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Abstract

We study the global approximate controllability properties of a one dimensional semi-
linear reaction-diffusion equation governed via the coefficient of the reaction term. It is
assumed that both the initial and target states admit no more than finitely many changes
of sign. Our goal is to show that any target state v* € H{(0,1), with as many changes
of sign in the same order as the given initial data uo € Hg(0,1), can be approximately
reached in the L?(0, 1)-norm at some time 7' > 0. Our method employs shifting the points
of sign change by making use of a finite sequence of initial-value pure diffusion problems.
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1 Introduction

Our main goal in this paper is to study the global approximate controllability properties of the
following semilinear Dirichlet boundary value problem

Uy = Uzy + v(:c,t)u =+ f(u) iIl QT = (07 1) X (OvT)v T > 05
u(0,t) = u(l,t) =0, te (0,7), (1)
u |t:0 = Uug € H&(O, 1).

Here v € L*™°(Qr) is a control function, which affects the reaction rate of the process described
by (). The nonlinear term f : R — R is assumed to be a Lipschitz function satisfying f(0) = 0.
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Let us recall that, in general terms, an evolution system is called globally approximately
controllable in a given space H at time 7" > 0, if any initial state in H can be steered into any
neighborhood of any desirable target state at time 7T, by selecting a suitable control.

Historically, the concept of controllability emerged in the context of linear ordinary dif-
ferenetial equations and was motivated by numerous engineering applications. Then it was
extended to various linear partial differential equations governed by additive locally distributed
(i.e., supported on a bounded subdomain of the space domain), lumped (acting at a point),
and boundary controls (see Fattorini in [I5], Fattorini and Russell in [16], and Zabczyk in [33]).
Methodologically, these studies were typically based on the linear duality pairing technique be-
tween the control-to-state mapping at hand and its dual observation map. When this mapping
is nonlinear, as it happens in (), the aforementioned approach does not apply and the above-
stated concept of controllability becomes, in general, unachievable. For example, the above
control system cannot be steered to any nonzero target starting from the origin ug = 0 (see
more about that in Remark 2] below).

It is well-known that () can be linked to various applied reaction-diffusion models such as
chemical reactions, nuclear chain reactions, and biomedical models (see [24], and the references
therein). More generally, reaction-diffusion equations or systems describe how the concentration
of one or more substances changes under the influence of some processes such as local chem-
ical reactions, where substances are transformed into each other, and diffusion which causes
substances to spread out in space.

Unfortunately, additive controls (see, e.g., [I] and [I0]) are unfit to treat such problems
because, for example, they would require inputs with high energy levels or they are not available
due to the physical nature of the process at hand. On the other hand, an approach based
on multiplicative controls, where the coefficient v in () is used to change the main physical
characteristics of the system at hand, seems realistic.

In the area of multiplicative controllability for partial differential equations we would like to
mention the pioneering work [3] by Ball, Marsden and Slemrod establishing the approximate
controllability of the rod and wave equations, based on the implicit nonharmonic Fourier series
approach. Further principal contributions to the field of the multiplicative controllability of
linear and semilinear parabolic and hyperbolic equations and of a number of swimming models
were made by Khapalov, see [22]-[24] and the references therein. Substantial progress has
also been made in the study of the controllability properties of the Schrodinger equation by
Beauchard, Coron, Boscain et al., Ervedoza and Puel, Nersesyan, see [4], [6], [13], [14] and [28]
and the references therein. Let us also mention along these lines the work by Beauchard [5] for
the beam model, the works by Lin et al. [26] and [27], and the work by Fernandez and Khapalov
[17] on the bilinear controllability of parabolic equations.

In [22], Khapalov studied the global nonnegative approximate controllability of the one di-
mensional nondegenerate semilinear convection-diffusion-reaction equation governed in a bounded
domain via bilinear control. Similar results were obtained for degenerate parabolic equations
by Cannarsa and Floridia in [8],[9],[18] and [19]. In [II] Cannarsa and Khapalov established
an approximate controllability property for nondegenerate linear equations in suitable classes
of functions that change sign.

In this paper, we are interested in the multiplicative controllability of the semilinear reaction-
diffusion system () when both the initial and target states admit a finite number of points of sign
change. This fact introduces substantial differences with respect to the above works. Indeed,
on the one hand, we manage to extend all the approximate controllability results of [I1] to
semilinear equations as well as those of [22] to initial/target states that may change sign. On
the other hand, here we introduce a new technique of proof.

In [I1], an implicit “continuation argument” was employed to justify the fact that one can
always continue to move the points of sign change until their target positions have been reached.



Such a technique was mainly qualitative but sufficient to obtain the conclusion due to the linear
structure of the equation at hand. In this paper, on the contrary, a more quantitative approach
is needed because the equation of interest is nonlinear.

Indeed, we give an explicit construction of the controls required for the steering process.
Such controls are, essentially, obtained by splitting [0, 7] into finitely many time intervals

[O,T] = [O,Sl] U [Sl,Tl] Uu---u [TN_l,SN] U [SN,TN] U [TN,T]

on which two alternative actions are applied: on [Sk,T;] we choose suitable initial data, wy,
in pure diffusion problems (v = 0) to move the points of sign change to their desired location,
whereas on [Tj_1, S;] we use piecewise static multiplicative controls vy to attain such wy’s as
intermediate final conditions. More precisely, on [Sk, Tx] we make use of the boundary problems

wy = Wer + f(w), in (0,1) X [Sk, Tkl
w(0,t) =w(1,t) =0, t €[Sk, Tkl

w |t:Sk = wk(z)a wg(z) |I:0,1: 0,

where the wy’s are viewed as control parameters to be chosen to generate suitable curves of sign
change, which have to be continued along all the N time intervals [Sk, Tk] until each point has
reached the desired final position. In order to fill the gaps between two successive [Sk, Tk]’s, on
[Tk—1,Sk] we construct vy that steers the solution of

U = Uge + vr(z,t)u + f(u), in (0,1) x [Tg—1, Sk,
u(O, t) = u(l,t) =0, te [kal, Sk],

U =1, = Uk—1 + Th—1,

from wp_1+rr_1 to wy, where ug_; and wy, have the same points of sign change, and ||ry—1/z2(0,1)
is small. The fact that such a process can be completed within a finite number of steps is an
important point of the proof. It follows from precise estimates that guarantee that the sum
of the distances of each branch of the null set of the resulting solution of () from its target
points of sign change decreases at a linear-in-time rate for curves which are still far away from
their corresponding target points, while the error caused by the possible displacement of points
already near their targets is negligible.

We believe that the techniques of this paper could be useful to study multidimensional
diffusive systems on Riemannian manifolds of low dimension or special structure.

Motivations and future perspectives

In this section we present some applications. The following nuclear model is a typical example
of the applications we plan to study, that is, a reaction-diffusion model in a fissionable material
(see Section 2.7 of [31]). By shooting neutrons into a uranium nucleus it may happen that
the nucleus breaks into two parts, releasing other neutrons already present in the nucleus and
causing a chain reaction. At a macroscopic level, the free neutrons diffuse like a chemical in
a porous medium, where reaction and diffusion are competing. Some macroscopic aspects of
this phenomenon can be described by means of a simplified reaction-diffusion model, like in (),
where u is the neutron density and the multiplicative coefficient v is the fission rate.

Our study of the reaction-diffusion models is also motivated by mathematical models of
tumor growth (see, e.g., Friedman in [2I] and Perthame in [29]). There are three distinct main
stages in the growth of a tumor (see [30], [32] and [2]) before it becomes so large that it causes
patients to die or reduces permanently their quality of life: avascular (tumors without blood



vessels), vascular, and metastatic. From a clinical point of view, vascular and metastatic tumor
growth are what cause the patient to die. So modeling and understanding these processes is
crucial for cancer therapy. Nevertheless, avascular tumor growth is much simpler to model
mathematically, and yet contains many of the phenomena that one needs to address also in a
general model of vascular or metastatic tumor growth. In the review [30], Roose, Chapman
and Maini describe a continuum mathematical model of avascular tumor growth. This model
consist of reaction-diffusion-convection equations and was introduced by Casciari, Sotirchos
and Sutherland in [I2]. Mathematical models describing continuum tumor cell populations and
their development classically consider the interactions between the cell number density and one
or more chemical species that provide nutrients or influence the cell cycle events. The model
introduced in [I2] can reduce to the following simplified system

8ui - 82’&1'
ot 9%z

where u; are the concentrations of the chemical species and v; are the net rate of consump-
tion/production of the chemical species both by the tumor cells and due to chemical reac-
tions with other species. In future works we will address controllability issues for systems of
reaction-diffusion equations of the type outlined in the survey paper [7] (see Section 7, “Control
problems”).

Outline of the paper

In Section 2, we give the precise formulation of the problem and state our approximate control-
lability result for system (1) (Theorem [I]) together with some of its consequences.

In Section 3, we explain the structure of the proof and, admitting two essential technical tools
(Theorem 2l and Theorem [3)), we proceed with the proof of Theorem [

Section 4 deals with the proof of Theorem [t a controllability result for pure diffusion problems.
Finally, Section 5 is devoted to the proof of Theorem [B} a smoothing result intended to attain
suitable intermediate data while preserving the already-reached points of sign change.

2 Problem formulation and results

Our main goal in this paper is to study the global approximate controllability properties of the
semilinear Dirichlet boundary value problem ()

up = Uge + v(x,t)u + f(u) in Qr=1(0,1)x(0,7), T >0,
u(0,t) = u(l,t) =0, te(0,7T),
U |t:0 = Uup € H&(O, 1)

Here v € L*(Qr) is a bilinear control. The nonlinear term f : R — R is supposed to be a
Lipschitz function with f(0) = 0, differentiable at 0 and L will denote a Lipschitz constant for
f, that is,

| f(W) = fu) | < L|u —ul, Vuu eR. (2)

Remark 2.1 We note that system (II) cannot be steered anywhere from the origin. Moreover,
if ug(xz) > 0 in (0,1), then the strong maximum principle demands that the respective solution
to () remains nonnegative at any moment of time, regardless of the choice of v. This means
that system (IJ) cannot be steered from any such ug to any target state which is negative on a



nonzero measure set in the space domain. We remark that the strong maximum principle for
linear parabolic PDEs (see, e.g, Chapter 2 in [20], p. 34) can be extend to semilinear parabolic
system (). Indeed, since f(0) =0 and f(u) is differentiable at 0, the term f(u(z,t)) in (@) can

be represented as ((z, t)u(x,t), where g = # € L™(Qr).

Let us start with the well-posedness for the system ().

