(us).

We then proceed, through Lemmas 2.30-2.32, to provide tools yielding examples
of Juyumaya maps. The examples are displayed in Section 3; although we proceed
in algebraic terms, our treatment has been guided by the geometric point of view
of [6]. In the final Section 4 we show how to produce from our general construction
several braids and ties algebras; in general if one takes the Juyumaya map ¢ to
be the identity of a Coxeter system (W, .S) one recovers Marin’s Cy algebras, and
in particular the braids and ties algebra of type A [1] and Marin’s braids and ties
algebra of type B. Non trivial choiches of ¢ give rise to Flores’ braids and ties
algebra of type B [9], to a braids and ties algebra of type D (possibly new) and
more examples arising from affine Weyl groups. A few directions for future research
are discussed in the final section.

Notational conventions. Sometimes, for better readability of formulas, we shall
denote the image of an element x through a map f by f, rather than by f(x). For
action p of a group G on a set X we shall write g.x to mean py(z).

We denote by k a commutative unital ring that we shall use as a ground ring,.

2. MARIN ALGEBRAS

In this section we will consider a fixed Coxeter system (W, S) and a commutative
k-algebra A, where k is a commutative ring. We denote by pgeom: W — O(Vyy) the
standard geometric representation of (W, S) (see e.g. [15, Section 5.3]). When con-
venient, we use the same symbol s to denote the basis element of Vj;, corresponding
to the generator s of (W, S). We also denote by o,: Vir — Vi the reflection as-
sociated with a unit vector v, so that pgeom(s) = os. Finally, we denote by @y
(or simply by ® when no confusion is possible) the root system of (W, S), by &+
the subset of positive roots with respect to the basis S of Viy, and by («) the root
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subsystem {«, —a} of ® (cf. [15, §5.3]). (According to our notational convention,
if v is a simple root attached to s € S, we write interchangeably (&) or (s)).

Definition 2.1. Let G be a group and let X and Y be G-sets, with left G-action
denoted by (g,z) — g.x. Let Xo C X and Yo C Y be subsets of X and Y, not
necessarily G-subsets, and let f: Xo — Yy be a map. We will say that f is G-
equivariant if for any triple (x1,22,9) in Xo X Xo X G with g.x1 = w2 we have

g-f(x1) = f(x2).

Example 2.2. Given a Coxeter system (W, S), both the group W, with the W-
action given by conjugation, and the set 3(®y/) of root subsystems of ®y, with the
W-action induced by the standard geometric representation of (W, .S) are W-sets.
The map S — X(Pw), s — (s),, where (s) is the root subsystem generated by s,
ie. {s,—s}, is W-equivariant. Indeed, if a triple of elemens s, s, w in S x S x W
satisfies so = ws;w™!, then we have o, = pgcmm(w)crslpgcom(w)*1 = Ow.s,, and
s0 (s2) = (w.s1) = w.(s1). Moreover, since standard geometric representation is
faithful, this shows that so = wsjw ™! if and only if (s2) = w.(s1). In particular, for
any s € S the stabilizer of (s) for the W-action on root subsystems of ® coincides
with the stabilizer of s for the W-action on itself by conjugation, i.e., with the
centralizer Cy(s) of s in W.

Definition 2.3. A Marin datum is a quadruple (W,S), A, p,a) consisting of a
Coxeter system (W, S), of an action of W on the commutative k-algebra A, p: W —
Auty_aig(A), and of a W-equivariant map a: S — A*, a(s) = as where A* is the
group of units of A.

Marin data naturally form a category: a morphism ((W,S), A, p,a) — ((U,T),
B,n,b) is a pair (¢, €) consisting of a morphism of Coxeter systems ¢: (W, S) —
(U, T) and of a homomorphism of k-algebras f: A — B such that e is W-equivariant
with respect to the W-action p on A and the W-action 7o ¢ on B, and such that
€oa = bo ¢, where we use that ¢ maps S to T by definition of morphism of Coxeter
systems.

Remark 2.3.1. Since every element s of S is a fixed point for the conjugacy action
of s on W, the equivariancy of a implies s.as = a, for any s € S.

Let By be the Artin braid group attached to the Coxeter system (W, S). Recall
that there is a canonical (set-theoretical) section w — g, for the projection 7 :
Bw — W. Let k[Bw] be the group ring of By over k. The k-algebra A is a
module for k[By/] via 7, so we can form the semidirect product A x k[Bw], i.e.,
the algebra generated by the elements ¢ of A and g,, of By with the relations

JuCy = w.C,
i.e., equivalently, g,,¢ = (w.c)gy.
Definition 2.4. The Marin ring EW5) (A, p,a) is the quotient of A x k[Bw] by
the ideal generated by the elements
(2.1) g2 —as— (1 —ay)gs forallseS.
Remark 2.4.1. Even without assuming the invertibility of g, from the group
structure of By, the equation g2 = as + (1 — as)gs together with the invertibility

of as in A implies the invertibility of g, in EW-) (A, p,a). Indeed, the element
as"tgs —a; (1 — ay) is the inverse of g, in EW5) (A, p, a).
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Remark 2.4.2. Mimicking the construction of generic Hecke algebras given e.g.
in [15, §7.1], one can define a more general Marin ring Marin ring £ (A, p,b, c),
where b,c: S — A* are W-equivariant maps and relation (2.1) is replaced by

(2.2) g2 —bs— (1 —cy)g, forallsecsS.
As for generic Hecke algebras, one reduces (2.2) to (2.1) a suitable rescaling gs ~

Asgs- See Remark 4.4.1 for an example of this rescaling.

Remark 2.4.3. When A is a free k-module, recalling the relations defining the
Artin ring By one obtains a presentation of £W:9)(A,p,a) as follows:
EWS) (A, p,a) is the quotient of the free free k-algebra generated by A and by
{gs}tses by the relations defining A as a k-algebra and

gsc = (s.c)gs, c€ A, s€S
9s;9s;9s; " = 9s;9s;9s; " s

m;,; times m;, ; times
g.f =as+ (1 —as)gs, s€ES.
It follows that the datum of a k-algebra homomorphism p: EW-5) (A, p, a) = Ris

equivalently the datum of a k-algebra homomorphism p4: A — R together with a
choice of elements r, in R such that

rspa(c) = pa(s.o)rs, ceE A,

Tsirsj-rsi = TSjrsiTSj Y

m; ; times m;, ; times
rs? = palas) + pa(l —ag)rs.

Remark 2.4.4. Let {A;}s € S be a collection of invertible elements in A such that
As; = As; whenever m; ; is odd. All of the relations defining EW.S) (A, p,a) are
homogeneous in the g,’s, with the exception of the relation g2 = as+ (1 —as)gs, the
relation gsc = (s.c)gs is homogeneous in the single variable g5, and the braid-type
relations with an even m; ; are separately homogeneous in g,, and gs,. Therefore,
we can operate the rescaling gs ~ —Asgs to obtain a presentation of £W:9) (A, p,a)
with relations

gsC = (S-C)gsv
gsigsjgsi = gSjgsigSj Tt
m;, ; times m;,; times

g? = )\572CL5 - A571(1 - as)gs'

Remark 2.4.5. Since By acts on A via its projection on W, we have that the
elements g2 with s € S commute with the elements of A in A x k[By] and so in
EW:S)(A, p,a). Indeed, for any ¢ € A,

—1y,2

gac = (9295 *)g: = (9s(gsc95 )95 1)g:
= (g5(5.0)g5 )93 = (s.(s:0))g2 = (5°.c)g2 = cg?.
As an immediate consequence we have
9scgs ' =95 gieqst = g5 tegigt = g ey,
for any s € ® and any c in A.
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Example 2.5 (The Iwahori-Hecke algebra). Let k = Z. Consider the ring of

Laurent polynomials Z[x sy, x(%] in variables x5y indexed by the root subsystems

S
(s) with s € S. The W-action on root subsystems of ® induces an action on
Z[:c(s)gr(j]. Let Arg (W, S) be the ring of coinvariants. By definition of coinvari-

ants, the W-action on Ary (W, S) is trivial. The map
w: S A[H(VV, S)X
S — [$<S>]7

where [7(y)] is the image of x4 in Arg(W,S), is W-equivariant: if s; = wsjw !

with w € W, then we have (s3) = w.({s1) and so

sy = [T(s,)] = [Tuo(s)] = [w(s)] = [2(s)] = s, -
The Marin algebra EW:S) (A1 (W, S), puiv, @) is then the Iwahori-Hecke algebra
H(W,S)(4s). If R is any ring with trivial W-action and u: S — R* is a W-
equivariant map, then we have a specialization map e: Arg(W,S) — R map-
ping us to us; the Marin algebra is E(W’S)(R, Ptriv, w) is the Iwahori-Hecke al-

gebra Hr(W, S)(us) and the specialization map induces a morphism of algebras
HW,5)(is) = Hr(W, 5)(us).

The specialization map e: A;yg(W,S) — R in the previous example is clearly
W-equivariant and satisfies € o 4 = u. More generally we have the following.

