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RESEARCH ARTICLE                                                                             
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ABSTRACT 
The term material with memory is generally used to indicate materials 
whose mechanical and/or thermodynamical behavior depends not only on 
the process at the present time but also on the history of the process itself. 
Crucial in heat conductors with memory is the heat relaxation function 
which models the thermal response of the material. The present study is 
concerned about a thermodynamical problem with memory “aging”; that is, 
we analyze the temperature evolution within a rigid heat conductor with 
memory whose relaxation function considers the aging of the material. In 
particular, we account for variations of the relaxation function due to a pos
sible deterioration of the thermal response of the material related to its age.
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1. Introduction

Mechanical and/or thermodynamical behavior of a material with memory depends not only on 
the process at the present time but also on the history of the process itself. In particular, rigid 
heat conduction with memory refers to the study of materials that exhibit rigid behavior (resist
ant to deformation) while also demonstrating memory effects in their thermodynamic properties. 
These materials respond not just to their current thermal state, but also to their past history of 
temperature and temperature gradient. Examples of material with memory include shape-memory 
alloys, certain polymers, and glasses, which require advanced thermodynamic models to describe 
their nonequilibrium, path-dependent behaviors. Understanding these materials is crucial for 
developing applications in actuators, energy storage, and smart materials. Even with the limitation 
of neglecting the effects of deformation, the interest in rigid material with thermal memory is tes
tified by a wide literature focussing on the mathematical properties of the model [1–3]. Or con
cerned about how to model particular problem as, for instance, in Ref. [4].

However, we may stress that the present investigation can be regarded as preliminary to 
describe and investigate more complicated systems in which the thermal effects are combined 
with the other ones such as when the body is not assumed to be rigid, but also the formation is 
considered. Thermal effects with memory are important in many fields, such as mechanical 
engineering, materials science, and structural analysis, as temperature changes can induce stresses 
and strains in materials, which in turn can affect their mechanical behavior. A wide variety of 
results concerns models in which the combined effect of different physical phenomena needs to 
be considered. This is the case of so the called smart materials or materials of biological origin. 

CONTACT Sandra Carillo sandra.carillo@uniroma1.it Dipartimento di Scienze di Base e Applicate per l’Ingegneria, 
Sapienza Universit�a di Roma, Rome, Italy. 
� 2025 Taylor & Francis Group, LLC

JOURNAL OF THERMAL STRESSES 
https://doi.org/10.1080/01495739.2025.2557262

http://crossmark.crossref.org/dialog/?doi=10.1080/01495739.2025.2557262&domain=pdf&date_stamp=2025-09-24
http://www.tandfonline.com
https://doi.org/10.1080/01495739.2025.2557262


In Ref. [5], for instance, the two models of the thermo-elasticity and thermo-viscoelasticity are 
compared when the body is not considered to be rigid, as in our case, but an elastic or a visco
elastic response is considered. Even more generally further phenomena can be incorporated in 
the model. In particular of great importance are magnetic media. A notable example of magnetic 
sensible media is represented by a gel whose magnetic sensibility is due to the injection of mag
netic, sensible, micro, or nanoparticles [6].

A first step to approach more complex systems is to consider other time-dependent phenomena 
that can modify the characteristics of rigid heat conductors, such as thermal conductivity and specific 
heat. Aging, for example, is a time-dependent process; the macroscopic manifestations of aging, 
whatever the cause, may be modeled by a variation of the constitutive properties as time passes. In 
materials with memory, the response of a non-aging substance to an external action changes with the 
passage of time independently of the moment in which the experiment is started. Instead, the proper
ties of aging materials with memory change with the passage of time even in the absence of external 
agents. Hence two-time scales are required to unambiguously describe the constitutive properties of 
an aging material. One-time scale is needed to keep track of the time since the manufacturing of the 
material and the other time scale is needed to keep track of the time the material is under an external 
action. Multiscaling models are very much up-to-date: they turn out to represent a useful tool to con
sider different type of effects. Aim is to develop models capable two capture the memory effects at 
both the microscopic as well as at the macroscopic level [7].