Functional setting and Well-posedness

Hereafter, we use the standard notation for Sobolev spaces, in particular,

HY0,1) = {¢ € L*(0,1) | ¢, € L*(0,1)}
Hy(0,1) = {p € H'(0,1) | (0) = ¢(1) = 0}
H?(0,1) = {¢p € H(0,1) | ¢z € L?(0,1)}.

By classical well-posedness results (see, for instance, Theorem 6.1 in [25], pp. 466-467) problem
@) with initial data ug € L?(—1,1) admits a unique solution

u e L*(0,T; Hy(0,1)) N C([0,T]; L*(0,1)).
Furthermore, if ug € H}(0, 1), then the solution u of problem () satisfies
ue H'(0,T;L(0,1)) N C([0,T]; Hy(0,1)) N L*(0, T3 H*(0,1)).
Problem formulation
In this paper, we assume that ug € H}(0,1) has finitely many zeros, that is, there exist points

0zz8<z?<---<x%<z%+1:1

such that

up(z) =0<=a=ay, 1=0,....,n+ 1.
Moreover, we assume that the interior zeros (xlo, l=1,...,n) are points of sign change, that is,
forl=1,...,n,

UO(x)UO(y) < 05 VSC € (zloflvxlo) ) Vy S ('rlov'rlOJrl) .

We will refer to such functions ug as the ones with finitely many changes of sign.

Our goal is to show that any target u* € H}(0,1), with as many changes of sign in the same
order as the given g, can be approximately reached in the L?(0,1)-norm at some time T > 0.
By the above expression we mean that, denoting by z;, 1 = 0,...,n + 1, the zeros of u*, we
have

up(z)u*(y) >0, Ve (27 ,27),Vye (vj_y,a7), forl=1,....,n+1

Remark 2.2 The matching of the initial and target states seems optimal. Indeed, the strong
maximum principle (see Remark 2.1]), applied on the subdomain of Qr delimited by any two
adjacent curves of sign change (in the sense of Definition BTl and Lemma H2]), prevents the
appearance of new zeros of u(x,t) within this area.

Let us start with the following definition.



Definition 2.1 We say that a function v € L>(Qr) is piecewise static, if there exist m € N,
ck(x) € L>=(0,1) and ty, € [0,T], tp—1 < tx, k=1,...,m with to =0 and t,,, =T, such that

’U(:C,t) = Cl(z)ﬂ[toﬂﬁ](t) + ch(x)]l(tkflatk](t)7
k=2

where Ny ¢ and L, | 4, are the indicator function of [to,t1] and (tx—1,tx], respectively.
Here we present our main result for system ().

Theorem 1 Let ug € H}(0,1). Assume that ug has finitely many points of sign change. Con-
sider any u* € H}(0,1) which has exactly as many points of sign change in the same order as
ug. Then, for any n > 0 there are a T = T(n,up,u*) > 0 and a piecewise static multiplicative
control v = v(n,ug,u*) € L®(Qr) such that for the respective solution u to ([ the following
inequality holds

u(-,T) —u*|lL20,1) < 0

Uo

Figure 1. Control of two points of sign change.
2.1 Further results

We present in this section two results that generalize Theorem [Il and are easy consequences of
such theorem.

Corollary 2.1 Let ug, u* € H}(0,1). Assume that ugp and u* have finitely many points of
sign change and the amount of points of sign change of u* is less than the one of ug. Then,
for any n > 0 there are a T = T(n,ug,u*) > 0 and a piecewise static multiplicative control
v =v(n,ug,u*) € L>®(Qr) such that for the solution u to [0l the following inequality holds

| u(T) = u* ||20,1) < 0
In the following Remark we clarify the statement of Corollary 2.1

Remark 2.3 We explain the statement of Corollary 1] by the following example. Let us
consider an interval (0,2%) of positive values of ug followed by an interval (z9,29) of negative
values of ug(z), which in turn is followed by an interval (x3,z9) of positive values of ug(x) and
so forth. Then the merging of the respective two points of sign change ¢ and z§ will result in
one single interval (0, x9) of positive values.

In the following picture we describe the situation discussed in Remark 23] in the particular case
0=2a) <a¥ <a2f<azl=1
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Figure 2. wg,u": merging of the points of change of sign.

Proof (of Corollary 2.7]). Corollary 2] follows from Theorem[Il Indeed, all the target states
described in Corollary 2] can be approximated in L?(0,1) by those in Theorem [

It may be worth noting that the following generalized approximate controllability property
can be deduced from Corollary 211

Corollary 2.2 Let ug and u* be given in L?(0,1). Then, for any n > 0 there exists uj €
H{(0,1) such that || ug —uo || 20,1y < 1, and there exist T = T(n, ug,u*) > 0 and a piecewise
static multiplicative control v = v(n, ug,u*) € L= (Qr) such that the solution u to

Ur = Ugr + v(x,t)u + f(u) in Qr =1(0,1) x (0,7)
u(0,t) =u(1,t) =0 te(0,7)
u(-,0) = ud € H}(0,1)

satisfy the following inequality
u(-,T) = ullL20,1) <7

The proof of Corollary [22is similar to one of the Corollary 2 of [I1], which deals with linear
systems.

3 Control Strategy for the proof of the main result

In this section, we fix the notation and we introduce a control strategy to obtain the complete
proof of Theorem [l in Section

Let us fix a number ¥ € (0,1) to be used in whole the paper.

Now, we recall some useful functional spaces.

Hoélder continuous spaces

We define the Holder spaces

c’([0,1]) :== {w € C([0,1]) :  sup [w(@) = wiy)] < +oo} ,

z,y€[0,1] |z — ylﬂ



C*([0,1]) := {w € C*([0,1]) : w” € C”([0,1])}.
Let Qr = (0,1) x (0,T). Let us define the following spaces of time dependent functions

9 %@T) — {u €C@Qp) : sup Ju(z,t) — uly, t)] 4 sup |u(z,t) — ugx,s)| _ +Oo}’

z,y€[0,1] |z —y[? t,5€[0,T] [t —s|2

C*NQr) = {u (Qpr — R : F Uy, g, up € C’(@T)} ,
C2+0’1+g(@T) = {u € C*Y Q) : Upw,Ug,us € Cﬁ’%(QT)}.

Notation
Given N € N, let us set RY = {(a1,...,an)|ar € R, ap >0, k=1,...,N}. For every
(T1,...,78) = ()N GRf, (01,...,0n) = (on)Y € Rf,
we define
To:=0, Sp:=Ti1+o0r,  Th:=Sk+k, k=1,....N. & (3)

Noting that 0 = Ty < S < Ty < Tn, k = 1,..., N, we consider the following partition of
[0,Tn] in 2N intervals:

N
[O,TN] = [O,Sl] U[Sl,Tl]U"'U[TN_l,SN] SN,TN U Okng (4)
k=1

where, for every k =1,..., N, we have set Oy, := [T_1, Sk] and & := [Sk, Tk].

Outline and main ideas for the proof of Theorem [

We obtain the proof of Theorem [ in Section using the partition introduced in (@) and
applying two alternative control actions: on [Sy, Tk| we choose suitable initial data, wy, in pure
diffusion problems (v = 0) to move the points of sign change to their desired location (Section
B0, whereas on [T)_1,Sk] we give a smoothing result to preserve the reached points of sign
change and attain such wy’s as intermediate final conditions, using piecewise static multiplicative
controls vy, (Section B2).

3.1 Controllability for initial-value pure diffusion problems on disjoint
time intervals

In this section, we outline the main idea of the proof of Theorem [I1
Let N € N. For any fixed (o1,...,0n) € Rf, let us consider a generic (11,...,7n) € Rf

and, for k =1,..., N, recalling @B)-(), let us introduce the following initial value pure diffusion
problems on disjoint time intervals

Wy = Wz + f(w), in Qg =(0,1) x [Sk, Tkl

w(0,t) = w(1,t) =0, telSnnl, (@ (5)
w |i=s, = wi(z), wy; (2) |z=0,1=0.
k—1 k
3We note that 7o =0, S; = o1, T1 = o1+71, and S, = Z(ah-l—rh)—l—ak, Ty = Z(Uh+Th) Vk=2,...,N.

h=1
w}!(x) |z=0,1= 0 is a compatibility condition, see [25], pp 452 453, where it is introduced in a more general

parabohc problem.



We will consider the initial data wy and times 7, kK = 1,..., N, as control parameters, where
wy.’s belong to C?*7(]0,1]), with 9 € (0,1) fixed at the beginning of this section.

Remark 3.1 For every k = 1,..., N, by a classical well-posedness result (see [25], pp. 452-
453), if wy, E_CQ‘W([O, 1]), then any initial-value problem in () has a unique classical solution
Wi(z,t) on Qg, and W, € C2HI1H9/2(Q, .

N
Definition 3.1 We call solution of (@) the function defined in (0,1) x U Sk, Tx] as
k=1

w(x,t) = Wi(x,t), Y(x,t) € (0,1) x [Sg,Tk], k=1,..., N,

where Wy, for every k =1,..., N, is the unique solution on (0,1) x [Sk,Tk] of the k" problem
in ([B)), with initial state wy.

Remark 3.2 We observe that a solution of (H) is a collection of solutions of finitely many
problems which are set on disjoint time intervals. Therefore, it is independent of the choice of
(o1)N. We prefer to give Definition for a fixed (oy)Y, just for technical purposes that will
be clarified in the sequel (see Theorem 2l and Section B3).

Definition 3.2 Let ug € H(0,1) be a function with n points of sign change. For every fived
N €N and (op)Y € RJr, we call a ﬁm’te “family of Times and Initial Data” of ([B) associated
to ug, a set of the form { Tk) 1 s (we)y } such that

* (Tk){v ERf;
x  wy € C?TY([0,1]), for all k =1,..., N, satisfies:

1. wi(0) = wi(1) =0, wy(0) = wy (1) = 0;

2. w1 and ug have the same points of sign change, in the same order as the points of
sign change of ug;
3. for k =2,...,N, wi(-) and w(-,Tx—1) have the same points as the points of sign

change, in the same order of sign change of ug, where w is the solution of (&).

Theorem 2 Let ug € H}(0,1) have n points of sign change at z? € (0,1), with 0 =: 2§ < 29 <
x?+1 <ab =1, l=1,...,n. Letz} € (0,1),1 =1,...,n, be such that 0 := zf < 2} <
xf < apyq = 1. Then, for every e > 0 there exist N. € N and a finite family of times and

initial data {(Tk)f@, (wk)iVE} such that, for any (o)Y° € RY, the solution w® of problem (B
satisfies
w(x,Tn.) =0 — x=uzf, 1=0,...,n+1,

for some points x5 € (0,1), 0:= xf < 2§ < i <wp =1, 1=1,...,n, such that

n
Z |x] — 27| < e.
=1

Moreover, w®(-,Tn_) has the same order of sign change as .

