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‘We analyze the spin-glass transition in a field in finite dimension D below the upper
critical dimension directly at zero temperature using a recently introduced perturbative
loop expansion around the Bethe lattice solution. The expansion is generated by the
so-called M-layer construction, and it has 1/M as the associated small parameter.
Computing analytically and numerically these nonstandard diagrams at first order in
the 1 /M expansion, we construct an €-expansion around the upper critical dimension
D,. = 8, with ¢ = D, — D. Following standard field theoretical methods, we can
write a f function, finding a new zero-temperature fixed-point associated with the
spin-glass transition in a field in dimensions D < 8. We are also able to compute, at
first order in the e-expansion, the three independent critical exponents characterizing
the transition, plus the correction-to-scaling exponent.

perturbative expansion | upper critical dimension | renormalization group | disordered systems |
percolation

Spin glasses (SG) with an external field are the prototype of disordered models. Their
fully connected (FC) mean-field (MF) version, the Sherrington and Kirkpatrick (SK)
model (1), was solved more than forty years ago (2, 3), and the solution has been proved
to be rigorously correct more than twenty years later (4, 5). At small temperatures and
fields, the SK model is in an SG phase, with an infinite number of equilibrium pure states,
diverging susceptibilities, and frozen local magnetizations, while at high temperature/field
it is in a paramagnetic (PM) phase.

Beyond MEF, things are much less clear. In particular, it is still a debated question
whether the SG model with an external field in finite dimensions admits an SG phase
at low temperature, and which is the lower critical dimension. The interpretation of
numerical simulations is also debated, because of large finite-size effects and equilibration
times (6-11).

A standard statistical mechanics tool for inferring the finite-dimensional behavior of
models is the perturbative Renormalization Group (RG) (12, 13). This approach has
been applied to the spin-glass model in a field and at finite temperature in several papers
(14-22). For dimensions D higher than the upper critical one D > DI = 6, the
standard field-theoretical approach finds an MF-FC Fixed Point (FP) that is stable, even
if its basin of attraction becomes smaller with decreasing dimension and eventually goes
to zero at Di%. For D < DI = 6, at the first order in the loop expansion, one cannot
find a stable FP (14, 16). Going to the second order in the expansion (20, 21), one
finds a strong-coupling FP that could in principle be stable even above Dj, but in this
strong-coupling regime, the perturbative nature of the expansion does not ensure to give
correct results.

One could also use real-space RG methods, as done in refs. 23-29. However,
they usually rely on some crude approximations and, even if they can provide useful
indications, they are not conclusive.

In ref. 30 a different perturbative loop expansion has been proposed, around the MF
Bethe solution, a refined, finite-connectivity mean-field theory that is exact on the Bethe
lattice (BL). The BL is a tree-like lattice in which the average connectivity is finite and
the average length of loops diverges logarithmically with the size of the system. This
property implies that, if a single pure state exists, nearest neighbors can be considered
independent if one removes the link between them, and the marginals for each degree of
freedom can thus be obtained by solving some self-consistent equations. SG models in a
field can be solved on the BL exactly in the PM phase. They display a transition toward an
SG phase at a small temperature/field which can be described within the so-called 1RSB
approximation both at finite and zero temperature (31-33). However, the BL solution
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is deeply different from the fully connected one, in fact, the finite
connectivity implies local fluctuations of the order parameter,
that cannot be identified as a global averaged one: In this sense, the
BL is much more similar to finite-dimensional systems. The loop
expansion of ref. 30 is obtained through the following procedure:
One creates M copies of the original finite-dimensional lattice
that at the beginning are thus independent. At this point a local
random rewiring of the links is performed: We will call the
obtained lattice the M-layer lattice. More precisely, consider an
edge in the original lattice and its M — 1 copies. The random
rewiring procedure involves detaching all M edges (the original
one and its copies) and reconnecting them uniformly at random,
in such a way that each site must retain exactly one of the M
edges. Once this procedure is applied to every edge in the lattice,
different copies (also called “layers”) may become connected,
while the connectivity of each site remains unchanged from that
of the original lattice. For a pictorial representation see figure
1 of ref. 34. In the large M limit, the solution of the model
will exactly correspond to the BL one, with topological loops
whose length will diverge logarithmically with the number of total
degrees of freedom. One could then perform an 1/M expansion
that will take the form of a diagrammatic expansion in the
number of topological loops with appropriate rules (30). Using
standard RG methods, one could then identify the upper critical
dimension of the model Dy, and set up an expansion around
Dy to obrtain critical properties and in particular the critical
exponents in lower dimensions. When this expansion is applied
to models that have the same kind of transition both on the BL
and on the FC lattice, one recovers exactly the same results as the
standard field-theoretical loop-expansion, as recently shown for
the Ising model (35), for the percolation model (36) and for the
SG in a field in the limit of high connectivity for 7 > 0 (37).
Instead, when the BL solution is different from the FC one (or
if the FC solution does not exist), the M-layer expansion gives
completely new results: This is the case for the Random Field
Ising model (RFIM) at zero temperature (34), the bootstrap
percolation (38), the glass crossover (39) and the Anderson
localization (40).

