Interdisciplinary Information Sciences Vol. 29, No. 1 (2023) 55-79
©Graduate School of Information Sciences, Tohoku University
ISSN 1340-9050 print/1347-6157 online

DOI 10.4036/iis.2023.A.02

Qualitative Properties of Solutions of Degenerate Parabolic
Equations via Energy Approaches

Daniele ANDREUCCI!"*" and Anatoli F. TEDEEV%#

' Department of Basic and Applied Sciences for Engineering, Sapienza University of Rome,
via A.Scarpa 16, 00161 Roma, Italy
2South Mathematical Institute of VSC RAS, Vladikavkaz, Russian Federation, North-Caucasus Center for
Mathematical Research of the Vladikavkaz, Scientific Centre of the Russian Academy of Sciences

We consider several problems for degenerate parabolic equations exhibiting nonlinearities of various kinds. For
example the equations may contain superlinear sources, causing blow up of the solutions, or damping terms; the
principal part of the operator is also nonlinear. We mention as unifying features the fact that the spatial domains
have non-compact boundary, and the technical approach which is based on energy methods and a priori estimates.
The issues investigated include existence under optimal assumptions on the data, asymptotic behavior of solutions,
existence or non-existence of global in time solutions.
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1. Introduction

The main subject of this survey are nonlinear degenerate parabolic equations of divergence type. It is well known
that many of the main qualitative properties of the Cauchy problem in the whole Euclidean space, such as large time
behavior, finite speed of propagation, asymptotic expansion of solutions, are described by means of the so-called
Barenblatt—Pattle exponent, which in the case of doubly degenerate parabolic equations of the type of (3.3) is
N(p+m —3)+ p. However, we show that this is not true in the case of Neumann problems in domains with
noncompact boundary, with zero flux on the boundary. Some geometrical characteristics are needed to extend the
concept of such an exponent, which we express in terms of the volume growth at infinity.

For the Neumann problem in domains with noncompact boundary, for doubly degenerate equations with strongly
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nonlinear sources, we prove a Fujita type result. Here again the corresponding critical Fujita exponent depends strictly
on the volume growth. The most difficult situation in this case is the one of domains narrowing at infinity. Here we give
delicate sharp estimates of the relevant moments, which may be of independent interest.

Next, we give the asymptotical expansion for large times of solutions of the Porous Media Equation (PME) in
paraboloid-like domains. Finally we look at equations with damping terms depending on the gradient of the solution,
giving criteria for moment and mass decay in time. Actually here we consider the Cauchy—Dirichlet problem for the
PME in cone-like domains and the Cauchy problem for doubly degenerate parabolic equations.

This survey is based on previous work of the authors, quoted as appropriate, presented here in a new and unified way.
At the end of each Section we include some Comments on the results and on the literature; the references however are
by no means exhaustive.

Let us conclude the Introduction by recalling two open problems which we feel are interesting and may probably be
attacked by means of the methods proposed in the following.

1. Prove an asymptotic expansion of the solution to the Neumann problem in paraboloid-like domains for the
p-Laplacian

u, = div(|Vu|P 2 Vu). (1.1)

2. Give criteria for the moment decay to zero as t — 400 for solutions of the Cauchy—Dirichlet problem for (1.1) in
cone-like domains.

Our approach is based on new Sobolev—Gagliardo—Nirenberg inequalities depending on the geometry of domain, and
on a new streamlined iterative energy approach based on the classical work of DeGiorgi, Ladyzhenskaya and Uraltseva,
DiBenedetto.

In the following  C RY, N > 2 denotes an open set with noncompact boundary, connected and with infinite

volume; further hypotheses on €2 are assumed as needed. The symbols y,p,y1,..., denote positive constants
depending on the parameters of the problem (but not on the solution itself, for example), and varying from line to line.
We write ||ull g := llull1s) and, even for a positive measure 1, we use the notation || u|l; ¢ = u(G). When G = R" we

sometimes omit it from the notation.
Denote for any measure space (E, u) with u(E) < +o00

1
udp = —/ udu,
i W(E) JE

and let B, C R be the ball of radius p centered at x = 0, unless noticed otherwise.
All solutions (and thus all initial data) are understood to be nonnegative, though the results of existence are still valid
for sign-changing solutions.

2. Sobolev—-Gagliardo—Nirenberg Type Inequalities in Domains with Noncompact Bounda-
ries
2.1 Expanding domains

Let @ C RV, N > 2 be a domain with noncompact boundary. We are going to describe the geometry of € by means
of isoperimetric inequalities.
Let for all v > 0

I(v) = inf{|dG N Q|y_, : G C 2,|G| = v, dG Lipschitz}. @.1)

Here we use the symbol | - | for N dimensional Lebesgue measure, while the N — 1 dimensional Hausdorff measure is
denoted by | - |y_;. We assume that /(v) > O for v > 0 and that there exists a continuos function g satisfying

0<gl <Ilv), v=>0, 2.2)
and
N—1
vV N
o(v) := —— is nondecreasing for v > 0. 2.3)
8(v)

Let us also introduce the volume function V and its inverse R:
V(p) :=1Q,, p>0, Q,:=Qn{}x|<p}, R=VD.
Definition 2.1. The set Q belongs to the class B;(g) if all the following requirements are fulfilled: @ c RV, N > 2 is

an unbounded connected open set, satisfying |2| = oo, with a Lipschitz continuous boundary 952, such that 0 € 92. We
assume also that a function g € C(0, 00) is given as in (2.2), (2.3).

Definition 2.2. We say that Q2 belongs to the class B,(g) if it belongs to 8B1(g) and also satisfies
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o v <RW) < ¢ L, for all v > 0, (2.4)
() ()

for suitable constants c¢g, ¢; > 0.

The domains in B;(g), Ba(g) are often referred to as “expanding” or “non-contracting” domains. The intuition
behind this terminology is made clearer by the following example.

Example 2.3 (Paraboloid-like domains). Let 0 < « <1 be fixed, and define
Q={xeR":|¥| <x%}, ¥ = (x1,...,xn_1). (2.5)
It follows from results of [62, Chapter 4] that 2 € B,(g), with
a(N —1) - N -1
aoN-1)+1" N

N—1
g)=ymin{fv ¥ ,v"}, v>0, n=

Theorem 2.4 ([67]). Let Q € 8B,(g), and set for all v € W'P(Q)

quf |v|9dx, Eﬂzf lv|Pdx,
Q Q

forsome p>1,0<B<gq, q>1, gqiN— p) <Np. Then we have

1 1.1
lvllge < yo(E)EY ”+N||Vv||p,sz, (2.6)
where
Lﬁ
E%
._ B
E -— j? .
E§

2.2 Narrowing domains
Let

I(v, p) =inf{|0G N Q,|y_; : G C Qp, |G| =v, IG Lipschitz},

for all p > 0, and for all 0 < v < [2,]/2, where ©, = QN {|x| < p} as above and 2, # &. Let f be a continuous
nondecreasing function f : [1, 00) — (0, 00) such that for suitable constants ¢y, ¢; > 0

J o
co—=<V(p) =12l <c1——, p=1L 2.7
" fp) AP
Finally, we also require that for all § > 0
w(B)V(p) = V(p) = vi(®)V(p), for all p = max(1,1/6), (2.8)

where vy, v| are two given nondecreasing positive functions, such that v;(8) < 1 for § < 1. Note that from (2.8) it
follows

Q| = oo. (2.9)
Moreover, f is required to fulfill for a suitable ¢, > 0

N—-1

g, p)i=c min(vT ) <lw,p), p=>1, 0<v=<V(p)/2. (2.10)

1
" fp)
Then, intuitively, 1/f(p) takes the geometrical meaning of the area of the section N {|x| = p}.
In the following, for the sake of simplicity, we assume f(1) = 1 and extend f by f(s) = 1 for s € [0, 1).

Definition 2.5. We say that an open unbounded connected set 2 C R, N >2, belongs to the class N(f) if its
boundary 052 is locally Lipschitz continuous and if (2.7)—(2.10) are satisfied.

Domains in the class N(f) are often called “narrowing” because they can be shaped like infinite cusps, see the
following example; note that this is impossible for expanding domains. Clearly, this shape and (2.9) imply that /(v) as
defined in (2.1) for expanding domains vanishes identically for domains in the class N (f); this is the reason that forces
us to use local embedding theorems (see Theorem 2.7).

Example 2.6 (Infinite cusp). Letd > 0,0 <& < 1/(N — 1). The domain

Qf = {x = (,xy) € RV : [¥| < x3°, xy > d} C RV,



58 ANDREUCCI and TEDEEV

belongs to N (f) when we define f = p? for p = xy > 2d; here B := e(N — 1) < 1. In this case I(v, p) ~ 1/f(p) if v
is large enough.

Theorem 2.7 ([9]). Let Qe N(f), p>1,ve Wl'p(Qp) be given, and let
E, = / lv|idx, Eg= / [v|Pdx,
Q Q

p p

for some p>1, >0, qg>1, q > B. Assume moreover that v satisfies

S

=

E
E:=—5 <6V(p)

El”

=<
E
=

where 6y = 0y(q, p, B) € (0, 1) is a suitable constant. Then for all q such that g(N — p) < Np, we have

11,1
___+_
[vllge, < yo(E, p)E? P N[|Vul|,q,,

where y depends on q, p, B, and

w(z, p) = ymax(l,z%f(p)).