This theorem is obtained in Section @l by proving a series of preliminar results.



3.2 Smoothing result to preserve the reached points of sign change
and to obtain the intermediate data w;,

In this section we introduce a smoothing result to preserve the reached points of sign change
and attain regular intermediate final conditions wy’s.

Let N € N. For any fixed (71,...,7n) € Rf, let us consider a generic (o1,...,0n) € Rf and,
for k=1,..., N, recalling @)-@), given up_1, re—1 € H}(0,1), vy € L>((0,1) X [Tk—1, Sk]), let
us introduce the following problem

U = Ugg + ’Uk(.’L',t)U + f(u) in on = (Oa 1) X [Tk—laTk—l + Uk]a
U(O,t) = u(la t) =0, te [kalkafl + Uk]v (ﬁ) (6)
U =1, = up—1 + 711 € Hy(0,1).

Our goal is to show that, given Tj_1, there exists a sufficiently small o > 0 such that,
provided ||7x—1]|2(0,1) is small, we can steer the system (@) from ux_1 +7%—1 to a neighborhood
of any state wy, where wy has the same n changes of sign as ui_1, in the same order of sign
change. In Section we will apply the following result to obtain regular wy’s, that satisfy
suitable properties.

Theorem 3 Let up_1,7%_1,Wwx € H&(O, 1). Let up—1 and wy have the same n points of sign
change in the same order of sign change. Then, for every m > 0 there exist a sufficiently
small o = op(n, uk—1,wK) > 0 and a piecewise static bilinear control v = vk (N, ug—1,wg) €

L>((0,1) x (Tx—1,Sk)) such that
Uk (-, Sk) — w()llz2(0,1) < 0+ Ckllrk—1llL2(0,1)
where Uy, is the solution of [@) on (0,1) X [Tk—1,Sk] and Cy = C(ug—1,wy) is a positive constant.

The above theorem is proved in Section

3.3 Proof of Theorem [l
Let us start this section by the following Lemma.

Lemma 3.1 Let ug € H}(0,1) be a function with n points of sign change. Let {(Tk>{v, (wk){v}
X

be a finite family of times and initial data of ([B) associated to wug, and let w : (0,1)
N

U [Sk, Ti] — R be the solution of ([B). For every § > 0, there exists o5 = (o)) € RY, vs €

k=1
L>((0,1) x (0,Tn)) such that, denoting by us : (0,1) x [0,Tn] — R the solution of () with

bilinear control vs, we have
Huls('aTk)7w('7Tk>HL2(O,1) §5, Vk: 1,...,N. (7)

Proof. Fix {(Tk){v, (wk){v} and ¢ > 0. Let us consider the partition of [0, Tx] in 2N intervals
introduced in (@l). We will show that the bilinear control vs has the following expression

vs(z,t) = vg(:c,t) in Qo, =(0,1) x [T)—1,Sk], k=1,...,N,
| 0 in Qg =(0,1) x [Sg, T3], k=1,...,N.

5We recall that S, = Tj_1 + 0.
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N
Step 1: A useful energy estimate on (0,1) x U [Sk, Tk] (vs =0).

=

1
1 consider the following problem on Qg¢,

ur = Uge + f(u), in Qg, =(0,1) X [Sk, Tk,
u(0,t) = u(l,t) =0, t €[Sk, Tkl (8)

U |i=s, = Wi + pr,

b

In the following, for every k =1,..., N, we wi

where pp € H}(0,1) are given functions, and we will represent the solution of () as the sum of
two functions w(x,t) and h(x,t), which solve the following problems in Q¢,

Wi = Wge + f(’LU) in Qc‘)ka ht = hzm + (f(w + h) - f(’LU)) in Qc‘)k;
w(0,) = w(1, ) = 0, h(0,1) = h(1,t) =0, ()
w |t:Sk =wg € C2+ﬂ([05 1])) h |t:Sk = Pk-

Evaluation of ||h(-,Tk)|r20,1), ¥ = 1,...,N. Let us fix k¥ = 1,..., N. Multiplying by
h each member of the equation in the second problem of (@) and integrating by parts over
Qrsy.t) = (0,1) x [Sk, ], t € [Sk, Tk, keeping in mind (), it follows that

t 1 t 1 t 1
%/ /(hQ)tdxds:/ / hmhd:cds—i—/ /(f(w—i—h)—f(w))hdxds
Sk J0 Sk J0 Sk J0
t 1 t 1
< f/ / hidzderL/ / h2dzxds, Yt € [Sk, Tk].
Sk J0 Sk J0

1 1 t1
/ h?(z,t)dx < / pi(x)dx + 2L/ / h*dxds, Wt € [Sk, Tk].
0 0 Sy /0

So, applying Gronwall’s inequality we deduce

Then,

N
1A, T 20 < €T ok o), with Ti=> " 7. (10)
k=1

Step 2: Steering.

e Steering the system from ug to wy on [0,51]. Applying Theorem Bl (with k =1 and o =0
in its statement), for every 11 > 0 there exist o1 = 07 (nl,uo,wl) > 0 and a piecewise
static bilinear control vy = vy (11, ug, w1) € L>=((0,1) x (0,51)) (with S; = 01) such that

1T1(-,51) = wi() |l r2(0,1) < M, (11)
where U is the solution of () on (0,1) x [0, 5;]. Let us set
p1() = U1(,, S1) — wi(:), (12)

we have Uy (-, 51) = wy(-) + p1(+).

e Steering the system from wy + p1 to uy on [S1,T1]. We consider the problem (8], written
for k = 1. Due to (@), we have u(-,T1) = w(-,T1) + h(-,T1), where u,w,h, defined on
N

(0,1) x U [Sk, Tx], are the solutions of the problem (§]), the first problem in (@) and the
k=1
second problem in (@), respectively. Thus, let us set

up(+) == w(-, T1) and r1(-) := h(-,T1). (13)
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e Steering the system from ug—1 + rg—1 to wi on [Tkr—1,Sk], k=2,...,N.
Similarly to ([I3), let us set

uk_l(.) = w(',Tk—l) and rk—l(') = h('aTk—l)-

Applying Theorem [ for every n, > 0 there exist or = o) (nk, ur—1,w) > 0 and a
piecewise static bilinear control vy, = v (g, uk—1, wi) € L°((0,1)x (Tk—1, Sk)) (with Sj =
Ti—1 + or), such that

1Tk (-, Sk) — wi ()l 20,1) < ke + CrllTi—1ll22(0,1)5 (14)

where Uy, is the solution of (@) on (0,1) x [Tk_1, Sk], Ck = C(ugx_1,wy) > 1 is a constant,

as in Theorem Bl Moreover, we note that Uy(-, Sx) = wi(-) + pi(-), where
pi() = Ukl Sk) — wi(:). (15)

e Steering the system from wy + px to ug on [Sk,Tk], k = 2,...,N. Let us consider the
problem (8). Due to (@), we have u(-,Tx) = w(-, Tk) + h(-, Tk), where u, w, h, defined on
N

(0,1) x U [Sk, Tx], are the solutions of the problem (&), the first problem in (@) and the

k=1
second problem in (@), respectively. Thus, let us set

ug(+) == w(-, Tk) and ri(+) == h(-, Tk). (16)

Step 3: Conclusions. Given n = (n1,...,1n) € Rf, let Uy,...,Uxn be the solutions of (@)
satisfying (1) and (I4]). Define

Uk(x7t> in (0,1)X [kalask]v kil,...,N,
_ N
Wl =N ) + b, 1) i (0,1) % |J[Se T, & an
k=1

and observe that u,, is the solution of () corresponding to the piecewise static bilinear control

’Uk(SC,t) in (O,I)X[Tk,hSk], kilv'-'aNa
vp(z,t) = N
1 0 i (0,1) x |_J[Sk, Twl-

k=1

Thus, to show () it is sufficient to prove by induction that there exists 1(0) = (7:(),...,nn(0)) €
Rf , such that, for the corresponding us := w4y, as in (), the following inequality holds

_ oC
||Uk('7Sk>7wk(')”L2(0,1) S b ) Vk = 17"'5N' (18)

N
9ON—ke(N—k)LT H Ch,
h=k

Indeed, by (7)), (I0), (I2) and ([IT), and [I) we obtain (7)) and complete the proof.
Step 4: Proof of ([IJ).

6We note that Uy, k=1,..., N, depend on 7 and h depends on 7, but w is independent of 7.
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iC
e Base case. Choosing 1y = 11 (0) := ! ~ in (III), we obtain (8] for k = 1.

2N71€(N71)LTHCh
h=1

o Inductive step. Let k= 1,...,N — 1. By the inductive assumption, let us suppose that
the inequality (I8]) holds for the index k. Thus, we will prove ([IJ) for the index k + 1.
) 0 Cit1 , L )
Choosing ng+1 = Nr+1(0) := X in (I4), keeping in mind (3] or
9N—ko(N—k—1)LT H Cy,
h=k+1
(@6), @), @) or ([IT), and the induction assumption we deduce

[Tk41(5 Skg1) — wirr (Wl z20,0) < kg1 + Crpallrell 2o,

< Mg+1 + Ck+1€LTHUk(', Sk) — wr()| 20,1
T 0 C,

< M1 + Crpre” ~
ON—ko(N—k)LT ]._.[Ch

h=k
_ 0 Crt1
= —% ,
9N—k—1o(N—k—1)LT H Ch,
h=k+1
from which the inequality (8] is proved. o

Now, we can prove Theorem [l
Proof (of Theorem [). Let us fix n > 0. Let up € H}(0,1) have n points of sign change at
xp € (0,1), with 0 =: 2§ < ) <2, <a0,, =1, I =1,...,n. Let u* € Hj(0,1) have n
points of sign change at zj € (0,1),l=1,...,n, such that 0 :=zf <z} <z ; <2 :=1
Step 1: Applying Theorem 2 for every £ > 0 there exist N. € N and a finite family of times
and initial data {(Tk){vf, (wk){vf} such that, for any (ox)1'= € RY=, the solution

N,
w® : (0,1) x U [Sk, Tk] — R of problem () satisfies
k=1
w(z,Ty.) =0 = r=uzf, 1=0,...,n+1, (19)
for some points 0 := xg < xf <xf,; <54 :=1,1=1,...,n, such that

> o —af| <e. (20)
=1

Moreover, w®(-, Tn_) has the same order of sign change as for ug.