The problem here addressed to is within the framework of rigid heat conduction with integral 
form memory. This theory originates from the works of Coleman [8] and Gurtin and Pipkin [9], 
based on the previous celebrated article by Cattaneo [10]. Further investigations on the physical 
model concerning thermodynamics of materials with memory are due to Coleman and Dill [11], 
Giorgi and Gentili [12], Amendola, Fabrizio and Golden [13]. Specifically, on the basis of the Gurtin- 
Pipkin model [9], the thermodynamic theory developed by by Fabrizio, Gentili and Reynolds [14] is 
adopted. We provide some hints of this theory below. However, the occurrence of aging requires a 
specific thermodynamic theory, in which the thermodynamic restrictions on the memory kernels 
consider the double time scale. This original contribution is developed here in Subection 2.3 and 
applied to the well-posedness problem of the temperature evolution equation in Section 3.

Many other nonintegral form models have been proposed for rigid heat conductors. For 
example, we recall the Green-Naghdi [15] and Quintanilla [16] models using the thermal dis
placement concept, the Tsou dual-phase lag model [17,18], the Burgers-type model [19], and 
others based on constitutive equations of the rate type [3]. All these models were originally for
mulated in a framework involving only time derivatives, but we prove that, like the Cattaneo 
model, they can be described in the form of convolution integrals. When aging is considered, 
both Quintanilla and Burgers-like models have been generalized here with two timescale kernels.

1.1. Aims of the article

The general strategy of our approach to the problem is introduced in Section 2. The aging effects 
are modeled by assuming that the time dependence of the heat flux relaxation function on t (the 
current value) and s (the past value) does not occur only through their difference t − s (the so- 
called elapsed time), but involves t and s separately. In particular, we propose here some general
izations of Cattaneo-Maxwell and Quintanilla models with aging memory and show that both 
lead to the same temperature evolution equation, where the difference is limited to the different 
expression of the memory kernel. The evolution equation associated with the Burgers-type model 
is also devised and proved to be slightly more complex than that obtained for the Maxwell and 
Quintanilla models. Indeed, an additional weak damping proportional to the rate of the relative 
temperature is present.
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In Section 2 heat conduction models with aging memory are introduced and discussed, also 
providing some examples. In Section 3 the temperature evolution of the models under investiga
tion is connected to a second order integro-differential problem whose kernel involves the current 
and past time values separately. On use of the free energy functional, some a priori estimate are 
obtained. On the basis of the proved results, the existence of a unique strong solution is estab
lished in Section 4 borrowing the procedure devised in Ref. [20].

2. Heat conduction models with aging memory

Let x 2 X � IR3 denote the current position within the heat conductor and t 2 ½0, þ1Þ the 
time variable. Consider the relative temperature

uðx, tÞ :¼ hðx, tÞ − h0 

which is the difference between the absolute temperature h and a fixed uniform reference tem
perature h0; for instance, the temperature of the surrounding environment assumed not to be 
affected by the thermodynamical status of the conductor (see, e.g. Ref. [11]). According to Ref. 
[14] the thermodynamic state of the material at each point is determined when the temperature u 
and its history ut;

utðx, sÞ :¼ uðx, t − sÞ, (2.1) 

are given together with the temperature gradient g and its history gt;

gðx, tÞ :¼ ruðx, tÞ, gtðx, sÞ :¼ gðx, t − sÞ: (2.2) 

or, alternatively, the integrated history of the temperature gradient gt defined as

gtðx, sÞ :¼

ðt

t−s
gðx, sÞds: (2.3) 

In Eqs. (2.1)–(2.3) t 2 IR represents the current time, s 2 ð−1, t� denotes an instant in the 
past, while s ¼ t − s 2 ½0,1Þ is usually referred to as elapsed time.

2.1. Linearized Gurtin-Pipkin model

Hereafter we restrict our attention to linear models of heat conduction. In particular, we assume 
that the heat flux vector q is given by

qðx, tÞ ¼ −
ðt

−1
kðt − sÞgðx, sÞds ¼ −

ð1

0
kðsÞgtðx, sÞds (2.4) 

where the memory kernel kðtÞ is referred to as heat flux relaxation function (see Ref. [14]). This 
constitutive equation was first obtained in the linearized Gurtin-Pipkin theory [9]. Letting k0 :¼

kð0Þ take on a finite value, an integration by parts of (2.4) leads to the alternative integral form

qðx, tÞ ¼ −k0gðx, tÞ þ
ð1

0
k0ðsÞgtðx, sÞds, (2.5) 

where the prime denotes differentiation with respect to the (unique) argument. Otherwise, a der
ivation of (2.4) with respect to time t gives

qtðx, tÞ ¼ −k0gðx, tÞ −
ðt

−1
k0ðt − sÞgðx, sÞds ¼ −k0gðx, tÞ −

ð1

0
k0ðsÞgtðx, sÞds (2.6) 
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2.2. Maxwell-Cattaneo model