Comment 2.8. Theorem 2.4 was proved in [67], and Theorem 2.7 was proved in [9].
The case ¢ = p =2, =1 in Theorem 2.4 is due to [44] (with a different approach). The class of domains satisfying
suitable isoperimetric inequalities was studied in [62] (see also references therein), where precise connections between
isoperimetric and Sobolev inequalities were analyzed for various classes of domains. However, in the investigation of
qualitative properties of solutions, the precise multiplicative form of the Sobolev inequalities is important.

The embedding Theorems 2.4 and 2.7 are reported here mostly to stress the technical difference between expanding
and narrowing domains where, respectively, global or just local embeddings are possible. In both cases, in the
application of the embedding one makes often use of the estimate

E < |supp vl, @.11)

which follows in turn from Holder’s inequality (here supp v denotes the support of v). Then assumption E < 6,V (p) in
Theorem 2.7 is handled by means of a suitable cut off technique.

The definition of €2, given here for narrowing domains clearly understands r(x) = |x| as the coordinate “measuring
the distance along €2.” This is done here in order to avoid unnecessary complications, but the whole theory is valid for
domains shaped for example like infinite expanding spirals in R, where such a coordinate r(x) would be different
(essentially the polar angular coordinate in this case).

References for this section: [9], [44], [62], [67].

3. Sup Bounds for Solutions u(¢f) to the Neumann Problem

3.1 Expanding domains

The results of this Subsection were essentially proved in [8]; in this section we demonstrate a simpler approach to
the proof of a sharp bound of ||u(?)||», (see Remark 3.5) using the Faber—Krahn inequality, in the spirit of [13]. We look
only at the case of globally integrable initial data.

Definition 3.1. We say that Q satisfies the global Faber—Krahn inequality for a given p > 1 and a nonincreasing
function A, : (0, +00) — (0, +00) if for any v > 0 and precompact domain G C  with |G| = v we have

Ay) / lolPdv < / Vol?dv, 3.1)
G G

for all ¢ € WP() such that its support is contained in G.

First we note that the isoperimetric inequality, or even its consequence (2.6), implies the Faber—Krahn inequality.
Indeed from (2.6) written for v = ¢ as in Definition 3.1, when we take into account also (2.11) and take p = g, we
obtain (3.1) with

Ap(s) = [yo()sV ], s> 0. (3.2)

We consider in § = @ X (0, co) the following Neumann problem

du L om—] )
Pyl div(™ " |VulP 7" Vu)=0, (x,1) €S, (3.3)
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m—1 o Ou
u™ | Vul? = 0, (x,1) € 92 x (0, 00), (3.4)

v
u(x,0)=up(x), xe€ Q; (3.5)

in (3.4) v denotes the outer normal to 2 and uy € L'(S2). The equation in (3.3) is known in the literature as doubly
degenerate parabolic, containing both the nonlinearity of the PME (case p = 2) and of the p-Laplacian (case m = 1). In
what follows we will consider the slow diffusion case, that is

p+m—-3>0, p>1. (3.6)

The notion of weak solution to this and similar problems is standard, see for example [8]; however for the reader’s
convenience we reproduce it in the context of the present section. In Sect. 7.1 we present a variant suited for the case
considered there.

Definition 3.2. A weak solution to (3.3)—(3.5) is a nonnegative function u € LX(Q x (0,00)) with

u € C((0,00), L2 (Q)), [Vut|? € LI _(Q x (0, 00)), where 1 = (p +m —2)/(p — 1), such that .

Toc

)
f / {—u % + um_1|Vu|”_2VuV§}dxdt =0, (3.7)
0 Q ot

Toc

for all ¢ € C'(Q x (0, 00)) whose support is a compact set contained in  x (0, 00). In addition we require u(f) — ug as
t— 0in L. ().

loc

Theorem 3.3. Let u be a solution to the problem (3.3)—(3.5) in S; let Q satisfy the global Faber—Krahn inequality in
the sense of Definition 3.1. Suppose that A,(v) fulfills the condition

A,(v" is a nondecreasing function, (3.8)

for a given a > 0. Then for any t > 0 and r > 0 we have

=1
u(@®lloo = V( sup /u(f)’“dX)
t/d<t<t JQ
_ ptm=3

1 r+1
x b ( sup /u(r)’“dx) , (3.9)
t t/d<t<t JQ

where ¥~V is the inverse function of
Yi(s) 1= ST (s,
We have to assume here that u € L5, (0, +oo; L'TH(Q)).
We need the following standard result.

Lemma 3.4 (Caccioppoli inequality). Let ¢ >0, and g >2—m if m <1, be fixed and define s = (p+m+
q—2)/p. Fix also ay > a, >0, t> 11 > 170 > 0. Then

sup [(u(t)—al)fldx—}—f / |V(u — ay)’,|Pdxdt

T<T<t
H 5
(a1, a2) / / (u — ar)!+ dnd. (3.10)

1T — T
Here H(ay,ay) = [a1/(a; — ax)]"™ '\,

Proof of Theorem 3.3 (see [13]). A) Choose hy > hso > 0, Top > Too > 0, and k; = hoo + (hg — hoo)27/, t; = Too +
(To — T00)27%, fi=(u—k;)’, i > 0. For any given ¢ > 0 as in Lemma 3.4, let b= (¢ + 1)/s < p and denote A; =
{u > k} for all £k > 0; then, on applying in this order Holder, Faber—Krahn and Young inequalities we have that for a
constant ¢ > 0 to be chosen (all integrals and measures calculated at time level 1)

b/p
f fhodx < A, 172 A (A, D ( f |Vfi+1|”dx>
Q Q

b —b
< —grht / Vi |y + 22 P/ 0=0 A (A 7P DAL L. (3.11)
P Q P

Integrating in time (3.11) we find for all # > 1y
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! b !
/ /fi}jrldXdT = —Sp/b/ / |Vfis1|Pdxdt
tiy1 JQ p liy1 JQ

—b
+ths_”/(”_b)[Ap( sup A, D170 sup (AL (3.12)

Too <T<t Too <T<t

Combining Lemma 3.4 and (3.11)—(3.12) with a; = k;, ay = ki1, T = t;, T2 = ti11, we have for all ¢ > 7y and for any

g1 > 0, for a suitable ¢ > 0
!
sup /ﬁbdx—i—//WﬁV’dxdtgsl/ /lVf,HV’dxdr
L<t<t JQ i JQ ity

L ' ho pfbl'"fl‘ 3.13
+VV181 Uty — Too) 7P (3.13)
hO - hoo
x [Ap( sup Ay D177 sup |4y |.
Too <T<It Too <T<t

Iterating this inequality on i and choosing ¢; small enough (see [4, Sect. 2]), we get

P ho P%blmil‘
sup /(M(T) — ho)dx < yi(zy — roo)pTh< >

TH<T<tJQ hO_hoo
x [Ap( sup |Ap D7D sup |Aj | (3.14)

Too <T<I Too <T<t

B) We need one more iterative process. Define the sequences
=k(1 =27, L=+ l)/2, =112,
By invoking (3.14) with 7y = t;z+1’ Too =1, ho = 1., hoo = I, we obtain

Yy = sup {u > ln+1}|

7
tn+1 <r<t

< yylkath sup /(u(r)—ln)q+ldx

<‘[<[

< w?k‘“’*”fﬂAp(Yn)ﬂ Y,

Using now the classical iterative lemma [58, Lemma 5.6, p. 95] we conclude that Y, — 0 as n — oo and therefore
|u()]l < k, provided

b
k@t - bA L(Yo) 7F <8, (3.15)
for a suitable § = §(m, p, g) > 0, which amounts to
1 1 1
k=TI A (Yg) PImS < 8T (3.16)

By Chebyshev inequality we have for any fixed r > 0, at all time levels

1 2r+1
A, < rH/u’“dx:—l/ W' dx;
lO Q k+ Q

note that the number r enters the proof only at this stage. Finally, on choosing k from

1
-1 1 2 1 p+m—3 1
k™'t rm31 A, — sup u " dx = §a+l,
kr+ t/d<t<t JQ

taking into account [|u(?)||, < k and monotonicity arguments, we arrive at the desired result. U

Remark 3.5. The integrals on the right hand side of (3.9) must be estimated by taking into account the initial data. For
example if » = 0 by conservation of mass we conclude from (3.9)

(1 I
lu(®)l oo < ylluoll 0¥ 1)(t(||uo||1,sz) P+ 3>). (3.17)

This amounts to classical estimates when Q = R so that Ap(s) = s7P/N: see e.g., [70] for the PME, and [35] for the
linear case.
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3.2 Narrowing domains

Even in the case of narrowing domains one can prove existence of solutions to (3.3)—(3.5) corresponding to initial
data growing at infinity; to this end let us introduce the norm which rigorously determines the admissible behavior:

[U], := sup p 7= yg du,

pzr Q,

where U is a positive Radon measure and r > 0 is a given number.

