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Abstract

We analyse local features of the spaces of representations of the fundamental group of a punctured surface
in SUy equipped with a decoration, namely a choice of a logarithm of the representation at peripheral
loops. Such decorated representations naturally arise as monodromies of spherical surfaces with conical
points. Among other things, in this paper we determine the smooth locus of such absolute and relative
decorated representation spaces: in particular, in the relative case (with few special exceptions) such
smooth locus is dense, connected, and exactly consists of non-coaxial representations. The present study
sheds some light on the local structure of the moduli space of spherical surfaces with conical points, which
is locally modelled on the above-mentioned decorated representation spaces.
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1 Introduction

A spherical surface (S,x,h) is a compact, connected, oriented surface S endowed with a metric h of
constant curvature 1 with conical singularities at @ = (z1,...,x,) of angles 279 = (2794, ...,27Y,). In
local polar coordinates (r,n) such metric takes the form dr? + sin?(r)dn? near every point of S = S\ ,
and the form dr? + 9% sin?(r)dn? near x; for every i.

Associated to the spherical metric h on the punctured surface S, we have a monodromy homomorphism

pn T (S) = SO3(R). Note that pp, is well-defined only up to conjugation by elements of SO3(R) but its
conjugacy class [pg] is uniquely determined.

We remark that, though the monodromy homomorphism of a spherical metric naturally takes values in
SO3(R) = PSUs, it always admits liftings to SUs. As a representation in SUj retains more information,
in this paper we will focus on this case.

When no #; is an integer, the deformation space of (S,z,h) is modelled on the space of conjugacy
classes of homomorphisms p from 71(S) to SU,. This is achieved by showing that the monodromy map,
that associates to a metric h its monodromy representation [pp] (see [38, Corollary 1(a)]), is a local

homeomorphism.

If ¥; is an integer, the monodromy [py] sends a peripheral loop of S that simply winds about the puncture
x; to =1 € SUs. Thus, p;, fails to detect the exact position of the conical point x;: in more precise terms,
there exist local surgeries around x; that move the conical point x; but keep the monodromy fixed. Hence,
passing from the deformation space of (S, x, h) to the representation space results in a loss of information.
For this reason we introduce decorations.

Let B be the subset of m1(.5) consisting of all classes of peripheral loops, namely simple loops that winds
about a puncture. A decoration of a homomorphism p is a map A : B — suy to the Lie algebra sus,
which is equivariant under the action of 71'1(5’) by conjugation on B and via Ad, on suy, and such that
p(8) = —exp(2mA(B)) for all § € B (see Definition 1.13). A decorated representation is a conjugacy class
of pairs (p, A).

There is a very natural way to associate a decorated representation to a spherical metric, in such a way
that the norm of A(S;) is ¥; for all peripheral loops f; that wind about x;.

In a forthcoming paper [43] it will be shown that, in all cases, the deformation space of spherical surfaces
with conical points is locally modelled on a space of decorated representations via the decorated mon-
odromy map. Similarly, the locus of surfaces with conical points of assigned angles is locally modelled on
the subspace of representations with decoration A of assigned norm.



The aim of this paper is to study the local properties of the above-mentioned decorated representation
spaces, and in particular of the subsets of decorated representation with finite stabilizers; in fact, decorated
monodromies of spherical metrics will have such properties, as shown in Theorem VII.

We will state our model results for the spaces of undecorated representations (namely, Lemma I, The-
orems II-III-IV-V and Proposmon VI) and then we will present our results for the spaces of decorated

representations (Lemma I, Theorems [-II1-1V-V and Corollary VI)

Sometimes we will have to separately treat certain special cases, which in fact only arise in genus 0 and
1 when all stabilizers (of the undecorated homomorphisms) are infinite.

In Lemma I we show that real representation spaces are semi-algebraic sets and complex representation
spaces are complex algebraic sets. Correspondingly, in Lemma I we will show that decorated representation
spaces are semi-analytic sets.

In Theorem II and Theorem 11 we study the smooth locus of absolute representation spaces and absolute
decorated representation spaces respectively. The relative representation spaces are treated in Theorem
IIT in the undecorated case, and in Theorem III in the decorated case. Density and connectedness of the
non-coaxial locus in non-special cases are proven in Theorem IV and Theorem IV the special cases are
discussed in Theorem V and Theorem V.

In Proposition VI we recall that, if no 1; is an integer, relative representation spaces support a symplectic
structure, namely Goldman symplectic structure. Such form on the SUs-representation space is the
restriction of Goldman’s complex symplectic form on the SLy(C)-representation space. Since spherical
metrics yield an underlying CP!-structure, and since PSLy(C)-representations that are monodromies of
CP!-structures always admit a lifting to SLa(C), we will focus our discussion on the (SUz, SLa(C))-case.
Finally, in Corollary VI we show how such symplectic structure is induced on decorated representation
spaces.

The above-mentioned main results of the present paper are stated in Section 1.2.

In Appendix A Daniil Mamaev gives an elementary proof of a known existence criterion for closed polygons
in S3. Such criterion is relevant for the non-emptiness of our SU; representations spaces in genus 0 (see
Section 3.6.1).

1.1 Setting

Surface. In what follows S will be a compact, connected, oriented surface of genus g and ® = (x1,...,2,)
an n-tuple of distinct points of S. Unless differently specified, we will assume that the punctured surface
S = S\ z satisfies x(S) < 0 and n > 1.

Fundamental group. We fix a basepoint * in S and we denote by I1, ,, the fundamental group 7r1(S, *).
We also pick a standard basis {1, v1, po, ..., Vg, 51, ..., Bn} of Iy, which satisfies the unique relation
(i, 1] - (g, vg) - B1---Bn = e. Note that, as n > 1, such group is isomorphic to a free group with
29 +n — 1 generators. We will denote by B; the conjugacy class of 5; and by B the union |J, B;. Note
that B is the subset of 7 (S, ) consisting of all classes of peripheral loops.

Spherical structure with conical points. A metric h on S is a spherical metric with angles ¥ =

(¥1,...,9,) at x if h has constant curvature 1 on S and it has a conical singularity at z; of angle 2m0;
fori=1,...,n. A spherical surface is a triple (S, xz, h) (see also [14]).

Killing form. We will endow the Lie algebra sl3(C) with the Killing form K(X,Y) := —2tr(XY), so
that its restriction to sus is positive-definite and it induces a norm || X || := /K(X, X).

Adjoint action. We denote by S? the unit 2-sphere. In this paper we will often identify it to the
unit sphere in sus, and will implicitly assume this identification without reminding. The group SU,
isometrically acts on S? via the adjoint action. Such action factorizes through PSU, and identifies such
group to SO(suy) = SO3(R). Upon identifying CP! with S?; the restriction of the PSLy(C)-action on CP*
agrees with the SO3(IR)-action on S? above mentioned.

The map e. We will often use the map e : sus — SU,, defined as e¢(X) := —exp(2nrX). Note that
e(X) is conjugate to the diagonal matrix with eigenvalues exp(im(1£||X||)). The reason behind the above
definition is that we want e(X) to be conjugate to the SUs-monodromy of a spherical disk with one conical
point of angle 27| X]|.

Conjugacy classes in SU,. Let 6 € [0,1]. The elements of SUy at distance 2 - § from I form a closed



algebraic subset and a conjugacy class, which will be denoted by Cs, and consist of all matrices in SU,
with eigenvalues e**™°. In particular, Co = {I}, C; = {—I} and Cj is diffeomorphic to a 2-sphere for
all § € (0,1). Given ¥ = (91,...,9,), we will denote by §; the distance d(1;,Z,) of ¥; from the subset
Zo, C R of odd integers.

Algebraic and analytic sets. In what follows, we will use the term real/complex algebraic set (resp.
analytic set) to denote a subset Z of some K" with K = R, C defined by finitely-many equations f; = 0
and inequalities g; # 0, with f; and g; polynomials (resp. analytic functions). The tangent space T,Z to
Z C K™ at a point p € Z is the intersection of the hyperplanes in K™ of equations (df;), = 0. The point
p of Z is smooth if p belongs to a unique irreducible component Z’ of Z, and T,,Z' = T,,Z has the same
dimension as Z'.

A semi-algebraic set (resp. semi-analytic set) is a subset of some R™ locally obtained as a finite union
of loci defined by finitely-many equations f; = 0 and inequalities g; > 0, with f;, g; polynomials (resp.
real-analytic functions). See, for instance, [5].

A map between semi-algebraic sets (resp. semi-analytic sets) is algebraic (resp. analytic) if locally it is the
restriction of an algebraic (resp. analytic) map between open subsets of Euclidean spaces.

A point p of a semi-analytic set Z C R™ is smooth if Z agrees with an analytic variety W = {f; =0]i € I}
in a neighbourhood of p, and p is a smooth point of W. The smooth locus of Z is the subset of all smooth
points in Z.

An irreducible (semi-)algebraic or (semi-)analytic set has pure dimension if all of its irreducible compo-
nents have the same dimension.

A closed algebraic subset of a semi-algebraic set is a subset defined by finitely-many polynomial equations.
A closed analytic subset of a semi-analytic set is a subset locally defined by finitely-many analytic equa-
tions. All such sets will be regarded with the classical topology, namely with the topology inherited by
the ambient real/complex affine space. Thus a subset is dense if it is such in the classical topology: for
example, a proper closed analytic subset of an irreducible semi-analytic set has dense complement.

1.2 Main results

1.2.1 Homomorphism spaces and representation spaces. Here we introduce the represen-
tation spaces we are interested in. Throughout the whole paper, we constantly identify PSUy with SO3(R)
and CP! with S2.

Definition 1.1 (Homomorphism spaces). The (absolute) homomorphism space Hom(Il,,,,SUs) is the
space of homomorphisms II;,, — SU,. Given an angle vector 9 = (V1,...,9,) € RZ,, the relative ho-
momorphism space Homg(Il, ,, SUs) is the subspace of Hom(Il,,,,SUs) that consists of homomorphisms
that send B; to Cj, for every i = 1,...,n.

Absolute and relative homomorphism spaces will be realized as real algebraic subsets of a Euclidean space,
from which they will inherit a classical topology and a Zariski topology (see Section 3).

Consider now the action of the group PSUs by conjugation on Hom(Il, ,,SUs). The stabilizer of a
homomorphism p under such action is the subgroup stab(p) = {g € PSUy |gpg~—! = p} of PSUs.

Definition 1.2 (Representation spaces). The (absolute) representation space Rep(Il, ,,, SUs) is the topo-
logical quotient ot Hom(Il, ,,SUs) by PSUs. The relative representation space Rep 4y n,SUz) is the
locus in it corresponding to Homyg (Il ,,,SUs).

The same definition of homomorphism and representation space can be given replacing SUy by SO3(R).

Remark 1.3 (Other names for Hom and Rep spaces). The homomorphism space Hom was also called
“space of representations” [11], or “representation variety” [37] [50], or “Betti representation space” [49].
In [11] a point [p] of the representation space was identified to its “character” x, : II,, — C, defined as
Xp(7) == tr(p(7)), and Rep itself was then called “space of characters”. Such Rep space was also called
“scheme of representations” [37], “Betti moduli space® [49], “character variety” [22].

Remark 1.4 (Representations and parabolic bundles). Fix a complex structure J on S, and let w; €
[0,1) be the fractional part of (J; — 1). Mehta-Seshadri [MS] showed that there is a real-analytic
homeomorphism between Rep,(Ily ,,SUs) and the moduli space of (equivalence classes of) semi-stable
holomorphic bundles E of rank 2 on S with parabolic structure at @ of type @ and trivial determinant.



The type « is determined as follows: if w; = 0, %, then the filtration of the bundle E at x; is trivial
(B, = E;l D {0}) of weight a(z;) := w;; if w; # 0, %, then the filtration of the bundle E at z; is non-
trivial (E,, = E} 2 E2 D {0}) with weights o (2;) := min{w;, 1 — w;} and o?(x;) := max{w;, 1 — w;}
(see also [42, Example 5]). Under such homeomorphism, non-coaxial representations correspond to stable
parabolic bundles.

The decision of factoring homomorphism spaces of SUs-homomorphisms by the conjugacy action of PSUs
can sound a bit non-standard, but we adopt it for the following reason.

Remark 1.5 (Avoiding ubiquitous stabilizers). Since +I are in the centre of SUs, they belong to the
stabilizer of every point of Hom(Il,,,SUz). In the context of monodromies of spherical metrics, such
41 do not correspond to any piece of geometric information; rather, they are a side-effect of lifting
the monodromy from SO3(R) = PSU, to SUs. Moreover, taking the quotient of Hom(Il,,,,SUs) or
Homy (11, ,,SUs) by SUs or by PSU, makes no difference from the topological point of view. For the
above reasons, it will be more comfortable to avoid such ubiquitous stabilizers, and so taking the quotient
by PSUs rather than by SU,.

Definition 1.6 (Central and coaxial homomorphisms). A homomorphism p in SUs is central if its image
is contained in the center Z(SUsy) = {£I}. The central (resp. non-central) locus in Hom(Il, ,, SUs) is the
locus of central (resp. non-central) homomorphisms. A homomorphism is coazial if its image is contained
in a 1-parameter subgroup of SUs. The coaxial (resp. non-coaxial) locus in Hom(Il, ,,, SUs) is the locus of
coaxial (resp. non-coaxial) homomorphisms. We similarly call the corresponding locus in the represention
space, and in their relative versions.

Notation. The non-coaxial locus in Hom(Il, ,,, SUs) is denoted by Hom"“(Il, ,,,SUs). Similarly for the
represenation space and the relative versions.

We stress that a homomorphism p in SUs is non-coaxial if and only if its PSUs-stabilizer is finite and, in
this case, such stabilizer is trivial (see Lemma 2.4). All of above definitions still make sense and the above
statement still holds true, replacing SUs by SLo(C), and taking the quotient by the conjugacy action of
PSLy(C), with the following caveat.

The first issue concerns the definition of coaxiality. Definition 1.6 must be modified for SLy(C). In fact,
a homomorphism in SLy(C) may have image contained inside the subgroup

N::{i((l) i) :te(C},

but not be contained inside a 1-parameter subgroup of SLo(C). In this case, the stabilizer of such
homomorphism would not be discrete, since it would contain the image of N inside PSLy(C). Hence, we
call a homomorphism in SLy(C) coazial if the composition with the projection SLy(C) — PSLy(C) has
image contained in a 1-parameter subgroup of PSLy(C).

The second issue concerns relative homomorphism spaces. We will say that p € Homyy(Il, ,,, SLo(C)) if
B; is conjugate to an element of Cy, .

The third issue concerns quotients. Since SUj is compact, all orbits in Hom(Il, ,,,SUs) are closed and
the topological quotient Rep(Il, .., SUs2) is Hausdorff. On the other hand, SLy(C) is not compact and its
orbits in Hom(Il, ,, SL2(C)) are not necessarily closed and so its topological quotient will not necessarily
be Hausdorff. Thus, the symbol Rep(Il, ,,,SL2(C)) will be used for the largest Hausdorff quotient: in
concrete terms, this is the space obtained from Hom(Il, ,,, SL2(C)) by identifying two homomorphisms if
and only if they belong to the closure of the same orbit. Such space is also called categorical quotient (as
in [10]), or affine quotient (as in [45]) as it will naturally be complex algebraic affine. Its points are in
bijective correspondence with the closed SLg(C)-orbits.

In fact, it turns out that Rep(Il, ., SL2(C)) is complex algebraic (see Theorem 1.1 of [46]). As explained
in Remark 1.7, on the other hand, Rep(Ily,,,,SUs) is semi-algebraic and Rep ,(I1y,n, SL2(C)) is a closed
algebraic subset of KRep(Il, ., SL2(C)).

Remark 1.7 (Complex quotients and real quotients). Let V be a vector space over K = R, C with an
algebraic action of an algebraic reductive group G over K. Let us remind the standard technique for
realizing the quotient of V by G. First consider the finitely generated algebra K[V]¢ of G-invariant
polynomial functions on V. Then pick a finite set of generators py, ..., py for the K-algebra K[V]¢ and
consider the algebraic map p = (p1,...,p¢) : V — K% The image of p is contained inside the zero locus



V(I) of the kernel ideal I of the surjection K[y, ...,y,] — K[V]¢ that sends y; to p;. Moreover, the
largest Hausdorff quotient V//G is homeomorphic to p(V). For K = C we have p(V) = V(I) and so V//G
can be realized as a complex algebraic subset of C* (see Theorem 1.24 of [10], or Section 5.1 of [45]). For
K = R the locus p(V) is a semi-algebraic subset contained inside V' (I) but need not be the whole V' (I); if
G is compact, then the topological quotient V/G is already Hausdorff and so p realizes a homeomorphism
between V/G and the semi-algebraic set p(V') of R (see, for example, [48]).

Suppose now that X is a G-invariant algebraic subset of V. The largest Hausdorff quotient X//G can be
identified to p(X): this is a complex algebraic subset of C* for K = C, or a semi-algebraic subset of R
for K=R. If K= R and G is compact, then the topological quotient X/G is Hausdorff and p induces a
homeomorphism between X/G and the semi-algebraic subset p(X).

Example 1.8 (Simplest quotients by compact real groups). Consider the rotation action of SO3(R) on
R2. If s,t are the standard coordinates on R2, then the algebra of invariant polynomials is generated by
p(s,t) = s*+1? and the image of p : R? — R consists of the positive half-line R>(, which is a semi-algebraic
subset of R and is identified to the quotient R?/SO5(R). A similar example is obtained by acting on R via
the multiplication by {£1}: if ¢ is the standard coordinate in R, then the algebra of invariant polynomials
is generated by p(t) = t? and p : R — R has the positive half-line as image. Hence again R/{£1} = R>o.

We will make use of the following two observations.

Remark 1.9 (Quotient of a manifold by a compact group). The quotient of a manifold by a compact
group acting with trivial stabilizers is a manifold Moreover, if the manifold is oriented and the group is
connected, then the quotient manifold is oriented too.

Remark 1.10 (Quotient of a variety by a compact group). Consider the quotient of a real algebraic (or
real analytic) variety X by a compact group G that acts with connected stabilizers. Since all orbits are
closed, the tangent space T},](X/G) can be identied to the normal space Ng.,.;x to the orbit G -z at the
point z (see [30] for more details). Since G - z is locally isomorphic to G/stab(z), we obtain

dim(T},(X/G)) = dim(T, X ) — dim(G) + dim(stab(z)).

Since X is reduced and irreducible, so is X/G. Moreover both spaces have a Zariski-open dense subset
of smooth points. It follows that the smooth locus of X/G consists of points [z] at which dim(T,X) +
dim(stab(z)) achieves it minimum.

We will see that homomorphism spaces Hom(Il, ,,SUs) and Homg(Il, ,,SUs) are real algebraic, since
they are defined by certain real algebraic equations on SUgg *"_ Thus their dimension as real algebraic sets
is well-defined. Moreover it is possible to compute their Zariski tangent space, namely the intersection
of the kernels of the differentials of the above-mentioned equations. As a consequence, one can detect
their smoothness through the implicit function theorem (see, for instance, [36, Theorem 4.12]). Further-
more, the associated representation spaces Rep(Il, ,,,SUs) and ﬂ(gpﬂ(ﬂg,n,SUg) are semi-algebraic and
the conjugacy action of SUs on non-coaxial homomorphisms has trivial stabilizer (see Lemma 2.4).
Since certain representation spaces Rep 4 (Ily,n, SUz) entirely consist of coaxial representations (in other
words, classes of homomorphisms with infinite stabilizer), such spaces have special features. This phe-
nomenon only occurs for the following class of triples (g, n, ).

Definition 1.11 (Special triples). Consider triples (g,n,¥) with g € Z>o, n € Zs¢ and 9 € RZ;,. A
triple (g, n,9) is special if

(i) g=1and ¥ € Z" with " | (¥; — 1) € 2Z,

(i) g=0and d1(¥ — 1,Z7) < 1,
where 1 = (1,1,...,1) and d; is the distance in R" induced by the norm ||p||; := Y ., |p:|, and Z? is the
subset of m € Z" such that |m/||; is odd.

Now we are ready to state a few results about representation spaces that will guide our investigation of
decorated representation spaces, which will be defined in Section 1.2.2 where we will also present our main
results.

In this first lemma we investigate the semi-algebraic structure of representation spaces.

Lemma I (Semi-algebraicity of representation spaces). The following properties hold.



0) Hom(Il, ,,SUs) is a real algebraic set and Hom(Il, ,,,SLa(C)) is a complex algebraic set. Moreover,
9, 9
Rep(Ily 1, SUs) is a semi-algebraic set and Rep(Il, ., SL2(C)) is a complex algebraic set.

(i) The maps Hom(1l, ,,,SUs) — Hom(Il, ,, SO3(R)) and Rep(Ily, r, SUz) — Rep(Ily 1, SO3(R)) are real
algebraic, local homeomorphisms.

(ii) The coazial loci in Hom(Il, ,,SUs) and Hom(Il, ,, SLo(C)) are closed algebraic subsets.

(iii) Homg (I, ,,SUs) C Hom(1l, ,,,SU2) and Homg (1, ,, SLo(C)) C Hom(Il, ,,, SLo(C)) are closed al-
gebraic subsets.

(iv) The coazial locus is closed algebraic inside Homg (Il ,,,SUs) and inside Homg (11, ,,, SLa(C)).
Statements (ii-iti-wv) also hold if Hom spaces are replaced by the corresponding Rep spaces.

We remark that the above claims are also true if we replace (SUj, SL2(C)) by (SO3(R), PSL2(C)).

We stress that most of Lemma I is already well-known. In particular, the semi-algebraic nature of real
representation spaces is already mentioned in [33, page 67] and extensively discussed in [28]. An explicit
example of such non-algebraic (though semi-algebraic) SUs-representation space is described in Example
3.4.

In the following theorem we investigate absolute representation spaces.
Theorem IT (Absolute representation spaces). Fiz g > 0 and n > 0 with 29 — 2 +n > 0.

(i) Non-coaxial homomorphisms in SUy have trivial stabilizer.
(ii) The space Hom(Tl,.,,SUs) is isomorphic to SU "' Inside it,
(ii-a) the coazial locus is irreducible, of dimension 2g +n + 1;
(ii-b) the non-coazial locus is an oriented manifold of dimension 6g — 3 + 3n.
As a consequence, inside Rep(Il, ,,, SUsz)
(ii-¢) the coaxial locus is irreducible, of dimension 2g +n — 1;
(ii-d) the non-coaxial locus is an oriented manifold of real dimension 6g — 6 + 3n.
(iii) The coazxial locus in Hom (11, ,,,SUs) is connected, the non-coaxial locus is dense and connected. The

same holds in Rep(Il, ,,, SUs).

In the SLa(C) case, claims (i-ii-iii) hold replacing SUs by SLo(C) and “real dimension” by “complex
dimension”.

In the following result we consider properties of relative representation spaces.

Theorem III (Relative representation spaces). Fiz g > 0 and ¥ = (¥1,...,9,) and let k be the number
of integral entries of 9.

Then inside Hom.g (Il ,,, SU3)

(1) the coazial locus has pure dimension 2g + 2, and it is non-empty if and only if Y, (£(0; — 1)) € 2Z
for some choice of the signs;

(ii) the non-coaxial locus is an oriented manifold of real dimension 6g — 3+ 2(n — k).
Hence, inside Rep 4(11y.n,SUz)
(iii) the coaxial locus has pure dimension 2g;

(iv) the non-coaxial locus is an oriented manifold of real dimension 6g — 6+ 2(n — k).

The above claims hold replacing SUy by SLo(C) and “real dimension” by “complex dimension”.

