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ABSTRACT ARTICLE HISTORY
The term material with memory is generally used to indicate materials Received 16 July 2024
whose mechanical and/or thermodynamical behavior depends not only on Accepted 14 May 2025
the process at the present time but also on the history of the process itself.
Crucial in heat conductors with memory is the heat relaxation function
which models the thermal response of the ma'FeriaI. The pll:esgnt”study .is function; materials “aging”:
concerned about a thermodynamlca.I prob]erp W|th memory “aging’; that'ls, materials with memory;
we analyze the temperature evolution within a rigid heat conductor with nonclassical heat
memory whose relaxation function considers the aging of the material. In conduction; rigid
particular, we account for variations of the relaxation function due to a pos- thermodynamics with

sible deterioration of the thermal response of the material related to its age. memory; time-dependent
memory kernel

KEYWORDS
Heat flux relaxation

1. Introduction

Mechanical and/or thermodynamical behavior of a material with memory depends not only on
the process at the present time but also on the history of the process itself. In particular, rigid
heat conduction with memory refers to the study of materials that exhibit rigid behavior (resist-
ant to deformation) while also demonstrating memory effects in their thermodynamic properties.
These materials respond not just to their current thermal state, but also to their past history of
temperature and temperature gradient. Examples of material with memory include shape-memory
alloys, certain polymers, and glasses, which require advanced thermodynamic models to describe
their nonequilibrium, path-dependent behaviors. Understanding these materials is crucial for
developing applications in actuators, energy storage, and smart materials. Even with the limitation
of neglecting the effects of deformation, the interest in rigid material with thermal memory is tes-
tified by a wide literature focussing on the mathematical properties of the model [1-3]. Or con-
cerned about how to model particular problem as, for instance, in Ref. [4].

However, we may stress that the present investigation can be regarded as preliminary to
describe and investigate more complicated systems in which the thermal effects are combined
with the other ones such as when the body is not assumed to be rigid, but also the formation is
considered. Thermal effects with memory are important in many fields, such as mechanical
engineering, materials science, and structural analysis, as temperature changes can induce stresses
and strains in materials, which in turn can affect their mechanical behavior. A wide variety of
results concerns models in which the combined effect of different physical phenomena needs to
be considered. This is the case of so the called smart materials or materials of biological origin.
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Sapienza Universita di Roma, Rome, Italy.
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In Ref. [5], for instance, the two models of the thermo-elasticity and thermo-viscoelasticity are
compared when the body is not considered to be rigid, as in our case, but an elastic or a visco-
elastic response is considered. Even more generally further phenomena can be incorporated in
the model. In particular of great importance are magnetic media. A notable example of magnetic
sensible media is represented by a gel whose magnetic sensibility is due to the injection of mag-
netic, sensible, micro, or nanoparticles [6].

A first step to approach more complex systems is to consider other time-dependent phenomena
that can modify the characteristics of rigid heat conductors, such as thermal conductivity and specific
heat. Aging, for example, is a time-dependent process; the macroscopic manifestations of aging,
whatever the cause, may be modeled by a variation of the constitutive properties as time passes. In
materials with memory, the response of a non-aging substance to an external action changes with the
passage of time independently of the moment in which the experiment is started. Instead, the proper-
ties of aging materials with memory change with the passage of time even in the absence of external
agents. Hence two-time scales are required to unambiguously describe the constitutive properties of
an aging material. One-time scale is needed to keep track of the time since the manufacturing of the
material and the other time scale is needed to keep track of the time the material is under an external
action. Multiscaling models are very much up-to-date: they turn out to represent a useful tool to con-
sider different type of effects. Aim is to develop models capable two capture the memory effects at
both the microscopic as well as at the macroscopic level [7].