Lemma 2.6. Let B a k-algebra with a W-action n: W — Autg(B) and a W-
equivariant map b: ® — B>, and let e: A — B be a W -equivariant algebra homo-
morphism such that b= eoa. Then one has an induced algebra homomorphism

€ eV (A, pa) = EW(B,n,b)

that is the identity on k[Bw] and coincides with € on A. In particular, if € is
surjective, then also € is surjective.

Even more generally, we have the functoriality of the construction of the Marin
algebra with respect to morphism of Marin data, of which Lemma 2.6 is the partic-
ular case corresponding to a morphism of Marin data with the same Coxeter system
and with the identity map from this system to itself. In the general situation we
have the following.

Lemma 2.7. Let (¢,¢): (W, S),p,a) — (U, T),n,b) be a morphism of Marin
data. Then one has an induced algebra homomorphism

(¢,€): EMWH(A, p,a) — EVT(B,n,b),

that is the morphism induced by ¢ on k[Bw]| and coincides with ¢ on A. In partic-
ular, if ¢: S — T and € are surjective, then also (¢, €)¢ is surjective.

Example 2.8. Let R be a k-algebra with trivial W-action and u: S — R* a W-
equivariant map. Let (A4, p,a) be data defining a Marin algebra for (W,.S). Then
a W-equivariant homomorphism e: A — R such that € o a = u induces an algebra
homomorphism € : EW9 (A, p,a) — Hr(W,S)(us). If moreover A is an R-algebra
and € is an augmentation, i.e., R — A = R is the identity of R, then &%) (A, p,a)
is an R-algebra and €© is a surjective morphism of R-algebras. In particular, this
means that Hg (W, S)(us) is realized as a quotient of £W-5)(A, p, a).

The above example suggests the following.
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Definition 2.9. A Marin lift of the Iwahori-Hecke algebra Hr(W,S)(us) is a
surjective morphism € : EWS) (A, p,a) — Hr(W, S)(us) as in ezample 2.8.

Example 2.10. Let (R,u) be as in the definition the Iwahori-Hecke algebra

Hr(W, S)(us), and let E be a commutative monoid endowed with a W-action p
and a W-equivariant map e: S — Idempotents(E). The monoid R-algebra R[F]
inherits a W-action from the W-action on E. The map

(2.3) é=1+4(u—1)e: S — R[F]
is clearly W-equivariant. Moreover it takes values in R[E]*, since
(14 (us —Des)(1+uz (1 —us)es) = 1.

So we can form the Marin algebra €W-9)(E, p, ¢). The algebra R[E] has a canonical
augmentation e: R[E] — R sending all the elements of F to 1. This augmentation
is manifestly W-equivariant; moreover eoé = u, so we have the surjective morphism
e EWS)(RIE), p, é) — Hr(W, S)(us) realizing a lift of the Iwahori-Hecke algebra.

The following fact is well-known.

Lemma 2.11 (Matsumoto). Let w be an element in W and let w = $1 ... Sk, with
s; € S, be a reduced expression for w. The element g, ...gs, € EWS (A, p,a) does
not depend on the particular reduced expression for w. Therefore one can define
the element g, in EWVS) (A p,a) as g = gs, - - - gs, for some (hence any) reduced
expression for w.

Lemma 2.12. The set {gwlwew € EVS (A, p,a) spans EVS) (A, p,a) as a left
A-module.

Proof. Let M C EWS)(A,p,a) be the left A-submodule generated by the ele-
ments {gy }wew. Equivalently, M is the k-submodule generated by the elements
{cgwtcea,wew. We start by showing that M is a 2-sided ideal of EWS)(A, p,a).
Since as a ring W) (A, p, a) is generated by the elements g, of k[By/] and by the
elements z of A, we have to show that:

(1) z(cguw) € M;
(2) (cgw)x € M;
(3) gs(cgw) € M;
(4) (CQw)gs € M;

for any s € S and any x € A. Relation (1) is immediate: z(cgy) = (2¢)gw-
For relation (2) we compute

(cguw)r = (c(gugy ")) gw = (c(w.T))guw,

where we used that By, acts on A via the projection By, — W, and that the image
of gy, via this projection is precisely w. To prove (3), we distinguish two cases. We
can have either {(sw) = ¢(w) + 1, so that sw is a reduced expression for sw, or
{(sw) = ¢(w) — 1 so that w = sw’ with w’ minimally written. Notice that in the
second case we have w’ = sw in W. Now, in the first case we compute

gs(ng) = (9509;1)959111 = (9309;1)95w = (S~C)gsw,
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while in the second case we compute
95(c0w) = (95¢95 ) 959w = (95095 )95959uw = (95¢95 )93 Gur
= (gscg ") (as + (1 — as)gs)gur
= (8.0)asgw + (8.¢)(1 — as)gw-
Relation (4) is checked similarly. Now the conclusion is immediate: since g1 = 1,

we have 1 € M, and so M = EWS) (A, p, a). O

For any s € S we have two k-linear operators on A: the multiplication by as and
the automorphism p;.

Lemma 2.13. If EWVS) (A, p, a) is free as an A-module with basis {gw }wew, then,
for any s € S
(2.4) (1 —as)(1—ps) =0 in Endg(A).
Proof. Let ¢ € A and s € S. By Remark 2.4.5, we have g?c = cg? and so
(as + (1 —as)gs)c = clas + (1 — as)gs).
Since A is commutative, this reduces to the identity
(1 —as)gsc = (1 — as)cgs.
Writing gsc = (gscgy ')gs = (5.¢)gs, we find (1 — as)ps(c)gs = (1 — as)gs. Since
{gw}wew is a spanning set of EW5)(A, p, a), this gives (1 — ay)(ps(c) — ¢) = 0.
([l

When A is a free k-module, condition (2.4) is also sufficient in order to have that
EWS) (A, p,a) is a free A-module over the basis {gy hwew. The proof of sufficiency
is however more involved and we need a few auxiliary arguments, that we verbatim
adapt from [13]. We start by fixing a k-linear basis {c;};cr for A, and by noticing
that the equations derived in the proof of Lemma 2.12 force the effect of left and
right multiplication by elements = of A and by elements g, with s € S on the
elements ¢;g,, of EWVS) (A, p,a) as follows:

T —: CiGw > TC;iGu-

— T CiGw > G (W.T) Goy.

(8.¢i)Gsw if £(sw) = L(w) +1
gs —: CiGw >
(8.¢i)asgsw + (5.¢i)(1 — ag)gw if £(sw) = L(w) —1
CiGws if {(sw) =L(w) +1
—0st CiGw >

ci((ws).as)gws + ¢i(1 — (ws).as)gy if L(sw) = L(w) — 1
Let now {7} be a collection of elements indexed by w € W and let V be the free
left E-module with basis {7y, }wew. It has a k-linear basis given by the elements
{¢iVw}ier,wew. We can then define k-linear endomorphisms of V' corresponding to
the left and right multiplication by elements x and by elements g, on the elements
of the form ¢;g,, of EW-5). That is we define k-linear operators CL,.Cr:V —V by

.
CL: CiYw = TCiYa,s

Cr: Cigw — (W) Ve,
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and k-linear operators GL,G": V — V by

(8.¢i)Vsw if {(sw) = L(w) + 1
GL: civw

(s.ci)asYsw + (5.¢;)(1 — ag)vw if £(sw) = L(w) —

CiYws if {(sw) = L(w) + 1
Gl ¢y —

ci((ws).as)Yws + ¢i(1 — (ws).as)yew if £(sw) = L(w) —
The key result is the following statement
Proposition 2.14. If condition (2.4) is satisfied, then the map
ule) =0l plgs) = Gy
defines a k-algebra homomorphism p: EW-5) (A, p,a) — Endy(V).

The proof follows closely that of Theorem 3.4 of [13]. We provide a few details,
to emphasize the role of condition (2.4).
First note that, by k-linearity, for any ¢ € A we have

Ch: cyw = weyw, Ot cgu = c(w.a) v,

(8-¢)Ysw if £(sw) = L(w) +1
GL: ey

(s.0)asYsw + (8.0)(1 — as)yw if £(sw) = b(w) —

CYws if {(sw) = L(w) +1
Gl ey —

c((ws).as)Yws + c(1 — (ws).as)yw if £(sw) = b(w) —

Lemma 2.15. If condition (2.4) is satisfied, then G, NE GQZGZS1 for any s1,s0 €
S.

