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Abstract: We introduce a family of pairings between a bounded divergence-measure vector field and a func-
tion u of bounded variation, depending on the choice of the pointwise representative of u. We prove that these
pairings inherit from the standard one, introduced in [G. Anzellotti, Pairings between measures and bounded
functions and compensated compactness, Ann. Mat. Pura Appl. (4) 135 (1983), 293-318], [G.-Q. Chen and
H. Frid, Divergence-measure fields and hyperbolic conservation laws, Arch. Ration. Mech. Anal. 147 (1999),
no. 2, 89-118], all the main properties and features (e.g. coarea, Leibniz, and Gauss—Green formulas). We
also characterize the pairings making the corresponding functionals semicontinuous with respect to the strict
convergence in BV. We remark that the standard pairing in general does not share this property.
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1 Introduction

In the seminal papers [6, 10], the product rule
div(ud) = udivA + A - Vu, (1.1)

for smooth functions u and regular vector fields A in RY, has been suitably extended to BV functions and
bounded divergence-measure vector fields. In particular, Chen and Frid [10] showed, using a regularization
argument, that there exists a finite Radon measure (A, Du).., which coincides to A - Vu £V in the smooth case,
such that the relation

div(uA) = u* divA + (A, Du), (1.2)

holds in the sense of measures. The measure (A, Du)., usually called Anzellotti’s pairing and that we call in
the sequel the standard pairing between A and Du, is then defined in terms of the precise representative u*
of u, which is the pointwise value of u obtained as limit of regularizations by convolutions.
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The standard pairing turns out to be a basic tool in many applications. We mention here, among oth-
ers: extensions of the Gauss—Green formula [6, 8, 9, 13-16, 18, 19, 30]; the setting of the Euler-Lagrange
equations associated with integral functionals defined in BV [4, 32, 33]; Dirichlet problems for equations
involving the 1-Laplace operator [5, 8, 21, 22, 26, 27]; conservation laws [10-14, 17]; the Prescribed Mean
Curvature problem and capillarity [30, 31]; continuum mechanics [9, 23, 37, 38].

On the other hand, the standard pairing is not adequate when dealing with obstacle problems in BV (see
[34-36]) or with semicontinuity properties, as we will explain below. The aim of this paper is to introduce
a new family of pairings, depending on the choice of the pointwise representative of u, suitable to treat this
kind of problems.

The main ingredients to build this family of pairings are the absolute continuity of the measure div A with
respect to the (N — 1)-dimensional Hausdorff measure HN-1, and the fact that the pointwise value of a BV
function can be specified up to an H¥-!-negligible set. Indeed, a BV function u is approximately continuous
outside a singular set S, and its approximate upper and lower limits u* and u~ coincide with the traces
of u on the countably HN-1-rectifiable jump set J, c Sy, with HN-1(S, \ J.) = O (see Section 2.2). Hence,
a representative of u can be defined by its approximate limit & outside S, and through its traces u* on J,,. We
remark again that the presence of u* := %(uJr +u~)in (1.2) as the pointwise representative of u is due to the
regularization argument used in [10] in order to define the standard pairing.

Recently, Scheven and Schmidt [34-36] have been in need to introduce the pairing
(A, Du); := —u*divA + div(uA) (1.3)

in order to study weakly 1-superharmonic functions and minimization problems for the total variation with an
obstacle. Indeed, in this case, the presence of the representative u™ comes out from (1.1) using the one-sided
approximation procedure of u introduced in [7].

In this paper we prove that, for every Borel function A: RY — [0, 1], there exists a measure (A4, Du), such
that
div(uA) = u' divA + (A, Du)y, (1.4)

where u? := (1 - )u~ + Au™ is a selection of the multifunction x — [u~(x), u*(x)]. We show that, if the jump
part div’/ A of div A vanishes (see Proposition 2.3 for the definition), then (A, Du), is independent of A.
We show that this freedom in the choice of u” is necessary in order to obtain semicontinuity results in BV
for the functionals
Fo(u) := (A, Du)r, @), @ € C(RY), 9 >0. (1.5)

We characterize the selections A such that these functionals are lower (resp. upper) semicontinuous with
respect to the strict convergence in BV. More precisely, denoting by (div A)* the positive and the negative part
of the measure div A, the choices of A which guarantee the lower semicontinuity of the functionals in (1.5)
satisfy

(A, Du)y = —u™(divA)" + u=(divA)~ + div(uA), (1.6)

whereas the upper semicontinuity is characterized by
(A, Du)y = —u~(divA)* + u*(divA)~ + div(uA). (1.7)

As a consequence, it is a matter of fact that, in general, the standard pairing does not share these semiconti-
nuity properties. On the other hand, if divA < 0, as in [34-36], from the above result follows that the pairing
(1.3) is upper semicontinuous with respect to the strict convergence in BV.

The plan of the paper is the following. In Section 2 we recall some known results on BV functions,
divergence-measure vector fields and their weak normal traces. In Section 3 we focus our attention on the
summability of u! with respect to the measure |div A| and on some related properties of the truncated func-
tions. In Sections 4, 5 and 6 we introduce the generalized pairing and we prove that it inherits from the
standard one all the main properties and features. More precisely, (A, Du), is a Radon measure, absolutely
continuous with respect to |Du|, it satisfies the coarea, the chain rule and the Leibniz formulas, and it is
consistent with the Gauss—Green formula.
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The proofs of these results are based on the analogous properties valid for the standard pairing (see [19]),
the fact that the generalized pairing differs from the standard one only by a term concentrated on J, (see (4.3)),
and some representation results of the normal traces of A on J, (see [1]).

Our main application of the above theory is proposed in Section 7, where we consider the semicontinuity
properties of the functionals F, defined in (1.5), with respect to the strict convergence in BV. In Theorem 7.6
we prove the characterizations (1.6)—(1.7) of the semicontinuous pairings. The proof is based on a recent
result of Lahti (see [28]), which assures the lower (upper) semicontinuity of the lower u~ (upper u*) limit
under the strict convergence in BV, combined with the one-sided approximation result in [7], and a very
careful treatment of the jump part of the measure div A. We show by easy examples that no semicontinuity
property has to be expected with respect to the weak* convergence in BV.

2 Notation and preliminary results

In the following Q will always denote a nonempty open subset of RN, For every E c Q, yg denotes its charac-
teristic function. We say that Ej, converges to E if yg, converges to g in L1(Q).

We denote by £V and HN-! the Lebesgue measure and the (N — 1)-dimensional Hausdorff measure in RV,
respectively.

If E ¢ RV is an open set, the notation ¢ ./ xr denotes any family (¢;) of smooth functions with support
in E, such that 0 < ¢; < 1, and lim; ¢;(x) = 1 for every x € E.

Given an £N-measurable set E ¢ RN, For every t € [0, 1] we denote by E! the set

Et::{xe]RN: lim Mz }
p—0r  LN(B,(x))
of all points where E has density ¢. The sets E%, E', 0°E := RN \ (E® U E?) are called respectively the measure
theoretic exterior, the measure theoretic interior and the essential boundary of E.
Let u: Q — R be a Borel function. We denote by u~ and u* the approximate lower limit and the approxi-
mate upper limit of u, defined respectively by

u*(x) := inf{t € R : {u > t} has density O at x},
U (x) :=sup{t € R : {u > t} has density 1 at x}.

The function u is approximately continuous at x € Q if u*(x) = u(x) and, in this case, we denote by i(x) the
common value.