It is well known that (2.4) is a generalization of the Maxwell-Cattaneo model,

n0qtðx, tÞ þ qðx, tÞ ¼ −j0gðx, tÞ, (2.7) 

(the subscript t denotes partial differentiation with respect to time). Unlike Fourier’s law, this 
model takes relaxation into account and hence n0 is referred to as relaxation time. Letting 
qðx, t0Þ ¼ q0ðxÞ and solving (2.7) for t > t0 in the unknown q we find

qðx, tÞ ¼ q0ðxÞ exp −ðt − t0Þ=n0½ � −
j0

n0

ðt

t0

exp −ðt − sÞ=n0½ �gðx, sÞds, 

Hence, letting t0 ! −1 we obtain

qðx, tÞ ¼ −
j0

n0

ðt

−1
exp −ðt − sÞ=n0½ �gðx, sÞds, 

and the change of variable t − s ¼ s yields

qðx, tÞ ¼ −
j0

n0

ð1

0
exp ð−s=n0Þgtðx, sÞds, 

which provides a special case of the linearized Gurtin-Pipkin model (2.4) by set
ting kðsÞ ¼ j0

n0
exp ð−s=n0Þ:

2.3. Quintanilla model

An alternative approach starts from the so-called Quintanilla constitutive model. Borrowing from 
the Green-Naghdi theory, the Quintanilla model involves the temperature displacement aðx, tÞ
such that atðx, tÞ ¼ hðx, tÞ; namely

n0qtðx, tÞ þ qðx, tÞ ¼ −h0raðx, tÞ − j0gðx, tÞ: (2.8) 

Taking advantage of our notation of the integrated history (2.3), we can identify the gradient 
of temperature displacement with the integrated history of g at time t,

raðx, tÞ ¼
ðt

0
gðx, sÞds ¼ gtðx, tÞ:

Accordingly, we can write

n0qtðx, tÞ þ qðx, tÞ ¼ −h0gtðx, tÞ − j0gðx, tÞ:

We can solve it in the unknown q so obtaining the integral equation

qðx, tÞ ¼ −
ðt

−1

1
n0

exp −ðt − sÞ=n0½ � h0gsðx, sÞ þ j0gðx, sÞ½ �ds, 

from which it follows

qðx, tÞ ¼ −
j0

n0
gtðx, tÞ þ

ðt

−1

j0 − n0h0

n2
0

exp −ðt − sÞ=n0½ �gsðx, sÞds:

Alternatively, we take advantage of the rate-type form of (2.8) (see Ref. [3]), namely

n0qttðx, tÞ þ qtðx, tÞ ¼ −h0gðx, tÞ − j0gtðx, tÞ, (2.9) 

and we solve it in the unknown qt so obtaining the integral equation

qtðx, tÞ ¼ −
ðt

−1

1
n0

exp −ðt − sÞ=n0½ � h0gðx, sÞ þ j0gsðx, sÞ
� �

ds, 
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from which it follows

qtðx, tÞ ¼ −
j0

n0
gðx, tÞ þ

ðt

−1

j0 − n0h0

n2
0

exp −ðt − sÞ=n0½ �gðx, sÞds:

Assuming j0 > n0h0 (see Ref. [19, Proposition 5.3]) and identifying

k0 ¼
j0

n0
, kðsÞ ¼

j0 − n0h0

n0
exp −s=n0½ �

we recover (2.6), the time derivative of the linearized Gurtin-Pipkin model, so proving that both 
Cattaneo-Maxwell and Quintanilla models lead to the same form of integral constitutive equation. 
Nevertheless, as to the integral equation obtained from the Quintanilla model, we remark that the 
value of k0 does not match with kð0Þ; the initial value of the memory kernel.