Proof. We have to check that G} G (cv,) = G%, G (cy,) for any ¢ € A and any
w € W. There are several cases to be examined and we will proceed case by case.
o If i(syw) = l(w) + 1, l(wsz) = l(w) + 1 and I(syws2) = I(w) + 2, then we have:

Glsng2 (cyw) = Gil(C'YwSQ) = (51.€)Ys,wso
G, Gl () = G ((51:0)7s10) = (51:0)Vsywss -
If I(s1w) = l(w) + 1, l(wse) = l(w) + 1 and I(sqws2) = l(w), then by e.g. [13,
Lemma 3.2] we have sjwsy = w, so that wsew ™ = 51 and we have:
Gingz (cyw) = Glsl (cYwss) = (81.0)@s, Vsyws, + (81-0)(1 — s, )Yawss
= (81.0)as;Yw + (51.¢)(1 — as, )Vsyw
G§2Glsl(07w) G ((81 )Vs1w)
1-0)((81W82)-Asy ) Vs wss + (51-€)(1 — (S1WS2).Asy ) Ysyw
S1- c)(w Gy )Yw + (81.€)(1 — w.asy ) Vsyw
) (Qwsyw—1)Yw + (51.6) (1 — Qusyu—1)Vs1w
)

1.€)0s, Yo + (51.6)(1 — as; ) Vs, w-

/—\/\/—\/—\
VA
=
("3

V)
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o If I(syw) = l(w) — 1, l(wsg) = l(w) — 1 and I(s;ws2) = l(w) we have that in this
case s;w = wsy. This gives s1 = wsow™! and so w.as, = as,. Recalling that by
condition (2.4), we have (1 — as)(s.c) = (1 — as)c, and that s.as = as, we get

GL Gl (cvw) = G (c((ws2)-0, ) Yws, + €1 — (w52). 0, ) Yuw)
= (s1-(c((ws2).as;))Vsywsz + (s1-(c(1 — (ws2).as,))) s, Vs
+ (s1.(c(1 — (ws2).as,)))(1 — ag, )V
= (51.¢)((S1W$2).As, ) Ysywss + (51.€)(1 — (S1WS2).Asy ) As, Ysyw
+ (s1.0)(1 — (s1ws2).as,) (1 — as; ) Yo
= (81.€)(W.as, )Y + (81.¢)(1 — w.as, )as, Vsyw
+ (s1.0)(1 —w.as,)(1 — as, )Vew
= (81.0)as;Yw + (51.¢)(1 — as, )as, Vsyw + ($1.0)(1 — a5, ) (1 — as, )Y
= (51:0)a6, 7w + (1 = a5, )as, Yoyw + (1 = a5,)* 7,

Gy, Gl (o) = G, ((81:0)as, Vs, w + (81.0) (1 — s, )7) =

=G, ((s1. )aal%lw +c(l = as,)vw)

= (81.0)as, Ysyws, + (1 — as, ) ((ws2).as, ) Yws, + (1 — (wS2).a5,)Vuw)
= (s1:0)as, 7w + (1 — as,) (w05, )Yws, + (1 — w.05,)70)

= (51:0)a5, 7w + ¢(1 = a5, )(as, Ysyw + (1 = @s,)70)

= (51.0)as, Yo + (1 — as,)as, Yo, + ¢(1 — ag,)* Yoo

D)

The cases I(syw) = l(w) + 1, l(ws2) = I(w) — 1 and I(syws2) = l(w), I(s1w)
l(w)—1, l(ws2) = l(w)+1 and I(sywss) = l(w) , I(syw) = l(w)—1, l(wss) = l(w)—
and l(51w52) l(w) — 2 are treated along the same lines.

[

O

Proof of Proposition 2.14. Let pa: A — Endg (V) the map defined by ua(c) = CL
for any ¢ € A. By Remark 2.4.3, showing that y defines a k-algebra homomorphism
is equivalent to showing that p4 is a k-algebra homomorphism, i.e., since p4 is
manifestly k-linear, that CglcCl Cl . x,y € A, and that the following identities

hold: v

(2:5) GL0; = Cy .G,

(2.6) (GL)? = Cq, + Cli_a )Gl
(2.7) GLG .G, - =G G .G .

m;,; times m;,; times

For (2.5) we compute

(CLCY) (eyw) = CL(Cy (7)) = Co((y) 1)) = TYyeyw = Chyy(¢Yw)-
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For (2.6), we find
(s.(x€))Vsw if £(sw) = L(w) + 1,
(GLCL) (eyw) =
(s.(zc))asVsw + (s8-(x€))(1 — as)vw if £(sw) = l(w) — 1,
and
C’é_c((s.c)%w) if {(sw) = L(w) +1
(CLeGO) (evw) =
CL ((5.0)a57sw + (5.0)(1 — as)v) if £(sw) = L(w) — 1

{(s.(a:c))’ysw if ((sw) = (w) + 1

(s.(zc)asysw + (5.(xc))(1 = as)yw if L(sw) = £(w) — 1
For (2.7) we compute
GL((5.0)7sw) if £(sw) = L(w) + 1

(G (erw) = {
GL((5.0)asVsw + (5.0)(1 — as)ve)  if £(sw) = b(w) — 1

((s.((s.0)as))vw + (5.(s.0))(1 — as)Vsw if £(sw) = L(w) +1

(s.((s.0)as))vw + ((5.(5-0))asVsw + (5-(5.¢)) (1 — as)yw

—((s.((s.0)as))asVsw + (s.((s.¢)as)) (1 — as)Vw) if £(sw) = £(w) — 1
{ascvw + (1 — as)cysw if £(sw) = L(w) + 1
CasY + CasVow + (1 — as)Vw — c(as)?Ysw — cas(l — as)vw  if £(sw) = L(w) — 1

{asC%; + (1 - as)cf)/sw if E(sw) = K(w) +1

as(1 — as)cysw + (L —as(l —as))eyy  if £(sw) = L(w) — 1.
By condition (2.4), we have (1 — as)(s.c) = (1 — as)c, so we find
(Ca, + Clia G)(er) =
= Cl (evw) + Cly_ oy (Gllerw))
{C’és (cYw) + C(ll_as)((s.c)’ysw)if U(sw) =f(w) +1

CL (cvw) + C’élfas)((s.c)asfysw + (s.0)(1 — as)yw) if L(sw) = L(w) —1
{ascvw + (1 — as)(8.¢)Ysw if £(sw) = L(w) +1

asCyw + (1 — as)(s.¢)asVsw + (1 — ag)(s.0)(1 — as)ve if £(sw) = L(w) — 1
{ascvw + (1 — as)cysw if £(sw) = 4(w) + 1

as(1 — as)cysw + (L —as(l — ag))eyy  if £(sw) = L(w) — 1



AN ABSTRACT APPROACH TO ALGEBRAS OF BRAIDS AND TIES 11

Finally, we need to show that the G! satisfy the braid relations. Here we can
proceed exactly as in [13]. O

Remark 2.15.1. Notice that the left A-action on V induced by u via the inclusion
A — EWS)I(A, p,a) coincides with the left A-action on V given by its A-module
structure.

Corollary 2.16. Assume A is a free k-module. Then EW-5)(A, p,a) is the free
A-module over the basis {gw }wew if and only if condition (2.4) is satisfied.

Proof. The “only if” part is Lemma 2.13. To prove the “if” part, consider the free
A-module V on the basis {7y wew endowed with the left £W:%) (A, p, a)-module
structure on the k-module V' defined by the algebra homomorphism

w: EW (A p,a) — Endg (V)

from Lemma 2.14. Then we have a k-linear map \: EW9) (A, p,a) — V, A\(z) =
x.,71- By Remark 2.15.1, the map X is a map of left A-modules. Since V is free as
an A-module, we can define an A-module map 7 : V — EW5) (A, p, a) by defining
it on the A-basis {7y }wew. We set 7(vw) = gw. The morphisms of A-modules
A and 7 are inverse each other. To see this, it suffices to check A on = idy and
noA=idgw.s)(a,p,q) on A-generating sets for V and EWS) (A, p,a). For V we can
take as generating set the A-basis {7y fwew. We find

()‘ o 77)('7111) = )‘(gw) = Gw-p1-

If w=s;--- s, areduced expression for w, then g, = gs, - - - gs, and so

(2.8) Guw-p Y1 = gsy -u(gm TR -;L(98k~u91) )
=G, G (m) =Gl G, () =
= Ys1--s1 — Yw-

Therefore (Aon)(Yw) = Yuw, for any w € W. By Lemma 2.12, the set {g,, })w € W is
a generating set for W5 (A, p,a) as an A-module. We find, by using (2.8) again,
(10 N)(gw) = n(Agw)) = n(gw-u71) = 1(Yw) = Gu,
for any w € W. (]
Corollary 2.17. If A is free of finite rank over k and condition (2.4) is satisfied,

then EWS) (A, p,a) is free of finite rank over k and

(2.9) rkp EWVS) (A, p,a) = |W|rkiA.

A k-linear basis of EW9 (A, p,a) is {cigw ywew and {c;i}icr a k-basis of A.
Remark 2.17.1. In the same assumptions as in Lemma 2.6, we have

eo((1—as)(1—ps)=((1—=bs)(1—mns))oe: A— B
In particular, if € is surjective and (1 —as)(1 — ps) = 0 then also (1 —b,)(1 —1n;), so
that if € is surjective and £W-%) (A, p, a) is free as an A-module, then £W-%) (B, 7, b)
is free as a B-module.