. 1
Given u € Lloc

(Q), x € Q is a Lebesgue point of u (with respect to £V) if there exists z € R such that

j lu(y) -zl dy = 0.

lim ——
-0 LN(B,(x))
Br
In this case, x is a point of approximate continuity, and z = ti(x) (see [24, Proposition 1.163]). We denote by
Su ¢ Q the set of points where this property does not hold.
We say that x € Q is an approximate jump point of u if there exist a, b € R and a unit vector v € R" such

thata # b and

Jim B J lu(y) - aldy =0,
) B 2.1)
rlif(f){r m J lu(y) - bldy =0,
Bf(x)
where Bﬁ(x) :={y € B,(x) : (y—x)-v>0}and B¢(x) := {y € By(x) : (y—x)-v < 0}. The triplet (a, b, v), uniquely
determined by (2.1) up to a permutation of (a, b) and a simultaneous change of sign of v, is denoted by
(ul(x), ue(x), vu(x)). The set of approximate jump points of u will be denoted by J,.
An HN-1-measurable set E ¢ RN is countably HN~'-rectifiable if there exist countably many C' graphs

(Zi)ien such that HN-Y(E\ |J; £) = 0.
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2.1 Measures

The space of all Radon measures on Q will be denoted by M(Q).
Given pu € M(Q), its total variation || is the nonnegative Radon measure defined by

|[UI(E) := sup{ Z |[u(EnR)| : En p-measurable sets, pairwise disjoint, E = U Eh},
h=0 h=0

for every p-measurable set E and its positive and negative parts are defined, respectively, by
. lul+pu _ . lul-p
T
If uy, o € M(Q), then max{py, po} (resp. min{us, u}) is the measure that assigns to every Borel set E ¢ Q,
the supremum (resp. infimum) of u; (E1) + p2(E>) among all pairwise disjoint Borel sets E; and E; such that
E{UE, =E.
Given pu € M(Q) and a p-measurable set E, the restriction p L E is the Radon measure defined by

ulL_E(B) =pu(EnB) forall B yu-measurable, B c Q.
We recall the following property (see [3, Proposition 2.56 and formula (2.41)]):
EcQ, [ul(E)=0 = |u|(B,(x)) = o(rN1) for KN t-a.e.x € E. (2.2)

Given a nonnegative Borel measure v, we say that u € M(Q) is absolutely continuous with respect to v
(and we write u < v), if |u|(B) = O for every set B such that v(B) = 0.

We say that two positive measures vy, v, € M(Q) are mutually singular (and we write v, 1 v,) if there
exists a Borel set E such that |[v{|(E) = 0 and |v>|(Q \ E) = 0.

By the Radon—Nikodym theorem, given a nonnegative Radon measure v, every u € M(Q) can be uniquely
decomposed as u = pp + u> with g3 < v and p, 1L v, and there exists a unique function (called the den-
sity of p with respect to v) b, € L(Q, v) such that u; = ¥, v. In particular, since u < |u|, then there exists
Y e LY(Q, |ul), with [| = 1 |u|-a.e.in Q, and such that u = |u|. This is usually called the polar decomposition
of u.

The following lemma shows the relation between the densities of y and |u|, where u is a Radon measure
absolutely continuous with respect to HV-1.

Lemma 2.1. Let u < HN~! be a Radon measure in Q, and let u = P|u| be its polar decomposition. Then there
exists a Borel set Z c Q, with |u|(Z) = O, such that every x € Q \ Z is a Lebesgue point of ) with respect to ||,

and
u(By(x))

=LecR < 3lim =) L. (2.3)
™0

. ul(Br(x)
3 lim ——— e

™o rN-1

Proof. Let A c Q be the set of Lebesgue points of i with respect to |u|. By [3, Corollary 2.23], we have that
[uI(Q\ A) = 0. Since || = 1 |u|-a.e., it is not restrictive to assume that

J [P(y) - Ppx)|diul =0 forall x € A.

r(X)

1
= 1’ 1. T20/D 7oy
Yol ™o [u1(Br(x)) .

Moreover, from [3, Theorem 2.56 and (2.40)], the set

Zy = {x eQ: limsupw = +oo]»
™0 re-

has zero 3(N-1-measure, hence also |u|(Z;) = 0.
IfwesetZ := (Q\ A) U Zy, then |u|(Z) = 0and (2.3) holds in Q \ Z. Specifically, given x € Q \ Z, B;(x) ¢ Q
and ¢ € C.(Q) with support in B,(x), since [(x)| = 1, we have that |1 — Y (V)P (x)| = [P(y) — Y(x)|, and hence

|j¢mm—¢u4#MA=
Q Q

j¢mn—wwwmmmw4

B:(x)

< N1@lloolul(Br(x)) } B, ()| (y) = p ()l dlul(y).
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Taking ¢ / x,(x) and dividing by rN-1, we finally get

B, B, B,
I — oo KO QD L g, i) - ot din)

hence (2.3) follows because x ¢ Z; and x is a Lebesgue point of ). O

Given u € M(Q), we denote by p = u? + u® its Lebesgue decomposition in the absolutely continuous part
u? < LN and the singular part u 1 £N. We recall a relevant decomposition result for u° (see [2, Proposi-
tion 5]).

Proposition 2.2. Ifu € M(Q) is such that u* <« HN-1, then u° can be uniquely decomposed as the sum W + u°¢,
where W, u€ € M(Q) are two mutually singular measures having the following properties:

(i) u¢(B) = 0 for every B such that HN-1(B) < +co.

(ii) The set

B0 o)

0y := {x € Q : limsup N1

r—0+
is a Borel set, o-finite with respect to HN-1.
(iii) There exists f € L1(0,,, HN-1L_0,) such that W = fHN-11_0,.
The measures p/, u° are called jump part and Cantor part of the measure p, while 0, is called jump set of u.

2.2 Functions of bounded variation

We say that u € L1(Q) is a function of bounded variation in Q if the distributional derivative Du of u is a finite
Radon measure in Q. The vector space of all functions of bounded variation in Q will be denoted by BV(Q).
Moreover, we will denote by BV}o.(Q) the set of functions u € Lll0 (Q) that belongs to BV(A) for every open set
A € Q (i.e., the closure A of A is a compact subset of Q).

If u € BV(Q), then Du can be decomposed as the sum of the absolutely continuous and the singular part
with respect to the Lebesgue measure, i.e.,

Du = D% + D%u, D% =vuclV,

where Vu is the approximate gradient of u, defined £N-a.e. in Q (see [3, Section 3.9]). The jump set J,, has the
following properties: it is countably H{N~1-rectifiable and HN1(S, \ J.) = 0 (see [3, Definition 2.57 and Theo-
rem 3.78]); it is contained in the set ©p, defined in Proposition 2.2 (ii) with 4 = Du, and HN-1(@p, \ J,) = 0
(see [3, Proposition 3.92 (b)]). By Proposition 2.2, the singular part DSu can be further decomposed as the
sum of its Cantor and jump part, i.e., DSu = Du + Diu, Du := DSul_(Q\ S,), and

Dlu:=D%ul J, = ' —u®) vy HN1LJ,,.
We denote by D%u := D% + DCu the diffuse part of the measure Du.
At every point x € J, we have that —co < u™(x) < u*(x) < +oo and
u”(x) = min{u!(x), u®(x)}, u*(x) = max{u'(x), ué(x)}, xeJ,.
Moreover, we can always choose an orientation on J, such that u = u* on J, (see [25, Section 4.1.4, Theo-

rem 2]). In the following we shall always extend the functions ut, u€ to Q \ (Sy \ J.) by setting

u=uf=% inQ\S,.

Given a Borel function A: Q — [0, 1], the A-representative of u € BV},.(Q) is defined by
u(x), Q\ Sy,
) = {5 XN Sy (2.4)
(1 -200))u"(x) + A()u*(x), x¢€]Jy.
1

When A(x) = % forevery x € Q, the A-representative coincides with the precise representativeu™ := 5 (u* +u")
of u.
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Let E be an £¥-measurable subset of RY. For every open set Q c RY the perimeter P(E, Q) is defined by

P(E, Q) := sup{J divpdx: @ e CHQ,RY), [@lleo < 1}.
E
We say that E is of finite perimeter in Q if P(E, Q) < +oo.
Denoting by yr the characteristic function of E, if E is a set of finite perimeter in Q, then Dy is a finite
Radon measure in Q and P(E, Q) = |Dyg|(Q).
If Q c RY is the largest open set such that E is locally of finite perimeter in Q, we call reduced boundary
0*E of E the set of all points x € Q in the support of |Dyg| such that the limit

Pe(x) = lim —XEBe))
p—0* |DXE|(Bp (X))
exists in RN and satisfies [Vg(x)| = 1. The function Vg: 0*E — SN~1is called the measure theoretic unit interior
normalto E.
A fundamental result of De Giorgi (see [3, Theorem 3.59]) states that 0*E is countably (N — 1)-rectifiable
and |Dyg| = HN-1|_ 9*E.IfE has finite perimeter in Q, Federer’s structure theorem states that 0* ENn Q c E 3¢
0¢F and HN-1(Q \ (E° U 9¢E U E1)) = 0 (see [3, Theorem 3.61]).