The problem here addressed to is within the framework of rigid heat conduction with integral
form memory. This theory originates from the works of Coleman [8] and Gurtin and Pipkin [9],
based on the previous celebrated article by Cattaneo [10]. Further investigations on the physical
model concerning thermodynamics of materials with memory are due to Coleman and Dill [11],
Giorgi and Gentili [12], Amendola, Fabrizio and Golden [13]. Specifically, on the basis of the Gurtin-
Pipkin model [9], the thermodynamic theory developed by by Fabrizio, Gentili and Reynolds [14] is
adopted. We provide some hints of this theory below. However, the occurrence of aging requires a
specific thermodynamic theory, in which the thermodynamic restrictions on the memory kernels
consider the double time scale. This original contribution is developed here in Subection 2.3 and
applied to the well-posedness problem of the temperature evolution equation in Section 3.

Many other nonintegral form models have been proposed for rigid heat conductors. For
example, we recall the Green-Naghdi [15] and Quintanilla [16] models using the thermal dis-
placement concept, the Tsou dual-phase lag model [17,18], the Burgers-type model [19], and
others based on constitutive equations of the rate type [3]. All these models were originally for-
mulated in a framework involving only time derivatives, but we prove that, like the Cattaneo
model, they can be described in the form of convolution integrals. When aging is considered,
both Quintanilla and Burgers-like models have been generalized here with two timescale kernels.

1.1. Aims of the article

The general strategy of our approach to the problem is introduced in Section 2. The aging effects
are modeled by assuming that the time dependence of the heat flux relaxation function on ¢ (the
current value) and 7 (the past value) does not occur only through their difference t — 7 (the so-
called elapsed time), but involves t and 7 separately. In particular, we propose here some general-
izations of Cattaneo-Maxwell and Quintanilla models with aging memory and show that both
lead to the same temperature evolution equation, where the difference is limited to the different
expression of the memory kernel. The evolution equation associated with the Burgers-type model
is also devised and proved to be slightly more complex than that obtained for the Maxwell and
Quintanilla models. Indeed, an additional weak damping proportional to the rate of the relative
temperature is present.
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In Section 2 heat conduction models with aging memory are introduced and discussed, also
providing some examples. In Section 3 the temperature evolution of the models under investiga-
tion is connected to a second order integro-differential problem whose kernel involves the current
and past time values separately. On use of the free energy functional, some a priori estimate are
obtained. On the basis of the proved results, the existence of a unique strong solution is estab-
lished in Section 4 borrowing the procedure devised in Ref. [20].

2. Heat conduction models with aging memory

Let x € Q C IR? denote the current position within the heat conductor and t € [0, + c0) the
time variable. Consider the relative temperature

u(x, t) == 0(x,t) — Oy

which is the difference between the absolute temperature 0 and a fixed uniform reference tem-
perature 6y, for instance, the temperature of the surrounding environment assumed not to be
affected by the thermodynamical status of the conductor (see, e.g. Ref. [11]). According to Ref.
[14] the thermodynamic state of the material at each point is determined when the temperature u
and its history u',

u'(x,5) == u(x,t—s), (2.1)
are given together with the temperature gradient g and its history g,
g(xt) == Vu(xt), g(xs):=gxt—s). (2.2)

or, alternatively, the integrated history of the temperature gradient g' defined as

t
g'(x,s) = J g(x, 7)dr. (2.3)
t—s
In Egs. (2.1)-(2.3) t € IR represents the current time, 7 € (—00,t] denotes an instant in the
past, while s =t — 7 € [0,00) is usually referred to as elapsed time.

2.1. Linearized Gurtin-Pipkin model

Hereafter we restrict our attention to linear models of heat conduction. In particular, we assume
that the heat flux vector q is given by

t 00
q(x,t) = —J k(t—1)g(x, 1)dr = —J k(s)g' (x,s)ds (2.4)
—00 0
where the memory kernel k(¢) is referred to as heat flux relaxation function (see Ref. [14]). This
constitutive equation was first obtained in the linearized Gurtin-Pipkin theory [9]. Letting ko :=
k(0) take on a finite value, an integration by parts of (2.4) leads to the alternative integral form

o0

q(x, t) = —kog(x,t) + L K (s)g'(x,s)ds, (2.5)

where the prime denotes differentiation with respect to the (unique) argument. Otherwise, a der-
ivation of (2.4) with respect to time ¢ gives

a,(% 1) = —kog(x, 1) — J_ K(t - 7)g(x, 1)t = —kog(x, ) — J:C K)g(xs)ds  (26)
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2.2. Maxwell-Cattaneo model