Remark 2.17.2. One immediately sees form Corollary 2.16 that if the W-action
pon A is trivial, then £W5)(A, a) is a free A-module with basis {g,,|w € W}. In
particular, one recovers this way the well known result that Hg(W, S)(us) is a free
R-module with basis {g,,|w € W}.
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Remark 2.17.3. In the same notation as in Example 2.10, one has
(L =€) = ps) = (1 —us)es(1 = ps).
In particular, if
(2.10) es(l1—ps)=0foralsesS
one has that €9 (R[E), p,¢é) is a free R[E]-module with basis {g,|w € W}.
Example 2.10 and Remark 2.17.3 motivate the following

Definition 2.18. A Marin-Iwahori-Hecke monoid is a triple (E, p,e) consisting of
a commutative monoid E, a W-action p on the monoid E, and a W -equivariant
map e: S — Idempotents(E) satisfying equation (2.10).

Example 2.19 (Marin’s algebras). Let X(®) be the monoid of root subsystems of
®, with the composition law is given by ¥y - Uy = (U, Uy), where (X) denotes the
root subsystem generated by X. The W-action on ® induces a W-action on X(®).
Let us denote this action by p. All elements of X(®) are idempotent, and the map

(2.11) e: S —=X(D), e(s)=(s)

is manifestly W-equivariant. Let R be a commutative k-algebra with trivial W-
action, and with a W-equivariant map u: S — R*. Since R[X(®)] is generated by
the root subsystems (a) with a € ®, equation (2.10) is equivalent to

(es(1 —ps))({a)) =0 for all s € S and all o € P.

This is the equation (s) - (o) = (s) - (s.a), where . is the W-action on @, i.e., the
equation (s,a) = (s,s.a). That this relation is satisfied is a general fact in the
theory of Coxeter groups. Hence (X(®), p, e) is a Marin-Iwahori-Hecke monoid. Tt
follows that £W-5)(R[Z(®)], p, é) is a free R[X(®)]-module with basis {g,,|w € W}.
Moreover, the augmentation map e: R[X(®)] — R induces a surjective algebra
homomorphism

(2.12) EWS (RIZ(®)], p,€) — Hr(W, S)(u,).

The algebra EW-5) (R[X(®)], p, €) is precisely denoted by Cy in [13] mentioned in
the Introduction.

Lemma 2.20. Let {z;} be a set of generators for the commutative monoid E. Then
condition (2.10) is equivalent to

(2.13) es Ty =es- (s.x;) for any s € S and any generator x;.
Proof. Equation (2.10) is equivalent to
(2.14) es T =es-(s.x)

for any s € S and any x € E. So we only need to show that if x and y satisfy
equation (2.14), then also x - y satisfies it. We have

es - (s.(z-y)) = es- ((s.2) - (s:9)) = (es - (s.2)) - (s.y) = (es - 2) - (s.9)
= (z-es)-(sy) =a-(es-(s:y)) =2 (es-y)
=es (z-y)

Notice how the commutativity of E played an essential role in the proof. ([l
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Remark 2.20.1. Condition (2.10), which amounts to e; - x = e, - (s.z) for any
s € S and any = € E, can be quite restrictive. One can relax it by looking at the
W-invariant submonoid Ej. generated by the image of e: S — Idempotents(E),
i.e., the submonoid generated by the elements w.es; with w € W and s € S. The
W-action on FE restricts to a W-action on Ej, and e itself can be seen as a W-
equivariant map e: S — Idempotents(E[e]). Then, by Lemma 2.20, one sees that
(Eq), p, e) is a Marin-Iwahori-Hecke monoid precisely when

(2.15) es, * (w.es,) = es, - ((s1w).€5,) for any s1,89 € S, w € W.

The above remark suggests an immediate generalization of Example 2.19, where
on considers two Coxeter systems instead of a single one. We begin with the
following.

Definition 2.21. Let (W,S) and (U,T) be Coxeter systems. A pair (¢, e) where
¢ : W — U is an homomorphisms of groups (not necessarily a morphism of Coxeter
systems) and e is a map of sets e: S — X(Py), is called a Juyumaya map if e is
W -equivariant (via ¢) and

(2.16) (€5, W.€5,) = (€5, (S1W).€5,) for any s1,82 € S,w € W,

where (X) denotes the root subsystem generated by X and . denotes the W-action
on Py .

Example 2.22. Let ¢: (W,S) — (U,T) be a morphism of Coxeter systems, and
let

es: S = D(Bu), eg(s) = (9(s).
The pair (¢,e,), where the ¢ is the group homomorphism ¢: W — U associated
with the morphism of Coxeter systems, is a Juyumaya map. Indeed, since a mor-
phism of Coxeter systems preserves the Coxeter matrix, the map ¢: S — T is

W-equivariant, and so also ey is W-equivariant. Next, as in Example 2.19, the
condition (eg;s,, W.€p:s,) = (€p:s,, (S1W).€4:5,) IS equivalent to

(0(s1), d(w).B(s2)) = (d(51), ¢(s51)-(D(w).p(52)))-
Here we used the W-equivariance of ¢ and the fact that W acts on @y, and so on
3(®y), via ¢: W — U. Since ¢(s1) € T and w.¢(s3) € Py, the conclusion follows
as in Example 2.19.

Let (¢, e) be a Juyumaya map. Recalling the definition of the product in X(®y),
we see that the second condition in the definition of a Juyumaya map is equivalent
to

es, - (w.es,) = e, - ((s1w).€5,) for any sq,s9 € S.
But this is precisely condition (2.15). In other words we have proven the following.

Theorem 2.23. Let (W, S) and (U, T) be Cozeter systems and let (¢, e) be a Juyu-
maya map between them. Let (R,u) be a pair consisting of a commutative ring
R with trivial W-action and a W-equivariant map u: S — R*. Let py denote
the W-action on X(®y) induced by ¢: W — U and by the canonical action of U
on ®y. Then (X(Py), pg, €) is a Marin-lTwahori-Hecke monoid. It follows that
EWSNRIS(Pu) e, po, €) is a free RIS(Py)(e]-module with basis {gu|w € W} (é
is as in (2.3)). Moreover, the augmentation map e: R[E(®y )] — R induces a
surjective algebra homomorphism &W+5) (RIE(®0)ie)], pgr €) — Hr(W, S)(us).
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The following Lemmas will be instrumental to provide nontrivial examples of
Juyumaya maps, which will be used in applying Proposition 2.23.

Lemma 2.24. Let (W,S) and (U,T) be Coxeter systems, and let ¢p: W — U be a
group homomorphism (not necessarily a morphism of Cozeter systems). Lete: S —
Y(®y) be a W-equivariant map (via ¢), and let S C S be a set of representatives
for the equivalence relation on S induced by the conjugation action of W on itself.
Then the following are equivalent.

(1) (¢,e) is a Juyumaya map;

(2) (es,w.es,) = (€5, (sw).es,) for each s €S, sy €S and w e W.

Proof. One implication is clear. To prove the other, let s; be an element in S. Then
there exist s in S and wy in W such that s; = wlswl_l. Since e is W-equivariant,
we have

(es,,w.€5,) = <ewlsw1_1,w.632> = (w.eq,w;.(w'w).es,))
= wy.(es, (W] tw).es,) = wy.(es, (sw]  w).e4,)
= (w .5, (wlswl_lw).682> = <ewlsw;1, (wlswl_lw).682>
= (es,, (s1W).€5,).

O

Definition 2.25. Let (W, S) and (U,T) be Cozeter systems, and let ¢p: W — U
be a group homomorphism (not necessarily a morphism of Coxeter systems). Let
S C S be a set of representatives for the equivalence relation on S induced by the
conjugation action of W on itself. For every s € S, let Ky C T be the set

Ks; = {t € T such that $(Cw(s)) C Cu(t)}.
We say that the pair (¢,8S) is a Juyumaya pair if K is nonepty for every s € S.

Example 2.26. If ¢: (W,S) — (U,T) is a morphism of Coxeter systems, then
(¢, S) is a Juyumaya pair for any set of representatives S. Indeed, the element ¢(s)
is an element of T in this case, and ¢(s) € K.

Lemma 2.27. Let (W, S) and (U,T) be Cozeter systems, and let (¢,S) be a Juyu-
maya pair. Lett: S — T be a map such that t(s) € K for every s € S. Then there
exists a unique W -equivariant map e;: S — X(®y) such that e,.s = (t(s)) for every
s€eS.

Proof. Let s € S. Then there exist w € W and sy € S such that s = wsow™!. We
set er: s = P(w).(t(sp)). We need to show this is a well-posed definition. If s =
W3ow ! for another pair (1, y), then so and 5y are in the same W-orbit. Since both
s and § are in S this implies 59 = so. Then w1 centralizes sy and so (b(w_lu?)
centralizes t(sg). Therefore ¢p(w).(t(50)) = ¢p(w).(t(s0)) = Pp(w).(t(s0)). The map e
is W-equivariant: if (s1, s2,w) € S x S x W is a triple such that ws;w™! = sy, let
so € S and wg € W be such that s; = wosowo_l. Then so = (wwq)se(wwg) ™! and
SO

(¢(wwo)).(t(s0)) = (P(w)p(wo))-(t(s0))
P(w)-(¢(wo)-(t(50))) = ¢(w)-€xs, -

et;SQ



AN ABSTRACT APPROACH TO ALGEBRAS OF BRAIDS AND TIES 15

Uniqueness is clear: if € is another W-equivariant map with é|s = (t), then for any
s € S we have €5 = €5,-1 = O(W).E5, = O(w).(t(s0)) = e,s, where (w,s) is any
pair in W x S such that s = wsqw™!. O

Definition 2.28. In the same notation as in Lemma 2.27, we say that (¢,S,t) is
a Juyumaya triple if ¢(s) € {1,t(s)} for any s € S.