Theorem III(ii) was already obtained by [29] and [47] for n = 0, and in [39] for n > 0. For general 9
smoothness of the whole Kep 4 (Il », SU2) was also obtained in [4, Proposition 3.3.1] and in [7, Corollary
9.9]. In this paper the proof of Theorem III(ii) relies on a computation, whose case n = 0 was already
performed in [26], and whose case n = 1 was explicitly treated in [31].

Now we separately treat non-special and special cases.

Theorem IV (Non-special relative representation spaces). Assume that (g,n,¥) is non-special and let
k be the number of integral entries of ¥ = (¥1,...,9,). Then



(i) Homyg(Il, ,,SUs) has pure dimension 6g — 3 + 2(n — k) and Rep o(Ugn,SUz) has pure dimension
6g —6+2(n—k).

Moreover, inside Homg (Il ,,,SUs) and Rep,, (Ig,n, SU>)

(ii) their non-coazial locus coincides with the smooth locus;
(#ii) their non-coaxial locus is non-empty and dense;

(iv) their non-coazial locus is connected.
Claims (i) and (iit) still hold replacing SUs by SLa(C) and “real dimension” by “complex dimension”.
The situation in special cases is very explicit.

Theorem V (Special relative representation spaces). Assume that (g,n, ) is special and let k be the
number of integral entries of ¥. Then all representations are coaxial and the following hold.

(i) Let g = 1. Then Repy(Il1,,,SUs) is homeomorphic to the 2-sphere: four points on such sphere
correspond to central representations, all the other points correspond to coaxial non-central repre-
sentations.

(i) Let g=0. Ifk=n—1 ordi(9 —1,Z;) < 1, then Rep,(1lo,,,SUz) is empty.

(iii) Assume g=0,k#n—1andd;(9—-1,2") =1
(tii-a) If k = n, then Homy (g ,,,SUs) is isomorphic to a point.
(iii-b) If k < n — 2, then Homy (Il ,,SUsz) is isomorphic to S%.
(iii-c) Homg (g, SUs) consists of one conjugacy class, and the natural structure of algebraic scheme
on Homg(Ily ,, SUs) is reduced if and only if k =n or k =n — 2.

Now we turn our attention to symplectic structures. Non-coaxial loci of representation spaces in SUy or
in SLy(C) support Goldman’s Poisson structure, whose definition will be recalled in Section 4.6.

Proposition VI (Symplectic structure on relative representation spaces). Let (g,n,9) be non-special.

(i) The natural map Repy® (Mg, SUz) — Repy” (g n, SLa(C)) is an embedding of real-analytic mani-
folds.

(i1) Goldman’s Poisson structures on Rep'’(Ily n,SUz) and on Repy®(Ily », SLa(C)) are respectively real
symplectic and complex symplectic. Moreover, such symplectic structures are compatible with the
embedding in (i).

The above Proposition VI is not original: see [3] [26] [34] for the case of closed surfaces, [53] and [31] for
the case n = 1, and [18] [27] [1] and [41] for the case n > 1.

1.2.2 Decorated representation spaces. View SU, as acting on CP! = S2. If no 4; is integer,
then a representation [p] € Rep 9(Lgn, SU2) sends every 8 € B to a non-central element, which thus
determines a unique axis of rotation in S%. On the other hand, if some ¥; is integer, then [p] sends every
Bi € B; to £I and so p(B]) does not determine an axis of rotation. In order to add the extra piece of
information consisting of axes of rotation of p(3) for all § € B, we introduce decorations.

Remark 1.12. Decorated representations can be seen as holonomies of flat connections with regular
singularities at the punctures, the decoration corresponding to the residues of the connection. Spaces
of flat connections with regular singularities were considered in [31], [27], [4], but also in [17]. Flat
connections with irregular singularities were considered already in [32] and [8].

Definition 1.13 (Decorated homomorphisms). Let p : II; ,, — SUs be a homomorphism. A decoration
for p is a map A : B — sus \ {0} such that

(a) A(yBy™Y) = p(7)A(B)p(y)~! for all B € B and v € 11,
(b) p(B) = e(A(B)) for all B € B.

We call such pair (p, A) a decorated homomorphism.



Note that, by condition (a), a decoration is determined by its values at 31, ..., (,.

If (p, A) is a decorated homomorphism, then the associated normalized decoration is A(fB) := % can

be thought of as a map A : B — S2. Note that A(ﬁ) is a point of S? fixed by p(B). Thus, using the
decoration A, we can think of p(f) as a rotation of angle 27| A(5)|| with centre A(f).

We will see in Section 1.2.3 that the monodromy of a spherical surface (S, x, h) can be naturally endowed
with a decoration, which can be essentially identified to the restriction of the developing map to the
boundary points of the completion of the universal cover of S. Condition (a) for decorated monodromies
is then a consequence of the equivariance of the developing map.

Now we introduce the spaces of decorated representations that we want to study, whose topology will be
described in Section 4.

Definition 1.14 (Space of decorated representations). The space of decorated homomorphisms Hom(I1, ,,, SUs)
is the space of couples (p, A), where p : II;,, — SUj is a homomorphism and A is a decoration for

p. The subset of (p, A) in %(HQ’R,SUQ) such that ||A(S;)]] = ¥; for all ¢« = 1,...,n is denoted by
Homy (11, ,,SUs). The decorated representation space @(Hgﬁn,SUz) is the space of PSUs-conjugacy

classes of decorated homomorphisms. We denote by ﬂ/{e} 9 (ILg.n, SUz) the locus of pairs [p, A] such that
||A(51)H = 191 for all i = 1, ey n.

We say that a decorated homomorphism (p, A) is non-coazial if p is. The corresponding loci in the spaces of
decorated homomorphisms (resp. representations) are denoted by ﬁ(;nm(ﬂg,n, SU,) and ﬂ-/[c;nzc(ﬂg,n, SU,).
(resp. by i’(/g}m(ﬂg,n, SUs) and R/g}zc(ﬂgm, SU,)).

Remark 1.15 (Decorated representations and parabolic bundles). In the decorated case, there exists a

correspondence similar to the one described in Remark 1.4: namely, R/g? 9 (Ig.n, SUz) is (real-analytically)
homeomorphic to a moduli space of (equivalence classes of) semi-stable holomorphic bundles of rank 2 on
S with “decorated” parabolic structure at @ of type a and trivial determinant. In this case, a “decorated”
parabolic bundle E ot type a is just a vector bundle with a non-trivial filtration (E,, = EL 2 EZ > {0})
of each E,, and weights 0 < o!(x;) < o?(x;) < 1 determined as follows: if w; = 0, then a!(z;) = o?(z;) =
0; if w; > 0, then ol (x;) := min{w;, 1 — w;} and o?(z;) := max{w;, 1 —w;}.

For decorated representations the notion of being “non-elementary” will be also important for us: mon-
odromies of spherical metrics will always have such property, as shown in Theorem VII(i) below.

Definition 1.16 (Elementary decorated homomorphisms). A decorated homomorphism (p, A) is elemen-
tary if there exists a 1-dimensional subalgebra h of suy that contains the image of A and such that the
1-parameter subgroup exp(h) C SUj; contains the image of p. The elementary (resp. non-elementary)

locus in Hom(I1, ,,, SUs) is the locus of elementary (resp. non-elementary) homomorphisms. We similarly
call the corresponding locus in the decorated represention space, and in their relative versions.

e

—_— —nN
Notation. The non-elementary locus in Hom(Il, ,, SUs) is denoted by Hom (Il ,,,SUs). Similarly for
the decorated representation space and the relative versions.

Note that an elementary decorated homomorphism (p, A) € Homyg (I, ,,, SUs) is coaxial. The converse is
not true in general, though it is true if no ¥J; is integral, as shown in Lemma I(a) below.

In Theorem II(ii-b) we will show that the singular locus of Hom(I1, ,,,SUs) consists of the subset 5 that
we here introduce. We will also see in Theorem VII(iii) that spherical surfaces with decorated monodromy
in ¥ are of a very simple type (see Definition 1.22).

Definition 1.17 (The ¥ locus). The subset % of ,’1/-[1;1(1'[97”, SUz) consists of classes (p, A) of decorated
homomorphisms such that

(a) p is coaxial
(b) ||A(B)|| € Z for all B € B

(c¢) some two-dimensional subspace of suy preserved by Im(p) contains the image of A.

We denote by ¥ the image of such locus inside @(Hgm, SU,).



Let us comment on the above definition. Condition (b) implies that 3 is contained inside the union of

all Homg(Il, ,,SUs) with ¥ € Z™. To decipher condition (c), we note that decorated homomorphisms
occurring in ¥ can be central or non-central. This permits us to view ¥ as the union of two more
understandable disjoint subloci ¥y and ¥, defined as follows:

o 3 is the locus of (p, A) with central p such that the image of A does not span sus, and

e ¥, is the locus of (p, A) with non-central p such that the homomorphism p takes values in a 1-
parameter subgroup of H with Lie algebra b and the decoration A satisfies A(3) € b+ and || A(B)|| €
Z for all g € B.

We denote by ¥y and ¥, the corresponding loci in @(Hgyn, SU,).
The inclusions between the above defined loci inside the space of decorated representations are summarized
in the following diagram.

Ef(—> {central}
¥ ¢ pIS {coaxial} <——{special}
{elementary}

Remark 1.18. The above definitions of decorated homomorphism and representation still make sense
when replacing SUy by SO3(R).

In Lemma i, Theorem IAL Theorem IV and Theorem V below we describe the local structure of the
decorated representation spaces in SU;. We show that the spaces of decorated homomorphisms are real-
analytic and decorated representation spaces are semi-analytic. Since the conjugacy action of PSUy on
non-elementary decorated homomorphisms is proper (Corollary 2.7) with trivial stabilizer (Lemma 2.6),
we determine the locus of decorated representation spaces that admits a natural manifold structure, sep-
arately treating the non-special and the special case.

Lemma I (Semi-analyticity of decorated representation spaces). Let g > 0 and n > 0.
(o) Hom(Il, ,,SUs) is a real-analytic set and ﬂ/{e;(ﬂg,n, SUs) is a semi-analytic set.
(i) The natural map Hom(Il, ,,,SUs) — Hom(Il, ,,, SO3(R)) is a real-analytic local homeomorphism.

(ii) Inside .‘7-/[-0;1(1_[9,71, SUy) the elementary, coazial and X loci are closed analytic. If g = 0, then 3y is

empty; if g > 1, then %1 is open and dense inside 3.
(iii) The subset Homg (1, ,,SUs) of Hom(Il, ,,,SUs) is closed analytic.

(iv) The coazial and the elementary loci in Homg (1L, ,,SUs) are closed analytic.

Moreover, if no 9; is integral, then
(a) a decorated representation is elementary if and only if it is coaxial;
—ncC
b) Homg (1, ,,,SUs) — Homy (I, ,,,SUs) is a real-analytic isomorphism.
9 g, 4 9,

Statements analogous to (i-ii-iii-iv) and (b) hold for the corresponding decorated representation spaces.

Note that @ﬂ(ﬂgyn, SU,) and @(Hgm, SUs) can indeed be not real analytic, but only semi-analytic
(see Example 4.2).

The following result mirrors the undecorated case treated in Theorem II.
Theorem II (Absolute decorated representation spaces). Fiz g and n such that 29 — 2+ n > 0.
(i) Non-elementary decorated homomorphisms in SUg have trivial stabilizers.

(11) Inside ?[071(1_[977“ SU,)
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(ii-a) the elementary locus has pure dimension 2g +n + 1;
(ii-b) the singular locus coincides with Y and has pure dimension 2g + 2n + 2;

(ii-c) the components of the coazial locus have dimensions in [n+ 1,2n] if g = 0, or in [2g + n +
1,294 2n—1]U{2g+2n+2} if g > 1;

(ii-d) Hom (I, ,,SUs) \ S is an oriented manifold of dimension 6g — 3 + 3n.
As a consequence, inside Q@(Hgvn, SU,)

(ii-e) the elementary locus has pure dimension 2g +n — 1;
(ii-f) the non-elementary singular locus X™¢ has pure dimension 2g + 2n — 1;

(ii-g) i’(/gz\pne (IIg,n,SUsz) \ X is an oriented manifold of dimension 6g — 6 + 3n.
(iii) Inside Hom(I1, ,,SUs),

(iii-a) the non-elementary and the non-coaxial loci are dense, and so Hom(Il, ,,,SUs) has pure dimen-
sion 6g — 3 + 3n;

(i4i-b) the non-elementary locus is connected, and non-coazial locus is connected if and only if (g,n) #
(0,3),(1,1).

Claims analogous to (iii-a) and (#i-b) hold for .‘R/‘e?)(Hg,n, SUs), which has pure dimension 6g—6-+3n.

Now we consider relative decorated spaces. As in Theorem III, a major role in the below result will be
played by the computation of Zariski tangent spaces.

Theorem III (Relative decorated representation spaces). Let ¥ = (91,...,9,), and k be the number of
integer entries of 9. Inside Homg(Il, ,,,SUs)

(i) the elementary and the coazial loci are non-empty if and only if >, (£(¥; — 1)) € 2Z for some choice
of the signs: in this case, the elementary locus is connected, irreducible, of dimension 2g+2, and the
coazxial locus is connected, irreducible, of dimension 2n if (g,n) = (0,k), and 2g + 2k + 2 otherwise;

(ii) the non-coaxial locus is an oriented manifold of dimension 6g — 3 + 2n.
Inside @ﬂ (I, SU3)

(iii) the elementary locus is connected, irreducible, of dimension 2g;

(iv) the coaxial locus is connected, irreducible, of dimension 2n — 3 if (g,n) = (0,k), 2g if k = 0, and
2g + 2k — 1 otherwise;

(v) the non-coazial locus is an oriented manifold of dimension 6g — 6 + 2n.
Moreover, inside Homg (Il ,,,SUs) and @719 (ITy,n, SUs)

(vi) the non-elementary locus is dense and connected.

Note that the above Theorem H/\I(ii) deals with the singularities of the relative homomorphisms space,
whereas Theorem II(ii) deals with the absolute homomorphisms space. Thus there might be singular

ne —ne
points in Hom,g (I, ,,,SUs) that are smooth in Hom (II,,,SUs). When this is the case, the same hap-
pens for the corresponding points in the representation spaces.

In the following result we deal with the relative spaces in the non-special case.

Theorem IV (Non-special relative decorated representation spaces). Let (g,n, ) be non-special and let
k be the number of integer entries of 9. Then

(i) .‘7/-[(;1119(1_[9,71, SUz) has pure dimension 6g—3+2n and i’(/g;ﬂ(ﬂg’n, SUz) has pure dimension 6g—6+2n.

Moreover, inside ;[(;119(1_[9,”, SU,) and Q@ﬂ (ILy,,,, SU3)

(i) their non-coaxial locus coincides with the smooth locus;

(iii) their non-coazial locus is non-empty and dense;

11



(iv) their non-coazial locus is connected.

In special decorated SUs-representation spaces non-coaxial loci are empty. Nevertheless, it is still possible
to define natural manifold structures on certain open subsets.

Notation (Coaxial subsets). For every integer m > 1 denote by Coax((S?*)™) the subset of (S?)™ con-
sisting of m-tuple of points that sit on the same line.

Theorem V (Special relative decorated representation spaces). Assume that (g,n, ) is special and let k
be the number of integral entries of 9. Then all decorated homomorphisms are coaxial, and the following

hold.

(i) Assume g =1 and k =n with )_,(¥; — 1) even. Inside @g(ﬂlm, SU,)
(i-a) the central locus is isomorphic to {£I}? x (S®)™ and the central elementary locus corresponds
to {#1}? x Coax((S*)");
(i-b) the non-central locus is isomorphic to an (S*)"*1-bundle over S\ {4 points} and the non-central
elementary locus is a subbundle with fiber isomorphic to Coax((S?)"*1).
Hence the non-elementary non-central locus in ﬁ;ﬂg(Hlm,SUQ) is a connected oriented manifold

of dimension 2n + 4, and the corresponding non-elementary non-central locus in ﬂ@ﬁ (I, SU3) is
a connected oriented manifold of dimension 2n + 1.

(ii) Assume g =0, andk=n—1 ordi(9 —1,2Z7) <1. Then @ﬁ(HQmSUg) is empty.
(#ii) Let g =0 and dy(9 —1,Z7) = 1.
(iti-a) If k = 0, then Homg(Ily,,SUs) is isomorphic to S* and consist of one class of elementary
decorated representations.
iii-b) If 1 < k < n —2, then Homyg(Ily.,,,SUs) is isomorphic to (S2)'+F; the elementary locus corre-
( , Y
sponds to Coax((S?)'**) and so Repy (Ho,n,SUs) is a connected oriented manifold of dimension
2k — 1.
(iii-c) If k = n > 3, then all homomorphisms are central and ﬂomﬁ(goyn,sUQ) is isomorphic to
(S%)"; the elementary locus corresponds to Coax((S?)"™), and so Rep s (Ho,n,SUs) is a connected,
oriented manifold of dimension 2n — 3.

(i1i-d) Homg (1o, SUs) consists of a single conjugacy class and its natural structure of analytic space
1s reduced if and only if k =n or k =n — 2.

Remark 1.19 (About reduced analytic structures). The space Homg (Il ,,,SUsz) is naturally described
as the zero locus of finitely many analytic equations inside SUgg x sud™. For k < n — 2, Theorem V(iii-d)
is saying that at each point of Hom. (Il ,,, SU2), the kernels of the differentials of such equations intersect
in a vector subspace of dimension larger than 2k — 1.

An example of decorated representations as in Theorem {/(i—b) is given by decorated monodromies of
spherical tori with one conical point of angle (2m + 1)27 (with m € N), which are non-elementary non-
central (see [15]).

The costraints coming from SU,-representations in genus 0 as in Theorem V(ii)-(iii) were studied in [44]
and [13]. In [54] Zhu has produced a 1-dimensional moduli space of spherical surfaces of genus 0 with
n = 4 conical points: the decorated monodromies of such spherical surfaces belong to the space treated
in Theorem V(iii-b) with & = 1.

The existence of a Goldman symplectic form on decorated representation spaces is a direct consequence
of Lemma I(b) and Proposition VI.

Corollary Vi (Symplectic structure on decorated relative representation spaces). Consider the map

—nc

Repy (Mg, SUs) — Repl)"(Ily 1, SUs) that forgets the decoration. If no ¥; is integral, then the Goldman
—nNnc

symplectic form pulls back to a real symplectic form on Rep,, Iy, SU3).

We finally mention that the mapping class group MCG, ,,, namely the group of orientation-preserving

self-homeomorphisms of (S, ) up to isotopy, naturally acts on all representation spaces introduced above

(with or without decoration). Moreover, such action preserves the non-coaxial locus, the non-elementary
locus, the X locus, and the symplectic structures.
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1.2.3 Decorated monodromy of a spherical metric. We recall that a metric of constant
curvature 1 is locally isometric to a portion of the standard S?, which can be identified to the unit sphere
in suy. Thus, simply-connected spherical surfaces admit a global developing map to S?, which is a local
isometry.

Monodromy representation, universal cover and completion. Consider now a spherical surface
(S, x,h) with angles 279 at x, and lift the spherical metric to the universal cover S of S. Fix a baiepoint
* € Sgnd a preimage * € S, so that 7 (S, *) is identified to the group of deck transformations of S —S.
Since S is simply-connected, the above observation ensures that there exists a locally isometric developing

map ¢ : S — S2. Moreover such map is equivariant with respect to 71'1(5’, ), which acts on S via deck
transformations and on S? via a monodromy homomorphism B : 71(S,*) — SO3(R). We incidentally
remark that the overline notation 5 is used for homomorphisms to SO3(R), to differentiate them from
their lifts that take values in SUs.

Note that the metric completion S of (8, h) is independent of the chosen h and in fact it could be defined

in purely topological terms: here we will just say that the added points 08 =38 \ S correspond to loops
in 771(3, x) that simply wind about some puncture. It is easy to check that the developing map uniquely
extends to i : § — S2.

We recall that we have fixed an isomorphism 7y (S, %) = I1, ,,: hence, 98 can be identified to B.
Definition 1.20 (Decorated monodromy). Let h be a spherical metric on (S, ), whose monodromy
homomorphism can thus be viewed as a p : I, ,, = SO3(R). The decorated monodromy homomorphism
of (S,x,h) is the couple (p, A), where A is defined by A(f;) := 0, - i(5;) for all i. Its SO3(R)-conjugacy
class [p, A] is uniquely defined and is the decorated monodromy representation associated to (S, x,h).

Given a homomorphism p to PSLy(C), it is clear what is meant by an SLy(C)-lifting of p. It is well-known
that all monodromies of CP!-structures admit a lift to SLy(C) (see, for example, [20, Lemma 1.3.1]). We
will now introduce the notion of lift for decorated homomorphisms.

Definition 1.21 (SUs-lifting of decorated homomorphism). An SUs-lifting of a decorated homomor-
phism (p, A) € Homy (11, ,,S03(R)) is a (p, A) € Homy(Il, ,, SUs), where p is an SUs-lifting of p and
Ad,s,)(A(By)) = e™(i=1) A(3;) for all j. We will also say that [p, A] is an SUs-lifting of [p, A].

Finally, we will see that there is a special class of spherical surfaces whose decorated monodromy lands
in the singular locus of the representation space.

Definition 1.22 (Purely hemispherical surfaces). A standard hemisphere is the closed portion of S?
bounded by a maximal circle. A purely hemispherical surface is a spherical surface with conical points
obtained from a collection of closed standard hemispheres by identifications along their boundaries.

We observe that purely hemispherical surfaces are a special case of hemispherical surfaces studied in [51]
and [21].

The following result collects some properties of decorated monodromy representations of a spherical surface
and provides further motivation for the investigation carried on in the present paper.

Theorem VII (Decorated monodromy of a spherical surface). Let (p, A) be a decorated monodromy

homomorphism of a spherical metric on (S, x) and assume x(S) < 0. Then

(o) the couple (p,A) admits 229 SUs-liftings. More precisely, there exists a bijective corrspondence
between SUs-liftings of (p, A) and spin structures on S.

Fiz now one SUy-lifting (p, A). Then
(i) the couple (p, A) is non-elementary and A achieves at least three values;
(i) if no ¥; is integer, then p is non-coaxial;
(iii) if (p, A) belongs to the locus Y, then the spherical surface s purely hemispherical;
(iv) if (p, A) belongs to io, then the spherical surface is a cover of S with branch points on a great circle

of §2.

It would be interesting to know exactly which decorated representations arise as decorated monodromies
of spherical surfaces with conical points of assigned angles.
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Question 1.23 (Geometrization of decorated representations). Given 9, which non-elementary decorated

—ne
representation in Hom.y (II, ,,,SUsz) is an SUo-lifting of the decorated monodromy of some spherical metric
on (S,z)?

We recall that Goldman-Xia [25] proved that the mapping class group ergodically acts on the space
of relative (non-decorated) SUs-representation. Consider now the space of spherical metrics on a fixed
surface with conical points of angles 274 and suppose that it is non-empty. The image of the monodromy
map associated to such metrics is a non-empty, mapping-class group invariant, open subset of the relative
representation space (see [43]). Hence, the locus of spherical monodromy representations is a dense open
subset of full measure inside the space of relative representations.

We mention that, in [16, Corollary D], Faraco-Gupta determine which SO3(R)-representation arises as
monodromy of some spherical surface with conical points. However such result only partially answers
Question 1.23 for two reasons. First, Corollary D of [16] only deals with non-decorated representations.
Moreover, the angles of the conical points of the surface whose monodromy realizes the given representation
are only determined up to adding multiples of 2.
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2 Conventions and centralizers

In this short section we collect notations and conventions employed throughout the paper.