Step 2: Applying Lemma B.J] for every 6 > 0 there exists 0.5 = (ok)f[E eRY, v €
L*>((0,1) x (0,Tn.)) such that, denoted by wu. s : (0,1) x [0, Tn.] — R the solution of () with
bilinear control v, s, we have

tes(- Tn.) = w (5 Tiv.) +7a. (), (21)
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and
[rnllp2o,1) < 6. (22)

Step 3: Steering the system from u. s(-,Tn.) to u*. By (20) it is easy to show that there exist
e* =¢*(n) > 0 and u* € H}(0,1) such that, for every ¢ € (0,e*), we have

*

ui(r)=0<=z=uxaf, 1=0,...,n+1 and HU*_U:HLZ(OJ)Sg- (23)

Since w® (-, Ty, ) and u} have the same points of sign change (see (I9)) and ([23)])), keeping in mind
1) we can steer the system () from wu. s(-, Tn.) to u’ at some time T > T.. Indeed applying
Theorem [3] for every 77 > 0 there exist 0* = o*(7], £, ug, u*) > 0 and a piecewise static bilinear
control v* = v*(7, &, up,u*) € L>((0,1) X (Tn.,T)), with T := Tn_ + o*, such that, using also
the inequality (22), we obtain

107, T) = u()llz20,0) T+ C(E)llrn. (llL20,0) ST+ C(€)6, (24)

where U* is the solution of (@) on (0,1) x [Tn.,T] with initial state ues(-,Tn.), C*(e) =
C(g,up,u*).
_ =

Conclusions. Let us fix ¢ := =5 and 7 := Z. Then, we consider the constant C*(¢) :=

c* (#) of [24) and we choose § := m So, by ([23) and [24]), we obtain the conclusion
107 T) = Ollzzny < NUTCT) —uz(lzzo) + ™ = uillzz o) < o

4 Proof of Theorem

The plan of this section is as follows:

In Section 4.1l by Lemma[£1] we construct suitable initial data wy’s to be used in the proof of
Theorem Pl By Lemma[£2] we construct the n curves of sign change associated to the the
n initial points of sign change and we prove some useful properties for the construction of
suitable control strategies.

In Section .2 we construct a suitable particular family of times and initial data, that allows
to move the n initial points of sign change towards the n target points of sign change. In
this section, we also introduce the definitions of gap and target distance functional, defined
on the set of the order processing steering times and initial data at the beginning of this
section).

In Section €3] after proving a technical proposition (Proposition ]) we show how to steer
the points of sign change of the solution arbitrarily close to the target points.

For the notation of this section we refer to Section B.11

4.1 Preliminary results
Let us prove the following lemma.

Lemma 4.1 (Construction of suitable initial data wy’s) Let 2; € [0,1], I =0,...,n+ 1,
be such that 0 = 29 < 21 < -+ < Ty < Tpy1 = 1. Let a = (ag,...,an1) € R*T2 3 =
(Bo,- -+, Bnr1) € R™2 be such that oy oy < 0,00 € {—1,1}, B € {~1,0,1},1=0,...,n, Bo =
Bni1 =0. Let p= l %ﬁnn{l'prl —a;}. Then, there exists w € C ([0, 1]) such that

.....
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*wx)=0 < x=x,1=0,...,n+1;
* w(x) =ap, wi(x)=p,1=0,...,n+1;
* |lwllexoyy < C(k,p), Yk € N.

Proof. For every [ =0,...,n+ 1, set
— B 2
v () —al(x—xl)—l—?(x—xl) , Vo e R.

Note that each v;(x) has no critical points in {xl — g, r; + g} Set p = %/7 and define

n+1 n
w(z) =Y nf (@) vix) + Y allp e (@) [L =0 @) + 0y, (2)] 2 e[0,1],
=0 =0

where 14 () is the characteristic function of a set A, and 7§ € C*°(R), j = 0,...,n + 1, are
such that 77 (z) = ng(x — ;) and ng has the following properties:

o no(—z) =np(x), 0 <nf(x) <1,Vex e R; ni(z) =1, Vx €[0,5]; np(z) =0, Yz € [p,+00);

@) | 0 vy e R, where O | iti tant and h € N
W S o T € K, where Cp, 18 a positive constant an € N.
Observe that, for © € [z, 2141, [ =0,...,n,
vy (), if @€ [, +p/2],
no (@ — ) (x) + gl — nh(x — 21)], if xe(x+p/2,21+p),
w(z) = o, if x€ [z +p241 —pl,

n6(x — xrp) v () + [l = 0o (z —21)],  if 2 € (241 — py2is1 — p/2),
Vi1 (), if z€ (@41 —p/2,2141] -

Notice that w is of class C>°(R) by construction. Moreover, our choice of p ensures that w(z)
has no points of sign change in (x; — p, 2;) or in (x;,x; + p). This ends the proof of Lemma [£.1]
o

—1 4

Figure 1: A function w as in Lemma [Tl with 2 points of change of sign.
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Remark 4.1 In the above, we can costruct 7y by the following expression on (g, p)

1

oD ) _(9p_ 3
(@) = ° = eTRe@,  with ho(z) = #_
eE=PE=8) 4 o @52 (z = §)*(z — p)

In the whole section, ¥ € (0, 1) denotes the number that was fixed at the beginning of Section
Lemma 4.2 (Construction of the curves of sign change) Leta = (ag,...,a,11) € R"T2
be such that ayaui1 < 0,0 € {—1,1}, apt1 = —ap, 1 = 0,...,n. Let p > 0 be. Let
2 € [0,1],1 = 0,...,n + 1, be such that 0 = g < 1 < -+ < Tp < Tpy1 = 1 and
l_r(r)lin {xi41 —m} = p. Let wy € C?*F7(]0,1]) be such that wy(z) = 0 if and only if x =
xl,,w%c(zl) =a;, 1=0,...,n+1, w/(0) = wy;(1) =0 and ||wi|[c2+0(0,1]) < ¢, for some positive
constant ¢ = ¢(p). Let T > 0 and let w € C*T717%5(Q ) be the solution of the problem

Wy = Wgg + f(w) in QT = (05 1) X (OaT)
w(0,1) =w(1,£) =0 te(0,7) @ (25)
w(z,0) = w(x) z € (0,1).
Then, for every p € (0,p] there exist T = T(p) > 0 and M = M(p) > 0 such that, for each
l=1,...,n, there exists a unique solution & : [0,7] — R of the initial-value problem
: — Waa (§1(t).1)
@) = oy, 07,
6[(0) = Ty,
that satisfies w(&(t),t) =0, Vt € [0,7], and
I+ N — P
& e CT([0,7]), ||€z|\cl+g([0ﬂ) <M, 16C) = zilleqom) < 5-

Remark 4.2 In Lemma B2 since [|&() — zillc(0,7) < g for each [ = 1,...,n, we also have
that

0:= §O(t)<§l(t)<§l+l(t><§n+1(t) =1, vt e [Ovﬂa VZ:Lvn*l (26)
Definition 4.1 We call the functions & : [0,7] — R, | = 1,...,n, given by Lemma [{-3
Curves of Sign Change associated to the set of initial points of sign change X = (x1,...,2Tp).

Proof (of Lemma [£.2)). Let us fix p € (0, pl.

Step 1: Uniform estimate for w. Due to Theorem 6.1 of [25] (pp. 452-453), the solution w of

(@) belongs to C2+71+%(Q,) @) and, for some constant K = K (lwk|lc2+9([0,17)) > 0, depend-

ing only on [Jw || c2+9 (0,17 (see (6.8)-(6.12) on pp. 451-452 in [25]), we have ||w|\02+ﬁwl+%@ ) <
T

K. Thus, since ||wg||c2+9([0,1]) < ¢(p), we deduce that

Hw||c2+19,1+g@T) < K([Jwklle2+o0,17)) < C, (27)

for some positive constant C' = C(p) depending only on p.
Step 2: Euwistence and regularity of curves of sign change. For any fixed [ = 1,...,n, since
wy(21,0) = ag # 0 and w,(z,t) is a continuous function in (x;,0) € Qp, there exist §; €

(O,min {%,p}) @) and T; > 0 such that wy(x,t) # 0, V(x,t) € [z — 6,21 + 8] x [0,T3).

"For the existence, uniqueness and regularity of problem (25) see Remark ]l and Theorem 6.1 in [25] (pp.
452-453).
8One can note that the initial datum satisfies the compatibility condition w}/(0) = w}/(1) = 0, as in Theorem

6.1 of [25].

9C is the constant present in (7).
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Let 6 := min §; be. For every [ = 1,...,n, we consider the Cauchy problems

1=1,...,n
. _ _w (gl(t)vt)
at) = —Cemn >0 (28)
51(0) = .
Observe that F(z,t) := —xi((z?) is continuous on [x; — §,2; + 6] x [0,T;]. Therefore, for every
[ =1,...,n, the problem (28) has a solution & of class C' on some interval [0, 7], with 0 <

71 < Tj. Moreover, since F € C'2 ([z; — 8,2, 4 6] x [0,T3]), we conclude that & € C*2([0,7]).
Furthermore, w(&(t),t) =0, Vt € [0, 7], because

%w(& (t)a t) = wt(&l (t)a t) + wz(gl (t)a t)él (t) =0,Vte [0; Tl]a and w(fz (O), 0) = W (ml) =0.

Moreover, since f(w(&(t)),t) =0, Vt € [0, 7], we also have that

. o ’wt(fl(t),t) _ _wmm(gl(t)at) T
S0 =@ - wam.n 0Tk

Step 3: Uniform estimates for the curves of sign change. For any fixed [ = 1,...,n, we consider

1
the number § = §(p) > 0, 6 = l_I{liIl o < min{%, p}, introduced in Step 2, and the uniform
time 7 = 7(p) > 0,

7= min{(% —5)%,§,l:r{11n Tl}. (E)

We remember that the function ¢ — wy (, t) belongs to C'# ([0, 7]), and the function & — w, (z, t)
belongs to C'*7([0,7]). Thus, for every (z,t) € (x; — 0,2 + 0)\{x} x (0,7), by @7) we have

|we (2, 1) — aq] = |we(x,t) — we(x1,0)| < |wy(z,t) — we(2,0)] + |we(z,0) — wy (z7,0)|

Wy (x,t) — wy(x,0)| » Wy (x,0) — wy(x7,0
_ Jwa@t) —wa(@,0)] g fwe@,0) —w(z Ol
t3 |z — 2]
<Nwll ronis = (5 + |z —wm]) < CUF + |z —z|) <CEFEF +06).  (29)
C 2(Qr)

S

Since § < 3 and 7 < (55 — §) 7, we have CFT +6) < %, so by ([23) we deduce

~ 1
a6 = leul] < hen(@.1) ] < CFE +0) < 5.
Therefore, for every | = 1,...,n, having in mind that |o;| = 1, we obtain
1 1 ~
|wy(x,t)] > |al|f§:§, V(z,t) € (x; — 0,21 +9) x (0,7). (30)

Then, by 7)) and [B0), keeping in mind that 7 < % and § < min{55, p}, we deduce

' T 7|lw 9
- |wzz(§l(5),s)| ” HC2+19,1+7(Q )
glt)_xl:/ﬁzsdsg/ WaalS85), 9 4s < ' .
| ( | 0 ( ) 0 |wz(§l(5>,8>| min |wz(§l(5),s)|
se0,7]
7C L F 18 )
< 2 < P . 1
mn ORI TC<5<55 <3 Ve[.7. @1
se (0,7

10We note that 7 = 7(p) is not dependent on .
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Step 4: Uniqueness of the curves of sign change. We note that, although one cannot claim
uniqueness for the Cauchy problem (28], a posteriori the &’s turn out to be uniquely determined.
Indeed, setting &o(t) = 0, &,4+1(t) = 0, Vt € [0,7], one can apply the maximum principle for
semilinear parabolic equations (see Remark [ZT]) on the domains

{(z, )|z € [G(t), &1 ()], t € [0,7)},

for every | = 0,...,n. The fact that the initial datum wy(x) doesn’t change sign on (7, zj4+1)
and the boundary conditions in (25]) imply that, for every t* € [0,7),

w(x,t") =0+ x2=§({t"), l=0,...,n+1,
this completes the proof of Lemma o

Remark 4.3 An alternative proof of Lemma [£2] can be obtained by using the implicit function
theorem instead of solving problem (28]).