Theorem 3.6 (Growing initial data ([9])). Let uy be a positive Radon measure in Q, such that [ul; < oo, p> 1.
Then problem (3.3)—(3.5) has a solution defined in Q x (0, Ty), where To = yg[u]%_m_”, and

[u®l5 < yluolz, (3.18)
r N P
lu®ll 0., < vort =3t Xlugly, (3.19)
for 0 <t <Ty p>p where X =N(p+m—3)+ p.

See the Comments at the end of this Section for the general framework of this result. Here we confine ourselves to
the remark that formally all the existence results of this kind are very similar, once that the norm [-], is defined with the
appropriate subdomains £2,, (see e.g., [33]).

Next we deal with solutions uniformly bounded over €2; here the situation is markedly different. As we saw in the
previous Subsection, in expanding domains (e.g., in R") global integrability of the initial data guarantees that u(f) €
L>*(2) for t > 0. This is not always the case in narrowing domains, as demonstrated by the explicit counterexample
constructed in [9, Sect. 7]. Actually one can prove that u(f) — 0 uniformly as t — oo provided a suitable moment of
the initial data is finite. As a first special example of this behavior, interesting on its own, we present the case of initial
data with bounded support.

Let

Z@) =inf{p>1]ux,0) =0, xe Q\Q,}, t>0. (3.20)
Clearly, Z(1) gives a measure of the speed of propagation of the support of u, which we expect to be finite in view of the
degeneracy of the equation.

Theorem 3.7 (Finite speed of propagation ([9])). Let uy be a positive finite Radon measure in Q with bounded
support:

supp ug C 2,
for a given p € (1,400). Then, a suitable ty > 0 exists such that, for t > t,
nP@) < Z(1) < 2 P(), 3.2D)

where p = P(t) denotes the largest solution of

p+m—3

p+m—3

1
Pf(p)" 7= = Jlugll " 73, (3.22)
We also have for t > ty the two-sided estimate
lluolls.o lluoll1.o
— < |lu(t < = 3.23
" Ye) S [u(Dllc. < ¥2 VPQ)) (3.23)

Here ty depends on N, p, m, |lugll;.q, P.

Note that the left-hand side of (3.22) goes to oo as p — 00, because of (2.7) and (2.10), so that P(¢) is well defined
and P(f) — +o00 as t — +00. Recalling the definition of P(¢) the estimates (3.23) amount to bounding [|u(?)||,, o On
both sides by multiples of

_ 1 L — _p
2 Fm=3 |y | ?’gm_"’f(P(t))Z[H—m—S .

It can be easily seen that when f(p) = constant, i.e., when 2 is cylinder, the results of Theorem 3.7 coincide with those
valid for the one-dimensional Cauchy problem; indeed when N = 1, X = 2p + m — 3, where X is the Barenblatt—
Pattle exponent defined in Theorem 3.6.

3.2.1 Integrable data of unbounded support

Let us turn to the case of integrable initial data, dropping the assumption of bounded support. As we already
remarked, we need an extra assumption to obtain a uniform bound for u(¢), ultimately because of the lack of a global
Sobolev—Gagliardo—Nirenberg or Faber—Krahn inequality. A natural assumption is limiting the growth of the initial
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data by requiring the finiteness of a suitable moment; we introduce to this end the moment
w) = [ fehucs nds. ¢ 0, (3.24)
Q

We extend this definition also to measures, in the obvious way. Then we may prove
Theorem 3.8 (Moment bounds ([7])). Assume that Q € N(f) and that for some given ¢ > 0

— @ is nondecreasing for p > 1. (3.25)
o°

Let uq be a positive finite measure in Q, such that 1(0) < 4o00. Then problem (3.3)—(3.5) has a solution u defined in
Q x (0,400), satisfying for t > ty the estimates (3.23) with P(t) given in (3.22), and

volluolly o f (P@) < pu(0) < villuolly o f (P@). (3.26)
Here ty depends also on n(0).

The proof of this result is actually rather complex. We sketch here the main argument, which is essentially an a priori
estimate to be then exploited to obtain compactness in a suitable approximation scheme.
First, for all solutions corresponding to an integrable initial data, we obtain

_N po L 2 L
14Ol 00,214\t = Y MAX(™ XL()F, 1 KT ()% f(p)71), (3.27)
provided o € (0,1/2), p > yP(t), with K| =2p 4+ m — 3, and
(1) = sup [[u(D)ll1,0 20\ 21200y -
O<t<t

Since, as already remarked, X is the one-dimensional version of K = N(m + p — 3) + p, it is clear that (3.27) bounds
u(t) by combining the (local) N-dimensional bound and the (global but non-uniform) 1-dimensional one. Note that this
bound is optimal in general (i.e., if ©(0) = +o00) as proved by the counterexample in [9].

In (3.27) the integrals in I'(¢) are local in space; therefore we may absorb f(p) into them; this is the point where the
moment appears in the estimate and the dependence on p is dropped. We obtain after some calculations

N L1
U)o < vy max( X |lugll{q.t 1 AT,
p

% ||uo||§2f(P(t))"<Ll), (3.28)

where [i(f) = supy.,, (7). The third term on the right hand side of (3.28) is necessary to bound u(#) in 2, with
p < P().

Then we appeal to the equation again, essentially using f(]x|)¢(x) as a test function, where ¢ is a suitable cut off
function. We obtain for > 0

wu(@®) = yu(0) + yfHD)luolly o (3.29)
where for all 1 € (0,1/p)

l,/l t /l_p,1 p+m]—3 pTil
Hit) =1t (/ L (17€2] I dr) ;
0
here y depends on A too.

Finally we apply (3.29) in (3.28), obtaining an inequality of (rather non-standard) Gronwall type for [[u(f)||, q-
However, this inequality is handled by means of a suitable real analysis lemma, finally yielding the sought after
estimate for ||u(?)|| o; then the bound for () follows from (3.29).

Comment 3.9. Existence of solutions to the Cauchy problem for (3.3), under optimal assumptions on the initial data,
was obtained in [28] in the case p = 2 and in [34] in the case m = 1. See [17] for an extension of results of this kind to
a case where (3.3) contains a space-dependent weight in the form of a capacitary coefficient, in a Riemannian
framework.

The Neumann problem for linear uniformly parabolic equations in domains with noncompact boundaries was treated
in [44], [45], see also [61], where it was shown that for a large class of domains €2, whose geometry is described by
means of an isoperimetric inequality, the asymptotic behavior of solutions for large times is

lluolly

@) lloc.0 ~ VD)

These results were extended to the evolutive p-Laplacian in [66], [68] under the assumption uy € L;(2) N L,(2). We
quote also [41] for an investigation of the PME in unbounded domains.
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The approach used in the proof of Theorem 3.3 is taken from the work [13] (see also [16]) and is similar to the one
introduced in [11] with the only difference that instead of Gagliardo—Nirenberg inequalities, the Faber—Krahn’s
inequality is used. The latter is a flexible tool for research on Riemannian manifolds (see [43]). This approach seems to
us to essentially simplify the proofs of the corresponding results of [8].

Note that the assumption m > 1 which appeared in [7], [9] is in fact not needed for the results we present here. The
degeneracy of the equation amounts indeed to (3.6), which is the requirement we place on p, m.

Finally, the approach of [11] is developed starting from the classical ideas of DeGiorgi, Ladyzhenskaya—Uraltseva,
DiBenedetto. In particular, we don’t use here the cylindrical parabolic embedding, which may be restrictive, for
example in a Riemannian setting or in some other problems. In addition, this approach allows us to prove the optimal
finite speed of propagation for degenerate parabolic equations even for initial data measures (see e.g., the two-sided
estimate (3.21)), and it works also in graphs [15].

See also [49] for an approach to the Cauchy problem for doubly nonlinear equations, and [19] for the property of finite
speed of propagation. On the behavior of solutions for large times let us also quote [51], [52], [53], [54].

We remark that the proof of Theorem 3.7 employs an iterative sequence of integral estimates on shrinking annuli;
the use of bounded domains allows one to use local embedding results. This technique was applied also to higher order
parabolic equations in [10].

References for this section: [7], [8], [9], [10], [11], [13], [15], [16], [17], [19], [28], [33], [34], [35], [41], [43], [44],
[45], [49], [51], [52], [53], [54], [58], [61], [66], [68], [70].

4. Fujita Type Results for Blow Up Problems

In this section we study the behavior of nonnegative solutions in S =  x (0, +00) of the Neumann problem

3
al; — div@™ " VulP 72 Vu) = u”, (x,1) €S, 4.1)
m—1 o Ou
W VP o= 0, (x,1) € 3Q x (0, 00), (4.2)
v
u(x,0)=up(x), xe€; “4.3)

here p>2, m=>1,u>1.

It is well known that, since u > 1, global in time solutions to this problem may or may not exist; results in this
direction are known in the literature as Fujita type results, after [36]. We are concerned here with existence or
nonexistence of such global solutions, and with estimates of the finite speed of propagation of the support of u. We
show how these properties are connected with the geometry of €2, which we assume to be an expanding domain.

Our approach relies on careful integral estimates of solutions which follow in turn from embedding results involving
geometrical properties of the domain Q. Let us define ® = WD as the inverse function over [0, 00) of

W(z) = 27" H ()P = 2T Pg() P, 2> 0.