In ref. 41 the M-layer expansion has been applied to the SG in
a field directly at 7 = 0: There is no transition in the SK model
at T = 0, because the system is in the SG phase no matter which
is the value of the field, while in the BL there is a critical value of
the field that divides the PM and the SG phases at 7 = 0 and the
loop-expansion is performed around this point. Excitingly the M-
layer expansion around the BL found an upper critical dimension
Dy = 8, at variance with the upper critical dimension identified
by standard field-theoretical analysis at 7" # 0 that is Di, = 6
(14). In this paper, we proceed along the path started with ref. 41,
and we set up an expansion below Dy = 8: Following standard
RG methods, we can identify a perturbative finite-dimensional
T = 0 fixed-point that is stable for D < Dy, that governs
the finite-dimensional SG transition. We are also able to write
perturbative expressions for the independent critical exponents:
As in standard 7 = O transitions, the number of independent
exponents is three and not two as in 7" # 0 fixed-points (42). We
also carried out the same computation for the critical exponents
of a one-dimensional SG model with long-range interactions,
for which the power-law exponent that controls the strength of
the interactions can be linked to an effective dimension. The
results of this computation are particularly useful when one
wants to compare analytical results with numerical simulations,
for which one-dimensional long-range models are much more
suitable.
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1. Model and Observables

We consider the Edwards-Anderson SG model at zero tempera-
ture, defined on a generic lattice, by the following Hamiltonian:

H({oitier) = — Z Jijoio; — ZHi o (1]
(ij)e€ i€l

where L is the set of lattice sites, £ is the set of edges and 6; = £1
Vi € L are Ising spins at the lattice sites. The /;;’s and the H;’s are
quenched random variables; in particular, we will consider the
cases of i) Gaussian distributed /’s with E;[/;;] = 0 and constant
field H; = H Vi € L; and ii) Bimodal distributed /;; = 41 with
zero means and Gaussian distributed random fields H;’s with
variance A? and zero means. In the first case, the transition will
occur at some critical value H, of the field while in the second
case, it will occur at some critical value A, of the variance.

On the Bethe lattice, the above model has a zero-temperature
transition and we are interested in assessing the fate of this
transition in finite-dimensional models. To do so, we have
considered the M-layer lattice. The aforementioned construction
yields a random finite-dimensional lattice characterized by the
number of layers M. In any dimension, when M goes to infinity
all observables of the model converge to the Bethe lattice result,
therefore a phase transition is observed with the Bethe lattice
critical exponents. At finite values of M, there are O(1/M)
corrections that are harmless above the upper critical dimension
D > D, = 8, but are expected to alter the critical behavior for
D < 8 (41). In the following, we will consider the first 1/M cor-
rections to various observables and show that for D < 8 they do
not destroy the transition leading instead to an expansion of the
critical exponents in powers of € = 8 — D. A similar conclusion
will be found for the corresponding long-range models.

Given a realization of the disorder, we consider for each spin
o; the local field 4;, defined as usual such that i) o; is oriented
along #; in the ground state and ii) AE; = 2|5;| is the “excitation
energy’, i.e. the energy difference between the ground state and
the ground state where o; is constrained in the direction opposite
to h;. We stress that the local field 4; is a complicated function of
all /;i’s and of the external fields /7;’s in the system. The single-
site probability density over the disorder that 4; is equal to 4 is
given by Pj(xi, ), where x; is the position of ¢;. Due to the
translational invariance of the disorder, the distribution is the
same for all spins i.e. Py (x1, 4) = Py (h).

Since either the /;;’s or the H;’s obey continuous distributions,
Py (h) is also continuous, therefore one could expect the prob-
ability of finding two spins at a finite distance with the exact
same local field to be zero. It turns out that this is not the case
and that for each value of AE there is a finite probability density
over the disorder of finding a cluster of spins with |5;| = AE/2.
Therefore, for a given realization of the disorder, the whole system
is partitioned in clusters of spins with the same excitation energy.
In the PM phase, each cluster contains a finite number of sites
and extends over a finite region of the lattice. The clusters are
related to the concept of avalanches, indeed one can show that, if
a spin is forced in the opposite direction of its local field, all the
spins in the same cluster are also flipped in the new ground state.
For the sake of readability we postpone to Section 2 a detailed
discussion of clusters and avalanches. The clusters with nearly
zero excitation energy AE = 07 are of particular importance
at the critical point: We call them “soft” clusters as they can be
flipped with zero energy cost. We will see that approaching the de
Almeida—Thouless line (43), the typical size of the soft clusters
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diverges, much as it happens in percolation when the critical
occupation probability is approached from the nonpercolation
phase (44, 45).

The notion of clusters allows us to straightforwardly define
correlation functions. A generic multipoint correlation function
Py(x1, ..., %4 AE) is defined as the probability density over
the disorder that the ¢ spins at positions xj, ..., x, are in the
same cluster with excitation energy AE. Again, as the disorder
distribution is translational invariant, the correlation functions
are translational invariant as well. In particular, the probability
P1(x1; AE) that the spin at position x; belongs to a cluster with
excitation energy AE does not depend on x; and is simply related
to the local field distribution: P (AE/2)/2 + P1(—AE/2)/2.

Guided by the percolation problem we also consider the
statistics of cluster sizes. We define the cluster density 7(s, AE)
such that, in a system of size NV, the number of clusters of size
s and excitation energy between AE and AE + d4E is given
by n(s, AE)NdAE. In principle, n(s, AE) depends on the given
realization of the disorder but, on general grounds, we expect
it to be self-averaging at large V. Much as in percolation, one
sees that the correlation functions are related to the moments of
n(s, AE), in particular, we have

Z sn(s, AE)

$

= Py (x1; AE) . [2]

Furthermore, the sum of P (x1, x2; AE) over x; is related to the
second moment of the cluster distribution:

(s AE) =Y Ps(x1, x2; AE) 3]

s X2

and in full generality:

Z n(s, AE)

S

Z Pylx1, ..