It is well known that (2.4) is a generalization of the Maxwell-Cattaneo model,
0q,(x1) + q(x.t) = —r0g(x, 1), (2.7)

(the subscript ; denotes partial differentiation with respect to time). Unlike Fourier’s law, this
model takes relaxation into account and hence &, is referred to as relaxation time. Letting
q(x, ) = q,(x) and solving (2.7) for t > #, in the unknown q we find

ax.0) = @) expl—(t = 0)/&o] = 22| expl=(¢ - ©)/olgx )

0 Jty

Hence, letting fy — —oo we obtain

t

qmﬂ:—gj exp [~ (t - 1)/ ]g(x 1)ds

-0

and the change of variable t — v = s yields

q@ﬂ=—?r¥mewaw@@a

0Jo

which provides a special case of the linearized Gurtin-Pipkin model (2.4) by set-
ting k(s) = 2 exp (—s/&).

2.3. Quintanilla model

An alternative approach starts from the so-called Quintanilla constitutive model. Borrowing from
the Green-Naghdi theory, the Quintanilla model involves the temperature displacement a(x, t)
such that o (x, t) = 0(x, t), namely

&0q,(x, 1) + q(x, t) = —hoVa(x, t) — kog(x, t). (2.8)
Taking advantage of our notation of the integrated history (2.3), we can identify the gradient

of temperature displacement with the integrated history of g at time ¢,

t

Va(x, t) = Jo g(x,7)dt =g'(x, 1).

Accordingly, we can write

09,(x 1) + q(x.1) = —hog'(x,t) — K0g(x%, 1).

We can solve it in the unknown q so obtaining the integral equation
t

q@ﬂ=j[3%@PW%VMM?mﬂ+mﬂmm%

—o0 50

from which it follows

K bk — Egh
alxt) == 2g - [ M explo(r- 0)/Gfg (x 0
50 —00 50
Alternatively, we take advantage of the rate-type form of (2.8) (see Ref. [3]), namely
50qtt(x’ t) + qt(x’ t) = _hOg(x’ t) - KOgt(x> t)> (2~9)

and we solve it in the unknown q, so obtaining the integral equation

Q) = = |2 expl(e— o)/ ol gl ) + g, )],

oo 50
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from which it follows

K N 3
q,(xt) = —é—zg(x, t) + J =52 expl—(t — 1) /&)g(x T)dr.
o o
Assuming ko > Eohg (see Ref. [19, Proposition 5.3]) and identifying
—&oh
ko= k() =l
o <o

we recover (2.6), the time derivative of the linearized Gurtin-Pipkin model, so proving that both
Cattaneo-Maxwell and Quintanilla models lead to the same form of integral constitutive equation.
Nevertheless, as to the integral equation obtained from the Quintanilla model, we remark that the
value of ky does not match with k(0), the initial value of the memory kernel.

2.4. Burgers-type model

According to Ref. [3], a Burgers-type model for heat conductors is characterized by the rate-type
equation

&gy + 09, +q = —hog — okog,, o0 > 0. (2.10)
Thermodynamic consistency with the CD inequality is guaranteed by (see Ref. [3, Sect. 3.2.2])
ho > 0, veko — Eoho > 0. (2.11)
Since &y, vy > 0 we can choose p;, i, > 0 such that
{ Mty = 1o
ty 1ty = o

and Eq. (2.10) can be rewritten as
i (#29; + Q) + 129, + 4 = —hog — WKog,-
By solving it in the unknown z = u,q, + q we obtain the integral equation

2(t) = 1,q,(t) + q(t) = — J_ ui exp[—(t — )/ ] [hog(t) + vorog, (1)] dx,

1

from which it follows

1 VoK, b voko — 1ty h
a0+ a0 =200+ [ PSR el - o/ufsodn @12
253 o —00 1o
Within the integral term we are allowed to identify
VoK Voko — Ui h
ko = 200 k() = IO T A0 /] (2.13)
o o

provided that vyry — by > 0. This condition can be written as
2 2
voio — Eoho > uiho

and turns out to be stronger than (2.11). After applying (2.13) and the change of variable s =
t — 1 to Eq. (2.12) we get

a0+ -a(0) = ~kg(t) - | K (g9 (214

This equation corresponds to (2.6) except for the term q(t)/p,.
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2.5. Thermodynamics of heat conduction models with memory