2.3 Divergence-measure fields

We will denote by DM®(Q) the space of all vector fields A € L>°(Q, RY) whose divergence in the sense of
distributions is a finite Radon measure in Q, acting as

J(pddiVAz—JA-V(pdx forall ¢ € C°(Q).
Q Q

Similarly, DM} (Q) will denote the space of all vector fields A € Lis.(Q, RY) whose divergence in the sense
of distributions is a Radon measure in Q.

The basic properties of these vector fields are collected in the following proposition.

Proposition 2.3. Let A be a vector field belonging to DM (Q), and let ©4 be the jump set of the measure

u = |div A|, defined in Proposition 2.2 (ii). Then the following hold:

@i |divA| « FN-1,

(ii) ©4 is a Borel set, o-finite with respect to HN-1.

(iii) div A = div® A + div’ A + div’ A, where div® A is absolutely continuous with respect to LN, div¢ A(B) = 0 for
every set B with HN-1(B) < +oo, and there exists f € L}(04, HN"1_ ©4) such that div' A = f HN-1_ 0,.

Proof. The main property (i) is proved in [10, Proposition 3.1]. The decomposition then follows from Propo-
sition 2.2. O

2.4 Weak normal traces

In what follows, we will deal with the traces of the normal component of a vector field A € DM*(Q) on
a countably HN1-rectifiable set £ c Q. In order to fix the notation, we briefly recall the construction given
in [1, Propositions 3.2, 3.4 and Definition 3.3].

Given a domain Q' € Q of class C!, the trace of the normal component of A on 0Q’ is the distribution
defined by

(Tr(4, 0Q"), ) := JA -V dx + J pddivA forall ¢ € CX(Q). (2.5)
Q' Q'

It turns out that this distribution is induced by an L* function on 0Q’, still denoted by Tr(4, 0Q'), and

ITr (A, 0Q")lLo@ar, 3081 0ar) < IAllLe@r)- (2.6)
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Given a countably H{N~1-rectifiable set Z, there exist a covering (Z;);cn of = and Borel sets N; € %; with
the following properties:
(R1) Z;is an oriented C! hypersurface, with (classical) normal vector field vg,,
(R2) N; c %; are pairwise disjoint Borel sets such that HN=1(Z\ |J; N;) = 0,
(R3) foreveryi € N, there exist two open bounded sets Q;, Qf with C! boundary and exterior normal vectors
Vg, and Vo respectively, such that N; € 0Q; n anf ,and

vy, (X) = vo,(x) = —vq! (x) forall x € N;.
We can fix an orientation on Z, given by
vi(x) :=vy,(x) HN"l-ae.onN;
and the normal traces of A on X are defined by
Tr°(A, Z) := Tr(A, 0Q;), Tr(A, %) := -Tr(4,0Q]) HV'-ae.onN;.

By a deep localization property proved in [1, Proposition 3.2], these definitions are independent of the
choice of %; and Nj. In what follows, the pair (Z, vs) (or, simply, X) will be called and oriented countably
HN-1.rectifiable set.

We remark that the normal traces belong to L (2, KN-1_%) and

divAL T = [Tr'(A, ) - Tr*(A, )] KN 1L (2.7)
(see [1, Proposition 3.4]). In particular, by (2.6), |divA|(Z) < 2] Al HN1(Z).

Remark 2.4. We observe that, if T is oriented by a normal vector field v and X' is the same set oriented by
v := —v, then

Tr¢(A,¥) = -Tr(A4, %), Tr(A,2):=-Trf(4, %),
so that the difference Tr(A, =) — Tré(A, ) is independent of the choice of the orientation on .

The following result is a consequence of (2.7) and will be used in the study of the semicontinuity of the
generalized pairing (see Theorem 7.6).

Theorem 2.5. Let A € DM™(Q), let divA = 4 |div A| be the polar decomposition of the measure div A, and let
¥ c Q be an oriented countably HN-1-rectifiable set. Then

Tri(A, £)(x) - Tr¢(A, £)(x) = lim CIIVLBNY()?) for HN"1.ge.x € 3, (2.8)
N0 wWn_1TV"
Tr'(A, Z)(x) - Tré(A, 2)(x) = Pa(x) lim w for HN"1.q.e. x € =. (2.9)
N0 wWn_11V"

Proof. From (2.2) with y :=|divA|L_X and E := Q \ Z, we have that

- N
lim divA[L (RT\ %) (Br(x) _ 0 forHN'lae xe>.

0 wy_1rN-1
On the other hand, by (2.7)
lim divAl 2(B,(x)) _ Tri(A, £)(x) - Tré(A, £)(x) for KN -ae.x € 3,

™o WN-1 rN-1
and hence (2.8) holds.
Let us define the sets

ivA|(B
¥ = {x €2 :3lim div AI(B () _ 0},
™0  wy_1rN-1

= {x € ¥:3lim div A|(B,()) > 0]».
™0  wy_1rN-1
By Proposition 2.3 (i) and [3, Theorems 2.22 and 2.83], we infer that HN-1(Z \ (2’ u £"")) = 0. From (2.8) and
Lemma 2.1 we deduce that the equality in (2.9) holds for H¥~1-a.e. x € =", On the other hand, from (2.8) we
deduce that Tri(A, Z)(x) - Tré(4, £)(x) = 0 for HN1-a.e. x € ¥, hence (2.9) follows. O
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For later use, we recall here a result proved in [19, Proposition 3.1].

Proposition 2.6. LetA ¢ DM™®(Q), u € BV(Q)NL®(Q) andlet T c Q be an oriented countably HN~'-rectifiable
set. Then uA € DM (Q) and the normal traces of uA on X are given by

u¢Tré(A,3) HN-lge.inJ,nZ,
Tr®(uA, %) =

Tré(A, %) HN-lage.inZ\Jy,,
(A, %) - u"Tr.’(A, %) HNlge.inJ,nZ,

i Tr'(A,Z) HNlae.inZ\J,.

3 Some remarks on L1(Q, |divA|)

In this section we analyze the properties of the functional spaces needed to define the pairing (A, Du),
introduced in (1.4).

Definition 3.1. Given A € DM™(Q), let us define the spaces:
BV(Q) nLY(Q, |divA|) := {u € BV(Q) : u* ¢ L}(Q, |divA])},
BVioe(Q) NLL (Q, |divAl) := {u € BV1oe(Q) : u* € LL (Q, |divA])}.

loc loc
Notice that |divA| « V-1 and u* is defined 7¥~1-a.e. in Q, hence the definitions are well-posed.

The following lemma shows that if u € BV(Q) n L}(Q, |divA|) then any representative u of u defined
in (2.4) (in particular u*, u™) is summable with respect to the measure |div A|, hence the definitions of the
spaces BV(Q) N L1(Q, |divA|) and BV(Q) n LY(Q, |divA|) are independent of the choice of the pointwise
representative.

Lemma 3.2. Let A € DM*(Q) and let u € BV.(Q). Given two Borel selections A, u: Q — [0, 1], then it holds:
i ule Llloc(Q, |div A|) if and only if u* € L}OC(Q, |div Al).

(ii) Foreverycountably HN-1-rectifiableset% c Q,u* € L}

loc

(Z, KN-1 LX) ifand onlyifu* € L}

loc

(=, HN-1L %),

Proof. We prove only (i), being the proof of (ii) entirely similar. By the representation (2.7) of divA L J, and
estimate (2.6), for every compact set K € Q we have

j (u* —u”) dIdivA| = j (Ut — u”)| T (A, J) - T (A, J)] AN < 2] All oo D ul(KD).

JunK JunK
Recalling that u* —u~ =0 in Q\ Sy, i.e., KN 1-a.e. in Q) J,, it follows that u* —u~ € Llloc(Q, |divAl). The
result now follows by observing that u* = u* + (A — p)(u* — u~). O

We underline that, for every A € DM™(Q) and every u € BV(Q), it holds

j | Tr¢(A, Jy)| (ut = u™) dFHV! < Al D ul(Q) < +oo.

Ju
Nevertheless, in general the functions | Tr€(A, J,))lu* are not summable with respect to HN-1L J,, even
under the additional assumption u € BV(Q) n L1(Q, |div A|), as it is shown in the following example.