L xg; AE). [4]

Note that the RHS of the last three formulas does not depend on
x1 due to translational invariance.

The notion of local fields 4; can be generalized to any number
of spins. In particular, given two spins ¢; and o and a specific
instance of the disorder, we consider the effective energy function

€ .
Ej(0j, 0;) = —u;0; — ujo; — ]l]ﬁr o;0; that yields, apart from a
constant, the ground state energy of the system when the two

spins are constrained in the four possible configurations o; = %1,

= +1. Note, again, that the effective fields #;, #;, and ];ﬁ are

complicated functions of the actual couplings /’s and fields H’s
of the whole system, as given in Eq. 1. We thus introduce the

probability density over the disorder that the triplet (u;, u;, ]ljﬂr)

isequal to (u, o/, ) as P2 (x1, x2; 4, #/, J ), where x1 and x; denote
respectively the position on the lattice of the sites i and ;.
Again, this distribution is translational invariant with respect
to a shift of x; and x;, besides it is symmetric with respect to the
exchange u# <> /. We expect that at large distances |x; — x| this
distribution converges to the factorized form Py (u)P;(+#)6(/),
where Pj(u) is the probability distribution of the local field on

a given site, indeed if /| = ];’ﬂ = 0, then %, = u(u; = )
coincides with the local field /4;(4;). An important property
of the triplets distribution is that, at any distance |x; — x3|,
there is a finite probability of having / = 0; see for instance,

SI Appendix, Table S1. Therefore we can define two additional
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distributions P (%1, x2; 4, o) and P (x1, x5 u, o/, ] ), that take
into account triplets with respectively / = 0 and |/| > 0:

Pyt i, ]) = Pr()Pr () 6())
= Py, vy, ) 8(T) + P s i), [5]

where P (x1, x2, u, o/, J) is regular at / = 0. Note that triplets
with strictly vanishing / are also present in the RFIM, whose
critical behavior is described by a zero temperature fixed point.
In the following, we will study the probability densities Py, P,
and P, on the M-layer random lattice. In this case, the average
over the disorder includes the average over the rewirings, i.e. over
all possible realizations of the M-layer. On the M -layer lattice a
point is specified by its position x on the original lattice and by its
layer. However, after averaging over all possible realizations of the
M-layer, the probabilities P1, P>, and P, do not depend on the
actual layers of the spins but only on their position on the original
lattice, therefore, the dependence on the layers will be dropped.

1.1. Scaling Laws. An explicit computation, done in S/ Appendix,
shows that at leading order in the 1/M expansion Eq. 5 takes the
following simple form after Fourier transform (#7) in position
space:

FT [Pa(x x50, ]) — Pr(u) Py (u)5(])]
o (27)P8(k + K)Py (1) Py (o)

1 1
(@m0t wr) o

where # vanishes linearly at the critical pointi.e. # & H — H, or
t o« A — A,. The function P;(#) depends on the microscopic
details of the model and satisfies i) ?31 (#) > 0 for all « and ii)
21 (u) = 7’:1 (—u) in the random-field case.” As a consequence of
P1(u) = P1(—u), the average over the disorder of 6;0; on the
ground state vanishes. This has to be contrasted with the RFIM
where o;0; on the ground state is always positive due to the
presence of an additional term (27)P8(k + ¥ )A(u)A(u') (F* +
£)728(]) in Eq. 6 (34) where A(u) is antisymmetric.

Given a generic translational invariant two-point function
C(x x'), we deﬁne the associated correlation length as &2 =
[dPx|x)*C /dex C(x 0). Thus in Eq. 6 two correla-
tion lengths fd” and &, can be identified, respectively associated
with the disconnected and connected functions. & diverges as
=12, while &, oc (£ + |/|)~"/? depends on both 7 and J (but
noton #and #') and diverges iff both # and / vanish. We note that
Eq. 6 holds at small momenta, that is at large distances |x — x/|,
of the order of the correlation lengths that are large close to the
critical point (# = 0) when |J| < 1.

As we mentioned before, higher-order corrections in 1/M do
not change Eq. 6 above the upper critical dimension Dy = 8
(41). For D < 8, corrections are instead important, nonetheless,
we expect that Eq. 6 is generalized by the following scaling
expression:

Pa 101, J) = PPy (4)50)
= PP 6 (-t () )
g (5— H )) 71

*Note that, applying a random transformation ; — —o; with probability 1/2 indepen-
dently for each spin, the constant field case reduces to the random field case with H; = +H.

_|_
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where r = |x] — x2| and again the length &;; depends only on #
and diverges as &, o ™ while &, depends on both #and J (but
not on # and #) and obeys &, = F"fg(m/t"e). The scaling
function f is such that &, is finite unless both # and J vanish and
Eoon <t for ] = 0and &, o |J| 71/ for t = 0. For D < Dy
the critical exponents (6, v, 77) and the scaling functions (f4;(0),
Jfoon(0, 7) and fz(7)) depend on the dimension but not on the
microscopic details of the model, i.e. they are universal. The two
scaling functions f;(0) and £, (0, 7) are finite for o = 0 and
decrease exponentially for ¢ — 00. The scaling variable j in
Jeon(0, 7) and fz(7) defines the lines of approach of the point
(t = 0,7 = 0) and goes from j = 0, corresponding to / = 0,
to j = 00 corresponding to the line # = 0. Note that Eq. 6 is a
special case of Eq. 7 with @ = 2, v = 1/2,7 = 0 and appropriate
scaling functions feon (0, 1), fais(0) and £z(7).