2.4. Burgers-type model

According to Ref. [3], a Burgers-type model for heat conductors is characterized by the rate-type 
equation

n0qtt þ �0qt þ q ¼ −h0g − �0j0gt , n0, �0 > 0: (2.10) 

Thermodynamic consistency with the CD inequality is guaranteed by (see Ref. [3, Sect. 3.2.2])

h0 > 0, �2
0j0 − n0h0 � 0: (2.11) 

Since n0, �0 > 0 we can choose l1, l2 > 0 such that

l1 þ l2 ¼ �0
l1l2 ¼ n0

�

and Eq. (2.10) can be rewritten as

l1ðl2qt þ qÞt þ l2qt þ q ¼ −h0g − �0j0gt:

By solving it in the unknown z ¼ l2qt þ q we obtain the integral equation

zðtÞ :¼ l2qtðtÞ þ qðtÞ ¼ −
ðt

−1

1
l1

exp −ðt − sÞ=l1½ � h0gðsÞ þ �0j0gsðsÞ
� �

ds, 

from which it follows

qtðtÞ þ
1
l2

qðtÞ ¼ −
�0j0

n0
gðtÞ þ

ðt

−1

�0j0 − l1h0

l1n0
exp −ðt − sÞ=l1½ �gðsÞds: (2.12) 

Within the integral term we are allowed to identify

k0 ¼
�0j0

n0
, kðsÞ ¼

�0j0 − l1h0

n0
exp −s=l1½ � (2.13) 

provided that �0j0 − l1h0 > 0: This condition can be written as

�2
0j0 − n0h0 > l2

1h0 

and turns out to be stronger than (2.11). After applying (2.13) and the change of variable s ¼
t − s to Eq. (2.12) we get

qtðtÞ þ
1
l2

qðtÞ ¼ −k0gðtÞ −
ð1

0
k0ðsÞgtðsÞds: (2.14) 

This equation corresponds to (2.6) except for the term qðtÞ=l2:
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2.5. Thermodynamics of heat conduction models with memory

The Clausius-Duhem inequality, representing the second law of thermodynamics, can be written 
as

gt �
1
h

et þ q �
rh

h2 (2.15) 

wherein, respectively, g denotes the specific entropy and e the specific internal energy. Note that 
rh ¼ ru ¼ g: Within the linear theory of heat conductors with memory, Fabrizio, Gentili and 
Reynolds [14] introduce the free pseudoenergy

f :¼ h0ðe − h0gÞ, 

where h0 is a given uniform reference temperature and

e ¼ ê hðtÞ, ht , gt� �
, g ¼ ĝ hðtÞ, ht , gt� �

, f ¼ f̂ hðtÞ, ht , gt� �
:

In Ref. [14] it is proved that the approximate canonical free pseudoenergy fðuðtÞ, ut , gtÞ; for 
small values of the relative temperature uðtÞ; enjoys most of the properties that characterize a 
canonical free energy even if it is not dimensionally homogeneous to such a potential. In particu
lar, the inequality (2.15) reduces to

~ft � ~et uþ q � g: (2.16) 

where the approximate internal energy ~e is assumed to be linear

~eðx, tÞ ¼ a0uðx, tÞ: (2.17) 

For sake of simplicity, the specific heat a0 is assumed to be positive and independent on the 
position within the heat conductor.

Following the arguments set out [12,14], thermodynamic consistency is achieved by assuming 
that the heat flux relaxation function satisfies the following requirements (often referred to as 
Graffi’s conditions)

kðtÞ > 0, k0ðtÞ � 0, k00ðtÞ � 0, t 2 ð0,1Þ: (2.18) 

and

k 2 L1ð0, TÞ \ C2ð0, TÞ 8T 2 IRþ: (2.19) 

Note that inequalities (2.18) together with a0 > 0; guarantee that

~fGðuðtÞ, ut , gtÞ ¼ a0juðtÞj2 −
1
2

ð1

0
k0ðsÞjgtðsÞj2 ds 

represents a free pseudoenergy which satisfies Clausius-Duhem inequality (2.16). As it is well 
known, ~fG is not unique (up to an additive constant). Indeed, there are many expressions of the 
free pseudoenergy ~f since there is a convex set of functionals which satisfies the inequality (2.16)
(see, for instance [13,21]).

2.6. Temperature evolution

Let rðx, tÞ denote the energy supply. The energy balance for a rigid heat conductor is given by

etðx, tÞ ¼ −r � qðx, tÞ þ rðx, tÞ: (2.20) 

Upon replacing the expressions (2.4) and (2.17) we obtain the equation which models the tem
perature evolution within the conductor
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a0utðx, tÞ ¼
ð1

0
kðsÞDu ðx, t − sÞdsþ rðx, tÞ:

More conveniently, it can be rewritten as

a0utðx, sÞ ¼
ðt

0
kðt − sÞDu ðx, sÞdsþ f ðx, tÞ, (2.21) 

where the term

f ðx, tÞ ¼
ð0

−1
kðt − sÞDu ðx, sÞdsþ rðx, tÞ

denotes an external source term which also includes the history of the material up to t ¼ 0:
If in addition to (2.19) we assume the further regularity condition

k0 2 L1ð0, TÞ,8T 2 IRþ, (2.22) 

then the initial value of the heat-flux relaxation function, k0 :¼ kð0Þ; also called initial heat flux 
relaxation coefficient, turns out to be finite. This allows us to differentiate (2.21) and obtain

a0uttðx, tÞ ¼ k0Duðx, tÞ þ
ðt

0
k0ðsÞDuðx, t − sÞdsþ ftðx, tÞ, (2.23) 

As can be easily verified, this evolution equation also corresponds to the constitutive model 
(2.6). Therefore, by virtue of the results of the previous section, both Cattaneo-Maxwell and 
Quintanilla models (in their integral form) lead to the same temperature evolution equation 
where the difference is limited to the different expression of the memory kernel k.

The evolution equation associated with the integral Burgers-type model (2.14) is slightly more 
complex than (2.23). Indeed, by adding (2.20) with its time derivative multiplied by l2 we have

etðx, tÞ þ l2ettðx, tÞ ¼ −r � qðx, tÞ þ l2qtðx, tÞ
� �

þ rðx, tÞ þ l2rtðx, tÞ:

Then, applying (2.14) and (2.17) we obtain

a0uttðx, tÞ þ
a0

l2
utðx, tÞ ¼ −k0Duðx, tÞ þ

ðt

0
k0ðt − sÞDuðx, sÞdsþ Fðx, tÞ: (2.24) 

where

Fðx, tÞ ¼
ð0

−1
k0ðt − sÞDuðx, sÞdsþ rtðx, tÞ þ

1
l2

rðx, tÞ:

Equation (2.24) differs from (2.23) due to the presence of the additional linear damp
ing a0ut=l2:

2.7. Aging effects

The most common effect of aging in heat-conducting materials is the change in thermal conduct
ivity over time. For instance, when materials are irradiated with high-energy ions the lattice struc
tures of the materials are largely changed, causing the modification of several physical properties. 
Since thermal conductivity is dependent on the configuration of atoms in a material’s crystal lat
tice, a more disordered structure leads to lower thermal conductivity, that is,

j0ðtÞ � 0, j00ðtÞ � 0, 8t 2 IR:

When aging effects are modeled in heat conductors with memory, it can be assumed that the 
heat-flux relaxation function k depends on two timescales: the current time t and the past time s:
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Unlike classical memory models [13], where the memory kernel depends only on their difference 
t − s (called elapsed time) as in Eq. (2.4), a memory kernel with aging involves t and s separately, 
namely kðt, sÞ (see, for instance, [22, Ch. 8] and [20]). Aging effects are considered by modifying 
(2.4) as follows (the dependence on x is understood and not written)

qðtÞ ¼ −
ðt

−1
kðt, sÞgðsÞds: (2.25) 

As an example, we consider the Maxwell-Cattaneo model (2.7) where the thermal conductivity 
j0 is time dependent,

n0qtðtÞ þ qðtÞ ¼ −j0ðtÞgðtÞ: (2.26) 

Accordingly, we obtain the integral form

qðtÞ ¼ −
1
n0

ðt

−1
exp −ðt − sÞ=n0½ �j0ðsÞgðsÞds, 

which provides a special case of (2.25) by setting

kðt, sÞ ¼
j0ðsÞ

n0
exp ð−ðt − sÞ=n0Þ:

The classical (without aging) integral expression is recovered from (2.25) provided that

kðt, sÞ ! kðt − sÞ, s � t:

In particular, we obtain the following correspondence

ksðt, sÞ ! −k0ðt − sÞ, kðt, tÞ ! k0, 

wherein the subscript s indicates partial derivative with respect to s: Hence, to describe memory 
aging Eq. (2.6) is modified as follows

qtðtÞ ¼ −kðt, tÞgðtÞ þ
ðt

−1
ksðt, sÞgðsÞds: (2.27) 

Another example of a constitutive equation like this comes from the Quintanilla model in the 
rate form (2.9) assuming that the constitutive parameters h0 and k0 are functions of time. 
Namely, let

n0qttðtÞ þ qtðtÞ ¼ −h0ðtÞgðtÞ − j0ðtÞgtðx, tÞ: (2.28) 