Example 3.3. Let Q = B1(0) c R%. Let us show that there exist a vector field A € DM>(Q) and a function
u € BV(Q) n L1(Q, |divA|) such that

I | Tr"¢(A, J,,)lu* dH! = +oo.
Ju
Letl=r9>ry>--->ry,>---beadecreasing sequence converging to O such that

Y rj<+co, Y jrj=+oo,
j j
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and let u: QO — Rbe defined by u(x) = j, if r; < |x| < rj_1, j € N. Since
Judx =) ri<co, Du=) H'LOB,(0), [Dul(Q)=2m) rj< oo,
a j=0 j=1 j=1
it follows that u € BV(Q). We choose on the jump set J,, = U}fl 0B;,(0) the orientation such that ul=ut=j+1
and u® = u~ = j on 0By,(0).
Let (a;) ¢ R be a bounded sequence, and let
X . S
AR) = allx)) 7, with a(p) = Y @i X (P), p € (0,1).
j=1
We have that A € L®(Q, R2), Tri(A, J,,) = aj1, Tr°(A, Ju) = ajon 0B;,, and

a(lx|) =

divA = IXI L%+ Z(aj+1 - aj)H' L 0By,
j=1
. 1 S
|divA|(Q) < |Alle j i dx +2m) |aj;1 - aj| 1j < +oo,
Q j=1

so that A € DM*(Q). On the other hand, if we choose a sequence (a;) such that |aj| > ¢ > O for every j € N,
we have that -

j U | Tr"8(A, Ju)l d3t = 27c Y jrj = +oo.

Ju =1
We conclude this example observing that, with the choice a; = (-1)/, we have also that

Jui | Tr'(A, Ju) - Tr*(A, 1)l 3" = +oo.
Ju

We collect in the following proposition the main features of the truncation operator that will be useful to
generalize to u € BV(Q) n L1(Q, |div A|) properties valid in BV(Q) n L®(Q).

Proposition 3.4 (Properties of the truncated functions). Forevery k > 0, let
Ti(s) := max{min{s, k}, -k}, s e R.

Letu € BV(Q) and let A: Q — [0, 1] be a Borel function. Then the following hold:
(i) Tr(u®) = [Te)]* — u?, [Te)]? — ut, HV1-a.e.in Q.
(ii) |DTx(u)| < |Du| in the sense of measures, for every k > 0.
(iii) |[Tx(w)]*| < |u*| for every k > 0, hence

T < (1= D|u| +Alut| forallk > 0.
(iv) Ifu € BV(Q) n LY(Q, |div A|), then Tx(u!) — u in L1(Q, |div A|).

Proof. The proof of (i) can be found in [3, Theorem 4.34 (a)].

The inequality in (ii) is a consequence of the fact that Ty is a 1-Lipschitz function (see [3, first part of the
proof of Theorem 3.96]).

The inequalities in (iii) follow from |Tk(s)| < |s| and the equalities in (i), whereas (iv) follows from (iii),
Lemma 3.2, and Lebesgue’s Dominated Convergence Theorem. O

4 Definition and basic properties of pairings

Definition 4.1 (Generalized pairing). Given a vector field A € DM*(Q) and a Borel function A: Q — [0, 1],
for every u € BV(Q) n L1(Q, |div A|) the A-pairing between A and Du is the distribution (A, Du),: C(Q) —» R
acting as
((A, Du)p, @) := - J ut pd(divA) - j uA-Vedx, ¢ eCX(Q). (4.1)
Q Q
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Remark 4.2. The standard pairing
((A, D)., @) := - J u*pddivA - J uA- Vo dx,
Q Q

introduced in [6], and deeply studied in recent years (see e.g. [10], [19] and the references therein), is the
A-pairing corresponding to the constant selection A(x) = % for every x € Q.

Remark 4.3. The definition of generalized pairing and the properties proved in the rest of the paper can be
extended straightforwardly to vector fields A € DM} (Q) and functions u € BVioc(Q) N L) (Q, |div Al).

1
loc
Clearly, the change of pointwise values of u may just affect the behavior of the pairing on the jump set J,, of u.
More precisely, the following basic properties hold.

Proposition 4.4. LetA € DM™(Q), u € BV(Q) n L1(Q, |divA|), andlet A: Q — [0, 1] be a Borel function. Then
(A, Du), is a Radon measure in Q, and the equations

div(uA) = u' divA + (A, Du)y, (4.2)
(4, Du)y = (4, Dw. + (5 - )t ~w)divALJ, (4.3)

hold in the sense of measures in Q. Moreover, (A, Du), is absolutely continuous with respect to |Du|, and
[(A, Du)al < |AllcolDul. (4.4)

In what follows we will write
(A, Du)p = 6x(A, Du, x)|Dul, (4.5)

where 0,(A, Du, -) denotes the Radon—Nikodym derivative of (A, Du), with respect to |Dul.

Proof. Assume, in addition, that u € BV(Q) n L (Q). In this case the fact that (A, Du), is a Radon measure,
and the validity of (4.2) are straightforward consequences of the fact that the distribution

(div(ul), @) = JuA -Vodx, ¢eCP(Q)
Q

is a Radon measure in Q (see [10]). Moreover, we have that
(A, Du), = —u* divA + div(ud) + (% -A) - u)divaL g,
= (A, Du), + (% —/1)(u+ —u)divAL J,.
From [34, Proposition 3.5] (see in particular formula (3.9) there), we have that
|(A, Du)ol, (A, Du)1| < [|Alloo|Dul.

Since (A, Du), = (1 = A)(A, Du)o + A(A, Du)1, (4.4) follows.

Consider now the general case u € BV(Q) n L1(Q, |divA|). Let uy := Tx(u) be the sequence of truncated
functions. By Proposition 3.4 (i) and (iv), we have that (ux)* — u? HN-1-a.e.in Qandin L(Q, |divA|). Hence,
we can pass to the limit in

(A, Dug)p, @) = - J(uk)/1 @ d(divA) - J urA - Vo dx
) o

and obtain that (A, Du), is the weak* limit of (A, Duy), in the sense of measures, so that (4.2) follows. Since,
by estimate (4.4) and Proposition 3.4(ii), we have that

(A, Dui)al(Q) < AlleoDul(Q) < |Allo|Dul(Q)  forall k € N,

we conclude that (4.2), (4.3) and (4.4) hold in the sense of measures. O
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Remark 4.5. In the last part of the proof of Proposition 4.4 we have shown that, for every A € DM*(Q) and
every u € BV(Q) nL1(Q, |divA|), the pairing (A, Du), is the weak* limit, in the sense of measures, of the
sequence (A, DTy (u)),.

Remark 4.6. Since (u +v)* <u*+v*and (u+v)” > u" +v~, with possibly strict inequalities, it follows that
the map u — (A, Du), is not linear, in general. On the other hand, the map u — u* is linear, hence the stan-
dard pairing is linear with respect to u. More precisely, the A-pairing is linear if and only if (A, Du); = (A, Du).
for every u € BV(RY) n L°(RY). Indeed, for every u € BV(RY) n L>°(RY) we have that

1
(A, D) + (A, D(-u)); = (5 - A)[u+ —u 4 (W)t - (-u) ] divaL J,
- z(% —A)(u+ —u)divAL J,.
Hence, if there exists u € BV(RY) n L=(RY) such that (4, Du); # (A, Du)., then the claim follows from (4.3).

Using (4.3), and [19, results of Theorem 3.3], we are able to compute explicitly the diffuse part (A, Du)/‘f , the
absolutely continuous part (4, Du){, and the jump part (4, Du)i1 of the generalized pairing.

Proposition 4.7. LetA € DM™(Q) and u € BV(Q) n L1(Q, |div A|). Then the diffuse, the absolutely continuous
and the jump part of the measure (A, Du), are respectively

(A, Dw){ = (A, Du)?,

(A, Du){ =A-vu LV,

(A, Dw), = [(1 - ) Tr(A, J) + ATt (A, )t —u )3V LTy,
where Tr'(A, J,) and Tré(A, J,,) are the normal traces corresponding to the orientation of J,, such that u* = u'.