Much as in Eq. 6 the function P; (u) is positive definite and
model-dependent (at variance with f;; and f;,, that are universal).
Given that, by definition, i) P (x1, x2; %, #/, J) is normalized with
respect to (#, #/, J) and ii) P;(#) is normalized with respect to
u, it follows that the integral over (#, #/, J) of the LHS of Eq. 7
vanishes. On the other hand, since P («) on the RHS is positive
definite, the RHS must vanish due to the integration over /. This
has the following implications: i) the same exponent 77 appears
in the connected and disconnected part, ii) fz;(0) is related to

Jeon(0, 7) and fz(7) by the following relationship:

r R r l/]
s\ ———< | = con vl A 8
(gm) = [t (agye) 0 @

iii) the ratio &4(#)/E.on(2J) depends solely on the ratio |/]/#*¢
and is universal.

The connected correlation function P;(x1, x2; AE) can be
obtained from the distribution P, (x1, x2; #, #, J): As shown in S7
Appendix, we have to integrate P2 (x1, x2; %, «,])overu,u/,and J
with the conditions that || < |/, |#/| < |/|,and |u+# sign/| =
AE/2. By means of a simple computation we obtain from Eq. 6
the following expression valid for D > Dj:

1
B4+t+ AE/4
[9]

FT[Py(x1, x2; AE)] o< (27)P5(k 4 #)P?(0)

Note that the associated correlation length is & = (++AE/4)~1/?
and therefore diverges only for AE = 0 and # = 0, i.e. only
the soft clusters display critical behavior. For D < D this
generalizes to the following scaling expression valid at large 7

~ 1 r AE
. _p2 R —
Po(x1, x2; AE) = Py (0) rD—4+'1+9f2(§’ tVH)’ [10]

where f3(r/&, AE/ t"e) is a scaling function, related to f,, and fz
as shown in ST Appendix, that decreases exponentially for /& —
o0 and is finite for /& — 0. The correlation length & depends
on both # and AFE; similarly to &,,, it obeys a scaling form
&= FV]:%(AE/L‘"G) and diverges as & o« #7" for AE = 0 and
as & o« AE"Y9 for + = 0. Defining the exponent # from
Pa(x1, x2, AE) o< 1/7P72H we have

n=n—2+06 [11]

TNote that the universal scaling function of &con (t,/) is not the same as that of &(t, AE).
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and for D > 8 the values § = 2, 7 = 0 imply the usual
result # = 0. Then we see that, approaching the critical point
(t =0, AE = 0), the space integral diverges with & as

~ (AE
ZPZ(XI) X235 AE) X 52_7’f2 (Z’V_9> > [12]

X2

where /5 (¢) is related to /5 (0, €) (ST Appendix). The corresponding
expression for D > Dy is given by Eq. 9 evaluated for £ = 0
leading to

Y P, x5 AE) o = [13]

< r+AE/4

The above result together with Eq. 3 suggests that n(s, AE)
obeys a scaling law as well. Following the analogous treatment
of percolation (36, 45) we assume that, changing the lengths
by a factor 4 by means of a real-space Renormalization Group
(RG) transformation, the size s of large clusters, the value of
the typical energy excitation energy AE and the reduced field 7
change according to:

S =s/bP, AE = AEJb 0, ¢ =¢/67VY, & =¢/b. [14]

Dy < D is by definition the fractal dimension of the clusters:
It relates the linear size / of a large cluster with its size s using
s o« /. The fact that the exponent of the energy has to be
identified with @ will be clear in the following. Now we assume
that under the RG transformation the cluster number at large s
is conserved, i.e.

n(s, AE t)As A(AE)LP ~ (s, AE', /) AS A(AE")(L)P,
(15]

where L is the linear size of the systems, L” = N. Setting
b = (5/S)"Pr for some fixed large reference size S we then
obtain :

H—D—Df

) AE t
=5
n(s, AE 1) =s n(S, (S/S)—H/Df’ (S/S)_l/(va))

that can be rewritten in terms of £(#, AE) (the correlation length
of Pa(x1, x2; AE)) as

n(s, AE t) = SO P=LOIDrfi (/P AE/#0) . [16)

fo(s, ) is a scaling expression that decreases exponentially at large
values of s and has a finite limit for s = 0. Therefore the cluster
density at fixed AE and ¢ follows a power-law S0=D=Dr)/ Dy up

to a large value s* that diverges as & approaching the critical
point # = 0 when AE ~ 0. We remark that the clusters with
a finite AE > 0 are characterized by a finite correlation length

including at # = 0. Indeed we have s* ~ t7VPf at AE = 0 and
s~ AE7Pr/% 3¢ t = 0. From Egs. 4 and 16, we obtain

Z Py(x1, ..., %45 AE)
250 Xg

=Y (s AE) = 1 PHOL(AE/) . 17]

s
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In the following, we define the susceptibilities as the above
integrals for AE = 0. They diverge at the critical point as

)(q = Z Pq(xl,...