The Clausius-Duhem inequality, representing the second law of thermodynamics, can be written
as
1 Vo
ﬂtZ—et‘FQ'? (2.15)
wherein, respectively, # denotes the specific entropy and e the specific internal energy. Note that
V0 = Vu = g. Within the linear theory of heat conductors with memory, Fabrizio, Gentili and
Reynolds [14] introduce the free pseudoenergy

£ = Bo(e — o),
where 0, is a given uniform reference temperature and
e=2(0(),0,8"), n=a(00),0.8), (=C(0(x),0,8").

In Ref. [14] it is proved that the approximate canonical free pseudoenergy ((u(t),u',g'), for
small values of the relative temperature u(t), enjoys most of the properties that characterize a
canonical free energy even if it is not dimensionally homogeneous to such a potential. In particu-
lar, the inequality (2.15) reduces to

L<&utqg (2.16)
where the approximate internal energy e is assumed to be linear
e(x,t) = aou(x, ). (2.17)

For sake of simplicity, the specific heat o, is assumed to be positive and independent on the
position within the heat conductor.

Following the arguments set out [12,14], thermodynamic consistency is achieved by assuming
that the heat flux relaxation function satisfies the following requirements (often referred to as
Graffi’s conditions)

k(t) > 0, K(t) <o, K'(t) > o0, t € (0,00). (2.18)
and
ke L'(0,T)NC*0,T) VT €IR". (2.19)
Note that inequalities (2.18) together with oy > 0, guarantee that

Colult) @) = solult) = 3 | KO ds

0

represents a free pseudoenergy which satisfies Clausius-Duhem inequality (2.16). As it is well
known, {; is not unique (up to an additive constant). Indeed, there are many expressions of the
free pseudoenergy { since there is a convex set of functionals which satisfies the inequality (2.16)
(see, for instance [13,21]).

2.6. Temperature evolution
Let r(x, t) denote the energy supply. The energy balance for a rigid heat conductor is given by
e(x,t) ==V -q(xt) +r(xt). (2.20)

Upon replacing the expressions (2.4) and (2.17) we obtain the equation which models the tem-
perature evolution within the conductor
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oot (X, 1) = J:o k(s)Au (x,t—s)ds + r(x, t).

More conveniently, it can be rewritten as

oot (X, T) = J:) k(t—1)Au (x,7)dt + f(x, 1), (2.21)

where the term
0
flx,t) = J k(t—1)Au (x,7)dt + r(x, t)

denotes an external source term which also includes the history of the material up to t = 0.
If in addition to (2.19) we assume the further regularity condition

K € L'(0,T),VT € IRY, (2.22)

then the initial value of the heat-flux relaxation function, ko := k(0), also called initial heat flux
relaxation coefficient, turns out to be finite. This allows us to differentiate (2.21) and obtain

t
oou (X, t) = koAu(x,t) + J K (s)Au(x,t —s)ds + fi(x, t), (2.23)
0
As can be easily verified, this evolution equation also corresponds to the constitutive model
(2.6). Therefore, by virtue of the results of the previous section, both Cattaneo-Maxwell and
Quintanilla models (in their integral form) lead to the same temperature evolution equation
where the difference is limited to the different expression of the memory kernel k.
The evolution equation associated with the integral Burgers-type model (2.14) is slightly more
complex than (2.23). Indeed, by adding (2.20) with its time derivative multiplied by u, we have

(%, 1) + (%, ) = =V - [qx 1) + 120,06 8)] + (%, 8) + o1, 1).
Then, applying (2.14) and (2.17) we obtain
¢
ooty (X, t) + %o u(x,t) = —koAu(x, t) + J K (t — 1)Au(x, t)dt + F(x, t). (2.24)
K 0
where
0 1
EF(x,t) = J K(t—1)Au(x, t)dt + ri(x, t) + ’u—r(x, t).
—00 2

Equation (2.24) differs from (2.23) due to the presence of the additional linear damp-
ing ot/ ;.