Solving this equation for qt it follows

qtðx, tÞ ¼ −
j0ðtÞ
n0

gðx, tÞ þ
ðt

−1

j0ðsÞ þ n0 k0ðsÞ − h0ðsÞ½ �

n2
0

exp −ðt − sÞ=n0½ �gðx, sÞds:

Then assuming j0 þ n0k0 > n0h0 and identifying

kðt, tÞ ¼
j0ðtÞ
n0

, ksðt, sÞ ¼
j0ðsÞ þ n0 k0ðsÞ − h0ðsÞ½ �

n2
0

exp −ðt − sÞ=n0½ �, 

we recover (2.27).
In view of further applications, it turn out to be convenient to introduce a different pair of 

timescales: the current time, t, and the elapsed time, s ¼ t − s: According to this choice we intro
duce the scalar function K; defined on IR� IRþ as

Kðt, sÞ ¼ kðt, t − sÞ, (2.29) 
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and hence

Ksðt, sÞ ¼ ksðt, t − sÞ ¼ −ksðt, sÞ, s ¼ t − s:

Accordingly (2.27) becomes

qtðtÞ ¼ −K0ðtÞgðtÞ −
ð1

0
Ksðt, sÞgtðsÞds: (2.30) 

where K0ðtÞ :¼ Kðt, 0Þ ¼ kðt, tÞ; and

Kðt, sÞ ¼ −K0ðtÞ −
ðs

0
Knðt, nÞdn, lim

s!þ1
Kðt, sÞ ¼ 0:

Owing to (2.30), the evolution Eq. (2.23) is rewritten as

a0uttðx, tÞ ¼ K0ðtÞDu ðx, tÞ þ
ðt

0
Ksðt, sÞDu ðx, t − sÞdsþ ftðx, tÞ, (2.31) 

According to the physics of the model (for viscoelastic materials, see assumptions M1–M4 in 
Ref. [23]), the relaxation kernel K and its derivatives must satisfy

Kðt, sÞ > 0, Ksðt, sÞ � 0, Kssðt, sÞ � 0, ðt, sÞ 2 IR� IRþ, (2.32) 

Ktðt, sÞ þKsðt, sÞ � 0, Ktsðt, sÞ þKssðt, sÞ � 0 ðt, sÞ 2 IR� IRþ: (2.33) 

Owing to (2.29), Kðt, sÞ reduces to kðsÞ when aging is neglected, in that

kðt, t − sÞ ! kðt − t − s½ �Þ ¼ kðsÞ:

It is then apparent that assumptions (2.32) correspond to classical Graffi’s conditions (2.18), 
whereas (2.33) boils down to (2.32).

Examples
A typical example of aging memory kernel is given by (see, e.g., [20])

Kðt, sÞ ¼ K0 exp −
s
�ðtÞ

� �

, 

where K0 > 0 and � 2 C1ðIR, IRþÞ satisfies

�ðtÞ � 0, �0ðtÞ � 0, 8t 2 IR:

It is easy to verify that assumptions (2.32), (2.33) are complied.
Another example is obtained by a suitable rescaling of a (nonnegative) non-increasing function 

k. Given t0 > 0 and � 2 C1ðIR, IRþÞ satisfying

�0ðtÞ � 0, 8t 2 IR, 

we define

Kðt, sÞ ¼
1
�ðtÞ

k
s
�ðtÞ

� �

In particular, for all t 2 IR we get
ð1

0
Kðt, sÞds ¼

ð1

0
kðyÞdy ¼ l <1:

Accordingly, if �ðtÞ ! 0 as t !1; we obtain the distributional convergence limt!1Kðt, �Þ ¼
ld0; where d0 denotes the Dirac mass at 0þ: For definiteness, we take kðsÞ ¼ e−s and �ðtÞ ¼ a=t;
a > 0; in which case
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Kðt, sÞ ¼
t
a

exp −
st
a

� �

This relaxation kernel complies with assumptions (2.32), (2.33) provided that t �
ffiffiffiffiffi
2a
p

:

3. The problem

The problem under investigation models the evolution of (relative) temperature in rigid heat con
ductors with time-dependent memory. For sake of simplicity, the body here considered is one- 
dimensional. Let a0 > 0; X ¼ ð0, 1Þ and Q :¼ X� ð0, TÞ; T > 0: After applying (2.31) with F ¼
ft; we consider the following linear integro-differential equation in Q;

a0uttðx, tÞ ¼ Kðt, 0Þuxxðx, tÞ þ
ðt

0
Ksðt, sÞuxxðx, t − sÞdsþ Fðx, tÞ, (3.1) 

together with the initial and boundary conditions

uð�, 0Þ ¼ u0, utð�, 0Þ ¼ u1, in X

uð0, �Þ ¼ uð1, �Þ ¼ 0, inð0, TÞ: (3.2) 

In addition, the kernel, K : T ! IR; T ¼ ½0, T�2; is supposed to satisfy (2.32) and (2.33).
Borrowing the procedure devised in Ref. [20], problems (3.1)–(3.2) admit a unique strong 

solution. In particular, the following result holds.