Xy 0) O( équ—D+9 x l,—v(qu—DJr&) )

(18]

The comparison of Eq. 17 for g = 2 with Eq. 12 leads to the
identification of the energy exponent with 6 and to:

DoO42on o (000G | g

Dr =
Note that this leads to Dy = 4 for D = Dy.. Analogously to
the connected susceptibility y» we introduce the disconnected
susceptibility as

){5{1’: = Zpdl"c(xl,xz; 0, 0)
x2

|, s () e
x — —fus |l — ) 7 r
o rP-HIE N gy

e —é‘ﬁ;ﬁ o —tvv [20]

Thus we have ;(32/)(23 o (P=0) while from Egs. 10 and 20
we find ){2”’% /x> o 0. If the previous scaling laws hold, the

quantity

dis ,,2

1= —5—D% [21]

’e)
should then remain finite at the critical point where & diverges.
We remark that in Eq. 18 and in Eq. 21 £ stands for £(7 0), i.e.
the correlation length at A = 0 . Adopting standard jargon we
will call 4 the renormalized coupling constant (12, 13, 46).*

An explicit computation (details elsewhere) shows that at
leading order in 1/M the suscepribilities diverge as y, o g49-0,
for D > 8 this is the correct result since higher-order corrections
in 1/M are irrelevant. This implies that EPra=D10 o given in
Eq. 18 is wrong and this can be traced back to the failure of
Eq. 15.8 Indeed, in analogy with percolation (36, 45), we expect
that for all D > 8 the (hyperscaling) cluster number expression
[16] must be replaced with the D = 8 result ( = 77 = 0,
v=1/2,6 =2, Dy = 4):

n(s, AE) = s /2 (s/E4, AE/t) . [22]

For AE = 0 we have indeed verified that the above expression
gives n(s, 0) at leading order in 1/M leading to the aforemen-
tioned result y, o £4%9=6_ Note that the resulting expression
is precisely the same as the cluster number #(s) in percolation
above the upper critical dimension D = 6, which has a s7/2 tail
with a cut-off that diverges as #~2 and fractal dimension Dy =4
(36, 45).

From Eq. 22 it follows that )(32/)(23 o EP~0 must be replaced
by )(32 / )(23 o« &° and )(5”‘ /x> o« &% must be replaced by
;{fi‘ / x2 o &% for D > 8, meaning that, above the upper critical
dimension, the renormalized coupling constant Eq. 21 goes to

zero at the critical point as 4 & £8-D.

1:Note that we put a minus sign in the definition of 1 to have a positive value at the critical
point since ;(g’s is negative.

SThis can be rationalized employing percolation theory. Within percolation, a box of size b
after a real-space RG transformation is considered occupied if there is a spanning cluster
inside it (44). Below the upper critical dimension, there is at most one spanning cluster in
such a large box therefore the cluster number is conserved under the RG transformation.
Instead, above the upper critical dimension there can be more than one spanning cluster
in a large box of size b (45) and therefore Eq. 15 is incorrect.
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1.2. Critical Exponents for Short-Range Interactions. In Materi-
als and Methods, we will show how the scaling laws can be used to
transform the 1/M expansions into € expansions for the critical
exponents. In practice, the success of the procedure relies on the
existence of a nontrivial zero of an appropriate “beta function”
for D < 8 and this provides, a posteriori, a validation of the
scaling laws. The final result is

1 1 5 __i 5
V—2+16€—|—(9(€), n= 16€—|—(9(€),
ﬁ:f—Ge—&—O(ez),:—e—i—O(Gz), e=8—D. [23]

The exponent @ controls finite-size corrections: In a system
of finite linear size L, a critical observable will display small
corrections of order Z”. Eq. 11 implies § = 2 — €/4 + O(€?).

1.3. Long-Range Interactions. We also carried out the computa-
tion of the critical exponents for a one-dimensional lattice with
long-range (LR) interactions. In particular, we considered the
spin-glass model defined by the following Hamiltonian

H(lodiew) =— Y, Jyoioj— Y Hoi  [24]

(l,]) e&lr ieL1R

where the first sum is over all the edges &1r of the LR system
and LiR is the corresponding set of sites. The couplings are
long-range, meaning that Jij are independent distributed random
variables that take nonzero values with a probability that decreases
as a power-law function of Fijs the distance between sites 7,7 €

L1Rr (47-51). Specifically:

1
U:DV,']' # 0] « e [25]
7ij

where 1 < p < 3. Once the nonzero coupling is extracted, its
actual value is drawn from a Gaussian or bimodal distribution. As
discussed in ref. 47, this diluted version of the problem is expected
to lie in the same universality class as the fully connected model
with Gaussian couplings with zero mean and variance decaying
with the distance between sites (52). The zero-temperature
critical phenomenology of the model is the same as the short-
range (SR) models of Section 1. In particular, Eq. 7 holds with
the factor D — 4 replaced by 3 —2p and the 5 exponent is defined
from Py (x1, x2, AE) o¢ 1/727PT1 In the limit M — oo we find
n=n=0,0=p—1andv = (p— 1)7L. These exponents
are not changed by 1/M corrections for 1 < p < p,, = 5/4.
Instead, for p,, < p < py;, corrections are important. The critical
behavior of the susceptibilities is

02 &N o TNy o g2 [ag)