2.7. Aging effects

The most common effect of aging in heat-conducting materials is the change in thermal conduct-
ivity over time. For instance, when materials are irradiated with high-energy ions the lattice struc-
tures of the materials are largely changed, causing the modification of several physical properties.
Since thermal conductivity is dependent on the configuration of atoms in a material’s crystal lat-
tice, a more disordered structure leads to lower thermal conductivity, that is,

Ko(t) >0, K (t) <0, vt € IR.
0

When aging effects are modeled in heat conductors with memory, it can be assumed that the
heat-flux relaxation function k depends on two timescales: the current time t and the past time <.
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Unlike classical memory models [13], where the memory kernel depends only on their difference
t — 7 (called elapsed time) as in Eq. (2.4), a memory kernel with aging involves ¢ and 7 separately,
namely k(¢,7) (see, for instance, [22, Ch. 8] and [20]). Aging effects are considered by modifying
(2.4) as follows (the dependence on x is understood and not written)

t
q(t) = —J K(t, 7)g(x)dx. (2.25)
As an example, we consider the Maxwell-Cattaneo model (2.7) where the thermal conductivity
Ko is time dependent,
Coq,(t) +q(t) = —ro(1)8(1). (2.26)
Accordingly, we obtain the integral form
1
at) =7 | ewl-- /G0
which provides a special case of (2.25) by setting
Ko (T
k(e 9) = L exp (~(t - 0)/0).

0

The classical (without aging) integral expression is recovered from (2.25) provided that
k(t,t) —  k(t-1), <t
In particular, we obtain the following correspondence
k(t,1) — =K(t-1), k(t,t) — ko,

wherein the subscript . indicates partial derivative with respect to 7. Hence, to describe memory
aging Eq. (2.6) is modified as follows

)= K080 + | kelt oot 227)

Another example of a constitutive equation like this comes from the Quintanilla model in the
rate form (2.9) assuming that the constitutive parameters hy, and k, are functions of time.
Namely, let

oGy (1) + q,(t) = —ho(t)g(t) — 150(t)g, (% 1). (2.28)

Solving this equation for q, it follows

ast) = =" g + [ OEREDZBO e oclgtc e
Then assuming xo + ok’ > &yhy and identifying
R e e S T

we recover (2.27).

In view of further applications, it turn out to be convenient to introduce a different pair of
timescales: the current time, ¢, and the elapsed time, s = t — 7. According to this choice we intro-
duce the scalar function K, defined on IR x IR" as

K(t,s) = k(t,t —s), (2.29)
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and hence
K(t,s) = k(t, t —s) = —k.(t,7), T=1t-s5.

Accordingly (2.27) becomes

q,(t) = -Ko(t)g(t) — J;C K(t,s)g' (s)ds. (2.30)
where Ko () := K(¢,0) = k(,t), and
K(ts) = —Ko(t) — L K:(6,0ds,  lim K(bs) =0

Owing to (2.30), the evolution Eq. (2.23) is rewritten as

t

ooty (X, ) = Ko(t)Au (x, 1) —|—J K(t,s)Au (x,t —s)ds + fi(x, 1), (2.31)
0

According to the physics of the model (for viscoelastic materials, see assumptions M1-M4 in
Ref. [23]), the relaxation kernel K and its derivatives must satisfy

K(ts) >0, Ki(ts) <0, Ky(ts) >0, (ts)€ IR x IRT, (2.32)
K(t,s) + Ky(t,s) <0, Kg(t,s) + Kg(t,s) >0 (ts) € IR x IRT, (2.33)
Owing to (2.29), K(t,s) reduces to k(s) when aging is neglected, in that
k(t,t—s) —  k(t=[t—s]) =k(s).

It is then apparent that assumptions (2.32) correspond to classical Graffi’s conditions (2.18),
whereas (2.33) boils down to (2.32).

Examples
A typical example of aging memory kernel is given by (see, e.g., [20])

K(t,s) = Ko exp (— %)

where Ky > 0 and € € C'(IR, IR") satisfies
e(t) >0, €(t) <o, Vi € IR.