4.2 Construction of Order Processing Steering sets of Times and Ini-
tial Data

In this section we define the set of Order Processing Steering sets of Times and Initial Data
that permit to move the points of sign change towards the desired targets.

Notation

Let us consider the initial state ug € Hg(0,1). For simplicity of notation let us set ) := 0 and

z9 ., := 1, and let us consider the set of n points of sign change of ug, X° = (29,...,29), where
0=ua) <2l < ZC?+1 <20 =1, l=1,...,n. Let pp = l:I(I)lil’ln{(E?Jrl — :c?} Let us define

.....

1, if UO(.T) >0 on (15?,5’3?4-1)’

Az = 1=0,..., d Mzl ) =-\aP). 32
(z1) {—1, if ug(xz) < 0 on (x?,xloJrl)a o (1) (en) (.) (32)

n

For simplicity of notation let us set z3 := 0 and x},, | := 1, and let us also consider the set of n
target points X* = (z7,...,2},), where 0 = 2§ < 2] <, <@z =1, I=1,...,n.

Order Processing Steering sets of Times and Initial Data

Let us consider the same ¢ € (0,1) that was fixed at the beginning of Section [3
Now, we define the set of the Order Processing Steering Times and Initial Data associated to
ug and X*

W*(ug) := {WN | WY = {(n), (wi)! }, N € N},

where a generic set W = { ()7, (wx)} } € W*(ug) is defined below. Let us fix any (05,)] €
R%Y and, recalling the notation introduced in [@B)-@) in SectionB] for k =1,..., N, we consider
the initial value pure diffusion problems on disjoint time intervals ()

Wy = Wyy + f(w) in Qg = (0,1) x [Sk, Tk

w(oa t) = w(la t) = 05 te [Svak]
w e=s,, = wi(x), Wy () |z=01=0.
HSince :1:?, l=1,...,n, are points of sign change, we note that )\(m?_H) = f)\(m?), 1=0,...,n.

18



Properties of {T1,w,}. By Lemma I} there exists w; € C?T7([0,1]), with ||w1||c2+9(101
([0,1])

¢1, for some positive constant ¢; = ¢(pp), such that

e wi(z)=0<=z=2a), 1=0,....n+1;
o wi(x)) = Aa?), wl(2)) = AV (zf —a), 1 =0,...,n+ 1,
1, if 2 <},
where p1(z] — a) := sgn(zf —a) = ¢ 0, if a) =27,
—1, if 2¥ > a7} .

Let w be the solution to

Wy = Wep + f(w) (x,t) € (0,1) x (S1,+00)
w(0, t) = (1 t)=0 t € (S1,+0)
w(z, S1) = wi(z) z € (0,1),

<

where S; = o01. By Lemma 2] for every p € (0, pg] there exist 71 = 71 (p) > 0, My =

M;i(p) > 0 and n small curves of sign change (assomated to the set of n initial points of

sign change X° = (a9,...,27)) ¢ € e Wi (81, Th]), Ty = S1 + 71, L =1,...,n, such that
w(El(t),t) = 0,V¢ € [Sy, T1]. Moreover,
1 t) = _wmr(fl t).t) t S Tv
G0 = e P g, <M. (33)
&(S1) =y, % (181,T4))

Let us set £5(t) = 0 and &}, (t) =1 on [Sy,T1]. Furthermore, for every [ =1,....n— 1,

by Remark we have

0=&(t) <& (1) <&a(t) <Epa(t) =1, Ve € [51,T1]. (34)

Let us introduce the Inactive Set
LY :={l]le{1,....,n}, o) = 2]}
and let us consider the set of the stopping times
01 :={s <€ (0,71] & (Sy +s) =}, forsome I € {1,...,n}\L%]}.

Let us set

~ o _
— { 1 1 (CH g, (35)

min O, otherwise ,

by @) we have Ty = S + 1.

Properties of {7, wi}, k=2,...,N.Byiterate application of Lemma[Tand Lemma[2] one
4 )

canset )t = & (T 1) I=1,...,nand X*' = (2§ ... 2k=1), where F 71 (1), t €
[Sk—1,Tk—1], are the n curves of sign change associated to the initial state wg_1 and to
the set of n points of sign change X*~2 = (:I:’f 2 ..., x"=2). For simplicity of notation, let
us set 871 := 0 and ZCfH_% = 1. Let pp—1 = l r(l)qin {x;ﬁr_ll xf‘l}.

Let us introduce the Inactive Set

Lesti={ 1e{1,... 0} 3m e {1,... .k —1} : 2l = 2f}, (@)

12\We note that LFZ! C{1,...,n} is a family of sets increasing in k.
18 y g
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that is, the set of the indexes of the points of sign change that have already reached the
corresponding target points of the sign change set X* = (z¥,...,z}) in some previous
time instant. Then, let us set

* 0 ’ s >
up(r; —x;) = .
k( ! l) {sgn(zl*:c?) if lngfgl. )

Thus, by Lemma ET] we can choose wy € C?77([0,1]), with [|wg || c2+9([o,1) < ¢k, for some
positive constant ¢, = ¢(pg—1), such that

° wk(x):0<:>$:$f_l, 1=0,...,n+1;

o wi(zi 1) = Na?b), wf(xf™t) = —Aa@D)up(xf —a), 1=0,...,n+1.

Let w be the solution to

W = Wep + f(w) (x,t) € (0,1) x (Sk, +00)
w(0,t) =w(1,t) =0 t € (Sk,+00)
w(z, Sk) = w () x € (0,1),

k—1
where S;, = Z (on + 7h) + ok. By Lemma 2] for every p € (0, pp—1] there exist 7, =
h=1
Tk(p) > 0, My, = My(p) > 0 and n small curves of sign change (associated to the set of n
intermediate points of sign change X*~1), ¢F € Cl+3 ([Sk, Tx]), T = Sk+7x, L =1,...,n,
such that w(&f(¢),t) = 0, Vt € [Sk, Tk]. Moreover,

. k ~
gk(t) _  wge (€ (t),t), te [SlmTk];
! RZcion and HffHCHg([S 7 S Me (36)
Sk = a7, o

Let us set £§(t) = 0 and &8, (t) =1 on [Sk, T%]. Furthermore, for every I = 1,...,n — 1,
by Remark we have

0=&5(t) < &8 (t) < &fa(t) <Ehpr(t) =1, VE €[S, T, (37)
Let us introduce the set of the stopping times
O := {s € (0,7%] | & (Sk + s) = a}, for some I € {1,...,n}\Lig'},

and let us set

min Oy, otherwise .

] o
m:{m it G =2 (39)

Then, by @) we have T}, = Sk + 7%.

Now, we give some remarks about the above introduced set of the order processing steering
times and initial data associated to ug and X*.

Remark 4.4 We note that 7, < 73 for at most n values of k € {1,...,N}.

13We observe that the definition of yy, k =2, ..., N, is consistent with the one of 1.
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Remark 4.5 We note that, for each index [ ¢ Llfgl (k=1,...,N), by (0) and the choice of
the initial data w; we deduce

y T r S aS - 0 ;- *
§°(Sk) = _QZ ((Eg’i((S:)) S:)) - = )5(];(5)1 i) (i — ), & (Sk) = a7
z\S] )

Then, if 2) < z} we have 5.1’“(5‘;6) = pg(x} — ) > 0, so the initial conditions wy permits to
move the points of sign change zl on the right toward the desired x}. Otherwise, if z} < z?
the initial conditions wy permits to move the points of sign change on the left.

Remark 4.6 We note that, for each inactive index [ € Llfgl (k =1,...,N), we choose the
initial data such that the second derivative is equal to 0O in the intermediate points of sign
change xf‘l. So, as we will see later, such points will remain forever near the corresponding
target points of sign change already reached (we will see it in the next inequality (59) in the
proof of Proposition [AT]).

Curves of Sign Change, Gap and Target Distance functional
Given WV = {(7:)7", (w)7 } € W*(up), we introduce the n Curves of Sign Change associated
N

to W, as the functions &" : U [Sk,Tk] — R, I =1,...,n, such that
k=1

V() =€), Sk <t<Ty, k=1,...,N,
where any curve £, k= 1,..., N, is given by LemmaFE2and is defined on [Sk, T}]. For simplicity

of notation, let us set &V (t) = 0 and ¥, () = 1. Moreover, for every [ = 1,...,n — 1, by @B4)
and ([&1), we deduce that

N
0=&"(t) <& () <&lit) <& =1, vie [J[SkTul
k=1

Definition 4.2 We define the gap functional p : W*(ug) — [0, 1] in the following way

p(WH) = min mig &) " @}, YWY ={@)7, (we)l'} € W*(uo),
o s

N
where £ := U [Sk, Tk]-

k=1

Definition 4.3 We define the target distance functional associated to the set X*,
J* i W*(ug) — [0, 1] such that

N):ZKZVV(TN)*Z'Z*‘, VWN:{(T]C){V, wk }GW* UO)
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4.3 End of the proof of Theorem

Notation

Let us consider the initial state ug € H{(0,1). Let us set z§ := 0 and 29, := 1, and let us
consider the set of n points of sign change of ug, X° = (z9,...,2)) where 0 = 2 < z) < aj, | <
2., =1, l=1,...,n. Let pp = l:r&'{r.l’n {2, — 27} be.