As in the short-range case the 1/M expansion can be used to
extract the critical exponents for 5/4 < p < p;, leading to:

v=4+0(?), n=0, 7=e+0O(?),
w=—4e+ O, ezp—%. [27]

We also have § = p — 1 — 7 leading to 0 = 1/4 + O(€?).
Note that 77 depends on € while # sticks to its mean-field value
n = 0 also for € > 0 as usual for long-range interactions
(53). At finite temperature, it has been suggested that there is

https://doi.org/10.1073/pnas.2511882122
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a correspondence between the critical exponents of short-range
models in dimension D and those of long-range models for some
appropriate p = p(D) (50, 52, 54-56). The arguments are
qualitative and the correspondence is approximate, nonetheless,
it sometimes holds at first order in the € expansion (50, 52).
In the present context, the arguments lead to the following
formulas: vsg = vir/D, Osg = DOiR, wsg = Dwir with
p = D+ 2 —n(D). An explicit computation shows that Egs. 23
and 27 follow the correspondence in the first order in e.

2. Clusters and Avalanches

In order both to clarify some physical points that we mentioned
earlier on but also to connect the present framework to our
previous work (34, 41), we discuss the relation between clusters
as introduced in the previous section and avalanches. Avalanches
are a natural and intuitive concept that is often used in the
literature on disordered systems at zero temperature see e.g. refs.
57 and 58. Indeed, an intuitive way of studying zero-temperature
correlations between two spins ¢; and o; on the lattice is to
consider the difference between the ground state of the system
and the new ground state in which spin o; is constrained in the
direction —4;. If in the new ground state, o) is flipped, then we
may say that the two spins are correlated and define a response
function Rj; equal to one in this case and zero otherwise, note
that this is the definition used in refs. 41 and 34. We call the
“avalanche” of spin 7 the set of spins that flip when 7 is flipped,
i.e. all the spins such that R; = 1. A problem with defining
correlation in terms of Rj; is that we can find instances of the
disorder in which spin o; flips if we flip o; but not vice-versa,
i.e. it may happen that R;; # Rj;, meaning that responses are not
symmetric.

In order to have a symmetric definition of the correlation
function, we recall the effective energy function Ej(o;, 0;)
defined in Section 1. This function specifies, for a given
realization of the disorder, the ground state configuration and
the three excited configurations with the corresponding excitation
energies. Let us define a quantity, Cj;, that is equal to one if the
configuration with the lowest excitation energy among the three
possible ones is the one where both spins are flipped. Obviously
Cjj = 1implies R = R; = 1and AE; = AE; = AE, where AE
is the excitation energy of the first excitation. This means that, if
Cjj = 1, spins 7 and j are in the same cluster of spins with local
fields |/7,| = |b]| = AE/Z.

We now want to show that the opposite is true, i.e. that
if |hi| = |hj| then C; = 1. To be precise, this is true with
probability one over the disorder realization. By definition, the
modulus of the local field |4;[(]4;) is equal to (half) the energy
difference AE; (AE)) of the lowest configuration ¢; (¢;) in which
spin 7 (j) is flipped with respect to the ground state. Also by
definition, if Cij = 1, these configurations are the same, ¢; = ¢
while if C;; = 0 they are distinct, ¢; # ¢;. Since either the /j;'s
or the H;’s obey a continuous distribution, the three excitation
energies have a continuous distribution as well, meaning that the
probability that a given excitation energy lies in a narrow interval
(AE — dE/2, AE + dE/2) around AE is O(dE). Therefore, if
¢; # ¢ the probability that both the corresponding excitation
energies AE; and AZ; lie in the same narrow interval around AE
is O(dE?*) while if C; = 1 the probability that the excitation
energy of the single configuration ¢; = ¢; lies in a narrow interval
around AF is O(dE). It follows that if AE; and AE; lie in
the same narrow interval around AE, with probability one they
actually coincide, i.e. Cjj = 1. The connection with excited

https://doi.org/10.1073/pnas.2511882122

configurations can be generalized: Given a cluster of size s with
excitation energy AE, the lowest of the 2° — 1 excitations of the
restricted system of the s spins in the cluster is the one in which
all the s spins are flipped with respect to the ground state.

Concerning clusters and avalanches, we recall that we may have
that R;; # Rj; therefore the avalanche of a given spin contains the
cluster of the spin but may be larger. The following statements can
be shown to hold: i) all spins in a cluster have the same avalanche,
i.e. for each cluster, there is one and only one avalanche. ii) the
excitation energy of any spin j in the avalanche of a given cluster
must be smaller or at most equal to the excitation energy of
the cluster AE; < AE. This last statement implies notably that
clusters and avalanches coincide if AE = 0, i.e. in the case of soft
clusters, most relevant to this work.

Finally, because of the analogy with percolation, it is important
to remark that it is possible to find clusters that are disconnected
in the sense of percolation. By this, we mean that we can find
clusters such that there is at least one couple of spins in the set
not connected by a linear path made of spins belonging to the set.
This disturbing feature is not present if we consider avalanches,
because a spin may flip only if at least one of its neighbors flips.
On the other hand, since clusters coincide with avalanches for
AE = 0, it follows that soft clusters are also connected in the
sense of percolation.