Lemma 2.29. Let (¢, S,t) be a Juyumaya triple. Then (¢, e;) is a Juyumaya map,
where e;: S — X(Py) is the map defined in Lemma 2.27.

Proof. By Lemma 2.24 we only need to check that (e;.s,w.e.s,) = (€ss, (SW).€15,)
for each s € S, 5o € S and w € W. This is equivalent to

(2.17) (ets, D(w)-er;5,) = (€ris, d(5)-((w)-€1;5,))

for each s € S, so € S and w € W. By assumption we have two possibilities for
s € S: either ¢(s) =1 or ¢(s) = t(s). In the first case, equation (2.17) is trivially
satisfied. In the second case (2.17) becomes

(t(s), p(w)-ers,) = (t(5), 1(s)-(d(w)-€1;5,))-
We have t(s) = to for some ty € T and ¢(w).et.s, = (B) for some 5 in ;. We then
use again the general fact from the theory of Coxeter groups that for any tg in T'
and any S in @y one has (tg, 5) = (to, to.8), to deduce (tg, (8)) = {to,t0.(B)). O

Lemma 2.30. Let (W,S) and (U,T) be Coxeter systems, and let ¢: W — U be a
group homomorphism (not necessarily a morphism of Coxeter systems) such that
d(S) CTU{1}. Let S C S be a set of representatives for the equivalence relation
on S induced by the conjugation action of W on itself, and let So = S Nker(¢).
Assume Ky # (0 for any s € Sy, and let to: So — T be a map such that t(s) € K,
for every s € Sy. Lett: S — T be the map defined by

) — to(s) ’ifSESo,
" {¢><s) s ¢ So.

Then (¢, S,t) is a Juyumaya triple, and so (¢, e;) is a Juyumaya map, where e; is
the map from Lemma 2.27.

Proof. Clearly ¢(s) € {1,t(s)} for any s € S so we only need to show that (¢,S)
is a Juyumaya pair and that ¢(s) € K for any s € S. If s € Sy, then K, # 0 and
t(s) = to(s) € Ks by assumption; if s € Sp, then ¢(s) € T and t(s) = ¢(s) € K;. O

Remark 2.30.1. If ¢: (W,S) — (U,T) is a morphism of Coxeter systems, then
#(S) € T and the assumptions of Lemma 2.30 are trivially satisfied for any S,
since Sp = 0 in this case. It follows that the map ¢ is the restriction of ¢ to S. By
uniqueness, e; = ey, where ey is the map defined in Example 2.22. This way we
recover Example 2.22 as a particular case of Lemma 2.30.

Lemma 2.31. Let (W,S), (U,T) and (Z, R) be Cozeter systems, and let (¢,S),
with ¢: W — U and S C S, be a pair satisfying the assumptions of Lemma 2.30,
and : (U, T) — (Z,R) be a morphism of Coxeter systems. Then the pair (Yo, S)
satisfies the assumptions of Lemma 2.30.

Proof. For any s € S we have (¢ o ¢)(s) = ¥(1) or (¢ o ¢)(s) = ¥(t) for some
t € T. In either case we have that (1) o ¢)(s) € RU {1}, since v is a morphism of
Coxeter systems. Let s € Sg. Then there exists ¢ € T such that ¢(Cw (s)) C Cy(t).
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Let u € U be the element u = 1(¢). Then we have (¢ o ¢)(Cw (s)) C »(Cy(t)) C
Cz(u). O

Lemma 2.32. Let (W,S), (U,T) and (Z, R) be Cozeter systems, and let (¢,S),
with ¢: W — U and S C S, be a pair satisfying the assumptions of Lemma 2.30,
and ¥: (Z,R) — (W, S) be a morphism of Coxeter systems. Let R C R be a set of
representatives for the equivalence relation on R induced by the conjugation action
of Z on itself. If p(R) C S, then the pair (¢ o, R) satisfies the assumptions of
Lemma 2.30.

Proof. Since the image of ¢ o1 is contained in the image of ¢ we have (¢po))(R)
TU{1}. Let Ry = RNker(¢or)). Since 1 is a morphism of Coxeter systems, if r € R,
then (r) € S Nker(¢) = Sp. Then there exists ¢t € T such that ¢(Cw (¢(r))

Cy(t), and so (¢ 0 9)(Cz(r)) = ¢(4(Cz(r))) € ¢(Cw (¥ (r)) € Cu(t).

S N

0mn

3. EXAMPLES

We here provide examples of pairs (¢, S) satisfying the assumptions of Lemma
2.30, and so producing Juyumaya maps.

We denote a root system of finite type X (resp. affine type X ) with Coxeter dia-
gram of vertices i1, ...,4, by X, s, (resp. X’“Z ); the corresponding reflection

group is denoted by W (X, . ;. ). When no confusion is possible, we will denote a
morphism of Coxeter systems

¢ (W(Xiy,in)i {Sins 580 ) = WYy, )i {05 i 1)

simply by ¢: X — Y. A similar convention applies when one or both of the Coxeter
diagrams are of affine type.

The first series of examples derives from Remark 2.30.1, so they are examples of
morphisms of Coxeter systems.

Example 3.1. The Coxeter system A; is terminal among Coxeter systems: for
any Coxeter system X, there exists a unique morphism of Coxeter systems

coln

¢ (W(Xiy,in)i {Sins -5 80, 1) = (W(A1); {t1}).

Namely, the unique map {s;,,...,s;, } — {t1} extends to a morphisms of groups
W(Xiy,.in) = W(A1) = 5.

Example 3.2. For any Coxeter system X, the identity of X is a morphism of
Coxeter systems. In particular, if we consider the Coxeter diagrams

- O—O—CO0O——0O0—0——=0
Al"'”'1 2 3 n-1 n

and
Al...n : O C C C C C

1 2 3 n—1 n
then the map
P(si) =t

defines a morphism of Coxeter systems ¢: A — A. Despite being trivial, this
example will play a role in the following section.
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Example 3.3. Consider the Coxeter diagrams
1/
. —O0——0—>0
D1,71”72’“'n : 2 n—2n—-1 n
1//

and
Arn 1 2 3

n—1 n

ty ifie {117}

o defines a morphism of Coxeter systems ¢: D —
t; ifi>2

The map ¢(s;) = {
A.
Example 3.4. Consider the Coxeter diagrams

1

~
Dy e

and
1/

D : —O0—0—"720
17,17,2,..n 5 e a1 .

1//
t, ifie{n,n"}

is a morphism of Coxeter sys-
t; fi<n—1lorie{l’ 1"} P Y

The map ¢(s;) = {
tems ¢: D — D.

Example 3.5. By combining Examples 3.4 and 3.3 we get a morphism of Coxeter
systems D — A.

Example 3.6. Consider the Coxeter diagrams

n . O——O0—0O— n—1
Biinnr : QT n=2

and
- O—F4/—0O0—"0O——0O0—C0—=0

Bl'“"' 143 3 n—1 n

t, ifie{n,n"}

o is a morphism of Coxeter systems ¢: B — B.
t; ifi<n-—1

The map ¢(s;) = {

To produce more elaborate examples we need the following general result, which
describes the centralizer Cy (r) of a simple reflection r in a Coxeter group. Let
(W, S) be a Coxeter system. For s € S, let 'V (s) denote the set of roots orthogonal
to ag, and for w € W, let N(w) denote the inversion set of w, i.e.

Nw)={acd" |w(a) e —dT}.
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Proposition 3.7. [8, §2, Theorem| For every r € S one has
Cw(r) =WTW(r)U{+a,}) x Y,V

where YTVZ ={ueW|a =ula), Nu nT(r) = 0}. Moreover W(I'V (r) U
{£a,}) is a Cozeter group, andY,Y is free of rank e(r)—n(r)+1, where e(r) denotes
the number of edges and n(r) the number of vertices of the connected component
of the odd Coxeter graph of (W,S), i.e, the graph with vertex set S and edge set
{{r,s} | m, s is odd}, containing r.
Example 3.8. Consider the Coxeter diagrams

Bin: @195 no1 n

and
Al...n : 1 2 3 n—1 n
Then
1 ifi=1
e the map ¢: {s1,52,...,8,} — W(A;1. ) defined by ¢(s;) = o
t; ifi1>2

extends to a group homorphism ¢: W(B;. ) = W (A1 »);

o the set S = {s1,52} is a set of representatives for the for the equivalence
relation on {si, $2, ..., s, } induced by the conjugation action of W(By. )
on itself;

e the pair (¢, S) satisfies the assumptions of Lemma 2.30.