Note that under assumption (3.2) we have

O(s) = s> 0, 4.4

0 (5)
where v has been defined in Theorem 3.3.

Theorem 4.1 (Existence of global solutions [8]). Let us assume that Q € 8B1(g) and that ® satisfies

+00
/ O(s) " ds < +o0. 4.5)

Then (4.1)—(4.3) has a solution defined for all t > 0, provided the initial data fulfills
luollr @ + lluoll, @ < 9. (4.6)

where r > 1 is such that N(u —m — p+2) <rp, and § = 8(N, p,m, u,r,g) is chosen suitably small. Moreover, u
satisfies for large t > 0

lluollh g

— 4.7)
(ol 75"

luDlloco =¥

We remark that restrictions on the local integrability of the initial data u are in general necessary when superlinear
sources are present in the equation; we state here a global requirement for the sake of simplicity; see also the Comments
at the end of this Section.

The estimate (4.7) is the same as (3.17), see (4.4). Namely it is the same estimate in force for solutions to the
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homogeneous equation.
Finally, (4.5) requires that p is large enough; in the case Q = R where ®(s) = s
threshold

N/X it amounts to the classical

N
Sm=D>1 (4.8)

Theorem 4.2 (Nonexistence of global solutions [8]). Assume that Q € B1(g), u > p +m — 2 and that

+m—2 -1 . _ 2
/V(T_g)pf’*‘ dt < 400, &:= (p—Dpu—p—m+ ).

4.9)
0 p(p+m—2)

Then all non negative solutions u % 0 to (4.1)—(4.3) become unbounded in a finite time (in some bounded subset of 2),
provided we assume also that p — V(p)p~" is nonincreasing for large p, for some given0 < 1 < p/(u — p —m + 2).

Again in the case of Q = R, condition (4.9) coincides with the strict converse of (4.8), and hence it is sharp. The
last requirement on V could be weakened somehow, see [8].

As we already remarked, due to the degeneracy of the equation one expects solutions with compactly supported
initial data to exhibit the property of finite speed of propagation. In our next result we give a sharp estimate of the
support of u(r) for large ¢.

Theorem 4.3 (Finite Speed of Propagation [8]). Assume Q2 € B,(g), and let the assumptions of Theorem 4.1 be
satisfied. Moreover, we require that supp ug C 2, for a given pg > 0. Then for large t, the bound Z(t) for the support
of u(t) (defined in (3.20)) satisfies

YoR(@(tluo 75" < Z(1) < yiR@(tlluoll} 5" ), (4.10)
and for R = V=Y we have
lluoll o
Ul o = Vo ——— . (4.11)
d(tlluo V5" )

Estimate (4.11) shows that (4.7) is sharp.
Example 4.4 (Paraboloid-like €2). If €2 is one of the domains in Example 2.3, we can check that (4.5) reads
l+aN-1)
A+aWN-1)p+m-=3)+p

while (4.9) reduces to the converse strict inequality. Note that for large p we have in this case V(p) ~ p!T*®¥=D 5o that
the numerator in (4.12) accounts for the volume function. Then one should compare (4.12) with the threshold (4.8)
valid for the Cauchy problem.

(w—1>1, (4.12)

Below we summarily sketch the proofs of the results stated above, which are based on arguments typical of this field.
See also [34], [4], [5].

Proof of Theorem 4.1 (sketch). Step 1. If we look at the right hand side of (3.10) we readily see that such an inequality
is still valid even for the nonhomogeneous equation (4.1), at least for all times ¢ such that

tlu@llg <1, 0<t<t (4.13)

Clearly this amounts to ignoring the source on the right hand side of (4.1); our goal is exactly to show that this is
possible under our assumptions.
Thus, if we assume (4.13), an estimate of the type of (3.17) is in force; recall that ® and v are related by (4.4).
Actually, one works with approximating solutions, but we give here the argument in the form of an a priori estimate.

Step 2. We ignore here the time interval (0, 1), where estimates must make use of the extra integrability of the initial
data.
Note that estimate (3.17) itself proves that (4.13) is in force, at least for those ¢ such that

U@ = Sup lu@lh g < ¢, (4.14)
<r<t

for a suitable &' > 0, which is going of course to determine the choice of the § in assumption (4.6). A more detailed
analysis than the one we perform in this sketch, would show that we already use (4.5) and ¢ > 1 at this stage.
The point is how to obtain estimate (4.14) for all # > 1. Simply by integrating the equation by parts we obtain
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f u(t)dx < / u(1)dx + [ (o)l / u(t)dxdt

< vluollio + v L ST 3y

As already remarked, we assume here that U(1) has been estimated already by y|ugll; o. Then by comparison
arguments, we have that U(¢) < y(¢) for ¢ > 1, where y is defined by

o e t> 1 (D) = yluol
- s =1y = Yo .
i~ ool ! -
But owing to the summability condition (4.5), one can see that y(¢) < y§ for all £ > 1, completing the proof. U

Proof of Theorem 4.2 (sketch). The arguments are technically quite involved, but the basic idea is simple. By setting
w=u',a=(p+m-—2)/(p— 1) we rewrite the equation as (here g = 1/a € (0, 1]).
B

3
% — div(|Vw|" 2 Vw) = wh*, (4.15)

Let V.(s) = max(V(s), 1); we use as testing function a suitable cut off of

f(w) _ |:/11J V (T_g)l);rml zd.[] ’ . 0; f(()) _
0

This definition is possible due to our assumptions.

Essentially, we show that a suitable integral norm of w(#) in a compact set blows up in a finite time, by bounding it from
below with the solution to an ordinary differential equation with such a behavior. The technical difficulty is given by
absorbing all integrals contributed by the diffusion operator into the nonlinear source, which yields on the other hand
the forcing term

/ wx, P (wix, H)¢(x)dx,
Q

where ¢ is the cut off function. ([

Proof of Theorem 4.3 (sketch). We define a sequence of cut off functions ¢,, n > 0, so that

Gx) =1, x€Q,\Q, &L®=0, x¢&Q, \Q _,
n
Vel <y —,
op
where 0 < 0 < 1/2 is given and, for py as in the statement,
pn=p+027"p, p,=(p—027"p)/2, n=0, p>dp.

The supports of the ¢, are shaped like shrinking annuli (intersected with 2). As n — 400 we have p, > p,+1 — p+,
P < P,11 — p/2—; note also that the support of &, is bounded away from the support of uy. Then choosing as a testing
function ¢?u’, where 0 < 6 < p/N, we have

sup /u(r)”%”dx—i—// mH0=2 |y | P ¢P dxd

O<t<t
onp
( )”/,/ ubtmto- 2dxdt+y/ / u" ¢ dxdr.
Gp ﬂ 1\97

—1

(4.16)

Reasoning as in the proof of Theorem 4.1 and choosing § small enough, we may bound the last term in (4.16) by
1
/ u()|| dT sup / u(t)'Peldx < ~ sup / u(t)' ¢l dx.
O<t<tJQ 2 O<t<tJQ

So the contribution of the blow up term can be absorbed into the left hand side and essentially we are reduced to the
case of the homogeneous equation. Therefore from this resulting inequality we get for sufficiently large s > 1

3
Y, = sup/vf’ldx—i—//anV’dxdtfyl // P dxdr, 4.17)
O<t<tJQ 0Jo (op)?

where v, = uPTH=D/PeS e = p(1 + 60)/(p + m + 6 — 2). Next we need apply the embedding Theorem 2.4, with 8 =
&,q = p, v = v,—1(7) and replace this in (4.17) with the aim of obtaining an iterative inequality for Y,. The calculations
are made rather intricate by the general functional setting and would be easier in the power nonlinearity setting of
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Example 2.3. However, eventually we arrive at
e gy ledmdp
Y, <yyip Pt Y, * folt.p,luolliq)s
where £ = N(p + m — 3) + p(1 + 0), fo is a suitable positive function connected to the geometry of 2, and y, y; > 1
are constants. Hence by appealing to [58, Lemma 5.6, Chapter II] we prove that Y, — 0 asn — 400 if p > p(t), where
p(t) is the smallest solution of

_ (140)p (p+m=3)p
PP EYy o folts s lluollg) < e

for some suitably small ¢ > 0. But Y, — 0 implies that u(x,7) = 0 for |x| > p(#). Next we bound Y, by means of an
energy inequality like (4.16) and of (4.7). Finally, on tracking the functional structure of f; we get the result. (I

4.1 Cone-like domains

The methods demonstrated above are in some sense universal and can be applied to other boundary value problems.
Consider the Cauchy—Dirichlet problem for the porous media equation with source in unbouded cone-like domains

ou

i Au" =0, (x,1) € Q x (0, T), (4.18)
u(x,t)=0, (x,1) € 92 x (0, T), (4.19)
u(x,0)=up(x), xe Q. (4.20)

Here m > 1, up > 0 and  C RY, N > 2 satisfies the geometrical assumptions of isoperimetrical type listed below,
which involve a suitable harmonic function H > 0. Before giving the assumptions, let us point out the following
examples.