Proof. By (4.3), (A, Du), and (A, Du). may differ only on J,, hence (A,Du)f = (A, Du)4. Moreover, by
[10, Theorem 3.2], (A, Du)§ = (A, Du)? = A - Vu LV,

Concerning the jump part (4, Du),, by (4.4), we already know that it is concentrated on J,,. Denoting by
al :=Tri(A, J,) and a® := Tré(A, J,,), by [19, Theorem 3.3] we already know that

i e

(4, Du), = L4

(ut —u ) KN,
Finally, by (4.3) and (2.7), we conclude that
(A, DuY, = (A, Du). + (% A -y divAL T,

al + a®

O A e L (S A
= [(1 - +Aa®)(ut —u)FHVN LT, O
Remark 4.8 (The pairing trivializes on W'1). From Proposition 4.7, we have that
(A,Du)y = (A,Du), =A-Vu LN forallu e W-H(Q)n L®(Q).
Remark 4.9 (BV vector fields). If A € BV(Q, RN) n L°(Q, RY), then clearly A ¢ DM>®(Q) and
Tr"*(A, Ju) = A7 vy ¥ 1-ae.in]y,

where A}"f are the traces of A on J,, in the sense of BV (see [3, Theorem 3.77]). Hence, the jump part of (A, Du),
can be written as '
(A, Dw), = [(1- M)A} +1A5]-Du.

Remark 4.10 (The pairing trivializes for continuous vector fields). If A € C(Q, RYN) n DM*(Q), by [19, Theo-
rem 3.3] and [16, Theorem 3.7] it holds

(A,Du)y =A-Du forallu e BV(Q)nL}(Q, |divAl).
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The following result is an improvement of [19, Proposition 4.15], [10, Theorem 1.2] and [6, Lemma 2.2].

Proposition 4.11 (Approximation by C® fields). Let A € DM*(Q). Then there exists a sequence (Ay)y in
C®(Q, RY) n L®(Q, RN) satisfying the following properties:

i Ax-A > 0inLY(Q,RN), jQIdivAkI dx — |divA|(Q), and (Ay)y is uniformly bounded.

(i) divAg . divA in the weak* sense of measures in Q.

(iii) For every oriented countably HN~1-rectifiable set £ c Q it holds

klim (Tr"¢(Ay, ), o) =(Tr"(A,X), p) forallp € C.(Q),
—+00

where Tr*(A, 2) := 1[Tri(A, ) + Tr(A, T)).

Moreover, for every u € BV(Q) n L*°(Q), it holds:

(iv) (A, Du), A (A, Du). locally in the weak* sense of measures in Q.

(v) The sequence 6(Ay, Du;-) weakly* converges in L®(Q, |Du|) to 6(A, Du;-), where 6(A, Du;-) is the
Radon—-Nikodym derivative of (A, Du). with respect to |Dul|.

Remark 4.12. It is not difficult to show that a similar approximation result holds also for A € DM} (Q) with
a sequence (Ay) in C®(Q, RY).

Proof. (i) This part is proved in [10, Theorem 1.2]. We just recall, for later use, that for every k the vector
field Ay is of the form

A=) pe,  (Agy), (4.6)

i=1
where (¢;) is a partition of unity subordinate to a locally finite covering of Q depending on k and, for every i,
g; € (0, %) is chosen in such a way that

1
J|p€,. *(A-Vp) - A-Vpildx < = (4.7)
Q

(see [10, formula (1.8)]).
(ii) From (i) we have that

Jim [4-Vpdx=[4-Vpdx forallg e CL),
—+00
Q

Q

hence statement (ii) follows from the density of C%(Q) in Co(Q) in the norm of L*°(Q) and the bound
supy _[Q|diVAk| dx < +oo.
(iii) As a first step we prove that, for every u € BV(Q) n L*®(Q),

lim Ju(pdivAk dx = Ju* pddivA forall ¢ € C.(Q). (4.8)

k—+0c0
Q

Specifically, from the definition (4.6) of Ax and the identity }'; V; = 0 we have that

divAx = ) pe, = (@i divA) + Y [pe, * (A- Vo)) - A- Vo).

From estimate (4.7) we have that

1
IZ j UP[pe; * (A-V;) - A-Vo;]dx| < E”(p”oo"u"oo,
)
and hence, to prove (4.8), it is enough to show that
lim ) J uQpe, * (@i divA) = J u*@ddivA. (4.9)
k—+0co

L Q
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On the other hand,
Z J UQPpg * (p;divA) = Z Jpgi * (U@)p;ddiva,
L) L)
hence (4.9) follows by observing that the functions p,, * (u ¢) converge pointwise HN-1.a.e.in Q to u*,
so that
U= Qipe, x UP) =Y @ilu"p -pe, « )] -0 |divAl-ae.inQ.
1 1

We remark that, as a consequence of (4.8), if E € Q is a set of finite perimeter, then

klim IXE @ divAy dx = j)(g pddivA forall p € C.(Q). (4.10)
—+00
Q Q

Let us now prove (iii). Let w € Q be a set of class C!. By the definition (2.5) of normal traces, by (i), (ii)
and (4.10), for every ¢ € C®(Q) we have that

(Tr(Ar, 0w), @) jAk Vo dx + j o div Ay dx

w

w
JX‘”A" -V dx + JX“’ ¢ div Ay dx,
Q Q

so that

klim (Tr(Ak, 0w), ) = | X A- Vo dx + J)(Z, pddivA
Q

= A-V(pdx+Jg0ddivA+% J pddivA

w ow

= (Tr(A, ow), ) + %(divA L ow, ¢).

e O—

Hence, by (2.7), we have proved that

lim Tr*(Ay, 0w) = Tr(A, dw) + %[Tri(A, dw) - Tr(A, 0w)] = Tr* (A, dw),

k—+00
in the sense of distributions. Using the arguments of Section 2.4, this relation can be extended to the count-
ably HN-1-rectifiable set X. By a density argument as in (ii), this relation hold for every @ € C:(Q), hence (iii)
holds true for Tr®(Ay, X). Finally, a similar computation holds for Tr'(Ay, 2).
(iv) Using the passage to the limit in (4.8) we obtain straightforwardly

lim ((Ak, Du)., @) = lim [— J u* @ divAydx - I uAyi-vo dx]
k—+00 k—+00
Q Q
:—Ju*goddivA—JuA-V(pdx
Q Q

={(4, Du)., @)
forevery ¢ € C1(Q). The validity of this relation for ¢ € C.(Q) follows from (4.4) and the fact that the sequence
(Ay) is bounded in L®(Q, RN).

(v) Using the definition (4.5) of the density 6, we have that, for every ¢ € C.(Q),
lim I 0(Ak, Du, x)p(x) d|Du| = klim ((Ax, Du)., @)
—+00

k—+0c0

Q

={(A, Du)., @) = | 0(A, Du, x)p(x) d|Du|.

O —

Since, by (4.4) and (4.5), the sequence (8(Ay, Du, -)) is bounded in L*®(Q, |Dul), statement (v) follows. [
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5 Coarea formula for generalized pairings

This section is devoted to the proof of the coarea formula for the A-pairing, and a related slicing result for its
density 6,.

Theorem 5.1 (Coarea formula). Let A € DM™®(Q) and let u € BV(Q) n L1(Q, |divA|). Then Xqusg € BV(Q) for
Ll-a.e. teR,and
((A, Du)p, @) = J((A,DX{M)A, @) dt  forall p € Co(Q). (5.1)
R

Proof. Since (A, Du); and (A, D) (,>)1 are measures in Q for L!-a.e. t € R, it is enough to prove (5.1) for
@ € CX(Q).

Let us first consider the case u € L*(Q). By possibly replacing u with u + |[u]ls, it is not restrictive to
assume that u > 0. Given a test function ¢ € C°(Q), we have that

+00 +00
J((A,Dx{u>t}),1,<p> dt = - J (Jx?wt}(pddivA)dt— J (Jx{u>t}A-V(p dx) dt
R 0 0 0 "0
+00
= - J <J)(?wt}(pddivA)dt—JuA-V(pdx. (5.2)
0 0 Q

Moreover, by [20, Lemma 2.2], we have that, for £1-a.e. t € R, there exists a Borel set N; ¢ Q, with
HN-1(Ny) = 0, such that

Xpsty ) = Xu>6(X)s Xpusg () = Xpur>n () forallx € Q\ Ny,
so that, since |divA| <« HN-1, we obtain that
Xfu>t}(x) = (1 - 200X u->6(X) + A >n(x)  for|divAl-a.e. x € Q.

Hence, we get

+00 +00
j ( j)(?wt}go ddivA) dt = j ( j[(1 — e + Axesol@ ddivA) dt
0 Q Q
+00
- j(1 /\)(p( J Xusa dt) ddivA + j/l(p( J Xuwst dt) ddivA
Q Q 0
JuMpddlvA (5.3)

As a consequence, from (5.2), (5.3) and the definition (4.1) of (A, Du),, we conclude that (5.1) holds for every
test function ¢ € C(Q) and for every u € BV(RY) n L®(RY).