Let us set zfy := 0 and x}, |, := 1, and let us consider the set of n target points X* = (7,...,2}),
where 0 =zf <z; <zj,, <z =1, I=1,...,n

Let pfy = 7minn {zf, —af, o)y — :c?} be. Let us consider the same ¢ € (0, 1) that was fixed

.....

o0
s

1
kljbe. Let 75 = 7(%) > 0 and Mg = M(£2) >0

*

at the beginning of Section[3l Let sy = Z

k=1

be the positive time and constant of Lemma E2] associated to p = £& € (0, po).
To obtain the proof of Theorem [2] it need the following Proposition .11

Proposition 4.1 There exists e, = 68(%) € (0,1) such that for every e € (0,ej], N € N, there
exists

2
249 1

- E=1,...,N (14). (39)

N _ N N * ; < T = =5
WY ={(m)0, (wi)i' } € W*(uo) with 7 < 7 (4M§ 59

For every N € N, N > n and WY € W*(ug), as in @B9), we have p(WN) > %‘*l and

TN < Sl a4 al) Y el Y (10)

2
where ¢1 () = ZPS“:, ca(e) = ( — )2“9 .

Let us give the following definition.

Definition 4.4 We call Separating order processing steering set of times and initial data a
W € W*(ug) such that p(W™N) > 22, We denote with W5(uo) the set of all the Separating
order processing steering strategies, that is

Wis(up) = {WN € W*(ug) : p(Wh) > p_QE'S}

Before proving Proposition Il we show how thanks this proposition, we can easily obtain
the proof of Theorem
Proof (of Theorem [2]). To prove Theorem [ it is sufficient to show that

Ve>0 IAN. e N, W e Wi(up):  J*WN)<e (@) and LYs={1,...,n}. (41)
This follows from Proposition 1l Indeed, by contradiction,

*if  inf  JY(WN) >0,
WNeWE (uo)

Je>0: VYN e N, VWY € Wi (ug) we have J* (W) > &

17 and 7, are defined in (B5) and (B8], see also Remark 2
15 inf J*why=o.
WN €W (ug)
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* if LN #{1,...,n},VN €N, 3Jj & L, for every N € N, that is

F¥>0: VN e N, VWY € W(ug) we have & < [¢]Y (Ty) — z}].

Let us consider ¢* := min{&, &, }}, where ¢f € (0,1) is given by Proposition @Il In both the

previous cases, for every N € N, N > n, choose WV = {(7;)7’, (wy)1'} € W*(uo) such that

€' po =9 ] . . . .
—, k=1,...,N. By inequality ({0 of Proposition LT} we obtain

AMG 54 k

that, for every N € N, N > n, the following inequality holds

R < TR =

n N N
et <GV (Ty) — 5| < T*(WN) < Jaf — af| + eale”) mew(f ) > T
=1 k=1
+oo
Keeping in mind that Z 7= 400, for N enough large, from the previous inequality we have

k=1
a contradiction, then ({IJ) holds. o

Now, we give the proof of Proposition [£.1]
Proof (of Proposition ). Let (04)) € RY be. Given N € N and a generic WV =
{(Tk){v, (wk){v} € W*(uo), let us recall that the curves of sign change associated to W (see
Section A.2)) are defined in the following way

&V (t) = €8 (t), Vte [Sg,Th), k=1,...,N, 1=0,...,n+1,

where all the curves £F, | = 0,...,n + 1, are defined on [Sy,T)] and are associated to the
initial state wy. Let us recall that in Section 2] for every k = 2,..., N, we have defined

xf‘l = 5;?_1(7”;6_1) =¢F(Sk), j=0,...,n+1and pp_1 = l:%lj.r.l,n{xf;ll — 2F71 We recall

that by Lemma [£2] (see also the properties of {Tk, wk}, k=1,...,N, in Section [£2])

Vp € (0, pr—1] 37k =Tk(p) > 0, My = My(p) >0, & € CH%([Sk,Tk]), [=0,..,n+1,

(42)
k
such that 1€ ||Cl+g([5k1Tk]) < M.
By the properties of {75, wy}, keeping in mind Remark [£5] we observe that
&F(Sk) :uk(zl*—zg), [=0,...,n+ 1. (43)

Step 1: Some preliminary evaluations.
Gap estimate. Let k=1,...,N and [ =0,...,n be. We note that

e () = € () =€ha () — ol +afi! —af " 4l — )
t . .
—abol gy [S (&5165) = é1(s)) s
t t
=ofl — i+ /S (&Fa(s) — ba(S0)) ds - /S (&F(s) = €k (Sw)) ds

+ (élk-i-l(sk) - élk(Sk)) (t—Sk), Vt e[Sk, Tk]. (44)
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By @2), for every j =0,...,n+ 1, we deduce that
t

J.

By ([H) we have

‘ / (o) E(50) ds— / (€6 - i) ds

. . t
j(s)—fjk(sk)‘ ds SMk/ (S—Sk)% ds < M, (t—Sk)H_% , Vit € [Sk,Tk]. (45)
Sk

1+3
< 2Mjy, (t — Sk)” " 2Vt € [Sk, Tk)-
(46)

By [@3), @) and {Q), for every t € [Sk, Tx], we deduce
Eha () — €F (1) > okt — ™ —2Men T E o (uilatyy — ) — (el —aD) (6 Se). (47)
Distance evaluation. Let k=1,...,N and l =1,...,n be. By [3]) we have
) —af =g (1) o i —af =0T —af + Stézc(s)ds
k
ot — o] + 6 (Sk) (t— Sp) + /5 (€t0) — €5 ds
e

=af ™! — i + p(ai — ) (- Sk) + /Sk(é;v(s>g‘;wsk))ds,quk,n]. (48)

Step 2: Uniform time 75 and constant Mj. Let k =1,..., N. Without loss of generality, we
can suppose, by an induction argument, that we have already proved that

Ph—1 =, I(I)lin {zﬁ_l —ap > pO , for every h=1,..., k. (19) (49)
Then, choosing p = &2*1 € (0,pp—1], h=1,...,k in {@2), we obtain
Mh—Mh ? —MO, Th = Th ? —TO,Vh—l,...,k. (50)

* 9
Define &f = min {M\/’I)—%S”Tg“r?, 1}, fix e € (0,8], and let

~ €p; 247 ] T
< T = = — h=1,... k. (11 51
Th Th Th(E) <4M6k 519) h’ ) ; (.) ( )
So, we have
Thie) <7y, h=1,... k. (52)
In the final Step.5, by @7), G0)-([G2), and a technical proof, for every I = 0,...,n and k =
1,..., N, we will prove the following alternative inequalities
* 1 2
§lk+1(t) - glk( ) >$é€+11 - 1'1 —2My, % Yt € [Sk, Tk],
or (53)
&) — fl (t) >pp _EZ > Z/)o, vt € [Sk, Tk]-

ot
16Tet us recall that by definition pp = Ignn {$l+1 — a0} > 70

FRN 0

77, and 73, are defined in ([BH) and (]Sﬂ) see also Remark L7
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*

Step 3: Let us prove p(WWN) > £ In this step, we will prove that §l+1( ) — &k (t) > ﬁ, vt €
[Sk,Tx], k=1,...,N. By 1), (IESI) for k=1, we have

. . . . 142 3,
120 el (E41(8) — & (1)) > min {l_%nnn (2l41 — ) —2Mgm 7, ZPO}
.« EPy 3,
2 min {Po 2Mg 4MO*0319 ; ZPO}

N €\ 3. 2
mln{p0<lﬁ),1po}2?0.

By (&), (B3) for k = 2 and k = 1, we obtain

. . 2 2 . . 1 v 142 3 *
tEFSIHITl] l:%f}.f.l,n (§z+1(t) =& (t)) 2> min {l_%lmn ($z+1 ) 2MyTy 2 4Po}

3
zmin{ min (2f,, —a}) — 2M; (7‘1 d +721+ )’ZPS}

1=0,...,n
. . EPD 1 3
me{ — 2o e, (1+ 21+%) ’Z’)O}
1+ "
. X +3 3 . 12
=min g g (1= —5e=e a2 5

In general, in the case N > 3, for every k = 3,..., N, by (EI) and (B3]) we deduce
) ) . . _ y 1+2 3 .
min  min (éﬁ_l(t) - §lk(t)) > min {l%nn (zf_’_ll zf 1) —2M;T , ZPO}
kslk = n

2 2 3
Zmin{l%ﬁnn (21 — 7)) — 2M; (7‘1 T4 T 4. +7‘;+ ) ,Zpg}

.....

. " . EPS 1 1 3,
Zmln{pOQMO 1M 59 <1+21+g +...+m>,1p0

. I+ —+... + 75 3
=min ¢ pp [ 1 - —2— B2 l|,2p5p >
28y 4 -

Thus, it follows

) ) Jo
p(W"):= min min{¢},(t)-&" (1)} = min  min - min (¢5.() - &0) 2 5

Step 4: Proof of {@). For N € N, N > n, letWN—{Tkl, Wk )] }GW* 0), as in (39).
Let k=1,...,N and [ =1,...,n. Since in Step. 3 we have proved that p(W) > £ we note
that inequality (5) holds with My = Mj, (%) = Mg. Then,

* if 1 € LY, keeping in mind that ug(2zf —2?) = 0, by @8) and @) with My = Mg, we
obtain

A
€ (1) — af| < Jay ™t —af |+ Mg (¢ = Sk)' 7 vt e[Sk, Til;  (54)
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*ifle{l,..., n}\L’fgl, keeping in mind that zf‘l # x}, we have

— * * — * x*_x()
o =) (] —af) (¢ = ) =(2) " — ) <1+%y(t_5k)>

Ty T I

t—S
G sy (1 - %) LVt €[Sk, Tkl (55)

|$l - :c;‘|

Thus, by {@8), (55) and (@3) with My, = M, keeping in mind that by the definition of 7

see and it follows that 75, < min 21— 27|, we deduce
l l
le{1,...n\LY!

* - * t— S * 1+2
65 (8) — a7 | < Jay ™t — 2 | |1 = ———| + Mg (t—Sk)' ">
) —xf]
= |2F 7t x| = (= Sp) + MY (t— Sp)'E, Vi € [Sk,Tk] (56)

Let us set Ji(t) := Y & () — af, t € [Sk, Ti).
1=1
By (B4) and (&6), for every k =1,..., N, for every t € [Sk, T)|, we obtain

M= > GO -+ D 1) -

le{l,...,n}\LAES? ler?

< Z oyt — a}| - (n— card(L’fgl)) (t — Sk)
le{1,...n}\LE"

9 kA
+ (n—card(Lfg")) Mg (t—Se)'™2 + > Jaf ! = af| + card(Lg") Mg (t— Si)' 2
leLhs?