Example 4.5 (Cone-like domains). 1) Standard cones: in this case

Q= {xe R | %’V' > cos@o}, 6o € (0, 7l;

X
H(x) = |x['¢ (arccos N) ,

|x]

where A is the positive root of A(1 + N — 2) = w, with o being the smallest eigenvalue of the Laplace—Beltrami
operator on 2 N {|x| = 1}. The function ¢ must satisfy a suitable ordinary differential equation.
2) Octants: here for some 1 <i < N

Q={xeR" |x,....5; >0}, HX =x;...x.
3) Other examples are given by products of the two cases above, by angles in R?, by dihedral angles in R>.

In general, let H be a positive harmonic function in €2, vanishing on 92, and let A be any subset of 2 with smooth
boundary; define

|Aly = /H(x)dx, [0Alg 1 = [ HX)doy_1,
A 9A
where doy_; denotes the area measure. We also define the perimeter function relative to H as

P(V) =inf{|0A|gy_1 |ACQ, |Alg=V}, V>N0.
We say that Q2 € D(H, M) if there exist constants C, Cp > 0 and M > 2 such that

M M-1
Hx)dx < CoM, P(V) > CoV .
QNflx|<p}

The general idea is that M is going to play the role of the dimension (e.g., N in R"); the relevant Barenblatt—Pattle like
exponent in this case is
B:=Mm-—1)+2,

which indeed coincides with J when N = M, p = 2. With reference to the Examples above, we note that in the case of
Example 4.5.1 we have M = N + A, while in the case of Example 4.5.2 we have M = N + i.
We can prove the following theorem

Theorem 4.6 (Existence for growing data ([12])). Assume that

N
> xiHy, >0, (4.21)
i=1

and that uy € L} (Q) satisfies



Qualitative Properties of Solutions of Degenerate Parabolic Equations via Energy Approaches 67

B
[uoly := sup p’m/ uo(x)H(x)dx < +00,
QP

p=1

where Q2 € D(H,M) and H are as above. Then a weak solution of (4.18)—(4.20) exists for 0 <t < T := yo[uo]g’”“.
Moreover

M 2
Nullseg, < 71 FpmTlugllyy 0<t<T, p> 1. 4.22)

The structure of the proof is similar to the one valid in the whole space R", but the critical exponents strictly depend
on the geometry of the domain €2, which we describe by means of the isoperimetric inequality stated above. We confine
ourselves to the statement of the relevant Sobolev—Gagliardo—Nirenberg inequality.

1/q Alp A=4)/r
(/ H|v|qu) < y(/ H|Vv|”dx> </ H|v|’dx> , (4.23)
Q Q Q

where v € W'P(2) has bounded support and

O<r<gc=< I1<p<M, g>1,

-P
_r_ Mg-n
CqMp—M—pyr
The inequality (4.23) can be proved according to the approach in [1, Chapter V].

Remark 4.7 (Solutions with finite moment). It follows as a by-product of the proof of Theorem 4.6 that if
w() = / Hx@)uy(x)dx < +00 4.24)
Q

then
_M
ﬁ b

2
U)o, < yr(0)Pt 1> 0. (4.25)

In fact in this case assumption (4.21) is not even needed, since it is necessary only when localizing by means of cut off
functions.

Example 4.8 (Sign-changing solutions in the plane). We start by considering the problem (4.18)—(4.20) in the angle
Q={(,x)|0<r<+o0, O<0<n/n}CR2,

n €N, so that H(x) = " sin(nf); here r and 6 are the standard polar coordinates in R>.
According to the results in Remark 4.7, we have

2 n+2
()]l so.0 < y(0)FFD=DF2¢ i-DF2, ¢ > 0. (4.26)

Actually, u can be extended via n — 1 odd reflections (about the sides of €2) to a solution U of the Cauchy problem for
the PME in R?. Such a solution changes its sign from a copy of  to the adjacent copy. Note that the estimate (4.26)
still holds for U; we remark that, by selecting n suitably, we can make the decay rate there as close as we want to the
rate valid in bounded domains (with zero Dirichlet data) for nonnegative solutions, i.e., —1/(m — 1).

We remark here that, in this setting, Fujita type results might be obtained also for the equation

9
a—L; S AW =10, (x.0) € Q x (0, +00), (4.27)

where g > 1.

Comment 4.9. The result formulated in this section were published in [8], [12].
The first celebrated result concerning the blow up phenomenon is the classical paper by Fujita [36] for the Cauchy
problem for

ou P I

i Au=u?, in R" x (0,00). (4.28)
It was proved there that the exponent ¢ = 1+ 2/N is critical in the sense that, if 1 < g < 14 2/N, then (4.28)
possesses no global positive solution, while if ¢ > 1+ 2/N, then there exist global in time solutions, provided a
suitable norm of uq is small enough. The critical case ¢ = 1 + 2/N (in which any positive solution blows up in a finite
time) was treated later in [46]; see also [65].
As an application of the comparison principle, Fujita type results were established in [38], [37] for the PME and
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p-Laplacian equations with sources. By means of a local energy approach, Fujita type results for general PME type
equations with blow up term were proved in [5] and [2] (for systems). Some of these results were extended to the
p-Laplacian equation with blow up terms in [50]. For the solution of the Neumann problem for doubly degenerate
parabolic equations with nonlinear sources in domains with noncompact boundaries Fujita type results were obtained in
[7], [8]. It was proven that the critical Fujita exponent depends strictly on the geometry of the domain. Note that these
results include the Cauchy problem as well. Later for the same class of equations but in the case of Cauchy problem the
blow up phenomena was proved in [63]. Let us quote also [71], [72], [73], [74], and the surveys [60], [31].

In equations with supercritical power sources, we may have existence of solutions only under restrictions on the
regularity of the initial data; that is, not for all initial data finite measures, or even L' functions, a solution exists; see
[5], [2] and for initial data measures [3].

Finally, existence of local in time solutions corresponding to growing initial data (as in Theorem 4.6) has been
treated with similar methods, in a Riemannian setting, in [17].

References for this section: [1], [2], [3], [41, [51, [71, [81, [12], [17], [31], [341, [36], [37], [38], [46], [50], [58], [60],
[63], [65], [71], [72], [73], [74].

5. Asymptotic Expansion of Solutions of the Filtration Equation in a Paraboloid-like
Domain

We consider here, following [14], the domain 2 = Q(«) which has been defined in (2.5) for 0 < « < 1, and the
corresponding Neumann problem for the equation of porous-media type

9 (™) 2o (1) €S =9 x(0,4+00) 5.1)
— — — | a;i(x,H)— ] =0, x,1) €8 =Q x (0,4+00), .
a o\’ ax;
ou™
ai(x, 1) == v; =0, (x,1) € 92 x (0, +00), (5.2)
Xi
u(x,0)=up(x), xe€ Q. 5.3)
We understand throughout summation with respect to repeated indexes. Here N > 2, m > 1 and v = (vy,..., vy) is the

unit outer normal to dQ; we assume ug € L'(€2) is a nonnegative function, and the coefficients a; € L*(S), i, je
{1,2,..., N}, satisfy for a constant ¢y > 1 and for all £ = (§;,...,&n) € RY, ae. in S,

o 16 < ay(x, DEE < colél. (5.4

The main goal of this section is to get the asymptotic profile as + — +oo of solutions to (5.1)—(5.3) in § under
additional assumptions on the coefficients.

If a;j(x, 1) = §;;, where §;; denotes the Kronecker symbol, then (5.1) is the PME. It is well known that if = RY, then
as t - +o0o we have

% |u(x, 1) — E(x,1)] — 0, (5.5)

uniformly in x € RY, where K = N(m — 1)+ 2 is the Barenblatt—Pattle exponent and E(x,?) is the fundamental
solution of the PME with the same total mass as uy, i.e.,

1
E B N |x| 2 | m—1
(0= 17%| €= cm.N)( 177 , (5.6)

+

where c¢(m,N) = (2.K)~'(m — 1) and C is chosen so that ||ug||; = ||E||; for # > 0. That is, E solves the PME and takes
the multiple of the Dirac mass |lug||;(x) as initial data.

Let us go back to our problem set in Q2(«). Essentially, we prove in [14] that when « < 1, the asymptotic profile
of the solution to (5.1)—(5.3) is one-dimensional, while when « = 1, the asymptotic profile is genuinely N-dimensional;
in this instance, our results cover also the Cauchy problem even if (1) is in fact a cone.

Assume for the moment & < 1 and let us introduce the following one-dimensional asymptotic profile:

_w m— 1 y 2 1 m—1
E,(y,t)y=t t@| C — - , y>0,1r>0. 5.7
2mb(a) \ ;e

Here n(a) = (N — 1) + 1 and b(«) = n(a)(m — 1) 4+ 2. The power n(«) corresponds to the dimension at infinity of
Q(a), in the sense that

ON-1 @) .
Q@) N{xy < p} = —— 0", p>0;
n(o
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here wy_, is the area of the unit sphere in R". Note that |2 N {|x| < p}| has the same asymptotics for p — 4-o0. In the
following we let Q° = Q(a) N {xy < p}.
Then for a suitable choice of C > 0, E, solves (in a suitable sense) the problem

vV 9 v
yWN=De —— _ — [(yWN=De Z__ ) —, y>0, t>0, (5.8)
at  dy ady
v
yWN=be __ — q, y=0, t>0, (5.9)
dy
YV Y (y,00= MS8(y), y >0, (5.10)
where § denotes the Dirac mass, and we let M = a);,l uolly.
Further we need the following assumptions on the asymptotic behavior of the coefficients a;y, i = 1,...,N:
pb(a)
lim p~(@+b@) f f lain(y, 1) — 8iy|*dydt = 0. (5.11)
p—>-+00 0 Qr

Theorem 5.1 (Case o < 1 ([14])). Let u be a solution of (5.1)—(5.3) in S with 0 < a < 1, and let E, be as in (5.7).
Assume that (a;y) fulfills condition (5.11). Then u approaches E, as t — +00 in the following sense, for all p €
[1, 4+00).