2.1 Conventions

Mébius transformations. We let SLy(C) act on CP! via projective transformation and we identify C
with the open subset {[Xp : X1] € CP!|X; # 0} via the map C > z — [z : 1] € CP!. This way SLy(C)
acts on C via Mobius transformations as

a b az+b
cz= .
c d cz+d
Exponential and volume form. For every 0 # X € suy, the action of e(X) on S? fixes X := X/| X||

and acts as a rotation of angle 27|| X | on T'4S?. In fact, we record the following easy observation without
proof.

Lemma 2.1. For every ¥ > 0 non-integer, the restriction of e : sus — SUs to the sphere of radius 9 is
an isomorphism onto its image.

The volume 3-form on susy associated to K is dvolg := Y*AZ*A[Y, Z]*, where Y, Z are orthogonal vectors
of suy of norm 1 and X* = (X, ). If v is the outgoing radial vector field on su; whose value at X € sus
is exactly X, we set wi := t,,(dvolg), which is 2-homogeneous and restricts to the standard area 2-form
on the unit sphere. We will say that 0 # X € suy is integral if e(X) = +1, namely if || X| € Z.

Tangent space. Given r € SU,, we will identify T,.SUy with T7;SUs & suy via the differential T;SUs —
T,SUs of the right-multiplication SUs 5 h — h -7 € SUs by r. More explicitly,

T,SU,
Vi [exp(tV)r]

Sy

where [exp(tV)r] is the tangent vector determined at ¢ = 0 by the path ¢ — exp(tV)r = (I +tV + o(t))r.
An analogous identification can be employed for SO3(R), PSLy(C) or SLy(C).

Distance from the identity. Consider the map D; : SUs — [0, 1] defined as D;(B) := Larccos(tr(B)/2).
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Lemma 2.2 (Distance from the identity). The map Dy is continuous. Moreover,

(i) Dy is analytic and submersive away from +1I;
(i) 27 - Dy(B) is the distance between I and B with respect to the metric induced on SUy by K;

(iii) Dy(e(X)) = d(||X||,Zo) for all X € suy, where d(-,Z,) is the distance in R from the subset of odd
integer points.

Proof. Continuity is obvious, since arccos : [0, 1] — [0, 7] is continuous.

(i) follows from the fact that the restriction of arccos to (0,1) is analytic and has nonvanishing derivative.
(ii) Let Xo = 3 <5 _Oz> € S? and consider the geodesic path B(t) := exp(27tXg) on SU, for ¢ € [0,1]
Then B(0) = I, B(1) = —I and D;(B(t)) = t. On the other hand, B(t) = 27 X,-B(t), and so | B(t)|| = 2,
which implies that the distance induced by K on SU; between I and B(t) is 27t. The conclusion follows,
since all geodesic paths on SUj originating from I with speed 27 are conjugate to B(t).

(iii) Again, by conjugacy invariance it is enough to prove it for X = tX, with ¢ € R. Since both hand
sides are invariant under ¢ — ¢ + 2, we can assume that ¢ € [0,2]. Since e(X) = exp(w(1 +t)Xp), we have
Dy(e(X)) = |1 — t|. Finally, note that |1 —¢| = |1 — || X]||| is exactly the distance of ¢ € [0,2] from the
closest odd number. O

2.2 Centralizers

The following notion of centralizer will be useful when considering the conjugacy action of PSUy on a
product of copies of SUy and sus.

Definition 2.3 (Centralizer and infinitesimal centralizer). Given a collection C of elements of SUjy, we
denote by Z(C) C SUs the centralizer of C, namely the subset of elements of SUy that commute with
every element of C, and by 3(C) C suy the infinitesimal centralizer of C, namely the Lie algebra of Z(C).

Note that Z(C) always contains Z(SUg) = {£I}. If p is a homomorphism that takes values in SUs, then
the centralizer and the infinitesimal centralizer of p, denoted by Z(p) and by 3(p) respectively, are just
the centralizer and the infinitesimal centralizer of the image of p.

The above definition of (infinitesimal) centralizer can be given for subsets of SLa(C) or homomorphisms
in SL2 ((C)

If (p, A) is a decorated homomorphism in SUs, then Z(p, A) C Z(p) denotes the subgroup of elements
g € Z(p) such that Ad, fixes Im(A), and 3(p, A) is the Lie algebra of Z(p, A).

Lemma 2.4 (Non-coaxial homomorphism has trivial centralizer). For every p in Hom(Il, ,,SL(C)) the
following hold.

(i) The centralizer Z(p) C SLa(C) of p contains +1; the stabilizer of p is Z(p)/{£I} C PSLy(C).
(ii) p non-coazial < Z(p) finite < Z(p) = {xI}.

(#ii) p is coazial non-central <= Z(p)/{£I} is a 1-parameter subgroup of PSLy(C); p is central <
Z(p) = SLo(C).

Proof. (i) Clearly =1 € Z(p). By definition, the stabilizer of p under the action of SLs(C) by conjugation
is Z(p). Hence, the stabilizer of p under the action of PSLy(C) by conjugation is Z(p)/{£I}.

(ii) We will show that Z(p) = {£I} = Z(p) finite = p non-coaxial = Z(p) = {£I}.

The first implication is obvious.

Let us prove the second implication, namely Z(p) finite = p non-coaxial, by contradiction. If p were
coaxial, then Im(p) would be contained in a 1-parameter subgroup H. It would then follow that H C Z(p),
and so Z(p) would be infinite.

As for the third implication, p non-coaxial = Z(p) = {£I}, let g € SLy(C) such that gpg~! = p. We
want to show that g = £1.

Since p is non-coaxial, its image in PSLy(C) is not contained in a 1-parameter subgroup. It follows that
there are two matrices M, N in the image of p that do not commute: in particular, M, N # +I. Since
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gMg~' = M and gNg~! = N, and every eigenspace of M and N has dimension 1, every eigenvector for
M or N must be an eigenvector for g too.

Suppose first that M or N is diagonalizable. Without loss of generality, we can assume that M is
diagonalizable and that C? decomposes as C? = Vi @ V5 into eigenspaces of dimension 1 for M. Then g
must be diagonalizable and Vi, Vo must be made of eigenvectors for g too. Since N does not commute
with M, it follows that g must be £1.

Suppose now that both M and N are not diagonalizable, and call V; the only eigenspace of M and V5
is the only eigenspace of N. We claim that C2 = V; @ V5, and g must be diagonalizable and V;, V5 must
consist of eigenvectors for g, from which it follows that g = +1.

By contradiction, suppose Vi = V5 and pick a basis of C? with the first vector in V; = V5. With respect
to such a basis, the endomorphisms M, N of C? would be represented by two matrices of type + (&1,
and so M, N would commute.

(iii) Clearly p is central, and so takes values 1, if and only if Z(p) = SLy(C).

If Z(p)/{£I} is a 1-parameter subgroup of PSLy(C), then p must be coaxial by (ii) but cannot be central.
Conversely, suppose that p is coaxial but not central, and so its image is contained in a l-parameter
subgroup H of SLy(C). We want to show that Z(p) = £H.

Let X € sl5(C) that generate H and such that exp(X) # +1 is an element in the image of p. Clearly,
+H is contained inside Z(p).

If exp(X) is diagonalizable, then it has distinct eigenvalues; it follows that every element of Z(p) different
from +7 must have the same eigenvectors as exp(X), and so Z(p) is contained in +H.

If exp(X) is not diagonalizable, then (up to conjugation) we can assume that X is strictly upper-triangular.
It can then be checked by hand that gXg~—! = X if and only if g = +exp(tX) for some t € C. The
conclusion follows. O

Here is an immediate consequence.

Corollary 2.5. The group PSLa(C) acts properly and discontinuously on the non-coazial locus }[om"C(Hgyn, SLo(C)).
As a consequence, PSUy acts properly and discontinuously on f/-[omnc(Hg,n, SU,).

Proof. Recall that a homomorphism in SLy(C) is non-coaxial if its image in PSLy(C) is not contained in

a l-parameter subgroup. Thus, non-coaxial homomorphisms in SLy(C) are Zariski-dense. It follows that
nc

the action of PSLy(C) on Hom (Il ,,, SL2(C)) is proper by [35, Section 5.3.4] and it is free by Lemma
2.4. The second claim immediately follows. O

A similar conclusion holds for decorated homomorphisms in SU5.

Lemma 2.6 (Non-elementary decorated homomorphism has trivial centralizer). For every (p, A) in
Hom(Il, ,,,SUs) the following hold:

(i) the centralizer Z(p, A) C SUy contains £1; the stabilizer of (p, A) is Z(p, A)/{£I} C PSUs.
(ii) (p, A) non-elementary <= Z(p, A) finite < Z(p,A) = {£I}.

Proof. (i) is analogous to Lemma 2.4(i).

(ii) We will show that Z(p, A) = {£I} = Z(p, A) finite = (p, A) non-elementary — Z(p, A) =
{£I}.

The first implication again is obvious and the second implication, namely Z(p, A) finite = (p, A)
non-elementary, is entirely analogous to the second implication in the proof of Lemma 2.4(ii).

As for the third implication, (p, A) non-elementary — Z(p, A) = {£I}, let g € SUs such that
g(p,A)g=* = (p, A). We want to show that g = &1.

If p is non-coaxial, then the conclusion follows from Lemma 2.4. If p is central, then by definition A
must achieve two linearly independent values M, N € suy and g must commute with both of them. As in
Lemma 2.4, this implies that g = +1.

Finally, if p is coaxial but non-central with image contained in the 1-parameter subgroup H = exp(h),
then p achieves a value M € H different from +I. Thus, gMg~! = M implies that g must be contained
in H. Since (p, A) is not elementary, A achieves a value N € suy not in h. This implies that g = £1. O
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Again, here is an immediate consequence.

Corollary 2.7. The group PSU, acts properly and discontinuously on the non-elementary locus Hom"* Iy, SU,).

Proof. Properness of the action is immediate because SUs is compact. Freeness follows from Lemma
2.6. O

3 Representation spaces

We recall from the introduction that II, ,, is the group generated by {u1,v1,p2,...,vq,51,...,0s} and
with the unique relation [p1,11] - [tg, Vg] - B1 -+ Bn = €, and that B; is the conjugacy class of f;.

We will use the symbol V' to denote V' = M3 5(C). Note that SUs is a real algebraic subset and SLy(C)
is a complex algebraic subset of the vector space V.

3.1 Topology and semi-algebraic structure

The goal of this section is to prove Lemma I. In order to do so, and to endow the absolute SUs-
homomorphism space with an algebraic structure, we follow a classical idea and we embed the absolute
SU,-homomorphism space inside a smooth subset G of V#2947 5o that its image is described by an
algebraic equation R = I. The action of PSUy on the homomorphism space will be induced by a natural
action on V®(29+7) that preserves G and is compatible with the map R. The relative case and the case
of SLy(C) are dealt with in an analogous fashion.

3.1.1 The embedding . Inside V®(29+") consider the smooth real algebraic subset G := SU37™"
of dimension 6g + 3n, whose points (M1, Ny, ..., M,, N,, By, ..., B,) will be often denoted by (M, N, B)
for sake of brevity.

Note that the map

X Hom(Ily ,,SUs) g
p————(p(p1), p(11), ... ’p(:uy)vp(l/g)vp(ﬁl)v oo p(Bn))

is injective. Thus, the set Hom(Il, ,, SUs) can be identified to the closed algebraic subset of G consisting
of those (M, N, B) such that

[My,Ny]---[M,,N,]-By-- By, = I. (1)

Remark 3.1. It can be shown that the algebraic structure induced on Hom(Il, ,,,SUs) is independent
of the choice of the generators {1, \;, 5;} of Iy .

Fix 9 = (¥1,...,Y,) € R%; and let k be the number of integral entries of ¥. Call Gy the set of all
elements (M, N, B) in G such that B; € Cs5, for i = 1,...,n. Clearly Gy is a closed algebraic subset of
G, which is smooth of dimension 6g + 2(n — k).

3.1.2 The map R. Let now R be the real analytic map defined as

R . g SU2
(M,N,B) ——— [ [;[M;, N;] [, B
and denote by Ry : Gy — SUj the restriction of R to Gg. Via the embedding A, the space Hom (Il ,,, SUs)
identifies to R™1(I) and Homy(I1,,,, SUz) identifies to Ry' ().

Lemma 3.2 (Number of equations cutting the image of X). The space A(Hom(1l,,,SUs) inside G is
described by 3 real algebraic equaitons. If k is the number of integer entries in ¥, then the image of
A(Homg(Il, ,,SUsz) inside G is described by n + 2k + 3 real algebraic equations.
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Proof. The only equation cutting A(Hom(Il, ,,SUs) is R = I, which amounts to 3 scalar equations.

Consider now \(Hormg (Il ,,, SUs). For each i with non-integer ¥;, the condition B; € Cs, translates into
the equation tr(B;) = 2 cos(nd;). For each j with integer ;, the condition B; € C5, translates into Bj = I
or B; = —I, which is equivalent to three scalar equations. Moreover Ry = I contributes with another
triple of scalar equations. To sum up, we obtain n — k equations for the non-integer ¥J;, 3k equations for
the integer ¥;, and 3 more equations for Ry = I: in total, we obtain (n —k)+3k+3=n+2k+3. O

The above Lemma 3.2 endows both spaces with a natural structure of algebraic schemes.

3.1.3 The conjugacy action. The group PSU; acts on V(9" componentwise via conjugation,
preserving G and Gy, and R is PSUs-equivariant. Hence such action induces the usual conjugacy action
on the homomorphism spaces via .

We remark that the absolute and relative representation spaces have a natural structure of algebraic
schemes too, being described by algebraic equations (induced by R = I and by Ry = I respectively)
inside G/PSUs and Gy /PSU; respectively.

3.1.4 The complex case. As mentioned at the beginning of Section 3.1, in order to endow the
absolute and relative SLy(C)-homomorphism spaces with an algebraic structure, we perform the above
constructions just replacing the group SUs by SLo(C). More explicitly, we proceed as follows.

Denote by G¢ the smooth complex algebraic subset SLo(C)29+" ¢ V®(29+1) of complex dimension 6g -+ 3n
and let A¢ : Hom(Il, ,,,SLy(C)) < Gc be the injective map defined analogously to A. Note now that,
if B € SU,, then its SLs(C)-conjugacy class is smooth of complex dimension 2 if tr(B) # +2, and of
dimension 0 if tr(B) = £2. Hence, Gy ¢ is a closed complex algebraic subset of G¢, which is smooth of
complex dimension 6g + 2(n — k). Moreover, via Ac, the space Hom(Il, ,,SL2(C)) identifies to Rg'(I)
and Homg (11, ,,, SLa(C)) to R;}C(I), where R¢ : Go — SLo(C) and Ry ¢ : Gg,c — SL2(C) are defined in
the obvious way and are PSLa(C)-equivariant.

As in the SU; case with Lemma 3.2, we have the following.

Lemma 3.3 (Number of equations cutting the image of \). The space Ac(Hom(Il, ,,,SLa(C)) inside G
is described by 3 complex algebraic equations. If k is the number of integer entries in 9, then the image
of Ac(Homyg(Il, ,, SLo(C)) inside Ge is described by n + 2k + 3 complex algebraic equations.

3.1.5 Algebraic and semi-algebraic structure. We can now turn to the main result of this
section.

Proof of Lemma I. (o) By the constructions performed in Sections 3.1.1-3.1.2-3.1.3 the space Hom(I1, ,,, SU>)
is homeomorphic via A to a real algebraic subset of the vector space V®(29+7) on which PSU, acts al-
gebraically: such A induces on Hom(I1, ,,,SUs) a real algebraic structure. As discussed in Remark 1.7, if
P1,--.,pe generate the algebra of PSUs-invariant polynomial functions on V2947 then Rep(Il, ,,, SUz)
can be realized as a semi-algebraic subset of R. As similarly discussed in Section 3.1.4, Hom(I1, ,,, SL2(C))
embeds via A¢c as a complex algebraic subset of V®(9+)  on which PSL, (C) acts algebraically. As in
Remark 1.7, if qi,...,qs generate the algebra of PSLy(C)-invariant polynomial functions on V&(29+n)
then Rep(Il, ,,SL2(C)) can be realized as a complex algebraic subset of C*.

(1) Recall that II, , is a free group and that the natural map SUs — SO3(R) is an algebraic double cover.
It follows that the map Hom(Il, ,,,SUs) — Hom(Il, ,,SO3(R)) is algebraic, since it is the restriction of
the natural map (SUz)?9™™ — SO3(R)29*", and that is a finite cover. Hence it is a local homeomorphism.
Taking the quotient by SO3(RR), we obtain a cover between the corresponding representation spaces, which
can be easily seen, following the construction in (o), to be an algebraic map.

(ii) Let p € Hom(1l, ,,,SUsz) with A(p) = (M, N, B). It is easy to see that p is coaxial if and only if the
sum of the images of Adys; — I, Ady, — I, Adp, — I do not span the whole suz. Since the latter property
can be expressed through algebraic equations, the coaxial locus inside Hom(I1, ,,, SUs) is closed algebraic.
The SLy(C) case is similar.

(iii) The locus Homy (Il ,,SUs) inside Hom(Il, ,,SUs) is described by the PSUs-invariant algebraic
equations tr(B;) = —2cos(wd;) for i = 1,...,n, and so it is a closed PSUs-invariant algebraic subset. As a
consequence, Rep 4 (I1;,», SUz) is a closed algebraic subset of Rep(Il, », SUz). The proof for G¢ = SLa(C) is
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analogous, with the only caveat that the equation tr(B;) = —2 cos(79;) must be replaced by B; = (—1I)%:~!
(iv) The coaxial locus in Homy(Il, ,, SUs) is closed algebraic by (ii) and (iii); hence, so is the coaxial
locus in Rep 4 (Ilg,n, SU2). O

In the following example we show that SUs-representation spaces can be non-algebraic.

Example 3.4 (Semi-algebraic nature of SUs-representation space). Let g =1, n =2 and 1 = 95 =t for
some fixed t € (0,1). Via A, the homomorphism space Hormg (111 2, SUs) is identified to the algebraic subset
of (My,Ny,Bq,Bs) € SU;1 such that [M;, Ni] = B1By and tr(B;) = tr(Bz2) = 2cosw(t — 1). Consider
the algebraic subset X of Hom.g(Il; 2,SUsz) defined by tr(Ny) = tr(ByBz) = 2, or equivalently by Ny =T
and By = (B2)~!. We claim that X/SUs is not algebraic. As a consequence, Kepﬂ(HLg, SUs,) itself is not
algebraic but only semi-algebraic, according to Lemma I(o). For the same reason, Rep(Il; 2,SUs) is not
algebraic either.

im(t—1)
In order to prove the claim, consider the subset X’ of X defined by B; = B with B = <e 0 e_m(gt_l)) .

Since the stabilizer of B is the subgroup H of diagonal matrices in SUs, the natural inclusion X’ < X
induces an isomorphism X’/H = X/SU,. Clearly, SUs > M + (M,I,B,B~!) € X’ is an isomorphism
and so we only have to show that SUs/H is not algebraic.

A quick way to proceed is to note that SUy/H is homeomorphic to a closed 2-disk and to recall that an
affine, complete, real algebraic variety has a non-zero Z/2-valued fundamental class (see [9, Proposition
11.3.1]). Since this is not the case for the closed 2-disk, SUy/H cannot be algebraic.

For a direct approach, recall that SUs-invariant functions on the homomorphism space are polynomials in
the trace functions p — tr(p(7)) [37, p. 1.31]. Hence, we consider the H-invariant functions f,g: SUs — R
defined as f(M) = tr(M) and g(M) = tr(MB). We assert the f, g generate the algebra of H-invariant
functions on SU,. It follows that (f,g) : SUs — R? induces an isomorphism of SUy/H onto its image,
which is contained inside the box [~2,2]2. Since SUs/H has dimension 2, it follows that it cannot be
algebraic.

mi1 —Ma1

To prove the assertion, let M = ( > be an element of SUs. The H-orbit of M consists of

mo1 My
. mi1 —Tg1e” " . .
matrices of type g 7 for all s € R. Now, the algebra of functions on SUs; is gen-
21 11
erated by Re(mi1),Im(mq1),Re(ma1),Im(ma1). Since mo1may = 1 — my17yy, it is easy to see that

the subalgebra of H-invariant functions is generated by Re(mq1),Im(m1). Since f(M) = 2Re(m11) and
g(M) = 2Re(my1) cosm(t—1) —2Im(mq) sin w(t —1), and since sinw(t — 1) # 0, the algebra of H-invariant
functions on SUj; is generated by f and g.

We can also easily understand some basic properties of the coaxial locus.
Proposition 3.5 (Coaxial locus). Let 9 € R, and 29 —2 +n > 0.

(i) The coazial locus in Hom(Ily,,SUs) is a closed, connected, algebraic subset of pure dimension
29 +n+ 1. Hence the coazial locus in Rep(Ily ,,,SUs) is a closed, connected, irreducible, algebraic
subset of dimension 2g +mn — 1.

(ii) The coazial locus in Homg (11, ,,SUs) is non-empty if and only if there exist e1,...,e, € {£1} such
that Y, e;(¥; —1) € 2Z. In this case, it is a closed, algebraic subset of pure dimension 2g+2. Hence
the coazial locus in Kepﬂ(ﬂgm, SUs) is a closed, algebraic subset of pure dimension 2g.

Claim (1) still holds if we replace SUs by SLo(C) and we interpret the dimensions as complex dimensions.

Proof. (i) Since I, ,, is free on ju, ..., Bn_1, we can identify Hom(Il,,,SUs) to SUY™™ "', Hence, the

coaxial locus in SUgngnf1 is closed by Lemma I(ii). Upon seeing S? as the unit sphere in suy, a 1-
parameter subgroup of SUy can be described as exp(R - X) for a certain X € S?. As a consequence, the
coaxial locus in SUZYT" ! is the image of the map
gQ X R2g+n—1 SU§g+n'_1
(X,Sl,tl,. . .,Sg7tg,’l91, A ,19“,1) |—>e(le,. .. ;ﬁnle)
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where e is meant to operate componentwise. Such map has connected, irreducible domain of dimension
2g+n+1 and its fibers are discrete over non-central (2g+n—1)-tuples and 2-dimensional over {+1}29+7~1,
As a consequence, the coaxial locus in Hom(Il, ,,SUs) is closed algebraic, irreducible, connected, of
dimension 2g + n + 1. Moreover the stabilizer of a non-central coaxial (2¢g + n — 1)-tuple has dimension
1. Hence the coaxial locus in Rep(Il; ,,SUs) is closed algebraic, irreducible, connected, of dimension
(29+n+1)—3-1)=29+n—1.