=Ji(Sk) — (n— card(LE5")) (t — Sk) +n Mg (t — Sp)'*E
9
<T(Sk) +n Mg 72 = (t—Sk), Vt € [Sk, Ty - (57)

Now, keeping in mind that J;,(Sh) = Jh—1(Th-1), h =2,..., N, by ([B1) we can deduce that
KA
J(t) = 16 @) — il S K(S) +n Mg T F =t 51), Ve €[S, T,

9
Jo(t) =Y R (8) — af| < Ja(S2) + n Mmy "2 — (¢ — So) = Ji(T1) + n Mym' 5 (t — Sp)

9 o)
SJl(S1)+TLM5 (T11+2 +T21+2) — (T1 +t752), Vit S [SQ,TQ],

3

k * * 1+%
&) — 27| < Ji(Sk) +n Mg 7, % — (& — Sk)

=1

J (t)

9

il il
J1(S1) +n Mg (71”2 +...+r,i+2) —(m+... A+ 71+t —Sk),
Yt € [Sk, Tk], Vk =3, ...

IN

,N. (58)
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By (B8), keeping in mind that J;(S7) Z |2) —af| and L5 ' € {1,...,n}, by the definition

of 7, and 73, (see (3H) and (B8)) and Remarklﬂl inequality (Z0) follows. Indeed,

n N
JH(W Z|€l (Tn) — ;| = In(TN) SZ |2} — 7|+ nM; - ZT’“
=1 =1 k=1
>l + S Y 275
< |1‘l — 9 Tk — < ) k
1+2 9
dso (SRR o W5 so/ o foiay ¥
n N 2 _ N
qpSinss L (e TR
< 0 _ —.
< laf —ail+ 45 ZkH% (4MJS«9) 2 k
=1 k=1 k=n-+1

Step 5: Proof of (B3). In this final step, assuming that ([49) holds, we prove that inequality
1) implies the two alternative inequalities in (B3]). Let us set

Af o= (2 —afyy) — pwlay — ), Vk=1,...,N,VI=0,...,n

Let k=1,....Nandl=0,...,n

We note that if [,[+1 € Llfgl it follows AF = 0, thus we obtain the first of the two alternatives
in (B3). Instead, if at least one between [ and [+ 1 is not an inactive index (that is [,[+1 ¢ L]}El
orle L’}gl,lJr 1¢ Llfg orl ¢ LIS J4+1eLhs 5 '), since the conditions

ap! <xf+11 and z; <z, 1=0,...,n,

hold, we have to distinguish six possible configurations to calculate Aé“, that are presented in
the following table:

Table 1
Configurations of the points i) ii)

k-1 k-1 * * * * k-1
a xgc i <z, §kxl1 <z |2 < x§g+11 < zl L« z?_ll

- * - * * -
b x21<xl<xl+1<xkl+% xl§x21<xl+11<xl+l

" =
c S <apy Sy | Sap <@y Sy

Thus, in the following table we can compute Ak in any conﬁguratlon 1n the 3 cases:
! l+1¢L’;Sl; leLhgtand 1+ 1¢ LAgh sz’“Sl and [+ 1€ Ly

Table 2: Li+1gLhst  lernlghi+1¢Lhst 1gLnhst i+1elly
Ar | i) i) AF ] 1) | i) AP 1) | i)
a 0 0 a 1 ]-1 a |[-1% [ 1
b 0 0 b 1 ]-1 b [-1%] 1
c |[-2%] 2 c | -1 1 c [ -1% 11

We can observe that when AF > 0 (in Table ), that is in the cases and in the configurations
without superscript symbols (without & or ¢ or #), by [@7)) we easily obtain the first of the two
alternative inequalities in ([B3)).
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Before analyzing the cases with superscript symbols, we remark that if j € L’;gl, there
exists hj, 0 < h; < k — 1 such that z; "5 — 2%, then keeping in mind that pp, (2} —29) = ... =

J
(T} — o3 )—0 thus, by {@8)), (@5, (IIQI) (IEI) we obtain

* - * 1+2 — * 1+
|€Jk(t)—$j|§|$§l zi| + Mg 7, 2§|$§ — x| + M; (Tk L+ )
§|$?J x|+ Mg (T;++21 ot T;Jrf +7 k )
A €00 - 1 Lo
* > < * 0 < ro
0 n S My ) Sy Vi €[Sk, Til, (59)
s=h;+1 s=h;+1

so, the point of sign change with index j € Llfgl remain forever near the corresponding target
point of sign change already reached.

Now, we can analyze the following 3 cases:
& In the case of [,I+1¢& LIS , by the configuration i.c), for every t € [S, Ti] we have
< flk(t) <a] <z < flkﬂ( ) < $z+1 = §l+1( ) — flk(t) > X — T > pps
from which the second option of (B3] follows.
& In the case of | € Lllcsl, l+1¢ LIS , we analyze the following 3 configurations:

ii.a) By (IEQI) we deduce o7 < a7, < 277" <af+ L, then pf < xfy, —af <a) ' —af <
%‘l <& £ from which a contradiction follows, so this configuration is not admissible.

ii.b) By ([9), we deduce

€00 " €00
@) <af + 50 <oy <o) <t — a0 - 60) 2070 — (a7 + L)

4
« EP5 o 3 .
2Py — 40 > ZP07

from which the second option of (G3)) follows.

i.c) It is similar to the configuration i:.b).
& In the case of | & L’;gl, l+1¢€ L’;gl, we analyze the following 3 configurations:

i.a) It is similar to ii.a) of the case <.

i.b) By ([B9), we deduce

£p 00 .
LG <af <aiy O <l (t) = &5 (t) — & (1) <$l+1 40>$z
. EP0 3 .
ZPO - 40 > Zpo;
from which the second option of (B3] follows.
i.c) It is similar to the configuration i.b). o
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5 Proof of Theorem

In this section, we prove Theorem Without loss of generality, we can reformulate problem
(@) with a generic time interval (0,7"), in the following way

ur = Ugy + v(x,t)u + f(u) in Qr =(0,1) x (0,7),
u(0,t) = u(1,t) =0, te(0,7), (60)

U |t=0 = Uin + Tin,

where win, 7 € H3(0,1), and u;, have exactly n points of sign change at z; € (0,1), with
O=zxg <z <xi41 < xpy1:=1, I=1,....n.

Throughout this section, we represent the solution of ([E0) as the sum of two functions w(z, t)
and h(z,t), which solve the following problems in Qr

Wy = Wey + v(z,w + f(w) hy = haa + v(z, t)h + (f(w+h) — f(w))
w(0,t) = w(1,t) =0 h(0,t) = h(1,t) =0
W |¢=0 = Uin, h |t=0 = Tin.

(61)

In this section, we denote the target state by @ € Hg (0, 1) instead of the specific wy, introduced
in the statement of Theorem

Lemma 5.1 Letw € H(0,1) have the same points of sign change of win, in the same order of
sign change. Let us suppose that

u(x)

<1, Vo e (0,1)\O{zl}. (62)

=1

>0: vr<

Then, for every n > 0 there exist a sufficiently small time T = T'(n, uin,w) > 0 and a piecewise
static bilinear control v = v(n, u;,,w) € L>®(Qr) such that

lu-, T) =) 20,1y < 1+ V2]rinllz20.1); (63)
where u is the solution of (B0) on Q.

Proof. Here, we adapt the proof introduced in Section 2 of [II] from the linear case to the
semilinear problem ([@). We consider the following function defined on [0, 1]

u(x) ) _
volz) = In (um(x) ) for x#0,1, 2, l=1...,n
0, for x=0,1,2;, l=1...,n

By (@2) we note that vy € L°°(0,1) and vg(x) < 0, for every a € [0,1]. We select the bilinear
control

1

v(x,t) = ?vo(ac).

Then, let us represent the solution u of (G0l), associated to the previous choice of the coefficient
v, as a sum of two functions w(z,t) and h(z,t), which solve the two problems introduced in

(610, respectively.
Step 1: Representation formula for w(-,T). For every fixed Z € (0,1), let us consider the

non-homogeneous first-order ODE w’(Z,t) = U"T(i)w(:i,t) + (wae(Z, 1) + f(w(Z, 1)), t € (0,T),
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associated to the first problem in (61Il). Then, we easy deduce that the corresponding solution
w to the first problem in (6I]) admits the following representation

Sl

t
’U)(ZC,t) = evo(z) uln(x) + / evO(z)(t;TT)(wzz(xaT)+f(w($a7-)))d7-a V(SC,t) eQTa
0

and, at time t =T we have

w(z,T) = u(z) +/O o) (Weu(z,7) + f(w(z,7)))dt, Va e (0,1). (64)

Let us show that the integral in the right-hand side of 64 tends to zero in L?(0,1) as T — 0+,
which would mean that w(-,T) — @ in L?(0,1) at the same time.
Note that, since vg(x) < 0, we deduce the following estimate

1 T T—r ’
(e, T) — T(@) |22 0,1) = / (/ e”"(”(T)(wmm(fc,T)Jrf(w(w,T)))dT) dz

< T | o + f(w) 72, - (65)

Step 2: Fuvaluation of || we. + f(w) HLZ(Q ) - In this step, let us suppose that vy € C?([0,1]);
this assumption will be removed in Step. 3.

Multiplying by wg, the equation in the first problem in (€Il with v(z,t) = Fvo(z) < 0, inte-
grating over Q7 and applying Holder’s inequality, we have

T 1 1 /T 1 T 1
| W H%Z(QT) = / / Wi Wepdrdt — —/ / vowwmdxdt—/ / (W) wypdxdt
/ /wtwmdxdt - —/ /Uowwmdacdt—i— / /f Ydxdt+ = / /w dxdt .