Lemma 3.1. Denote by u the unique solution admitted to the problems (3.1)–(3.2) with

u0 2 H1
0ðXÞ, u1 2 L2ðXÞ, F 2 L2ðQÞ: (3.3) 

Let (2.32)–(2.33) hold. Then for all t 2 ½0, T� the following estimate is obtained
1
2

ð

X

Kðt, tÞjuxðtÞj2dx þ
1
2

ð

X

jutðtÞj2dx

�
1
2

ð

X

Kð0, 0Þju0xj
2dxþ

1
2

ð

X

ju1j
2dxþ

ð

X

ðt

0
FðsÞusðsÞdxds:

(3.4) 

Proof. First of all, add and subtract to Eq. (3.1) the term
ðt

0
Ksðt, sÞuxxðtÞds ¼ Kðt, tÞ − Kðt, 0Þ½ �uxxðtÞ:

The result can be written in the equivalent form

utt − Kðt, tÞuxx þ

ðt

0
Ksðt, sÞ uxxðtÞ − uxxðt − sÞ½ �ds ¼ F: (3.5) 

When Eq. (3.5) is multiplied by ut; after integration over X it follows
1
2

d
dt

ð

X

jutðtÞj2dxþ
ð

X

Kðt, tÞuxðtÞuxtðtÞdxþ

−
Ð

X
uxtðtÞ

Ð t
0 Ksðt, sÞ uxðtÞ − uxðt − sÞ½ �dsdx ¼

Ð

X
FutðtÞdx:

(3.6) 
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Since d
dt Kðt, tÞ ¼ ½Kt þKs�ðt, sÞjs¼t; it follows

1
2

d
dt

ð

X

jutj
2dx þ

1
2

d
dt

ð

X

Kðt, tÞjuxj
2 dx ¼

1
2

ð

X

Kt þKs½ �ðt, tÞjuxj
2dx

þ
Ð

X

Ð t
0 Ksðt, sÞuxtðtÞ uxðtÞ − uxðt − sÞ½ �ds dxþ

Ð

X
Futdx:

(3.7) 

Now, we observe that
@

@t
uxðtÞ − uxðt − sÞ½ � ¼ uxtðtÞ −

@

@s
uxðtÞ − uxðt − sÞ½ �, 0 � s � t � T, 

and then

uxtðtÞ uxðtÞ − uxðt − sÞ½ � ¼
1
2

@

@t
juxðtÞ − uxðt − sÞj2 þ

@

@s
juxðtÞ − uxðt − sÞj2

� �

:

Substitution within the double integral in (3.7) gives

Ð

X

ðt

0

Ksðt, sÞuxt uxðtÞ − uxðt − sÞ½ �dxds

¼
1
2

ðt

0

ð

X

Ksðt, sÞ
@

@t
juxðtÞ − uxðt − sÞj2dxds

1
2

ðt

0

ð

X

Ksðt, sÞ
@

@s
juxðtÞ − uxðt − sÞj2dxds

¼
1
2

d
dt

ðt

0

ð

X

Ksðt, sÞjuxðtÞ − uxðt − sÞj2dxds

−
1
2

ð

X

ðt

0
Kst þKss½ �ðt, sÞjuxðtÞ − uxðt − sÞj2dxds:

Considering the sign conditions (2.32)–(2.33), from (3.7) we obtain
1
2

d
dt

ð

X

jutj
2dxþ

1
2

d
dt

ð

X

Kðt, tÞjuxj
2 dx �

1
2

d
dt

ðt

0

ð

X

Ksðt, sÞjuxðtÞ − uxðt − sÞj2dxds þ
ð

X

Fut dx:
(3.8) 

Integration over time, in the range ð0, tÞ; t 2 ð0, TÞ; considering the sign conditions (2.32)
implies (3.4) and, hence, completes the proof.                                                               w