The first statement is easily verified by checking that the Coxeter relations are
verified, and the second statement is well-known (see e.g. [16]). To prove the third
statement, notice that Sp = {s1}, so we only need to show that the set

K, ={t € {t1,...,t,} such that ¢(Cp(s1)) C Ca(t)},

is nonempty, where we wrote Cp(s1) for Cyy(p, ,y(s1) and Cx(t) for Cy(a, ,)(t);
we will use similar conventions in the following. We use Proposition 3.7 to determine
Cp(s1). The group Y2 is free of rank 0, so it is the trivial group. We have

51,51

MP(s))=+{an+... +a,3<h<k<n}

n
U :l:{z a; 0 € (I)(Bl 11111 n) | ag = \[2041 > 0},
i=1
which is a system of type B,,_1. A simple system might be {a; +v2ag, a3, ..., a,}.
So Cp(s1) is of type A1 X Bj,,—1 and, since ey 1y/Bay = 525182, we have that

Cp(s1) = (s1,525152,83, ..., Sn)-

Therefore, $(Cp(s1)) = (¢(s1), P(s25152), B(83), .., d(sn)) = (s3,...,8n). It is
clear that T'4(s;) = {#+as,...,+a,}, and that Y;fysl is the trivial group (being free

of rank zero). Hence C4(t1) is the group of type Ay x A, _o given by (t1,t3,...,tn).
This gives ¢(Cp(s1)) C Ca(t1) and so t; € K, .

Example 3.9. A set of representatives for the equivalence relation on {sq, sa, .. .,
Snsy S} induced by the conjugation action of W(El’g’_,,,nl’n//) on itself is given
by {s1,s2}. A set of representatives for the equivalence relation on {t1,ta,...,t,}
induced by the conjugation action of W (B2, . ,) on itself is given by {¢1,?2}.
The morphism of Coxeter systems from Example 3.6 maps {s1,s2} to {t1,¢2}.
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Hence, applying Lemma 2.32 to Examples 3.6 and 3.8 we get a pair (¢,S) with
¢: W(B1,a,..n/mr) — W(A1 ), satisfying the assumptions of Lemma 2.30.
By flipping Example 3.8 we obtain the following.
Example 3.10. Consider the Coxeter diagrams

4
Cl T 5 3

n—1 n

and
Al.“n: 1 2 3 n—1 n

Then

e themap ¢: {s1,52,...,8,} = W(A;. ) defined by ¢(s;) = L le -

t; fi<n-—1
extends to a group homorphism ¢: W(Ci._ ) — W(A1. ,);

e the set S = {s,_1, sn} is a set of representatives for the for the equivalence
relation on {s1, s2, ..., S, } induced by the conjugation action of W(C .. ,)
on itself;

e the pair (p, S) satisfies the assumptions of Lemma 2.30.

Example 3.11. Consider the Coxeter diagrams

- O—O—0—0—+—0O0—C0—20
Cl noa 2 3 n—2n—1 n
and
c .. 0—0—0——0—0210
1.n 1 2 3 n—1 n
Then

1 ifi=1
e the map ¢: {s1,82,...,8,} = W(Cy. ) defined by ¢(s;) = 1 Z
t; if1>2
extends to a group homorphism ¢: W(éln) = W(C1. n);
o the set S = {s1, 82, s, } is a set of representatives for the for the equivalence

relation on {s1, s2, ..., s, } induced by the conjugation action of W(éln)
on itself;
e the pair (p,S) satisfies the assumptions of Lemma 2.30.
The first two statements are checked as in Example 3.8. To prove the third state-
ment, notice that Sp = {s1}, so we only need to show that the set

Ky ={te{t1,... ,t,} such that ¢(Cx(s1)) € Cc(t)},
is nonempty. We use Proposition 3.7 to determine Cz(s1). The group Ve s free

51,51
of rank 0, and so it is the trivial group. We have Fé(sl) = ®(C5, . »). Next we
determine C¢(t1). The group Y%, is free of rank 0, and so it is the trivial group.
Set B =a; +2(aa+ ... +an_1) +v2a,. Wehave I'“(t;) = {£8} U D(C5.._ ),
which is a root system of type A1 xCp—3. A simple system might be {8, as, ..., a,}.
Since sg = 5253+ Sp—_15nSn—1" - 5352515283 * * - Sp—18pSp—1* * - S2, We have that

P(sp) = tatz - tp_1tptn_1---tatatats -ty 1tpty 1 -ta =1

o(si) =1ti;, 3<i<n.

This gives ¢(Cz(s1)) € Co(t1) and so t; € K, .



20 R. FASANO, D. FIORENZA, AND P. PAPI

Example 3.12. Applying lemma 2.32 to Examples 3.11 and 3.10 we get a pair
(¢,S) with ¢: W(Ci 2. nn) = W(A1.. »n), satisfying the assumptions of Lemma
2.30.

.....

4. BRAIDS AND TIES ALGEBRAS

Given a Juyumaya map (¢, e) between the Coxeter systems X = (W, S) and Y =
(U, T), we see that the algebra EW-5) (R[S(®y) (], pg, €) is generated by elements
gs with s € S and w.ey with w € W. When X and Y are of A-, B-, C- or D-type,
we can interpret the elements g4 as braids and the elements e, as ties. Consequently
the algebra E(W’S)(R[E(CDU)[e]], pe, €) will be called a braids and ties algebra of type
X-Y. When Y = A we will simply say braids and ties algebra of type X. Somewhat
abusing terminology, for the braids and ties algebras arising from the examples in
Section 3, with the exception of the terminal morphism from Example 3.1, we will
say “the” braids and ties algebra of type X, to mean the distinguished braids and
ties algebra of type X arising from those examples.

Example 4.1 (The Hecke algebra “doubled”). This is the case of the terminal
morphisms from Example 3.1.

If X = X;,,..q,, the algebra EWS)(R[S(®y )], pg, €) in this case is generated
by the elements g5, with i € {i1,...,i,} and by the single element es, (since we
have e;, = ey, for any 4,5 € {i1,...,i,}). Writing g; for g,, and e for ey, the
relations defining the algebra are

9s;9s;9s; * " = 9s;9s;9s; "
mg; times mi; times
9% =14 (u; — De(l — g;)
gi€ = €g;
e? =e,
where u: {i1,...,i,} — R* is constant over W (X, . ; )-orbitsin {i1,...,4,}. For

instance, when X is the Coxeter diagram G : o%e we get the algebra over three
generators g1, g2, € with the relations

919291929192 = 929192919291
g2 =1+ @w-De(l-g), g°=1+@u—1e(l—go)

gi€e = €gi, g2€ = ¢€gs

e? =e,

which has manifestly {ew | w € W(G1,2), € € {1,e}} as basis over the ground field.

Example 4.2 (Marin’s Cyy-algebras). We recover here the Example 2.19. It indeed
corresponds to the general identity morphism from Example 3.2. If X = (W,5)
is a Coxeter system and e : S — X(®yw), as in (2.11), is the map e(s) = (s),
then E(W*S)(R[E(@W)[e]}, pId, €) is the algebra Cy. In particular, when R = k then
rky, R[¥(®y )] is the number of reflection subgroups of W, which has been called
Bell number of W in [13]. Hence, formula (2.9) specializes to Marin’s rank formula
from [13, Theorem 3.4]: rkiCw = Bell(W)|W]|.

Example 4.3 (The type A braids and ties algebra). This is a special case of the
previous example, when W is of type A,,_1. The algebra E(W*S)(R[E(@U)[e]], P €)
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in this case is generated by the elements g, with ¢ € {1,...,n — 1} and by the
elements w.e;, with w € W(A;, _ ,-1) >~ S,. Let us write g; for g5, and e; for e;,.

In [1] by Aicardi an Juyumaya introduced the (type A) algebra of braids and
ties. This is the algebra &, generated by the elements {g1,...,9n—1,€1,...,€n_1}
subject to the following relations

(4.1) 9i9; = 959; i [|i—jl>1

(4.2) 9i9i9i = 9;9i9; 1 [i—jl=1

(4.3) 92 =1+ (u—1es(1 - g;)

(4.4) gi€j = €;g; if |i—j]#1

(4.5) 9igi€; = €:9;9; if li—jl=1

(4.6) eiej = eje;

(4.7) el = e

(4.8) eiejgj = €igjei = gjeie;  if |i—jl=1

The algebra &, has the following useful and important diagrammatic realization,
proved in [1]. Consider the algebra generated by concatenation' of the following
elementary diagrams on n strands: 1 is represented by

1 2 3 n—2 n-—1 n

g; is represented by a elementary braid

-

e; is represented by a elementary tie

1 2 i i+ 1 n

The resulting diagrams are considered up to planar isotopy; moreover, the end-
points of the ties can freely move along the strand and through the ties themselves.
Our general constructions recovers this algebra, as proved in the following

-

Proposition 4.4. The algebra EWVS) (R[S(Py) ), po, €) coincides with E,.

A (sketchy) proof of this statement can be found in [13]. We provide a detailed
treatment, which can be taken as a basis for other instances of braids and type
algebras admitting a geometric realization.