(ii) Identify Homyg (I, ,,SUsz) to its image via A. Suppose that an element (My,Ny,...,Bi,...,By,)
belongs to the coaxial locus of Homyg (I, ,,, SUz). Then there exists a line b C suy such that My,..., B,
belong to H = exp(h). Moreover, if X € S2Nb, then there exist s;,¢; € Rand e1,...,&, € {£1} such that
(Mi,...,Bp) =e(s1. X, 1 X, ..., t; X, e11 X, ..., 6,9, X). This implies that e(e1h X) - --e(e,9,X) = 1,
namely that »°;e;(¥; —1) is an even integer. Conversely, suppose that there exist e1,...,&, € {£1} such
that >~ ;(; — 1) € 2Z. For every such € = (£1,...,€y,), consider the map

S? x R% Homg (I, ., SUs)

(X,81,t1,...,8g,tg) ———e(s1X, ..., t, X, e1h X, ..., 6,0, X)

and denote its image by Homsy (ITg,n,SUsz). Such map has connected, irreducible domain of dimension
2g + 2 and its fibers are discrete over non-central homomorphisms and 2-dimensional over central ones.
As a consequence, Homg(T1, ,,, SUs) is connected, irreducible, of dimension 2g + 2. Now, the union of all
such }[amfg(ﬂg,n, SU,) is exactly the coaxial locus, which has thus pure dimension 2¢g + 2. Moreover, it is

The proof in the SLy(C) case is almost identical: it is enough to replace R29 by C?9 and to note that h must
be a complex 1-dimensional subspace of sly(C) that consists of diagonalizable matrices with imaginary
eigenvalues, and that X € h must satisfy (X, X) = 1. O

We can now establish the main properties of absolute representation spaces.

Proof of Theorem II. (i) is essentially Lemma 2.4.
(ii) Since n > 0, the group II, , is free on 2g +n — 1 > 2 generators. It follows that Hom(Il, ,, SUy) =
SUggﬂl*l, and so it is a smooth algebraic set of dimension 6g + 3n — 3.

(ii-a) The irreducibility of the coaxial locus in Hom(Il,,,SUs) is proven in Proposition 3.5(i), where its
dimension 2g +n + 1 is also computed.

(ii-b) It is enough to note that the non-coaxial locus is open by Lemma I(ii).

(ii-c) It is easy to see that the central locus is clearly O-dimensional and that the general coaxial homo-
morphism is non-central, and so has 1-dimensional stabilizer. It follows from (ii-a) that the coaxial locus
in Rep(Il, ,,, SUz) has dimension (2g +n+1) — (3 —1).

(ii-d) follows from (ii-b), using Lemma 2.4 and Remark 1.9.

(iii) Connectedness of the coaxial locus is proven in Proposition 3.5(i). Connectedness and density of the
non-coaxial locus is proven in Proposition 3.17 below.

Finally, the proof of (ii-iii) in the SLy(C) case is analogous, provided one notices that the action of PSLy(C)
on Hom" (11, ,, SLa(C)) is proper (see, for example, [35, Section 5.3.4]). O

3.1.6 Explicit description of #Hom in simple cases. Before investigating the properties of
relative homomorphism spaces, we wish to analyze two peculiar cases, in which we are able to explicitly
describe all homomorphisms up to conjugation. Note that these are exactly the cases of simple triples
(g,n,1), namely those for which k > 2g — 2 + n, where is the number of integer entries of 9.

We first treat simple cases of genus 0.

Proposition 3.6 (Surfaces of genus 0 with at most 2 non-integral angles). Assume g = 0 and let k be
the number of integer entries of 9 € RZ,.

(o) If n — k = 0, then Homg(Ily,,,SUs) is non-empty if and only if >,(%; — 1) is even: in this case
Homy (L ,, SUz) consists of a single point.

(i) If n —k =1, then Homy(Ip,,SUs) is empty.
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(i) Suppose n —k = 2 and 91,92 ¢ Z. Then Homy(Ily ., SUs) is non-empty if and only if 61 = da: in
this case Homg(Ilgy ,,SUs) can be identified to the conjugacy class Cj, .

Proof. Identify Homy(Tlp,,, SUs) with the locus of (By,...,B,) in C5 x---xCs, such that By --- B, = I.
(0) This is immediate, since B; must be equal to (—1)%i 1.
(i) Suppose ¥ ¢ Z. This is again immediate, since Bs,..., B, € {£I}, but B; can be equal to £I.

(ii) Note that B; = (—I)"i~! for i > 3 and that B; € Cj,. It follows that B; is uniquely determined by
Bi. Hence the map

Hom.y(Iy,,,, SUp) —— C5,
(By,...,By)———> B

is an isomorphism. O

Now we consider the simple cases in genus 1.

Proposition 3.7 (Surfaces of genus 1 with integral angles). Suppose that g =1 and 9 € Z™. Then

1) 1 (9; — 1) is odd, then (1,n,9) is not special and every p € Homg (111 ,,SUs) is conjugate to the
1 )
non-coaxial homomorphism p’ determined by

o= ((6 %) (0 ) comenn )

It follows that Hom.g(11; ,,, SU3) is isomorphic to PSUy and that Repﬁ(ﬂlm, SUs) consists of a single
point.

(ii) if >°,(0; — 1) is even, then (1,n,9) is special and every p € Homy(Il; ,,SUs) is conjugate to the
coazial homomorphism pl, , determined by

ei(sfl)ﬂ' 0 6i(tfl)Tr 0 _ _
)\(pls,t) = (< 0 e—i(s—l)ﬂ) ) < 0 e—i(t—l)Tr) 7(—1)191 17 RN (—I)ﬂn 1) )

for some t,s € R/2Z. It follows that Homg(Ily ,,SUs) has four points corresponding to central
homomorphisms, and the complement is diffeomorphic to an S*-bundle over S? \ {4 points}. As a
consequence, ﬂ(‘epﬂ(HLmSUg) is homeomorphic to S? and four of its points correspond to central
representations.

Proof. Recall that every p € Homy(I1; ,,, SUs) must satisfy p(3;) = (=I)%~1.

(i) In this case p(B1) - -+ p(Bn) = —I. Tt was proven in [15, Corollary A.3] that p is conjugate to p’. Hence,
Rep 4(11,n,SUz) consists of a single point. Since p’ is non-coaxial, by Lemma 2.4 the stabilizer of p’ is
trivial, and so the map PSUy 3 g + gp'g~1 € Homy(I1; ., SUs) is an isomorphism.

(ii) In this case p(B1) - - - p(Bn) = I, and so p(u1), p(v1) commute and can be simultaneously diagonalized.
It is immediate that p must be conjugate to some p;’t.

As for the description of Hom.g(I1; ,,, SUs), note first that the four central homomorphisms are parametrized
by the values £ taken at p;,v;. Now, identify S? with the unit sphere in suy and let X = S? x (R%\

72)/(2Z)?. Note that {£1} acts on X by multiplication, namely (—1) - (X, [s,t]) := (=X, [~s, —t]) for

every element (X, [s,t]) of X, and consider the map

X

.7‘[011119 (Hl,n7 SUQ)
(X, [s,]) —————>e(sX, tY)

Such map factors through the quotient X/{£1}, and in fact it sends X' /{£1} isomorphically onto the
locus of non-central homomorphisms. Note that (R? \ Z?)/(2Z)? is diffeomorphic to a 2-torus with four
points removed and that its quotient by {£1} is diffeomorphic to a 2-sphere with four points removed,
which we denote by 20,4. It follows that the projection X/{£+1} — 20,4 is an S%-bundle. Finally, fix
Xp := diag(i, —i) and consider the closed locus in Hormg (IT; ,,, SUs) corresponding to (e(sXp),e(tXp)) =
pl.» which is diffeomorphic to R?/(2Z)?. Its stabilizer under the conjugacy action of SUs is generated by
the subgroup of diagonal matrices, and by ((1) _01) that acts by multiplication by —1 on R?/(2Z)2. Hence,
Rep 4 (111 n, SUz) is homeomorphic to (R?/(2Z)?)/{+1}, which is homeomorphic to S?; moreover the four
points [0, 0], [1,0], [0, 1], [1, 1] correspond to central representations. O
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3.2 Connectedness and monotone connectedness

In this short section we recall two criteria for the connectedness of the total space and of the fibers of a
fibration. We also introduce monotone connected pairs, that will be useful to study relative homomorphism
spaces in genus 0.

The following statement is rather standard: a proof is included for completeness.

Lemma 3.8 (Surjective maps and connectedness). Let f : X — Y be a continuous, surjective map
between locally finite CW-complezes.

(i) Suppose that f is proper or open, and that f has connected fibers.
Then X is connected <= Y 1is connected.

(ii) Suppose that X is connected, Y is simply-connected and f is a fiber bundle.
Then all fibers of f are connected.

Proof. (i) Since f is surjective, X connected = Y connected. Conversely, suppose that Y is connected
and let U,V C X be disjoint, open subsets such that UUV = X (which implies that U,V are also closed).
We want to show that either U or V is empty.

Since the fibers of f are connected, each fiber of f is completely contained either in U or in V. It follows
that f(U)N f(V) = 0. Since f is surjective, f(U)U f(V) =Y. We separately consider the following two
cases.

Suppose first that f is open. Then f(U) and f(V) are open. Since Y is connected, either f(U) or f(V)
is empty. As a consequence, either U or V must be empty, and so X is connected.

Suppose now that f is proper. Then f is closed because Y is locally compact and Hausdorff. It follows
that f(U) and f(V) are closed. Since Y is connected, either f(U) or f(V) must be empty. Again, either
U or V must be empty and so X is connected.

(i) Pick x € X,y = f(z) € Y and let F = f~!(y). Then the exact sequence in homotopy for the fibration
(F,z) = (X, z) = (Y,y) gives m1(Y,y) = mo(F,z) = mo(X, z). Since m1 (Y, y) and 7o (X, z) are trivial by
hypothesis, mo(F, z) is too and so F' is connected. O

In order to establish the connectedness of the non-coaxial locus Homg (Il ,,, SU3), we will use the formal-
ism of monotone-connected pairs here presented.

Definition 3.9 (Monotone-connected pair). Consider a CW-complex X with a continuous function f :
X — R. A path v:[0,1] — X is called monotone if the function f(y(t)) is monotonic. We say that the
pair (X, f) is monotone-connected if any two points x,y € X can be joined by a monotone path.

Note that, according to this definition, if (X, f) is monotone-connected, then the level sets {f = ¢} are
connected. Our aim is to show the following.

Proposition 3.10 (Criterion for monotone-connectedness). Let M be a connected real-analytic variety
and f be an analytic function on M. Then (M, f) is monotone connected if and only if each level set
f~1(c) is connected.

We start with a simpler claim.

Lemma 3.11 (Sufficient conditions for monotone-connectedness). Suppose X is a compact CW-complex,
f is a continuous function on X, and each level set {f = c} is connected. Then (X, f) is monotone-
connected if one of the following holds.

(i) The ezists a monotone path v C X that connects a point where f attains its minimum min(f) with
a point where f attains its mazimums max(f).

(it) For any ¢ € [min f, max f] there is ¢ > 0 and a monotone path v.. C X on which f attains all
values from the interval [min f,max f]N[c—¢€,c+¢].

Proof. (i) Since each level set of f is connected, for any z,y € X we can choose a path that first joins
x to a point of v inside the level set {f = f(z)}, then follows v and then connects to y in the level set

{r="rw}

22



(ii) The interval [min f, max f] is covered by sub-intervals for which monotone paths 7. exist. We can
choose a finite sub-cover and construct a monotone v as in (1) that follows the corresponding finite
collection of paths and jumps from one to another along level sets of f. O

Now we can prove our criterion.

Proof of Proposition 3.10. “Only if” direction. Assume by contrapositive that a level set f~!(c) is not
connected. Then any two points x,y € f~1(c) that lie in different connected components of f~!(c) cannot
be connected by a monotone path in M.

“If” direction. It will be enough to show that condition (ii) of Lemma 3.11 holds. We will prove a half
of this statement: namely, that there exists a monotone path v, that attains all values in the interval
[min f, c] N [c — &, ¢]. The other half is proven identically.

We can assume ¢ > min f. The subset M. C M where f < c is semi-analytic. Since M is connected,
there is a point z € f~!(c) that lies in the closure of M... By the real-analytic curve selection lemma
[40, Paragraph 3], there is a real-analytic map ~ : [0,1] — M, such that v(0) = x, and f(v(¢)) < ¢ for
t > 0. Since f(y(t)) is an analytic function, it is monotonic for ¢ small enough. So we choose v, as a
sub-path of ~. O

3.3 First-order computations: commutator map and product map

It order to analyze the maps R and Ry, we first compute the differentials of the commutator map and of
the product map.

The commutator map is defined as follows

c: SUy x SUp ——— = SU,
(M,N) ———[M, N]

We also let ¢ : (SUy x SU3)? — SU; be defined as ¢(M, N) := ¢(Mi, Ny) - - - ¢(Mg, Ny).

The following computation is already contained in Example 3.7 in [26]. We reproduce here for complete-
ness.

Lemma 3.12 (Differential of a product of commutators). The image of the differential dc at the point
(M,N) is 3(Mi,...,Ny)*, namely the orthogonal in sus to the infinitesimal centralizer of the set
{M,...,Ng}.

Proof. Fix My,...,Ng € SUy and let V;,W; €suy fori=1,... ,g. Consider the paths

in SUy. Under our conventions, the tangent vector & M;(t)|;—o (vesp. < Ni(t)|i=o) is identified to the
element V; (resp. WZ) of sus. Inside the space of complex 2 X 2 matrices, we now compute

%C(Ml(t),Nl(t))L:O = ViM N\ M N7+ MyW N MTENTY — MyN M VINT Y — My Ny M N W, =
_ (Vl + MWL MY — (M Ny MYV (My Ny M)~
—(My Ny M NS WA (M N MTENT T [, N =
= (1= Adyy, yotpg Vi + Ady, 0 (1= Adyg, yy, xo)W2 ) (M, Ny).
Hence, Im(dc)(Mth) =TIm(I — AdMlelel) + Im(Adpy, o (I — AleMlel)). Note that
Im (I — AdMlelel) = ker(l — AdMlelk[fl)L = 3(]\41]\[1_1]\41_1)l = Ada, (B(Nl)L)-
On the other hand,

Im(Adpy, o (I — AleMlel)) = Adyy, (ker(I — AleMlel)J') = Adpy, (3(N M N7 Y1)
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and so
Im(de) (ar,,ny) = Adag (3(NIMNT ' N1)T) = Aday, (3(My, N))*t = 3(My, Ni)*t (2)

where the second equality depends on the fact that the subgroup generated by {NyMiN; t N} agrees
with the one generated by {My, N}, and the third equality depends on the fact that Ad,y, is an isometry
of sus and fixes 3(M;, Ny).

Now denote c(M;(t), N;(t)) by ¢; and e(Mi(t), ..., Ny (t)) simply by ¢, and let ¢; and ¢ be their derivative
at t = 0. Observe that

g9
e=(ereih) - ete(éacy et et crea(éses Degteyt et = (Z Adai_l(éicil)> -c
i=1
where éo =1 and éj = [Ml,Nl] . [MQ,NQ} cee [Mj,Nj] fOI‘j = 1, e g — 1. Thus,
g9 g
Im(dC(MJv)) = ZAdéi—l(IIn(dCi)(MiaNi)) = ZS(Adé7—l(M1)7Adél—l(Nl))J_ =
i=1 i=1

g 1
= ((]B(Ad@1@W07Ad@JAG»>

where the second equality relies on (2). It follows that Im(de(as ny) = 3(H)®, where H < SU, is the
subgroup generated by

{My, N1, Adpar, Ny Mz, Adpag, Ny Noy Adpag, vy, Nap M, -}

Such H agrees with the subgroup generated by {M, N}. Hence Im(de(asr ny)) = 3(M, N)*, as desired.
O

A first consequence of the computation in Lemma 3.12 is the following.

Corollary 3.13 (Surjectivity and connectedness of the commutator map). The commutator map c is
proper, algebraic, surjective. Moreover the following hold.

(i) ¢ Y(I) is connected of dimension 4 and ¢ 1(I)\ (H x H) is connected too for every 1-parameter
subgroup H of SUs.

(ii) All the fibers of c different from c=*(I) are smooth, connected of dimension 3, and they are all
isomorphic to each other.

(iii) For all d € [0,1] the preimage ¢=1(Cq) of the conjugacy class Cq is connected.

Proof. Properness and algebraicity are obvious. Consider now By = ((1) _01) and B = (8 201>,

where |z| = 1. A direct computation gives [B, By] = B2.

It follows that every diagonal matrix of SUs is in the image of the commutator map. Since such image is
invariant under conjugation, it must be the whole SUs and so c is surjective.

(i) Consider the map w : S§? x [0,2)? — SUy x SU, that sends (X,t,s) to (exp(2mtX), exp(2msX)). Its
image is ¢=1(I). Moreover, the restriction of w to S2 x ((0,1) U (1,2))? is injective. Hence, ¢~1(I) has
dimension 4. If H = exp(h) for a certain 1-dimensional subspace h C suo, then ¢ 1(I) \ (H x H) is the
image of the restriction of w to (S?\ h) x (0,2)2, and so is connected.

(ii) Consider the restriction of the commutator map to (SUg x SU3)\ ¢ 1(I) — SU\ {I}. Such restriction
is proper, surjective and it is submersive by Lemma 3.12. Hence such restriction is a fiber bundle and so
the fibers have dimension 6 — 3 = 3. Since (SUz x SUs) \ ¢7*(I) is connected and SUsy \ {I} is simply
connected, the fibers over an element different from I are connected by Lemma 3.8(ii).

(iii) The case d = 0 follows from (i). For d € (0, 1] it follows from the discussion in (ii) that ¢=1(Cq) — Cq
is a fiber bundle with connected base and fibers, and so it is connected by Lemma 3.8(i). O

We now consider the product map

p:  sur SU,
(Bl,...,Bn)I%BlBQ"'Bn.
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Given an angle vector 9, we also denote by Py the restriction of P to Cq := C5, x -+ x Cs5 . Note that
Tp,C5, = 3(Bi)*.
Lemma 3.14 (Differential of P). Let m : SUy x SUy — SUy be the multiplication map m(Q1,Q2) =
Q1 Q2.
(i) Upon identifying the tangent spaces of SUy with sug as in Section 2.1, we have
dm(q, 0, (V1, Vo) = Vi + Adg, (Va).

(i) The differential of P satisfies

dPp(X) = X1+ Y Adp,..5_, (X))
i=2
where B = (By,...,By) and X = (X1,...,X,).
(iii) If B € Cq, then Im(dP)pg = suy and Im(dPy)g = 3(B)*.

Proof. (i) Consider the paths Q:(t) = exp(tV1) Q1 and Q(t) = exp(th)Qg.. Then Q1(t)Q2(t) = (I +
tV)Q1(I 4+ tVa)Qz + o(t) = Q1Q2 + t(ViQ1Q2 + Q1VaQ2) + o(t) = Q1Q2 + (Vi + Q1VaQ7H)Q1Q2 + o(t)

and the conclusion follows.

(ii) is obtained by iterating (i).

(iii) It immediately follows from (ii) that dPpg is surjective. As for the image of (dPy)p, we have three
cases.

If all B; = £1, then clearly such image is {0}.

Suppose now that all B; belong to a 1-parameter subgroup H = exp(f) but not all of them are +1. Since

Tp,Cs, C b, then Im(dPy)p C h*. If k is the smallest index so that By, # +1I, then (dPy)g(0,...,0, X5, 0,. ..

X, for all X, € bt by (ii), and so Im(dPy)p = h*.

Finally, if By, ..., B, are not contained in a 1-parameter subgroup, then let j be the smallest index so that
Bj # %1 and let k > j be the smallest index so that {B;, By} are not contained in the same 1-parameter
subgroup. Then (dPy)g(0,...,0,X;,0,...,0) = X; for all X; € 3(B;)*, and so Im(dPy)g 2 3(B;)*.
Let now X, be in 3(Bg)* but not in 3(B;)*. Then (dPy)p(0,...,0,Xx,0,...,0) ¢ 3(B;)* by (ii), and
so Im(dPy)p # 3(B;)*, which implies that (dPy)p is surjective. O

3.4 First-order computations: the maps R and Ry

Let us explicitly deal with homomorphisms in SUs, as the SLy(C) case will be analogous. Recall the
definitions of the smooth algebraic varieties G and Gy and of the algebraic maps R, Ry introduced in
Section 3.1.

Since the image of Homg(Il, ,,, SUs) via A is defined by the equation Ry = I inside Gy, by the implicit
function theorem its smooth locus is detected by looking at points at which dRy has locally constant
rank. Since in non-special cases dRg will have generically fully rank (this will follows from Proposition
3.15(i) and Theorem 3.27), a point p € Homg(Il, ,, SUs) will be smooth if and only if dRy is surjective at
A(p). Analogous considerations hold for Hom(Il, ,,,SUs), whose image via A is described by the equation
R =TI inside G.

For the above reason, we begin by analysing the ranks of the differentials of R and Ry.

We remind that 3(p) is the infinitesimal centralizer of the image of p.

Proposition 3.15 (Differentials of R and Ry). For every p € Homg(Il,,,SUs), the images of the
differentials of R : G — SUs and Ry : Gg — SUs at A(p) are

(i) Tm(dRo)x(p) = 3(p)*;
(ii) dR is sujective at A(p).

Observe that, if we identify Hom(I1, ,,,SUs) with its image inside G via A, then
R(M,N,B) = ¢(M,N) - P(B).

Such observation will play an important role in the below computation, and motivates why we analyzed
the differentials of the maps ¢ and P in Section 3.3.

25



Proof of Proposition 3.15. First of all, note that by Lemma 3.14(i) the differential dR consists of two
summands

dRm,n .3y (V, W, X) = dequ vy (V. W) + Ade(ar,nydPB(X)

and so

Analogously for dRy we have

Im(dRs)n .~ By = Im(dear, ny) + Adear, Ny (Im(dPy) B). (4)

Let now (M, N, B) = A(p).

(i) In order to compute the image of dRy at (M, N, B), we separately consider three cases.

If dim 3(M, N) = 0, then Im(de(as,ny) = su2 by Lemma 3.12. Thus, Im(dRg)(ar,n,B) = Su2 by (4).
Suppose that 3(M, N) = b is 1-dimensional, and let H = exp(h). Then ¢(M, N) = I and Im(dcn,ny) =
h. By Lemma 3.14(iii), the image of (dPy)p is 3(B)*. If By,...,B, € H, then 3(B) 2 h and so
Im(dPs)p C ht; then it follows from (4) that Im(dRy) v, N,B) = ht. If some B; ¢ H, then 3(B) 2 b
and so Im(dPy)p Z b; then it follows from (4) that Im(dRy)am,~,B) = Siiz.

Suppose now that dim 3(M, N) = 3, and so all M;, N; = 1. Thus the image of (dRy)n,n,B) is equal
to the image of (dPy)p by (4), and the result follows from Lemma 3.14(iii).

In all cases the image of dRyg at A(p) agrees with 3(p)*.

(ii) Since n > 0, the group I, , is a free group on p1,v1,. .., tg, Vg, B1,-..,Pn—1. It easily follows that
dR is surjective. O

Note that the statement of Proposition 3.15 still holds if we replace SUs by SLo(C): the proof is identical.

3.5 Tangent spaces to homomorphism spaces

Using Proposition 3.15 we can compute the dimensions of the tangent spaces to our homomorphism
spaces.

Corollary 3.16 (Tangent spaces to homomorphisms spaces). Fiz ¥ and let k be the number of integer
entries of 9.

(i) The Zariski tangent spaces satisfy

dim T, Hom (11, ,, SU3) = 69 — 3+ 2(n — k) + dim(Z(p))
dim T, Homg (11, ,, SL2(C)) = 69 — 3+ 2(n — k) + dim(Z(pc))-

(ii) The non-coazial locus Homy (11, ,,,SUs) is an oriented manifold of real dimension 6g—3+2(n—k),
and Homyg (11, SLa(C)) is a complex manifold of complex dimension 6g — 3 + 2(n — k).

(iii) The map © : Hom" (11, ,,, SUs) — [0,1]" that sends p to (D;(p(B1)), ..., Dr(p(Bn))) is continuous;
moreover, it is real-analytic and submersive (i.e. has surjective differential) over (0,1)™.