Interior domain: For all p >0, T > 7 > 0,

JC)

1T
ol % f 4y, 5) — Euyn, $)Pdyds — 0. (5.12)
w Jarrer

Outer domain: For a suitable ' > 0

n(a)
15 [|u(1) — Eq(1)l o,y > 1m0y —> O (5.13)

Next, we look at the case o = 1, i.e., to cones; in this case the asymptotic profiles is N-dimensional.

Theorem 5.2 (Case o = 1 (Cones; [14])). Let u be a solution of (5.1)—(5.3) in S, assume o = 1 and let E be as in
(5.6), with C such that ||[E(®)|l, .qq) = lluollyqq). Assume that (a;;) fulfills the condition

p'K
lim p V% / / |ai(y, 1) — 8;|*dydt =0, 0 <ij<N. (5.14)
0 QP

p—>+00
(Note that n(1) = N, b(1) = K.) Then
K u(t) = E@) o = 0. 1= +00, (5.15)
The same result holds true for the Cauchy problem, that is if Q(1) is replaced with R" above.
We sketch the proof of Theorem 5.1; the one of Theorem 5.2 follows the same lines.

Proof of Theorem 5.1 (sketch). For the choice of Q(«) in (5.1)—(5.3), we have from [8] that a solution u satisfies

2/ K 2/b
< luolli  luoll g™ forall £ > 0 5.16
lOlloc.0 < ymaxy —g5=, — e (- forallz>0. (5.16)

The proof uses then Kamin’s rescaling arguments, where the scaling is chosen so as to leave Q fixed. Let u(x, 1) =
K'@Oukex’, kxy, k"®1), k > 1. Then u; satisfies essentially the same estimate as above, by direct inspection and for a
suitable A(«) > O:

s = ol Nwollis™ | o 517
Ullloo.o = ¥ MAXA S50 N/K * @b (2 TP ALK = LT .
In addition, again by direct inspection one checks that u; solves
M 2 ) = 0 (nes (5.18)
a., A i 'x’ u Xi - ’ -x’ [S ) .
a Y ko
k du!
Aj(x, t)a— V=0, (x,1) € 92 x (0, +00), (5.19)
Xi
ur(x, 0) = upo(x), x € £, (5.20)

where o (x) = K" @ug(kx’, kxy) and for i, j € {1,...,N — 1}
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2(1—a) k k l—a k - k k
=i “)au, Ay =k %ay;, AN =k %a jN, Ayy = ayys
dj(x, 1) = a(k*x', ky, K@)

Notice that for ¢t > 0 we have the uniform conservation of mass

/ ug(x, Hdx = / u(x, dx = / uo(x)dx. (5.21)
Q Q Q
Moreover from the problem (5.18)—(5.20) we have the energy estimate forall k > 1,7 >7t>0, p>0
f f ()., Pdxdt + K2 / f Vol Pdxdt <y, (5.22)
o @

where y depends on ||ugl|; o, T, T, p but not on k. One can prove for the sequence u; also an equicontinuity result with
respect to the time variable; we omit the precise statement here. Then, up to subsequences we may assume u; — Uy in
(S) and a.e. in S. The estimate (5.22) itself shows that u., does not depend on x’, and (5.17) in turn shows
2/b
o1y

ltsoDlloc.00 < ¥ i /b(a) , forallt> 0. (5.23)

loc

Let ¢(xy,?) be a smooth function in [0, +00) x [0, +00) such that
oy, 1) =0, xy >R, @y, 0)=0, 1>T.

Then from the weak formulation of the problem for u;, we obtain on taking the limit kK — 400 and invoking our

assumptions on a;;, as well as the weak convergence Vu' — Vu™ in L2 (S) and all our estimates above,

// (—Uoo®r + (U)yy Pry )dxdt = lim / up(x, 0)p(xy, 0)dx
k—+o00 Jo
s

= ¢(0, 0)/ updx = ¢(0, 0)wy_1 M. (5.24)
Q

Recalling that the limit function is independent of x’, we infer

T 00
f / RV D oy + (), )endt = Mp(0,0). (5.25)
0 0

Then uy, solves (5.8)-(5.10); we can prove uniqueness of such solutions in a class satisfying among other requirements,
estimate (5.23); we omit the details, though the proof might have some independent interest. Thus, u., = E,.
Therefore, the whole sequence u; tends to E,, actually in L (S) for all p > 1, owing to the sup bound (5.16).

We next prove the interior estimate (5.12). Fix R > 0, T > t > 0, p > 1 and compute, by taking advantage of the
self-similar form of E, and by changing variables,

T
I =7§ 7§ lup (X', xn, 2) — Eq(xn, 2)|Pdxdz
T QR
kb(u)T

— k}l(a)[’ fh( ) %kk |M(y, S) - E(X(yN9S)|pdyds'
kb JQ

Now for any given ¢ > 1, we select k = '/ so that by virtue of the already claimed compactness

n(a)

T
lim th)pf % lu(y, s) — Eq(yn, $)|Pdxds = lim I, = 0.
t——+00 . QRIV/H k——+o00

Concerning the estimate in the outer domain, i.e., (5.13), we note that it reduces to an L estimate for 1, since E, = 0
in the outer domain for a suitable choice of I. In turn, we may prove a local L!-L> estimate in the outer domain, that is
essentially a bound like (5.16), but where the L' norm of the initial data is calculated on a larger outer domain
Q\Qf /2 Since this norm goes to zero as t — 400, the estimate follows. O

Comment 5.3. The asymptotic expansion for t — +oo of solutions to the PME in the whole space is well known, see
[55], [69]; to the best of our knowledge, for equations with variable coefficients a;; even this case was not treated in the
literature. The results of [14], which hold true also in this case, seem therefore interesting in view both of the domain
and of the structure of the equation we consider. See [56] for a related interesting investigation in the linear case.
An important role is played in all the quoted papers by the uniqueness of the fundamental solution, which we prove by
extending to our setting the proof of [64].

References for this section: [8], [14], [55], [56], [64], [69].
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6. Universal Bounds Near the Blow-up Time

Following [11] we consider nonnegative solutions to
up — div™ [ VuP72Vu) = foud,  (x,1) € St = Q2 x (0,T), (6.1)
where 0 < T < co. We always assume that

gq>p+m—-2, g>1, p>1.
Here f is a radial function in C(RY \ {0}), with f(x) > 0 if x # 0; we always assume that f € L} _(R"). The domain Q

loc
is an open subset of RY such that 0 € Q. We investigate the behavior of u near the (possible) blow up point (0, 7)
without any assumption on initial or boundary data. Though the results in [11] are more general, we confine ourselves

here to the case of power f, that is

fx) = |x|7% —o0 < a < min(N, p), (6.2)
setting also
}(,:(q—l)p—a(p+m—3), _ p—a .
g—p—m+2 (g—Dp—alp+m—3)

Theorem 6.1 (Local sup estimates ([11])). Assume that « > 0 and

p—o

O<p+m—-2<g<p+m-—-2+ N (6.3)
or that o < 0 and
O<p+m—2<q<p+m—2+£, (6.4)
a(p+m—3) <(g—Dp, (6.5)
lo| <min{N(g — 1), N(g—p—m+2)/(p+m—2)}. (6.6)
Then any nonnegative solution to (6.1) satisfies
uGet) < (T =072, x| < (T = %/2, 6.7)

provided (T — t)ﬁ < dist(0,0Q2), and T/2 <t < T.

Let us remark that (6.3) and (6.5) imply that # > 0, 8 > 0.

The proof of the supremum estimates of Theorem 6.1 relies on two main ingredients: suitable a priori integral
estimates, and precise local L> estimates given in terms of such integral norms, in the spirit, e.g., of (3.27). Then we
use the first ones in the latter and get the result. Let us first sketch the proof of the following integral estimate.

Proposition 6.2 (A priori integral estimate ([11])). LetN >a >0, p+m—2 >0, and 0 < 6 < min{l, p + m — 2}
and let u be a nonnegative solution to (6.1). Then for 0 <t < T, 0 < ,0‘7{ < T —1t 2p < dist(0, 052), we have

f

where y = y(0, p,m,q). If o« < 0, (6.8) is still in force, provided (6.6) is also satisfied.