Finally, the general case u € BV(Q) n L1(Q, |div A|) follows applying the previous step to the truncated
functions uy := Tx(u). Specifically, (5.1) gives, for every k > 0,

{(A, Dug)r, @) = J((A, Dxqst)r @) dt forall g e Ci(Q). (5.4)
R

By Remark 4.5, the left-hand side of (5.4) converges to ((A4, Du),, ¢). On the other hand, since
{u>t}={ux > t}, D)({IM} = Dyy>y forallt e [k, k),
D>ty =0 forall t € R\ [-k, k),
the right-hand side in (5.4) is equal to

k

[« Dy 0t (5.5)
k
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By estimate (4.4) we have that

KA, DY s e)s @)1 < 21@lloolAllool DX sy (D),

and hence, by the coarea formula in BV and the Lebesgue Dominated Convergence Theorem, the integral
in (5.5) converges to the right-hand side of (5.1) as k — +co. O

Proposition 5.2. Let A € DM*(Q) and u € BV(Q) N L*°(Q). Then

for Ll-ae.t € R, 6x(A,Du,x)=0,(A, DX(ysp> X) fOr DX l-a.6. X € Q. (5.6)

u>t

Proof. Thanks to Proposition 4.11 (iv), the proof can be done following the lines of [6, Proposition 2.7 (iii)].
For the reader’s convenience, we recall here the main points.
Given two real numbers a < b, the function v := max{min{u, b}, a} satisfies

fu>tt={v>t}, DX{u>t} = Dxysy forallt e [a, b), 5.7)
Dxpst =0 forallt < a, t > b. ’

Since
dDu dDy (st}

dDul ~ diDy,,.|
(see [25, Section 4.1.4, Theorem 2 (i)]), we deduce that

dDu  dDv
d|Du| — d|Dv|

|D)({u>t}|-a.e. in Q

|[Dvl|-a.e.in Q.

Let (Ag) c C®(Q, RY) n L°(Q, RN) be the sequence of smooth vector fields approximating A as in Proposi-
tion 4.11. Since, by [6, Proposition 2.3], we have
dDu Dv

d .
D] (x) = Ar(x) - m(x) =60(Ay, Dv,x) |Dv]-a.e.in Q,

0(Ag, Du, x) = Ax(x) -

from Proposition 4.11 (v) and by the uniqueness of the limit in the L®(Q, |Dv|) weak* topology, we obtain
that
0(A, Du, x) = (A, Dv,x) |Dv|-a.e.in Q.

Recalling the definition (4.5) of 6, and relation (4.3), we conclude that
01(A, Du, x) = 0,(A, Dv,x) |Dv|-a.e.in Q. (5.8)
Specifically,
61(A, Du, x) = 6(A, Du, x) = 6(A, Dv, x) = 02(A, Dv, x) for |DV|-a.e.x € Q,
whereas, by Proposition 4.7 (and using the notations therein) and the inclusion J, ¢ Jy,
0A(A, Du,x) = (1 - A) Tr' (A, J) + ATr®(A, Ju) = 02(A, Dv, x) for|Dv|-a.e. x € Q.

Given ¢ € CX(Q), let us compute ((A, Dv),a, ). By the definition of 6,(A, Dv, x), equality (5.8), the
coarea formula in BV (see [3, Theorem 3.40]) and (5.7) it holds

(A, DV)1, @) = jeA(A, Dv, x) 9(x) dIDv]

0:(A, Du, x) p(x) d|Dv|

Qe s Oe—e—e O

dt J (A, Du, x) p(x) dIDX - (5.9)
)
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On the other hand, by the coarea formula (5.1) and (5.7), it holds
(4. DV, @) = [((4, Dy, @) dt

<(A’ DX{u>t})/\’ (P> dt

dtj OA(A, DY (s y> X) (%) dIDY (5] (5.10)
Q

Qe o N F

Comparing (5.9) with (5.10), we finally conclude that, for every a < b,
b b

[ dt [ 624, D, 1900 dID o0 = [ dt [ 0204, DYy 0900) DX g
a Q a Q
so that (5.6) follows. O

6 Chain rule, Leibniz and Gauss—Green formulas for generalized
pairings

In this section we show that some relevant formulas, proved in [19] for the standard pairing, remain valid for
general A-pairings.

Proposition 6.1 (Chain rule). Let A € DM*®(Q) andletu € BV(Q) N L°(Q). Let h : R — R be a Lipschitz func-
tion. Then it holds:

(i) (A, D[hw)]) = (A, D[hw)])? and (A, D[h(w))% = K’ (@) A - Vu £V,

Moreover, if his non-decreasing, then:.

(i) (A, D[hw)Y, = M) (4 pyy).

(iii) 6A(A, D[h(u)], x) = 6x(A, Du, x) for |ID[h(u)]|-a.e. x € Q.

The same characterization holds if u € BVioc(Q) N L3 (Q) and h: I — R is a locally Lipschitz function such
that u(Q) e I.

Proof. Although the proof is essentially the same of [19, Proposition 4.5], for the sake of completeness we
prefer to illustrate it in some detail.
One of the main ingredients is the Chain Rule Formula for BV functions (see [3, Theorem 3.99]):

Dh(u)] = h'(@)D%, Dhw)]=h wvVull, DI[h)] = [h@)-h@®)]v, T 1L J,.

Statement (i) easily follows from the first two relations above and Proposition 4.7.
Concerning (ii), we have that [h(u)]"¢ = h(u"¢) (see [3, Proposition 3.69 (c)]). Moreover, since h is non-
decreasing, also the relations [h(u)]* = h(u*) hold true, and hence (ii) follows again from Proposition 4.7.
Let us prove (iii). If h is strictly increasing, we can follow the proof of [6, Proposition 2.8]. Specifically,
{u >t} = {h(u) > h(t)} for every t € R, hence

Dx{u>t} = Dxinwshwy forallt e R.
From Proposition 5.2, for £1-a.e. t € R it holds
01(A, Du, x) = 0x(A, DX {5 %) = OA(A, DYinwy>h(oy» X) = 02(A, D[h(w)], X)

for |Dx{u>t}|-a.e. x € Q, and (iii) follows.

If h is non-decreasing, we can adapt the proof of [29, Proposition 2.7]. Specifically, let h.(t) := h(t) + € t,
so that h; is strictly increasing for every & > 0. Since [he(u)]* = (1 - D)he(u™) + A he(u*) = [h(u)]} + e u?, by
the previous step we deduce that

(A, D[h(u)D2 + € (A, Du)r = (A, D[he(u)])a = 6(A, Du, X) |D[he(W)]]. (6.1)
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On the other hand,
Dlhe(w)] = [K' (@) + €]D% + [h(u') — h(u®) + e(u’ — u®)]D'u = D[h(u)] + € Du,
hence, passing to the limit in (6.1) as € — 0, we deduce that
(A, D[h(u)])x = 61(A, Du, x)|D[h(u)]| as measuresin Q,
and (iii) follows. O

Proposition 6.2 (Leibniz formula). Let A € DM*>(Q) and u, v € BV(Q) n L*°(Q). Then, choosing on ], the ori-
entation such that u* = u', it holds

(vA, Du){ = vM(A, Du){ = v*(A, Du)?, (6.2)
(VA, Dw), = [(1 - )T (A, L)V + ATt (A, J)vel(u* — )3 N1 ], (6.3)
Proof. By [19, Proposition 4.9], denoting a’ := Tr'(A, J,,) and a® := Tr®(A, J,) we have that
(vA, Du)? = v*(A, Du)?, (6.4)
. i1 e, e
vA, Dw, = I w3V, (6.5)

hence (6.2) follows from (6.4) and Proposition 4.7.
From the representation formulas (2.7) and Proposition 2.6, we get

div(vA) L Jy = [Tr'(vA, Jy) - T (vA, J)IFHN LT, = (Ve —vea®)F N1 L],

hence, from (6.5), we obtain

i1 e, e L
avrav Za Y. (% —A)(v’al —v"’oze)](zfr —u)HNL g,

that is, (6.3) holds. O

(vA, Du), = [

In the last part of this section we will prove a generalized Gauss—Green formula for vector fields A € DM (RY)
on a set E c RN of finite perimeter, generalizing the analogous result for the standard pairing proved in
[19, Theorem 5.1].