It is easy to verify that assumptions (2.32), (2.33) are complied.
Another example is obtained by a suitable rescaling of a (nonnegative) non-increasing function
k. Given f, > 0 and € € C'(IR,IR") satisfying

€(t) <0, VtelR,

we define

K(t,5) :% k<%)

In particular, for all t € IR we get

J K(t,s)ds = J k(y)dy = p < 0.
0 0

Accordingly, if €(t) — 0 as t — oo, we obtain the distributional convergence lim; .., K(t,-) =
Udo, where &y denotes the Dirac mass at 0. For definiteness, we take k(s) = e™* and €(t) = a/t,
o > 0, in which case
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K(t,s) = éexp <_§)

This relaxation kernel complies with assumptions (2.32), (2.33) provided that t > /2.

3. The problem

The problem under investigation models the evolution of (relative) temperature in rigid heat con-
ductors with time-dependent memory. For sake of simplicity, the body here considered is one-
dimensional. Let oy > 0, Q =(0,1) and Q:=Q x (0,T), T > 0. After applying (2.31) with F =
f:, we consider the following linear integro-differential equation in Q,

t

ooty (x, 1) = K(8, 0) the(x, t) + J K(t, 8)uen (x, t — s)ds + F(x, t), (3.1)
0

together with the initial and boundary conditions
u(0) =up, u(-,0)=uy, in Q
u(0,) =u(1,-) =0, in(0, T).
In addition, the kernel, K : 7 — IR, 7 = [0, T] , is supposed to satisfy (2.32) and (2.33).

Borrowing the procedure devised in Ref. [20], problems (3.1)-(3.2) admit a unique strong
solution. In particular, the following result holds.

(3.2)

Lemma 3.1. Denote by u the unique solution admitted to the problems (3.1)-(3.2) with
up € H(Q), u € L*(Q), Fel*Q). (3.3)
Let (2.32)-(2.33) hold. Then for all t € [0, T the following estimate is obtained

%LK(t, )lual(t) Pl +%L\ut(t)|2dx

1 1 t (3'4)
< —J K (0,0)|uox|*dx + —J |uy[*dx + J J F(t)u.(t)dxdz.
2)a 2)a alo
Proof. First of all, add and subtract to Eq. (3.1) the term
t
|| et pn(t1s = [500) — K .00
0
The result can be written in the equivalent form
t
uy — K(t, )ty + J K (£, 5) [thix(t) — the(t — s)]ds = F. (3.5)
0
When Eq. (3.5) is multiplied by u;, after integration over Q it follows
Ld j 0P+ || K (1 (O ()t
2dt)g a ’“ (3.6)

— [t (£) Jo K(t, ) [ux(t) — ux(t — 5)|dsdx = [, Fu(t)dx.
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Since LK(t,1) = [K; + KJ(t,5)],_,, it follows

lij |ut|2dx+lij K(t, 1) dx:%J (K, -+ K] (8, )12
Q Q

2dt d (3.7)
+ Jo Jo Koty s) e (8) [ux(£) — un(t — 5)|ds dx + [, Fuydx.
Now, we observe that
Q[u (t)—u(t—s)) =u (t)—g[u (t)—u(t—s)], 0<s<t<T
81‘ X X — Uxt 65 X X > o> b =4
and then
1 0 » O 2
(1) [t () = 1t = 5)] = 5 [at Jux(8) = ux(t = )" + 5 Juaa(1) = 1x(t = 5)]
Substitution within the double integral in (3.7) gives
t
JQJ (t,8) thyt [ () — iy (t — 5)]dxds
t 9
_1 9 ()
= ZJJKS(t’S) 6t|ux(t) uy(t — s)|"dxds
0Q
t 0
1 2
EJJKS(LS)& |t (£) — uy(t — s)|"dxds
0Q
d t
1 2
=57 Ks > x — Ux(L—
2dtJJ (t,8)|ux(t) — ux(t — s)| dxds
0Q
1 t
_,J J Ko + Kl (£ 5)| () — et — 5)|2dlxds.
2Jalo
Considering the sign conditions (2.32)-(2.33), from (3.7) we obtain
1
20‘” g Pdx +—dij K(t, )|l dx <
° (3.8)