LAB means A on top of B.
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Proof. The relations defining €5 (R[E(®y) (], py, €) are

(4.9) 9:i9; = g59; if Ji—j|>1

(4.10) 9i9;9i = 959i9; if |i—j|=1

(4.11) g =1+ (u—1ei(1—g;)

(4.12) gi(w.ej) = (s;w.€;)gi, Yw e W(A1, . n-1)

(4.13) (w1.€;)(wa.e;) = (wa.€5)(wr.€;), Vwi,we € W(A1, . n-1)

(4.14) (w.ei)2 = w.e;, Yw e W(A1, . n-1)

(4.15) ei(w.e;) = e;i((s;w).e;) Yw e W(A1, . n-1),

where the fact that all of the s;’s are in the same W-orbit implies that the datum
of the W-equivariant map u: {s1,...,8,} — R* reduces to that of the choice of

an element v in RX. By Remark 2.4.1 and Example 2.10, equation ¢;> = 1 +
(u; — 1)e;(1 — g;) implies that g; is invertible, with inverse given by a polynomial
expression in g; and e;. So we can rewrite equation g;(w.e;) = (s;w.e;)g; as

sjw.e; = gi(w.ej)gi_l

and argue by induction on the lenght of w that all the elements w.e; lie in the
subalgebra generated by the g;’s and the e;’s. Therefore {g1,...,gn—1,€1,...,€n_1}
is a set of generators for the algebra E(W’S)(R[E(@U)[e]], P, €) in this case. Taking
w = 1, relation (4.12) gives

(4.16) giej = (5i-€;)9i-
Since we have

j if |t—j|#1
(4.17) sie; = {ej if |i—j|#

Sj.€4 if |’L*_]|:].,
equation (4.16) reduces to gie; = e;g; if |i—j| # 1, which is relation (4.4).

Moreover, if |i — j| = 1, using Remark 2.4.5, we have

giej = (si-€;)gi = (sj-€)9: = gjeig; ' 9i = 95 ' €ig; i,

ie., gjgie; = €ig;g; if |i —j| =1, which is relation (4.5).

Taking w = w; = wy = 1, relation (4.14) becomes e;2 = e;, which is relation
(4.7), and relation (4.13) becomes e;e; = eje;. which is relation (4.6).

Finally, taking w = 1 relation (4.15) gives e;e; = €;(s;.€;). This is trivially true
if i — j| # 1, while for | — j| =1, by (4.17) and (4.13), it becomes

€€ = €i(8j.€i) = (sj.ei)ei,

ie., eie; = e;gjeig; " and e;e; = gjeig; e = g teigjes, ie., since ee; = eje;,
eje;g; = e;gje; = g;e;e;. Hence relation (4.8) holds and since relations (4.9)-(4.11)
and (4.1)-(4.3) are identical, £(W’S)(R[E(<I>U)[e]],p¢, €) satisfies all the defining re-
lations of &,,. Also the converse holds. To get (4.12), notice that it is equivalent to
gi(w.ej)g; ! = (siw.e;), which in turn is equivalent to s;.(w.e;) = (s;w.e;), which
clearly holds. Since w.— is an action on a monoid, (4.7) implies (w.e;)* = w.e; for
any w, i.e., (4.14) holds. By the same reason, equation (4.13) is equivalent to

(4.18) ei(w.e;) = (w.e;)e;, Yw € W(A1, . n-1)-

To prove (4.18) and, finally, (4.15), we resort to the diagrammatic encoding of &,.
Denote by e;; the diagram with a tie joining strands 7 and j. The key remark is that
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the W-action on ties can be interpreted as the permutation action of the endpoints
of the ties: the diagram of w.e; is €y (5),w(i+1)-
Relations (4.18), (4.15) in &, read, respectively
(4.19) €i,i+1Cw(5) aw(j+1) = Cuw(s)aw(j+1)Ciit1s
(4.20) €i,i+1Cw(5),w(i+1) = €i,i+1€s;w(5),s,w(j+1)"

The are several cases to analyze. In the following table we display the values of
w(j), w(j + 1) and the corresponding values of s;w(j), s;w(j +1); by * we mean an

integer in the range 1,...,n different from 7,7 + 1.
1 2 3 4 5 6
w(j) T o |i+1] @ Ji+1] = *
w(j+1) * ¥ |i+1] 4 i i+l
s;w () i+1] @ |i+1| 4 * *
siw(F+1) | = * i |i+1|i4+1| 4

Relation (4.19) in cases 3,4 amounts to (4.6), where in the other cases follows from
the fact that the endpoints move freely on the strands (which easily follows from
(4.12)). Relation (4.20) is clear in cases 3,4, and in cases 1, 2 (and by the same
reason also in cases 5,6) corresponds to the following diagrammatic equality between
strands 7,7 + 1, %

________ - ——- |:|

Remark 4.4.1. In [4] the authors constructed a two-parameters braids and ties
algebra &, (u,v), which specializes to &,, and which is relevant for applications to
knot theory. We can recover this algebra starting from the generalized Marin ring
described in Remark 2.4.2 by setting:

bs =1+ (u—1)es, ¢s=1—(v—1)es.
With this specialization relation (2.2) (which replaces (4.11)) becomes
(421) g? =1+ (u - 1)65 + (U - 1)68987

which is formula (20) from [4].
To obtain &, from &, (u,v), one looks for rescalings gs ~> §s = Asgs which turn
(4.21) to (4.11). The equation for A; becomes

(14 (u—1)e)A2 — (v —1)esAs — 1 = 0.
Now we use the idempotency of e; and write
fs :>\5635 Zs :>\s<]—*es)a

so that A\; = & + z,. By the commutativity of the algebra we have {5z, = 2,65 =0
and so A2 = ¢2 + 22, The quadratic equation for A\, becomes

(1+ (u— 1)65)(53 + 23) —(v—=T)es(€s +25) =1 =0,
and so, recalling that e;(1 — es) = 0, it becomes the equation

(14 (u—1)es) (€2 +22) — (v —1)esls — 1= 0.
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By multiplying it by es and by 1 — e, this is in turn equivalent to the pair of
equations

{(uf? — (= 1)& — e, =0
(22=1)(1 —e,) = 0.

Let us consider the system of equations

un? —(v—1n,—1=0
2—1=0.

If (ns, (s) is a solution, then & = nses, zs = (s(1 — e5) is a solution of the previous
one. A solution of (2 —1 = 0 is clearly given by (; = 1. Let then 7 be a solution of
the quadratic equation ut?—(v—1)t—1 = 0 (notice that this equation is independent
of s). We find that a solution Ay to our original problem is given by

As=(1—es)+7es =14 (17— 1)es.

If we set 6 = 7 — 1, then our expression for A, takes the form A\ = 1 + deg so that
our rescaling is g, = gs + desgs. Notice that the quadratic equation satisfied by ¢ is
u(z+1)?2 = (v—=1)(z+1)—1=0,

i.e., Aicardi-Juyumaya’s equation (22) from [4].

The previous example shows how to realize braids and ties algebras of type A,
i.e. of type A-A. Similarly, one can produce algebras of type B-B, D-D and so on.
There are however also genuine examples of braids and ties algebras of type B and
D (i.e., of type B-A, D-A).

Example 4.5 (The type D braids and ties algebra). This is the case when X = D
and Y = A coming from Example 3.3. The algebra EW5) (R[S (®y) (], pg, €) in
this case is generated by the elements gs, with ¢ € {1’,1”,2...,n} and by the
elements w.e;; with j € {1,2,...,n} and w € W(Dy/ 1. n) (or equivalently, since
the morphism W (Dys 17, 5) = W(A1,.. ) is surjective, w € W(A;,.. ,)). It is
convenient to introduce elements es, with ¢ € {1’,1”,2...,n} by setting e, , =
es,, = ey, and es; = ey, fori € {2,...n}. Let us write g; for g, and e; for e,,. The
relations defining the algebra are then obtained as in Example 4.3:

9i95 = gi9¢ it |i—j[>1
9i9;9i = 959:9; if |i—jl=1

gi° =1+ (u—1)e;(1 —g;)

giej =ejg; if [i—j|#1
gjgie; = €ig;gi if li—jl=1

€i€j; = €;€;
ei’ = e
€i€50; = €;g;€; = gj€;€;5 if |Z —j| =1
61/ = 61//’

where |i — j| denotes the distance in the Dynkin diagram D/ 172, , so that, e.g.,
|[1” — 1”| = 2. Notice that one has an evident morphism of algebras from the type
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D to the type A braids and ties algebra, given by

if ie{l',1” if ie{l',1”
gﬁ{gu ie {117} H{ if Qe {11}

g if i>2 e; if i>2

Example 4.6 (The type B braids and ties algebra). This is the case when X = B
and Y = A coming from Example 3.8. The algebra &%) (R[E(®v)(e)], pg, €) in this
case is generated by the elements gs, with ¢ € {1,...,n} and by the elements w.es,
with w € W(B;,... ). By Example 3.8 we can choose to: So = {s1} = {t1,...,tn}
to be tg(s1). The corresponding map t: S — {t1,...,t,} from Lemma 2.30 is then
given by t(s;) = t; for i = 1,2. According to Lemma 2.27, the map

e {s1,..., 80} > OW (A1, _n,{t1,...,tn})
is given by
es, = d(w).(t(s0)),
where s = wsow™! with sg € {s1,52} and w € W(Bj,.._,). It then follows that e is
explicitly given by
€s; = <t1>

for any 7. As in the previous example, let us write g; for g, and e; for es,. Fol-
lowing [9], let us also recursively define the elements f; € R[¥X4, . (t1.....tn})e)

as f1 = e; and f; = g;.fi—1 for 2 < ¢ < n. The relations defining the algebra
EWS)(R[E(Py )], pg, €) are then