Using the conventions of Section 2.4, we will assume that the generalized normal vector on 0* E coincides
HN-1.a.e. on 0*E with the measure-theoretic interior unit normal vector to E.

Theorem 6.3 (Gauss—Green). Let A € DM®(RN) and u € BV(RY) n LY (R, |div A|). Let E ¢ RN be a bounded
set with finite perimeter, and assume that the traces u®, u' of u on O*E belong to LY (0*E, HN-1_9*E). Then
the following Gauss—Green formulas hold:

J W ddivA + J(A, Du); = - J Tr(A, 0" E) u' dFV2, (6.6)
E! El o0*E

u ddivA + J (A,Du)y = - J Tr(A, 9*E) u® dHN 1, (6.7)
E'Uo*E ElUo*E o0*E

where E' is the measure theoretic interior of E and 0* E is oriented with respect to the interior unit normal vector.

Proof. We recall that, by Lemma 3.2, u! € L. (RY, |div A|). Recalling (4.3), we have that
J(A, Du), = I(A, Du), + J’ (% —/1>(u4r —u’)ddivA.
a3 i i

On the other hand, by the definition (2.4) of u!, it holds
j u'ddivA = I u*ddivA - J (% —A)(u+ -u7)ddivA
El El El

so that (6.6) follows from the Gauss—Green formula for the standard pairing proved in [19, Theorem 5.1]. The
validity of (6.7) can be checked in a very similar way. O
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7 Semicontinuity results

In this section we consider the pairing as a function in BV
BV(Q) N LY(Q, |divA|) > u — (A, Du)y € Mp(Q),

where M} (Q) denotes the space of finite Borel measures on Q (see (4.4)).

Our aim is to characterize the selections A: Q — [0, 1] such that the above map is lower (resp. upper)
semicontinuous, meaning the following: if (u,) c BV(Q) n L1(Q, |div A|) is a sequence converging to a func-
tion u € BV(Q) n LY(Q, |divA|) (in a suitable way), then

(A, Du)z, @) <liminf((A, Dun)r, @) forallp € C°(Q), ¢ 20,
(resp. (A4, Du),p, @) > limsup((A, Dun)r, @) forall ¢ € CT(Q), ¢ = 0).
n
Since (A, Du), is affected by the pointwise value of u, the correct notion of convergence in BV seems to be the
strict one (see e.g. [3, Definition 3.14]).

Definition 7.1. The sequence (u,) ¢ BV(Q) strictly converges to u € BV(Q) if (u,) converges to u in L' (Q) and
the total variations |Duy|(Q) converge to [Du|(Q).

We recall a recent result concerning the pointwise behavior of strictly converging sequences.

Proposition 7.2. Every sequence (uy) strictly convergent in BV(Q) to u admits a subsequence (un,) such that
forHN"1ge x e Q,
u (x) < limkinfu;k (x) < limsupuy, (x) < u*(x). (7.1)
k

In particular, limy up, (x) = u(x) for HN-Lge xeQ\J,.
Proof. See [28, Theorem 3.2, and Corollary 3.3]. O
Combining Proposition 7.2 with [7, Theorem 3.3], we obtain the following approximation result.

Proposition 7.3. Let Q c RY be a bounded open set, and let u € BV(Q). Then there exist two sequences
(Un), (vp) ¢ WH1(Q) such that:

(@) Foreveryn e N,V, <u” andu* < i, HN-1-a.e.in Q.

(b) u, — u, vy, — u strictly in BV.

(©) Un(x) = u*(x) and V,(x) — u(x) for HN"1-a.e. x € Q.

If, in addition, u € L*(Q), then the above sequences are bounded in L*°(Q).

Proof. From [7, Theorem 3.3], there exists a sequence (u,) ¢ WH1(Q), strictly convergent to u, and such that
iy > ut HN"1ae.in Q, for every n € IN. Moreover, if u is bounded, then this sequence is bounded in L*(Q).
By Proposition 7.2, we can extract a subsequence (not relabeled) such that

limsup uj(x) < u*(x) for H¥ l-ae. x e Q.
n

On the other hand, the inequality @i, > u™ gives
liminfuy(x) > u*(x) for HN1ae.xeQ,

hence the assertion for (u,) follows. The construction of (v,;) can be done in a similar way. O

In order to state the semicontinuity results, a more piece of notation is needed. To this end, given a vector
field A € DM™(Q), let us denote by Q4 the set of points x € Q such that x belongs to the support of divA
(i.e., |divA|(B,(x) n Q) > O for every r > 0), and the limit

i divA(B(x))
Yat) = lim A B 0)
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exists in R, with |(p4(x)| = 1. If we extend 4 = 0in Q \ Q4, we have that 4 € L*(Q, |divA|) and the polar
decomposition divA = y4|div A| holds. Moreover, if we define the sets

Qf = (xeQa: a0 =1}, Qf:={xeQa:a0)=-1}, (7.2)

then (divA)* =divAL Qj and (divA)” = -divAL Qj.

Let ©4 be the jump set of the measure |divA| (see Proposition 2.3). Since 04 is o-finite with respect
to HN-1, there exists a countably HN~1-rectifiable Borel set ©), C ©4 such that 0} := ©4 \ €/, is purely
HN-L-unrectifiable (i.e., HN~1(0}4 n £) = 0 for every countably HN~1-rectifiable set £, see [3, Definition 2.64
and Proposition 2.76]).

Let us define the families of selections

Aise := {A: Q - [0,1] Borel : 1= 0FV -ae.in ©, N Qy, A =13V 1-ae.in 0}, nQ}},
Aysc :={A: Q > [0, 1] Borel: A1 =1 HN-1.a.e.in 0,Nn0Q,, A=0 HN-1.a.e.in 0, NQ;}.
These families satisfy the following extremality properties.

Lemma 7.4. Given A € DM®(Q), u € BV(Q) n LY(Q, |divAl), ¢ € Co(Q), @ = 0, then for every Borel function
A: Q — [0, 1] it holds
J Wl ddivA < J utpddivA, j ulp ddivA < J u @pddivA, (7.3)
04 o Qy Q%
with equality if A € M.
Similarly,
J ulp ddivA > J u pddivA, J ulp ddivA > J utpddivA,
O ) & @
with equality if A € Nysc.

Proof. Let us prove the claim only for the first inequality in (7.3), the other being similar.
Since, by the very definition of QF,

J ulo d divA = J o d|divA|
Q4 Q4

and u? < ut HN¥-1-a.e. in Q, the first inequality in (7.3) follows.
Let A € Ajsc and let us prove that equality holds in the first inequality in (7.3). Let us decompose the
set Q}, defined in (7.2), as the union of the disjoint sets

QG \Ju, QynUunBa), QinUu\Ba),
that, in turn, coincide up to sets of HN-1-measure zero respectively with
Qu\Su, QneLNnJy, (Q\04)N]y.

Observe that u! = # 5N-'-a.e. (hence |[divA|-a.e.) in Q} \ Sy, u! = u* HN"1-a.e.in Q} n O}, and, by Proposi-
tion 2.3, |divA|((Q} \ ©4) NJy,) = 0 Hence,
J u"(pd divA = J u"(pdldivAl
Q )1
= J upd|divA| + J ut pd|divA|
Q1\Sy QN0 NJ,
= J utpddivA. 0

Q
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Corollary 7.5. Given A € DM®(Q) and u € BV(Q) n L}(Q, |div A|), it holds
(A,Du)p = —u" (divA)" + u” (divA)” +div(uA) forallA € A,
(A,Du)y = —u” (divA)" + u* (divA)” +div(uA) forall A € Aysc.
In particular,
(A, Du), = min{(A, Du)o, (A, Du)1} forall A € A, (7.4)
(A, Du)) = max{(A, Du)o, (A, Du)1} forall A € Aysc. (7.5)
Moreover, if the orientation of J, is chosen in such a way that u* = ul, then
(A, Du), = min{Tr' (4, J.), Tr®(A, J)} " —u)HN 1L J,  forallA € A, (7.6)
(A, Dw), = max{Tr'(4, J.,), Te°(A, Ju)} (u* —u )3T T, forallA € Aysc. (7.7)

Proof. The first part is a direct consequence of the equality case in Lemma 7.4.
Let us prove (7.4). To simplify the notation, let

u:=divA, v :=min{(A, Du)o, (A, Du)1}.