Thus, integrating by parts and recalling that vo(z) < 0, we obtain

T 1 9 (T 1 T 1
| waz Hiz(QT) < 2/ / W Wy drdt — —/ / VoW Wy dxdt +/ / 2 (w)dxdt
/ / Vedxdt + — / / VoW, 2dedt + — / / Voo (W) pdadt +/ / f2 Ydxdt
0 0
1
S/ mmdm—i— — max | Yoz |/ / w?dxdt + / / A (w)dzdt.  (66)
0 T z€l0,1]

Now, we have to evaluate || w ||¢(jo,7);2(0,1)) and || f(w) [lcqo,r:02(0,1))- Since vo(z) < 0,
multiplying by w the equation in the first problem of (GI) and integrating by parts yields

// dmds-/ / wiwdxds
1 [t ot t ol
— / / wmwdxds—l—f/ / vodexds—i—/ / f(w)wdzds
0 Jo o Jo 0 Jo
t 1 T 1 T 1
—/ / wg dzds+L/ / dexdtSL/ / w?dxdt,
o Jo o Jo o Jo
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where L is the Lipschitz constant in ([2). Then, for T' € (0, T L) we deduce

1 1 T 1
/ w?(z, t)dr < / u? (z)dx + 2L/ / w?dxdt
0 0 0

1
< /0 ufn(x)dx + 2LT||7~U||2(J([0,T 1,L2(0,1)) <|| win ||L2(0 1y t5 HwHC(OT] r2(0,1) € (0,7), (67)

S0,
| w leqom:rzo1) < V2 || win l220,1) - (68)

From assumption (&) and (68) it follows that f(w) € C([0,7]; L?(0,1)) and the following esti-
mate holds

|| f(w) lleqo,mzzo.) < Ll w lleqomz20,1) < V2L || tin 20,1 - (69)
Due to ([G8) and (G8)-([GY), we also have

Il et (W) 2200 < 2 | s 220y +2 | f() 2200

1
2/ unzdx—l—— max | vozx |/ / w?dxdt + 3 / / A (w)dxdt
0 160 1]

1
<2 [ e+ 5 max v |7 1 0 gomaoay +37 1 F0) oo
1 1
§2/ umwd:ch 4 maX | vz | +6TL2)/ u?ndz
0 z€[0 0
2 2
<2 <1 + 296%1[%)( | Vozz | +3TL > | win ||H5(011) . (70)

Step 3: Convergence of w(-,T) to u(-). Note that in the previous step we can remove the
assumption vy € C?([0,1]). Namely, if vg ¢ C?([0,1]) we could consider a sequence of uni-
formly bounded functions {vo;}jen, vo; € CZ([0,1]),v;(z) < 0,V € [0, 1], approximating vy in
L?(0,1). Then making use of the following limit relation

eV @ Ty (x) |y=p — @Yy (2) |i=r = T(z) in L3(0,1) asj — oo,
we conclude that equality (64)) still holds. Moreover, by ([65]) and ([70), we deduce that
|lw(z, T) —(x)| 20,1y < C(T) || win ||§I(}(0,1)’ where C(T) — 0 as T — 0. (71)

Step 4: Evaluation of || h(-,T') || z2(0,1)- Multiplying by A in the equation of the second problem
of (6I) and integrating by parts over Qr, proceeding similarly to Step 2 (see in particular (G7))
and keeping in mind (@), for every T € (0, 1), yields

1 1 T 1
/ h?(z,t)dx S/ r2 (x)dx + 2/ / (f(w+h)— f(w))hdzdt
0 0 o Jo
1 T 1
< [tz ron [ [ wdudt < il + 22T oy

<lrinllF20,1) + §||h||20([o,T];L2(o,1))a te(0,7).

Hence,
I A lleqoryiczon) < V2 I rin L2, - (72)
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Conclusions. Thus, recalling (€1l), (7I)) and (2), we obtain the conclusion. o

Now we need to extend this result to the general case, that is, we have to prove Theorem [3l
Proof (of Theorem [3]). Let us fix n > 0.
Step 0: Approximating argument. Without loss of generality we can suppose u;,,u € C*([0,1])
and

[ul, ()] =1, l=0,...,n+1. (73)

Namely, if u;,,u ¢ C*(]0,1]) we could consider two sequences in C([0,1]), approximating in
L?(0,1), uip and u, respectively, such that any function of the sequence approximating w;,
satisfies condition (73)).
Step 1: Steering the system from w;, to Ku;,, with K > 1. We consider the auxiliary function
¥ :[0,1] — R, defined in the following way

a(r) §
o) = 4wy FEEODAUi Lo}
@ (z)|, ifz=a2,1=0,....,n+1

u(z)

By (73) we have that lim

Ty Uy, x)
the universal constant

= ' (z;)], Yl =0,...,n+1,s0¢ € C([0,1]). Let us introduce

K = K(uin,w) := max (x)+1> 1.

z€[0,1]
po 1 . . .

For any 0 < p < 5 =3, tnin {le — xl}, consider the following set

Ap = U (901 + 0 Tiq1 — P)-

1=0
From the definition of K it follows that
u(z) 2
K>max{ } v e(o,—). 74

zGZP Uin (1') P 2 ( )

Let us select

_ In K

v(z,t) =m: , (t,x) € (0,1) x (0,t1),

for some arbitrarily small ¢t; > 0. Then, let us apply the auxiliary constant bilinear control
v(x,t) =m > 0,Va € (0,1) on the interval (0,¢;). For t = ¢; the solution of the first problem in
(6T)) has the following representation in Fourier series

00 1
w(z,t1) = H(z,t1) + ™ 2267(}”) h </ Ui, (1) Sin prrr d7’> sin prx
p=1 0

00 1

= H(z,t;) + ™ 22(6_(’)”)2t1 -1) (/ Wi, (1) sin prrr dr) sinprr + ™y, ()
p=1 0

= H(x,t1) + R(x,t1) + Kuin(z), (75)

where

0 t1 5 1
H(z,t1) := 22 [/0 e(m=(Pm))(t—t) (/0 f(w(r,t))sin prr dr) dt} sin prr,

p=1

oo 1
Rz, t1) := KZQ(@‘<W)2“ -1) (/ Wi (1) sin prr dr) sinpra .
0

p=1
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By Parseval’s equality, we deduce

00 1 2
||R(-,t1)|\%2(011): K? Z(e"’”zt1 -1) (/ um(r)\/isinpﬂ'rdr) V2 sinpra:
=1 0 L2(0,1)
%) 1 2
= K22(67P7F2t1 —1)2 / Wi (r)V/2 sin pror drr
p=1 0
00 1 2
< K?*(1 - e_”2t1)2 Z / uin(r)ﬂsinpﬂr dr
p=1170
= K*(1 =7 Juin] 72(0,1)- (76)

In the same way, using assumption (), f(0) = 0, and Hélder’s inequality we obtain

2
o0 t1 1

| H(- t1) ||%2(0,1) = Z [/ e(m=Em*)(t1—1) (/ f(w(r, t))\/isinpm“ dr) dt} V2 sinprra:
p=1 70 0 L2(0,1)

2

t1 5 1
/ e(m—(pm)*)(t1—1) (/ f(w(r, t))\/§sinp7rr d7’> dt
0 0

M

p=1
o0 t1 5 t1 1 2
< Z (/ e2(m=(pm) )(tl_t)dt)/ / f(w(r,t))V2sinprrdr| dt
1 \Jo o IJo
oo ty| pl 2
SZGthlh/ / f(w(r,t))V2sinprrdr| dt
1 o IJo
t1 1 2 t1 1
= K2t1/ Z / f(w(r,t)V2sin prr dr dt:KQtl/ / 2 (w(r,t))drdt
(i —— P 0o Jo
t ol
< IL? K2t1/0 /O w?(r,t)dr dt < L* K2t || w [[20.61):12(0.1)) - (77)

Now, we have to evaluate [[w]|c(jo,];22(0,1))- Multiplying by w the equation in the first problem
of ([G1)), integrating by parts, and arguing as in the proof of (), for every ¢ € (0,t1), we have

1t t 1 t 1 top1
—/ / (w?);dxds = —/ / w? dxds + m/ / wdxds +/ / fw)wdzds
2Jo Jo 0o Jo 0o Jo o Jo

t 1
< (erL)/ / w?dxds,
o Jo

where L is as in (Z)). Then

1 1 t ol
/ w?(z,t)dx < / u?, (x)dx + 2(m + L)/ / w?dxds, t € (0,ty).
0 0 o Jo

Thus, applying Grénwall’s inequality we deduce [[w(t,-)[|72( 1) < ez(erL)tlHumHQLQ(O o t €
(05 tl) SO,
lwlloqongzzo1y) < €™ uinl p201) = Ke" ™ |uinll2(0,1) - (78)
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Making use of ([73)-(78)), we have that

lw(-; 1) = Kuinll12(0,1) = |1H (2, t1) + R(x,t1)l[12(0,1)
SK|1—e ™)+t K Le" | lumllz20.0)- (79)
Now, we evaluate || h(-,t1) |[z2(0,1)- Multiplying by h both members of the equation in the

second problem of (61]) and integrating by parts, proceeding similarly to (7)) and to the proof
of Lemma [5.J] and keeping in mind (2]) we obtain

1 1 t1 1 t1 1
2 2 2 _
/0 ho(x,t)de < /0 ro, (z)dx + 2m/0 /0 h*dxdt + 2/0 /0 (f(w+h)— f(w))hdxdt

1 t1 1
< / r2 (x)dx +2(m + L) / / h2dxdt .
0 o Jo

Hence, using Gronwall’s inequality, we have ||A(t,-)[|72( 1) < 62("“”%)“||7"m||2L2(071)7 t € (0,t1),
0

1Bt IF20.0) < Illeo.lrz0.1) < KeP 7l L20,1)- (80)
Thus, by (@) and 1), there exists t; = t1(n) > 0, t1 < 1 such that the following inequality
holds

V2
||u(.,t1) — Kuin(')||L2(O,1) < ?77 + KeLHTinHLZ(O,l)' (81)

Step 2: Steering the system from Ku;, + 7, to w. In this step, let us represent again the
solution u of (60]) as a sum of two functions w(z, t) and h(z, t), which solve the problems in (€1]) in
(0,1) x (t1,T), with the modified initial states Ku;y, instead of w, and ri, (+) = u(-, t1) — Kuin(-).
By (7)) it follows that

u(x) Po
LI ave (02, :
Ko (7) <1, Ve e Ay, Vpe (0 5 (82)
moreover,
Po u(z)
v (0,—),3: 0: v< -2 vped, 83
pE 5 v=uv(p) > v < K (7) red, (83)
Keeping in mind the proof of Lemma 1] we consider the following function defined on [0, 1]
u(x)
vo(z) = n (K“in(z)) ’ T €A, (84)
0, elsewhere in [0, 1].

By 83) v € L>°(0,1), and by [82)) we have vy(z) < 0, Va € [0,1]. Let us select the bilinear
control

v(x,t) = %vo(z) Vo e (0,1) x (t1,T).

We remark that, thanks to ([82)-(83]), the assumption (62)) of Lemma[EIlholds. Then proceeding
similarly to Lemmal[5.]] with a proof essentially identical, there exists T' = T'(n) > t1 with T —#;
sufficiently small (0 < T —¢; < 7-) we can obtain the following inequality (similar to (G3) of

Lemma [5.1])
_ n
lu(,T) = TpllL2(0,1) < i V2[Ju(,t1) = Kuin ()| 20,1, (85)
with
_ { u(x), x €A,

0, elsewhere in [0, 1].
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Note that here exists p = p(n) > 0 such that

_ _ n
| @5 — U || 20,1y < > (86)

Then, from (83]), [84) and (8I) we obtain the conclusion

lu(,T) =) |2 <l ul, T) =5() 2y + I T = |20, < 0+ V2Ke [rillzz o0 - ©
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