4. Main results

According to (2.32)1 let

g0 ¼ min
t2 0, T½ �

Kðt:tÞ > 0, g1 ¼ max
t2 0, T½ �

Kðt:tÞ > 0:

As a consequence of (3.4)

g0
Ð

X
juxðtÞj2dxþ

Ð

X
jutðtÞj2dx � g1

Ð

X
ju0xj

2dxþ
Ð

X
ju1j

2dx
þ
Ð

X

Ð t
0 jFðsÞj

2dxdsþ
Ð

X

Ð t
0 jusðsÞj

2dxds, 
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which, on application of Gronwall’s Lemma, implies

kuðtÞk2
H1

0ðXÞ
þ kutðtÞk2

L2ðXÞ � CeT , (4.1) 

where C ¼ Ĉðku0kH1
0ðXÞ

, ku1kL2ðXÞ, kFkL2ðQÞÞ > 0: The estimate thus obtained is needed to prove 
the following theorem.

Theorem 4.1. Let T > 0; a0 > 0 and (2.32)–(2.33) hold. There exists a unique solution u to the 
problems (3.1)–(3.2), subject to conditions (3.3), which satisfies

u 2 C0ð 0, T½ �; H1
0ðXÞÞ \ C1ð 0, T½ �; L2ðXÞÞ:

Finally, it is easy to check that the temperature equation associated with the integral Burgers- 
type model also admits a unique solution. Indeed, the application of Gronwall’s Lemma as in 
(4.1), yields

kuðtÞk2
H1

0ðXÞ
þ kutðtÞk2

L2ðXÞ þ

ðt

0
kutðsÞk2

L2ðXÞds � CeT : (4.2) 

Hence, we obtain the following result.

Remark 4.2. Under the same assumptions of Theorem 3.2, there exists a unique solution u to the 
problem

a0uttðx, tÞ þ a1utðx, tÞ ¼ Kðt, 0Þuxxðx, tÞ þ
ðt

0
Ksðt, sÞuxxðx, t − sÞdsþ Fðx, tÞ, (4.3) 

subject to a0, a1 > 0 and conditions (3.2)–(3.3), which satisfies

u 2 C0ð 0, T½ �; H1
0ðXÞÞ \ C1ð 0, T½ �; L2ðXÞÞ:

These results prove the well posedness of the integrodifferential systems ruling the temperature 
evolution in heat conductors with linear memory whose kernels are time-dependent due to aging. 
They cover a variety of models in integral form, such as the Gurtin-Pipkin one, and the integral 
versions of Quintanilla and Burgers-like models.

5. Conclusions

In this article, we develop some new integral models of heat conductors with memory, whose ker
nels depend on the current time t and not only on the elapsed time s ¼ t − s: This means that 
the heat-flux relaxation function K depends on two timescale and a linear constitutive equation 
for the heat flux with memory and aging is given by (2.30). We have shown that integral models 
of this type are obtained as generalizations of rate-type models in which the material coefficients, 
instead of being constant, depend on time. For example, the Cattaneo-Maxwell model in which 
the thermal conductivity is time dependent generates the integral constitutive Eq. (2.27). Similar 
results are proved starting from Quintanilla and Burgers-like models with time-dependent 
coefficients.

In this connection, we study the one-dimensional boundary value problem with memory influ
enced by aging (3.1)–(3.2). In particular, this problem concerns the temperature propagation 
behavior of Cattaneo-Maxwell conductors and materials obeying the Quintanilla and Burgers 
models. We show that it admits a unique strong solution by means of suitable estimates based on 
the physical properties of the phenomena involved. Since the models considered here considers 
the aging of the material, this result can be applied to a wide variety of real materials. However, 
we limited our attention to rigid heat conductors with aging memory. This hypothesis narrows 
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the field of applicability of the results as some aging phenomena are closely connected with the 
deformation history of the material.

A possible further development is to also consider deformations in viscoelastic media. In par
ticular, we are interested to temperature propagation in semiconductor media, for which interest
ing models based on the two-temperature hyperbolic theory have been recently developed 
[24,25]. The results obtained in this study represent the needed theoretical background to possible 
future experimental investigations. Indeed, when an existence and uniqueness result of the solu
tion is established, then the possibility to devise and perform a numerical test is open. The fur
ther development we aim to consider is to generalize the results in Ref. [23] following the lines of 
Ref. [26] to embrace the wider class of materials.
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