Since (A, Du)o = —u~u+div(uA) and (A, Du); = —u* p+div(uA), by the definition of minimum of two measures,
for every Borel set E c Q one has

V(E) = div(uA)(E) + inf{~u"p"(Eo) — u"u*(E1) + u”p™ (Eo) + u"u (E1)},
where the infimum is taken over the pairs Eg, E; of disjoint Borel sets such that E = Ey U E;. Setting
E :=EnQjandE":=E\E ,onehas EnQ} c E* and
-u"u*(Eo) —u*u*(E1) = ~u"u*(E*) = —u*p*(E),
u p (Eo) +u'p (E1) 2u p (E7) = u p (E),
for every partition {Eq, E1} of E. Hence,
V(E) = div(uA)(E) — utu*(E) + u"u (E) = (A, Du)A(E) forall A € Ajg.

The proof of (7.5) is similar. Finally, (7.6) and (7.7) are consequences of (7.4) and (7.5), respectively, and
Proposition 4.7. O

Theorem 7.6. Let A € DM®(Q), andletA: Q — [0, 1] be a Borel function. Then A € Mg if and only if, for every
Un, u € BV(Q) satisfying
(a) up — u strictly in BV,
(b) there exists g € L1(Q, |div A|) such that, for every n € N, |u}| < g |divA|-a.e.in Q,
it holds
((A, Du)p, p) < 1imninf((A, Dup)r, @) forallp € CX(Q), ¢ = 0. (7.8)

Analogously, A € Ay if and only if, for every u,, u € BV(Q) satisfying (a) and (b), it holds
((A, Du)y, @) = limsup{(A, Dup)r, @) forallp € CX(Q), ¢ = 0. (7.9)
n

Proof. Let us prove only the statement concerning the lower semicontinuity, the other being similar.
Let A € A, let up, u € BV(Q) satisfy (a), (b), and let us prove that the semicontinuity property in (7.8)
holds. Let ¢ € CX(Q), ¢ > 0, and let (up,) be a subsequence such that

lim inf((A, Dun)z, ¢) = li’{n<(A, Duy)r, @),

and (7.1) holds true (here we use (a) and Proposition 7.2).
From Lemma 7.4, assumption (b), Fatou’s Lemma and the pointwise estimates (7.1) we have that

lim sup J u’,‘,k @ ddivA < limsup J uy @ddivA < J ut pddivA. (7.10)
k k

Q a Q
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Recalling that
J u’,‘lk pddivA = - J uﬁk @ d|divAl|,
N Q%
the same argument gives
lim sup I uﬁkgoddivAs J u pddivA. (7.11)
‘ Q Q

Since [divA|(Q \ (Q, U Q})) = 0, from (7.10), (7.11) and the equality case in (7.3) we get

lim sup J uflk pddivA < I utpddivA + J u pddivA = J u p ddivA. (7.12)
k
Q Q; Q; Q

Finally, from (7.12) and (a) we conclude that

limninf((A, Dup)p, @) = —lim sup( I uﬁk pddivA + J Un, A-Vo dx)
k Q Q
> —JuMpddivA—JuAV(de
Q Q
= ((A, Du)y, @),

i.e., (7.8) holds true.
Assume now that (7.8) holds true for every u,, u € BV(Q) satisfying (a), (b), and let us prove that A € Ajg.
We claim that, under these assumptions,

(A, Du)y < (A, Du)y, (A,Du)y < (A,Du); forallu e BV(Q)nLY(Q,|divA]|), (7.13)

in the sense of measures. By a truncation argument and Remark 4.5, it is enough to show that the above
inequality holds for every u € BV(Q) N L°(Q). Let u € BV(Q) N L®(Q) and let (uy), (vp) ¢ WH1(Q) n L®(Q)
be the approximating sequences given by Proposition 7.3. Observe that these sequences are bounded in
L*®(Q), so that they satisfy assumption (b). Since (ii,) converges to u* |divA|-a.e. in Q and, by (b), also in
LY(Q, |div A]), for every test function ¢ € C(Q) we have that

li'gn((A, Dup)a, @) = li'gn(— j UppddivA - J unA-vo dx)
Q Q

:—Ju*(pddivA—JuA-V(pdx: ((A, Du)1, @),
Q Q

hence, by the semicontinuity assumption, if ¢ > O,

((A, Du)p, @) < liminf((A, Dun)z, @) = (A, Du)1, @).
The same argument, using the sequence (v,,), shows that

((A, Du), @) < lim inf((A, Dva)a, @) = (A, Du)o, ¢),

so that (7.13) follows.
Let Q" € Q be an open domain with C! boundary. From Proposition 4.7 we have that

(A, Dya)r = [(1 - ) Tr(A, 0Q") + ATr®(A, 0Q)|HN-1 L oQ’,
hence, inequalities (7.13) give

1-M[Tr' (4, 0Q") - Tr’(4, 9Q")] < 0,
{( I ( )~ T ) HN-1.a.e.0on 0Q’. (7.14)

-A[Tr(A, 0Q") - Tré(4, 0Q")] < 0,



808 —— G.Crasta et al., Pairings between divergence-measure vector fields and BV functions DE GRUYTER

Let = c Q be an oriented countably H¥~!-rectifiable set. Recalling the definition of normal traces given in
Section 2.4, from (7.14) we deduce that

N

1-A)[Tr'(A, %) - Tr(A, £)] < 0,
{( IMTr (A, 2) -Tr(4, 2)] < #N-1.a.e.onx. (7.15)

-A[Tr'(A, 2) - Tr*(A, £)] < 0,

Let us choose an orientation for the countably H(N~!-rectifiable set I+ := 0, NnQj. Since I* c Q4 and
Pa(x) = 1 for |divA[-a.e. x € Z*, from (2.7) we have that

divAL Z* = [Tri(A, 2*) - Tr¢ (4, )] HN L 2* > 0.
Hence, from the first inequality in (7.15), we deduce that A = 1 HN-1.3.e. on T*. A similar argument, using
£ := 0, nQ,, showsthatA=0H"1-ae.onZ". O
Corollary 7.7. Let A € DM™(Q) and let A: Q — [0, 1] be a Borel function. Then the continuity property

((A, Du)p, @) = lirlln((A, Duy)r, @) forall p € CX(Q) (7.16)

holds for every uy,, u € BV(Q) satisfying (a) and (b) in Theorem 7.6 if and only if HN ’1(62) =0.

Proof. We have that the stated property holds if and only if both (7.8) and (7.9) hold. From Theorem 7.6,
these inequalities hold (for every (uy), u) if and only if A € Ajsc N Aysc. Finally, from the very definition of Ajsc
and Aysc, we have that Ajsc N Aysc # 0 if and only if HN-1(©),) = 0. O

Remark 7.8. The assumption HV ‘1(6);1) = 0 is trivially satisfied if divvA =0, e.g.ifdivA € L1(Q).

Example 7.9. In view of Corollary 7.7 we have that, in general, the continuity property (7.16) does not hold
with respect to the strict convergence in BV. Specifically, let Q = (-2, 2) ¢ R and consider A := x(-1,1), SO
that divA = §_; — 61, and ©); = ©4 = {-1, +1} is not empty. Let A: Q — [0, 1] be any Borel function. Let
up(x) := max{min{n + 1 - n|x|, 1}, 0}. It is readily seen that (u,) strictly converges to u := x[-1,1], so that
(—up) strictly converges to —u, and ((A, Duy)a, ¢) = 0 for every n. On the other hand, choosing ¢ such that
¢(-1) =0and ¢(1) = 1, one has

(A, Du)p, ) = [1 - A(-D]e(-1) + [A(1) - 1]e(1) = A(1) - 1,
(A, D(=u)r, @) = -A(-De(-1) + A(D)ep(1) = A(1),
and at least one of the right-hand sides must be different from 0.

Example 7.10. We remark that, in general, (7.8) does not hold if assumption (a) is replaced by the weak* con-
vergence in BV. Specifically, let us consider Q = (-2, 2) c R, A := x(0,1) and u,(x) := max{1 - n|x]|, 0}. Since
(un) converges to u = 0 in L1(Q) and |Du,|(Q) = 2 for every n, it follows that (u,) converges weakly* to u in
BV(Q) (see [3, Proposition 3.13]): If ¢ € C®(Q) is strictly positive in O, one has

1
lim inf((A, Dun)z, @) = limninf(—un(o) ®(0) + un(1) @(1) - j Un fP')
0

= —(p(O) <0= <(A; Du)A’ (p>’

so that (7.8) does not hold.
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