3. Materials and Methods

3.1. The M-Layer Construction. In this section, we recall the diagrammatic
rules derived in ref. 30 to compute a generic g-points observable, averaged over
the possible rewirings, inside the 1/M expansion, referring to the original paper
(30) and to the pedagogical applications in refs. 35 and 36 for their complete
derivation and additional details. The procedure is composed of the following
steps:

1. Identify the relevant topological diagrams: In the limit of large M, in a
quenched realization of the random rewirings, if the g sites are connected,
they will be connected by a sequence of adjacent edges without topological
loops: The leading order contribution to the 1/M expansion for the chosen
observable will be given by this type of diagrams. To be concrete, the
leading order contributions for the two- and three-point susceptibilities
come respectively from the Left diagram in Figs. 1 and 2. If then we want
to compute the next-to-leading order, we need to include also diagrams
that have an additional topological loop, that will bring an additional factor
1/M. The next-to-leading order contributions for the two- and three-point
susceptibilities come respectively from the Right diagram in Figs. 1 and 2.
Thus one needs to associate to each diagram a factor that is a power of 1/M,
describing the probability that a topological diagram of that kind is obtained
in the rewiring procedure.

2. Compute factors for each diagram: In addition to the factor in powers of
1/M, which we will call W(G), one needs to associate to each diagram G a
symmetry factor S(G), that takes the same form as the one introduced for
Feynman diagrams in field theory (59), and a factor A/ (G) that counts the
numberof possible realizations with the same form of the chosen topological
diagram on the original lattice.

3. Compute the line-connected observable on the chosen diagram: For any
chosen diagram, one needs to compute the observable on a Bethe lattice in

La
L Ly { ) Ly
*r—0
01 g2 0104 op 02
B

Fig. 1. Diagrams considered for the computation of the observables y, and
de:s up to one-loop order. The diagram on the Left gives the leading O(1/M)
contribution, and the diagram on the Right gives the first ©(1/M2) correction.
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Fig. 2. Diagrams considered for the computation of the observable y3 up
to one-loop order. From Left to Right the diagrams give contributions of order
O(1/M?), 0(1/M3), O(1/M3).

which the topological structure of that diagram has been manually injected.
Ifone loop is present, to avoid multiple counting, one then needs to compute
theline-connected observable, thatis the value ofthe observable onthe given
diagram from which we subtract all the contributions obtained computing
the observable on diagrams where a single line composing the loop is
removed (we refer to ref. 30 for the case in which more than one loop is
present).

4. Sum ofthe contributions: In the end, we sum the contributions to the chosen
observable coming from the different chosen diagrams, multiplying the
value of the line-connected observable on a given diagram by the factors
associated with that diagram and summing over the positions of internal
vertices and the lengths of the internal lines.

3.2. Critical Exponents Below Dyc=8. We have computed the susceptibili-
ties up to one loop order in powers of 1/M following the prescriptions of the
precedent section, using for x, and ){2’5 the diagrams in Fig. 1 and for y5 the
diagrams in Fig. 2. Diagrams involving tadpoles can be shown to be irrelevant
with the help of the condition given by Eq. 8; see S/ Appendix, section C.1.

The results, expressed interms of m = £=1, are

1
2y oc m2 (1 i . o (u )) [28]
13 0cm™ (1 + (47[‘;[)/2 <3/4 )+(’)(u2>> . [29]
ocm (1 + W (s—h)+0O (u2)> , [30]

whereu = g mP—8andgisa®(1/M) quantitythatdepends on the microscopic
details of the model; see S/ Appendix. As we will now see its actual value is
irrelevant for the computation of the critical exponents leading to universal
behavior. We also have

Rrye=(latly) 1 e
/2_// s dly 2y = 1 () 8]

I_al.b + Lcl_b + LaLc
= dladlydl
3 /0 /0 v/(; aTh C(L3+Lb+[c)D/2+1

~(tlpHl) _ Tp(E
e pHle) — 8r<2), 32]

L2L2 —(La+Lp) 1 ¢
I“_// oty o T La+Lb)D/2+2 =5 (3), @

with e = 8 — D. Inserting Eqgs. 28-30 into the definition of the renormalized
coupling constant, Eq. 21, we obtain at second order in u:

4 2 D 3

){gls

IThe expansions in Eqs. 28-30 depend on a single microscopic O(1/M) parameter u. To
be fair in the parenthesis there are other ©(1/M) corrections that depend on additional
model-dependent parameters. These corrections, however, can be safely neglected at the
critical point m ~ 0 because they are subleading in m with respect to of u « mP—8
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According tothe scaling laws, 4 hasafinite value A atthe critical pointforD < 8,
but we cannot easily read that value from the above series because u instead
diverges at the critical point m = 0, according to its definition u = g mP—8.
Therefore it is convenient to transform the series in powers of u into series in
powers of A. To determine the critical value of A we follow ref. 12, Chap. 8, and
introduce the g function as

p=m A [35)

: (D—8)u—
g fixed

_!
2

m? fixed

From Egs. 34 and 35, we obtain the g function in powers of u, and then,
computing u as a function of 4, inverting Eq. 34:

4 A D 3
u=ai+ 15 (4m)072 ( 2) +0(2°), (36]
we get to second order in A:
py=-—Ly 2 (5) 4+ 006 [37]
2 15(4x)0/2 \2 '

Since, at the critical point, A converges to some Ac we must have g(4¢) = 0.
More precisely we expect that close to the critical point, where m is small,
A = Ac + ¢ym™® with a universal negative exponent w that controls the
leading finite-size corrections to scaling. This implies:

B(Ac) =0, w=-2p(A). [38]