P

1/(1-0)
u(x, t)l‘ng) <yp ®, (6.8)

Proof of Proposition 6.2 (sketch). The argument is typical of equations with forcing terms. Fix 0 < 6 < min(1, p +
m —2), and let { € C'(R") such that >0, =1 for x € B,, ¢ =0 for x & By,, and |V¢| <2/p. We choose as a
testing function u=%¢*, s = p(q — 6)/(q — p — m +2) > p, obtaining after applying in a standard way Holder and
Young inequalities,

d 1-6 4 (p=a)(1-)
*f Cu(r)' " dx > f x|~ u(r) " dx — yp" N e
dt Jgv 2 Jrr
)
—1 1-6 (p—)(1-06)
zyop—N%-ﬂ( / ;Su(r)l—ﬁdx> —yp" (6.9)
RN

Set then
y(r)=i / Cu(r)' dx;
AN Jry ’

we get from (6.9)
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B

, 4= _ gy (p=e0(1=0)
YV Zpp 'yt —yip 7 ez, t <1< T, (6.10)

where yy, y; are now fixed constants for the rest of this proof.
We then consider the alternative
_(p=a)(1-9)

. _ q=0 _J
D) yop™y(O)1=0 < 2y1p 7 armi2
_ (p—a)(1-0)

—0
ii) J’O:Oioly(l‘)h > 2y ,0_'% q—p—m2
If i) holds true, we immediately get

0 _(p=(1-6)

1—
Y1) < @iy et p et 6.11)

If ii) is in force, it follows that y' > 0 over (0, T), thus ii) is valid with y(¢) replaced with y(t), t < T < T. Then we may
write

—6
y > @p_“yh, t<t<T,

-2
whence y would blow up before T = T, unless
1-0 1-6
y(t) < yp"s (T — 1) a1 (6.12)
Then we select T — ¢ so that (6.12) implies (6.11), amounting to our assumption
,0‘” <T-—1t.
(]
We omit the proof of the local sup estimates, confining ourselves to the relevant statement in the case o > 0.
Lemma 6.3 (A priori sup estimate ([11])). Assume here o > 0,
p—«
g<p+m—-2+4+v N O<v<w+1.
Let 0 <dy <dp, 0 <Tp) <T)y <t <T,
+m=-24+vE—-—(v—w
M, = P N (1 ) > 1,
prm—2+v(§- g
+m—2+@+9L—qg—w+p+m-2
Mzzp (@+q9x5—q H( p )>1’
p+m—=2+v(f—-1)—¢q
where max(1,N/p) < s < N/« is chosen so that the denominator of M, is positive, and w is large enough. Then
& _ 1 73‘7 ___Pr
lulloo g, <y < 5 (T1 — To) &1 +dy """ (dy — dy) 7772
My—1
1 (7a+d) M w+1—v
+ y(t — T)ori=d, "= sup / u(t)’dx . (6.13)
Tr<t<t By,

In order to prove the sup estimate we select v =1 —6 in (6.13), 6 as in (6.8). Then for large enough s and @ we
choose di = (T — 1)1/”/2, =T -0 T)=t— (T - 1)/2, T, =t — (T — 1), so that all three terms on the right-
hand side of (6.13) reduce to constant multiples of (7" — =5
In fact in the third term there we use the integral average estimate (6.8) so that the factor T — ¢ appears with the correct
power —&B. Note that the auxiliary parameters 6, s and w do not appear in the estimated blow up rate.

6.0.1 Some results in the whole space
The methods of [11] are rather general, and in that paper were also applied to infer other results, like e.g.,

Proposition 6.4 (Nonexistence of local solutions ([11])). Let f(x) =1+ |x))7% witha <0, p+m—-3 <0, (q—
Dp < a(p +m—3) (so that H, B < 0). Assume that (6.4) is satisfied. Then the only nonnegative solution in R x
(0,T) to (6.1) is the trivial one u = 0.

Theorem 6.5 (Bound below when f = 1 ([11])). Let u be a subsolution to (6.1) defined in RY x (0,T). Assume that
f =1, and that u blows up at time oo > T > 0. Then

1 1
(T =D u®llgopr = (g—1D T, 0<t<T. (6.14)

Theorem 6.6 (Global boundedness of support ([11])). Let u be a nonnegative subsolution to the Cauchy problem for
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(6.1). Assume that f =1, p+m—3 > 0, that

1
u(x,t) <c(T —1) a1, xeR", 0<t<T, (6.15)
and that supp u(x, 0) is bounded. Then there exists a finite constant C such that

suppu(x,t) C B¢, forall0 <t <T. (6.16)

Comment 6.7. Comparison between suitable ordinary differential equations and diffusion equations with sources was
applied in [57]. In unbounded domains it was used in [5], [2], [6] and [3] to obtain a priori bounds for solutions to
equations and systems with superlinear sources. Indeed, such a comparison yields the integral estimates needed in the
independently proved L'-L> estimates. Clearly in this approach the choice of the correct space-time scaling is of the
greatest importance.

References for this section: [2], [3], [5], [6], [11], [57].

7. Decay of Mass and Other Properties of Degenerate Parabolic Equations with Damping

7.1 The Cauchy problem with damping
Consider the following Cauchy problem set in S = RY x (0, T):
u, — dive™ | Vu|P 2 Vu) = —|Vu' |4 (x,1) € St, (7.1)
u(x,0)=up(x) >0, xe R". (7.2)
We assume throughout that p4+m —-3>0,p> 1,1 <g<p,vg>p+m—2,r>1,and uy € Ll(RN), with uoy > 0.
We use in what follows the notations
K=Np+m=3)+p, L£=pvg—1) —qp+m=3),
_K+N (@ —q@WNv+1)
Nv+1’ B L '

*

q

Note that £ > 0 under our assumptions.

Definition 7.1. A weak solution to (7.1)—(7.2) is a function u € L (R" x (0,00)) with u € C((0,00), L2 (RM)),

loc loc

V|7, |Vu'|? € Lig (RY x (0,00)), where 4 = (p+m —2)/(p — 1), such that
0 aé‘ m—1 p—2 v|q —
—u |VulP~*VuVe + |Vu'|9¢ tdxdt = 0, (7.3)
0 Q

for all ¢ € C'(R" x (0, 00)) whose support is a compact subset of RN x (0, 00). In addition we require u(f) — ug as
t— 0in L. (RY).

loc

Let us begin with some estimates for large times.

Theorem 7.2 (Finite speed of propagation ([18])). Let u > 0 be a solution of (7.1)~(7.2), with p+m — 3 > 0 and
suppuy C By, 0 < po < +00. Then we have for large enough t

vg—(p+m—2)

Z(@t):=inf{p>0|ulx,0)=0, |x|>p}<yt £ . (7.4)

Theorem 7.3 (Mass decay ([18])). Under the same assumptions of Theorem 7.2 we have

if g <q*: |u@®ll g <y, (7.5)

1
if g=gq" |u@®l,ge < yllogt| v (7.6)

Remark 7.4. 1) It is important that the constants y in Theorems 7.2 and 7.3 do not depend on the initial data.
2) In the case ¢ > ¢* on combining (7.5) with the known estimate

p

= N
luOllory < v sup [u@]{put*,
t/d<t<t ]

we obtain for large ¢ the decay rate predicted by self-similar solutions, i.e.,

_r=q
lu@lloo gy < ¥t~ £

Even in the case of solutions without bounded support we may prove the following.

Theorem 7.5 (Mass decay ([18])). Let u be a solution to (7.1)—(7.2), with q < q*. The for large t we have
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vg—(p+m—2)
lu@ll; gy < J// up(x)dx + yt*, R =t = , (7.7)
' {lx|>R(0))

provided either v= (p+m—2)/(p— 1) orp=2, N> 2.
On the contrary, for supercritical ¢ we do not have decay of mass.
Theorem 7.6 (Asymptotically positive mass ([18])). Let u be a solution to (7.1)—(7.2), with q > g*. Then
lu@®l|; =>c>0, t>0. (7.8)
Here c is a constant depending also on uy.

Proof of Theorem 7.5 (sketch). Let us prove (7.7) when v=(p+m —2)/(p — 1).
The starting point of the proof of the decay of mass is to represent the total mass as follows

/ u(x, t)ydx = / u(x, dx + / u(x,dx =: E| + E,
RY {Ix|<2R} {Ix|>2R}

for a free parameter R which will be chosen presently. On applying Holder, Gagliardo—Nirenberg and Young
inequalities we have
u]_q N(vg—1)
E, 5)/(] u(t)dx) R v
RN

Nvg—-1)
V(/ IVMUqux> lu(@)]l} g R
RN

o

d N(vg—1)
=y —Ellu(t)lll,RN ||M(t)||1RN v

IA

1
g Ng—D+g

1 d
S2Ilu(t)lll,RN+J/<—dtIIM(I)Ill,RN> R

Here o = N(vg — 1)/[N(vg — 1) + q], and we applied the equation (7.1).
On the other hand, on multiplying the equation by a suitable cut off function and integrating by parts, we obtain that

E; < V[ uo(x)dx + yTR —p+l =: Es;
{Ix|>R}

note that in our case the assumptions lead us to ¢ > p — 1, and that we work in ¢ € (0, T) for any fixed 7 > 0. Next
select

g=p+D(p+m=2)
R = R(T) =T (p—DH

On combining the estimates above for E; and E,, we get for 0 <t < T

N(wg—1)+q

1
F(t) = lu()]), — 2E5 < (— ‘Z) YRy

The sought after estimate (at ¢t = T') follows from an analysis of this nonlinear ordinary differential equation, where we
may assume F(T) > 0 (otherwise the result follows trivially). O

Proof of Theorem 7.2 (sketch). Let us try to sketch at least how the interplay between diffusion and damping is used in
terms of integral estimates.
Define the radii r, = 2p(1 — 2771, i=0,1,..., where p > 2p, and the sets U; = {|x| > r;}.