1d

——J J K(t,5)|ux(t) — ux(t—s)|2dxds+J Fu; dx.
2dt 0JQ Q

Integration over time, in the range (0,t), t € (0,T), considering the sign conditions (2.32)
implies (3.4) and, hence, completes the proof. O

4. Main results

According to (2.32) let

= min K(¢.t 0, = K(t.t 0.
$ R0 e gy

As a consequence of (3.4)

80 Jolux(t) dx+f9|u[ )| Pdx <g1f9|u0x| dx+fQ|u1| dx
+Jo jo |F(z | dxdt + |, fo lu.(z | dxdr,
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which, on application of Gronwall’s Lemma, implies
() 1y + e (D)7 < Ce (4.1)

where C = C(||uo||Hé<Q), [u1llz2(0)> [Fll12(q)) > 0. The estimate thus obtained is needed to prove
the following theorem.

Theorem 4.1. Let T > 0, op > 0 and (2.32)-(2.33) hold. There exists a unique solution u to the
problems (3.1)-(3.2), subject to conditions (3.3), which satisfies

u e C((0, 71 Hy(@)) N €' ([0, T L*(Q)-

Finally, it is easy to check that the temperature equation associated with the integral Burgers-
type model also admits a unique solution. Indeed, the application of Gronwall’s Lemma as in
(4.1), yields

t

() Iy + N ()12 + L i (5) | 2 s < Ce”. (4.2)

Hence, we obtain the following result.

Remark 4.2. Under the same assumptions of Theorem 3.2, there exists a unique solution u to the
problem

t

olots (%, 1) + oyt (3, 1) = K(£0)uee (%, 1) + J K(t, 8) e (x, t — s)ds + F(x, t), (4.3)
0

subject to o, 0 > 0 and conditions (3.2)-(3.3), which satisfies
u € C([0, T); Hy (@) N C'([o, T}; L*(Q)).

These results prove the well posedness of the integrodifferential systems ruling the temperature
evolution in heat conductors with linear memory whose kernels are time-dependent due to aging.
They cover a variety of models in integral form, such as the Gurtin-Pipkin one, and the integral
versions of Quintanilla and Burgers-like models.

5. Conclusions

In this article, we develop some new integral models of heat conductors with memory, whose ker-
nels depend on the current time t and not only on the elapsed time s =t — 7. This means that
the heat-flux relaxation function K depends on two timescale and a linear constitutive equation
for the heat flux with memory and aging is given by (2.30). We have shown that integral models
of this type are obtained as generalizations of rate-type models in which the material coefficients,
instead of being constant, depend on time. For example, the Cattaneo-Maxwell model in which
the thermal conductivity is time dependent generates the integral constitutive Eq. (2.27). Similar
results are proved starting from Quintanilla and Burgers-like models with time-dependent
coefficients.

In this connection, we study the one-dimensional boundary value problem with memory influ-
enced by aging (3.1)-(3.2). In particular, this problem concerns the temperature propagation
behavior of Cattaneo-Maxwell conductors and materials obeying the Quintanilla and Burgers
models. We show that it admits a unique strong solution by means of suitable estimates based on
the physical properties of the phenomena involved. Since the models considered here considers
the aging of the material, this result can be applied to a wide variety of real materials. However,
we limited our attention to rigid heat conductors with aging memory. This hypothesis narrows



JOURNAL OF THERMAL STRESSES . 13

the field of applicability of the results as some aging phenomena are closely connected with the
deformation history of the material.

A possible further development is to also consider deformations in viscoelastic media. In par-
ticular, we are interested to temperature propagation in semiconductor media, for which interest-
ing models based on the two-temperature hyperbolic theory have been recently developed
[24,25]. The results obtained in this study represent the needed theoretical background to possible
future experimental investigations. Indeed, when an existence and uniqueness result of the solu-
tion is established, then the possibility to devise and perform a numerical test is open. The fur-
ther development we aim to consider is to generalize the results in Ref. [23] following the lines of
Ref. [26] to embrace the wider class of materials.
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