(4.22) 9i9; = 9;9; i |i—jl#1

(4.23) 91929192 = 9291921

(4.24) 9i959: = 9;9i9; i i —jl=1,{i,j} # {1,2}

(4.25) g2 =1+ (v—1)e(1—g;)

(4.26) g2 =1+ u—1Dei(l—g), i>2

(4.27) gi(w.ej) = (s;w.€)gi, Yw € W(Bi1,...n)

(4.28) (wy.€;)(we.€;) = (wa.€j)(w.€;), Yw € W(Bi1,...n)

(4.29) (w.ei)2 = w.e;, Yw € W(Bi1,...n)

(4.30) ei(w.e;) = e;((s;w).€;) Yw € W(Bi1,...n)

(4.31) fi=el

(4.32) gifi=figi if i=1 or i>2j#i—1,i

(4.33) gific1=figi 2<i<n

(4.34) gifi=fi-19; 2<i<n

(4.35) eir1fi=¢er1fir1 1<i<n

(4.36) eiv1fi=firrfi 1<i<m,

where we used the fact that all of the s;’s with the exception of s; are in the same
W-orbit to reduce the datum of the W-equivariant map u: {s1,...,8,} = R* to

the pair of elements v and u in R*. The origin of the relations involving the elements
fi is as follows. The relation f; = e; and the relation g; f;_1 = f;g; are the defining
YYYYY wi{t1,.tn]l[e] 18 @ subalgebra
of R[¥4, . {ti...tn)]- In this larger algebra, under the canonical isomorphism

W (A, .n) = Sny1 mapping the generator ¢; to the permutation (4,4 + 1), the
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element e; corresponds to the subgroup of S, 41 generated by the permutation
(1,14 1), and the element f; to the subgroup of S,,+1 generated by the permutation
(1,4 + 1). Then the identity g1f; = fjg1 for all j is the fact that g; is in the
kernel of the homomorphism W (B, ,) — W(A1,. ) and so it acts trivially on
R[XA, . {tr,ta)lle)- The identity gif; = fjgi for |i — j| # 1 with ¢ > 2 and
j #i—1,14is the fact that with these assumptions in S, +1 we have the identity (4,7+
(1,5 +1)(4,i+1) = (1,5 +1). Therefore in the larger algebra R[¥4,  « ...
we have the relation g;f; = fjg:; this is a relation in R[¥X4, | 4, ., among
elements in R[X4, | 14,..t.])[e) and so it is a relation in R[¥4,  « . e0lie)-
Similarly, the relation g; f; = fi_1g; is the identity (¢,7+1)(1,7+1)(4,+1) = (1,7)
in S,,1+1. Finally, the relation e; 1 f; = e; 41 fi11 expresses the fact that in S, 1 the
pair of permutations ((7 41,7+ 2),(1,i+ 1)) and ((i + 1,7+ 2), (1,4 + 2)) generate
the same subgroup; similarly the relation e;1f; = fi+1f; expresses the fact that
in S,41 the pair of permutations ((i + 1,7+ 2), (1,44 1)) and ((1,i 4 1), (1,3 4+ 2))
generate the same subgroup.

Taking w = 1, the relation g;(w.e;) = (s,w.e;)g; gives g;e; = (s;.€;)g;. Since we
have the nontrivial relations

ej if li—jl#1 or (1,7)=(1,2),
§;.€65 = . . . .
J Sj.€; if |Z _]| =1, {Za]} 7é {172}7

equation g;e; = (s;.€;)g; reduces to

gie; = €;9; if li—jl#1 or (1,5)=(1,2)

(4.37)

and gives
gie; = (si-€j)g;i = (85.€i)gi = gjeigj_lgi =g, teig;ai,
where we used Remark 2.4.5, i.e.,
Taking w = w; = we = 1, the relation (w.e¢)2 = w.e; becomes e;2 = ¢; and the
relation (w;.e;)(ws.€;) = (we.e;)(wi.€;) becomes e;e; = eje;.
Taking w1 = 1, wy = gjgj—1---g2 and j = 1, the relation (w;.e;)(ws.€j) =
(wo.e;)(w1.€;) becomes e; f; = fje;.
Taking w1 = 9igi—-1°°"92, W2 = ¢gjgj—1-""92 and i = ] = 1, the relation
(wl.ei)(wg.ej) = (wg.ej)(wl.ei) becomes fzf] = f]fz
Taking w = 1 the relation e;(w.e;) = e;((s;w).e;) gives e;e; = e;(s;.e;). This is
trivial if |i—j] # 1 or (i,5) = (1,2), while for [i—j| = 1 with {i, j} # {1,2}, by (4.37)
and by (w1.e;)(ws.e;) = (wa.€;)(ws.€;), it becomes e;e; = e;(s;.€;) = (s5.€;)e;, i.e.,
eiej = €gjeig; "
and e;e; = gjeigj’lei = gjfleigjei, i.e., since e;e; = eje;,
€j€igj = €ig;jCi = g;C€i€;-
For (i,7) = (2,1) we find the relation ese; = eagae1g2~ ! = goe192 tea, i.e., since
g262 = €292,
ese1 = eagae1ge” | = gaereaga
i.e., since ejeq = esgeq,

€1€2G2 = €202€1 = g2€1€2.
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Summing up, we see that relations (4.22)—(4.36) imply relations
4.38) 9i9; = gjg; if Ji—j]>1
91929192 = 92919291
9i9;9: = 9;9:9; it |i—jl=1{i,j} #{1,2}
9> =1+ (u; — L)ey(1 — g;)
giej =ejgi it |i—j[#1 or (i,j)=(1,2)
gigiej = eigjgi if [i—j[=1, {i,j}#{1,2}

€i€; = €€

e’ =e

(

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46) ejeigy = eigjei = gjeie; it |i—jl =1, {i,j} #{1,2}
(4.47) €1€2g2 = €202€1 = g2€1€2

(4.48) i=e

(4.49) gifi=figi if i=1 or i>2j+#i—1,i
(4.50) eifj = fi€i

(4.51) fify = Fifi

(4.52) gifi-1=figi 2<i<n

(4.53) gifi=fi-19: 2<i<mn

(4.54) eivifi=eir1fiyn 1<i<n

(4.55) eiv1fi= firrfi 1<i<n.

The algebra EP generated by {gi, €;, fi }i=1....n subject to the relations (4.38)-(4.55)
has been considered by Flores in [9], and called the type B braids and ties algebra.
See Remark 2.4.4 for a direct comparison of the relation g;2 = 1+ (u; — 1)e;(1— g;)
given above with the relation ¢;> = 1 + (¢s — ¢s ')esgs in [9]. The algebra £5
admits a geometric realization, provided in [9], in the spirit of Aicardi-Juyumaya
braids and ties algebra. Hence we can repeat the argument given in Example 4.3
to prove that relations (4.38)-(4.55) actually imply (4.22)-(4.36). In particular,
EWS)(R[E(Py)(¢], pg, €) is isomorphic to EF.

5. OUTLOOK

The construction of the algebras Cy has been upgraded to the case of complex
reflection groups W in [13, Section 5] and further investigated in [14]. It would be
interesting to relate our constructions to this upgraded definition.

We believe that our abstract approach might be useful in handling construc-
tions on “braids and ties”-type monoids and algebras, like the framization and
deframization processes treated in [5]. More in detail, let us recall the relationship
between the algebra &, from Example 4.3 and the Yokonuma-Hecke algebra. In [18]
Yokonuma provided a presentation by generators and relations for the Hecke ring
H(G,U) where G is a split simple Lie group of adjoint type over F,, T is a fixed
maximal torus and U the unipotent radical of a fixed Borel subgroup containing 7.
Subsequently, Juyumaya and collaborators ([11, 12]) gave a different presentation
which has been successfully related to diagram algebras, as follows. Consider alge-
bra Yg,(q) presented with invertible generators g1, ..., gn—1, t1,...,tn satisfying
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the following relations:

(5.1) tit; =tjt;, t&=1,
(5.2) t;9: =9its, ()
(5.3) 9i9; = gj9; for [i—j| > 1, and g;g;9: = g;j9:9; for|i —j|=1,
(5.4) g =1+ (¢—q Heg,
where

1 d—1
(5.5) €i=5 > otk

k=0

It turns out that the algebra &, can be constructed by removing the framing genera-
tors t; of the Yokonuma-Hecke algebra and by considering a new abstract generator
e; satisfying the same relations as the €; in the Yokonuma-Hecke algebra. This pro-
cess has been studied at a more abstract level of generality in [5], and it would be
interesting to investigate whether all of the algebras &(W+5) (R[E(®0)(e)], pgs €) can
be obtained in general by a similar deframization process.
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