By means of calculations similar to the ones showed in the proof of Theorem 3.3, starting from Caccioppoli

inequality we arrive at
Yig1 1= Sup / '+‘9dx+// W2\ Vu|Pdxdt
O<t<t JU;, 0 JUip

1
/ / Wl | V' dxdt + — / [ uPrm =2 gxdr (7.9)
1+] 1+1\Ur+2

2iP (146)p 1+M
< V_t Ky yl Ko
pP

Here Ky = N(p +m — 3) + (6 + 1)p, for a suitable 6 > 0.
Next we use the damping term. Since we know that the support of u is bounded, we have the Poincaré inequality
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/ wldx < yZ(t)q/ |Vw|%dx,
U;

U;

where w = u"7t9/4. Then, by Hélder inequality

4 q(p+m+9 2) p+\j2:z_2 vg—(p+m—2)
/ / vito  dxdt < y( / / wqudt> @tp") va+e
0 Ui\Ui+|
vg—(p+m—2) p+m+6—2 pAm+6-2
< yp")y ez ey, (7.10)
Thus, Caccioppoli inequality and (7.10) imply
. vg—(p+m=2) vg—(p+m=2) ) pt+m+6-2 p+m+99 2
Yipr < y2Pe i pt T e Pz ey, (7.11)
Let
(14+6)
- il L A=I R T
Ko+ p(p+m—3)
vg+6 vg—(p+m=2) p+m+6-2
- m > 1, B=[@p") w7 p Pz e
Then from (7.9) and (7.11) it follows that
y:l + y;l < )/C'yz,
for a suitable C > 1. On applying Young inequality we obtain
y?‘ .
Tapioa S VO (7.12)

where €; = b/(b + 1 — a) < 1. Therefore from the iterative result [S8, Lemma 5.6, Chapter 2] we conclude that y; — 0
if
1—a
(YoB) 7 A < yp. (7.13)

This yields that u(x, r) = 0 for |x| > 2p. Finally we derive a careful bound of y, in terms of ¢, p, Z(#), which replaced in
(7.13) implies the stated estimate of Z(t); since this step, which makes use again of the damping term, is nontrivial, we
omit it here. O

7.2 The Cauchy problem with damping and blow up

We consider next the existence of a priori global in time bounds of solutions to the Cauchy problem for the equation
— div™ " | Vu|P72Vu) = u” — €|Vu"|, (7.14)

for r > 1, € > 0 and p, m, g as above. We have to introduce the threshold

— [vg —(p+m—2)].
P—q
We only state the following results.

Theorem 7.7 (A priori bounds of global solutions ([18])). Let u be a solution to (7.14), (7.2), which can be
approximated by bounded subsolutions. Assume v=(p+m—2)/(p—1), r>p4+m—2, r>r* g<qg*, e=1.
Moreover, assume that
AL
sup pva—r+m=2) / up(x)dx < 400, (7.15)
|x[>p

p>1

and ||luollg gv < yo for a suitable yo and B > N(r — p —m + 2)/p. Then the following bound is valid:
@)l pr <y T, 1> 1. (7.16)
Theorem 7.8 (Blow up ([18])). Assume that r =7r1% g < q*, 0 <€ <€ where €N,v,p,m,q) > 0. Then any

nontrivial solution to (7.14), (7.2) blows up in a finite time.

Since equation (7.14) has a positive explicit stationary solution (for a certain € > 0), the requirement € < € in
Theorem 7.8 seems to be not simply technical.
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7.3 The Cauchy-Dirichlet problem with damping in cone-like domains

We consider here again domains of the class D(H, M) introduced in Sect. 4.1. In [12], still in the case of cone-like
domains, we study also the Cauchy—Dirichlet problem for the equation with a damping term

9
8—”; — Au" = —a()b@|Vi'll, (1) € Q x (0, +00), (7.17)

form > 1, g € (1,2), vg > m, while initial and boundary data are still prescribed as in (4.19)—(4.20). In what follows
we assume that a(x) = a(|x|) and b(¢) are strictly positive functions, satysfing

a(s), s?/a(s), are nondecreasing for s > 1, (7.18)
and, for a given c € (0, 1),
b(r), t°/b(ry"/™  are nondecreasing for t > I. (7.19)
Denote for s > 0
D(s) = [s20-D=a01=D g ym=1]1/0a=m) g _ by~
- (b(fl)(e)M(vq—l)-ﬁ-q 1/(vg—1)
o= [ a( @D ()bl }
Recall that in the setting of cone-like domains, we denote also 8 = M(m — 1) + 2.

Theorem 7.9 (Moment bound ([12])). Let m > 1, u be a solution of (7.17), (4.19)-(4.20) in Q2 x (0, +00), and let
supp uy be bounded. Assume also that

IVH(x) - x| = yH(x), |x] = 1. (7.20)
Then a time ty > 0 depending on uy exists such that for t > ty both
u(t) == / u(x, NH(x)dx < yji(t), (7.21)
Q
and
f ~1/(vg—1)
() < y( / a(z/‘s)b(r)z—/’W(“q—‘>+q>dr> (7.22)
1
hold true. Moreover
Do < vEOXPIME, 1> 1. (7.23)

Theorem 7.10 (No moment decay in standard cones ([12])). Let u be a solution of (7.17), (4.19)-(4.20) in Q x
(0, 4-00), where Q2 is a standard cone (see Example 4.5). Let a(s) = s* for s > 1, a € [0,q), and b(t) = tX, t > 1;
assume also that supp ug is bounded and that

qg>q =Mm+ x(m—1)+2(x+ 1)+ a)/(Mv+1). (7.24)
Then suitable t; > 0 and ¢ > 0 depending on ug exist, such that
u®)>c>0, t>1. (7.25)

More generally we can prove the next theorem.

Theorem 7.11 (Moment bound in standard cones ([12])). Let u be a solution of (7.17), (4.19)-(4.20) in Q x
(0, 400), where 2 is a standard cone. Assume that u can be approximated by solutions with bounded support. Then

wn <y / up(H)dx + yu(n), 1> 0. (7.26)
QN> o)

Remark 7.12 (Standard cones ([12])). If 2, a(s) and b(¢) are as in Theorem 7.10, then from Theorems 7.9 and 7.10 it
follows that u(f) — 0 as t — 400 if ¢ < ¢*, while u(t) > ¢ if ¢ > ¢*, where ¢* is defined in (7.24). Moreover, for
large t we have for h) =2(vg — 1) + (¢ — ¢)(m — 1),

w() < yl_(fl*—q)(MV+l)/hl’ g < 6]*, (7.27)
p(t) < ylin~ =D g = g%, (7.28)
()| <yt~ FT2FD/ g < g, (7.29)
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Remark 7.13 (Octants ([12])). According to the results and methods in [12] we also have the following results in
octants-like domains, as in Example 4.5.2, i.e., for 2 <i <N

Q:{(xl,...,xN)ERN|x1,x2,...,x,->O}, Hx) =x...x;.
Letm>1,a=1, b =1, uy with bounded support and
., (N+iDm+2
T W1

Then if g < g* we have u(r) - 0 as t — +o0; if instead g > ¢* we have u(t) > ¢ > 0 for large r. More exactly for
large t

() < yf(q**q)[(NJri)Hl]/ho’ g < q*; (7.30)
w(t) < y[lng] =1/, q=q" (7.31)
here hy = 2(vg — 1) — g(m — 1).

Comment 7.14. Behavior of mass plays an important role in the investigation of the asymptotic behavior for large
times of solutions of parabolic equations with damping terms. It is well known (see Theorem 3.3) that for solutions or
subsolutions to the Cauchy problem for a homogeneous doubly degenerate parabolic equation we have for any 7 > 0

X
”M([)HOO’RNS)/I_%< sup / u(x,r)dx) . (7.32)
RN

t/d<t<t

For the same Cauchy problem with the damping term as in Sect. 7.1 the mass

/ u(x, T)dx
RN

decays in time, but not necessarily to 0. Namely our results answer, in terms of critical exponents, the question of when
the mass decays to 0. As a consequence of this result and of (7.32) we have faster decay of ||u(t)|| o, gv as t — +oo.
This kind of estimates also are helpful in discussing whether the fundamental solution does exist. To the best of our
knowledge the first result in this direction for the heat equation with gradient damping was proven in [21]; see also [24].
We also quote on the subject of equations with nonlinear source terms depending on the gradient [3], [27], [22], [25],
[26], [42], [23], [30], [40], [39], [59], [47], [29], [20], [48], [32].

As to the Cauchy—Dirichlet probem, we investigated in [12] for the first time in this framework, as far as we know,
the role played by a suitable moment depending on the geometry of the domain; this role amounts to the one of global
mass in the whole space.

References for this section: [3], [12], [18], [201, [21], [22], [23], [24], [25], [26], [27], [29], [30], [32], [39], [40], [42],
[47], [48], [59].
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