Proof. (i) We recall that X\ embeds Homg(Il, ,,,SUs) inside the smooth, oriented variety Gy of dimen-
sion 6g 4 2(n — k), and that A\(Homy (11, ,,SUz)) is defined by Ry = I inside Gy. Thus the tangent
space to A(Homg(Ily ,,SUz)) at A(p) = (M, N, B) is the kernel of (dRg)nr,n,B). Since the image of
(dRy)(m,n,B) has dimension dim(3(p)*) = 3 — dim(Z(p)) by Proposition 3.15(i), it follows that the
tangent space to Homyg(Il, ,, SUs) at p has dimension 6g + 2(n — k) — 3 4+ dim(Z(p)).

(ii) By Proposition 3.15(i) the map Ry is submersive at non-coaxial representations, and so Hom.g (I1, ,,, SUz)
is a real manifold of dimension 6g — 3 + 2(n — k). Since SU and so G are oriented, Homy' (11, ,,,SUs) is
oriented. The proof for SLy(C) is analogous.

(iii) Continuity and analyticity properties of © follows from those of D; (see Lemma 2.2). So we focus
on submersiveness.

Let p be any homomorphism in Hom.g (11, ,,SUsz) with no integral ¥;. To show that © is submersive
at A(p) = (M',N’,B’) it is enough to show that the map G — SUjy x [0, 1]™ that sends (M, N, B) to
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(R(M,N,B),D;(By1),...,Dr(By)) is smooth and submersive at A(p). (We are just using that, given
linear maps fi : W — Wy with k = 1,2 such that (f1, f2) : W — W3 x Wy is surjective, the restriction of
f2 to ker(f1) is surjective.)

By Lemma 2.2(i) the map (D;)™ : SUy — [0,1]" at B’ is submersive at B’, since B # +I for all
i. It follows that G — [0,1]" given by (M,N,B) — (D;(B1),...,D;(B,)) is submersive at A(p).
Since Ry : Gy — SUsz is submersive at A(p) by Proposition 3.15(i), this implies that the above map
G — SU; x [0,1]™ is submersive at A(p). O

Now we are ready to complete the investigation of the relative representation spaces.

Proof of Theorem III. (i) follows from Proposition 3.5(ii).
(ii) follows from Corollary 3.16(ii).

(iii) Since the central locus is 0-dimensional, the general coaxial homomorphism is non-central and so has
1-dimensional stabilizer. By (i), it follows that the coaxial locus in Rep,(Ilg,,,SUz2) has pure dimension
(29+2)—(3—-1)=2g.

(iv) follows from (ii) by Remark 1.9 and Lemma 2.4(ii). O

We postpone the deeper investigation of the non-coaxial locus of non-special relative homomorphism
spaces (namely, the proof of Theorem IV) to the end of Section 3.6. Here we consider the special cases.

Proof of Theorem V. (i) is proven in Proposition 3.7(ii).

(ii) The case k = n — 1 is clear. The case di(¢9 — 1,Z7) < 1 follows from [44, Theorem A], or from
Proposition 3.19(0) proven below.

(iii) By Proposition 3.19(i) proven below, the space Hom.g(Ily ,, SU2) consists of a single conjugacy class.
Hence, Rep 4(Ilo,n, SUz) consists of a single point.

(ili-a) For k = n the above-mentioned conjugacy class is the class of a central homomorphism, and so
consists of a single point.

(iii-b) For k < n — 2 the conjugacy class is the class of a non-central coaxial homomorphism, and so is
isomorphic to S2.

(ili-c) Since Homg(Ily ., SUs) consists of a single conjugacy class, ﬂ(‘epﬁ(ﬂo,n, SUs) counsists of one point.
Moreover, note that the tangent space to Homg (Ily ,, SUz) at p has dimension ¢ = —34+2(n—k)+dim(Z(p))
by Corollary 3.16. For & = n we have ¢t = 0 and so the structure is reduced; for £ < n — 2 we have
t = 2(n — k — 1). The scheme structure on Homg(Ily ,, SUs) is reduced if and only if ¢ = 2, namely
k=n-—2. O

3.6 Density and connectedness of the non-coaxial locus

In this section we prove the connectedness of absolute and relative homomorphism and representation
spaces, and of their non-coaxial loci.

Proposition 3.17 (Connectedness of the absolute non-coaxial locus). (i) The space Hom(Il, ,,, SU3) is
smooth, connected, of dimension 6g + 3n — 3. The space Rep(Il, ,,, SUsa) is connected.

(ii) The non-coazial locus in Hom(Il, ,,,SUz) and in Rep(Il, ., SUs) is dense and connected.

Proof. (i) We have seen in Theorem II(ii) that Hom(II, ,,, SUs) is isomorphic to SU3?*" " and so it is
smooth, connected, of dimension 6g + 3n — 3. It follows that the quotient Rep(Il, ,,, SUs2) is connected.

(ii) Since 2g4+n—1=1—x(8) > 2 and Hom(11,,,, SUs) is isomorphic to SU*" " it easily follows that
any homomorphism can be deformed to a non-coaxial one. This proves the density of the non-coaxial
locus in Hom(I1, ,,,SUs). As for the connectedness, it is enough to note that Hom(Il, ,,, SUs) is smooth,
of dimension 6g + 3n —3 = 2(2g — 2+ n) + (29 + n + 1), and that the coaxial locus has dimension
29 +n+ 1 by by Proposition 3.5(i), and so codimension at least 2 in Hom(Il, ,, SUs). The statement for
the representation space immediately follows. O

As for the relative case, a pure codimension count is not enough because the coaxial locus does not sit in
the smooth locus of the relative homomorphism space.
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Theorem 3.18 (Connectedness of non-special Q{gpgc space). Let (g,n,d) be non-special. Then Homg (1L, ,,SUs)
and Rep 4 (14,0, SUz) are connected. Moreover, the non-coazial locus in Homg (I, ,,SUsz) is open, dense,
and connected, and so is the non-coazial locus in Rep 4(1ly n, SUsz).

We anticipate that the strategies for proving Theorem 3.18 in genus zero and in positive genus are different.
In genus zero we will first prove that 7—[071119(Hgﬂ7 SU,) is connected and we will use such result to con-
clude that the non-coaxial locus is dense and connected. In positive genus we will directly prove that the
non-coaxial locus is dense and connected, and obtain that Homg (I, ,,, SUsz) is connected as a consequence.

We will first deal with the case of genus 0 and then with the case of positive genus.

3.6.1 Density and connectedness of non-coaxial homomorphisms in genus zero. In
this section we analyse properties of non-emptiness and connectedness for Hom.g (Il ,,, SU2) and for its
non-coaxial locus. In particular, we first establish when the relative homomorphism space is non-empty
and when its non-coaxial locus is nonempty. Then we show that the relative homomorphism space is
connected, and we deduce that the non-coaxial locus is dense in nonspecial cases. Finally, using the
techniques of Section 3.2 we show that the non-coaxial locus is connected.

Notation. In this section the angle vector ¥ = (J1,...,9,) will always be an n-tuple of positive real
numbers, with n > 2. We will also use the associated d = (41, ...,d,) defined by §; := d(¥;,Z,) € [0, 1].

Choosing a basepoint I in S? determines an identification SUy — S3 , which is actually a homothety of
factor 1/2 (since the points I and —I on SUs lie at distance 27 for the metric induced by K). As discussed
in Appendix A.1, there is an isomorphism

Homg (Mg, SUs) — Pol (6)

between the relative homomorphism space and the space of closed spherical polygons (p1 = I,p2,...,Pn)

in S* with edge lengths 7+ (81, .., 6,), obtained by sending p to the polygon with p; = I-p(31) -+~ p(Bi_1)-
Moreover such correspondence preserves coaxiality.

The first result of this section is the following.
Proposition 3.19 (Non-emptiness of Homg for g = 0). Let 9 = (V1,...,9,) with n > 2.

(o) If di(® — 1,Z) < 1, then Homy (1l ,,SUsz) is empty.
(i) If di(¥ — 1,Z") = 1, then Homy(Ily ., SUz) consists of a single conjugacy class of coazial homo-
morphisms.
(it) If di (9 — 1,Z7) > 1, then the non-coazial locus in Homg(Ily ., SUz) is non-empty.
The above result is also essentially proven in [6, Theorem A] and [19], see also [44, Theorem A]. Here we

rely on Appendix A for a different and elementary proof, that does not involve (semi)stable holomorphic
bundles with parabolic structure.

Proof of Proposition 3.19. By Theorem A.7 the space Hom.g(Ily ,, SU2) non-empty if and only if d; (9 —
1,27 > 1. If di(¥ — 1,Z7) = 1, then all homomorphisms in Homyy (Il ,,SUs2) belong to a single
conjugacy class by Corollary A.8(i). If dy (¥ — 1,Z) > 1, then the non-coaxial locus in Homg (Il ,,, SU3)
is non-empty by Corollary A.8(ii). O

The second result of this section is the following.

Proposition 3.20 (Connectedness of Homyg for g = 0). Let n > 2 and assume that 9 = (91,...,9,)
satisfies di (9 — 1,Z7) > 1. Then Homg(Ily ,,SUs) is connected.

The case di (9 — 1,Z;) = 1 follows from Proposition 3.19(i), thus so does the case n = 2. Hence we can
assume n > 3. Note that the statement is equivalent to saying that Pof(8) is connected.

We start by reminding an observation about the length of sides of a convex triangles in S2.

Lemma 3.21 (Existence and uniqueness of spherical triangles). Suppose 0 < a <b < w. Then there is a
continuous family of spherical triangles AyB;Cy in S* with |B,Cy| = a, |A:Ct| = b, indezed by

t € I(a,b):=[b—a,min(a + b,2r —a —b)],
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such that | B;C| = t. Moreover, for every t, the triangle AyB;Cy is unique up to isometry of S®cdot , and
it is contained inside a maximal circle if and only if t is an endpoint of I(a,b).

Before proceeding, we introduce certain subspaces of spherical polygons.

Notation. Given U, in Cj, , we will denote by Pol (01, ..,0n_1,Uy,) the subset of Pol(§) consisting of
polygons (p1 = I, pa,...,py) such that p, = U, L.

Spaces of polygons with one assigned edge will be useful in inductive proof. On the other hand, their
connectedness is equivalent to that of ordinary spaces of polygons.

Sublemma 3.22. The space Pol (8) is connected if and only if Pol (61,02, ...,6n_1,U,) is connected.

Proof. We will show that both connectedness properties are equivalent to the connectedness of Pol (§)/SUx,
where SUs is acting via the isometric conjugacy action on (SUg, I) = (S3,1).

The map Pol (§) — Pol (§)/SUy is proper surjective, and its fibers are quotients of SUy and so they are
connected. By Lemma 3.8(i) it follows that Pof (§) is connected if and only if Pof (§)/SUs is.

Similary, Pol (01,62, ...,U,) — Pol(8)/SUy is proper surjective, and its fibers are quotients of the cen-
tralizer of U,, (which is either a 1-parameter subgroup or the whole SUs) and so they are connected. By

Lemma 3.8(i) it follows that Pol (1,0s,...,U,) is connected if and only if Pol (§)/SUy is. O
We can now prove the connectedness of the relative homomorphism spaces.

Proof of Proposition 3.20. We proceed by induction on n > 3.

If n = 3, then Pol (8) consists of a single conjugacy class by Lemma 3.21, and so it is connected. Now we
assume n > 4.

Consider the map ~
lp_1y : Pol(6) — [0,1]

that sends (py = I,...,p,) to %dss (Pn-1,p1), where dgs is the usual distance on the unit 3-sphere. We
want to show that the image and the fibers of ¢,,_1 ,, are connected, and then conclude that Pof(§) is
connected by Lemma 3.8(3).
Connectedness of the image of {p_1 4.
Let Z,,_1,, be the image of the map C;5, _ x C;, — [0,1] that sends (Up—1,U,) to D(U,—1Uy) and let
71 ,n—2 be the image of C5, x---xCs _, — [0,1] that sends (Uy,...,Up—2) to Dy(Uy - --Up_2). The interval
Zp—1,n consists of all the possible lengtbs (diyided by 7) of the third edge of a spherical triangle whose
first two edges have assigned lengths m(0,,_1, d,). Similarly, the interval Z; ,,_5 consists of all the possible
lengths (divided by 7) of the (n—1)-st edge of a spherical (n—1)-gon whose first n—2 edges have assigned
lengths 7(d1,...,0,—2). Hence, the image of ¢,,_1 , is exactly the interval Zy ,,_o N Z,,_1 p.
Connectedness of the fibers of £y_1 p. ~
Let d € 7y 2 NZ, 1, and fix U € Cq. Consider the subset Pol,, ;7(d) of polygons (p1 = I,pa,...,pn) in
Pol () such that p,_1 - U = py, and note that

SUy - Pol ny(8) = £}, ,,(d)
where SU, acts by conjugation as usual. As SUs is connected, it is enough to show that Pol,, ;(6) is
connected. Since the map

?0[(51, Ce >5n—2> U) X ?0[(571—17 gn; Uﬁl) _—> ?O[n,U(S)
((ql = I7 qz, .-, Qn—Z)) (7"1 = I7 T2,7”3)) P (Iana ey qp—2,T2 U_l)
is manifestly an isomorphism, it is enough to show that Pol(y,...,0n_2,U) x Pol (6,_1,0,,U"") is
connected. This follows from Sublemma 3.22 by inductive hypothesis. O

Here is a consequence of the above connectedness result.

Corollary 3.23 (Density of non-coaxial locus for non-special g = 0). Assume di (¢ —1,Z7) > 1. Inside
Hom.g(Ily ,, SUs), the coazial locus consists of finitely many conjugacy classes and the non-coazial locus
is dense.
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Proof. Clearly there are only finitely many polygons in Pof(8) that sit on a given maximal circle of S3:
this implies the first claim.

As for the second claim, it is enough to show that every coaxial conjugacy class of polygons is in the
closure of the non-coaxial locus. By Proposition 3.19(ii) such non-coaxial locus is nonempty, and so we
can pick a non-coaxial polygon P"¢ there.

Let now P be any coaxial polygon. By Proposition 3.20, the space Pol (d) is connected and so there exists
a path (P;)ejo,1) in Pol (8) such that Py = P and Py = P™. There exists to € [0,1) such that o is the
maximum ¢ for which P; is conjugate to P. It follows that P;, is in the closure of the non-coaxial locus,
and so the whole conjugacy class of P is. O

Given 01, ...,0; € [0,1], recall that C5 = Cj5, x -+~ x C5, and let
T 1 Cs — [—2,2]

be defined as 7, (U1, ...,Uy) := tr(Uy - - - Ug).
Another consequence of the connectedness of Pol (§) is the following.

Corollary 3.24 (Monotone-connectedness of Cz). The pair (Cz, ) is monotone-connected.

Proof. The space Cz is a smooth, connected, real algebraic manifold, and the function 7, is real alge-
braic. The level sets {7k = ¢} are connected, since they are isomorphic to spaces of spherical polygons
Pol (61,...,0k,0kr1) With dgyq := %arccos(%). Hence the statement follows from Proposition 3.10. O

We now want to show the following.

Proposition 3.25 (Connectedness of non-coaxial locus for g = 0). Assume that ¥ satisfies dy(9—1,2Z7) >
1. Then the non-coazial locus of Homg(Ily ,, SUs) is connected.

Before proving the above proposition, we need a technical lemma.

Lemma 3.26 (Misalignil_lg adjacent edges of a non-coaxial polygon). Let P be a non-coazial polygon in
1’0[”6(5). Suppose that §;,0;41 # 0,1 and the edges e;, e;11 are aligned. Then there is a continuous
deformation P, of Py = P such that, for t > 0 small enough, the edges e;(t),e;+1(t) are not aligned.

Proof. Let m be the number of integral entries in §. Since Pol"(8) is identified to Homg (ITy.,,SUs), it
is a manifold of dimension 2(n — m) — 3 by Corollary 3.16(ii).

At the same time, the locus of Pol(§) consisting of polygons for which e; and e;,; are aligned can be
identified to a space of polygons Pol (5,) with n — 1 edges (throwing away the (i 4+ 1)-st vertex). Indeed,

Pol"°(8') can be identified to a submanifold of Pol"(8) of codimension 2 or 4. The conclusion clearly
follows. 0

Proof of Proposition 3.25. We need to show that the locus Pol (&) of non-coaxial polygons inside Pol ()
is connected.

Let Py, P, € Pol"(8) be two non-coaxial polygons. Suppose first that the edges e,—; and e, are not
aligned neither in Py nor in P;. We will construct a path in Pol"“(§) that connects Py to P;.

For i = 0,1 let P/ be the broken geodesic obtained from P; by removing the edges e,,_1, e,,. Using Corollary
3.24 we can find a continuous deformation of broken geodesics P} = (p1(t) = I,pa(t),...,pn-1(t)) with
fixed edge lengths between P to P; with the additional property that the distance between p,_1(t) and
p1(t) changes monotonically. Then, using Lemma 3.21 we can insert back edges e, —1(t) and e, (t) so that
the resulting family of polygons P; = (p1(¢t) = I, p2(t),...,pn(t)) varies continuously. It also follows from
Lemma 3.21 that edges e,,—1(¢) and e,(t) stay non-coaxial during such deformation, which proves the
proposition in this case.

In case e,_1 and €n are aligned in Py (or P;), using Lemma 3.26 we first construct a small deformation
of Py inside Pol"“(8) so that e,,_; and e, are not aligned any more, and then we proceed as above. [J
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3.6.2 Connectedness and density of non-coaxial locus in positive genus. Thoughout
this section we focus on non-special cases in positive genus. We begin by proving that the non-coaxial
locus is dense.

Theorem 3.27 (Density of non-coaxial locus in non-special cases). Suppose that (g,n,d) is not special.
Then the non-coazial locus is non-empty and dense in Homg (1, ,, SUs) and in Homg(Il, ,,, SLo(C)). As
a consequence Homg(Il, ,,,SUs) and Homg(Il, ,,SL2(C)) have pure dimension 6g — 3 + 2(n — k) and
2(6g — 3+ 2(n — k)) respectively.

Proof. Note that the claimed pure-dimensionality follows from the density of the non-coaxial locus, which
is a manifold by Corollary 3.16(ii).

We separately treat non-emptiness and density in the SLo(C) and the SUg-case.

The SL(C) case. Since Homg (11, ,,, SL2(C)) contains Homg (11, ,,, SUz), non-emptiness of the non-coaxial
locus follows from the SUsy case treated below.

As for density, let k& be the number of integral entries of 9. We have seen in Lemma 3.3 that Hom.g (1L, ,,, SL2(C))
can be realized via the embedding A¢ inside SL2(C)?97", and that in SLy(C)297" it is cut by n+2k+3 alge-
braic equations. Hence, each irreducible component of Horm.g(Il, ,,, SL2(C)) must have dimension at least
3(2g+n)— (n+2k+3) = 6g+2(n—k)—3. By Proposition 3.5(ii) the coaxial locus in Homg (11, ,,, SL2(C))
has dimension 2¢g 4 2. Since 2g+2 < 6g+2(n — k) — 3 in non-special cases, the non-coaxial locus is dense.

The SUy case: non-emptiness. We want to find (My, N1,..., My, Ny, B1,...,By) in SUgng” that repre-
sents a non-coaxial point of 7—[0711,9(1'Igm7 SUs). We distinguish three cases.

Case g > 2. Choose B; € Cs, for all i. By Corollary 3.13 the commutator map is surjective, and so there
exist My, Ny € SUs such that [My, N;] = (By -+ B,)~!. Note that it is always possible to choose them
so that M7 # +I. Hence, we can pick My = Ny € SUs that does not belong to the same 1-parameter
subgroup as M. Finally, we set M; = N; = I for ¢ > 2. Then (My,N1,...,My, Ny, B, ..., B;,) works.

Case g = 1. Recall that, by non-speciality, there must be some non-integer ¥;. As in the above case,
pick B; € Cj, for all i. If By---B,, # I, then it is enough to pick M;, Ny € SUy such that [My, N1] =
(By---B,)"'. If By---B,, = I, then we pick M; = N; € SU; not in the same 1-parameter subgroup as
B;.

Case g = 0. It follows from Proposition 3.19(ii).

The SUy case: density. Let p be a coaxial homomorphism in Homg (Il ,,,SUs). By definition, p takes
values in a l-parameter subgroup H (if p is central, then pick any H). Let Y € S? be an infinitesimal
generator for H. Hence,

Ap) =e(riY,s1Y,...,rgY, s,Y, e1hY, ... €.0,Y),

where €1,...,€, € {£1}. We want to construct a non-coazial deformation of p, namely a path ¢t — p; €
Homg (I, SUs) € SUIT™ such that pg = p and p; is not coaxial for t € (0,¢) for some small € > 0. In
fact what we will construct is the path ¢ — (M (t), N(t), B(t)) inside SU'" that corresponds to A(py).
Choose Z € suy not a multiple of Y.

Case g > 2. If p is central, namely all e(r;Y), e(s;Y") are I and 9 € Z™, then a non-coaxial deformation
of p is obtained by moving the first four entries as follows

t— Ap) - exp(tY,tY,tZ,tZ,0,...,0).

Indeed, for small ¢ # 0 we have =1 # e(r1Y) exp(tY) € H and e(r:Y)exp(tZ) ¢ H.

If p is not central then, up to renumbering the generators of Il ,,, we can assume that at least one among
e(rY), e(s1Y), e(e191Y) is different from +7. A non-coaxial deformation is then given by

t—e(rY,s1Y,ro(Y +t2),s2(Y +tZ),r3Y,s3Y, ..., ,0,Y).

Indeed, e(r2(Y +tZ)) does not belong to H for small ¢ # 0.

Case g = 1. We claim that, if p € Homy(II; ,,,SUs) is coaxial, then there must be a non-integral ¢;. In
fact, coaxiality implies that [p(p1), p(v1)] = I and then, by Equation (1), that Y .(£(9; — 1)) € 2Z for a
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suitable choice of the signs. Since (1,n,1) is assumed to be non-special, it follows that ¢ ¢ Z™. Up to
renumbering the punctures, we can assume that 9, ¢ Z. Then

t— e(rl(Y + tZ)781(Y + tZ),El’ﬂlY, .. .,En’ﬂnY)

corresponds to a non-coaxial deformation, since +1 # e(e1%1Y) € H and e(r (Y +tZ)) ¢ H for 0 # ¢
small.

Case g = 0. It was proven in Corollary 3.23. O

Now we turn to connectedness of the non-coaxial locus inside the relative homomorphism space. A major
role in the argument below will be played by the commutator map ¢ : SUs x SUs — SUjy introduced in
Section 3.3.

Proof of Theorem 3.18. The case of genus 0 was treated in Proposition 3.19(ii), Corollary 3.23 and Propo-
sition 3.25. From now on, we assume g > 1.

The non-coaxial locus in Homy(Il, ,,SUs) is open by Lemma I(iv) and is non-empty and dense by
Theorem 3.27.

We are thus left to prove the connectedness of Homy (Il, ,, SUz). Note that it will imply that the whole
relative homomorphism space is connected.

Identify Hom.g(I1, ., SUy) to its image in SUY x Cs, x --- x Cs via A, and consider the map

f: Homg(ll,,,SUy) SUZY ™% x C5
(Ml,...7Ng7Bl,...,Bn) P (MQ,...,Ng7Bl,...,Bn).