From Eq. 37 the following scenario emerges for the zeroes of the beta function:
Fore < 0(D > 8), only the solution Ac = 0 exists, meaning that A tends to

zeroatthe critical pointwith w = e+ O(e?) (in agreementwith the discussion
after Eq. 22), while fore > 0anewsolution Ac > 0appears while the solution

¢ = Obecomes unstable asw = e + O(&2) would be positive, thus 2 = 0
isunphysical. Expanding atsmall €, we obtain by means of lim._, g e I'(¢) = 1

de = %(M)% + O(e?) (39]

and @ = —e + O(e?). The critical exponents # and 77 can be evaluated
considering the following effective exponents functions:

al
(1) = 222

= o%s(p) =

/ [40]
g fixed g fixed

They can be obtained from Eqs. 28 and 30 and expressed in powers of A from
Eq. 36. The scaling laws yy o m—2 ;(d’s o mT=*form — 0imply that
and 77 are related to the effective exponents functions evaluated at the critical
pointm = 0(i.e. A = Ac):

QA = -1+ g L 0%(a) = —2 4

N |

[41]

The exponent v can be computed considering 3t/dm?. Since m o t¥ it follows
that at/am? o« m'/v=2 form — 0 or equivalently A — Ac. The M-layer
computation leads to:

ot 1w /D—16\ e )

to be combined with the following expressions:

3 In(at/am?)

1
aInm? ool =g0-1. 14l

Q4) = 7y
g fixed
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4. Conclusions

Until now no perturbative stable RG fixed point (FP) was found
for the spin-glass model in a field below the upper critical
dimension DI, = 6. Several authors then look at this absence
as an indication of the disappearance of the SG phase below the
upper-critical dimension. In this work, we follow a perturbative
RG approach through a loop-expansion around the Bethe lattice
solution of the model, and we are able to find a perturbative FP,
different from the MF one, that is stable below Dy, = 8. This
FPisa 7 = 0 one and thus has different properties compared to
standard 7" # 0 FPs. In particular, the associated independent
critical exponents are three and not just two. We thus computed
the exponents v, # and 7 inside an e-expansion around D = 8.
Our computations are done directly at 7 = 0. This would be
impossible using standard field-theoretical methods both because
the MF FC SG model around which one expands has no
transition in field exactly at 7" = 0, and because the Lagrangian
is not well defined at 7 = 0. The M-layer expansion that we
used instead is well defined even at 77 = 0, and moreover, the
expansion is performed around the Bethe lattice solution that
has a 7 = 0 transition at a critical value of the field. One
could wonder whether the results that we obtained are valid also
for T > 0. Following common folklore, if the exponent 6 is
positive, the temperature should be an irrelevant parameter and
the critical line at 7 > 0 should be controlled by the 7= 0 FP.
The exponents measured at finite temperature should thus be the
ones associated with the 7" = 0 fixed point, as first conjectured
for the RFIM (42) and then numerically verified.

We thus believe that now it is crucial to perform more
precise numerical simulations, both on SR and LR models, to
numerically check our estimates for the critical exponents. In
order to compute numerically the functions P" (xy, x2; u, o, J)
and P (x1, x2;u, u') we should compute the triplet (z #,])
between spins at positions x; and x; on a given realization of
the disorder and then average over many realizations. To do this,
we should compute the ground state configuration of the whole
system and the three excited states obtained forcing the two
spins in the three possible configurations other than the ground
state. Inverting equation Eji(0;, 6;) = u0; + ' 6; + ] 0; 0j one
obtains the triplet (%, #/, ). This procedure is computationally
demanding, alternatively one could consider standard finite-
temperature simulations. Indeed, while a detailed analysis of
the implications of the present work for finite-temperature
observables is left for future work, we expect that the exponents
v and #, measured at 7 # 0 from the correlation length and
from the two-point susceptibilities correspond to the ones we
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computed at 77 = 0. This is what happens in the RFIM.
Besides we remark that, according to our results, 7 is negative
and v is larger than 1/2 below the upper critical dimension,
in qualitative agreement with the finite-temperature numerical
estimates # ~ —0.3 and v & 1.46 in four dimensions (¢ = 4)
(8). Numerical data in dimension six could not be used to obtain
estimates; however, they are compatible with our results inside
the numerical error (10). In order to extract the other exponents,
we note that Eq. 19 should remain valid for 7 > 0 as well.
Thus, a finite-temperature cubic connected function such as
those measured in ref. 60 should obey the scaling laws of 3

and therefore on could extract € from the ratio )(32 / )(23 o EP-0
or similar. Apparently there are no finite temperature correlations
that tend to the disconnected zero-temperature correlations we
defined in the limit 7 = 0 (standard disconnected correlation
functions as defined at 7 > 0 go to zero in the 7 — 0 limit);
however, one can extract the exponent # from the numerics
determining # and 0, as suggested above. A detailed analysis
of the implications of the present work for finite-temperature
observables is left for future work.

Finally, let us mention the fact that for D > 6, also the
Gaussian FP associated with the FC transition is stable (although
it has a finite basin of attraction). Thus, if temperature is an
irrelevant parameter in the vicinity of 7 = 0, for 6 < D < 8
there are two stable FPs that could attract the RG flow. It could
be possible that the RG flow on the critical line goes to the FC
FP or to the 7 = 0 FP depending on the value of the field.
Numerical investigation is crucial to understand this point.
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