Let Y be the closed subset of SU3Y~2 x C5 defined as
Y = {(Ms,...,B,) € SUY % x C5 | [Ma, N+ [My,Ny|By -+ B, = I}

and denote by Y the complement of Y inside SUY"? x C5. Every (Mi,Ny,...,B,) in f~1(Y¢) is
non-coaxial, because [My, N1| # I.

Claim: the subsetY has codimension at least 2. Observe first that Y can be identified to Homg(ITy_1 ,,, SUs).

Now we separately analyze two different cases.

Suppose first that ¢ = 1 and the triple (0,n,9) is special. It follows that di(9 — 1,Z7) < 1. The
conclusion trivially holds if di(d¥ — 1,Z") < 1, since in this case Y = Homy(Ily ,,SUs) is empty by
Proposition 3.19(o). Hence, we can assume dq (¥ — 1,Z}) = 1. If n — k = 0, then ¥ € Z™ and the
conclusion follows from Proposition 3.7. If n—k = 1, then Y = Homy(I1 ,,, SUsz) is empty. For n—k > 2,
then Hom.g(I1p ,, SUsz) has dimension 2 by Proposition 3.19(i), whereas C5 has dimension 2(n — k) > 4:
it follows that Y has codimension at least 2.

Suppose now that g > 2, or that ¢ = 1 and (0,n,9) is not special. The space Homg(Il;_1 ,,,SUsz) has

pure dimension 6(g — 1) — 3+ 2(n — k) by Theorem 3.27. On the other hand, SUZ~? x C5 has dimension
3(29 —2)+2(n—k) =69 — 6+ 2(n — k). It follows that ¥ has codimension at least 3.

We now want to prove that Homg (Il, ,, SUz) is connected by showing that f~!(Y°) is connected and is
dense inside Homy (Il, ,,, SUz).

Conmectedness of f~1(Y°). Since SUZY"? x Cj is smooth and connected and Y has codimension at least
2 inside it, Y¢ is connected. Clearly f is proper. We want to show that f is surjective with connected
fibers, so that the connectedness of f~1(Y¢) will follow by Lemma 3.8(i). Let

p1: Homg(Ily,,SUs) SU3
(M1, Ny, ..., By) ———— (M1, N1)

Observe that p; realizes an isomorphism from f~!(Ma, ..., By,) to ¢ *(C) with C = ([M2, Na] - - [My, Ny]By - - -

The conclusion follows, since the map c is surjective and with connected fibers by Corollary 3.13.

Density of f~1(Y*¢). Call ¢ : Homy (11,,,,SUs) — SU3Y"2 x C; the restriction of f. We want to show
that (f¢)~(Y) has dimension strictly smaller than Hom.g (11, ,, SUz) at every point: it will follow that
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(fr)=Y(Y©) = f~1(Y©) is dense. For every y € Y, the fiber (f"¢)~!(y) has dimension 4 by Corollary
3.13(i). Moreover, by the above claim Y has dimension at most 6(g — 1) + 2(n — k) — 2. It follows that
(f™)~1(Y) has dimension at most 6(g—1)+2(n—k)+2. On the other hand, Homy (Il, ,,, SUs) is smooth
of dimension 6g — 3 + 2(n — k) by Corollary 3.16(ii). The conclusion follows. O

An easy consequence of the pure-dimensionality of Hom.g(Il, ,,, SUs) is that the coaxial locus is small in
non-special cases.

Corollary 3.28 (Codimension of the coaxial locus in non-special cases). Let (g,n,®) be non-special. Then
the coaxial locus (if non-empty) inside Homg (Il ,,,SUs) has codimension 4(g—1)+2(n—k)—1 > 3. Hence,
the coazial locus (if non-empty) inside Rep 4(1yn,SUz) has pure codimension 4(g—1) +2(n—k) —2 > 2.

Proof. Counsider first the relative homomorphism space. By Proposition 3.5(ii), the coaxial locus in
Homy (11, ,, SUz) has pure dimension 2g + 2, whereas Homy(Il, ,, SU2) has pure dimension 3(2g — 1) +
2(n — k) by Theorem 3.27. Denote by cdim := (6g —3+2(n—k)) — (29 +2)=4(¢9— 1) +2(n — k) — 1.
The above considerations show that, if non-empty, the the coaxial locus in Homyg(Il, ,,SUs) has pure
codimension cdim. We claim that cdim > 3.

Case g = 0. We must have n —k > 3 and d; (9 —1,Z?) > 1. For n — k = 3, Lemma 3.21 implies that the
coaxial locus is empty (see also the beginning of the proof of Proposition 3.20). For n — k < 4, we have
cdim =2(n—k) — 5> 3.

Case g = 1. If all ¥; are integer, namely if n — k = 0, then the sum > (¢; — 1) must be odd, since
(1,n,1) is assumed non-special. Hence an element of Homg(I1; ,,, SUs) identifies to (M7, N1, By, ..., By)
with B; € Cs, and [M;, N1] = —I. This implies that the coaxial locus is empty in this case. If n — k =1,
then points of Homg(I1; ,,, SUs2) must satisfy [My, N1] # £1I and so the coaxial locus is empty again. For
n—k > 2, we have cdim =2(n — k) — 1 > 3.

Case g > 2. We have cdim =4(g — 1)+ 2(n — k) —1 > 3.

The statement for the representation space easily follows. Indeed, recalling that the central locus has
dimension 0 and that a coaxial non-central homomorphism has 1-dimensional stabilizer. O

As a consequence we have all ingredients to draw our conclusions on the non-coaxial locus of non-special
relative homomorphism and representation spaces.

Proof of Theorem IV. Recall that smoothness of the non-coaxial locus is proven in Theorem III(ii-iv)
together with the determination of its dimension.

(iil) Non-emptiness and density of the non-coaxial locus is proven in Theorem 3.27.
(iv) Connectedness of the non-coaxial locus is proven in Theorem 3.18.

(i) Since the non-coaxial locus is smooth, pure dimensionality of the relative homomorphism and repre-
sentation spaces follows from (iii) and (iv).

(ii) Because of (i), Corollary 3.16(i-ii) also shows that the smooth locus of Homg(Il, ,,,SUs) coincides
with the non-coaxial locus. It follows that ﬂ-[omg(l'[g,n, SUs) is reduced and irreducible.

Concerning the relative representation space, it is reduced and irreducible and its smooth locus consists of
[p] at which dim(T, Hom.g(Il, ,,SUsz))+dim(Z(p)) achieves its minimum by Remark 1.10. Such minimum
is achieved at the non-coaxial locus by Corollary 3.16(ii), which is non-empty by (iii). O

4 Decorated representation spaces

We keep the same notation as in the beginning of Section 3. In particular V = M 5(C).

4.1 Topology and semi-analytic structure

Analogously to Section 3.1, in order to prove Lemma i, we endow the absolute decorated homomorphism
space with an analytic structure. The purpose is achieved by embedding it inside a smooth algebraic
variety G, so that its image is described by the equation R = I. Moreover, the conjugacy action by PSUs
is the restriction of a natural action on G, which is compatible with the map R. The relative case is
similar.
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4.1.1 The embedding X. Let G be the real algebraic subset SU? x su™ of dimension 6g + 3n of

the real vector space V29 x suf™. and let Nm (for norm) be the algebraic map defined as

Nm : Q\ Rgo
(Mllea-“aXl;“-an) P (||X1H2, 7||AXVn||2)

We call Gy := Nm™ (92, ..., 92) for any 9 € R%, and G, := Nm™*(RZ).

Clearly, ,C'7+ is a smooth algebraic subset of dimension 6g + 3n. Since Nm is submersive on @r, it follows
from the implicit function theorem that Gy is a smooth algebraic subset of dimension 6g + 2n.

4.1.2 The map R. Let now R be the real analytic map defined as

~

R: G SU,
(Ml, .. ,Xn) I Hj[ijNj] l—IZ G(XZ)

and denote by Eﬂ : ,C'j,g — SU, the restriction of R.
The injective map

X: Hom(Il, ., SUs) 9

(pv A) e (p(u1)7p(Vl)a s 7p(:ug)7p(yg)7A(B1)v EER A(ﬁn))

identifies @(Hg,m SUs) to its image ]TZ*I(I) NG, and ;[(;119(1_[97”, SU,) to the subset R™1(I) NGy =
RZ(I).

4.1.3 The map ©O. Taking the componentwise square root of the map Nm, we obtain a map
O : Hom(Il,,,SU;) — RY}
defined as ©(p, A) := (JAB, ..., |AB)|). In this way, Homs (Il ., SUs) identifies to @ (9).

4.1.4 The conjugacy action. Note that PSUy acts on V¥29 x su§™ componentwise via conjugac-
tion and via adjunction. Moreover R and Nm are PSUs-equivariant and the PSUs-action on R=1(I) NG

and fi_l(I )N @9 agrees with the wished actions on the decorated homomorphism spaces.

4.1.5 Analytic and semi-analytic structure. We begin by addressing the first claim of Lemma
I, namely the analyticity of the decorated homomorphism space and the semi-analiticity of the correspond-
ing decorated representation space.

Proof of Lemma ](o). Analogously to Lemma I(0), the constructions performed in Sections 4.1.1-4.1.2

show that the space Hom(Il, ,,, SUs) is homeomorphic via X to the subset of §+ described by the analytic

=

equation R=1 Hence, Hom(Il, ,,,SUs) is induced a real analytic structure. Taking the quotient of
§+ by the action of PSUs described in Section 4.1.4, we obtain that G\+/PSU2 is homeomorphic to a
semi-algebraic subset of a Euclidean space (the construction is similar to the one described in Remark
1/.\7). Moreover the locus {R = I} descends to a semi-analytic subset of G4/PSU, homeomorphic to
Rep(I1y n, SUs). O

Before completing the proof of Lemma i, we examine the behaviour of the map

F : Hom(Il,,,SUs) —> Hom(Il,.,,SUs)
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that forgets the decoration, defined as ?(p7 A) := p, and of its restriction

719 .'7’[077119( gns SUz) — Homg (I, ,,, SUs)

to the relative spaces.

Lemma 4.1 (Forgetting the decoration). The map F s real-analytic. Moreover, given 9 € RY,, the
map Fy is a trivial bundle with fiber (S?)*, where k is the number of integer entries of 9.

Proof. The homomorphism space is real-algebraic by Lemma I(o) and the decorated homomorphism
space is real- analytlc by Lemma I( ) proven above. Hence, f is real-analytic, being the restriction of the
real-analytic map G — G that sends (Mi,...,Ng, Xq,...,X,) to (Mq,...,Ng,e(X1),...,e(Xpn)).

Up tg&aarranging the indices, we can assume that ¥; € Z if and only if ¢ < k. Consider the map
s : Homyg(1,,,SUs) — Homy(Il,,,SUs) x (S?)F defined as s(p,A) = (p, A(B1),..., A(Bx)). The
map s is manifestly a real-analytic isomorphism and the composition of s and of the projection onto
Homg(Il,,,, SUs) is exactly Fg: hence, s gives the wished trivialization of the fiber bundle Fy. O

Now we can complete the proof of our first main statement on decorated representation spaces.

End of the proof of Lemma 1. (i) is very similar to the proof of Lemma I(i).

(ii) The coaxial locus in @(Hg’n, SUs) is the preimage via the map T (introduced in Section 4.1.5) of
the coaxial locus in Hom(Il, ,,,SUs), and ? is a surjective and analytic by Lemma 4.1. Hence, the coaxial
locus is closed analytic by Lemma I(ii). Observe, similarly to the proof of Lemma I(ii), that a decorated
homomorphism (p, A) is elementary if and only if Im(Adas, — 1), Im(Ady, — 1), X;* do not span suy for
(M,N,X)= X(p, A). Such condition can be expressed in terms of analytic equations in (M, N, X), and
so the elementary locus is closed analytic. Observe moreover that (p, A) € S if and only if p is coaxial,
|A(B)| € Zy for i = 1,...,n, and Span(A(S1), ..., A(By)) # suz: all such conditions can be expressed
through analytic equations, so ¥ is closed analytic.

Note that 3 is closed analytic, since the conditions p(u;), p(v;), p(B;) € {i]} and Span(A (ﬂl) LABR)) <
2 can be phrased through analytic equations. Hence il is open inside 3. If g = 0, then El is empty as
(p, A) with integer-valued A are necessarily central. Assume now g > 1 and let (My,...,Ng, X1,...,X,)

be an element of io. This means that there exists X € S? such that X7, ..., X,, are orthogonal to X and
M;, N; € {£I}. Define M;(t) = M;e!X and N;(t) = N;etX, so that (M (¢ ) yNg(t), X1,..., Xn)ex0 is &
deformation of (M, ..., Ny, X1,...,X,) that belongs to 21 for t > 0: this proves that 21 is dense inside
S| o

(iii) Since Gy is a closed algebraic subset of G, it follows from (i) that Homyg(Il, ,,SUs) is a closed
analytic subset of ,7/-[(;1(1'[9’”, SUs).

(iv) follows from (ii) and (iii).

(a) Clearly, an elementary (p, A) is coaxial. Conversely, pick a coaxial decorated homomorphism (p, A).
By definition, there exists a 1-parameter subgroup H of SUs that contains the image of p. Since ¢; ¢ Z,
the element e(A(f;)) € SU; is different from +1 and it belongs to H for all i. It follows that all A(f;)
belong to the Lie algebra of H and so (p, A) is elementary.

(b) By Lemma 4.1 with & = 0 we have a real-analytic isomorphism Homg (I, ,,, SUs) — Homg(I, ,,, SUs).
Restricting to the non-coaxial locus and taking the quotient by PSU,, we obtain the wished isomorphism.

Finally, note that the real-analytic maps in (o) and (b) are PSUs-equivariant and so descend to decorated
representation spaces. Similarly, all subets involved in (ii-iii-iv) are PSUs-invariant and so analogous
statements hold for decorated representation spaces. O

Example 4.2 (Semi-analytic nature of decorated SUs-representation spaces) Letg=1,n=2and ¥, =

Y9 = t for some fixed ¢ € (0,1). Since no 9J; is integer, the map Fo }[omg(Hl 2,SUs) — Homg (Il 2,SUs)
that forgets the decoration is an isomorphism of real analytic spaces. Proceeding as in Example 3.4, it is
possible to show that Rep,(Tl1 2,SUz) is not analytic (but only semi-analytic). As a consequence, so is

@(Hl,% SU,).
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As a further simple application of the forgetful map 929, we have the following.

—

Corollary 4.3 (Space of decorations of a fixed p). Consider the fibration Fo Homg (I, ,, SUs) —
Homg(Il, ,,SUs) in Section 4.1.5.

(i) If p is coaxial, then the locus of elementary homomorphisms inside 72;1(,0) 1s closed analytic. More-
over, such locus has dimension 2 if p is central, and it has dimension 0 if p is non-central.

(ii) Inside each fiber ﬁ;l(p) the non-elementary locus is open, dense and connected, except if k =0 and
p is coazial, or if n =1 and p is central.

Proof. (i) The elementary locus is closed analytic by Lemma I(ii). Identify now f/fﬁfl(p) to (S?)* via
the trivialization s described in the proof of Lemma 4.1. If p is central (and so k = n > 0), then the
elementary locus corresponds to the subset of collinear k-tuples in (S?)*, which is a closed analytic subset
of dimension 2. If p is not central, with image inside exp(h) for some line h C suy, then the elementary
locus corresponds to (S N h)*, which consists of 2 points.

(ii) For k = 0 a decorated homomorphism is elementary if and only if it is coaxial by Lemma I(a), and
so the conclusion is immediate. So suppose k > 0. If p is non-coaxial, then the whole f~!(p) is non-
elementary. If p is coaxial but not central, then f~!(p) has dimension 2k > 2 and the elementary locus

therein has dimension 0. If p is central, there are two cases: if n = 1, then ﬁ;l(p) consists entirely

of elementary homomorphisms; if n > 1, then ﬁ'ﬂ_l(p) has dimension 2n > 4 and the elementary locus
therein has dimension 2. In all cases, the conclusion follows. O]

4.2 First-order computations: the maps ﬁ, ﬁ,g

As for homomorphism spaces, smoothness of Hom(Il, ,,,SUs) and Homy(Il, ,,SUs) are investigated by
studying the differentials of the maps R and Ry introduced in Section 4.1. We will denote by (A4) C sus
the smallest vector subspace that contains the (possibly infinite) image of A : B — sus.

Proposition 4.4 (Differentials of R and ]/%19). For every (p, A) € ﬂ/-[(;l,g(ﬂg,n,SUg), the images of the
differentials of R : G — SUs and Ry : Gy — SUs at A(p) are
(i) Tm(dRo)s, 0 = 30"

Sy if some V; is non-integral

i) Im(dR)5,, 4 =
() Im( )A(p’A) {S(p)J- + (A) if all 9; are integral.

A preliminary observation concerns the differential of the map E : (sug \ {0})™ — SUs defined by
E(Xy,...,X,) =e(X1) - -e(Xyp).

For every ¥ > 0, we denote by cy the subset of sus consisting of elements of norm ¥ and by ey the
restriction of the map e(X) to ¢y. Given an angle vector 9, we let ¢y := []"_; ¢y, and we call Ey the
restriction of E to ¢y.

Lemma 4.5 (Differential of E). The exponential maps defined above satisfy the following properties.
(i) The differentials of e and ey at a point X € ¢y have image

Sly if9¢Z
Span(X) if 9 € Z,

Xt if9¢z

hnw&ﬁxzz{{m» if9 €.

Im(dex) = {
(1i) The differential of E satisfies

dEX(X) = dex, (Xl) + ZAde(Xl)”'e(Xi—l)deXi (X,)

=2
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(iii) The differentials of E and Ey at a point X € ¢y have image

SUg if some 9; ¢ Z

dE)x =
m(dB)x {Span(X) if all 9; € Z,

sug  if there exist i # j with X;, X linearly independent and 9;,9; ¢ Z
m(dEg)x = < bt if all X; with 9; ¢ Z belong to a line b C suy
{0} ifallV; €Z.

Proof. Part (i) is a straightforward and part (ii) follows from Lemma 3.14(ii). The proof of part (iii) uses
(i) and (ii), and is analogous to the proof of Lemma 3.14(iii). O

Similarly to Section 3.4, upon identifying Hom(Il, ,, SU2) with the image of X, we have
R(M,N,X)=c¢(M,N)-E(X).

Proof of Proposition 4.4. We follow the same steps as in the proof of Proposition 3.15, with a few varia-
tions. Quite as in the proof of Proposition 3.15, Lemma 3.14(i) gives

m(dRar N x)) = Im(dear.ny) + Adear vy (Im(dEx)). (5)

and

m(dRﬁ)(M,N,X) = Im(dC(MyN)) + Adc(M,N) (Im(dEg)X). (6)
Let now (M,N,X) = X(p, A).
(i) In order to compute the image of dﬁg, we separately consider three cases.
If dim 3(M, N) = 0, then dc(ps, Ny = st by Lemma 3.12 and so Im(dRg)(ar, N, x) = Sua.
If 3(M,N) = b is 1-dimensional, then Lemma 4.5(iii) implies that the image (dﬁﬁ)(M7N7X) is b1 if all
the non-integral X; lie in b, and it is sus otherwise.
Suppose now that dim3(M,N) = 3, and so all M;,N; are £I. By Lemma 4.5(iii), the image of
(dRo)(n, N, x) is: {0}, if all ¥; are integer; L, if all non-integral X; span the same line b inside sus; suy,
otherwise.
(ii) We now compute the image of dR and we consider Equation (5).
If some ¥; is non-integral, then dEx is surjective by Lemma 4.5(iii) and so dE(M,N,X) is too.
Suppose now that all ¥J; are integral, and so e(X;) = £I for all i. By Lemma 4.5(iii) the image of dEx
is equal to Span(X). On the other hand, Im(de)(ar,n) is exactly 3(p)* = 3(M, N)* by Lemma 3.12.
Thus, if p is non-coaxial, then 3(p) = {0} and Im(dR) s, N, x) = Stlo.
If p is coaxial, then ¢(M,N) = I. It follows that the second summand Adgas,n)(Im(dEx)) of (5)
contains Span(A(f1),...,A(By)) and is contained inside (A). Thus,

3(p)* + Span(A(B1), - .., A(Bn)) € Im(dR)(ar.nv x) € 3(p)* + (A).
In order to show that the above inclusions are equalities, it is enough to show that the generators of
(A), namely A(B) for all 3 € B, belong to 3(p)* + Span(A(B1),...,A(Bn)). Indeed, for every i and
every (i € B;, we can write 3, = y8;y~! for some v € II,,, and so A(B]) = Ad,,yA(B;). Then the
difference A(8)) — A(B;) = (Ad,,) — I)A(B;) belongs to 3(p(7))* € 3(p)*, and so A(B]) belongs to
3(p)t + Span(A(B1), .- -, A(Bn))- O

4.3 Tangent spaces to decorated homomorphism spaces

Using Proposition 4.4 we can compute the dimensions of the tangent spaces to our decorated homo-
morphism spaces. Recall that in the introduction (Definition 1.17) we defined the locus ¥ = ¥y U Xy,
where

{(p, ’ p central, and (A) # sus }
{ m(p) C exp(h) non-central, p(B) C {£I}, (A) C b+ }

for some 1-dimensional b C sus
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inside 9/-[(;1(1'[9,”, SUs,), and we denote by X = Xy U X; the corresponding loci in @(Hg,n, SUs).

Corollary 4.6 (Tangent spaces to decorated homomorphisms spaces). Fiz 9 and let (p, A) € Homg (1, ,,, SUs).
Then

(i) The Zariski tangent space to the relative decorated homomorphisms space satisfies
dim T(p7A)}[om19(Hg,n, SU2) = 6g —3+2n+ dlm(Z(p))

——nc
(ii) The non-coazial locus Homg (I, ,,,SUs) is an oriented manifold of real dimension 6g — 3 + 2n.

—nNc
(iii) The restriction of ® to Hom (Il ,,SUs) is real-analytic and submersive.

(iv) The Zariski tangent space to the decorated homomorphisms space satisfies

6g + 3n —dim (A) if (p, A) € 5o (a)
dim T(p,A)}[OTTL(Hgm, SUQ) = 6g + 3n —2 if (p, A) € il (b)
6g+3n—3 otherwise (c).

—

Away from the locus of decorated homomorphisms in f], the space Hom(Il, ,,,SUs) is an oriented
manifold of dimension 6g + 3n — 3.

Proof. (i) We recall that the image X(}[omg(ﬂgm, SU,)) is defined by Ry = I inside the smooth, oriented
variety Gy of dimension 6g+2n. Thus the tangent space to X(}[omﬁ(ﬂgyn, SU,)) at X(p, A)=(M,N,X)is
the kernel of (dRg)(ar,n,x)- Since the image of (dRy) s, n,x) has dimension dim(3(p)*) = 3—dim(Z(p))

by Proposition 4.4(1), it follows that the Zariski tangent space to Homg (11, ,,, SU2) at (p, A) has dimension
6g + 2n — 3+ dim(Z(p)).

(i) If (p, A) € Homy (I, ,,SUs) is non-coaxial, then Z(p) = {£I} by Lemma 2.4 and Ry is submersive
at A\(p, A) by Proposition 4.4(i). Since both Gy and SU, are oriented, the conclusion follows applying the
implicit function theorem.

(iii) Let (p, A) € }/[(;1;6(1'[97,1, A). To show that @ is real-analytic and submersive at X(p, A)=(M' N X’
it is enough to show that the map G, — SUs xR that sends (M, N, X) to (1/%(M7 N, X)), 1 X, -- -5 1XD
is real-analytic submersive at (M’, N’, X’). As in the proof of Corollary 3.16(iii), this follows from the
fact that Ry is submersive at (M’, N’, X') by Proposition 4.4(i), and that the norm map |- || : sup — R
is real-analytic and submersive away from 0.

(iv) Since ;\\(@(Hgm, SUs)) is defined by R = I inside G, the tangent space to X(}/[(;l(ﬂgm, SU,)) at

o~

A(p, A) is the kernel of dRy5, , . Hence, the dimension of T, 1) Hom(I1,,,SUs) is 69 +2n—rk(dR)5, 4)-

(a) Suppose that (p, A) € io, namely p takes values in +1 and the image of A does not span suy. Then

Proposition 4.4(ii) gives Im(dR)5, 4 = (A).

(b) Suppose that (p, A) € il, namely p is non-central and takes values in the subgroup generated by
a 1-dimensional subalgebra h C suy, and A takes values in h* of norm in 27Z. Then Proposition

4.4(ii) gives Im(dé)x(p 2= h=+, which has dimension 2.

(¢) Suppose that (p, A) ¢ . If p is non-coaxial or if some p(f;) # +I, then Proposition 4.4(ii) implies
that dR5, ) has rank 3. If p takes values in £/, then (A) must be the whole suy (otherwise (p, A)

would belong to io), and so again d}A%X(pA) has rank 3 by Proposition 4.4(ii). If there exists a
1-dimensional ) C suy such that p takes values in h but is not central and p(B) C {£I}, then A
cannot take values inside h* (otherwise (p, A) would belong to ¥1) and so h* + (A) = suy, which

implies that d’RBX(p’A) has rank 3 by Proposition 4.4(ii).

The last claim is a consequence of the implicit function theorem, since G and SU, are oriented manifolds
and R is submersive at (p, A) ¢ X. O
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Lemma 4.7 (Coaxial and elementary decorated homomorphisms). Let g > 0 andn > 0 so that 2g—2+n >
0.

(1) Inside Hom(1l, ,,,SUs) the elementary locus has pure dimension 2g+n+1, the singular locus agrees

with ¥ and has pure dimension 2g + 2n + 2, the components of the coaxial locus have dimensions in
29+n+1,29g4+2n—1]U{2g+2n+2} if g >0, and [n+1,2n] if g = 0.

Let ¥ € RY, and let k be the number of integer entries of 9.

(i) Inside Homy(Ily ,,SUs) the elementary and the coaxial loci are non-empty if and only if 3, (£(9; —
1)) € 2Z for some choice of the signs. The elementary locus is connected, irreducible, of dimension
29+ 2, the coazial locus is connected, irreducible, of dimension 2n if (g,n) = (0,k), and 29 + 2k + 2
otherwise. Moreover, if k > 0, then the coaxial non-elementary locus is dense and connected inside
the coazial locus.

Proof. (i) The elementary locus in .‘7/-[(;11(1_[9’", SUs) is the image of

S? x R x RY x Z Hom(I1, ., SUs)
(X781,t1,...7tg,191,...,’lgn) . <e<81X7t1X,...,th),ﬁlX,...,’lan)

where R = {9 € R"|>_,(¥; — 1) € 2Z, and ¥; # 0 for all i}. The fiber of such map is discrete, and so
the elementary locus has dimension 2g +n + 1.

Corollary 4.6(iv) implies that the singular locus inside Hom(Il, ,,,SUs) is 5.
For g = 0 we have & = % by Lemma 1(ii) and 3o can be described as the locus of coplanar (X, ..., X,)
in ﬁuga" such that ¥ € Z,, which is analytic of dimension 2n + 2.

Let now g > 1 and consider the (2g + 2n + 2)-dimensional analytic subset of S? x (R29 \ Z29) x suj™
defined as

Sp= 1 (X, sttty Xoy oo X)) | D (1X] - 1) €22, and 0# X; L X for all j

J

The map S; — % that sends (X,s1,...,X,) to (e(s1X,...,t,X), X1,...,X,,) is real-analytic, surjective,
with discrete generic fiber: it follows that ¥; has pure dimension 2g + 2n + 2. By Lemma i(ii), >y is
dense in ¥ and so ¥ has pure dimension 2¢g + 2n + 2.

The coaxial locus is the preimage of the coaxial locus in Hom(Il, ,,, SUs) via the forgetful map 5—’ Such
locus can be decomposed into subloci indexed by the number & of integer entries of 9. Indeed, consider
the (2g + n + k + 2)-dimensional analytic subset Cj, of S? x R29 x RZ ¥ x (S x Z0)* consisting of
(X, 51,3t 01, o On—ies Xo—kr, - -, Xp) such that S0 (0 — 1)+ 5201 (IX;]| = 1) € 2Z. Then

the image of the map Cr — Hom(1l, ,,,SUs) that sends (X,s1,...,t0,01,. ., Un—is Xn—pt1,--., Xn)
to (e(s1X,...,t,X), 1 X,...,0n—kX, Xp_kt1,...,X,) corresponds to the subset of coaxial (p, A) such
that 9q,...,9—x ¢ Z and Yp_g11,...,9, € Z. If g = 0 and k = n, then such map has (2n + 2)-
dimensional domain and 2-dimensional fiber, and so its image has dimension 2n. If g =0 and £ < n — 2,
then such map has (n + k + 1)-dimensional domain and discrete fiber, and so its image has dimension
n+k+1 € [n+1,2n—1]. If g > 0 and k = n, then the map has (2g+2n+2)-dimensional domain and discrete
fiber, and so its image has dimension 2g+2n+2. If g > 0 and k < n—2, then the map has (29+n+k+1)-
dimensional domain and discrete fiber, and so its image has dimension 2g+n+k+1 € [294+n+1,2g+2n—1].
(ii) The non-emptiness claim for the coaxial locus follows from Proposition 3.5(ii). Assume now that
> €i(¥; — 1) € 2Z for certain €1, ... ,e, € {£1}. The following analytic map

S? x R?9 Homg(Iy ., SUs)
(X,Sl,tl,. .. ,tg)  —— (e(le, R ,th),ﬂlX, A ,ﬂnX)

has discrete fibers, and its image is the elementary locus: hence, the elementary locus is connected,
irreducible, of dimension 2g + 2. As for the coaxial locus, suppose that 91, ...,9 € Z and Vgy1,...,9, ¢
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Z, and consider the following analytic map

S? x R29 x (S2)k Hom (11, SUs)
(X, S1,t1, ... 7tg,X17 Ce 7Xk) P (e(le,. . ,th),’ﬁle,. . ,19ka719]€+1)(7. . ,19nX)

Its image is the coaxial locus, which is thus connected and irreducible. It g > 1 or if £ < n, then the
fibers are discrete and so the coaxial locus has dimension 2g + 2k + 2. If g = 0 and k = n, then the fibers
are 2-dimensional and so the coaxial locus has dimension 2n.

Note finally that the elementary locus is the image via the latter map above of the subset (X, s1,...,t4, X, ...

inside S? x R2?9 x (S?)*: hence, the non-elementary locus is dense and connected inside the coaxial locus
it k>0. O

4.4 Density and connectedness of the non-coaxial and non-elementary deco-
rated loci

In this short section we investigate the non-coaxial and the non-elementary loci of decorated homomor-
phism spaces, first in the relative case and then in the absolute case.

The following statement relies on the properties of the map ﬂA-]g : Homy (11, SUs) — Homg (11, ,,,SUs),
introduced in Section 4.1.5, and on density and connectedness of the non-coaxial locus in undecorated
relative homomorphism spaces proven in Theorem 3.18.

Proposition 4.8 (Density and connectedness of non-coaxial and non-elementary relative decorated loci).
Let g > 0 and ¥ € RY,.

(i) If (g,n, ) is non-special, then the non-coazial locus in Homyg(Il, ,, SUs) is non-empty, dense and
connected; and so Homg(Il, ,,SUs) has pure dimension 69 — 3+ 2n. If (g,n,9) is special, then the
non-coaxial locus s empty.

it) The non-elementary locus inside Homg(Il, ,,,SUs) is dense and connected.
9,

Analogous claims hold in @ﬂ(ﬂg,n, SUs).

Proof. Recall that, by Lemma 4.1, the map ?19 is a (S?)*-bundle that preserves the coaxial loci, where k
is the number of integer entries of . Clearly, it will be enough to prove (i) and (ii) for 5/-[07119(1'19,“, SUs),
and the conclusion will hold for R/g;aﬂ (I, SU3) too.

(i) Consider first the non-special case. Recall that undecorated non-special Hom.g (11, ,,, SUs) are smooth
of dimension 6g — 3+ 2(n —k), dense and connected by Theorem 3.18. By the above considerations on g,
the decorated non-special @ZC(HQW SUs) are smooth of dimension 6g — 3 4+ 2n, dense and connected;
S0 }/[c;m(ﬂg,n, SUs) has pure dimension 6g — 3 + 2n.

Consider now the special cases. Recall thatAthe undecorated special }[omgc(ﬂgyn,SUg) are empty by
Theorem V. By the above considerations on ¥, the same holds in the decorated case.

(ii) In non-special cases, the conclusion follows from (i). In the special cases, k = n > 0 and all homomor-
phisms are coaxial. So it is enough to show that the subset of non-elementary coaxial homomorphisms
are dense inside the subset of coaxial homomorphisms: this is proven in Lemma 4.7(ii). O

In order to prove density and connectedness for absolute decorated homomorphism spaces, we want to

—nNcC

——NcC
view Hom (II,,,SUs) as the total space of a fibration, whose fibers are the spaces Hom,y (I, ,,,SUs),
and then exploit Proposition 4.8. Thus, we first need to understand the base space of such fibration.

We denote by ©"¢ the restriction of © : Hom(Il, ,,SUs) — R™ the the non-coaxial locus and let 4,
and A7, be the images of ©® and ©" respectively.

,n

Lemma 4.9 (Angles realized by decorated homomorphisms). For g > 0 and n > 0 such that 2g—2+n > 0

/rz[g — RT>LO ngz]-
T eERL (W -1,25) > 1} ifg=0
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and it is always connected; on the other hand,

RZ, if g > 2
Agn = \R2\{P € 2" 32, (0: —1) €22} ifg=1
{9 eRYy|di (¥ —1,Z7) > 1} ifg=0

and it is connected if and only if (g,n) # (0,3), (1,1).

Proof. The characterization of 4, and 477, follows from Proposition 3.19 for genus 0, from Proposition

3.7(ii) in the special cases of genus 1, and from Theorem 3.27 in non-special cases.
The connectedness of 4, , and A5, for genus 0 is analyzed in [44, Lemma BJ; the case of genus 1 is
straightforward. O

Now we can treat the non-coaxial locus inside absolute decorated homomorphism spaces.

Proposition 4.10 (Density and connectedness of non-coaxial and non-elementary decorated loci). Let
g >0 andn >0 with 29 —2+n > 0. Inside Hom(Il, ,,,SUs)

(i) the non-coazxial locus is dense; moreover it is connected if and only if (g,n) # (0,3),(1,1);

(ii) the non-elementary locus is dense and connected;
(iii) Hom(Il, ,,SUs) has pure dimension 6g — 3 + 3n.

The same holds for ﬂ/{e}(ﬂg,n, SU,).

Proof. Again, the conclusion for 7/{57(1'[9%7 SU,) will immediately follow once claims (i) and (ii) for deco-
rated homomorphism spaces are proven.

(i) Observe non-special points are dense in Hom(Il, ,,SUs). By Proposition 4.8(i) non-coaxial points
are dense inside the subset of non-special points It follows that the non-coaxial locus is dense in

Hom(I1, ,,SUsz). Recall also that the map ©" : ﬂ-[om ( g, SUz) — 476, is surjective and submersive

(and so open) by Corollary 4.6(iii), and that its ﬁbers are connected by Proposition 4.8(i). By Lemma
3.8(i) it follows that the connected components of }[am ( g.n,SU2) are exactly the inverse images via
©"¢ of the connected components of 4;'¢,. The conclusion follows by Lemma 4.9.

(ii) Density of the non-elementary locus follows from the density of the non-coaxial locus in (i). As for
the connectedness, if (g,n) # (0, 3), (1, 1), then again it follows from the connectedness of the non-coaxial
locus in (i).

Consider the case (g,n) = (1,1). The subset (@™)~1(2m—1,2m+1) is connected for every integer m > 1.
Thus we only need to connect a non-elementary point in ©® ~*(2m+1) to a point in ® *(2m+1—¢) and to a
point in @ ! (2m+1+¢). By Corollary 3.13(i) every non-elementary point in ® ~*(2m-+1) can be connected

inside }/[(;127;1“(1'[1,1, SUz) to the point (M (0), N(0), X(0)) = (I, D, (2m+1)R), where D = (é _Ol> and
R=13 (1) _01> So we can for example use the path (M (t), N(t), X (t)) = (exp(ntR), D, (2m + 1+ t)R)
with t € (—¢,¢).

Consider ﬁnally the case (g,n) = (0,3). By Lemma 4.9 the set Ay 3 is connected. Indeed, if C =
[a,a + 1] x [b,0 + 1] X [¢,¢ + 1] with a,b,¢ € Z>¢ and (a,b,c) # (0,0,0), then Ay3 N C is a closed
tetrahedron with vertices in the even vertices of C. Thus, up to reordering the labels, it is enough to show
that a non-elementary point (X1(0), X2(0), X3(0)) in Hom(Ily 3,SUs) with ¢35 € Z and 1,92 ¢ Z is part
of a path (X1 (t), X2(t), X5(¢)) such that t — || X3(t)]| is strictly increasing. We choose X3(t) = (1+t)X3(0)
and X5(t) = X2(0). Since 91 ¢ Z, for t € (—e,¢) there exists a unique continuous path X;(t) with given
X1(0) and such that e(X7(t))e(X2(t))e(Xs5(t)) = I. The conclusion follows.

(iil) follows from the fact that the non-coaxial locus inside @(Hg,n, SUs) is dense by (i) and is smooth
of dimension 6g — 3 + 3n by Corollary 4.6(iv). O

41



4.5 Absolute, non-special and special decorated homomorphism spaces

In this section we prove our main results on decorated absolute and relative homomorphism and repre-
sentation spaces.

For absolute decorated spaces, all the work has already been done.

Proof of Theorem 1. (i) is the content of Lemma 2.6.
(ii-a,b,c) follow from Lemma 4.7(i).

(ii-d) It follows from Corollary 4.6(iv) it is an oriented manifold of dimension 6g — 3 + 3n.

(ii-e) follows from (ii-a), since elementary decorated homomorphisms have 1-dimensional stabilizer.
(ii-f) follows from (ii-b) by Lemma 2.6.

(ii-g) follows from (ii-c) and Remark 1.9 and Lemma 2.6.

(

iii) is proven in Proposition 4.10(iii). O
Also for relative decorated spaces we have already proven almost everything.

Proof of Theorem III. (i) follows from Lemma 4.7(ii).
(ii) follows from Corollary 4.6(i-ii).
(iii) follows from (i), since elementary decorated homomorphisms have 1-dimensional stabilizer.

(iv) By Lemma I(a), if k = 0, then coaxial is equivalent to elementary: in this case, coaxial decorated ho-
momorphisms have 1-dimensional stabilizer. If £ > 0, then the general coaxial decorated homomorphism
is non-elementary by Lemma 4.7(ii): in this case, the general coaxial decorated homomorphism has trivial
stabilizer by Lemma 2.6. The conclusion then follows from (i).

(v) follows from Remark 1.9 and Lemma 2.6.

(vi) is proven in Proposition 4.8(ii). O
The wished conclusion for the non-coaxial loci of non-special relative decorated spaces follows.

Proof of Theorem IV. Recall that smoothness of the non-coaxial locus is proven in Theorem I/I\I(ii—v)
together with the determination of its dimension.

(iii-iv) Non-emptiness, density and connectedness of the non-coaxial locus is proven in Proposition 4.8(i).
(i) Pure dimensionality of the relative decorated homomorphism and representation spaces follows from
(iii)-(iv).

(ii) Because of pure-dimensionality, Corollary 4.6(i-ii) also shows that the smooth locus of 7/-[0?119 (I1g,,,, SU2)
coincides with the non-coaxial locus. It follows that @g(ﬂg,n, SUs) is reduced and irreducible.
Concerning the relative decorated representation space, it is reduced and irreducible and its smooth locus

consists of [p, A] at which dim(T,, a)Homs (Il ,,SUz)) +dim(Z(p, A)) is minimum by Remark 1.10. Such
minimum is achieved at the non-coaxial locus by Corollary 4.6(i), which is non-empty by (iii). O

The analysis of special decorated spaces is more explicit.
Proof of Theorem V. Preliminarly observe that the map

S$? x {£1}mt ————— Coax((S?)™)

(X,e0,...,em) ——— (X, 82X, ..., e X)

is an isomorphism. For m = 1, clearly Coax(S?) = S2. For m > 2, the coaxial locus in (S?)™ is a compact
submanifold of codimension 2m — 2: hence the non-coaxial locus in (S?)™ is open, dense and connected.

(i-a) The central locus in Homyg(IL; ,,SUs) consists of (My, N1, X1,...,X,) such that My, Ny € {£I}
and | X;|| = 9; for all i. As a consequence, it is isomorphic to {£71}? x (S?)". Inside it, the elementary
locus of Hom.g(I1; ., SUz) corresponds to {£1} x Coax((S*)™). The conclusion follows from (o).

(i-b) The proof of Proposition 3.7(ii) shows that the non-central locus in Homg (Il ,,, SUs) is isomorphic
to the quotient of S? x (R? \ Z?)/(2Z)? by {£1}, which is an S?-bundle over S?\ {4 points}. By Lemma
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4.1, the non-central locus of @0(1_11,7“ SUs) is isomorphic to the quotient of (S?)1*" x (R?\ Z?)/(2Z)?
by {41}, which is an (S?)!*"-bundle over S?\ {4 points}. The elementary non-central locus corresponds
to the Coax((S?)1™™)-subbundle over S? \ {4 points}.

(i-c) The claim for @g (I1;,,, SU3) is a consequence of (i-b) and (o). The corresponding conclusion for
}/[c;ng(ﬂlm, SUs,) follows from Remark 1.9 and Lemma 2.6.

(ii) is a consequence of Theorem V (ii).

(iii) By Theorem V(iii), Homyg(Ily ,, SUs) consists of a single conjugacy class, and it is isomorphic to S
if Kk <n—2,or to a point if k = n.

(iii-a) follows from Lemma I(b).

(iii-b) Assume 91,...,9% € Z and Iy, ...,9, ¢ Z. By Theorem V(iii) the map Hom.y(Ilg ,, SUs) — S?
that sends (X1,...,X,) to XkH is an isomorphism. As a consequence,

}/[t;ﬂﬂ(ﬂo,m SUs) (s2)k+1

(X1, .., Xp) ————— (X1,..., Xpy1)

is an isomorphism. Clearly, the elementary locus corresponds to Coax((S?)¥*1). The conclusion then
follows from (o), Remark 1.9 and Lemma 2.6.

(iii-c) By Lemma 4.1 the map

Homg (I, SUs) — = ()"

(X1,..., Xp) ————— (X1,..., X»)

is an isomorphism. The elementary locus corresponds to Coax((S?)™). The conclusion for ﬂ/{e;aze(ﬂom, SU,)
follows by Remark 1.9 and Lemma 2.6.

(ili-d) Since Hom.g(Ily,,,,SUs) consists of a single conjugacy class, Q/Qe;)ﬁ(ﬂo,n, SUz) consists of one point.

By Lemma 4.1 the analytic structure on Hom.g(Ily ,,, SUs) is reduced if and only if the algebraic structure
on Homyg (Lo, SUsz) is reduced. Hence, the conclusion follows from Theorem V(iii-c). O

In [24, Theorem 1] it was shown that, for n = 0, the singularities of the homomorphisms spaces are cut
by quadrics in suitable analytic coordinates. The singularities of relative representation spaces and of
relative decorated representations spaces, and in particular of their non-elementary locus, are worthwhile
further investigations.

4.6 Symplectic structures

We begin by recalling the definition of Goldman’s symplectic structure on Rep*(Il; »,SUz), following
Guruprasad-Huebschmann-Jeffrey-Weinstein [27]. We refer to [27] for full treatment of the topic (see also
(23, Section 1.4]).

The classical Riemann-Hilbert correspondence establishes a bijective correspondence between flat sus-
vector bundles E on S with monodromy in PSU; (up to 1bomorphlsm) and representations p : m (S) —
PSUs, and it works as follows. For every p we define Ej; := suy x S/m(S), where m;(S) acts on suy
via Ad o : m1(S) — Aut(suy) = PSU,. Conversely, given a flat E we define pg to be the monodromy
representation of F.

Since PSUs is compact, first-order deformations of [p] are parametrized by the de Rham cohomology group
H'(S, E;). Moreover, first-order deformations that do not change the conjugacy class of the image of the
H]..(S, E;), namely classes in H'(S, Ej)
that can be represented by compactly supported 1-forms on S (see [52, Section 6]).

Bi’s correspond to elements of the parabolic cohomology group

Now, recall that Il , is the fundamental group of S with a chosen basepoint. If p: g, — PSU;y is
induced by some p : Il; , — SU,, then first-order deformations of p bijectively correspond to first-order
deformation of p, namely T, i’(‘epﬂ(Hg’n, SUz) = Tiy R‘epﬂ(Hg’n,PSUg). Hence,

11[/3] Kgpﬂ (Hgﬂl? SUQ) par(S E; ) 1(‘97 Eﬁ) = T[p] Kep(ng,na SUQ)
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The Goldman 2-vector field A on Rep(Il, ,,,SUs) defined as

T[;]Q{ep(ﬂg,n, SUQ) = Hl(sv Eﬁ) - Hcl(sv Eﬁ) = T[p] K@P(Hg,nv SUQ)

determines a Poisson structure. Now, the space KRep(Il, ,, SUs) is in general singular, but its non-coaxial
locus is smooth by Theorem ITI(iv).

In [27, Section 9] it is also shown that Repy®(I1, ., SUz) is a symplectic leaf for such Poisson structure.
In fact, if we denote by 2 the symplectic form induced by A on Keng(Hgyn, SU,), then

Q[p] : Tpﬂ{epgc(ﬂgm, SUQ) (39 TpREPZC(Hg,na SUQ) — R

at a non-coaxial representation [p] can be identified to the alternate pairing

S, Ey) x HY, (S, Ej) R

par

([l [¥]) ¢ JsK(¢n¥)

where the representatives ¢, are chosen to vanish in a neighbourhood of ®. Note that such alternate
pairing is non-degenerate by Poincaré duality and by the non-degeneracy of the Killing form /C.

par(

The above considerations still hold when replacing SUy by SLo(C): in this case, we obtain a holomorphic
symplectic form Qc on Rep(T1, », SL2(C)).

Proof of Proposition VI. (i) It is enough to observe that the inclusion Homyg (11, ,,, SUs) — Homg (11, ,,, SLa(C))
is a real-analytic map and that both Repy®(Ily , SUz) and Repl® (I, ,, SLo(C)) are manifolds by Theorem

I (ii-iv).

(ii) The compatibility between Q¢ and 2 is clear, since the Killing form on SU, is the restriction of the
Killing form on SLy(C). Since Q¢ is holomorphic, its restriction  is real-analytic. The non-degeneracy

of Q and Q¢ discussed above is proven in [27]. O

Functoriality of cohomology implies that 2 and ¢ are MCGy ,,-invariant. As a consequence, the sym-

plectic form on the decorated representation space mentioned in Corollary VI is mapping class group
invariant too.

4.7 Decorated monodromy of spherical surfaces

In this section we discuss general properties of the decorated monodromy representations of spherical
surfaces with conical points and prove Theorem VII. Before doing that, we will show how to restrict a
decorated homomorphism to a finite-index subgroup.

4.7.1 Restriction of a decorated homomorphism Given a finite-index subgroup II' C Il ,,
we define the peripheral set of I’ to be the set B’ of elements 5’ € II' that are indivisible in II’ and such
that 8’ = B* for some 8 € B and some k # 0.

Remark 4.11. It is easy to see that, if S is a punctured surface with a base point * endowed with an
isomorphism Il ,, = 71 (9, *), then I corresponds to a finite unbranched cover S” — S and B’ corresponds
to the set of peripheral elements in 71 (5”).

Definition 4.12 (Restriction of a decorated homomorphism). Let (p, A) be a decorated homomorphism
with p : Iy, — SUz and A : B — suy \ {0}, and let II" C II; ,, be a finite-index subgroup and B’
its peripheral set. The decorated homomorphism induced by (p, A) on II' is the couple (p’, A"), where

! . II' — SUs, is simply the restriction of p, and A’ : B’ — suy \ {0} is defined by requiring that
A'([B']) :== k- A(B), whenever ' = 8% with 8 € B.

Observe that (p/, A’) is a decorated homomorphism of II and that the image of A’ coincides with the
image of A. Indeed, if [8'] € B/, then ' = * for some € B and some k # 0 and so A(B) = A(B)
belongs to the image of A: this shows that Im(A’) C Im(A). Given [3] € B, there exists a k # 0 such
that [8*] € B’ because II" has finite index in TI, ,. It follows that A(3) = A’(ﬁk) belongs to the image of
A’: this shows that Im(A) C Im(A").

We also have the following dichotomy.
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Lemma 4.13. Let ¢ > 0 and n > 0 so that 2g —2+n > 0, and let (p, A) be a decorated homomorphism
with p : Iy, — SUy and A : B — sus \ {0}. Suppose that all decorated homomorphisms induced on
finite-index subgroups of Iy, are non-elementary. Then either A achieves infinitely many values or p
has finite image.

Proof. Since n > 0, the map A achieves at least one value. Suppose that Im(A) is finite. We want to
show that Im(p) is finite.

Since Im(A) is Tm(p)-invariant, there exists a finite-index subgroup II’ of II, ,, such that p(IT") fixes Im(A)
pointwise. Denote by (p’, A") the decorated homomorphisms induced by II' C I ,,.

Now, the images of A’ and of A coincide by the above observation and p' fixes them pointwise, thus p’ is
coaxial. If p’ were non-central, then Im(A") would contain either one point or two antipodal points: in
either case, (p’, A’) would be elementary, against our hypothesis. Hence, p’ is central and so p has finite
image. O

4.7.2 Spin structures Let S be a compact Riemann surface. By [2] a spin structure on S corre-
sponds to a holomorphic line bundle L on S such that L®? = K. Since H!(S;Z/2) can be identified to
the group of holomorphic line bundles on S of order two, the set of spin structures is simply transitively
acted on by H(S;Z/2) = (Z/2)%.

For the Riemann surface CP!, there is a unique spin structure up to isomorphism. Indeed, the square
of L = O¢pi1(—1) — CP! is isomorphic to Kcpi. Note also that the total space of L can be identified
to C?\ {0} and that the usual action of PSLy(C) on CP! lifts to the standard action of SLy(C) on
L =C2%\{0}.

Note that, upon identifying the center Z(SUz) = {£I} with Z/2, an element of H'(S;Z/2) can be
viewed as a homomorphism ¢ : I, = m(S) — {£I} that sends every peripheral element to I. Thus,
H'(S;Z/2) acts on Hom(Il, ,,SUs) by sending (p, A) to (o - p, A), where o - p simply denotes the product
in SUs,: in particular, H'(S;Z/2) simply transitively acts on the set of SUa-liftings of a given (p, 4) in
Hom(I1, ,, SO3(R)).

Proof of Theorem T/Tl(o). Let h be a spherical metric on (S,z) and let ¢ : § — S? be a developing map
for h, with associated decorated monodromy homomorphism (g, A).

The existence of an SUs-lifting for (p, A) was shown in [15, Proposition A.1]. Since such liftings can be
put in bijection with H'(S;Z/2), there are exactly 229 of such.

In order to see that an SUy-lifting of (p, A) bijectively corresponds to a choice of L satisfying L®? = K,
it is enough to construct an H'(S;Z/2)-equivariant map

L : {SUy-liftings of (p, A)} — {L|L®? = Kg}/isom.

Consider the action of I, ,, = 7 (S) by deck transformations on S. Given an SUy-lifting p of 7, we can
lift the II, ,,-action from S to

L= {(&,1(F),v) € § x CP x (C2\ {0}) | [v] = o(&)}.

The quotient determines a line bundle Lon S: the isomorphism Ogp1 (—1)%? = Kepr induces the isomor-
phism L®? = Kg on S, since ¢ is a local biholomorphism.

In order to extend the isomorphism L®2 2 K & over the puncture x; for all ¢, choose a coordinate z in a
disk neighbourhood V; C S of x; and a local coordinate w on CP!' in such a way that the developing map
on V; := V;\ {z;} can be written as a multi-valued function i(z) = 2%:. This way the section +*v/dw of L’V-

can be multi-valued. Since the pull-back of dw via z 2 = wis 929" dz, the section o; = z =N (t*Vdw)
of L|V- is single-valued. So we define L — S to be the unique extension of L whose local sections on V;

are generated by ;. It follows that the isomorphism L®2 =~ K. whose restriction to V; sends 0?2 to

Y;dz, extends over V; to an isomorphism L®2 = Kg. Then we set L(p, A) := L. It is easy to check that
L is H'(S;Z/2)-equivariant. O
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4.7.3 Properties of decorated monodromy homomorphisms By Theorem Vﬁ(o) proved
above, we know that decorated monodromy homomorphisms admit SUs-liftings. Using this piece of
information, we are ready to complete the proof of our last main result.

End of the proof of Theorem VII. Asin the previous part of the proof, let h be a spherical metric on (S, x)

and let © : S — S? be a developing map for h, with associated decorated monodromy homomorphism
(P, A). Also, fix an SUs-lifting (p, A) of (p, A).

(i) By contradiction, suppose that (p, A) is elementary. Since n > 1, the image of A is non-trivial and so
the infinitesimal centralizer h = 3(p, A) C suy is 1-dimensional. Thus the decoration A takes values in b
and p takes values in H = exp(h) C SUs. Fix now an element 0 # X € h. It induces a nontrivial Killing
vector field on S? that vanishes at S? N h (remember that we are viewing S? as the unit sphere inside
suz). Its pull-back V on S is 71(S)-invariant holomorphic vector field, which descends to a nontrivial
holomorphic vector field V on S. Note that the developing map extends to S by sending 08 to S2 N h,
and so the vector field V' vanishes at . Since deg(Ts(—x)) = 2 —2g —n < 0, it follows that V must
vanish. This contradiction proves that (p, A) must be non-elementary.

As for the image of A in S2, note first that every finite-index subgroup II' C II, ,, corresponds to a finite
unbranched cover $' — S and that the decorated homomorphism (p’, A’) induced by (p, A) corresponds
to the monodromy of the spherical metric i’ induced on S’ by pull-back as in Remark 4.11. At the
beginning of the proof of (i) we have already shown that (p’, A’) cannot be elementary. Hence, by Lemma
4.13 there are two possibilities: either A achieves infinitely many values, or the image of p is finite. In
the former case, we have already achieved the wished conclusion. In the latter case, we consider the cover
$’ — S associated to II' = ker(p), which has finite-index in I, . Since p’ is trivial, the developing map
¢ descends to S’ and extends to a finite cover 7 : S’ — S2. Such cover 7’ ramifies at the conical points of
(8",h') and its branching locus is contained inside the image of A’. Since x(S') < 0, it follows that the
branching locus of 7 contains at least three points and so A’ must achieve at least three values.

(ii) It follows from (i) by Lemma I(a). It is also in [12, Theorem 5].

(iii) Since (p, A) € %, the image of A sits on a p-invariant plane P. The pull-back (P N S?) descends
to a graph in S that passes through the conical points. Let {H;} be the connected components of the
complement of such graph. We want to show that each H; is a hemisphere.

LetNI;Q- be a connected component of the preimage of H; inside S. Since each isometry of H; fixes a point
in H;, the stabilizer of H; inside 7r1(5) is trivial and so H; = H;. Moreover ¢ properly maps H; to S? \ P
as a local isometry. It follows that ¢ is an isometry of ﬁi onto a connected component of S? \ P, and so
f{i =~ H; is a hemisphere.

(iv) Since p is central, then the developing map ¢ descends S and extends to a cover 7 : S — S2, whose
branch locus is contained inside the image of A. Since (p, A) belongs to io, the decoration A takes values
in a plane P C sus, and so the branch locus is contained in the maximal circle P N S2. O
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Appendix A. Constraints on edge lengths of spherical polygons
(by Daniil Mamaev)

Abstract

We give a short proof of a well-known criterion for the existence of polygons in S? with
given edge lengths.

A.1 Introduction

We describe a solution to a classical problem on standard collections of unitary matrices, and restate it
in the language of spherical polygons.
Definition A.1. A collection of elements Uy, ..., U, € SU(2) is called standard it Uy - ... - U, = 1.

Question A.2 (Existence of standard collections). For which I = (Iy,...,1l,) € [0,1]™ there exist a
standard collection of matrices Uy, ..., U, € SU(2) such that the eigenvalues of U}, are ety

Recall that SU(2) can be naturally identified with the unit sphere S, and as a result we can rephrase
Question A.2 as follows.

Let Uy, ..., U, be astandard collection such that the eigenvalues of Uy, are ¥ with I, € [0,1]. Consider
the set of partial products p; = Uy - ... U;_1 so that
l=p1, Ui=p2..., U-...-Uy_1=p, €SU2).

Then for any two consecutive points py_1, pr the distance dss (pg—1,pr) is 7 - lx—1. Note that in the case
lk—1 ¢ {0,1} there exists a unique geodesic py_1py of length 7 - [_; that joins pr_1 and py.

Definition A.3. A spherical polygon in S® with edge lengths 7 - (I1,...,l,) is a collection of points
D1y ..., Ppn such that dgs(pr—1,pr) = 7 - lk—1 and dss (pn,p1) = 7 - l,,. A spherical polygon is called coazial
if its vertices lie on one great circle.

For I = (I1,...,1,) € [0,1]" we denote by Pol () C (S®)" the space of all spherical polygons with edge
lengths 7 - I.

Question A.4 (Existence of spherical polygons). For which I € [0,1]™ there exists a spherical polygon
in S* with edge lengths (7ly,...,nl,)? In other words, for which I is the space Pof (I) non-empty?

In order to state the answer we need one more definition.

Definition A.5. A vertex of the unit n-cube [0,1]" is odd (resp. even) if its coordinates add up to an
odd (resp. even) integer. The n-demicube DC,, is the convex hull of all even vertices of [0, 1]™.

We recall that the standard ¢!-distance on R" is defined as di(z,y) := >, |zi — yil.

Remark A.6. The n-demicube can be obtained from the unit n-cube by cutting out 2"~' tetrahedra
each containing one odd vertex and n adjacent even vertices. Denote the set of odd vertices of [0, 1]™ by
Vodd- Then the n-demicube DC,, coincides with the subset of [0, 1]™ consisting of points at 1 -distance at
least 1 from Vq4q.

The main result of the appendix is the following theorem, which is essentially contained in the works of
Galitzer [2] and Biswas [1].
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Theorem A.7. Forl = (ly,...,1l,) € [0,1]™ a spherical polygon with edges of lengths 7 - l; exists if and
only if L € DC,,, namely, if and only if di(l, Voaa) > 1.

We conclude with a slight refinement of Theorem A.7.
Corollary A.8. Letl € [0,1]".

(i) If di (1, Voaa) = 1, then a polygon with edge lengths m -1 is unique up to an isometry of S* and is
coazial.

(1) If di(l, Voaa) > 1, then there exists a non-coazial polygon with edge lengths 7 - 1.

A.2 Proof of Theorem A.7

The proof of Theorem A.7 is organized as follows. In Lemma A.9 we introduce the group Iso(DC,,)
of self-isometries of the n-demicube DC,,. By Lemma A.11 the spaces of polygons Pof (1) and Pof(l’)
are isomorphic whenever [, 1’ belong to the same Iso(DC),)-orbit. Hence it is sufficient to determine a
fundamental domain F,, C [0,1]" for the action of Iso(DC,) on [0,1]" and prove that, for I € F,,, the
space Pol (1) is non-empty if and only if I € DC,, N F,,. This last step is achieved in Proposition A.13.

Lemma A.9. The group Iso(DC,,) of self-isometries of the n-demicube is generated by the subgroup
(isomorphic to S, ) of linear trasformations that permute the n coordinates and by the symmetry T2
defined as

T12(l1, lg,lg, ceey ln) = (1 - ll, 1-— lg, l3, ey ln)

Proof. Any isometry of the n-demicube is induced by an isometry of the unit n-cube that sends even
vertices to even. Hence, Iso(DC,,) is an index 2 subgroup in the group of isometries of [0,1]". The group
Lin(DC,,) of linear transformations that permute the coordinates is clearly isomorphic to S,, and acts by
isometries on DC,,. It is easy to see that the subgroup G of isometries generated by Lin(DC,,) and 712 acts

transitively on the set of vertices of DC,,. Now, DC,, has 2"~! even vertices and the stabilizer of (0, ...,0)
inside G is exactly Lin(DC,, ), which has order n!. It follows that G has order n!-2"~!. We conclude that
G is a subgroup of Iso([0, 1]™) of index 2, contained inside Iso(DC},), and so G = Iso(DC,,). O

From now on we identify .S,, with Lin(DC,,).

Remark A.10. The group Iso(DC,,) is acting on the unit cube sending its odd vertices to odd vertices.
As a result, the action of Iso(DC,,) preserves the ¢!-distance from points of DC,, to Voqq. Hence all 271
simplicial faces of DC,, that are at ¢!-distance 1 from V,qq are permuted by the action of Iso(DC,).

Lemma A.11. (i) For anyl € [0,1]" and any g € Iso(DC,,) there is an isomorphism g.. : Pol (1) — Pol (g -1).
In particular, Pol (1) is empty if and only if Pol (g -1) is.

(ii) Furthermore, the image of a coaxial polygon in Pol (1) under g, is coaxial and if two polygons in Pol (1)
are congruent, then so are their images in Pol (g -1).

Proof. (i). Since S,, is generated by transpositions (i,7 + 1), according to Lemma A.9 it is enough to
prove the statement for all g = (4,4 4+ 1) and g = 7y2.

Suppose g = (1,2) (the case g = (4,7 + 1) is identical). If Iy = I3, there is nothing to prove. Otherwise,
let P € Pol(l) be a polygon with vertices pi,...,p,. Since I3 # la we have p; # p3. Hence, there
is a unique geodesic sphere S? C S? equidistant from p; and p3 (this 2-sphere depends algebraically
on positions of p; and p3). Let o be the reflection of S® with respect to such S? and set p), = o(p2).
Then define g,(P) to be the polygon with vertices p1,ph, ..., p, We obtained the desired isomorphism
TO[(ll,l27 ey ln) = fPO[(ZQ, ll, ey ln)

Suppose now g = 112. Given a polygon P € Pol (1) with vertices p1,...,pn, we let g.(P) be the polygon
with vertices pi, —pa, ps3, . .., Pn, Where —ps is the point of S antipodal to ps.

(i) It is clear that both g = (¢,i4+1) and g = 715 send coaxial polygons to coaxial polygons, and congruent
polygons to congruent polygons. O

Lemma A.11 implies that in order to understand the spaces Pol (I) of n-gons in S* with arbitrary edge
lengths it will be enough to consider Pof (1) with I € F,,, where:

F,, 2:{(11,...7171)6[0,1]n|ll+12§17 and llZl2Z>ln}
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Indeed, we have the following.

Lemma A.12. F, is a fundamental domain for the action of Iso(DC,,) on [0,1]™.

In order to motivate the above claim, endow R™ with the standard Euclidean product (-,-) and recall
from [3, pag.5] that the elements o, ..., a, € R™ defined as

a1 = —ej — €y, aj=¢_1—e fori=2...,n

form a simple root system of type D,,. The reflections v +— v — Mai generate the Weyl group W (D,,)

(i)
and the chamber

Ap, ={veR"|(v,0;) >0 forj=1,...,n}=
={veR"|v1+v2 <0, and v;—1 >v; forj=1,...,n}

is a fundamental domain for the action of W(D,,) on R™.

Note that the translation operator T'(v) := v + (3,...,1) conjugates the actions of W (D,) and of
Iso(DC,,), namely T - W(D,,) - T~ =Iso(DC,,).

Proof of Lemma A.12. By the above discussion, T'(Ap, ) N[0,1]" is a fundamental domain for the action
of Iso(DC,,) on [0,1]™. We conclude by observing that F,, = T(Ap,)N[0,1]". O

Next we determine for which I in a certain subdomain of [0, 1] the space Pof (1) is non-empty.

Proposition A.13. Let n > 2 and l4,...,l, be real numbers satisfying 1 > 1, >l > ... > 1, >0 and
1/2 > 3. Then Pol(ly,...,1l,) is non-empty if and only if Iy <lo+ ...+ 1.

Proof. The ‘only if’ part of this proposition is just the triangle inequality in S. We prove the ‘if’ part
by induction on n.

If n = 2, then we have 1/2 > I3 = Iy > 0 and all polygons in Pof () consist of two overlapping edges,
joining two points at distance m - [; from each other.

Suppose n = 3 and (I1,1ls,3) satisfies 1 > I3 > Iy > I3 > 0 and I; < Iy + 3. Then there exist two
degenerate triangles T_ and T lying on a great circle with two edges of lengths 7 - (I2,13). The third
edge of T_ and Ty has length 7 - (I — I3) and 7 - (I3 + I3). Since we can continuously deform T_ to T
so that the length of the first two edges stays equal to [y and l3, the third edge can achieve any length in
7+ [la — 3,12 + 3], and so in particular it can achieve length 7 -1;. Note that in this case n = 3 we are not
using the hypothesis I3 < %

Now let n > 4 and (l,...,1,) be an n-tuple satisfying 1 > 1y > ... > 1, > 0,13 < 1/2and 1 <lo+...+1,.
There are two cases.

1. h<la+...+1l,_9+ (ln—l — ln)
In this case, by induction there exists a polygon with (n—1) vertices and edge lengths 7 - (I1,...,lh—2,ln—1 — I5).
Replacing the last edge by two edges of lengths 7 -1,,_1 and 7 - [,, lying on the same great circle, we
obtain the desired polygon with edge lengths 7 - ({1,...,1,).
2. ly >+ ...+l o+ (ln,1 — ln)
In this case we construct the desired polygon from scratch. The first edge is a segment of length
7 -1y on a great circle C starting at a point p;. The edges from the second to the (n — 2)-th lie
on the great circle C' and go in the direction opposite to the first one. Let p,_; be the end of the
(n — 2)-th edge. We have % - |p1,pn_1| =11 — Iz — ... — I, and therefore

™
1
0 S lnfl - ln < ; : |P1,Pn—1| S (lnfl + ln) S 1.
We have seen in the case n = 3 that there exists a triangle with edge lengths 71,1, 7 l,,, |p1, Pn—1]-

Thus there exists a point p, € S* such that |p,_1pn| = 7-l,_1 and |p,p1| = 7 - I,,. Thus the points
p1,---,Pn are the vertices of a polygon in Pof (1).

O

Another advantage of working with F), instead of [0, 1]™ is the following.
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Lemma A.14. Letl = (ly,...,l,) € F,. Then
dl(lv%dd) = dl(l,el) = (]. — ll) +lg + ... +ln

Proof. Tt is clearly enough to show that d; (I, Vo4q) is achieved at e; = (1,0,...,0).

Assume that the distance d; (I, Voaq) is achieved at the point © = (z1,...,2,) € Voaa. If 1 = 0 then for
some ¢ > 2 we have x; = 1, but since [; > I;, replacing (z1,2;) by (1,0) will not increase the distance
di(l,z). So we can assume z; = 1. Now, if for some ¢ > j > 2 we have x; = x; = 1, then replacing x;
and z; by 0 does not increase the distance dq (I, x), since [;,1; <l < (1 +12)/2 < 1/2. We conclude that
e1 = (1,0,...,0) is indeed closest to I. O

Proposition A.13 motivates the introduction of the following set:

Tn:{IEFn|l1§l2+...+ln}:
z{le[O,l]"|llzzlm lh+1s <1, andl1§12+...+ln}.

Lemma A.15. T,, = DC, N F,.

Proof. Recall that DC,, = {l € [0,1]™ | d1(I,Vioaq) > 1} by Remark A.6. By Lemma A.14 we conclude
that

DCnﬁFnZ{lEFn | dl(lavodd) > 1}:
={leF, | 1-lW)+l+...+1, >1} =T,.

O

Proof of Theorem A.7. Let E, be the subset of I € [0,1]" for which Pol(l) is not empty. We want to
show that E,, = DC,,.

Now DC,, is clearly Iso(DC,,)-invariant and E,, is Iso(DCp)-invariant by Lemma A.11. Since F, is a
fundamental domain (Lemma A.12), it is enough to show that DC,, N F,, = E,, N F,,.

Since every I € F,, satisfies the hypotheses of Proposition A.13, we obtain T,, = E, N F,. The proof is
complete, as T,, = DC,, N F}, by Lemma A.15. O

Proof of Corollary A.8. Recall that F), is the fundamental domain of the action of Iso(DC},) on the unit
cube (Lemma A.12), and that such action preserves the ¢!-distance from V,qq (Remark A.10). Moreover
every element g € Iso(DC),) determines an isomorphism between Pol (1) and Pol (g-1) that sends congruent
polygons to congruent polygons and coaxial polygons to coaxial polygons (Lemma A.11). So, it is enough
to prove the claims for I € F),.

Let now I € F,,. By Lemma A.14, we have dy(I,Voaqa) = di(l,e1) = (1 —11) +la+ -+ Ip.

(i) Assume di(l,Voqq) = 1, so that Iy = ls + ...+ [,. By the triangular inequality in S?, a polygon
P € Pol (1) must be a segment in S of length 7-1; traced twice, so it is coaxial and unique up to isometry
of S3.

(ii) Assume dq(l,Voqq) > 1, so that I3 <l + ...+ 1,. We first observe that, for n = 3, no such polygon
in Pol (1) is coaxial. So we can assume n > 4. Note that, if [,, = 0, we can reduce to studying the case of
(n — 1)-gons with edge lengths (I1,...,l,,—1). Thus we can assume l,, > 0.

The below argument consists just on a closer inspection of the proof of Proposition A.13.

Ifly <lpo+---+1l—2+ (ln—1 — l,), then by induction there exists a non-coaxial polygon with (n — 1)
vertices and edge lengths 7 - (Iy,...,lh—2,lp—1 — I, +n) with n = 1,/2 > 0. Since l,—1 — 1, +n €
(ln—1 — ln,ln—1 + 1), the last edge can then be replaced by two edges of lengths 7 -1,,_1 and 7 - [,,, and
we obtain the desired non-coaxial polygon with edge lengths 7 - [.

Ifly >lo+---+ 12+ (In—1 — ), then the last two edges of the polygon constructed in the proof of
Proposition A.13 do not lie on the same great circle, because

1
0<l,1 =1l < ; : |P17Pn—1| < (ln—l + ln) <1l

It follows that such polygon has edge length 7 -1 and is not coaxial. O
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